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FROM THE PREFACE TO THF
FIRST EDITION

which were given last winter to a somewhat con-

siderable audience. The difficulty which persons
not conversant with mathematics and physics experience
in understanding -the theory of relativity seems to me to
be due for the most part to the circumstance that they
are not familiar with the fundamental conceptions and
facts of physics, in particular of mechamics. During the
lectures I therefore showed some quite simple qualitative
experiments to serve as an introduction to such concep-
tions as velocity, acceleration, mass, force, intensity of field,
and. so forth. In my.endeavour to find a similar means,
adapted to book purposes, the semi-historical method of
representation here chosen occurred to me, and 1 hope 1
have succeeded in avoiding the uninspiring method of the
elementary text books of physics. But it must be em-
phasised that the historical arrangement has been selected
only as a cloak which is to bring into stronger relief the
outline of the main theme, the logical relationship. Having
once started this process I found myself compelled to con-
tinue, and in this ‘way my undertaking increased to the
dimensions of this book. ~ == | |
- The reader is assumed to have but little mathematical
knowledge. . I have attempted to avoid not only the
higher mathematics but even the use of elementary
functions, such as loian°thms,- trigonometrical functions,
and so forth. Nevertheless, proportions, linear equations,
and occasionally squares and square roots had to be intro-
duced. . I advise the reader who is troubled with the
formule to pass them by on the first reading and to seek
to arrive at an understanding of the mathematical symbols

THIS book is an elaboration of certain lectures
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from the text itself. I have made abundant use of figures
and graphical representations. Even those who are un-
practised in the use of co-ordinates will learn to read the
curves easily. |

The philosophical questions to which the theory of
relativity gives rise will only be touched on in this book.
Nevertheless a definite logical point of view is maintained
throughout. I believe 1 am right in asserting that this
view agrees in the main with Einstein’s own opinion.
Moritz Schlick takes up a similar view in his valuable
work “ Allgemeine Erkenntislehre ” (The General Theory
of Knowledge). | |

Of the other books which I have used I should like
to quote, above all, Ernst Mach’s classica! “ Mechanics”’
(which has appeared in English), and then the very lucidly
written volume by E. T. Whittaker, “ A History of the
‘Theories of Aether and Electricity * (London, Longmans,
Green & Co., 1910), and the comprehensive account of
the Theory of Relativity given by Hermann Weyl in his
“Space, Time, Matter” (English translation published
by Messrs. Methuen & Co., Ltd, 1922). Anyone who
wishes to penetrate further into Einstein’s doctrines must
study the latter work. It is impossible to enumerate the
countless books and essays from which I have drawn more.
or less directly. In conformity with the character of the
bocok 1 have refrained from giving references.

MAX BORN

FRANKFURT ON THE MAIN
June; 1920



PREFACE
TO THE THIRD EDITION

edition differs from its two predecessors in that the

chapter on Einsteinizn dynamics has been revised..
Previously, in forming the acceleration, we did- not dis-
tinguish sharply between time and proper time, and we
used Minkowski’s covariant force-vecior in place of ordin-
ary force; this of co)ﬁi%"‘

! PART from a number of minor alterations, this

odrsé\ricreased the difficulty of .u.nder-
standing a chapter which was, from_the outset, not easy.
Dr. W. Pauli, jun., called my attentio?‘qn method of ~
deriving the reiativistic formulz of mass proposed by Lewis
and Tolman, which fitted in admirably with the scheme of
this book, as it linked up with the conception of momentum
in the same way as the account of mec%sanics here chosen.
The chapter on Einsteinian dynamics was revised in con-
“fosinity with this point of view : this also entailed some
alterations in the manner of presenting ordinary mechanics.
It is hoped that these changes will simplify the reading.
| I should not like to lose this opportunity of thanking
Dr. W. Pauli for his advice. His great work on the
theory of relativity which has appeared as Article 19 in
the fifth volume of the ““ Enzyklopiadie der mathematischer.
Wissenschaften,” which appeared recently, has been of
great service to me. It is to be recommended foremost
of all to those who wish to become intimately acquainted
with the theory of relativity. - |

MAX BORN

GOTTINGEN
6tk March, 1922
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- EINSTEIN’S
THEORY OF RELATIVITY

INTRODUCTION

Das schénste Gliick des denkenden Menschen ist, das Erforschliche.

erforscht zu haben und das Unerforschliche ruhig zu verehren.
—-GOETHE

finished product. The mind has to form its picture
from innumerable sensations, experiences, communica-
tions, memories, perceptions. Hence there are probably not
two thinking people whose picture of the world coincides in
every respect. |
When anidea in its main lines becomes the common property
of large numbers of people, the movements of spirit that are
- called religious creeds, philosophic schools, and scientific systems
arise ; they present the aspect of a chaos of opinions, of articles,
of falth of convictions, that resist all efforts to disentangle
them. It seems a sheer impossibility to find a thread that
will guide us along a definite path through these widely ramified
doctrines that branch off perchance to recombine at other points.
- What place are we to assign to Ewmstein’s theory of rela-
tivity, of which this book seeks to give an account? Is it
only a special part of physics or astronomy, interesting in
itself but .of no great. importance for the development of the
human spirit ? Or is it at least a symbol of a particular trend
of thought charactensuc of our timeés? Or does it itself,
indeed, signify a * world-view "’ (Weltanschauung) ? We shall
be able to answer these questions with confidence only when we
have become acquainted with the content of Einstein’s doctrine.
But we may be allowed to present here a point of view which,
even if only roughly, classifies the totality of all world-views
‘and ascribes to Einstein’s theory a definite position within
-a uniform view of the world as a whole.
- The world is composed of the ego and the non-ego, the inner
world and the outer world. The relations of these two poles

1

THE world is not presented to the reflective mmd as a
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are the obj ect of every rehgxon, of every phdosophy 'But the
part that each doctrine assigns to the ego in the world is different.
The tmportance of the_ ego in the world-picture seems to me
a measure according to which ‘we may order confessions of
faith, philosophic systems, world-views rooted in art or science,
like pearls on a string. However enticing it may be to pursue -
this idea through the history of thought, we must not diverge
too far from our theme, and we shall apply it only to that
special realm of human thought to which Einstein's theory
belongs—to natural science.

Natural science is situated at the end of th15 series, at the
point where the ego, the subject, plays only an insignificant
part; every advance in the mouldings of the conceptions of
physics, astronomy, and chemistry denotes a further step
towards the goal of excluding the ego. This-does not, of course,
deal with the act of knowing, which is bound to the subject,
but with the finished picture of Nature, the basis of which is
the idea that the ordinary world exists mdependently of and

uninfluenced by the process of knowing.

The doors through which Nature imposes her presence on
us are the senses. Their properties determine the extent of
what is accessible to sensation or to intuitive perception.
The further we go back in the history of the sciences, the more
we find the natural picture of the world determined by the
qualities of sense. Older physics was subdivided into mechanics,
acoustics, optics, and theory of heat. We see the connexions
with the organs of sense, the perceptions of motion, impressions
‘of sound, light, and heat. Here the qualities of the subject
are still decisive for the formation of conceptlons The deve-
lopment of the exact sciences leads along a definite path from
this state to a goal which, even if far from being attained,
yet lies clearly exposed before us : it is that of creating a picture
of nature which, conﬁned within no limits of possible perception
or intuition, represents a pure structure of conception, con-
ceived for the purpose of depicting the sum of all experiences
uniformly and without inconsistencies.

Nowadays mechanical force is an abstraction which has
only its name in common with the subjective feeling of force.
Mechanical mass is no longer an attribute of tangible bodies. -
but is also possessed by empty spaces filled only by ether
radiation. The realm of audible tones has become a small -
province in the world of inaudible vibrations, distinguishable
physically from these solely by the accidental property of the
human ear which makes it react only to a definite intérval of
frequency numbers. Modern optics is a special chapter out
of the theory of electrxclty and magnetism, and it treats of the.
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electro-magnetic vibrations of all wave-lengths, passmg ftom
the shertest y-rays of radicactivé substances (ha aving a. wave-
length of one hundred millionth of a miilimetre) over the Ront-
‘genrays, the ultraviolet, visible light, the infra-red, to the longest
‘wireless (Hertzian) waves (which have a wave-length of many
kilometres).” In the flood of invisible light that is accessible
to the mental eye of the physicist, the material eye is almost
blind, so small is the interval of vibrations which it converts
into sensations. The theory of heat, too, is but a special part
of mechanics and electro-dynamics.  Its fundamental concep-
tions of absolute temperature, of energy, and of entropy belong
to the most subtle-logical configurations of exact science, and,
again, only their name still carries a memory of the sub)ec—v
tive impression of heat or cold.

Inaudible tones, invisible light, unperceptlble heat these
constitute thé world of physics, cold and dead for him who
wishes to experience living Nature, to grasp its relationships
ds a harmony; to marvel at her greatness in reverential awe.
Goethe abhorred this motionless world. His bitter polemic
ageinst Newton, whom he regarded as the personification of a
hostile view of Nat ure, proves that it was not merely a. question
of an isolated struggle between two investigators about in-
dividual questions of the theéory of colour. Goethe is the
representative of a world-view which is situated somewhere
near the opposite end of the scale suggested above (constructed
according to the relative importance of the ego), that is, the
end opposxte to that occupied by the world-picture of the exact
sciences. ' The essence of poetry i inspiration, intuition, the
visionary comprehension of the world of sense in symbolic
forms. But the source of poetic power is experience, whether
it be the clearly conscious perception of a sense-stimulus, or
the powerfully represented idea of a relationship or connexion.
What is lo fg1ca.lly formal and rational plays no part in the world-
picture of such a type of gifted or indeed heaven-blessed

spirit. The world as the sum of abstractions that are connected
only indirectly with experience is a province that is foreign to
it. Only what is directly presented to the ego, only what can
be felt or at least represented as a possible experience is real to
it and has significance for it. Thus to later readers, who survey
the development of exact methods during the century after
Goethe’s time and who measure the power and significance
of Goethe’s works on the history of natural science by their
fruits, these works appear as documents of a visionary mind,
as the expression of a marvellous sense of one-ness with (Ein-
fihlung) the natural relationships, but his physical assertions
will seem to such a reader as misunderstandings and fruitless
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rebellions against a greater power, whose vxctory was assured
even at that time. -

Now in what does this power consist, what is its aim and
device ? \

It both takes and renounces. The exact sciences presume
to aim at making obfectsve statemerits, but they surrender their
absolute validity. This formula is to bring out the following
contrast. -‘

All direct expenences lead to statements which must be.
allowed a certain degree of absolute validity. If I see a red -
flower, if I experience pleasure or pain, I experience events which
it is meaningless to doubt. They are indubitably valid but
only for me. They are absolute, but they are subjective. All
seekers after human knowledge aim at taking us out of the
narrow circle of the ego, out of the still narrower circle of the
ego that is bound to a moment of time, and at establishing
sommon ground with other thinking creatures. It first estab-
lishes a link with the ego as it is at another moment, and then
with other human beings or gods. All religions, philosophies,'
and sciences have been evolved for the purpose of expanding
‘the ego to the wider commumty that ““ we " represent. But
the ways of doing this are different. We are again confronted
by the chaos of contradictory doctrines and opinions. Yet we
no longer feel consternation, but order them according to the
importance that is given to the subject in the mode of com-
prehension aimed at. This brings us back to our initial prin-
ciple, for the completed process of comprehension is the
world-picture. Here again the opposite poles appear.

The minds of one group do not wish to deny or to sacrifice
the absolute, and they therefore remain clinging to the ego.
They create a world-picture that can be produced by no sys-
tematic process, but by the unfathomable action of religious,
artistic, or poetic means of expression in other souls. Here
faith, pious ardour, love of brotherly communion, but often
also fanaticism, intolerance, intellectual suppression bold sway.

The minds of the opposite group sacrifice the absolute.
They discover—often with feelings of terror—the fact that
inner experiences cannot be communicated. They no longer
fight for what cannot be attained, and they resign themselves.
But they wish to reach agreement at least in the sphere of the
attainable. They therefore seek to discover what is common
in their ego and in that of the other egos; and the best that
was there found was not the experiences of the soul itself, not
sensations, ideas, or feelings, but abstract conceptions of the.
simplest klnd——-numbers logical forms ; in short, the means of
expression of the exact sciences. * Here we are 1o longer con-
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- cerned with what is absolute. The height of a cathedral does
" ‘not, in the spec1a.1 sphere of the scientist, inspire reverence, but
is measured in metres and centimetres. The course of life is
no longer expenenced as the running out of the sands of time,
but is counted in years and days. Relative measures take the.
place of absolute impressions. And we get a world, narrow,
one-sided, with sharp edges, bare of all sensual attraction, of
all colours and tones. But in one respect it is superior to other
world-pictures : the fact that it establishes a bridge from mind
to mind cannot be doubted. It s possible to agree as to
whether iron has a specific gravity greater than wood,
whether water freezes more readily than mercury, whether
- Sirius is a planet or a star. There may be dissensions, it may
sometimes seem as if a new doctrine upsets all the old ‘‘ facts,”
yet he who has not shrunk from the effort of penetratmg into
the interior of this world will feel that the regions known with
certainty are growing, and this feeling relieves the pain which
arises from solitude of the spirit, and the bridge to kmdred
spirits becomes built.

We have endeavoured in this way to express the nature of
scientific research, and now we can assign Einstein’s theory of
relativity to its category. ~

In the first place, it is a pure product of the striving after
the liberation of the ego, after the release from sensation and
perception. We spoke of the inaudible tones, of the invisible
light, of physics. We find similar conditions in related sciences,
in chemistry, which asserts the existence of certain (radioactive)
substances, of which no one has ever perceived the smallest
‘trace with any sense directly—or in astronomy, to which we
refer below. These ‘‘ extensions of the world,” as we might
call them, essentially concern sense-qualities. But everything
takes place in the space and the time which was presented to
mechanics by its founder, Newton. Now, Einstein’s discovery
is that this space and this time are still entirely embedded in
the ego, and that the world-picture of natural science becomes
more beautiful and grander if these fundamental conceptions
ate also subjected to relativization. Whereas, before, space
was closely associated with the subjective, absolute sensation
of extension, and time with that of the course of life, they are
now purely conceptual schemes, just as far removed from direct
_perception as entities, as the whole region of wave-lengths of
present-day optics is inaccessible to the sensation of light except
for a very small interval. But just as in the latter case, the
space and time of perception allow themselves to be ordered
-without giving rise to difficulties, into the system of physical
«conceptions. Thus an objectivation is attained, which has
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manifested its power by predicting natural phenomena in
a truly wonderful way. We shall have to speak of this in

detail in the sequel.
Thus the achievement of Einsteiri’s theorv is the relatlvwa

tion and objectivation of the conceptions of space and time.
At the present day. it is the final picture of the world as

presented by science.



CHAPTER 1
GEOMETRY AND COSMOLOGY

I. THE ORIGIN OF THE ART OF MEASURING SPACE AND
TiME

HE physical problem presented by space and time
| I is nothing more than the familiar task of fixing
~ numerically a place and a point of time for every physical
event, thus enabling us to single it out, as it were, from the'
chaos of the co-existence and succession of things. »
The first problem of Man was to find his way about on the .
earth. Hence the art of measuring the earth (geodesy) became
the source of the doctrine of space, which derived its name
* geometry " from the Greek word for earth. From the very
outset, however, the measure of time arose from the .
change of night and day, of the phases-of the moon and of the
seasons. These phenomena forced themselves on Man's
attention and first moved him to direct his gaze to the-
stars, which were the source of the doctrine of the universe, .
cosmology. Astronomic science applied the teachings of geo-
metry that had been tested on the earth to the heavenly regions,
allowing distances and orbits to be defined. For this purpose
it gave the inhabitants of the earth the celestial (astronomic)
measure of time which taught Man to distinguish between

Past, Present, and Future, and to assign to each thing its place
in the realm of Time.

2. UNITS OF LENGTH AND TIME

The foundation of every space- and time-measurement is
laid by fixing the unit. A datum of length, ““ so and so many’
metres,”’ denotes the ratio of the length to be measured te the
length of a metre. A time-datumof *“ so and so many seconds '
denotes the ratio of the time to be measured to the duration
of a second. Thus we are always dealing with ratio-numbers,
' relative data concerning the units. The latter themselves
are to a high degree arbitrary, and are chosen for reasons of
their being capable of easy reproduction, of being easily
transportable, durable, and so forth. |

7
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In physics the measure of length is the centimetre (cm.),
the hundredth part of a metre rod that is preserved in Paris.
This was originally intended to bear a simple ratio to the
circuinference of the earth, namely, to be the ten-millionth
part of a quadrant, but more recent measurements have dis-
closed that this is not accurately true.

The unit of time in physics is the second (sec.), which bears
‘the well-known relatmn to the time of rotation of the earth

on its axis.

3. ORIGIN AND CO-ORDINATE SYSTEM

But if we wish not only to determine lengths and periods

of time, but also to designate places and points of time, further
conventions must be made. In

N the case of time, which we re-
gard as a one-dimensional con-
figuration, it 1is sufficient to
specify an origin (or zero-point).
Historians reckon dates by
counting the years from the
birth of Christ.. Astronomers
choose other origins or initial
points, according to the objects

- of their researches ; these they
call epochs. If the ynit and’
the origin are fixed, every event
may be singled out by assigning
- a number-datum to it.

In geometry in the narrower
sense, the determination of position on the earth, two data
must be given to fix a point. To say ‘“ My house is in Baker
Street,” is not sufficient to fix it. The number of the house
must also be given. In many American towns the streets
themselves are numbered. The address No. 25, 13th Street,
thus consists of two number-data. It is exactly what mathe-
maticians call a ‘‘ co-ordinate determination,”” The earth’s
surface is covered with a network of intersecting lines, which
are numbered, or whose position is determined by a number,
distance, or angle (made with respect to a fixed initial or zero-
line).

- Geographers generally. use geographic longitude (east of
Greenwich) and latitude (north or south) (Fig.'1). These de-
terminations at the same time fix the zero-lines from which
the co-ordinates are to be counted, namely, for geographical
longitude the meridian of Greenwmh and for the latitude the

S

FiG. 1.
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equator. In investigations of plane geometry we generally
use rectilinear (Cariesian) co-ordinates (Fig. z), x, y, which
signify the distances from two mutually yerpendxrular co-
ordinate axes, or, occasionally, we also use oblrgue co-ordinnles
(Fig. 3), polar co-ordinates (Fig. 4), and othc,xs When the

A)tg

b / -

Fia, 2. Fie. 3.

co-ordinate system has been specified, we can seek out each
point or place if two numbers are given.

In precisely the same way we' require three co-ordinates
to fix points in space. It is simplest to choose mutually per-
pendlcular rectilinear co-ordinates again ; we den ote them by

%, ¥, %z (Fig. 5).

Fia. 4. Fia. 5.

4. THE AXioMS OF GEOMETRY

Ancient geometry, regarded as a science, was less concerned
with the question of determining positions on the earth’s
surface, than with determining the size and form of areas,
figures in space, and the laws governing these questions. We
se¢ traces of the origin of this geometryin the art of surveying
and of architecture. That is also the reason why it managed
without the conception of co-ordinates. First and foremost,



10 THE THEORY OF RELATIVITY

geometric theorems assert properties of things that are called
points, straight lines, planes. In the classic canon of Greek
geometry, the work of Euclid (300 B.C.), these things are not
defined further but are only denominated or described. Thus
we here recognize an appeal to intuition. You must already
know what is a straight line if you wish to take up the study
of geometry. Picture the edge of a house, or the stretched
cable of your surveying instruments, form an abstraction from
what is material and you will get your straight lifie. Next,
laws are set up that are to hold between these configurations
of abstraction, and it.is to the credit of the Greeks to have
made the great- discovery that we need assume only a small
number of these theorems to make all others come out of them
correctly with logical inevitableness. These theorems, which
are used as the foundation, are the axioms. Their correctness
cannot be proved. They do not arise from logic but from other
sources of knowledge. What these sources are has formed the
subject of the theories of all the philosophies of the succeeding
centuries.  Scientific geometry itself, up to the end of the
18th century, accepted these axioms as given, and built up
its purely deductive system of theorems on them. |

~ We shall not be able to avoid discussing in detail the question
of the meaning of the elementary configurations called point,
straight line, and so forth, and the grounds of our knowledge
of the geometric axioms. For the present, however, we shall
adopt the standpoint that we are clear about these things,
and we shall thus operate with the geometric conceptions in the
way we learned (or should have learned) at school, and in the
way numberless generations of people have done, without
scruples. The intuitional truth of numerous geometric theo-
rems, and the utility of the whole system in giving us bearings
in our ordinary real world is to suffice for the present as our
justification for using them.

5. THE PTOLEMAIC SYSTEM

- To the eye the heavens appear as a more or less flat dome
to which the stars are attached. But in the course of a day
the ‘whole dome turns about an axis whose position in the
heavens is denoted by the pole-star. So long as this visual
appearance was regarded as reality an application of geometry
from the earth to astronomic space was superfluous, and was,
as a matter of fact, not carried out. For lengths and distances
measurable with earthly units were not present. To denote
the positions of the stars only the apparent angle that the
line of vision from the observer to the star formed with the
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horizon and with another appropriately chosen plane had to
be known. At this stage of knowledge the earth’s surface was
tonsidered at rest and was the eternal basis of the universe.
The words *“ above ”’ and “ below ”* had an absolutc meaning
and when poetic fancy or philosophic speculation undertook
to estimate the height of the heavens or the depth of Tartarus,
the meaning of these terms required no word of elucidation,
At this stage scientific concepts were still being drawn from the
abundance of subjective data. The world-system called after
Ptolemy (150 A.D.) is the scientific formulation of this mental
attitude. It was already aware of a number of detailed facts
concerning the motion of the sun, the moon, and' the planets,
and it had a considerable theoretical grasp of them, but it
retained the notion that the earth is at rest and that the stars
are revolving about it at immeasurable distances.. Its orbits
were determined as circles and _epi-cycles acoordmg to the
laws of earthly geometry, yet astronomic space was not actually
through this subjected to geometry. For the orbits were
fastened like rings to the crystal shells, which, arranged in
strata, signified the heavens.

6. THE COPERNICAN SYSTEM

It is known that Greek thinkers had already discovered
the spherical shape of the earth and ventured to take the first
steps from' the geometric world-systems of Ptolemy to higher
abstractions, But only long after Greek civilization and
culture had died, did the peoples of other countries accept
the spherical shape of the earth as a physical reality. This
s the first truly great departure from the evidence of our eyes,
and at the same time the first cruly great step towards relativiza-
tion. Again centuries have passed since that first turning-
point, and what was at that time an unprecedented discovery
has now become a platitude for school-children. This makes
it difficult to convey an impression of what it signified to thinkers
to see the: conceptions. ““ above ” and “ below " lose -their
absolute meaning, and to recogmze the right of the inhabitants
of the antipodes to call  above ” in their regions what we call
“below ” in-ours. But after the earth had once been circum-

navigated aH dissentient voices became silent. For this reason,
too, the discovery of the sphericity of the earth offered no reason
for strife between the objective and the subjective view of the
world, between scientific research and the church. This strife
broke out only after Copernicus (1543) displaced the earth
from its centtal position in the universé and created the hcho-
centric world-systemn. |
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~In itself the process of relativization was hardly advanced
by this, but the importance of the dlscovery for the develop-
ment of the human spirit consisted in the fact that the earth :
mankind, the individual ego, became dcthroned. The earth
became a satellite of the sun and carried around in' space
the peoples swarming on it. Similar planets of equal im-
portance accompany it in describing orbits about the sun.
Man is no longer important in astronomy, except for himself.
But still more, none of these amazing facts arise from ordinary
observation (such as is the case with a circumnavigation
of thé globe), but from observations which were, for the time
in question, very delicate and subtle, from different calculations
of planetary orbits. The evidence was at any rate such as
was neither accessible to all men nor of importance for everyday
life. Ocular evidence, intuitive perceptions, sacred and pagan
tradition alike speak against the new doctrine. - In place of the
visible disc of the sun it puts a ball of fire, gigantic beyond
imagination ; in place of the friendly hghts of the heavens,
similar balls of fire at inconceivable distances, or spheres like the
earth, that reflect light from other sources; and all visible
measures are to be regarded as deception, whereas immeasur-
able distances and incredible velocities are to represent the
true state of affairs. Yet this new doctrine was destined to
be victorious. For it drew its power from the burning wish
of all thinking minds to comprehend all things of the material -
world, be they ever so unimportant for human existence,
as a co-ordinate unity—to make them a permanent possession
of the intellect and communicable to others. In this process,
which constitutes the essence of scientific research, the human
spirit neither hesitates nor fears to doubt the most striking
facts of visual perception, and to declare them to be illusions,
but prefers to resort to the most extreme abstractions rather
than exclude from the scientific descripiion of Nature one
established fact, be it ever so insignificant. That, too, is why -
the church, at that time the carrier of the subjective world-
view then dominant, had to persecute the followers of the
Copernican doctrine, and that is why Galilei had to be brought
before the inquisitorial tribunal as a heretic. It was not so
much the contradictions to traditional dogmas as the changed
attitude towards spiritual events that called this struggle into
being. If the experience of the soul, the direct perception of
things, was no longer to have significance in Nature, then re-
- ligious experience might also one day be subjected to doubt.
However far even the boldest thinkers of those times were
removed from feelings of religious sceptmsm the church

scented the enemy.
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The great relativizing achievement of Copernicus was the
root of all the innumerable similar but lesser relativizations
of growing natural science until the time when Einstein’s-

discovery ranged itself as a worthy result alongSIde that of
its great predecessor. |

But now we must sketch in a few words the cosmos as
mapped out by Copernicus.

- We have first to remark that the concepttons and laws
of earthly geometry can be directly applied to astronomic
space. In place of the cycles of the Ptolemaic world, which
were supposed to occur on surfaces, we now have real orbits
in space, the planes of which may have different positions.
‘The centre of the world-system is the sun. The planets de-
scribe their circles about it, and one of them is the earth, which
rotates about its own axis, and the moon in its turn revolves
in its orbit about the earth. But beyond, at enormous dis-
tances, the fixed stars are suns like our own, at rest in space.
Copernicus’ constructive achievement consists in the fact that
with this assumption the heavens must exhibit all these pheno-
mena which' the traditional world-system was able to explain
only by means of complicated and artificial hypotheses. The
alternation of day and night, the seasons, the phenomena
of thé moon’s phases, the winding planetary orbits, all these
things become at one stroke clear, intelligible, and accessible to,
simple calculations.

#. THE ELABORATION OF THE COPERNICAN DOCTRINE

The circular orbits of Copernicus soon no longer sufficed
to account for the observations. The real orbits were evidently
considerably more complicated. Now, an important point
for the new view of the world was whether artificial construc-
tions, such as the epicycles of the Ptolemnaic system or an im-
provement in the calculations of the orbits could be success-
fully carried out without introducing complications. It was
‘the immortal achievement of Kepler (1618) to discover the
simple and striking laws of the planetary orbits, and hence
to save the Copernican system at a critical period. The
orbits are not, indeed, circles about the sun, but curves closely
related to circles, namely, ellipses, in one focus of which
the sun is situated. Just as this law determines the form of
the orbits in a very simple manner, so the other two laws of
Kepler determine the sizes of the orbits and the velocities with
which they are traversed. -

Kepler’s contemporary, Galilei (1610), dlrected a telescope,
.which had just then been invented, at the heavens and
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discovered the moons of Jupiter. In them he recognized :
nncroscopxc model of the planetary system and saw Coper.
nicus’ ideas as optical realities. - But it is Galilei’s greater merif
to have developed the principles of mechanics, the application o
which to planetary orbits by Newton (1867%) brought about the
completion-of the Copernican world-system,

opernicus’ circles and Kepler’s ellipses are what modern
science calls a kinematic or phoronomsc description of the orbits,
namely, a mathematical formulation of the motions which does
not contain the causes and relationships that bring about these
same motions. The causal expression of the laws of motion
is the content of dynamics or kimetics, founded by Galilei.
Newton has applied this doctrine to the motions of the heavenly
bodies, and by interpreting Kepler's laws in a very ingenious
way he introduced the causal conception of mechanscal force
into astronomy. Newton's law. of gravitation proved its
superiority over the older theories by accounting for all the
deviations from Kepler's laws, the so-called perturbations of
orbits, which refinements in the methods of observatlon had
in the meantime brought to light.

This dynamical view of the phenomena of motion in astro-
nomic space, however, at the same time demanded a more
precise formulation of the assumptions concerning space and
fsme. ‘These axioms occur in Newton’s work for the first time
as explicit definitions. It is therefore justifiable to regard the
theorems that held up to the advent of Einstein’s theory as
expressions of Newton’s doctrine of space and time. To under-
stand them it is absolutely necessary to have a clear survey
of the fundamental laws of mechanics, and that, indeed, from

a point of view which places the question of relatlvlty in the
foreground, a standpoint that is usually neglected in the
elementary text-books We shall therefore next have to
discuss the simplest facts, definitions, and laws of mechanics.



- CHAPTER 1I
THE FUNDAMENTAL LAWS OF CLASSICAL MECHANICS

1. EQUILIBRIUM AND THE CONCEPTION OF FORCE

| "ISTORICALLY, mechanics took its start from the
- IR doctrine of equilibrium or statics ; logically, too, the
- <% development from this point is the most natural one.
The fundamental conception of statics is force. It is derived
from the subjective feeling of exertion experienced when we
perform work with our bodies. Of two men he is the stronget
who can lift the heavier stone or stretch the stiffer bow. Thig
measure of force, with which Ulysses  established his right
among the suitors, and which, indeed, plays a great part in the
stories of ancient heroes, already contains the germ: of the
objectivation of the subjective feeling of exertion. The next
step was the choice of a unit of force and the measurement
of all forces in terms of their ratios to the unit of force, that
is, the relativization of the conception of force. Weigh!, being
the most evident manifestation of force, and making all things
.tend downwards, offered the unit of force in a convenient form,
'namely, a piece of metal which was chosen as the unit of weight
through some decree of the state or of the church. Nowadays
it is an international congress that fixes the units. The unit
of weight in technical matters is the weight of a definite piece
of platinum in Paris. This unit, called the gramme (grm.)
will be used in the sequel till otherwise stated. The instrument
used to compare the weights of different bodies is the balance.
- Two bodies have the same weight, or are equally heavy;
‘when, on being placed in the two scales of the balance, they
do not disturb its equilibrium. If we place two bodies found
to be equally heavy in this manner in one pan of the balance,
but, in the other, a body such that the equilibrium is agairn
‘not disturbed, then this new body has twice the weight of
either of the other two. Continuing in this way we get,
starting from the unit of weight, a set of weights with the help
of which the weight of every body may be conveniently deter-
mined. o B o
15
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It is not our task here to show how these means enabled
man to find and interpret the simple laws of the statics of
rigid bodies, such as the laws of levers. We here introduce
only just those conceptions that are . mdlspensable for -an
understanding of the theory of relatw:ty - ~

Besides the forces that occur in man’s body or in that
of his domestic pets he encounters others, above all in the
events that we nowadays call elastsic. The force necessary to
stretch a cross-bow or any other bow belongs to this category.
Now, these can .easily be compared with welghts If, for
example, we wish to measure the force that is necessary to
stretch a spiral spring a certain distance (Fig. 6), then we find
by trial what weight must be suspended from it to effect
equilibrium for just this extension. Then the force of the
spring is equal to that of the welght except that the former
| | exerts a pull upwards but the latter
$ . K downwards. The principle that

action and reaction are equal and

opposite in the condition of -equilib-
rium has tacitly been applied.

If such a state of equilibrium

be disturbed by weakening or re-

- moving one of the forces, motion

occurs. The raised weight falls

- when it 1s released by the hand sup-

porting it and thus furnishing the

reacting force. The arrow shoots

forth when the archer releases the

F1a. 6. string of the stretched bow Force

tends to produce motion.  This is

the startlng-pomt of ‘dynamics, which seeks to discover the

laws of this process.

2. THE STUDY OF MOTIONS—RECTILINEAR MoTioN

It is first necessary to subject the conception of -motion
1tself to analysis. The exact mathematical description of the
motion of a point consists in specifying at what place relative
to the previously selected co-ordinate system the point is
situated from moment to moment. Mathematicians use
formulz to express this. We shall as much as possible avoid
this method of representing laws and relationships, which is
not familiar to everyone, and shall instead make use of a graphi-
cal method of representation. ' Let us illustrate this for the -
simplest case, the motion of a point in a stralght line. Let the
unit of length be the centlmetre, as usual in physics, and let the
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moving pomt be at the distance x == 1 cm. from the zero point.
or origin at the moment at which we start our considerations
and which we call the moment £ = 0. In the course of T sec.
suppose the point to have moved a distance of # cm. to the
right, so that for { = 1 the distance from the origin amounts
tox-5 cms. In the next second let it move by the same amount
to % = 2 cms., and so forth. The following small table gIV‘-‘S
the distances x corresponding to the times ¢. :

t1012345_;678...
£l 1 152 253 354 455.
 We see the same relationship pictured in the successive
lines of Fig. 7, in which the moving point is indicated as a small

_cxrc;e on the scale-of distances. Now, instead of drawing a
numoer of small dlagrams, one above the other, we may also

A
o 7 2 7
t:b PO SU— f, >X 4 /
/
=5+ S e i § Iy /
P=4 - <> — X 4 {/
e / |
=3 A — > X J} _
t=2 -5 2 - X 2 //
R S— —
t: I——.——G_—— i : L A S» . / N ) !J' )
o7z 3« 7* 72 3 ¢ >
FiG. 7. F:c. 8.

draw a single figure iz which the x’s and the #'s occur as co-
ordinates (Fig. 8). In addition, this has the advantage of
allowing the place of the point to be depicted not only at the
beginning of each full second but also at all intermediate times,
We need only connect the positions marked in Fig. 7 by a
continuous curve. In our case this is obviously a straxght
line. For the point advances equal distances in equal times ;

the co-ordinates x, ¢ thus change in the same ratio (or pmportmn—
ally), and it is evident that the graph of this law is a straight
line. Such a motion is called uniform. The name wvelocity
v of the motion designates the ratic of the path traversed
to the time required in doing so, or in symbols :

X .
—_— . L] . . . I
! ()
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In our example the point traverses 3 cm. of path in each
second. The velocity remains t'he same throughout and
amounts to §.cm. per sec. .

The unit of velocity is already.fixed by this definition;
it is the velocity which the point would have if it traversed
I cm. per sec. It is said to be a dersved unit, and, without
introducing a new value, we call it cm. per sec. or cm./sec.
To express that the measurement of velocities may be referred
back to measurements of lengths and times in accordance with
formula (1) we also say that velocxty has the dimensions length

divided by time, written thus: [v] = [T] or [L.T-!']. In the

same way we assign definite dimensions to every quantity
that allows itself to be built up of the fundamental quantities,

"

&k _

a

F16. 9.

length 1, time ¢, and weight G. When the latter are known.
the unit of the quantity may at once be expressed by means of
those of length, time, and weight, say, cm., sec. and grm.

In the case of great velocities the path x traversed in the
time ¢ is great, thus the graph line has only a small inclination
to the x-axis : the smaller the velocity, the steeper the graph.
A point that is at rest has zero velocity and is represented
in our diagram by a straight line parallel to the t-axis, for the
points of this straight line have the same value of x for all
times ¢ (Fig. 9 a). '

If a pomt is firstly at rest and then at a certain moment
suddenly acquires a velocity and moves on with this velomty,
we get as the graph a straight line one part of which is bent,
the other being vertical (Fig. g b). Similarly broken lines
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kepresent -the cases when a point that is initially moving uni-
formly for a while to the right or to the left suddenly changes
its velocity (Figs. 9 ¢ and g d). | -

If the velocity before the sudden change is v, (say, 3 cms.
per sec.), and afterwards v, (say, 5 cms. per sec.), then the
increase of velocity is v, — v, (that is, 5§ — 3 = 2 cms. per sec.,
added in each sec.). If v, is less than v, (say, v, =1 cm. per
sec.), then v, — v, is negative (namely, 1 —3 = — 2 cms. per
sec.), and this clearly denotes that the moving point is suddenly
retarded. | 3 | A

If a point experiences a series of sudden changes of velocity
then the 'graph of its motion is a succession of straight lines
joined together (polygon) as in Fig. 10,

If the changes of velocity occur more and more frequently

?t AT

& > a———-~-[ %>
F16. 10. ¥i1a. 11.

and are sufficiently small, the polygon will no longer be dis-
tinguishable from a curved line. It then represents a motion
whose velocity is continually changing, that is, one which is
non-uniform, accelerated or retarded (Fig. 11).

An exact measure of the velocity and its change, accelera-
tion, can be obtainéd in this case only with the aid of the methods
of infinitesimal geometry. It suffices for us to imagine the
continuous curve replaced by a polygon whose straight sides
represent uniform motions with definite velocities. The bends
of the polygon, that is, the sudden changes of velocity, may
be supposed to succeed each other at equal intervals of time,
say, ¢ = :—;secs. |

If in addition these changes are equally great, the motion
is said to be ‘‘ uniformly accelerated.” Let each such change
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of velocity have the value w, then if there are »n per sec. the
total change of velocity per sec. is

W |
nw = -— =5b | . . . i2)
! | ‘
Cf. Fig. 12
T -
Here S e
20 10
I ~,
1)1 = .. 'le . é’ 'Ua == .5, , W = I,
< R 2
w
b== - = X0

This quantity & is the measure ol the acceleration. Its
dimensions are clearly [8] = {%] == l.TI:’] and its unit is that.
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Fig. 12.

acceleration which causes unit velocity to increase by one unit
in the unit of time, that is, referred to the physical system.of
measure cm./sec.

If we wish to know how far a movablc point moves forward
during a uniformly accelerated motion in any time i, we imagine
the time ¢ divided into # equal parts,* and suppose the point
to receive a sudden increase of velocity w at the end of each

small interval of tin:e % This hittle increase is connected with

the acceleration b by the iormula (2), if we replace the small

interval of time £ in it by , thus ! w = bh

*In this case any arbifrary length of time {, and ot as betore, the umit of time.
T sec., is divided into n pazts.
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Then the velocity |
after the first interval of time is : v, = -»,
,, , second ,, " Vg == ¥y - W == 2W
»w 5 third s vy = Vg -+ 10 = 3w,
- and so forth.
The point advances

: ) - . 3
after the first interval of time to: %, = v, —,

1 ' » g £ b .rn L_ t

’) seconc ’s . Xg = X, -+ Vg— == (v - 1}2) -

: ‘ 7 : n

. ' 4 t y 3 [

2 third '3 ’ » Xq zxg‘*“vs;i'-'x (‘UI'T*7)2'J,~'U3);-L:

| | and so forth.
After the nth interval of time, that is, at thc end of the time

f, the point will have arrived at

x={vy+v.+. . . v,,)j.
| "
But v; v, + . . . v,,=1w+2w+'3w+. . . nw
. ~—=(I+2+3+. .. nw.

The sum of the numbers irom 1 to # can be calculated quite
simply by adding the first and the last; the zecond and the
secopd to last ; and so forth ; in each case we get for the sum

| n
f the two numbers # 4 1, and altogether we have > of such

: ) n
ums or pairs. Thuswegetr+2+...#0n=-"(n+1). Ii

Zilﬁhe__r, we replace w by & -t-, we get

o
Uyt v, +. . Yy==- (B4 I) —= .1 n+4 1),
2 2
ﬁ bt i by, I
hus ¥x= = (n4 1) - = (1 4 ).
Z r+ 1) =1+ )

, .
Here we may choose 1 to be as great as we please. Then -
; "

ecomes arbitrarily small and we get

1 =
. -

o

b,

N) !t

This signifies that in equal times the paths traversed are
goportional to the squares ol the times. If, for example,
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the acceleration b = 10 metres. per sec., then the point traverses
5 metres in the first sec., 5. 23 = 5. 4 = 20 metres in the second
sec., 5. 3% = 45 in the third sec., and so forth. This relationship
is represented by a curved line, called a parabola, in the x¢
plane (Fig. 13). If we compare the figure with Fig. 12 we see
how the polygon approximately represents the continuously.
curved parabola. In both figures the acceleration b = 10
has been chosen, and this determines the appearance of the
curves, whereas the units of length and time are unessential.

We may also apply the conception of acceleration to non-
uniformly accelerated motions, by using instead of 1 sec. a
time of observation which is so small that, during it, the motion
may be regarded as uniformly accelerated. The acceleration
itself then becomes continuously variable.

All these definitions become rigorous and at the same time
convenient to handle if the process of sub-division into small

[} /
’ i
z ’ .

wmw'ﬁw%mh%w@w‘

Fic. 13.

intervals, for which the quantity under consideration may be
regarded as constant, is carefully studied. This leads us to
the conception of the limiting value which forms the starting-
point of the differential calculus. Historically, the doctrine
of motion was actually the problem for the solution of which
Newton invented the differential calculus and its converse,
the integral calculus. | - -
The theory of motion .(kinematics, phoronomy) is the fore-
runner of the proper mechanics of forces, or dynamics. It it
evidently a sort of geometry of motion. As a matter of fact,
in our graphical representation each motion is represented
by a geometric configuration in the plane, with the co-ordinates
x, t. In this we are concerned with more than a mere analogy.
It is just the principle of relativity that attaches fundamental
importance to the introduction of time as a co-ordinate in
conjunction with the spatial dimensions, | |
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3. MOTION IN A PLANE

~ If we wish to study the motion of a point in a plane, our
‘method of representation at once allows itself to be extended
‘to this case. We take in the plane an xy-co-ordinate system and
erect a f-axis perpendicular to it (Fig. 14). Then a straight line
in the xyf-space corresponds to a rectilinear and uniform motion

[
§¢ / A
Y /
A
;BT
v
Fic. 14. ' F1a. 15.

in the xy-plane. For if we project the points of the straight
line that correspond to the points of time ¢ =o0, 1, 2, 3, . . .
on to the xy-plane, we see that the positional displacement
takes place along a straight line and at equal intervals. -
- Every non-rectilinear but uniform motion is said to be
accelerated even if, for example, a curved path is traversed with -
constant velocity. For in this

case the direction of the velocity ¥
changes although its numerical 4
‘value remains constant. An ac- |
celerated motion is represented in -

the xyt-plane (Fig. 15) by an arbi- —~>
trary curve. The projection of

this curve into the xy-plane is

the orbit in the plane (or plane- ‘

orbit). The velocity and the ac- T >z

‘celeration are again calculated by Fie. 16.

‘supposing the curve replaced by S

a polygon closely wrapped round the curve. At each corner
of this polygon not only the amount but also the direction of
the velocity alters. A more exact analysis of the conception
of acceleration would take us too far. It is sufficient to
mention that it is best to project the graph of the moving point
on to the co-ordinate axes %, y, and to follow out the rectilinear
motion of these two points, or what is the same, the change
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in time of the cu-ordinates x, y. The conceptions defined for
rectilinear motions as given a2bove may now be applied to these
projected motions. We thus get two components of velocity.
V., Uy, and twoe consponents of acceleraivon b,, b,, that together
fix the velocity or the acceleration of the moving pomt a.t
a given instant. |
In the case of a plane motion (and also in one that occurs
in space) velocity and acceleration are thus divected magnitudes
(vectors). They have a definite direction and a definite magni-
tude. The latter can be calculated from the components.
For example, we get the directicn: and ragnitude of the velocity
from the diagonal of thie rectangle with the sides v, and o,
(Fig. 16). - Thus, by Pythagoras’ theorem, its magnnude is

s.-_--.o——-—-..—-

V=t + vl . , c '(3}
'An exactly corresponding resuit holds for the acceleration. - :

4. CIRCULAR MoOTION

There is cnly one case which we wish to consider in greater
~ detail, namely, the motion of a point in a circular orbit with

. ]
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FiG. 17.

constant speed (Fig. 17). According to what was said above,
it is an accelerated motion, since the direction of the velocity
constantly alters. If the motion were unaccelerated the moving
point would move forward from A in a straight line with the
uniform velocity v. But in reality the point is to remain on the
citcle, and hence it must have a suppiementary wvelccity or
acceleration that is directed to the central point M. This
is called the cemiripetal acceleration. It causes the veloaty
at a neighbouring point B, which 1s reached after a short
interval ¢, to have a direction diffecrent irom that at the point A
From a point ¢ we next draw the velocities at A and B in
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separate diagram (F1g 17), paying-due regard to their magni-
tude and direction. Their magnitode will be the same, namely
v, since the circle is to be traversed

with constant speed, but their
direction is different. If we con-

nect the end-poinis D and E of
the two velocity lines, then the . |

cennecting  line is  clearly the
supplementary velocity w, which
transforms the first velocity state: -
into the second. We thus get an
isosceles triangle CED, havihg the
baze w and the sides v, and we at
once see that the angle o at the
vertex i¢ «gual to the angle sub-
tended by the arc AB, which the
point traverses, ot the centre of
the circle.  For the velocities at A and B are perpendicular
to the radii MA and ME, 2and hence include the same angle.
Consequently the two isusceles triangles MAB and CDE are
similar, an1 we get +he proportion

DE _ AB

CD MA o
Now DE = w, CD = v, and further, MA is equal to the
radius r of the circle, and AB is equal to the arc s except for
a small error that can be made as small as we please by choosing

the time-interval ¢ suﬁicxently sma.ll
Hence we have

Fic. 13.

w s sy
v 4 4
We now divide by ¢ and notice that ‘;==' v, ': =) Hence
. | 7)’ : .‘ | v L1
the acceleration b= R R . (‘4}

that is, the centripetal accelemtwn 1S equal io the square of the
velocn‘v in the circle divided by the radius. :

This theorem, as we shall see, is the basis of one of the first
and most important empirical proofs of Newton’s theocy of
gravitation.

. Perhaps it is not superfluous to have a clear idea of vﬁlat
this uniform circular motion looks like in the graphical
representation in the xy‘-space. This is obvmusly produced
by allowing the moving point to move upwards regu‘la.rly
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. parallel to the f-axis during the circular motion. We thus get

a helix (screw line), which now represents the orbit and the course
of the motion in time completely. In Fig. 18 it is drawn on the
surface of a cylinder that has its base on the xy-plane.

5. MOTION IN SPACE

Our graphical method of representation fails for motlons
in space, for in this case we have three space co-ordinates x, ¥, z,
and time has to be added as a fourth co-ordinate. But un-
fortunately our visual powers are confined to three-dimensional
space. The symbolic language of mathematics must now lend
us a helping hand. For the methods of anmalytical geometry
allow us to treat the properties and relationships of spatial
configurations as pure matters of calculation without requiring
us to use our visual power or to sketch figures. Indeed, this
process is much more powerful than geometric  construction.
Above all, it is not bound to the dimensional number three
but is unmedlately applicable to spaces of four or more dimen-
sions. In the language of mathematics the conception of
a space of more than three dimensions is not at all mystical
but is simply an abbreviated expression of the fact that we
are dealing with things that allow themselves to be fully de-
termined by more than three number data. Thus the posmon
of a point at a given moment of time can be fixed only by
specifying four number data, the three space-co-ordinates
%, ¥, 2 and the time ¢. After we have learned to deal
with the =xyl-space as a means of depicting plane motion
it will not be difficult also to regard the motions in three-
dimensional space in the light of curves in the xyz-space.
This view of kinematics as geometry in a four-dimensional
xyzi-space has the advantage of allowing us to apply
the well-known laws of geometry to the study of motions.
But it has a still deeper significance that will become
clearly apparent in Einstein’s theory. It will be shown that
the conceptions space and time, which are contents of experience
of quite different kinds, cannot be sharply differentiated at all
as ob]ects of physical measurement. If physics is to retain
its maxim of fecognizing as real only what is physically observ-
able it must combine the conceptions space and time to a
higher unity, namely, the four-dimensional xyzt-space. Min-
kowski called this the * world "’ (1908), by which he wished to
express that the element of all order of real things is not place
nor point of time but the * event "’ or the *‘ world-point,”’ that
is, a place at a definite time. He called the graphical picture
of a moving point “ world-line,”” an expression that we shall
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continue to use in the sequel. Rectilinear uniform motion
thus corresponds to a straight world-line, accelerated motion
to one that is curved.

6. DyNamics—THE LAw oF INERTIA

After these preliminaries we revert to the question with
which we started, namely, as to how forces generate motions.
The simplest case is that in which no forces are present at
all. A body at rest will then certainly not be set into motion.
The anments had already made this discovery, but, above this,
they also believed the converse to be true, namely, that wherever
‘there is motion there must be forces that maintain them. This
view at once leads to difficulties if we reflect on why a stone
or a spear that has been thrown continues to move when it
has been released from-the hand. It is clearly the latter that
has set it into motion, but its influence is at an end so soon as
the motion has actually begun. Ancient thinkers were much
troubled in trying to discover what forces actually maintain the
motion of the thrown stone. Galilei was the first to find the right
point of view. He observed that it is a prejudiced idea to as-
‘sume that wherever there is motion there must always be force.
Rather it must be asked what quantitative property of motion
has a regular relationship with force, whether it be the place
of the moving body, its velocity, its acceleration, or some
composite quantity dependent on all of these. No amount
of reflection will allow us to evolve an answer to these questions
by philosophy. We must address ourselves directly to nature.
The question which she gives is, firstly, that force has an influence
in effecting changes of velocity. .No force is necessary to
maintain a motion in which the magnitude and the direction
of the velocity remain unaltered. And conversely, where
there are no forces, the magnitude and direction of the velocity
remain unaltered ; thus a body which is at rest remains at rest,
and one that is moving uniformly and rectilinearly continues to
move uniformly and rectilinearly. |
This law of imertia (or of persistence) is by no means so
obvious as its simple expression might' lead us to surmise.
For in our experience we do not know of bodies that are really
withdrawn from all influences from without, and if we use our
imaginations to picture how they travel on in their solitary
rectilinear paths with constant velocity throughout astronomic
space, we are at once confronted with the problem of the
absolutely straight path in space absolutely at rest, with which
we shall have to deal in detail later on. For the present, then,
we shall interpret the law of inertia in the restricted sense in
which Galilei meant it.
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Let us picture to ourselves a smooth exactly horizonta
table on which a smooth sphere is resting. This is kept presse«
aga:mst the 12ble by its own weight, but we ascertain that i
requires ne appreciable force to move the sphere quite slowl
on the table. Evidently there is no force acting in a horizenta
direction on the sphere, otherwise it would rot itself remain a
rest at any point on: the table. -

But if we now give the sphere a velocity it will continu
to move in a straight line and will lose only very little of it
speed. This retardation was called a sccondary effect by
Galilei, and it is to be ascribed to the friction of the table anc
the air, even if the frictional forces cannot be proved to b
present by the staticai methods with which we started. T
is just this depth of vision, which correctly differentiates wha
is essential in an occurrence. from disturbing subsidiary effects
that characterizes the great investigator.

The law of inertia is at any rate confirmed for moticu o1
the table. It has been established that in the absence of force
the velocity remains constant in direction and magnitude.

Consequently the forces will be associated with the chang
of velocity, the acceleration. In what way they are assocmtec
can again be decided oniy by experiment.

7. IMPULSES

We have presented the acceleration of a non-uniforn
motion as a limiting case of sudden changes of velocity of brie
uniform motions. Hence we shall first have to enquire hov
a single sudden change of velocity is produced by the applicatior

of 2 force. Tor this a force must act for only a short time
it is then what we cali an impulse or a blow. The result of sucl
a blow depends not only on the magnitude of the force but alsc
on the duration of the action, even if this is very short. Wi
therefore define the intensity of a blow or impulse as follows

N impulses J, each of which consists of the force K acting

during the time # = - secs will, if they follow each other with

out appreciable pa.uses have exactly the same effect as if th
force K were to continue to act throughout the whole second
Thus we should have

Xys -
or, 3 = —k == ﬁ‘x . . . . (5
(/
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To visualize this, let us imagine a weight placed on one side
of a lever having equal arms (such as a balance), and suppose
a hammer to tap very quickly and evenly on the other side with
blows just powerful enough to preserve equilibriumn except for
inappreciable fluctuations (Fig. 19). It is clear that we may
tap more weakly but more often, or more strongly and less often,
so long as the intensity J of the blow multiplied by the number
of blows #, or divided by the time ¢ required by each blow,
always remains exactly equal to the weight K. This “ Im-
pulse Balance ”’ enables us to measure the intensity of blows
even when we cannot ascertain the duration and the force of each
one singly. We need only find the force K that keeps equili-
brium with # such equal blows per second (disregarding the
inappreciable trembling of the arms), tlten the magnitude of
each blow is the nth part of K. "

The dimensions of impulse are [J} = [T .G], where G
denotes weight. |

Fic. 13,

8, THE LAw OF IMPULSES

We again consider the sphere on the table and study the
action of impulses on it. To do this we require a hammer
that may be swung, say, abaut a horizontal axis. Firstly,
we calibrate the power of the blows of our harnmer for each
length of drop by means of our “ impulse balance.” Then we
allow it to impinge against the sphere resting on the table and.
observe the velocity that it acquires through tine blow by
measuring how many cms. it rolls in 1 sec. (Fig. 26). - The result
is verv simple. | - | :

The more powerful the blow the greater the velocity, the
relation being such that twice the blow imparts twice the velo-
city, three times the blow three times the velocity, and so forth,
that is, the velocity and the blow bear a constant ratio to each
other (they are proportional).

This is the fundamental law of dynamics, the so-called
law of impulse (or momentum) for the simple case when a body
is set into motion from rest. If the sphere already has a velocity
initially, the blow will increase or decrease it according as it
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strikes the sphere in the rear or in the front. By a strong
counter-blow it is possible to reverse the direction of motion
of the sphere. -

The law of impulse then states that the sudden changes of
velocity of the body are in the ratio of the impulses or blows that
produce them. The velocities are here considered as positive
or negative according to their direction.

9. Mass

Hitherto we have dealt with a single sphere. We shall
now perform the same impulse experiment with spheres of
different kinds, say, of different size or of different material,
some being solid and others hollow. Suppose all these spheres
to be set into motion by exactly equal blows or impulses.
Experiment shows that they then acquire quite different

L

F1a. 20.

velocities, and, indeed, it is at once observed that light spheres
are made to travel at great speed, but heavy ones roll away only
slowly. Thus we find a relationship with weight, into which
we shall enter into- detail later, for it is one of the empirical
foundations of the'general theory of relativity. But here, on
the contrary, we wish to bring out clearly and prominently
that from the abstract point of view the fact that various
spheres acquire various velocities after equally strong impacts
has nothing to do with weight. Weight acts downwards and
-produces the pressure of the sphere on the table, but exerts no
horizontal force. ‘We now find that one sphere opposes greater
resistance to the blow than another; if the former is at the same
time the heavier, then this is a new fact of experience, but does
not from the point of view here adopted allow itself to be de-
duced from the conception of weight. - What we establish is
a difference of resistance of the spheres to impacts. We call
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it inertial resistance, anid measure it as the ratio of the impulse
or impact J to the velocity v generated. The name mass has
been chosen for this ratio, and it is denoted by the symbol ".
Thus we set

m=%. C. : . (6)

This formula states that for one and the same body an in-
crease of the impulse J calls up a greater velocity v in such a
way that their ratio has always the same value m. When
mass has been defined in this way its unit can no longer be
chosen at pleasure, because the units of velocity and of impulse
have already been fixed. Rather, mass has the dimensions

-7
~LL
and its unit in the ordinary system of measures is sec.2grm./cm.
In ordinary language the word mass denotes something like
amount of substance or quantity of matter, these conceptions
themselves being no further defined. The concept of substance,
as a category of the understanding, is counted among those
things that are directly given, i.e. are immediate data. In
physics, however—as we must very strongly emphasize—the
word mass has 7o meaning other than that given by formula (6).

It is the measure of the resistance to changes of velocity.
We may write the law of impulses more generally thus :

mw=7] . . : : . (7

‘It determines the change of velocity w that a body in motion
experiences as the result of an impulse ]J.

The formula is often interpreted too as follows :—

The given impulsive force J of the hammer is transferred
to the movable sphere. The hammer “ loses’ the impulse
J, and this impulse reappears in the motion of the sphere to the
same extent mw. This impulsive force carries the sphere along,
and when the latter itself impinges-on another body, it, in its
turn, gives the latter a blow or impulse, and thereby loses
just as much impulse as the other bedy gains. For example,
if the bodies of mass 7, and m, impinge against each other
rectilinearly (that is, whilst moving in the same straight line),
then the impulsive forces which they exert on each other are
always equal and opposite, that is, J, = — J,, or their sum
is zero :

]1+J,==n‘zlw,+m,w,'=o..- S ()
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From this 1t follows that

Wy = — Dy,
that is, when one sphere loses velocity (w, negative), the other
gains velocity (w4 positive), and vice versa.
- 1f we introduce the velocities of the two spheres before and
after the impact, namely, v,, v,’ for the first sphere, and v,, v,"
for the second, then the changes of velocity are |

’

= — v Wy = Vg — Uy
and we may also wﬁte the equation (8) thus:
my(vy — vy) + my(vy — vg) =0

If we then collect all the quantities referring to the motion
before the impact on the one side, and all those referring to the
motion after the impact on the other, we get

ml‘l)l + msv’ = mlvl’ + m:vz" o e . (9)

and this equation may be interpreted as follows :

To bring a body of mass m from a state of rest into one in
which it has the velocity v we require the impulse mv ; it then
carries this impulse along with it. Thus the total impulse
carried along by the twc spheres before the impact is m,v; +
mgv,. The equation (g) then states that this total impulse
is not changed as a rrsult of the impact. This is the law of
conservation of impulse cr momentum.

10. FORCE AND ACCELERATION

Before pursuing fuither the striking parallelism between
mass and weight we shall applv the iaws so far established to
the case ot forces that aci continuousiy. Unfortunately, again,
the theorems can be set up rigorously only with the aid of the
- methods of the infinitesimal calculus, yet the foilowing considera-
tions may serve to give an approximate idea of the relationships
involved.

A force that acts contipunusly generates a motion whose
velocity alters continuously. We now suppose the force re-
placed by a rapid succession of blows or unpulses. Then at each
blow the velocity will suffer a sudden chaiige and 2 world-line
that 1s bent many times, as in Fig. 10, will result, and which
will fold closely around the true, uniformly rurved world-line
and will be able t» be used in place of the latter in the calcula-
tions. Now if w blows per sec. replace the force K, then by (5)
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each of them has the value 'J mi K or = K, where ¢ is the short

interval occupied by each blow. At each impulsé a change
of velocity w occurs which, according to (7), is determined by

mw = ] =K, or 7 = K. But, by (2),'1:’ = b, thus we get

mb=K . : . . . (ro0)

This is the v of motion of dynamics for forces that act
continuously. It states in words that a force produces an
acceleratvon that is proportioned to it ; the comstant ratio K : b
18 the mass.

. We may give this law still a different form which is advan-
tageous for many purposes, in particular for the generalization
that is necessary in the dynamics of Einstein (see VI, 7, p. 221).
For if the velocity v alters by the amount w, then the impulse
carried along by the moving body, namely, J = mu, alters by

mw. Thus we have mb = 7..}.?, the change of the impulse carried

along in the time ¢ required to ty
effect it. Accordingly we may
express the fundamental law ex-
pressed in formula (10) thus:

If a force K acts or a body, '1
then .the impulse J=mv carried
alomg by the body changes in such
a way that its change per unit of
time is equal o the force K.

Expressed in this form the law
holds only for motions which take
place in a straight line and in Fre. 21.
which the force acts in the same
straight line. If this is not the case, that is, if the force
acts obliquely to the momentary direction of motion the
law must be generalized somewhat. Let us suppose the force
drawn as an arrow which is then projected on to three mutually
perpendicular directions, say, the co-ordinate axes. In Fig.
21 the case is represented in which the force acts in the xy-
plane, and its projections on the x- and the y-axis have been
drawn. Let us imagine the moving point projected on the
axes iu the same way. Then each of the points of projection
executes a motion on its axis of projection.  The law of motions
then states that the accelerations of these motions of projection
bear the relation md = K to the corresponding components of
force. But we shall not enter more closely into these mathe-
maticai generalizations, which involve no new conceptions.




34 THE THEORY OF RELATIVITY

II. EXAMPLE—ELASTIC VIBRATIONS

As an example of the relation between force, mass, and
ageeleration we consider a body that can execute vibrations
under the action of elastic forces. We take, say, a straight
broad steel spring and fasten it at one end so that it lies hori-
zontally in its position of rest (and does not hang downwards).
It bears a sphere at the other end (Fig. 22). The sphere can
then swing to and fro in the horizontal plane (that of the page).
Gravity has no influence on its motion, which depends only
on the elastic force of the spring. When the displacements are
small' the sphere moves almost in a straight line. Let its
direction of motion be the x-axis.

If we set the sphere into motion, it executes a periodic
vibration, the nature of which we can make clear to ourselves
as follows :  If we displace the sphere slightly out of the position
of equilibrium with our bhands, we experience the restoring
force of the spring. If we let the sphere go, this force imparts
to it an acceleration, which causes it to return to the mean
position with increasing velocity. In this process the restoring
force, and hence also the acceleration, continuously decreases,
and becomes zero when passing through the mean position
itself, for here the sphere is in equilibrium and no accelerative
force acts on it. At the place, therefore, at which the velocity
is greatest, the acceleration is least. In consequence ‘of its
inertia the sphere passes rapidly through the position of equili- -
brium, and then the force of the spring begins to retard it
and applies a brake, as it were, to the motion. When the orig-
inal deflection has been attained on the other side the velocity
has decreased to zero and the force has reached its highest
value. At the same time the acdceleration has reached its
greatest value in reversing the direction of the velocity at this
moment. From this point onwards it repeats the process in
the reverse sense. | ‘

If we next replace the sphere by another of different mass
we see that the character of the motion remains the same
but the time of a vibration is changed. When the mass is
greater the motion is retarded, and the acceleration becomes
less ; a decrease of mass increases the number of vibrations
per sec. S | - |

In many cases the restoring force K may be assumed to be
exactly proportional to the deflection x. The course of the
motion may then be represented geometrically as follows :
Consider a movable point P on the circumference of a circle
of radius 4, which is being traversed uniformly v times per
sec. by P. It then traverses the circumference, which is 2na
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(where =# = 3'14159 o) in‘ the time T = -S secs., thus its

velocity is ;zz ?_“’_1’:_‘_‘ = 27ay.

Let us now take.the centre O of the circle as the origin of
a rectangular set of co-ordinates in which P has the co-ordinates
x, y. Then the point of projection A of the point P on the x-axis
will move to and fro during the motion just like the mass
fastened to the spring. This posmnt A s to represent the vibrating
mass. If P moves forward along a small arc s, then A moves

‘along the x-axis a small distance § and we have v =-t§ as

the velocity of A. Fig. 23 now shows that the displacements ¢

w

Fe. 22, | Fi1G. 23.

and s are the side and the hypotenuse of a small right-angled
triangle, which is clearly similar to the large right-angled
triangle OAP. Hence we have the proportion | |

s a a’
Hence .thé velocity of A becomes

‘v:—...g::f.
‘ 4 l

Qi

= 27vy.

Now, the point of projection B of the point P executes
exactly the same pendulim motion on the y-axis. During the
small displacement s of P the point B moves forward a distance
7, and just as for £ we have |

m 4 X
-~ = ~0Irn=S5-.
S a a
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This change 7 of y corresponds to a change in the velocity
v == 27wy oi the point A which is given by

X
W= Zfrv'q = 27vs<,

a
and hence to an acceleration of A, 8
w S x
b= =2m>.2= (2m)%.
4 I a

The acceleration in this vibrational motion of the pomt A
is thus actually at every moment proportional to the deflection
x. We get for the force

K=mb=mzm)x. . . . (11)

By measuring the force corresponding to a deflection x and
AL - by countmg the vibrations we can
thus™ determine the mass: m of the

( | spring pendulum |
\_ ‘ The picture of the . world-line. -of
0

such a vibration is clearly a wave-
line in the x#-plane, if x is the direc-
tion of vibration (Fig. 24). In the
figure it has been assumed that at
the time ¢ = ¢ the sphere is moving
through the middle position % =
towards the right. We see that when-
evet the sphere passes through the
~d t-axis, that s, for ¥ = o, the direction
‘ of the curve i$ most inclined to the
\ x-axis. and this indicates the greatest
| velocity, Hénce the curve is not
Fre. 2. curved at ‘this point, and the change
of velocity or the acceleration is zero.

The opposite is true of those points that correspcmd to the
extreme deflections.

xV

- I2. WEIGHT AND Mass

At the. begmnmg when we introduced the conceptwn of
we o%served immediately that mass and weight exhibit

a re;(narka le parhllelism. Heavy bodies offer a stronger
resistange to an accelerating force than light bodies. Ts this,
theri, an exact law? As'a matter of fact, it is. To have
the facts quité clear, let us again consider the experiment of
setting into iotion spheres on a smooth horizontal table hy
meahs of impacts or impulses. We take two spheres A and B



LAWS OF CLASSICAL MECHANICS 87

of which B is twice as heavy as A, that is, on the impulse balance
B exactly counterpoises two bodies each exactly like A. - We
next apply equal blows to A and B on the table and observe
the velocity attained. We find that A rolls away twice as
quickly as B. B

Thus the sphere B, which is twice as heavy as A, epposes
- a change of velocity exactly twice as strongly as A. We may
also express this as follows:  Bodies having twice the mass
have twice the weight; or, more generally, the masses m are in
the ratio of the weights G. The ratio of the weight to the
mass is a perfectly definite number. It is denoted by g, and we
write | .

G o -
;’-z-—gorG——mg : : ._(Iz)

Of course, the experiment used to illustrate the law is very
rough.* But there are many other phenomena that prove the
same fact ; above all, there is the observed phenomenon that all -
bodies fall equally fast. It is hereby assumed, of course, that
no forces other than gravity exert an influence on the motion.
This means that the experiment must be carried out i vagso so
that the resistance of the air may be eliminated. For pur-
poses of demonstration an inclined plane (Fig. 25) is found
suitable, on which two spheres, similar in appearance but of
different weight, are allowed to roll down. It is observed that
they reach the bottom exactly simultaneously.

- The weight is the driving force ; the mass determines the
resistance. If they are proportional to each other, then a
heavy body will indeed be driven forward more strongly than
a lighter one, but to balance this it resists the impelling force
more strongly, and the result is thdt the heavy and.the light
body roll or fall down equally fast. We also see this from our
formule. For if in (10) we replace the force by the weight G,
and assume the latter, by (12), proportional to the mass, we get

mb = G = 18§, -
that is, b=g¢g . . . . . (13)
- Thus all bodies have one and the same acceleration verti-
cally downwards, if they move undeh the. influence of grawity

alone, whether they fall freely or ere thrawn. The quantity g,
the acceleration due to gravity, has the value |

g = 981 cm./sec.(or 32 ft./sec.3).
* For example, we have neglected the circumstance that in producing the rofasion

of the rolling sphere a resistance must also be overcome which, depends on the distge
bution of mass in the interior of the sphere (the moment of inertia). |
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The most searching experiments for testing this law may
be carried out successfully with the aid of simple pendulums
with very fine threads. Newton even in his time noticed that
the times of swing are always the same for the same length
of pendulum, whatever the composition of the sphere of the
pendulum. The process of vibration is exactly the same as
that described above for the elastic pendulum, except that
now it is not a steel spring but gravity that pulls back the sphere.
We must imagine the force of gravity acting on the sphere
to be resolved into two components, one acting in the direction
of the continuation of the .thread, and keeping it stretched,
the other acting in the direction of motion and bemg the driving
force that acts on the sphere or bob.

Fig. 26 exhibits the bob a.t the deflection x. We see at once

. K |
Fia. 2s. . Fic. 26. -

the two similar right-angled triangles, the sides of which are
in the same proportion :
| K _ G

X l

Accordingly, formula (11) gives for two pendulums, the bobs
of which are G, and G,, respectively :

m)my =1, (amytmy =2,
thus Gi_ G omy)y,
m, My

that is, the ratio of the weight to the mass is the same for both
pendulums. We called this ratio g in formula (12). Hence
we get the equation

'g=(2'rrv)’l, . . - ) (14)
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from which we see that g may be determined by measurmg
the length 7 of the pendulum and the vibration number v.

~ The law of the proportionality of weight to mass is often
expressed as follows :

gravitational and inertial mass are equal.

Here gravitational mass simply signifies the weight divided
by g, and the proper mass 1s dlstmgmshed by prefixing the
word ‘‘ inertial.”

- The fact that this law holds very exactly was already
known to Newton. Nowadays it has been confirmed by the
most delicate measurements known in physics, which were
carried out by E6tvds (1890). Hence we are completely justified
in using the balance to compare not only weights but also masses.

~ One might now imagine that such a law is firmly embedded
in the foundations of mechanics. Yet this is by no means the
case, as is shown by our account, which follows fairly closely the
ideas contained in-classical mechanics. Rather, it is attached,
as a sort of curiosity, somewhat loosely to the fabric of the other
laws. Probably it has been a source of wonder to many,
but no one suspected or sought any- deeper relationship that
might be wrapt in it. For there are many- kinds of forces
that can act an a mass. Why should there not be one that is
exactly proportional to the mass? - A question to which no
answer is expected will receive none. And so the matter rested
for centuries. This was possible only because the successes
of the mechanics of Galilei and Newton weré overwhelming
It controlled not only the motional events on the earth but
also those of the stars, and showed itself to be a trustworthy
foundation for the whole realm of the exact sciences. For
in the middle of the nineteenth century it was looked on as
the object of research to interpret all physical events as me-
chanical events in the sense of the Newtonian doctrine.  And
thus in building up their stately edifice physicists forgot to
ascertain whether the basis was strong enough to support the
whole. Einstein was the first to recognize the importance
of the law of equality of inertial and gravitational mass for the
foundations of the physical sciences.

13. ANALYTICAL MECHANICS

The problem of analytlcal mechanics is to find from the
law of motlon |
mb=K

the motion when the forces K are given. The formula 1tself
gives' us only the acceleration, that is, the change of velomty
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To get from thelatter the velogity, and from this agam the vary-

ing position of the moving point, is a problem of the integral
calculus that may be very difficult if the force alters in a com-
plicated way w1th the place and the time. An idea of the
nature of the problem is given by our derivation of the change
‘of position in a uniformly accelerated motion along a straight
line-(p. 20). The motion is already more complicated when
it is in a plane and due to the action of a constant force of
definite direction, as in the case of a motion due to falling or
to a throw. Here, too, we may substitute as an approximation
for the continuous course of the motion one consisting of a
series of uniform motions, each of which is transformed into the
next by means of impulses. We again call to mind our table
and agree that the sphere rolling on it is to.rec¢ive a blow of
the same size and direction after the same short interval ¢
(Fig. 27). Now if the sphere statts off from the point O with

. FEPL,

- Fia. a7.

an arbitrary initial velocity it arnves after ¢ secs. at a point 1
where the first blow strikes it. From this pdint it pursues
its course in another direction with a different wvelocity for ¢
secs. until at a point 2 it is struck by the second blow, which
again deflects it, and so forth. Each individual deflection
may be detenmned from the law of impulses. Accordingly,
we may draw the whole motion, and we see that the initial
point, the initial direction, and the initial vilocity completely
determine the subsequent coutse -of the mation. - This jerky
motion gives us a rough picture of the motion of a sphere on
-an inclined plane. The graph coincides the more closely with
the event, which is continuous in rea.hty, the smaller we choose
the time interval between the blows,

- What is here achieved by direct construction is usually
done in the case of forces acting cofitinuoudly by méans of the
integral calculus. In this case, too, the point of departure
and the initial velocity remain quite arbitrary as regards
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magnitude and direction. But if these are given, the further
course of the motion is fully determined. Thus one and the
same law of force may produce an infinity of motions according
to the choice of the initial conditions. Thus the enormous.
number of motions due to falling or to throws depends on the
same law of force, of gravity that acts vertically downwards.

~ In mechanical problems we are usually concerned with the
motion not of ene body but of several that exert forces on one
another. The forces are then not themselves given but depend
for their part on the unknown motion. It is easy to under-
stand that the problem of determining the motions of several
bodies by calculation becomes highly complicated.

14. THE LAw oF ENERGY

" But there is a law which makes these problems muéh
simpler and affords a survey of the motion. It is the law of the
conservation of energy, which has become of very great 1mpor-

— i v —-—-——>
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Fia. 28. ' F16.-29.

tance for the development of the physical sciences. We cannot,
of course, enunciate it generally here nor prove it. We shall
only seek to know its content from simple examples.

A pendulum which is released after the bob has been raised
to a certain point rises on the opposite side of the mean position
to the same height—except for a small error eaused by friction
and the resistance of the air (Fig. 28). If we replace the cir-
cular orbit by some other by allowing the sphere to run on rails
as in a “ toy railway ”’ (Fig. 29), then the same result holds :
the sphere always rises to the same helght as that from which
it started. |

From this it easily follows that the velomty that the sphere
has at any point P of its path depends only on the depth of
this point P below the initial point A. To see this we imagine
the piece AP of the orbit changed, the rest PB remaining un-
aitered. Now, if the sphere were to arrive-at P along the one -
orbit from A with a velocity different from that with which it
. ar:ives along the other, then in its further course from P to B it
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would not in each case exactly reach its goal B. For, to achleve
this, a uniquely determinate velocity is clearly necessary at P.
Consequently the velocity at P does not depend on the form
of the piece of orbit traversed, and since P is an arbitrary point,
this result holds generally. Hence the velocity v must be
determined by the height of fall 4 alone. The truth of the law
depends on the circumstance that the path (the rails) as such
opposes no resistance to the motion,-that is, exerts no force on
the sphere in its direction of motion, but receives only its
perpendicular pressure. If the rails are not present, we have
the case of a body falling freely or of one that has been thrown,
‘and the same result holds : the velocxty at each point depends
only on the height of fall. -

~ This fact may not only be established expenmentally but
may also'be derived from our laws of motion. - We hereby also
get the form of the law that regulates the dependence of the
velocity on the height. We assert that it states the following :

Let x be the path fallen through, measured upwards (Fig

30), v the velocity, m the mass, and G the welght of the body
Then the quantity

E_—-=-—1)3+Gx N -. . (x5)

has the same value during the whole process of falling.

- Tc prove this we first suppose E to stand for any arbitrary
quantity that depends on the motion and hence alters from
moment to moment, Let E alter by the amount e in a small

interval of time ¢, then we shall call the ratio 7 ° the rate of

change of E, and, exactly as before in deﬁmng the orbital
velocity v and the acceleration b, we suppose that the time
interval £ may be taken as small as we please. If the quantity
E dces not change in the course of time, then its rate of-change
is, cf course, zero, and vice versa. We next form the change
of the above expression E in the time #. During this time
the height of fall x decreases by v, and the velocity v increases
by w = d.. Hence after the time ¢ the value of E becomes

E = ’Zi’(v + )2 + G (x — ).
Now, - (v’ + w)? = v? + wd 4 ‘zvu)

This states that the square erected over v and w, joined
together in the same straight line, may be resolved inte a square
having the side v, one having the side w, and two equal rectangles
having the sides v and w (Fig. 31). |
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Hence we get

E’zg? 2—i—”—fwa—}-mvw—kGx—-th

If we deduct the old value of E from thlS we-get as the
change in value -

e—E'--E-—-2 w’-{-mvw-—th
or, .sim‘:e w = bt, | :
e = g—zb’t2 + mobt — Gut.

Hence the rate of change becomes

=" pe b — Guo.
; 2bt+mv Gv

X
4 - ¥ w?
vy vé VW,
0 | v W
Fia. 30. Fia. 3r.

The term involving ¢ may be neglected since it can be made
vanishingly small by making the time interval vanishingly
small. Hence we get finally for the rate of change of E,

;_’=-_ v(mb — G).

But on the basis of the laws of mechanics this expression
has the value zero, for by (13) we havemb = mg = G. Hence
we have proved that the quantity E (15) remains unchanged
with time. If the initial point and the initial velocity of the
motion are given, that is, the values of ¥ and v for { = o, then
the expression E, according to (15), acquires a definite value.
It then retains this value during the whole motion.

From this it follows that if the body rises, that is, if x
increases, v must decrease, and vice versa. Either of the two
terms of the expression E can increase only at the expense of
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the other.. The first term is characteristic of the state of velo-
city of the body, the second, of the height that it has attained
against the force of gravitation. We have special names for
these terms. ~ .

T= g v*is called the vis viva or kinetie energy.

U= Gx is called the capacity for work or the potential
i energy. | | 4

Their sum, TH+U=E, . | . : . (16)

is called simply the mechanical energy of the body ; and the
law which states that it remains constant during the motion
of the body is called the law of conservatson of energy.

The dimensions of energy are [E] = [GL]. Its unitis
grm. cm. | . | | | ,

The name capacity for doing work is of course derived from
the work done by the human body in lifting a weight. = Accord-
ing to the law of conservation of energy this work becomes
transformed into kinetic energy in the process of falling. If,
on the other hand, we give a body kinetic energy by throwing
it upwards, this energy changes into potential energy or capacity
for doing work.

. Exactly the same as has been described for falling motions,
holds in the widest sense for systems composed of any number
of bodies, so long as two conditions are fulfilled, namely :

I. External influences must not be involved, that is, the
system must be self-contained or isolated. |

2. Phenomena must not occur in which mechanical energy
1s transformed into heat, electrical tension, chemical
affinity, and such like.

If these are fulfilled the law that
E=T+ U

always remains constant holds true, the kinetic energy de-
pending on the velocities, the potential energy on the positions
of the moving bodies. o ~ .
In the mechanics of the heavenly bodies this ideal case is
realized very perfectly, Here the ideal dynamics of which we
have developed the principles is valid. | |
- But on the earth thi$ is by no means the case. Every
motion is subject to friction, whereby its energy is transformed
into -heat. The méchines by means of which we produce
motion, transform thermal, chemical, electric, and magnetic
force. into mechanical forces, and hence the law of energy in
its narrow mechanical form does not apply. But it may
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always be méintained ifi aii extended form, 1f we call the heat -
energy Q, the chemical energy C, the electro-magnetic energy
w and so forth, then the law that for closed systems the sum -

E = T+U+Q—{-C+W : . ()
is always constant holds. |
It would lead us too far to pursue:the discovery and logical
evolutlon of this fact by Robert Mayer, Joule (1842) and
Helmholtz (184%), or to investigate how the non-mechanical
forms of energy are determined quantitatively. But we shall
use the conception of energy later when we speak of the intimate
relationship that the theory of relativity has disclosed between
mass and energy. |

15. DynamicaL UNiTs oF FORCE AND Mass

- The validity of the process by which we have derived the
fundamental laws of mechanics is, in a certain sense, restricted
to the surface of our table and its immediate neighbourhood.
For we have abstracted our conceptions and laws from ex-
‘periments in a very limited space, in the laboratory. The
advantage of this is that we need not trouble our heads about
the assumption concerning space and time. The rectilinear
motions with which the law of .inertia deals may be copied
on the table with a ruler. Apparatus and clocks are assumed
to be available for theasuring the orbits and the motions.

Our next: concetn will be to step out of the narrow confines
of our rooms into the wider world of astronom1c space. The
first stage will be a *“ voyage round the world ”’ which idiomatic
usage applies to the small globe of the earth. We shall pose
the question : do all the laws of mechanics set up apply just
as much in a laboratory in Buenos Alres or in Capetown as
here ?

Yes, they do, with one exception, namely, the value of the
gravitational acceleration g. We have seen that this can be
measured exactly by observations of pendulums. It has been
found that one and the same pendulum swings somewhat more
slowly at the equator than in the more southerly or more nor-
therly regions. Fewer vibrations occur in the course of a day,
that is, in the course of one rotation of the earth. From this
it follows that g has a minimum value at the equator and
increases towards the north and the south. This increase is
‘quite regular as far as the poles, where g has its greatest value.
We shdll sec later to what this is due. Here we merely take
note of the fact. For the system which we have hitherto used
- for measuring forces and masses this fact, however, has very
~awkward consequences.
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So long as weights . are compared with each other only by
means of the scale balance, there are no difficulties. But let us
imagine a spring balance here in the laboratory which has been
calibrated with weights. If we then bring this spring balance

into more southerly or more northerly regions, we shall find that

when loaded with the same weights it will give different de-
flections. If, therefore; we identify weight with force as we
have hitherto done, there i$ nothing left for us but to assert
that the force of the spring has altered and that it depends
on the geographical latitude. But this is obviously not the
case. It is not the force of the spring that has altered but the
gravitational force. It is, therefore, wrong to take the weight
of one and the same piece of metal as the unit of force at all
points of the earth. We may choose the weight of a definite
‘body at -a definite point on the earth as the unit of force; and
this may be applied at other points if the acceleration g
due to gravity is known by pendulum measurements at
both points. This is, indeed, just what technical science
actually does do. Its unit of force is the weight of a definite
normal body in Paris, the gramme. Hitherto we have always
used this without taking into account its variability with
position. In exact measurements, however, the value must
be reduced to that at the normal place (Pans)

Science has departed from this system of measures, at which
one place on the earth is favoured and has selected a system
that is less arbitrary.

The fundamental law of mechanics itself offers a suitable
method for doing this. Instead of referring the mass to the
force, we establish the mass as the fundamental quantity of
the independent. dimensions [M] and choose its unit arbitrarily :
let a definite piece of metal have the mass 1. As a matter of
fact, the same piece of metal that served technical science as
the unit of weight, the Paris gramme, is taken for this purpose, -
and this unit of mass is likewise called' the gramme (grm.).

The fact that the same word is used in technical science
to denote the unit of weight and in phiysics to denote the unit
of mass may easily lead to error. In the sequel we use the
physical system of measure, the fundamental units of which
are : cm. for length, sec. for time, grm. for mass.

Force now has the derived dimensions

(K] == [MB] = [M_I_‘
and the unit, called the dyne, is grm. cm./sec.?

Weight is defined by G = mg; thus the unit of mass has
the weight G = g dynes. It changes with the geographical
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latltude and in our own latitude it has the value g = - 981 dynes.
This is the technical unit of force. The weight given by a

spring balance, expressed in dynes, is, of course, a constant ;
for its power of accelerating a definite mass is mdependent
- of the geographical latitude.

'The dimensions of impulse or momentum are now :

) = [TK] = [ 2]

and its unit is grm. cm. /sec. Finallv, the dimensions of energy
are |

[E) = MV?] = [

and its unit is grm. cm.?/sec.?

Now that we have cleansed the system of measures of &l
earthly mmpurities, we can proceed to the mechanics of the
stars.



CHAPTER IIIL

THE NEWTONIAN WORLD-SYSTEM

1. ABSOLUTE SPACE AND ABSOLUTE TIME

1HE principles of mechanics, as here developed, were
partiy suggested to Newton by Galilei’'s works and were

h. pa,rt!'v created by himself. To him we owe above all
the expression of definitions and laws in such a generalized
forin. that they appear detached from earthly experiments
and allow themselves to be applied to events in astronomic
space.

Ia the first place Newton had to preface the actual mechanical

principles by making definite assertions about space and time,
Without such determinations even the simplest law of mechanigs,
that of inertia, hasnosense.  According to this, a body on which
no furce is acting is to move uniformly in a straight line.. Let
us fix our thoughts on the table with which we first experi-
mented in conjunction with the rolling sphere. If now the
spiicte rolls on the table in a straight line, an observer who
follows and measures its ‘path from another planet would have
to assert that the path is not a straight line according to his
point of view. For the earth itself is rotating, and it is clear
that a motion that appears-rectilinear to the observer travelling
with the earth, because it leaves the trace of a straight line
on his table, must appear curved to another observer who does
not participate in the rotation of the earth. This may be
roughly illustrated as follows :

A carcular disc of white cardboard is mounted on an axis
se tizat it can be turned by means of a hanflle.  A-ruler is fixed

i front el thiz dlec.  Now turn the disc as uniformly as possible,
md at the same time draw a pencil along the ruler with constant
velocity, so that the pencil marks its course on the dize. This
path will, <of course, not be a straight line on the disc, but a
curved lime, which will even take the form of a loop if the
rotary motion is sufficiently rapid. Thus,-the same motion
which an obgerver fixed to the ruler would call uniform and
rectilinear, would be called curvilinear (and non-uniform)
by an observer moving with the disc. This metion may be

43 ~ |
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constructed point for point, as is ﬂlustrated in the drawing
(Fig. 32), which explains itself.

This example shows clearly that the law of inertia has
sense, indeed, only when the space, or rather, the system of
reference ‘in which the rectilinear character of the motion is
to hold, is exactly specified.

- It is in conformity with the Copernican world-plcture
of course, not to regard the earth as the system of reference,
for which the law of inertia holds, but one that is somehow
fixed in astronomic space. In experiments on the earth, for
example rolling the sphere on the table, the path of the freely
‘moving body is not then in reality stralght but a little curved.
The fact that this escapes our primitive type of observation
is due only to the shortness of the paths used in the experi-
ments compared with the dimensions of the earth. Here,
as has often happened in science, the inaccuracy-of observation

— N\ A . ,_

has led to the discovery of a great relationship. If Galilei
had been able to make observations as refined as those of later
centuries the confused mass of phenomena would have made
the discovery of the laws much more difficult. Perhaps, too,
- Kepler would never have unravelled the-motions of the planets,
if the orbits had been known to him as accurately as at the
present day. For Kepler’s ellipses are onmly approximations
from which the real orbits differ considerably in long periods
of time. The position was similar, for example, in the case
of modern physics with regard to the regularities of spectra ;
the discovery of simple relationships was rendered much more
difficult and was considerably delayed by the abundance of
very exact data of observation. |
So Newton was confronted with the task of finding the
system of reference in which the law of inertia and, further,
all the other laws of mechanics were to hold. If he had chosen
the sun, the question would not have been solved, but would

4

Fi16. 32.
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only have been postponed, for the sun might one day be dis-
covered also to be in motion, as has actually happened in the
meantime.

Probably it was for such reasons that Newton gained the
conviction that an empirical &ystem of reference fixed by ma-
terial bodies could, indeed, never be the foundation of a law
involving the idea of inertia. - But the law itself, through
its close connection with Euclid’s doctrine of space, the element
of which is the straight line, appears as the natural startmg-
point of the dynamics of astronomic space. It is, indeed, in
the law of inertia that Euclidean space manifests itself outside
the narrow limits of the earth. Similar conditions obtain in
the case of time, the flow of which receives expression in the
uniform motion due to inertia.

In this way, possibly, Newton came to the conclusion that
there is an absolute space and an absolute time. It will be best
to give the substance of h13 own words. Conceming time
he says

“ Absolute, true and mathematwal time flows in itself
and in virtue of its nature uniformly and without reference to
any external object whatever. It is also called duration:.”

“ Relative, apparent, and ordinary time is a perceptible
and external, either exact or unequal, measure of duration,
which we customanly use mstead of true time, such as hour,
day, month, year.’

“ Natural days, which are- usually con51dered as equal
measures of time are really unequal. This inequality is some-
what corrected by the astronomers who measure the motion
- of the heavenly bodies according to the correct time. It may
be that there is uniform motion by which time may be measured
accurately. All motions may be accelerated or retarded.
Only the flow of absolute time cannot be changed. The
same duration and the same persistence occurs in the ex1stence
of all things, whether the motions be rapid, slow, or zero,’

Concerning space Newton expresses similar opinions. He
says :

II. *“ Absolute space, in virtue of its nature and without
reference to any external ob]ect whatsoever, alway% remains
immutable and immovable.”

" ““ Relative space is 4 measure or a movable part of the
absolute space. Our senses designate it by its position with
respect to other bodies. It is usually mistaken for the im-
movable space.’

“ So in human matters- we, not mappropnately, make use
of relative places and motions instead of absolute places and
‘motions. In natural science, however, we must abstract from
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the data of the senses. For it may be the case that no body
that is really at rest exists, W1th reference to which we may
refer the places and the motion.’

The definite statement, both in the definition of absolute
time as in that of absolute space,: that these two’ quantities
exist ‘“ without reference to any external object whatsoever ”’
seems strange in an investigator of Newton's attitude of mind.
For he often emphasmps that he wishes to investigate only
what is actual, Wha.t is ascertainable by abservation. ‘“ Hypo-
theses non ﬁngo “is his brief. and definite expression. But
- what ex1sts ‘ without reference to any external object what-
soever "’ is not ascertainable;, and is not a fact. Here we have
_clearly a case in which the ideas of unanalysed consciousness
are applied without reflection to the objective world. We
shall investigate the question in detail later on.

Our next task is' to describé how Newton interpreted the
laws of the cosmos and in ‘what the advance due to his.doctrine
consisted.

2. NEWTON'S LAw OF ATTRACTIO\

Newton’s idea consisted in settmg up a dynarmcal idea
of planetary orbits, or, as we -
/ Iy ¥

nowadays express it, in founding > >
Celestial Mechamics. To. do this / “ e |
it was necessary to apply Galilei's pd
conception of force to the motions L-.«-a(-w —
of the stars. Yet Newtan did not |\ j
find the law -according to which I\ /!

the heavenlv hodies act ‘onm one \\‘_/

another by sétting up. bold hypo-
theses, but by pursuing the Syste-
‘matic and exacf path of -analysing
the known facts of planetary Ino-
tions; These facts were expressed in the three Kepler laws
that - c0mpressed all the observations of that period of time .
into a’ wonderfully concise and vwxd form. We must hexp-
state Kepler slaws in full. - They are: »

I. The planets move in: elhps,cs with the sun at one of the
~foci (Fig. 33).

2. The radius vector drawn from the sun to a planet de-
scribes equal areas in equal times.

3. The cubes of the major axes of the ellipses are propor-
tional to the squares of the periods of revolutlon

Now the fundamental law of mechanics gives a relation
between the acceleration § of the motion, and the force K that

- F16. 33.
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- produces it. The acceleration b'is completely determined by
the course of the motion, and, if this is known, b can be calculated.
Newton recognized that the orbit as defined by Kepler’s laws
just sufficed to allow a calculation of &, Then the law

K = mb

also allows the acting force to be calculated. .

The ordinary mathematics of Newton’s time would not have
enabled him to carry out this calculation. He had first to
invent the mathematical apparatus. Thus there was created
in England the Differential and Integral Calculus, the root of
the whole of modern mathematics, as a bye-product of astro-
nomical researches, whereas Leibniz (1684) simultaneously
invented the same method on the continent by starting from
a totally different point of view. -

. Since we do not wish to use the infinitesimal calculus in
this book we cannot pause to give a picture of the wonderful
nature of Newton’s inferences. Yet the fundamental idea
may be illustrated by a simple example.

The orbits of the planets are slightly eccentric ellipses,
that are almost of a circular shape. It will be permissible to
assume approximately that the planets describe circles about
the sun, as was, indeed, supposed by Copermcus Since circles
are special ellipses with the eccentricity zero, thls assumption
certainly fulfils Kepler’s first law.

The second law next states that every planet traverses its
circle with constant speed. Now, by II 4, we know all about
the acceleration in such circular motions. It is directed to-
wards the centre and, by formula (4), p. 25, it has the value

g2
b =2
/ 4

where v = the speed in the orbit, and 7 is the radius of the
circle.

| If now T is the period of revolution, the velocity is deter-

mined as the ratio of the circumference Zvrr(w = 3'I4I59 . . .)

to the time T, thus

v="22C . (18

T
' | 4mir® _ 4y
10) @at b= T T g

We next direct our attention to the third Kepler law which, -
‘in the case of a circular orbit, clearly states that the ratio of
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the cube of the radius, 73, to the square of the time of revolution
T3, has the same value C for all planets

y3 C
T§ == C or T—z == ;—2 . . . (19)
If we insert this in the value for b above, we get |
_4C | ‘
b= e e (20)

According to this the value of the centripetal acceleration
depends only on the distance of the planet from the sun, being
inversely proportional to the square of the distance, but it is
quite independent of the properties of the planet, such as its
mass. For the quantity C is, by Kepler’s third law, the same
for all planets, and can therefore involve at most the nature
of the sun and not that of the planets.

Now, it is a remarkable circumstance that exactly the same
law comes out for elliptic orbits—by a rather more laborious
calculation, it is true. The acceleratlon is always directed
‘towards the sun situated at a focus, and has the valuegiven
by formula (20). -

3. GENERAL GRAVITATION

The law of acceleration thus found has an important property
in common with the gravitational force on the earth (weight) :
it is quite independent’ of the nature of the mdving body.
If we calculate the force from the acceleration, we find it like-
wise directed towards the sun. It is thus an attraction and
has the value

K = mb=mi"C . . . (21)

r2

It is proportional to the mass of the moving body, just like

the weight
G = mg

of a body on the earth. |

This fact suggests to us that both forces may have one and
the same origin. Nowadays, this-circumstance, having been
handed down to us through the centuries, has become such
a truism, as it were, that we can scarcely conceive how bold
and how great was Newton’s idea. What a prodigious imagi-
nation it required to conceive the motion of the planets about
the sun or of the moon about the earth as a process of  falling ”
that takes place according to the same laws and under the action
of the same force as the falling of a stone released by my hand.
The fact that the planets or the moon do not actually rush
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into their central bodies of attraction is due to the law of
inertia that here expresses -itself as'a centrifugal force. We
shall have to deal with this again later.

Newton first tested this.idea of general werght or gmvzmtwn
in the case of the moon, the distance of which from the earth
was ‘known from angular measurements.

This test is so important that we shall repeat the very
simple ecalculation here as evidence of the fact that all scien-
tific ideas become valid and of worth only when ca}cu}ated and
measured numerical values agree.

The central body is naw the earth; the moon: takes the
place of the planet. 7 denotes the radxus of the moon’s orbit,
T the permd of revolution of the moon. Let the radius of the
earth be a.” If the gravitational force on the earth is to have
the same on;,m as the attraction that the moon experiences
from the earth, then the acceleration g due to gravity must
by Newton’s lav. (20), have the form =

If we insert this value in that for g, we get

=55 . C ‘(22)

Now, the “ sidereal”’ period of revolution of the moon,

that is, the time between two positions in which-the line con-

necting the earth to the moon has the same dlrectlon with
respect to the stars, is

T = 27 days 7 hours 43 minutes 12 seconds
- = 2,360,592 seconds.

In physics it is customary to write down a number to only
so many places as are required for further calculatién. * So
we write here

T = 236 Io“ secs

The distance of the moon from the centre of the earth is.
about 60 times the earth’s radius, or, more exactly,

= 60-1a.

The earth’s radius itself is easy to remember because the
metric system of measures is simply related to it. For 1 metre
= I00 Cms. = one ten- mxlhonth of the earth’s quadrant, that
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is, the forty-millionth part or (4.10%th part of the earth’s
circumference 2ma

2ma

4. 107

If we insert all these values in (22) we get

4m* . 60°1%, 637, 108
2-36% - 1012

100 = or a = 6'37.10% cms. (23)

g= = 98I cm./sec.? (24)

This value .agrees exactly with that found by pendulum
observations on the earth (see II, 12, p. 37).

The great importance of this result is that it represents the

relativization of the force of weight. To the ancients welght
denoted a pull towards the absolute ‘ below,’”” which is ex-
perienced by all earthly bodies. The dlscovery of the spherical
shape of the earth brought with it the relativization of the
direction of earthly weight; it became a pull towards *the
centre of the earth.
- And now the identity of earthly weight with the force of
attraction that'keeps the moon in her orbit is proved, and since
there can be no doubt that the latter is similar in nature to
the force that keeps the earth and the other planets in their
orbits round the sun, we get the idea that bodies are not simply
““heavy ”’ but are mutually, heavy or heavy relatively to each
other. The earth, being a planet, is attracted towards the sun,
but it itself attracts the moon. Obviously this is only an ap-
proximate description of the true state of affairs, which consists
in the sun, moon, and earth attracting each other. Certainly,
so far as the orbit of the earth round the sun is concerned, the
latter may, to a high degree of approximation, be regarded
as at rest, because its enormous mass hinders the calling up
of appreciable accelerations, and, conversely, the moon, on
account of its size, does not come into account. But an exact
theory will have to take into consideration these influences,
called ** perturbations.”

Before we begin to consider more closely this view, which
signifies the chief advance of Newton’s theory, we shall give
Newton’s law its final form. We saw that a planet situated
at a distance » from the sun experiences from it an attraction
of the value (21)

K=m 4’C

y2 '’
where C is a constant depending only on the properties of the
sun, not on those of the planet. Now, according to the new

view of mutual or relative weight the planet must likewise
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attract the 'sun If M ‘llS‘ the mass of the sun, ¢ a constant
dependent only on-the nature of the planet, then the force
“exerted on the sun by the planet must be expressed by |

K’ ...,414” ¢

But earlier, in introducing the conception of force (II, 1,

p. 16), we made use of the principle that the reaction equa.ls
the action, which is one .of the simplest and most certain laws
of mechanics. If we apply it here, we must set K =K', or =

4‘”’C — M47fzc -

f

From this it follpws that |
mC = Mc,

or L_e
M m

that is, this ratio has the same value for both bodies (sun and
planets), and hence also for any body whatsoever. If we call

this value ‘g,- then we may write o
4n'C = kM 4n%c = . . (25‘)

The factor of proportlonahty k is cailed the gmvztatwnal con-
- stant. |

The Newtonian law of general gravitation then assumes the
symmetncal form »

K=-—-—--. . . e (26)

In words it states:
Two bodies altract each other with a force that. is proportional
to the mass of each body and is mversely proportional to the squarc |
~of thewr dzstance apart.

4. CELESTIAL MECHANICS

It is only in' this general form that the Newtoman law.
denotes a real advance in the calculation of the planetary
orbits. For in the original form it was deduced from Kepler’s
laws by calculation and denoted no more than a very short'
and striking resumé€ of these laws. It is also possible to prove
conversely that the motion of a body about a central body

that is at rest and that attracts it according to Newton’s law
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is necessarily a Kepler elliptic motion. A new feature arises
only when, firstly, we now regard both bodies as moving and,
secondly, add further bodies in the problem. _
Then we get the problem of three or more todies, which cor-
responds exactly to the actual conditions in the. planetary
~system (Fig. 34). For not only are the planets attracted by
the sun and the moons by their planets, but every body, be it
sun, planet, moon, or comet, attracts every other body. Ac-
cordingly, the Kepler ellipses appear to be only approximately
valid, and they are so only because the sun on account of its
great mass overshadows by far the reciprocal action of all
other bodies of the planetary system. But in long periods
-of time these reciprocal actions must also manifest themselves
as deviations from the Kepler laws. We speak, as already
remarked, of * perturbations.”

- In Newton'’s time such perturbations were already known,
and in the succeeding centuries refinements in the methods of
observation have accumulated an immense number of facts
that had to be accounted for by
Newton’s theory. That it suc- -
ceeded in doing so is one of the
greatest triumphs of human genius.

Itis not our aim here to pursue
the development of mechanics from
Newton’s time to the present -day,
and to describe the mathematical
methods that were devised to calcu-
late the * perturbed ”’ orbits. The Fro. 34.
most ingenious mathematicians of |
all countries have played a part in setting up the ‘‘ theory of
perturbations,” and even if no satisfactory solution has yet
been found for the problem of three bodies, it is possible to
calculate with certainty the motions for hundred thousands
or millions of years ahead or back. So Newton’s theory was
tested in countless cases in new observations, and it has never
failed—except in one case, of which we shall presently speak.
Theoretical astronomy, as founded by Newton, wae {herefore

Yong regarded as a model for the exact sciences. It achieved
what had been the longing of mankind since earliest history.
It lifts the wveil that is spread over the future ; it endows its
followers with the gift of prophecy. Even if the subject-
matter of astronomic predictions is unimportant or indifferent
for human life, yet it became a symbol for the liberation
of the spirit from the trammels of earthly bonds. We, too,
follow the peoples of earlier times in gazing upwards with rever-
ential awe at the stars, which reveal to us the law of the world.
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But the world law can tolerate no exception. Yet there
is one case, as we have already mentioned, in which Newton'’s
theory has failed.  Although the error is small, it is not to be
denied. It occurs in the case of the planet Mercury, the planet
nearest the sun. The orbit of any planet may be regarded
as a Kepler elliptic motion that is perturbed by the other planets,
that is, the position of the orbital plane, the position of the
major axis of the ellipse, its eccentricity, in short, all ¢ elements
of the orbit ”’ undergo gradual changes. If we calculate these
according to Newton’s law and apply them to the observed-
orbit, it must become transformed into an exact Kepler orbit,
that is, an ellipse in a_definite plane at rest, with a major axis
of definite direction and length, and so forth. This is so,
indeed, for all planets, except that a little error remains in the
case of Mercury. The direction of the major axis, that is,
the line connecting the sun with the nearest focus, the peri-
helion (Fig. 35), does not remain fixed after all the above cor-
rections have been applied, but executes a very slow motion

— Earth

Perihelion . Sun

\L/

FiG. 35.

~of rotation, advancmg 43 secs. of arc every hundred years.

The astronomer Leverrier (1845)—the same who predicted the
existence of the planet Neptune from calculations based on
the perturbations—first calculated this motion, and it is fully
established. Yet it cannot be explained by the Newtonian attrac-
tion of the planetary bodies known to us. Hence recourse has
been taken to hypothetical masses whose attraction was to bring
about the motion of Mercury s perihelion. Thus, for example,

the zodiacal light, which is supposed to emanate from thinly
distributed nebulous matter in the neighbourhood of the
sun, was brought into relation with the anomaly of Mercury.

But this and numerous other hypotheses all suffer from the
fault that they have been invented ad hoc and have been con-
firmed by no other observation.

The fact that the only quite definitely estabhshed deviation
from Newton’s law occurs in the case of Mercury, the planet
nearest the sun, indicates that perhaps there is after all some
fundamental defect in the law. For the force of attraction
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is greatest in the proximity of the sun, and hence deviations
from the law of the inverse square will show themselves first
there. ~Such changes have also been made, but as they are
invented quite arbitrarily and can be tested by no other facts,
their correctness is not proved by accounting for the motion
of Mercury’s perihelion. If Newton’s theory really requires
a refinemént we must demand that it emanates, without the
introduction of arbitrary constants, from a- pnncxple that 1s
superior to the existing doctrine in generality and intrinsic
probability.

Einstein was the first to succeed in domg this by makmg :
general relativity the most fundamental postulate of physical
laws. ‘We shall revert in the last chapter to his explanation
of the motion of Mercury’s perihelion.

5. THE RELATIVITY PRINCIPLE OF CLASSICAL MECHANICS

In discussing the great problems of the cosmos we have
almost forgotten the point of departure from the earth. The
laws of dynamics found to hold on the earth were transplanted
to the astronomical space through which the earth rushes
in its orbit about the sun with stupendous speed. How is it,
then, that we notice so little of this journey through space ?
How is it that Galilei succeeded in finding laws on the moving
earth which, according to Newton, were to be rigorously valid
only in space absolutely at rest? We have called attention
to this question above when mentioning Newton’s views
about space and time. We stated there that the apparently
straight path of a sphere rolling on the table would, in reality,
owing to the rotation of the earth, be slightly curved, for the
path is straight not with respect to the moving earth but with .
respect to absolute space. The fact that we do not notice
this curvature is due to the shortness of the path and of the
time of observation, during which the earth has turned only
slightly. Even if we admit this, we are still left with the
motion of revolution about the sun, which proceeds with the
immense speed of 30 kms. per sec. Why do we notice nothing
of this ? -

This motion, due to the revolution, is also, indeed, a rotation,
and this must make itself remarked in earthly motions similarly
to the rotation of the earth on its own axis, only much less,
since the curvature of the earth’s’ orbit is very small. But-
in our question we do not mean this rotatory motion but the
forward motion, which, in the course of a day, is praf‘tlcally
rectilinear and uniform. |

Actually, all mechanical events on the earth occur as if this
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tremendous forward motion does not exist, and this law holds
quite generally for every system of bodies that executes a
uniform and rectilinear motion through Newten’s absolute
space. This is called the relativity principle of classical me-
chanics, and it may be formulated in various ways. For the
present, we shall enunciate it as follows : |

Relatively to a co-ordinate system moving rectilinearly and
uniformly through absolute space the laws of mechanics have
exactly the same expressgon as when referred to a co-ordinate sysiem
at rest tn space.

To see the truth of this law we need only keep clear in our
minds the fundamental law of mechanics, the law of impulses,
and the conceptions that occur in it. We know that a blow
produces a change of velocity. But such a change is quite
independent of whether the velocities before and after the
blow, vy and v,, are referred to absolute space or to a system
of reference which is itself moving with the constant velocity a.
If the moving body is moving before the blow in space with
the velocity v, == 5 cms. per sec., then an observer moving with
the velocity @ = 2 cms. per sec. in the same direction would
measure only the relative velocity v =v;—a=35—2=3.
If the body now experiences a blow in the direction of motion
which magnifies. its velocity to v, = % cms. per sec., then the
moving observer would measure the final velocity as v, = v, —
a = 7 — 2= 5. Thus the change of velocity produced by the'
blow is.w = v, — v, =7 — 5=2 in absolute space. On the
other hand the moving observer notes the increase of velocity as

W =0 —0, = (V,—a) — (0,—4) =V, —V,=wW=F§ — 3=

Both are of the same value.

- Exactly the same holds for continuous forces and for the
accelerations produced by them. For the acceleration b was
defined as the ratio of the change of velocity w to the time ¢
required in changing it, and since w is independent of whatever
rectilinear uniform forward motion (motion of translation)
the system of reference used for the measurement has, the same
holds for b.

The root of this law is clearly the law of mertla according
to which a motion of translation occurs when no forcesact. A
system of bodies, all of which travel through space with the
same constant velocity, is hence not only at rest as regards
their geometric configuration, but also no actions of forces
manifest themselves on the bodies of the syster in consequence
~of the motion. But if the bodies of the system exert forces
on each other, the motions thereby produced will occur relatively
just ds if the common motion of translation were not takmg
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place. Thus, for an observer moving with the system, it Would
not be distinguishable from one at rest.

The experience, repeated daily and thousands of times.
‘that we observe nothing of the translatory motion of the earth
is a tangible proof of this law. But the same fact manifests
- itself in motions on the earth. For when a motion on the earth.
is rectilinear and uniform with respect to the earth, it is so
also with 'respect to space, if we disregard the rotation in the
~earth’s motion. - Everyone knows that in a ship or a railway
carriage moving -uniformly mechanical events occur in the
same way as on the earth (considered at rest). On the moving
ship, too, for example, a stone falls vertically ; it falls along
a vertical that is moving with the ship. If the ship were to
move quite uniformly and without jerks of any kind the
passengers would notice nothing of the motion so long as they
did not observe the apparent movement of the surroundings.

6. LIMITED ABSOLUTE SPACE

The law of the relativity of mechanical events is the starting-
point of all our later arguments. Its importance rests on the
fact that it is intimately connected with Newton’s views on the
absolute space, and essentially limits the physical reality of this
conception from the outset.

We gave as the reason that made it necessary to assume
absolute space and absolute time that without it the law
of inertia would be utterly meaningless. We must now enter
into the question as to how far these conceptions deserve
the terms ‘‘real ”’ in the sense of physms A conception has
physical reality only when there is something ascertainable
by measurement corresponding to it in the world of phenomena.
This is not the place to enter into a discussion on the philo-
sophic conception of reality. At any rate it is quite certain
that the criterion of reality just given corresponds fully with
the way reality is used in the physical sciences. Every con-
ception that does not satisfy it has gradually been pushea out
of the system of physics.

We see at once that in this sense a definite place in Newton’s
absolute space is nothing real. For it is fundamentally im-
possible to find the same place a second time in space.

This is clear at once from the principle of relativity. Given
that we had somehow arrived at the assumption that a definite
system of reference is at rest in space, then a system of refer-
ence moving uniformly and rectilincarly with respect to it
may with equal right be regarded as at rest. The mechanical
events in both occur quite similarly and neither system enjoys
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preference over the other. A definite body that seems at rest
in the one system of rest performs a rectilinear and uniform
motion, as seen from the other system, and.if anyone were to
assert that this body marks a spot in absolute space, another
may with equal right challenge this and declare the body to
be moving.

In this way the absolute space of N ewton already loses
a considerable part of its weird existence. A space in which
there is no place that can be marked by any physical means
whatsoever, i$ at any rate a very subtle configuration, and not
srmply a box into which material things are crammed.

We must now also alter the terms used in our definition
,of the principle of relativity, for in it we still spoke of a co-
ordinate system at rest in absolute space, and this is clearly
without sense physically. To arrive at a deﬁmte formulation
the conception of snertial system. (inertia = laziness) has been
introduced, and it is taken to SIgmfy a co-ordinate system in
which the law of inertia holds in its original form. "There is
- not only the one system at rest as in Newton’s absolute space,
where this. is the case, but an infinite number of others that are
all equally justified, and since we cannot well speak of several

‘“ spaces ¥ moving with respect to each other, we prefer to
avoid the word “ space "’ as much as possible. The prmcaple.
of relativity then assumes the following form:

There are an infinite number of equally ]ustr_-ﬁablc stems
inertial systems, execuling & motion of tramsiation wzth respect
to each other, in which the laws of mechanics hold in their szmple_
classzcal form.

We here see clearly how mtlmately the problem of space
is connected with mechanics. It is not space that is there
and that impresses its form on things, but the things and their
Pphysical laws determine space. We shall find later how this
view gains more and more ground until it reaches its climax
in the general theory of relativity of Einstein.

7. GALILEI TRANSFORMATIONS

Although the laws of mechanics are the same in all inértial
systems, it does not of course follow ‘that co-ordinates and
velocities of bodies with respect to two inertial systems in
relative motion are equal If, for example, a body is at rest
in a system S, then it has a constant velocity with re pect to
the .other system $‘, moving relatively to S. The’ general
laws of mechanics contain only the accelerations, and these,
~ as we saw, are the same for all inertial systems. This is not
true of the co-ordma.tes and the velocities.
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Hence the problem arises to find the position and the velo-
city of a body in an inertial system S’ when they are given
for another inertial system S.

It is thus a question of passing from one co-ordinate system
‘to another; which is moving relatively to the former. We
must at this stage interpose a few remarks about equivalent
(equally justified) co-ordinate systems in general and about
the laws, the so-called transformation equaiions, that allow us
to pass from one to the other by calculation.

In geometry co-ordinate systems are a means of fixing in
a convenient manner the relative positions of one body with
respect to another. For this we suppose the co-ordinate
system to be rigidly fixed to the one body. Then the co-
ordinates of the points of the other body fix the relative position

Ay‘

J

Fie. 36. | Fi1G. 37.

completely, It is, of course, immaterial whether the co-
ordinate systemr is chosen as rectangular, obhque polar “or
still more general.. It is also immaterial how it is orientated
with respect to the first body, except that either this orientation
must be maintained, or, if it is changed, we must specify how
the co-ordinate system alters its position with respect to the
body. If, for example, we operate with rectangular co-
ordinates in a plane, then in place of the system S first chosen
we may select a second, S’, which is displaced (Fig. 36) or
-turned (Fig. 37) with respect to S. But we must specify ex-
"actly how great is the displacement and the turning. From
these data we can- then calculate what the co—ordmates of a
‘point P that had the values %, y in the old system S are in the
new system S’. If we call them «x’, y° we get formule that
allow us to calculate x’,y’' from x, y. We shall do this for the
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simplest case, namely, that in which the system S’ arises from
S as the result of a parallel displacement by the amount &
in the x-direction (Fig. 38). Then clearly the new co-ordinate
%' of a point P will be equal to its old x diminished by the dis-
placement @, whereas the y-co-ordinate remains unaltered.
Thus we have |

X=x—a,y =y . : . (27)

Similar, but more complicated, transformation formule
hold in the other case. We shall later have to discuss this
more fully. It is important to recognize that every quantity

| _. that has a geometric mean-
Ay Ay’ ing in itself must be in-
dependent of the choice of
the co-ordinate system and
must hence be expressed in
similar co-ordinatesystems

P in a similar way. Such

a quantity is said to be

| invartant with respect to
9'ly the  co-ordinate-transfor-

mation concerned. Let
us consider, as an example,

a x’ ~ the transformation (27)

\ t— - = »X' above, that expresses a
X displacement along the

Fia. 38. x-axis. It is clear that

the difference of the x-co-
ordinates of two points P and Q, namely, x, — %,, does not
change. As a matter of fact (Fig. 39),

xX'g—%'1= (%3 —a) — (%, — @) = xg — ¥,

If the two co-ordinate systems S and S’ are inclined to each
other, then the distance s of any point P from the origin is an
invariant (Fig. 40). It has the same expression in both systems,
for, by Pythagoras’ theorem, we have

st= L Yl g’V | 93, . . (28)

In the more general case, in which the co-ordinate system
is simultaneously displaced and turned, the distance P, Q of
two points becomes an invariant. The invariants are par-
ticularly important because they represert the geometrical
relations in themselves without reference to the’ accidental
choice of the co-ordinate system. They will play a considerable
part in the sequel. |

If we now return after this gcometrical digression to our
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starting-point, we have to answer the question as to what are’.
the transformation laws that allow us to pass from one inertial
system to another.

We defined: the inertial system as a co-ordinate system
in which the law of inertia holds. Only the state of motion is
important in this connexion, namely, the absence of accelera-
tions with respect to the absolute space, whereas the nature and
position of the co-ordinate system is unessential. If we choose
it to be rectangular, as happens most often, its position still
remains free. We may take a displaced or a rotated system,
only it must have the same state of motion. "In the fore-
going we have always spoken of system of reference wherever
we were concerned with the state of motion and not with the

N
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nature and position of the co-ordinate system, and we shall
use the expression systematically from now onwards.

Tt an inertial system $’ is moving rectilinearly with respect
to S with the velocity v, we may choose rectangular co-ordinates
in both systems of reference such that the direction of motion
becomes the z- and the x’-axis, respectively. Further, we may
assume that at the time ¢ = o the origin of both systems co-
incides. Then, in the time ¢ the origin of the S'—system will
have been displaced by the amount ¢ = v in the x-direction :
thus at this moment the two systems are exactly in the position
that was treated above purely geometrically. Hence .the
equations (27) hold, im which & is now to be set equal to vt~
Consequently we get the transformation equations

. ¥=x—vt Y=y =2z . . (29
in which we have added the unchanged z-co-ordinate. This
s ) . .
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law is called a Galilei transformation in honour of the founder
of mechanics.

We mady also enunciate the principle of relativity as follows :

The laws of mechanics ave invariant with respect to Galiles
transformations.

This is-due to the fact that accelerations are invariant, as
we have already seen above by considering the change of
velocity of a moving body with respect to two inertial systems.

We showed earlier that the theory of motions or kinematics
may be regarded as a geometry in four-dimensional xyzi-space,
the world *’ of Minkowski. In this connexion it is not without

interest to consider what the inertial systems and the Galilei
transformations signify in this four-dimensional geometry.
This is by no means difficult, for the y- and the z-co-ordinate
do not enter into the trans-

A ¢ formation at all. Itis thus
sufficient to operate in the
xt-plane.

, We represent our iner-

Ml X p tial system S by a rectangu-
lar xt-co-ordinate system
(Fig. 41). A second inertial
system S” then corresponds
to another co-ordinate sys-

- tem 2't’, and the question
X! is ;- what does the second

b »x’ look like .and how is it

~— . ~ g situated relatively to the

d

first? First of all, - the
time-measure of the second
system S’ is exactly the same as that of the first, namely, the
one absolute time ¢ = #'; thus the x-axis, on which ¢ = o lies,
coincides with the #’ -axls, # = 0. Consequently the system S’
can only be an oblique co-ordinate system. The #’-axis is the
world-line of the point x’ == o, that is, of the origin of the
system S’. The x-co-ordinate of this point which moves with
the velocity v relatively to the system S is equal to #¢ in this
system at the time £ For any world-point P whatsoever the
figure then at once gives the formula of the (ralilei transforma-
tion x" = x — .

Corresponding to any other inertial system there is another
oblique x#-co-ordinate system with the same x-axis, but a
differently inclined #-axis. The rectangular system from which
we started has no-favoured position among all these oblique
systems. The unit of time is cut off from all the #-axes of the
various co-ordinate systems by the same parallel to the x-axis.

Fi1Gc. 41.
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This is in a certain sense the * calibration curve ”’ of the x¢-
plane with respect to the time.

We compress the resiilt into the sentence i ,

In the xt-plane the choice of the direction of the t-axss is quite
arbitrary ; in every xi-co-ordinate system having the same x-axis
the fundamental laws of mechanics hold. |

From the geometric point of view this manifold of equivalent
co-ordinate systems is extremely singular and unusual. The
fixed position or the invariance of the wx-axis is particularly
remarkable. When we operate in geometry with oblique
co-ordinates there is usually no reason for keeping the position
of one axis fixed. But this is required by Newton’s fundamental
law of gbsolute time. All events which occur simultaneously,
that is for the same value of #, are represented by a parallel
to the »-axis. Since, according to Newton, time flows ‘ abso-
lutely and without reference to any object whatsoever,”
simultaneous events must correspond to the same world-point
in all allowable co-ordinate systems.

We shall see that this unsymmetrical behaviour of the
world-co-ordinates x and #, here only mentioned as an error of
style, is actually non-existent. Einstein has eliminated it
through his relativization of the conception of time. |

8. INERTIAL FORCES

After having recognized that the individual points in
Newton’s absolute space have at any rate no physical reality,
we enquire what remains of this conception at all. Well,
it asserts itself quite clearly and emphatically, for the resistance
of all bodies to accelerations must be interpreted in Newton’s
sense as the action of absolute space. The locomotive that
sets the train in motion must overcome the inertial resistance.
The shell that demolishes a wall draws its destructive power
from inertia. Imertial actions arise wherever accelerations
occur, and these are nothing more than changes of velocity
in absolute space; we may use the latter expression, for a
change of velocity has the same value in all inertial systems.
Systems of reference that are themselves' accelerated with
respect to inertial systems are thus not equivalent to the latter,
or equivalent among themselves. We can, of course, also
refer the laws of mechanics to them, but they then assumea
new and more complicated form. Even the path of a body
left to itself is no longer uniform and rectilinear in an accelerated
system (see III, 1, p. 48). This may also be expressed by
saying that in an accelerated system apparent forces, inertial
forces, act besides the true forces. A body on which no true
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forces act is yet subject to these inertial forces, and its motion
is therefore in general neither uniform nor rectilinear. For
example, a vehicle when being set into motion or stopped is
such an accelerated system. Railway journeys have made
everyone familiar with the jerk due to the train starting or
stopping, and this is nothing other than the inertial force of
which we have spoken.

We shall consider the phenomena md1v1dually for a system
S moving rectilinearly, whose acceleration is to be equal to .
If we now measure the acceleration b of a body with respect to
this moving system S, then the acceleration with respect to
absolute space is obvidusly greater to the extent 2. Hence
the fundamental dynamical law with respect to space is

m(b + k) =
If we write this in the form
| - mb = K — mk,

we may say that in the accelerated system S a law of motion
of Newtonian form, namely,

mb-—-—K’ |

again holds, except that now we must write for the force K’
the sum

'K’=K—‘—'mk

where K is the true, and — mZ the apparent or inertial force.
Now, if there is no true force acting, that is, if K = o,
then the total force becomes equal to the force of inertia

K'= —mk . : : . (30)

Thus this force acts on a body left to itself. We may recog-
nize its action from the following considerations. We know that
the gravitation on the earth, the force of gravity, is determined
by the formula G = mg, where g is the constant acceleration
due to gravity. The force of inertia K' = — mk thus acts
exactly like weight or gravity ; the minus sigh denotes that
the force of acceleration is in a direction opposite to the system
of reference S used as a basis. The value of the apparent
gravitational acceleration % is equal to the acceleration of the

system of reference S. Thus the motion of a body left to itself
in the system S is simply a motion such as that due to falling
or being thrown.
~ This relationship between the inertial forces in accelerated
systems and the force of gravity still appears quite fortuitous
here. It actually remained unobserved for two hundred years,
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But even at this stage we must state that it forms the basis
of Einstein’s general theory of relativity.

9. CENTRIFUGAL FORCES AND ABSOLUTE SPACE

In Newton’s view the occurrence of inertial forces in acceler-
ated systems proves the existence of absolute space or, rather,
the favoured position of inertial systems. Inertial forces
present themselves particularly clearly in rotating systems
of reference in the form of cenérifugal forces. It was from them
that Newton drew his main support for his doctrine of absolute
space. Let us give the substance of his own words :

*“ The effective causes which distinguish absolute and relative
motion from each other are centrifugal forces, the forces tending
to send bodies away from the axis of rotation. In the case
of a motion that is only relatively
circular these forces do not exist, (T -~ T T
but they are smaller or greater in | 2
proportion to the amount of the
(absolute) motion.”

‘“ Let us, for example, hang a
vessel by a very long thread and
turn it about its axis until the
thread becomes very stiff through
the torsion (Fig. 42). Then let
us fill it with water and wait till
both vessel and contents are com-
pletely at rest. Ifit is now made
to rotate in the opposite direction
by a force applied suddenly, and
if this lasts for some time whilst
the thread unwinds itself, the
surface of the water will first be
plane, just as before the vessel began to move, and then when
the force gradually begins to act on the water, the vessel will
make the water participate appreciably in the motion. It
(the water) gradually moves away from the middle and mounts
up the walls of the vessel, assuming a hollow shape (I have
carried out this experiment personally).”

. ‘““ At the beginning when the relative motion of the water
in the vessel ( with respect to the walls) was greatest, it displayed
no tendency to move away from the axis. The water did not
seek to approach the periphery by climbing up the walls,
but- remained plane, and thus the frue circular motion had not
yet begun. Later, however, as the relative motion of the water
decreased, its ascent up the walls expressed the tendency to
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move away from the axis, and this tendency showed the con-
tinually increasing #rue circular motion of the water, until
this finally reached a maximum, when the water itself was
resting relatively to the vessel.” | |

‘“ Moreover, it is very difficult to recognize the lrue motions
of individual bodies and to distinguish them from the apparent
motions, because the parts of that immovable space in which
the bodies are truly moving cannot be perceived by the senses.”’

“ Yet the position is not quite hopeless.  For the necessary
auxiliary means are given partly by the apparent motions,
which are the differences of the real ones, and partly by the
forces on which the true motions are founded as working
~causes. If, for example, two spheres are connected at a given
distance apart by means of a thread and thus turned about
‘the usual centre of gravity (Fig. 43), we recognize in the tension
of the thread the tendency of the spheres to move away from
the axis of the motion, and from this we can get the magnitude
of the circular motion . . . In this way we could find both
the magnitude and the direction of this circular motion in
- every infinitely great space, even if there were nothing external
and perceptible in it, with which the spheres could be com-
pared.” | , | ~ -

These words express most clearly the meaning of absolute
spere. We have only 'a few words of explanation to addto
them.

(-oncerning, fArstly, the quantitative conditions in the case
of the centrifugal forces we can at once get a survey of these
if we call to mind the magnitude and the direction of the accelera-
ticr in the case of circular motions. It was directed towards
the centre and, according to formula (4), p. 25, it had the

Ly 7t . T .
valre b = 1;:, where r denotes the circular radius, and v the

veloCily.

Now, if we have a rotating system of reference S that ro-
“ates once in T secs., then the velocity of a point at the distance
» from the axis (see formula (18), p. 52) is

277
| T’
heace the acceleration relative to the axis, which we denoted
by % (see p. 68) is

v =

Ol

Now, if a body has the acceleration & relatively to S, its
absolute acceleration is b 4 k. Just as above in the case of
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~ rectilinear accelerated motion there then results an apparent
force of the absolute value

T
mh=miTl .. .. (31)
- which is directed away from the axis. It is the centrifugal
force.

It is well known that the centrifugal force also plays a part
in proving that the earth rotates (Fig. 44). It drives the
masses away from the axis of rotation and through this causes,
firstly, the flattening of the earth at the poles. and, secondly,
the decrease of gravity from the pole towards the equator. We
became acquainted with the latter phenomenon above, when
we were dealing with the choice of the unit of force (II, 15, p. 45),
without going into its cause. According to Newton it is a
proof of the earth’s rotation. The centrifugal force, acting
outwards, acts against gravity and reduces the welght The

” .
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decrease of the acceleration g due to gravity has the value
"I'T % at the equator, where & is the earth’s.radius. If we here

insert for a the value given above (III, 3, (23), p. 55),
4 =637 .10 cms., and for the time of rotation T = 1 day

24 .60 .60 secs. = 86,400 secs., we get for the difference
of the gravitational acceleration at ‘the pole and at the equator
the value 3'37 cm./sec.?, which is relatively small compared
with a81 ; this value has to be increased ehghtly, owmg to
the ﬂattemng of the earth.

According to Newton’s doctrine of absolute space these
phenomena are positively to be regarded not as due to motion
relative to other masses, such as the fixed stars, but as due
to absolute rotation in empty space. If the earth were at
rest, and if, instead, the whole stellar system were to rotate
in the opposite sense once around the earth’s axis in 24 hours,
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then, according to Newton, the centrifugal forces would not
occur. The earth would not be flattened and the gravitational
force would be just as great at the equator as at the pole.
The motion of the heavens, as viewed from the earth, would

be exactly the same in both cases. And yet there is to be

a definite difference between them ascertainable physically.
The position is brought out perhaps still more clearly in
Foucault's pendulum experiment (1850). According to the
laws of Newtonian dynamics a pendulum swinging in a plane
must permanently maintain its plane of vibration in absolute
space if all deflecting forces are excluded. If the pendulum
is suspended at the North Pole, the earth rotates, as it were,
below it (Fig. 45). Thus the observer on the earth sees a
rotation of the plane of oscillation in the reverse sense. If the
earth were at rest but the stellar system in rotation, then,

N
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according to Newton, the position of the plane of oscillation
should not alter with respect to the earth. The fact that it -
does so again appears to prove the @bsoluté rotation of the
earth. ' |

We shall consider a further example—the motion of the
moon about the earth (Fig. 46). According to Newton the
moon would fall on to the earth if it had not an absolute
rotation about the latter. Let usimagine a co-ordinate system,
with its origin at the centre of the earth, and the xy-plane as
that of the moon’s orbit, the x-axis always passing through the
moon. If this system were to be absolutely at rest, then the
moon would be acted on only by the gravitational force to-
wards the centre of the earth, which, by formula (26) on p. 56,
‘has the value -

Mm

K= k""",
y2
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Thus it would fall to the earth along the x-axis. The fact that

it does not do so apparently proves the absolute rotation of
the co-ordinate system xy. For this rotation produces a centri-
fugal force that keeps equilibrium with the force K, and we get

mv:  Mm
¥ ye

This formula is, of course, nothing other than Kepler’s
third law. For if we cancel the mass  of the moon on both

sides and express v by the period of revolution T, v = ?-ZIT,.— , we get
47n% _ RM
Tz 72
or, by (25) on p. 56,
y3 kM
e

An exactly corresponding result holds, of course, for the
‘rotation of the planets about the sun.

These and many other examples show that Newton’s
doctrine of absolute space rests on very concrete facts. If we
run through the sequence of arguments again, we sce the follow-
ing :
The example of the rotating glass of watcr shows that
the relative rotation of the water with respect to the glass is
not responsible for the occurrence of centrifugal forces. It
might be that greater masses in the neighbourhood, say the
whole earth, are the cause. The flattening of the earth, the
decrease of gr vity at the equator, Foucault’s pendulum
experiment show that the cause is to be sought outside the
earth. But the orbits of all moons and planets likewise exist
only through the centrifugal ferce that maintains equilibrium
with gravitation. Finally, we notice the same phenomena
in the case of the farthermost double stars, the light from which
takes thousands of years to reach us. Thus it seems as if
the occurrence of centrifugal forces is universal and cannot
be due to inter-actions. Hence nothing remains for us but to
assume absolute space as their cause.

Such modes of conclusion have been generally current and
regarded as valid since the time of Newton. Only few thinkers
have opposed them. We must name among these few above all
Ernst Mach. In his critical account of mechanics he has
analysed the Newtonian conceptions and tested their logical
bases. He starts out from the view that mechanical experience
can never teach us anvthing about absolute space. Relative
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positions and relative motions alone may be ascertained and
are hence alone physically real. Hence Newton’s proofs of
the existence of absolute space must be ﬂlusory As a matter
of fact, everything depends on whether it is admitted that
if the whole stellar system were to rotate about the earth no
Hattening, no decrease of gravity at the equator, and so forth,

would occur. Mach asserts rightly that such statements go
far beyond possible experience. He reproaches Newton very

energetically with having become untrue to his principle of
allowing only facts to be considered valid. Mach himself has
sought to free mechanics from this grievous blemish. He was

of the opinion that the inertial forces would have to be regarded
as actions of the whole mass of the aniverse, and sketched the
‘outlines of an altered system of dynamics in whick only relative
quantities occurred. Yet his attempt could not succeed.

In the first place the importance of the relation between
inertia and gravitation that expresses itself in the proportion-
ality of weight to mass escaped him. In the second place he
was unacquainted with the relativity theory of optical and
electro-maguetic phenomena which eliminated the prejudice
in faveur of absolute time. A knowledge of both these facts
was necessary to build up the new mechanics, and the dis-
~averv of both was the achievement of Einstein.



CHAPTER IV

THE FUNDAMENTAL LAWS OF OPTICS

X. THE ETHER.

A" ECHANICS is both historically and logically the foun-
dation of physics, but it is nevertheless only a part of
it, and, indeed, a small part. Hitherto to solve the

problem of space and time we have made use only of mechanical
observations and theories. We must now enquire what the
other branches of physical research teach us about it

It is, above all, the realms of optics, of electricity and of
magnetism that are connected with the problem of space;
this is due to the circumstance that light and the electric
and magnetic forces traverse empty space. Vessels out of
which the air has been pumped are completely transparent
for light no matter how high the vacuum. Electric and
magnetic forces, too, act across such a vacuum. The light
of the sun and the stars reaches us after its passage through
empty space. The relationships between the sun-spots and
the polar light on the earth and magnetic storms show inde-
pendently of all theory that electromagnetic actions take .
place through astronomic space.

The fact that certain physical events propagate themselves
through astronomic space led long ago to the hypothesis that
space is not empty but is filled with an extremely fine imponder-
"able substance, the ether, which is the carrier or me£um of
.these phenomena. So far as this conception of the ether is still
used nowadays it is taken to mean nothing more than empt;
space associated with certain physical states or fields.”
If we were to adopt this abstract concepticn from the very out-
set, the majority of the problems that are historically connected
with the ether would remain unintelligible. The earlier ether
was indeed regarded as a real substance, not only endowed with
f physwal states, but also capable of executing motions.

‘We shall now describe the development, firstly, of the prin-
cnples of optics, and, secondly, of those of electrodynamics.
This will for the present make us digress a little from the problem

75
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of space and time, but will then help us to take it up again
fortified with new facts and laws.

2. THE CORPUSCULAR AND THE UNDULATORY THEORY

* I say then that pictures of things and thin shapes are emitted
from things off their surfaces . . . ' |

Therefore in like manner idols must be able to scour in 2 moment
of time through space unspeakable . . . | : |

But because we can see with the eyes alone, the consequence is that,
to whatever point we turn our sight, there all the several things meet
and strike it with their shape and colour .

That is what we read in the poem of Titus Lucretius Carus
on the Nature of Things (Book 4), that poetic guide to Epicurean
philoscphy, which was written in the last century before the
birth of Christ. |

The lines quoted contain- a sort of corpuscular theory of
light which is elaborated by the imaginative power of the poet
but at the same time developed in a true scientific spirit.
Yet we can no more call this doctrine a scientific doctrine than
‘we can other ancient speculations about light. There is no sign
of an attempt to determine the phenomena quantitatively, the
first characteristic of objective effort. Moreover it is particu-
larly difficult to dissociate the subjective sensation of light from
the physical phenomenon and to render it measurable.

The science of optics may be dated {rom the time of Descartes.
His Dioptrics (1638) contains the fundamental laws of the
propagation of light, the laws of reflection and refraction.
The former was already known to the ancients, and the latter
had been found experimentally shortly before by Snell (about
1618). Descartes evolved the idea of the ether as the carrier
of light, and this was the precursor of the undulatory theory. It
was already hinted at by Robert Hooke (1667), and was clearly
formulated by Christian Huygens (16%8). Their great con-
temporary, Newton, who was somewhat younger, is regarded
as the author of the opposing doctrine, the corpuscular theory.
Befare entering on the struggle between these theories we shall
explain the nature of each in rough outline.

The corpuscular theory asserts that luminescent bodies
send out fine particles that move in accordance with the laws
of mechanics and that prcduce the sensation of light when
they strike the eye.

The unaulatory theory sets up an analogy between the pro-
pagation of light and the motion of waves on the surface
of water or sound-waves in air. For this purpose it has to
assume the existence of a medium that permeates all trans-

* From Munro's prose translation, published by Deighton, Bell & Co.
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parent bodies and that can execute vibrations; this is the
luminiferous ether. In this process of vibration the individual
particles of this substance move only with a pendulum-like
motion about their positions of equilibrium. That which
moves on as the light-wave is the state of moticn of the particles
and not the particles themselves. Fig. 47 illustrates the process
for a series of points that can vibrate up and down. Each of
“the diagrams drawn vertically below one another ¢orresponds to
a moment of time, say, £=o0, 1, 2, 3 . .. Each individual
point executes a vibration vertically. The points all taken
together present the aspect of a wave that advances towards
the nnght from moment to moment.

Now there is a significai:t objection to the undulatory theory.

t:o “'—"—"-" 1)'»{\ ﬁ,j.’r( ﬁ)}-\‘ 7#
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£'1G. 47.

It is known that waves run around obstacles. It is easy to see
this on every surface of water, and sound waves also “go
around corners.”. On the other hand, a ray of light travels
in a straight line. If we interpose a sharp-edged-epaque body
in its path we get a shadow with a definite outline.

This fact moved Newton to discard the undulatery theory.
He did not himself decide in favour of a definite hypothesis
but merely established that light is something that moves away
from the luminescent body ‘‘ like ejected particles.”” But his
successors interpreted his opinion as being in favour of the
emission theory, and the authority of his name gained the
-acceptance of this theory for a whole century. Yet, at that
time Grimaldi had already discovered (the result was published
posthurmously in 1665) that light can also ‘‘ bend round corners.”
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At the edges of sharp shadows a weak illumination in successive
striz are seen; this phenomenon is called the diffraction of
light. It was this discovery in particular that made Huygens
a zealous pioneer of the undulatory theory. He regarded
as the first and most important argument in favour of it the
fact that two rays of light cross each other without interfering
with each other, just like two trains of water-waves, whereas
bundles of emitted ‘particles. would necessarily collide or at
least 'disturb each other. Huygens succeeded in explaining
the reflection and the refraction of light on the basis of the
undulatory theory. He made use of the principle, now called
after his name, according to which every point on which the
light impinges is to be regarded as the source of a new spherical
wave of light. This resulted in a fundamental difference
between the emission and the undulatory theory, a difference
that later led to the final experi-
mental decision in favour of the
latter,

It is known that a ray of hght
which passes through the air and
strikes the plane bounding sur-
face of a denser body such as
glass or water is bent or refracted
so that it is more steeply inclined
to the bounding surface (Fig. 48).

The emission theory accounts
for this by assuming that the
corpuscles of light experience an

Fia. 4. attraction from the denser medium
‘at the moment they enter into it.
Thus they are accelerated by an impulse perpendicular to the
bounding surface and hence deflected towards the normal. It
follows from this that they must move more rapidly in the
denser than in the less dense medium. Huygen’s construction
on the wave theory depends on just the opposite assumption
(Fig. 49). When the light wave strikes the bounding surface it
excites elementary waves at every point. If these become
transmitted more slowly in the second, denser, medium, then
the plane that touches all these spherical waves and that
represents the refracted wave according to Huygens, is deflected
- i the right sense.

Huygens also interpreted the double refraction of Iceland
spar, discovered by Erasmus Bartholinus in 1669, on the basis
of the wave-theory, by dssuming that lieht can propagate
itself in the crystal with two different velocities in such a way
that the one elementary wave is a sphere, the other a spheroid.
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He discovered the remarkable phenomenon that the two rays
of light that emerge out of such a piece of fluor spar behave
quite differently from other light towards a second piece of
fluor spar. If the second crystal is turned about a ray that
comes out of the first, then two rays arise out of it which are
of varying intensity according to the position of the crystal,
and it is possible to make one or other of these rays vanish

Fie. 49.

entirely (Fig. 50). Newton remarked (1717) that it is to be
concluded from this that a ray of light corresponds in symmetry
not to a prism with a circular but rather to one with a square
cross-section. He interpréted this as evidence against the
undulatory theory, for at that time, analogously with sound-
waves, only waves of compression and rarefaction were thought
of, in which the particles swing ‘‘ longitudinally ”’ in the direction

B
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of propagation of the wave (Fig. 51), and it is clear that these
must have rotatory symmetry about the direction of pro-
pagation.

3. THE VELOCITY OF LIGHT

The first determinations of the most important property
of light, that which will form the nucleus of our following
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reflections, namely, the velocity of light, were made indepen-
dently of the controversy between the two hypotheses about
the nature of light. The fact that it was enormously great
was clear from all observations about the propagation of light.
Galilei 'had endeavoured (1607) to measure it with the aid of
lantern signals but without success, for light traverses earthly
distances in extremely short fractions of time. Hence the
measurement succeeded only when the enormous distances
between the heavenly bodies in astronomic space were used.
Olaf Romer observed (1646) that the regular eclipses of
Jupiter’s satellites occur earlier or later according as the earth
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1s nearer to or farther away from Jupiter (Fig. 52). He inter-
preted this phenomenon as being caused by the difference of
time used by the light to traverse the paths of different lengths,
and he calculated the velocity of light on this basis. We shall
in future call this velocity ¢. Its exact value, to which Romer
approximated very closely, is

- ¢ = 300,000 km./sec. = 3. 10!° cms. per sec. (32)

James Bradley discovered (1727} another effect of the
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finite velocity of light, namely, that all fixed stars appear to
execute a common annual motion that is evidently a counter-
part to the rotation of the earth around the sun. It is very
easy to understand how this effect comes about from the point
of view of the emission theory. We shall give this inter-
pretation here, but we must remark that it is just this pheno-
menon that raises certain difficulties for the wave-theory,
about which we shall yet have much to say. We know
(see III, 4, p. 64) that a motion which is rectilinear and
uniform in our system of reference S is so also in another
system &', if the latter executes a motion of translation with
respect to S. But the magnitude and the direction of the
velocity is different in the two systems. It follows from this
that a stream of light corpuscles which, coming from a fixed

hN
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star, strike the earth, appear to come from another direction.
We shall consider this deflection or aberration for the particular
‘case when the light impinges perpendicularly to the motion
of the earth (Fig. 53). Let a telescope, on the objective of
which a light corpuscle strikes, be in the position 1. Now,
- whilst the light traverses the- length ! of the telescope, the
~earth, and with it the telescope, moves intc the position z by
~an amount d. Thus the ray strikes the centre of the eye-piece
only when it comes, not from the direction of the telescopic
axis, but from a direction lying somewhat behind the earth’s
motion. Hence the direction in which the telescope aims
does not point to the true position of the star, but to a point
of the heavens that is displaced forward. The angle of deflec-
tion is determined by the ratio d:/, and is evidently inde-
‘pendent of the length / of the telescope. For if the latter be
6
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increased, so also is the time that the light requires to traverse
it, and hence also the displacement d of the earth is increased
in the same ratio. The two paths / and d, traversed in equal
times by the light and the earth, must be in the ratic of the
corresponding velocities :

~ 8,

h.fe

This ratio, also called the aberration constant, will in future
be denoted by B8:

14
=- : : . . (33)

- It has a very small numerical value, for-the velocity of the
earth in its orbit about the sun amounts to about v = 30
km.[sec., whereas the velocity of light, as already mentioned,
amounts to 300,000 km./sec. Hence Bis of the order 1 : 10,000.

The apparent positions of all the fixed stars are thus always
a little displaced in the direction of the earth’s motion at that

¢
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moment, and hence describe a small elliptical figure during the
annual revolution of the earth around-the sun. By measuring
this ellipse the ratio 8 may be found, and since the velocity v
of the earth in its orbit is known from astronomic data, the
velocity of light ¢ may be determined from it. The result is
in good agreement with Rémer’s measurement.

We shall next anticipate the historical course of events
and shall give a note on the earthly measurements of the velo-
city of light. All that was essential for this was a technical
device that allowed the extremely short times required by light
to traverse earthly distances of a few kilometres or even only
a few metres, to be measured with certainty. Fizeau (1849)
and Foucault (1865) used two different methods to carry
out these measurements, and confirmed the numerical value
of ¢ found by the astronomic method. The details of the
process' need not be discussed here, particularly as they are
to be found in every elementary textbook of physics. We
call attention to only one point : in both processes the ray of
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light is projected from the source Q on to a distant mirror S,
where it is reflected and returns to its starting-point (Fig. 54).
It traverses the same path twice, and hence it is only the mean
velocity during the motion there and back that is measured.
The following result, which is important for later considerations,
arises from this circumstance : if we suppose that the velocity
of light is not the same in both directions, because the earth
itself is in motion—we shall discuss this point later (IV, 9, p. 110)
—then this influence will be wholly or partially cancelled in
the motion to and fro. Therefore, in view of the smallness
of the velocity of the earth in comparison with that of light,
~we need take no account of the earth’s motion in these measure-
ments in practice. . |

The measurements of - the wvelocity of light were later
repeated with improved apparatus, and a considerable degree
of accuracy was obtained. Nowadays they can be carried out
in a room of moderate length. The result is the value (32
given above. Foucault’s method also allowed the velocity
of light to be measured in water. It was found to be smaller
than that obtained for air. This gave a definite decision on
one of the most important points under dispute between the:
emission and the undulatory theory in favour of the latter.
This occurred, indeed, at a time when. the triumph of the wave-
theory had already long been assured on other grounds.

4. FUNDAMENTAL CONCEPTIONS OF THE WAVE THEORY
INTERFERENCE

Newton’s greatest achievement in optics was the resolution
of white light irito its coloured constituents by means of a prism
and the exact examination of the spectrum, which led him to
the conviction that the individual spectral colours were the
indivisible constituents of light. He # the founder of the
theory of colour, the physical content of which is still fully
valid to-day—in spite of Goethe’s attacks. The power of
Newton’s discoveries paralysed the free thought of the succeed-
ing generations. His refusal to accept the undulatory theory
blocked the road to its acceptance for well nigh a century.
Nevertheless it found isolated supporters such as, for example,
the great mathematician Leonhard Euler in the 18th century.

The revival of the wave-theory is due to the works of
‘Thomas Young (1802), who adduced the principle of snterfer-
ence to explain the coloured rings and fringes which even
Newton had observed in thin layers of transparent substances.
We shall at this stage deal somewhat in detail with the pheno-
‘menon of interference because it plays a decisivé part in all
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finer optical measurements, particularly in researches that
constitute the foundations of the theory of relativity.’

We explained the nature of waves above: it consists in
the individual particles of a body executing periodic oscillations
about their positions of equilibrium, whereby the momentary
position or the phase of the motion is different for neighbouring
particles and moves forward with constant velocity. The
time that a definite particle requires for one vibration, to and
fro, is called the time of vibration or the period, and is denoted by
T. The number of vibrations in one second or the frequency
is designated by ». Since the time of a vibration multiplied
by their number per second must give exactly one second, we
must have »T = 1, thus

(34)

Fia. ss.

Instead of vibration number or frequency we often say

“ colour,” because a light wave of a definite frequency pro-
duces a definite sensation of colour in the eve. We shall not
enter into the complicated question as to how “ physical
colours,” as we may call the great manifold of psychological
impressions of colour, come about through the conjoined action
of simple periodic vibrations. The waves that start out from
a small source of light have the form of spheres. This means
that particles on a sphere drawn around the source as centre
are always in the same state of vibration or they are of equal
‘ phase * (Fig. 55); By meais of refraction or other influences
a part of such a spherical wave may be deformed so that the
sarfaces of equal phase or the wave surfaces have some other
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form. The simplest wave-surface is evidently the plane,
and it i3 clear that a sufficiently sinall piece of any arbitrary
wave surface, hence even of a spherical surface, may always
be regarded in approximations as plane. Hence we consider
in particular the propagation of plane waves (Fig. 56;. The
direction that is perpendicular to the planes of the waves,
that is, the normal to the waves, is at the same time the direction
of propagation. It is clearly sufficient to consider the state
of vibration along a straight line parallel to this direction.

Whether the vibration of the individual particle occurs
parallel or perpendicularly to the direction of propagation,
whether it is longitudinal or transverse, will be left quite open
at this stage. In the figures we shall always draw wave lines
and call the greatest d1splavements upwards and downwards
crests and hollows,

The distance from one crest to the next is cailed wave-
length and is designated by A. The distance between the suc-
cessive or any two cunsecutive planes in the same phase is
obviously exactly the same amount.

'“’\\/ \75\\/5\/ |
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During a vibration of a definite particle to and fro the
duration of which is T, the whole wave moves forward exactly
a wave-length A (Fig. 47, p. 7). Since the velocity in’ every
motion is equal to the ratio of the path traversed to the time
required to do so, the wave velocity ¢ is equal to the ratio of
the wave-length to the time of vibration:

A .
¢= 5 Or c=2X . S (35)

If 2 wave enters from one medium into another, say, from.
alr into glass, the time rhythm of the vibrations is, of course,
carried over the bounding surface, that is, T (or ») remains the
same. On the other hand, the velomty c and hence, on account
of fortnula (35), also the wave-length A changes. Thus all
methods of measuring A may serve to compare the velocity
of light in various substances or under various circumstances.
We shall make use of fhls fact later.
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We are now in a position to understand the nature of inter-
fcrence phenomena, the discovery of which helped the wave-
theory to prevail. Interference may be described by the
paradoxicai words : Iight added to light does not necessarily
give intensified light, but may become extingnished.

The reason for this is that, according to the wave-theory,
light is no stream of material particles but a state of motion.
Two vibration impulses that occur together may, however,
destroy the motion just like two people who wish to do contrary
things impede each other and produce nothing. Let us
imagine two trains of waves that intersect. This phenomenon
can be conveniently observed if we look from a hillock down
into a lake in which the waves caused by two ships meet (Fig.
57). These two wave-systems interpenetrate without dis-
turbing each other. In the region at which both exist simul-
taneously a comphcated motion arises, but so soon as the one
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wave has passed through the other, it continues further as if
nothing had happened to it. If we fix our attention on one
particular vibrating particle, we see that it experiences inde-
pendent impulses from both waves. Hence its displacement
at any point is simply the sum of the displacements that it
would have under the influence of the individual waves. Two
wave-motions are said to superpose without disturbing each
other. From this it follows that at points where crest and
crest and also at points where hollow and hollow meet, where
two equal waves encounter each other, the elevations and the
depressions are twice as great (Fig. 58). But at points where
crest and hollow meet the impulses destroy each other and no
displacement occurs at all (Fig. 59).

- If we wish to observe interference of light it will not do simply
to take two sources of light and to allow the trains of waves
emerging from them to interpenetrate, No observable inter-
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ference phenomenon occurs through this, because the actual
light waves are no absolutely regular waves. Rather, the
state of vibration suddenly alters in a striking way after a
series of regular vibrations have occurred, corresponding to the
accidental phenomena that occur during the emission of light
in the source. These irregular changes effect a corresponding
fluctuation of the interference phenomena, which .occurs much
too quickly for the eye to follow it, and hence we see only uni-
form light.

To obtain observable interferences we must resolve a ray
of light by artificial means, by reflection or refraction, into two
rays, and afterwards make them come together again. Then
the irregularities of the vibrations in both rays occur in exactly
the same time rhythm, and hence it follows that the inter-
ference phenomena do not fluctuate in space, but remain fixed.
Wherever the waves strengthen or extinguish each other at
a certain moment, they do so at every moment. If we direct
the eye, armed with a magnifying glass or a telescope, at such a
point we see fringes or rings, provided we use light of one colour
(monochromatic light), such as is approximately emitted by
a Bunsen flame coloured yellow by common salt. In ordinary
light which is composed of many colours the-interference spots
corresponding to the various wave-lengths do not ‘exactly
coincide. At one point red is intensified, say, and blue is
extinguished, at other points other colours occur, and hence
spots and fringes arise with wonderful colourings. It would,
however, take.us away from our path of enquiry to pursue
these interesting phenomena further. ,

The simplest arrangements for producing interferences were
given by Fresnel (1822), an investigator whose works have
furnished- the foundation for the theory of light which has
remained unattacked up to the present day. We shall often
meet with his name in the sequel, That time, the first de-
cades of the nineteenth century, must in many respects have
resembled our own. Just as nowadays through the discovery
of radioactivity and the associated phenomena of radiation,
through the enunciation of the physical principle of relativity
and of the doctrine of quanta, our knowledge of physical
nature is undergoing a stupendous process of deepening and
enlargement, which seems to the beholders a complete revolution
of all conceptions, so, a hundred years ago, the thousands
of individual observations, theoretical experiments, physical
or metaphycisal speculations coalesced for the first time into
complete and uniform ideas and theories, the application of
‘which at once suggested an undreamed-of abundance of new
~observations and experiments. At that time Lagrange’s
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" Analytical Mechanics " and Laplace’s ** Celestial Mechanics *
appeared, the two works that brought Newton’s ideas to their
conclusion. From them there was developed on the one hand,
by Navier, Poisson, Cauchy, and Green, the mechanics of
deformable bodies and the theory of fluids and elastic sub-
stances; on the other hand, by the works of Young, Fresnel,
Arago, Malus, and Brewster, the theory of light. At the same
time began the era of electromagnetic discoveries, of which
we shall speak later. At that time physical research was
almost entirely in the hands of the French, Italians, and English.
Nowadays a// educated nations participate, and the authors
of the great revolutionary theories of relativity and quanta
FEinstein and Planck, are German.

Fresnel allowed a ray of light to be reflected at two mirrors,
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S; and S, (Fig. 60), slightly inclined to each other. At the
points where they meet, these two reflected rays give inter-
ference fringes that can be seen with a magnifying glass.
Similar arrangements of apparatus have been given in great
numbers. We shall here enter only into a field which is im-
portant for our purpose, namely, that of the experimental
methods of measuring minute changes in the velocity of light.
The apparatus used is called an enterferometer. It depends
on the fact that the wave-length alters proportionately with
the velocity of the light, and hence the interferences are dis-
placed. An example of an apparatus of this kind is the inter-
ferometer of Michelson. It consists in the main (Fig. 61)
of a glass plate P that is slightly silvered so as to allow one half
of the light from the source Q to pass through while the other
helf is reflected.
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These two component rays travel on to two mirrors S; and
Sy Where they are reflected and again encounter the semi-
transparent glass plate P, which again resolves them, sending
one half of each ray into the observing telescope F. If the
two paths PS, and PS, are exactly equal the two component
rays arrive at the telescope in-the same phase of vibration and
recombine to form the original light again. But if the path of
the first ray be lengthened by displacing the mirror S, then
the crests and hollows of the two trains of waves no longer
coincide when the rays are recombined at F, but are displaced
with respect to each other and weaken each other more or less.
If the mirror S, is moved slowly we see alternate patches of
light and darkness in the telescope F. The distance of the.
posmons of S, for two successive dark fields is exactly equal to
the Wave-length of the light. In this way Michelson has made
measurements of wave-length that exceed almost all other
physical measurements in accuracy. This is done by counting
the changes of light and darkness during a considerable shift
of the mirror S,, which comprises many thousands of wave-
lengths. The error of observation of an individual wave-
length then becomes just as many thousand times smaller.

We have here -to give several numerical data. By the
above method it is found that the wave-length of the yellow
light that is sent out by a Bunsen flame coloured with common
salt (NaCl), and the source of which is sodium atoms, is about

5 mm. = 6'10 — 8 cms. 17 vacuo. All visible light lies within
10,000

the small region of wave-lengths stretching from about 4.10~ 5
(violet) to 8.10 —® cms. (red). Thus in the language of acoustics
this comprises one octave; that is, it is the region between
one wave and another that is twice as long. From formula (35)
there then follows for the wbrahon number of yellow sodium
3'T01® 14
610*5“510 ~or 500
billion vibrations per second. = The most rapid acoustic vi bra-
tions that are still audible vibrate only about 50,000 t1mcs per
second.

The astonishing accuracy of optical methods of measurement
Iests on the multiplication of the individual wave-lengths used
in interferometric measurements. For example, it allows us
to ascertain that the velocity of light in a gas likewise alters if
there is a very small change of pressure or temperature {due,
sy, to the apparatus being touched by the hand). Te show
this the gas is passed into a cylinder between the glass plate
P-and the mirror S,;. It is then seen that for even the slightest
mcrease of pressure the interference changes light fields being
ponverted into darkness and vice versa. -

light the stupendous number v = X
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For the rest, we must remark that in the interferometer
we do not simply see a light on a dark field in the telescope,
but a system of light and dark rings. This is due to the fact
that the two rays are not exactly parallel and the waves are not

exactly plane. The separate parts of the two rays have thus
to traverse paths of different length. We shall not, however,

enter into the geometric details, but mention this circumstance
?r}ly because it is customary to speak of interference bands or
ringes. } | | .

We shall meet with Michelson’s interferometer again when
we have to decide the question as to whether the earth’s motion
influences the velocity of light. -

5. POLARISATION AND TRANSVERSALITY OF LIGHT WAVES

Although interference phenomena allow scarcely any inter-
pretation other than that of the wave-theory, its general
recognition was impeded by two difficulties which, as we saw
above, were regarded by Newton as being decisive contradictions
to it: firstly, the general rectilinear propagation of light (that
is, except for trifling diffraction phenomena); secondly, the ex-
planation of polarization phenomena. The first difficulty became
removed when the wave theory itself was worked out more
exactly ; for it was found that waves do, indeed, * bend round
corners,” but only in regions that are of the order of magnitude
of the wave-length. As this is very small in the case of light,
our ordinary unrefined vision receives the impression of sharp
shadows and rectilinearly bounded rays. Only minute observa-
~ tion is able to detect the interference fringes of diffracted light
along the edges of the shadow. The merit of elaborating
the theory of diffraction is due to Fresnel, later Kirchhoff, (1882),
and, more recently, Sommerfeld (1895). They have deduced
the finer phenomena mathematically and have defined the
limits within which the conception ray of light may be applied. .

The second difficulty concerned the phenomena due to the
polarization of light. - -

When we earlier spoke of waves we always had in mird
longitudinal waves such as are known in the case of sound.
For a sound wave consists of rhythmical condensations and
rarefactions, during which the individual particles of air move
to and fro in the direction of propagation of the wave. Trans-
versal waves were, indeed, also known ; for example, the waves
on a surface of water, or the vibrations of a stretched string,
in which the particles' vibrate perpendicularly to the direction
of propagation of the wave. Butl in this case we are dealing
net with waves that advance in the smterior of a substance
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but in part with phenomena on the upper surface (water waves)
and in part with motions of whole configurations (vibration
of strings). Observations or theories about the propagation
of waves in elastic solid beodies were not yet known. This
accounts for the circumstance, which appears strange to us,
that it was so long before optical waves were recognized as
transverse vibrations. In fact, the remarkable instance
occurred that the impulse for the development of the mechanics
of coarse-grained solid elastic bodies was given by experiments
and conceptions derived from the dynamics of the imponderable
and intangible ether. | |

We explained above (p. 79) what constitutes the nature
of polarization. The two rays that emerge out of a doubly
refracting crystal of calcite do not behave like ordinary light
when they pass through a second such crystal, that is, they

"
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do not again resolve into the equally intense rays, but into two
of unequal intensity, one of which may under certain circum-
stances vanish entirely. |

In orcinary ‘ white "’ light the various directions within
the plane of a wave are of equal value or equivalent (Fig. 62).
In polarized light this is obviously no longer the case. Malus
discovered (1808) that polarization is not a peculisrity of the
light that has passed through a doubly refracting crystal,
but may also be produced by simple reflection. H= showed
that light which has been reflected from a mirror at a definite
angle is reflected by a second mirror to a varying degree, if
the latter mirrer is turned about the incident ray (Fig. 63).
The plane perpendicular to the surface of the mirror and con-
taining the incident and the reflected ray is called the incident
plane. The reflected ray is then said to be polarized in the
mcident plane ; this implies no more than that it behaves



82 THE THEORY OF RELATIVITY

differently towards a second mirror according to the position
of theé second incident plane to the first. If these mirrors are
perpendicular to each other no reflection at all occurs at the
second mirror. | |

The two rays that emergs out of a crystal of calcite are
polarized perpendicularly to each other. If we allow them
both to fall on to a mirror at an appropriate angle the one is
completely extinguished just when the other is reflected to its
full amount. o -

Fresnel and Arago made the decisive experiment (1816)
when they attempted to make two such rays, polarized per-
pendicularly to each other, interfere. They did not succeed.
Fresnel and also Young then drew the inference (1817) that
light vibrations must be transversal.

As a matter of fact this deduction makes the peculiar
behaviour of polarized light intelligible at once. The vibra-
tions .of the ether particles do not occur in the direction of

Frc. &4. Fia. 65.

propagation but perpendicularly to it, that is, in the plane of
the wave (Fig. 62). But every motion of a point in a plane
may be regarded as composed of two motions in two directions
perpendicular to each other. In dealing with the kinematics
of 3 point we saw that its motion is determined uniquely when
its rectangular co-ordinates, which vary with the time, are
given. Now a doubly refracting crystal clearly has the property
of transmitting the vibrations of light in it at different velocities
in two mutually perpendicular directions. Hence, by Huyghens'’
principle, when these vibrations enter the crystal they will be
defiected to different extents, or refracted differently, that is,
they will be separated in space. Each of the emergent rays
then consists only of vibrations that take place in a certain
plane that passes through the direction of the ray, and the
planes belonging to these two rays are mutually perpendicular
(Fig. 64). Two such vibrations clearly cannot influence each
other : they cannot interfere. Now, if a polarized ray enters
into a second crystal it is transmitted without being weakened
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only if its direction of vibration is in just the right position
with respect to the crystal, being just that in which this vibra-
tion can propagate itself. In all other positions the ray i
weakened : in the perpendigular position it is not transmittej
at all. | |

Similar conditions obtain in reflection. - If this occurs at
the appropriate angle, then only one of the two vibrations,
the one parallel and perpendicular to the incident plane, is
reflected ; the other penetrates into the mirror and is absorbed
(Fig. 65). Whether the reflected vibration is that which takes
place in the incident plane or perpendicularly to it cannot, of
course, be ascertained. (In Fig. 65 the latter is assumed to be
the case.) But this question of the position of vibration with
respect to the plane or incidence or the direction of polarization
has given rise to elaborate researches, theories and discussions,
as we shall presently see.

6. THE ETHER AS AN ErAsTIC SOLID

After the transversality of light waves had been proved
in this way and by numerous experiments, there arose in
Fresnel’s mind the vision of a future dymamical theory of light,
which was to derive optical phenomena from the properties
of the ether and the forces acting in it, in conformity with the
method of mechanics. The ether was necessarily a kind of
elastic solid, for it is only in such a substance that mechanical
transverse waves can occur. But in Fresnel’s time the mathe-
matical theory of elasticity of solid bodies had not yet been
developed. Possibly he also thought from the outset that the
analogy of the ether with material substances was not to be
carried too far. At any rate he preferred to investigate the
laws of the propagation of light empirically and to interpret
them by means of the idea of transversal waves. Above all
1t was to be expected that the optical phenomena in crystals
would shed light on the behaviour of the ether. Fresnel’s
work in this field is to be ranked among the most beautiful
achievements of systematic physics, both in experimental
as well as in theoretical respects. Yet we must not digress
too far in pursuing details, but must keep in view our problem :
how is the ether constituted ? : -
~ Fresnel’s results appeared to confirm the analogy of light
waves with elastic waves. This gave a powerful stimulus
to the working out of the theory of elasticity, which had already
been begun by Navier (1821) and Cauchy (1822), and to which
Poisson- (1828) devoted his attention. Cauchy then at once
applied the laws derived from elastic waves to optics (1829).
We shall try to give an idea of the content of this ether theory.
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The difficulty involved is that the proper and adequate
means of describing changes in continuous deformable bodies
is the method .of differential equations. Since we do not wish
to take these as known, all that can be done is to illustrate
them by a simple example, and then to add at the end that in
the general case the same holds, but in a more complicated
way, The non-mathematical reader .may perhaps then get
a rough idea of what is involved. It will not, however, give
‘him a real estimate of the power of achievement expressed
in the physical pictures and in the mathematical methods used.
We are fully conscious of the impossibility of entirely satisfying
the non-mathematician, but we cannot refrain from attempting
to illustrate the mechanics of continua, because all subsequent
theories, not only of the elastic ether, but also electrodynamics
in all its ramifications, and, above all, Einstein’s theory of gravi-
tation, are built up on these conceptions.

A very. thin stretched string is in ‘a certain sense a one-
dimensional elastic configuration. We shall use it to develop
the theory of elasticity. To link up with ordinary mechanics,
which deals only with individual rigid solids, we suppose the
string to be not continuous but of an atomistic structure, as
it were. Let it consist of a series of equal small bodies that
are arranged in a line at equal distances from each other (Fig.
66). The particles are to possess inertjal mass and each is
to exert forces on its two neighbours : these forces are to be
such that they resist both an increase and a decrease of the
distance between these particles. If we wish to have a concrete
picture of such forces, we need only think of small spiral springs
that are fixed between the particles. These resist compression
as well as extension. But such a representation must not be
taken literally. Forces of this kind, indeed, constitute just
the essential phenomena of elasticity.

Now if the first particle is displaced a little in the longi-
tudinal or in the transverse ditection, it immediately acts
on the second particle ; the latter in its turn passes the action
on to the next, and so forth. The disturbance of the equili-
brium of the first particle thus passes along the whole series
like a short wave and finally also reaches the last particle.
This process does not, however, occur infinitely quickly. At
every particle a small fraction of time is lost because the
particle, owing to its inertia, does not instantaneously respond
to the impulse. For the force does not produce an instantane-
cus displacement but an acceleration, that is, a change of
velocity during a small interval of time, and the change of
velocity again requires time to produce its displacement.
Only when this displacement has reached its full value does
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the force act to its full extent on the next particle, and from then
onwards the process repeats itself with a loss of time that is
dependent on the mass of the particles. If the force that
arises through the displacement of the first particle were to
influence the last particle of the series directly, the action would
occur instantaneously,  According to Newton’s theory of
gravitation this is actually supposed to be the case in the mutual
attraction of the heavenly bodies. The force with whi h
one acts on the otheris always directed at the point momentarily
occupied by the other and is determined by the distance
separating these points at that moment. Newtonian gravi-
tation is said to be an action at a distance, for it acts between
points-at a distance although there is no intervening medium
to convey this action. |

- In contrast with this our series of equidistant points is the
simplest model of contiguous action or action by comtact. For
the action exerted by the first point on the last is transferred
by the intervening masses, and hence does not occur instan-
taneously but with a loss of time. The force exerted by a

. l athacaaded V
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particle on its neighbours is certainly still imagined as an action
at a distance, although only at a small distance. We may,
however, suppose these distances between the particles to grow
smaller and smaller, their number becoming correspondingly
greater and greater, but in such a way that their total mass
remains the same. The chain or particles then passes over
into the limiting conception of a material continuum. The
forces act between infinitely near particles, and the laws of
motion assume the form of differential equations. They ex-
press mathematically the physical conception of contiguous
action. - | -

We shall pursue this limiting process of the laws of motion
a little further for the case of our chain of mass-particles.
Let us consider purely transverse displacements (Fig. 6%).
In the theory of elasticity it is assumed that a particle P is
pulled back by its neighbour Q more strongly in proportion
to the amount that Q is displaced transversely beyond P.
If « is the excess of the transverse displacement of P beyond
that of Q, and if a is the original distance between the particles
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along the str.ight line, then the restoring force is to be pro-
portional to the ratio g----'d, which is called the deformation.

We set
%
K—-p.a.-.pd

where $ is a constant number which is clearly equal to the force
if the deformation d be chosen equal to 1. p is called the

elastic constant.
Now the same partlcle likewise expenences a force K’ =

w = pd’ from its other neighbour R. But except m the

a
singular case, when the deflection of P is exactly a maximum,
the particle R will be more strongly displaced than P, and
hence will not pull back the latter, but will tend to increase
its displacement. Thus K’ will work against K.

- The resultant force on the particle P is the difference of
these forces

K—K'=$(d —4d).

And this determines the motion of P according to the funda-
mental dynamical formula: mass #mes acceleration eguals

force

=mb=K — K = p{d — d).

Now let us suppose the number of particles to be increased
more and more, but their mass to be decreased in the same
ratio so that the mass per unit of length always retains the
same value. Let there be » particles in each umt of length,

so that #n.a = 1, that is, n = ;. The mass per unit of length

is mn = Zg. This linear quantity is called the denssty of mass,
and is designated by p. By dividing the above equation by,
we get

and here we have configurations quite similar to those which
occurred in the definitions of the conceptions, velocity and
acceleration. For ]ust as the velocity was the ratio of the path

x to the time ¢, v = ?’ wherein the time ¢ is to be considered

quite short for an accelerated motion, so we have here the
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deformation d = -Z, the ratio of the relative displacement

to the original distance, wherein the latter is to be regarded as
extremely small. Just as the acceleration was before defined

as the ratio of the change of velocity to the time, & = '-tf =
9 — v . d—d .
;> SO We have here the quantity f = , which mea-

sures in a fully analogous manner the change of the deforma-
tion from point to point. | |

Exactly as the velocity v and the acceleration & retain their
‘sense and their finite values for time intervals that are arbi-
trarily small, so the quantities 4 and f retain their meaning
and finite values no matter how small the distance a becomes.

All these are so-called differentsal co-efficienis, v = -:f and d = g

d—d such
a

being such of the first order, b == 2 -; Y .andwf=

of the second order. | |

- Thus the equation of motion becomes a differential equation

of the second order, o . |
po=2of . . . . (30

both with respect to the time change as well as to the space
change of the event. Alllaws of contiguous action in theoretical
physics are of this type. If, for example, we are dealing with
elastic bodies that are extended in all directions, we get two
analogously formed members for the other two space dimensions.
Morcover, precisely similar laws hold in the theory of electric
and magnetic events. Finally, the gravitational theory of
Einstein has also been brought into such a form.

We have here yet to remark that laws of action at a distance
may be written in a form similar to that of formule for con-
tiguous action. For instance, if we strike out the member pb
in our equaticn (36), that is, if we assume that the density of
mass 1s extremely small; then a displacement of the first particle
will at the same moment call up a force acting on the last
particle, because the inertia of the intervening members has
dropped out. Thus we really have the transmission of a force
with infinite velocity, a true action at a distance. Nevertheless
the law pf == 0 appears in the form of a differential equation,
as a contiguous action. Such laws of pseudo-contiguous action
will be met with in the theory of electricity and magnetism,
where they have really prepared the way for the true laws of
contiguous action. The essential factor in the latter is the

7
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inertial member that is responsible for the finite velocity of
transmission of disturbances of equilibrium, that is, the genera-
tion of waves.

Two quantities occur in the law (36, that determine the
physical character of the substance: the mass per unit of volume

or the density p, and the elastic constant p. Ifwewriteb= p f

we see that for a given deformation, that is for a given f, the ac-
celeration becomes greater n proportlon as p becomes greater
and p becomes smaller. Thus p is just a measure of the elastic
ngxdxty of the substance, and p is a measure of the inertial
rmass, and it is clear that an mcrease of the rigidity accelerates
the motion, an increase of the inertia retards it. Accordingly

the velocity ¢ of a wave will depend only on the ratio 4 . Forthe

more quickly the wave travels the greater are the accelerations
of the individual particles of the substance. - The exact law
for this relationship is found by the following considerations.

Each individual point-mass . executes a simple periodic
motion of the kind which we investigated earlier (II, 11, p. 34).
We showed there that in it the acceleration is connected with
the deflection x according to formula (171)

b =. (2m)%

where v is.the number of vibrations per second. If we insert
in place of v the time of vibration according to formula (34),

b = (?):x.

The same argument that has here been used for succession
in time may also be applied for succession in space, and must
lead to relations that correspond entirely. We have simply
té replace the quantity f (the second space-coefficient) and
. the time of vibration T (the period in time succession) by the
wave-length A (the ‘“ space-period ). We thus get the formula

2m\ 2
f=(3)=
If we form the quotient of the two expressions for b and f
the factor (27)3x cancels out, and there remains

Az

p. 84, T= % we get

1 o
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» P
that ’\T— ¢, on the other hand by (36), p. 97, that -;:':.-. P

Hence it follows that -
p R (57)

This relation holds for all bodies, no matter whether they
be gaseous, hquld or solid. But there is the following differ-
ence.

In liguids and gases there is no elastxc resistance to the
lateral displacement of the particles, but only to the change
of volume. Hence only longitudinal waves can propagate
themselves in such substances, their velocities being determined
according to formula (37), by the elastic constant p which is
decisive in such changes of volume.

On the other hand, in sol:d bodies, on account of the elastic:
rigidity which . opposes
lateral displacements, three /
waves, one longitudinal and A
two transverse, with differ- |
ent velocities, can transmit
themselves in each direc- |
tion. This is due to the "
fact that the compressions
and rarefactions of the
longitudinal waves involve

an  elastic constant ¢,

which is different from /
that' which comes into | Fio. 63
action for the lateral dis- ta. 68
tortions due to the transverse vibrations.

Moreover, in non-crystalline bodies the two transverse waves
have, indeed, different directions of vibration, perpendicular
to each other, but they have the same velocity C,; the longi-
tudinal wave has a different velocity C, (Fig. 68).

All these facts allow themselves to be confirmed by experi-
ments on acotstic waves in solid bodies.

We now return to the starting-point of our reﬂectwns
namely, to the elastic theory of light.

This consists in identifying the ether as the carrier of light
vibrations with a solid elastic body. The light waves are then,
as it were, to be sound waves in this hypothetical medium.

Now, ‘what properties are to be ascribed to this elastic
ether ? In the first place the enormous velocity of propagation ¢
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requires either that the elastic ridigity p be very great or that the
density of mass p be very small, or that both conditions hold
simultaneously. But since the. velocity of light is different
in different substances, either the ether within a material body
must be condensed or its elasticity must be changed or again
both may be true simultaneously. We see that different
courses are here open to us. The number of possibilities is
still further increased by the fact that, as we saw above {IV,
5 pP. 93), experiment cannot decide whether the vibrations
of polarized hght are parallel or perpendicular to the plane of
polarization (the incident plane of the polarizing mirror).
Corresponding to the indefinite nature of the problem we
also find an innumerable number of different theories of the
elastic ether in history. We have already mentioned the most
important authors; to the mathematicians Poisson, Fresnel,
Cauchy, and Green there is to be added for the first time a
German physicist of note, Franz Neumann, who became the.
teacher of the generatipn of physicists of his own country
characterized by Helmholtz, Kirchhoff and Clausius.

- Nowadays we feel surprise at the amount of ingenuity
and labour that was expended on the problem of comprehending
optical phenomena in their totality as motions of an elastic
ether having the same properties as those possessed by material
elastic solids. It seems to us that the principle which defines
explanations as the reduction of unknown things to known
things was overstrained. For we now know that the nature
of elastic solids is by no means simple anq is certainly not to
be regarded as known. The physics of the ether has shown
itself to be simpler and more easily intelligible than the physics
of matter, and modern research is directed at tracing back
the constitution of matter, as a secondary phenomenon, to
the properties of the fields of force that represent the remains
of the ether of the older theory. This change in the programme
of scienee is not least due to the failures attending the attempts
to build up a logical theory of the elastic ether. |

One objection to the latter theory, which seems of impor-
tance, is. that an all-pervading ether (which fills astronomie
space) of great rigidity, which it must have as the carrier of
the*rapid vibrations of light, would necessarily offer resistiunce
to the motion of heavenly bodies, in particular, to that of the
planets. Astronomy has never detected departures from
Newton'’s laws of motion that would point to such a resistance.
Stokes (x845) partly disposed of this objection by remarking
that the conception of solidity of a body is in itself really some-
thing relative and depends on the relation of the deforming
forces to time. A piece of pitch—sealing-wax and glass behave
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sxrmla.rly——-—when struck with a hammer splits cleanly. But
if it is loaded with a weight, the latter sinks gradually, although
| perhaps only slowly, into the pitch as if pitch were a very
viscous fluid. Now, the forces that occur in light vibrations
change stupendously quickly (600 billion times per sec.) com-
pared with the relatively slow processes that occur in planetary
motions in the course of time; the ratio of these forces is much
more extreme than that of the hammer blow to the superimpused
weight. Therefore the ether may function for light as an
elastic solid and yet give way completely to the moticn of the
planets.

Now, even if we wish to content ourselves with thlS astro-
nomic space filled with pitch, serious difficulties arise out of
the laws of the propagation of light themselves. Above all, we
have to take into account that in elastic solids a longitudinal
wave always occurs conjointly with the two transversal waves.
If we follow out the refraction of a wave at the boundary of
two media, and if we assume that the wave vibrates purely
‘transversally in the first medium, theén a longitudinal wave
must arise in the second medium together with the transverse
wave. All attempts to eséape this consequence ot the theory
by making more or less arbitrary changes have been doomed to
failure.  Extraordinary hypotheses wére suggested, such as
that the ether opposes to compression an infinitely small or
an infinitely great resistance compared with its rigidity towards
transversal distortions. In: the former case the.longitudinal
waves would travel forward infinitely slowly, in the latter
infinitely quickly, and would. at any rate not manifest them-
selves as light. A physicist, MacCullagh (1839), went so far
as to construct an ether that departed altogether from the
model of elastic bodies  For whereas in these the particles
oppose a resistance to every change of their distance from each
other, but follow pure twists without resistance, MacCullagh’s
ether was to behave in just the contrary way. We cannot here
enter into the theory. However strange it may appear, it is
nevertheless of importance as the fore-runner of the electro-
magnetic theory of light. It leads to almost the same formulae
as the latter, and is actually able to give an account of optical
rhenomena that is to a considerable degree correct. But
its weakness is that it disclosed no relationship between
optical phenomena and other physical phenomena. It is clear
that by means of arbitrary constructions ether models can be
found that allow a certain region of phenomena to be repre-
sented. Such inventions aequire a value as contributions
to our knowledge only when they lead to a fusion of two
tormerly unconnected physical regions. This is the great
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advance achieved by Maxwell when he fitted optics into the
scheme of electromagnetic phenomena.

7. THE OpTics oF MovING BoDIES

Before we pursue this development further .we wish to
pause and to ask how the doctrine of the elastic ether behaves
towards the space-time problem and relativity. Whereas in
our optical investigations so far we have taken no account
of the position or motion of the bodies that emit, receive, or
allow the passage of light, we shall now concentrate our at-
teittion on just these conditions. | |

The space of mechanics is regarded as empty wherever
there are no material bodies present. The space of optics
is filled with ether. But here the ether is for us actually a
kind of matter that has a certain mass, density, and elasticity.
Accordingly we can immediately apply Newtonian mechanics
with its doctrine of spacé and time to the universe full of ether.
This universe then no longer consists of isolated masses that
are separated by empty spaces but is completely filled with
the thin mass of the ether, in which the coarse masses of matter
are floating. The ether and matter act on each other with
mechanical forces and move according to the Newtonian laws.
Thus Newton’s standpoint is logically applicable to optics.
The question is only whether observation is in agreement
with it. - - |

But this question cannot be answered simply by unam-
biguous experiments. For the state of motion of the ether
outside and inside matter is not known, and we are free to think
out hypotheses about it. Thus we must put the question
in the form: is it possible to make assumptions about the
mutual actions of the motions of the ether and of matter such
that all optical phenomena are thereby explained ?

We now call to mind the doctrine of the principle of rela-
~ tivity of classical mechanics. According to it absolute space
exists only in a restricted sense ; for all inertial systems that
move rectilinearly and uniformly with respect to each other
oy be regarded with equal right as being at rest in space.
The first hypothesis that suggests itself to us concerning the
luminiferous ether is the following ~

The ether in astronomic space far removed from material

bodies is ai vest in an inertial system. | .
| For if this. were not the case parts of the ether would be
accelerated. Centrifugal forces would arise in it and would
bring about changes of density and elasticity, and we should
expect that the light from stars would have given us indications
of this. | | |
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v, the observed frequency, is being sought Thus ‘we maust
SOlve for v and we get o
Vy

——a———
———— g

vo : o
I —

c

The observed frequency, therefore appearq magnified, since
the denominator is less than 1, in the ratio I: (1 —_ %’1)

We see at once that it is not immatérial whethier the observer
moves in the one direction or the source in the opp031te direction
with the same wvelocity. |

For if, in formula (41}, we set vy == — v, 1t becomeq

‘and this is different from (40). In all practical cases the differ-
ence is certainly very small. We saw earlier (IV, 3, p. &2)
that the ratio of the velocity of the earth in 1ts orbit around the
sun compared with that of hght 1S B = E = I: IO 009 and
similar small values of B hold for all cosmic motions. But we
~ may then write as a very close approximation

) § .
S _.Imﬁ;

I—L—B

for if we nheglect B2= ..~ .. = 10~% compared with 1,
. 100,000,000

wehave(x + B (1 —f)=1— ,8*-— I.
This re]echon of the square of B =2 W]ll play an nnpartant

part in the sequel. It is-almost a.lways permissible because
such exceadmgly small quantities as B = 10-% are accessible
'to observation in only a few cases. - The phenomena of the
optics {and electrodynamics) of moving bodies are nowadays,
indeed, classified according to whether they are of the order
Bor 2. The former quantities are said to be of the first order,
and the latter of the second order i in B. In this sense we may
assert the following :

" The Doppler effect depends onlv on the relative motion of
the source of light and of the observer if the quantities of the
second or der are neglected.
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we count the waves that pass over P up to the moment ¢, that

is, during the time ¢ .z Now since the light executes v

vibrations in one second, and every wave that passes by cor-
responds exactly to one vibration, » waves pass by in one

/ . .
second, and hence v;’\ { — f) waves pass over the point P in the
'

. )
time { — - 3ecs.
c

Thus the wave number v(t — g) is.dependent only on how
the two points O and P are situated with respect to each other
and to the train of waves, and on how great the interval of
time ¢ is between the departure of the first wave at O and the
arrival of the last at P. This number has nothmg to do with
the system of reference. Thus it is an snvariant in the sense
that we have attached to this word above.

This comes out most clearly if we use Minkowski’s mode of
expression. According to this the departure of the first wave
from the zero point at the time / = o is an event, a world-point ;
the arrival of the last wave at the time ¢ at the point P is another
event, a second world-point. But world-points exist without
relation to definite co-urdinate systems. And since the wave-

o~

number v(t — -Z) is determined by the two world-points, only

it is independent of the system of reference, or is invariant.

From this there easily follow, either by intuition or by apply-
ing Galilei-iransformations, all theorems about the behaviour
of the three characteristics of the wave, the frequency, direction,
and velocity, when the system of reference is changed. We
shall deduce these theorems in order and shall compare them
with experience. :

8. THE DoPPLER EFFECT

The fact that the observed freguency of a wave depends on
the motion both of the source of light and of the observer,
each with respect to the intervening medium, was d1scovered
by Christian Doppler (1842). The phenomenon may easily
be observed in the case of sound waves. The whistle of a
locomotive seems higher when it is approachmg the observer
and becomes deeper at the moment of passing. The rapidly
approaching source of sound carries the impulses forwards
so that they succeed each other more rapidly. The motion of
ar observer moving towards the source has a similar effect ;
he then receives the waves in more rapld succession. So the‘
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same must hold in the case of light. Now the frequency of
the light determines its colour ; the rapid vibrations correspond
to the violet end of the spectrum, the slower vibrations to the
red. Hence when a light source is approaching an observer
or vice versa the colour of the light inclines a little towards
violet ; in the case when either is receding, a little towards red.
This phenomenon has actually been observed. |
. Now the light which comes from luminescent gases does not
consist of all possible vibrations but of a number of separate
irequencies. The spectrum that a prism or a spectral apparatus
depending on interference exhibits is no continuous band of
colour like the rainbow but separate sharp-coloured lines.
The frequency of these spectral lines is characteristic of the
chemical elements that are emitting light in the flame (spectral
analysis by Bunsen and Kirchhoff 1859). The stars;, too,
have such line spectra, whose lines for the most part coincide
with those of the earth’s elements. From this it is to be inferred
that the matter in the furthermost depths of astronomic space
1s composed of the same primary constituents. The lines
of the stars do not, however, exactly coincide with the corre-
sponding lines on the earth but show small displacemerits
towards the one side for one half of the year, and towards the
other during the other half. These changes of frequency
are the results of the Doppler effect of the earth’s motion
about the sun. During the one half of the year the earth
moves towards a definite star, and hence the frequency of all
the light waves coming from this star are magnified and the
spectral lines of the star appear shifted towards the side of
rapid frequencies (the violet end), whereas during the second
half of the year the earth moves away from the star, and hence
the spectral lines are then displaced towards the other side
(the red end). |
This wonderful picture of the earth’s motion in the spectrum
of the stars does not, indeed, present itself in an unadulterated
form. For it is clear that there will be superposed on it the
Doppler effect due to the emission of the light by a moving -
source. . Now, if the stars are not all at rest in the ether, their
motion must again manifest itself in a displacement of the
spectral lines. This becomes added to that due to the earth’s
motion, but does not show the annual change, and hence may
easily be distinguished and separated from the former. Astro-
nomically this phenomenon is much more important still,
for it gives us information about the velocities of even the most
distant stars so far as the motion entails an approach towards
or a recession from the earth. It is not our object, however,
to enter more clesely into these investigations. |
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We are interested above all in the question as to what
happens when the observer and the source of light move in the
same direction with the same velocity. Does the Doppler
effect then vanish, does it depend only on-the relative motion
of the material bodies, or does it not vanish and thereby betray
the motion of bodies through the ether 7 In the former case
the principle of relativity would be fulfilled for the optlcal
phenomena that occur between material bodies.

The ether theory gives the following answer to this question.

The Doppler effect does not only depend on the reiative
motion of the source of light and of the observer, but also to
a slight extent on the motions of both with respect to the ether.
But this influence is so small that it escapes observation;
moreover, in the case of a common translation of the source of

N o light and of the observer it is
4 | rigorously equal to zero.

The latter point is so clear
intuitively that it need hardly
be emphasized. Itis only neces-
sary to reflect that the waves
pass by any two points at rest
relatively to each other in the
same rhythm, irrespective of
whether the two points are at
rest in the ether or move. with
a common motion. Nevertheless
the principle of relativity does
not hold rigorously, but only ap-
proximately, for the bodies emit-

Fic. 70. ting and absorbing the light. We
- shall prove this. ~

For this purpose we make use of the theorem above de-
rived concerning the invariance of the wave-number. -

Let us allow a train of waves to start out in the x-direction
from the zero-point of the system S which is at rest in the
ether, and let us count the waves that pass over a point P
until the time ¢ has elapsed (Fig. 70). The path which the
waves traverse in this time is equal to the x-co-ordinate of the
point P. Thus we must set s = x, and the wave-number
amounts to

vt — 5
( C/} '

‘T.et us next consider a system S’ moviug in the x-direction
W1th the velocity v, and let the observer be at rest in it at a
point with the co-ordinate x’. At the timei =035 and S’ are

A j

,«T:
X

X9
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to coincide, and at the time ¢ the observer is just to have reached
the point P. Then the same wave-number in the syvstem S

is equal to
v'( | x\
c')’

where v' and ¢’ denote the frequency and velocny as measured
by the moving observer.
We thus have

x x -
t — % —.—_-'t_-;-) . . . (38)
v‘( c) v(' ¢ \3%)

where the co-ordinates are connected by the . Galilei trans-
fcrmation (29) on p. 65,

X =x—vtorx=x 4+ vt

Tf we insert this we get

x’ vl , ! X\
v(i-—- :t_)-.:v(p-_.,, .. (39
. /

- C

T

and this must of course hold for all values of ' ‘and £ If we
choose, in particular, { = 1, ’ = o, we get

( -7-)\) : B . (40)
C.

That is the desired law t expresses that an observer
moving in the same direction as the light; waves measures a

frequency »' that is reduced in the ratio ( — '-?) D 1.

o

Conversely we now consider a light wave source that vibrates
with the frequency v,, and moves in the direction of the x-axis
with the velocity v,. Let an observer at rest in the ether measure
the frequency v». This case is immediately reducible to the
preceding one. For it is quite immaterial for our argument
‘whether it is the light source or the observer that is moving,
it only depends on the rhythm with which the waves impinge
on a moving point. The moving point is now the source of
light. We thus get the formula for thls case from the preceding
case if we replace » in it by v, and v’ by v, :

: v ‘
V(I — -——0) == 1’0.
C .

But hereé v, is given as the frequency of the source of light, and
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v, the observed frequency, is beiﬁ‘g sought. Thus we rust
solve for v and we get |

V-‘—'-‘:---L . . . . {41}

The observed frequency, therefore,"' appears magnified, since

¢
We see at once that it is not immatérial whather the observer
moves in the one direction or the source in the opposite direction
with the same velocity. .
For if, in formula {41}, we set v, == — v, it becomnies

- ‘ ’ . ) . . ?,'
the denominator is less than I, in the ratio 1: (1’ S >

and this is different from (40). 1In all practical cases the differ-
ence is certainly very small. We saw earlier (IV, 3, p. 82)
that the ratio of the velocity of the earth in its orbit around the
sin compared with _that of hght 1S ﬁr-:-‘-; = I ! 10,000, an-d
similar small values of 8 hold for all cosmic motions. But we
may then write as a very close approximation

for if we neglect B2 = e = 1078 compared with 1,
o 100,000,000 '

we have (1 - ) (1 — B) == 1 — B =
This rejection of the square of f=- wﬂl play an unportant

part in the sequel. It is-.almost always permissible because
such exceedingly small quantities as B2 = 10~8 are accessible
‘to observation in only a few cases. The phenomena of the
optics {and electrodynamics) of moving bodies are nowadays,
indeed, classified according to whether they are of the order
B or B2 The former quantities are said to be of the first order,
and the latter of the second order in B In this sense we may
assert the following :

- The Doppler effect depvnds onlv on the relative motion of
the source of light and of the observer if the quantities of the
second order are neglected.
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We see this, too, if we assume a simultanecous motion of the
source of hght  (velocity v,) and the observer (velocity v).
We then clearly obtain the observed frequency »' if we insert »
from (41) in (40) : |

If the source of light and the observer have the same velocity
vy = v, the fraction becomes equal to 1 and we get v’ = ,.
Thus the observer notices nothing of a common motion with
the source relative to-the ether. But as soon as v differs from
v, & Doppler effect comes about, the amount of which depends
not only on the difference of the velocities v — v,. This would
allow the motion relative to the ether to be ascertained if the
difference were not of the second order and hence much too
small to be observed. o

- We see that the Doppler effect gives no useful practical
method of establishing motions '

with respect to the ether in [ no A\
astronomic space. STZIIIEEIESED g +
We must further add that _ J e

the Doppler effect has been de- |

tected with sources of light on
the earth. This required sonurces
of light moving with extremely greai speed in order that

Fic. 71,

the ratio B="{ might attain a perceptible value. For thig

el

v

purpose J. Stark (rgo6) used the so-called canal rays. 1f two
electrodes are fixed in an evacuated tube containing hydrogen
of very:small density, and if one of the electrodes ‘s perforated
‘and made the negative terminal (cathode) of an clectric dis-
charge (Fig. 71), we get in the first place the so-called cathode
rays, and secondly, as Goldstein discovered in 1886, a reddish
luminescence penetrates through the hole or holes of the cathode.
- due to positively charged hydrogen atoms or molecules moving
at a great speed. The velocity of these canal rays is of the
order v = 10® cms. per sec., thus 8 has the value

which is fairly high compared with the astronomic values,
- Stark investigated the spectrum of canal rays and found
that the bright lines of hydrogen exhibited the displacement
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that was to be expected on the grounds of the Dcppler effect.
This discovery became of great importance for atomic physics.
But 1t does not belong to our proper theme. |
Finally we have to mention that Beloposki (1895) and
(ralitzin {19o7) proved the existence of a sort of Doppler effect
with the heip of sources of light on the earth and moving

MITTors. .
9. THE CONVECTION OF LIGHT BY MATTER

We have next to investigate the second characteristic of a
source ot light, namely, its velocity. According to the ether
theory the velocity of light is a quantity that is determined by
the density of mass and the elasticity of the ether. Thus it has
a fixed value in the ether of astronomic space, but a different
value in every material body, which will depend on how the
matter influences the ether in its interior and carries it along
with itself.

If we first treat the velocity of light in astronomic space
we must conclude that an observer moving relatively to the
ether will measure a velocity different from that measured by
our observer at rest. For here the elementary laws of relative
motion clearly held. T1f the observer moves in the same direc-
tion as the light, its velocity relative to the ether will seem
diminished by the amount of the velocity v of the observer.
Indeed, beings can be imagined that could overtake light.
The same result arises from the formule above derived that
express the general relations between the properties of light
as established by two observers moving with translation
relatively to each other. If we set { =0, 2" = 1 in formula

(39) we get

’

. 1 4
T
c

[
c

and if we insert the value for »’ from (40) in this we get

or, since v cancels out,

c’=c(1-——?)=c—~v. : . (42
| ¢
This signifies that the velocity of light in the moving syster
1s determined according to the rules ot relative motion.
This may also be interpreted by regarding an observe
who is moving through the ether as being in an ether wind tha
blows away from or against the light waves just like the aj
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brushes past a quickly moving motor car and carries the sound
with it. '
- Now, this fumishes us with a means of establishing the
motion of, say, the earth or the solar system relative to the
ether. We have two essentially different methods of measuring
the velocity of light, an astronomical and a terrestrial method.
The former, the old process of Rémer, makes use of the eclipses
of jupiter's satellites; it measures the velocity of the light
that traverses the space between Jupiter and the earth. In
the latter method the source of light and the observer partici-
pate in the motion of the earth. Do these two methods give
exactly the same result or are there deviations that betray
motion relative to the ether ? |
Maxwell (1879) called attention to the fact that by observing
the eclipses of Jupiter’s moons it should be possible to ascertain

Orbit of the
solar system

Fic. ¥2.

a motion of the whole solar system with respect to the ether.
I.et us suppose the planet Jupiter at the point A of its orbit
(Fig. 72), which is the point nearest to the orbit of the sun in
the motion of the solar system in the direction shown. - (It
has been assumed in the diagram that the orbit of Jupiter
intersects the orbit of the solar system at A.) In the course
of a year Jupiter moves ornly a short distance away from A,
since its time of revolution in its own orbit is about twelve years.
In one year the earth traverses its orbit once, and by observing

eclipses it is possible to find the time required by the light to
fravel across the diameter of the earth’s orbit. Now, since
the whole solar system moves in the direction of the sun to-
wards A the light from Jupiter to the earth runs contrary to
this motion, and its velocity appears increased. Let us now
wait for six years until Jupiter is situated at the opposite
.point B of its orbit. The light now runs in the sare direction
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as the solar system, and thus requires a longer time to cross the
earth’s orbit ; so its velocity appears smaller.

When' Jupxter is at A the eclipses of one of his satellites
during half a year (of the earth) must be delayed by the amount

of time {; = , where I denotes the diameter of the earth’s

¢4
orbit. When Jupiter is at B the delay amounts to £, =

i— If the solar system were at rest in the ether both delays

c — v

would be equal to £, = g Their actual difference, namely,

i --t g/ _ 1 )_'__-_.zlb 20v
v \\v*-—d c+v PO L | (I-—B")
for which, by neglecting B2 in comparison with 1, we may write
2y
lg — by == ] = 2148,

allows us to determme B and hence also the velocity v = fc
of the solar system relative to the ether. Now, light takes
about eight minutes to travel from the sun to the earth, thus
ty == I6 mins. or == I000 secs. (in round numbers). Thus from

I
a time- dlfference tg —t; =1 sec. we should get B=.——
- | | 2000
00000
orv = fc = 390000 _ 150 kms per sec.
2000

‘The wvelocities of the stars relative to the solar system,
which may be deduced from the Doppler effect, are mostlv of
the order 20 kms. per sec., but vélocities up to 200 kms. per sec.
occur in certain clusters of stars and spiral nebulz. The
accuracy of the astronomic determinations of time has thus far
not sufficed to establish a delay in the eclipses of a satellite of
Jupiter to the extent of one sec. or less in the course of half
a year. Yet it is not out of the question that refinement of
the methods of observation will yet disclose such a-delay.

An observer situated on the sun, who happened to know the
value of the velocity of light in the ether at rest, would also
be able to ascertain the motion of the solar system through
the ether by means of the eclipses of Jupiter’s satellites. To
do this he would have to measure the delay in the eclipses
during half a revolution of Jupiter in his orbit. ‘The samme
formula £, — {, = 2¢,8 is valid for this, but now #, denotes.the
time that the light requires to traverse the diameter of Jupiter’'s
orbit. Thxs value of ¢, is (about 2} times) greater than the:



FUNDAMENTAL LAWS OF OPTICS 113

value used above for the earth’s orbit, 16 mins., and the delay
iy — &y becomes greater in the sarme proportion. But for the
same reason the time of revolution of Jupiter, during which
the eclipses must be observed consecutively, is much greater
than (about 12 times as great as) an earth vear, so that this
method, which could also be applied by an observer on the
earth, seems to promise no advantage, .

At any rate the fact that the accuracv that is nowadays
‘attainable has brought to light not even a delay of several
seconds proves that the velocity of the solar system with respect
to the ether is not much greater than the greatest known velo-
cities of the stars relative to each other.

We next turn our attention to the terrestrial modes of
measuring the velocity of light. Here it is easy to see why
they do not allow us to draw conclusions about the motion
of the earth through the ether, We have already indicated -
the ground for this above -when mentioning these methods
for the first time (IV, 3, p. 82), for the light traverses one
and the same path in its journey there and back. It is only
a mean velocity during the path to and fro that is actually
measured. The deviation of this from the velocity of light ¢
in the ether is, however, a quantity of the second order with
respect to B and is not accessible to observation. For if { is
the length of path then the time that the light requires for the
first journey, in the direction of the earth’s motion, is equal to

~__,-and the time for the return joumey is ._{._», thus the
cC—='v , ¢+ v

whole time is

-Z( I , I )____. 2. 2k
\e+v ' ¢c—v (c +v)(c—1v) c2—o¥

The mean velocity is 2/ divided by this time, 'vthus it is

~2 2 2
(' — v v
- ————————— — C (I . Raumand -——p>
c '] . . 02

and hence it differs from ¢ by a quantity of the second order.
Besides the direct measurement of the velocity of light there
are numberless other experiments in which the velocity of
light comes into play. All interference and diffraction pheno-
mena are brought about by making light-waves that travel along
different paths meet at the same place and causing them to be
superposed on each other. Refraction at the boundary of two
bodies arises through light having different velocities in them;
thus this velocity enters into the action of all optical apparatus
‘that contains lenses, prisms, and similar things. Isit not possible
5 |
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to think out arrangements in which the motion of the earth and
the « ether wind ** produced by it make themselves remarked ?

Very many experiments have been designed and carried
out to discover this motion. The general result of experi-
ments with sources of light on the earth teaches us that not the
slightest influence of the ether-wind is ever observable. It
is true that up to recent times we have been dealing with ex-
perimental arrangements that allow only quantities of the first
order in 8 to be measured. The fact that this must always lead
to a negative result easily follows from the circumstance that
the true duration of the motion of the light from one place to
another is never measured, but only differences of such times
for the same light-path or their sum for the motion there and
back. Ior the reason given above we thus see that the
quantities of the first order always cancel out.

But we might expect a positive result if we took a source
not on the earth but in the heavens. If we direct a telescope
at a star, to which the
momentary velocity v of
the earth is just directed
Eac (Fig. 73), the wvelocity of
Orbit. light in the lenses of the

telescope relative to ‘the

substance of the glass will

» be greater by the amount v

Fic. 73. - than if the earth were at rest,

and if we look at the same

star six months later through the telescope, the velocity of

light in the lenses will be smaller by the amount v. "Now,

since the amount of the refraction in a lens is determined by

the velocity of light, we might expect the focus of the lens

to have a different position in these two casés. This would be

an effect of the first order. For the difference of the velocity

of light in the two cases would be 2v, and its ratio to the velocity
in the ether at rest would be?-c;? = 28.

Arago actually carried out this experiment, but found no
change in the position of the focus. How is this to be ex-
plained ? N | o |

We clearly made the assumption above that the velocity
of light in a body that moves-in the ether against the ray with
the velocity v is greater by just this amount than if the body
were at rest in the ether. In other words, we have assumed
that material bodies pierce through the ether without carrying
it along in the slightest, just like a net that.is carried through
water by a boat. |

-
»
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The results of experiment teach us that this is manifestly
not the case. Rather, the ether must participate in the motion
of matter. It is only a question of how mucl). °
~ Fresnel established that to explain Arago’s observation
and all other effects of the first order it was sufficient to assume
that the etheér is only parily carried along by matter. We shall
forthwith discuss in detail this theory, which has been brilliantly
confirmed by experiment. | |

It was Stokes (1845) above ali others who later adopted the
more radical standpoint that the ether in the interior of matter
shares completely in its motion.. He assumed that the earth
carries along with itself the ether which is in its interior, and
that this ether motion gradually decreases outwards until the
state of rest of the ether in the universe is reached, It is clear
that then all optical phenomena on the earth occur exactly
as if the earth were at rest. But in order that the light that
comes from the stars may not experience deflections and changes
of velocity in the transi- W ‘
tional stratum between the A NS

ether of space and the ether ﬁ | ~ (
conveeted by the earth, )\

special hypotheses concern- 2

ing the motions of the ether o 7,/ > 4.
‘must be. made. Stokes ¢ E e
found a hypothesis such as il

satisfied all optical condi- U'[

tions. But it was shown

later not to be in -agree- F1. 74.

ment with the laws of

mechanics. Numerous attempts at rescuing Stokes’s theory
have led to no result, and it would have succumbed to internal
difficulties even if Fresnel’s theory had not been confirmed by
Fizeau’s experiment (see p. 119 below). |

Fresnel’s idea of partial convection cannot easily be deduced
from Arago’s experiment because refraction in lenses is a com-
plicated process which concerns not only the velocity but also
the direction of the waves. But there is a fuliy equivalent
experiment that was carried out by Hoek (1868) later and which
is much easier to follow.

The principle underlying the arrangement of the apparatus
is that of the interferometer (Fig. 74). The light falis from the
source () on to a half-silvered glass plate P inclined at 45° to
the direction of the ray. This glass plate divides the ray into
two parts. ‘The reflected ray (ray 1) strikes consecutively
the mirrors S, S,, S, that form the corners of a square with P,
and on its return to P is partly reflected into the telescope F.
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The transmitted ray (ray 2) traverses the same path in the
reverse sense and Interferes with ray 1 in the field of vision.
A transparent body, say a tube W filled with water, is next
interposed between S, and S,, and the whole apparatus is
mounted so that the straight line connecting S; with S, can
be placed alternately in the same direction as, and opposite to,
the earth’s motion about the sun. Let the velocity of light in
water that is at rest be ¢,. This value is a little smaller than the

L . , ¢
velocity im vacuo and the ratio of the-one to the other —=un
y % e

1s calted the refractive index of water. The velocity of light in air
differs only inappreciably from ¢, and thus the refractive index of
air i1s almost exactly equal to 1. Now the water is carried along
by the earth in its orbit. If the ether in the water were not
to participate in this motion at all then -the velocity of light
in the. water relative to the absolute ether (in outside space)
would be unaltered; that is, it would be equal to ¢,, and, for
a ray travelhng in the direction of the earth’s motion, it would
be ¢, 4 v, and ¢, relative to the earth. We shail assume
nelther of these cases to begin with, but shall leave the amount
of convection undetermined. Let the velocity of light in the
moving water relative to the absolute ether be a little greater
than ¢,, say ¢, + ¢, and hence ¢, + ¢ — v relative to the
earth.  We wish to determine the unknown convection co-
efficient ¢ from experiment. If it is zero, no convection occurs ;
if it is v, complete convection occurs. Its true value must lie
between these limits. We shall, however, make one assumption,
namely, that the convection in air rnay be neglected in com-
- parison with that in water.

‘Now, let I be ths length of the tube of water. Then the ray

requires the time ¢ ” - to traverse the tube, if the earth
is movmg in the drrectlon from S, to S,. To traverse the cor-
. responding air distance between S, and P the same ray requires

the time E"_’l_:v' Thus, on the whole, the time that the ray I
s | '

‘requires to traverse the two equal paths in water and in air is
4 !
+

c;+d—v cH4v

The ray 2 travels in the reverse direction. It first traverses

‘the air-distance in the time , then the water-distance in

c—Vv
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the time - ;+ n and hence altogether it requires for the
4 1“"“ ’
same distances in the air and water the time
l /A
LA L

¢c— 7 Cl-—¢+1)

- Now, experiment shows that the interferences do not shift

in the slightest when the apparatus is turned into the direction

opposite to that of the earth’s velocity or, indeed, into any

other position whatsoever. From this it follows that the

rays I and 2 take equal times, independent of the position

of the apparatus with respect to the earth’s orbit, that is,
I l [ l

c,+eéd—v  c+v c—v c,— ¢+ v

We can calculate ¢ from this equation. We shall pass aver
the somewhat circuitous calculation * and shall give only the
result which, if we neglect quantities of the second and higher
orders, is : | | |

b=(1—Z)p . . . 43
- This is" the famous convection formula of Fresnel, who,
indeed, found it by a different, more speculative, process.
Before we mention his assumption let us see what the formula
actually asserts. According to it the convection is the greater
the more the refractive index exceeds the value 1 which it has
invacwo. For air ¢, is almost equal to ¢, and # almost equalto 1,
thus ¢ is almost zero, as we predicted above. The greater the
refractive power, the more complete is the convection of the
light. Now, the velocity of light in a moving body, measured

* The steps of the argument are :
(c+)+tle+o—n _(a—9¢+9) +(c—9)
(o +4’"‘”)(‘+'7’) (c—v)e; -9 +0v) ’
(c+ e+ ) —o)ey — ¢ + ) = (c + & — O)e + 2)(c, + ¢ ~ o),

2 2
v+ ¢
¥ mat =4

——————— . — =

J "'}%‘:(I :+ B‘—-\/(I — B 4+ ‘gf\,
rmewe(r o))

. n®
o= (1= L
»n

and approxiraately, we have
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relative to the absolute cther is

! ! I..-
¢, + ¢ =c¢y + I_;z'é v,

and relative to the moving body it is

i+ —v=rc, + (\I—-ﬁ;;a)vwv-: Cq —~ ~—-.

This last formula will serve us as a link to Fresnel’s inter-
pretation. He assumed that the density of the ether in a
material body is different from the density in free ether ; let
the former be p, and the latter p.

We next imagine the moving body, say, in the form of a beam,
whose length is parallel to the direction of motion ; let its basic
face be of unit area. In the motion of the beam th‘rough the
ethier the front face advances by the distance v in a unit of
L time (Fig. 75), and this sweeps out a
/§ e 1 volume v (area of the face multiplied

— : by the height). . This volume con-
| /o | /7 tains an amount of ether pv. Thus
T this!enters into the beam through
Tre. 75, the front face. Here it assumes a
new density and will thus move on
with a different velocity v with respect to the body, since, for
the same reasons as above, its mass must also equal p,v;, and

we get

p1Vy = pY
or 1)1 = —-EU. .
P1

This is in a certain sense the strength of the ether wind in
the beam -moving with the velocity v».' Light which moves
with the velocity ¢, relatively to the condensed ether moves
relatively to the body with the velocity

0y e P.,
Cl,—— ()1 - Cl I -‘—7/.

P1
Now we have seen that according to the resuit of Hoek's
experiment the velocity of light relative to the moving body is

Consequently we must have |
I c,2
cm as L

py mE 0

P
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Thus the condensation 8! is equal to the square of the
coefficient of refraction.

Furthermore, we can conclude from this that the elasticity
of the echer must be the same in all bodies. For formula (37)

on p. 99 tells us tha: in every -elastic medium ¢? = P Thus

p
in ether P = c?, m matter p, = ¢,%,. But according to the
above result concerning the condensatmn of etler in matter
these two expressions are the same.

This mechanical interpretation of the convection coefficient
by Fresnel has exerted a great influence on the elaboration of
the elastic theory of light. But we must not disguise from our-
selves that it i1s open to strong objections. As 1s well known,
rays of light of different colour (frequency, have aifferent
refractive indices #, that is, different velocities Hence it
follows that the convection ,
coefficient has a different | j
value for each colour. K A [ Se—

But this is incornpatible A1 = N
with Fresnel’s interpretia- | |
tion, for then the ether }
would have to flow with a

different velocity in the )
body according to the o 7( = &
colour. Thus there would ¢ P 3
be just as many ethers as
there are colours, and that £
is surelv impossible

The convection formula | s
(43), however, is founded FiG. 76.
on the results of experi-
ment without regard to the mechanical interpretations. We
shall see that it is derived in the electro-magnetic theory of
light from ideas concerning the atomic structure of matter
and electricity.

It is very difficult to test Fresnel’s formula by means of
experiments on the earth because it requires that transparent
substances be moved with extremie rapidity. Fizeau succeeded
in carrying out the experiment (1851) by means of a sensitive
interferometer arrangement. |

The apparatus used by him is- quite similar to that of Hoek,
except that both light-paths S,S, and S, are furnished with
tubes in which the water can cu'culate they are arranged
so that the ray 1 flows directly parallel to the water, and the
ray 2 directly against it. Fizeau tested whether the water

wdlo
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- carries the light along with it by observing whether the inter-

ference fnnges were displaced when the Water was set inte
rapid motion. This displacement actually occurred. but very
much less than to the extent that would correspond to
complete convection. Exact measurement disclosed perfect
agreement with Fresnel’s convection formula (43).

0. ABERR ATION

We shall now discuss the influence of the motion of bodies
on the direction of light-rays, in particular the question whether
the motion of the earth through the ether can be ascertained
t})ly observing any phenomena accompanying changes of direction.

ere again we have to distinguish whether we are dealing with
an astronomic or an earth source of light. |

The apparent deﬂectlon of the light that reaches the earth
from the starsis the aberraiion,

(A | | ~which we have already dis-
| cussed from the point of view
of the corpuscular theory (IV,
3, p. 81). Although the ex-
planation there given is very
simple, it is correspondingly
o complicated from the point of
view of the wave-theory, for it

" is easy to see that a deflection
of the wave-plarfes does not

occur- at all. This is seen

S —* most readily in the case where
Y ~ the rays fall perpendicularly

- Fie. 77 to the motion of the observer.

For then the wave-planes of this motion are parallel and
are so perceived by the moving observer (Fig. 77). But
calculation tells us the same. Let us place a stationary co-
ordinate system S and a moving system S’ so that the x- and
the x’-axis each fall in the direction of motion, and let us count
the waves that have passed over any point P from the moment

t‘=¥.= o to the moment ¢£. This number is, as we know v(t ' :)

where s is the path traversed by the waves. In the case of
perpendicularly incident waves we clearly have s = y.
The invariance of the wave—number requires that

(-9 -

if ‘the co-ordinates are transfonhed into each other by the
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Galilei transformation. In this case the y-co-ordinate remains
unaitered, and hence we must have

’

1 4
1 4 1 4
v=1yp and - = =, thus ¢ =
¢ ¢

‘Hence the movmg observer sees a wave of exactly the same -
frequency, velocity, and direction. For if this were altered
then the wave-number m S’, besides depending on V', would
also have to depend on «’.

Thus it seems as if the wave theory is unable to account
-for the simple phenomenon of abe,rratlon which has been known
for almost 200 years.

But the position is not qulte so bad as this would indicate.
The reason for. the failure of the argument given just above
is that the optical instruments with which the observations
are made, and which include the naxed eye, do not establish
the position of the wave that arrives, but accomplish somethmgf
totally different.

- The function of the eye or of the telescope is called optical
representation, and it consists in combining the rays emitted
by a luminescent object into one picture. In this process
the vibrational energy of the particles of the object are trans--
- ported by the light-waves to the corresponding particles of
the picture. The paths along which this transference of energy
takes place are actually the physical rays. But energy is
a quantity which, according to the law of conservation, can
move about and be transformed just like a substance, but cannot
be created or destroyed. Hence it seems reasonable to apply
the laws of the corpuscular theory to the motion of energy.
As a matter of fact the simple derivation of the aberration
formula given earlier is quite correct if we define the light-
rays as the energy-paths of the light-waves and apply the
laws of relative motion to them, as if they were streams of
projected particles. -

But we may also obtain this aberratlon formula, without
applying this conception of rays as energy paths, by followmg the
refraction of waves individually in the lenses or prisms of the
optical instrument. For this we require a definite convection
theory. Stokes’s theory of complete convection can.account
for aberration only by making assumptions about the motion
of the ether which are not admissible. We have already called
attention to these difficulties above. Fresnel’s theory gives
a law of refraction of waves of light at the surface of moving
bodies from which the aberration formula follows exactly.
The substance of the body-through which the light passes
does not affect the result, although the value of the convection
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coefficient is different in every substance. To test this directly
Airy (1871) filled a telescope with water and ascertained that
the aberration retained its normal value. The aberration is,
of course, no longer an effect of the first order if the- hght-wave
and the observer have no motion relative to each other. - From
this it also follows that in all optical experiments with sources
of light on the earth.no deflection of the rays through the ether
wind occurs. -Fresnel’s theory succeeds in representing these
facts so that they are in agreement with experiment. It is
unnecessary to enter into the details.

II. RETROSPECT AND FURTHER DEVELOPMENT

We have treated the lumlmfer_ous ether as a substance
that obeys the laws of mechanics. Thus it satisfies the law
of inertia, and hence where there is no matter, in astroncmic
space, it will- be at rest in an appropriate inertial system.
Now if we refer all phenomena to a different inertial system,
exactly the same laws hold for the motions of bodies and of
the ether, hence also for the propagation of light, but, of course,
only in as far as they concem accelerations and mutual force
effects. We know that the velocity and the direction of a
motion are quite different with respect to different inertial
.systems ; for we may regard every body moving in a straight
line as at rest merely by choosing a suitable system of refer-
ence, namely, one that moves with it. Thus in this almost
trivial sense the classical principle of relativity must hold
for the ether regarded as a mechanical substance. |

From this it follows, however, that the velocity and direction
of light-rays must appear dlfferent in every inertial system.
Thus it was to be expected that it would be possible to ascertain
the velocity of the earth or of the solar system by observing
optical phenomena at the surface of the earth, which are in
the main conditioned by the velocity and dJrectlon of the light.
But all experiments performed with this end in view led to
a negative result. -Hence it appears that the velocity and’
direction of the light-rays are quite independent of the motion
of the astronomic body on which the observations are carried
out. Or, expressed in other words, optical phenomena depend
only on the relative motions of material bodies.

This is a principle of relativity which seems quite similar
to the classical principle of mechanics, and yet it has a different
meaning. For it refers to velocities and directions of motional
events, and in mechanics these are nof independent of the moticn
of the system of reference.

Now there are two possible points of view. One of these
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starts from the assumption that optical observations actually
introduce something that is fundamentally new, namely,
‘that light behaves differently from material bodies as regards
direction and velocity. So soon as optical observations are
taken as convincing evidence this point of view will be adopted
if all speculations about the nature of light are left out of con-
- sideration. We shall see that Einstein finally pursued this
- path. It, however, requires utter freedom from the conventions
- of the traditional theory, which is attained only when the
~ Gordian knot of constructions and hypotheses has become so
intricate that the only solution left is to cut it.

But in our above discussion we were still iving in the most
flourishing period of the theory of the mechanical ether.
This theory was compelled to regard the optical principle of
relativity as a secondary, in a certain sense half accidental
phenomenon, brought about by the compensating effect of causes
that were acting in opposition to each other. ~The fact that
such is possible to a certain extent is due to the circumstance
that it is still open to make hypotheses about how the ether
moves and how it is influenced in its motion by moving bodies.
Now it is a great achievement of Fresnel’s convection hypothesis
that it actually accounts for the optical principle of relativity,
so far as quantities of the first order are concerned. So long
as the accuracy of optical measurements did not attain the
great improvement necessary to measure quantities of the
second order, this theory sufficed all demands of experiment
with one possible exception, to which, curiously enough, very
little attention was paid. For if improved accuracy in astro-
nomical measurement should arrive at the result that hy
observing the eclipses of Jupiter’s satellites accordirg to the old
method of Romer (see p. 80) an influence of the motion of
the solar system on the wvelocity of light were to be revealed,
then certainly the ether theory would be confronted with a
problem that would appear insoluble. For it is clear that this
effect of the first order could be argued away by no hypothesis
about the convection of the ether. | .

So we recognize the importance of the experimental task
of measuring the dependence of optical events on the earth’s
motion as far as quantities of the second order. Only the
solution of this problem can give us a decision as to whether
the optical principle of relativity holds rigorously or only
approximately. In the former case Fresnel's ether theory would
fail ; we should then be confronted with a new state of affairs.

Historically, this occurred only about 100 years after
- Fresnel’s time. In the meanwhile the ether theory was de-
veloped in other directions. For at the outset there was not
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one ether but a whole series, an optical, a thermal, an electrical,
a magnetic ether, and perhaps a few more. A special ether
was invented, as a carrier, for every phenomenon that occurs
in space. At first all these ethers had nothing to do with each
other, but existed in the same space independently of each other,
side by side or, rather, interwoven. This state could not, of
course, last in physics. Relationships. were soon found be-
tween the phenomena of different branches that were at first
separate, and so there emerged finally one ether as the carrier
of all physical phenomena that bridge over space free of matter,
In particular, light showed itself to be an electromagnetic
process of vibration, of which the carrier is identical with the
medium that transmits electric and ‘magnetic forces. These
discoveries first gave the ether theory strong support. At
last, indeed, the ether came to be identified with Newtonian
space. It was to persist in absolute rest and was to transmit
not only electromagnetic effects but also indirectly to generate
the Newtonian inertial and centrifugal forces.

We shall next describe the development of the theory.
The process has features resembling the trial of a case in court.
The ether is alleged to be the universal culprit, the pieces of
evidence accumulate overwhelmingly, until at the end the
undeniable proof of an alibi, namely, Michelson and Morley’s
experiment about the quantities of the second order, and its
interpretation by Einstein puts an end to the whole business.



CHAPTER V

THE FUNDAMENTAL LAWS OF ELECTRODYNAMICS

I. ELECTRO- AND MAGNETO-STATICS

~ HE fact that a certain kind of ore, magnetite, -attracts

I iron, and that rubbed amber (elektron in Greek) attracts

and holds light bodies was known even to the ancients.

But the sciences of magnetism and electricity are products

of more recent times, which had been trained by Galilei and

Newton to ply Nature with rational questions and to read the
answer out of experiment.

The fundamental facts of electric phenomena were estab-
lished from the year 1600 onwards. We shall recapitulate
them briefly. At that time friction was the exclusive means
of producing electrical effects. Gray discovered (1729) ‘that
metals, when brought into contact with bodies that-have been
electrified by friction, themselves acquire similar properties.

He showed that the electrical effects can be passed along
in the metals. This led to the classification of substances
as conductors and non-conductors (insulators). It was dis-
covered by du Fay (1730) that electrical action is not always
atiraction but may also be repulsion. He interpreted this
fact by assuming two fluids (nowadays we call them positive
and negative electricity), and he established that similarly
charged bodies repel each other, oppositely charged bodies
attract each other. _

We shall here define the conception of the electric charge
quantitatively at once. In doing so we shall not follow rigor-
ously the very often circuitous steps of argument that led
historically to the enunciation of the conceptions and laws,
but we shall rather select a series of definitions and experi--
ments in which the logical sequence comes out most clearly.

Let us imagine a body M that has somehow been electrified
by frictien. This now acts attractively or repulsively on ¢iher
electrified bodies. To study this action we shall take smail
test bodies, say spheres, whose diameters are very small com-
pared with their closest approach te the body M, at which we
| 125 ® -
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still wish to investigate the force. If we bring such a test
bqdy P near thé body M, whose action we wish to study,
P experiences a statical force of definite magnitude and direc-
tion, which may be measured by the methods of mechanics,
say, by balancing it against a'weight with the help of levers
or threads.

We next take two such test bodies P, and P, bring
them in-turn to the same point in the vicinity of M, and measure
ir: each case the forces K, and K, as regards size and direction.
We shall henceforth adopt the convention that opposite forces
are to be regarded as being in the same direction, but their
values are to have opposite signs attached in calculations.

Experiment shows that the two forces have the same direc-
tion, but their values may be different and they may have
different signs.

Now let us bring the two test bodies to a different point
near M and let us again measure the forces K,’ and K, as
regards value and direction. They have again the same
direction, but in general they have different values and a
different sign. -

If we next form the ratio K, : K, of the forces at the first
point, and then the ratio K, : K,’ at the second, it is found
that both have the same value, which may be positive or nega--
tive :

K, K

K, K,

From this result we may conclude :

r. The direction of the force exerted by an electrified body
M on a small test-body P does not depend at all on the nature
and the electrification of the test-body, but only on the pro-
pertics of the body M.

2. The ratio of the forces exerted on two test-bodies brought
to the same point in turn is quite independent of the choice
of the point, that is from the position, nature, and electrifica-
tion of the body M. It depends only cn the properties of the
test-bodies. |

We now choose a definite test-body, electrified in a definite
way, as a unit body, and we ascribe to it the charge or amount
of electrification 1. With the aid of this we everywhere
measure the force that the body M exerts. Let it be denoted
by E. Then this also determines the direction of the force K
exerted on any other test-body P. The ratio K : E, however,
depends only on the test-body P and is called its electric charge e.
This may be positive or negative according as K and E are
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in the same or in oppcsite directions, in the narrower sense.
Thus we have

—_ == £ . ==

g =201 K=_¢E : : . (44)

The force £ on the charge 1 is also called the eleciric 1ntensity
of field of the body M. When once the unit charge has been
fixed it depends only on the electrical nature of the body M
and determines its electrical action in the surrounding space,
or as we usualily say, its ‘ electric field.”

As for the choice of the unit charge, it would be almost
impossible to fix this practicaliy by a decree concerning the
electrification of a definite test-body ; rather, one will seek to
find a mechanical definition for it. This is successfully done
as follows :

We can first charge two test-bodies equally strongly. The
criterion of equal charges is that they experience the same
force from the third body M when placed successively at the same
point near it. The two bodies will then repel each other with
the same force. We now say that their charge is 1 if this re-
pulsion is equal to the unit of force when the distance between
the two test-bodies is equal to unit length. Nothing at ali
is herein assumed about the dependence of the force on the
distance.

‘Through these definiticns the amount of electricity or the
electric charge becomes just as much a measurable quantity
as length, mass, or force.

Thp ‘most important law about amounts of electricity,
which was enunciated independently in 1747 by Watson and
Franklin, is the law that in every electz ical process egual
amounts of positive and negative elebtﬂmtv are always formed.
For example, if we rub a glass rod with a piece of silk, the glass
rod becomes charged with positive electrification ; an exactiy
equal negative charge is then found on the silk,

This empirical fact may be 1nterpreted by saving that the
two kinds of electrification are #oi generated by friction but are
only separated. They are represented as two fluids that are
present in all bodies'in equal quantities. In non-electrified
“ neutral ” bodies they are everywhere present to the same
amount so that their effects outwards are counterbalanced.
In electrified bodies they are separated. One part.of the
positive electrification, say, has flowed from one body to another,
and just as much negative has flowed in the reverse direction.

But it is clearly sufficient to assume one fluid that can
flow independently of matter. Then we must ascribe to the
matter that is free of this fluid a definite charge, say positive,
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and to the fluid the opposite charge, that is, negative. The

electrification consists in the negative fluid flowing from one
body to the other. The first will then become positive because
the positive charge of the matter is no longer wholly compen-

sated ; the other becomes negative because it has an excess
of negatwe fluid.

The struggle between the supporters of these two hypo-
theses, the omne-flurd theory and the two-fluid theory, lasted a
long time, and of course remained fruitless and purposeless
until it was decided by the discovery of new facts. We shall not
entes further into these discussions, but shall only state briefly
that characteristic differences were finally found in the be-
haviour of the two electrifications ; these differences indicated
that the positive electrification is actually firmly attached to
matter, but the negative can move freely. This doctrine
still holds to-day. We shall revert to this pomt later in dealing
with the theory of electrons.

Another controversy gathered round the questlon as to
how the electrical forces of attraction and repulsion are trans-
mitted through space. 'The first decades of electrical research
were not yet carried out under the influence of the Newtonian
theory of attraction. Action at a distance seemed unthinkable.
Metaphysical theorems were held to be wvalid, such as that
matter can act only at points where it is itself present, and thus
diverse hypotheses were evolved to explain electrical forces,
that emanations flowed from the charged bodies and exerted
a pressure when they impinged on bodies, and similar assump-
tions. But after Newton’s theory of gravitation had begun
to reap its victories the idea of a force acting directly at a dis-
tance gradually became a habit of thought. For it is, indeed,
ncthing more than a habit of thought when an idea impresses
itsclf so strongly on minds that it is used as the last principle
of explanation. It does not then take long for metaphysical
speculation, often in the garb of philosophic criticism, to evolve
the proof that the correct or accepted principle of explanation
is a logical necessity and that'its opposite cannot be imagined.
But, fortunately, progressivé empirical science does not, as
a ule trouble about this, and, when new facts demand it,
it often has recourse to-ideas that have been condemned.
The development of the doctrine of electric and magnetic
forces is an example of such a cycle of theories. At the be-
ginning we see a theory of contiguous actipn based on meta-
physical grounds ; it is replaced by a theory of action at a
listance on Newton’s model. At the end this pecomes trans-
formed, owing te the discovery of new facts, into a general
theory of contiguous action again. But this fluctuation is



LAWS OF ELECTRODYNAMICS 129

no sign of weakness. For it is not the pictures that are con-
‘nected with the theories which are the essential features, but the
-empirical facts and thein conceptual relationships. Yet if
we follow these we see no flueination but only a continuous
development full of inner logical eonsistency. We may
justifiably omit the first theoretical attempts of pre-Newtonian
times from the series because the facts were known too incom-
pletely to furnish really convincing starting-points for -theory.
But the fact that the theory of action at a distance then arose
in conformity with the model of Newtonian mechanics is founded
quite naturally in the nature of electrical facts. A branch of
research which had at its disposal only the experimental means
of the 18th century could not do otherwise, on the ground of
the- observations possible. at that time, than come to the de-
cision that the electrical and the magnetic forces act at a dis-
tance in the same way as gravitation. Nowadays, too, it is
absolutely permissible, from the point of view of the highly
developed theories of contiguous action of Faraday and Max-
well, to represent electro- and magneto-statics by means of
actions at a distance, and when properly used, they always
lead to correct results. | |
* Theidea that electric forces act like gravitation at a distance
was first conceived by Aepinus (1759). He even went so far
as to regard gravitation and. electricity as effects of the same
fluid. He supposed, in the sense of the one-fluid theory,
that matter devoid of electric fluid would repel other matter,
bu: that there is always a little excess of fluid present that
effects the grawvitational attraction. Curiously enough he did
not succeed in setting up the correct law for the dependence
of electrical actions on the distance, but he was able to explain
the phenomenon of influence qualitatively. This consists in
\ charged body acting attractively not only on other charged
wdies but also on uncharged bodies, particularly on conducting
yodies, for a charge of the opposite sign is induced on the side
f the influenced body nearest the acting body, whereas a
harge of the same sign is driven to the further side (Fig. 48); -
ence the attraction outweighs the repulsion. |
The true law was presumably first found by Priestley,
he discoverer of oxygen (1767). He discovered it by an
igenious indirect way which essentially carries more con-
iction with it than that of direct measurement. Independently
t him Cavendish (1771) derived this law by the same methed.
lt it receives its name from the physicist who first proved
by measuring the forces directly, namely, Coulomb (1785).
The argument of Priestley and Cavendish ran somewhat as
nlows : |
9
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If an electric charge is given to a conductor then it cannot
remain in equilibrium in the interior of the conducting sub-
stance since particles of the same charge repel each other.
Rather, they must tend to the outer surface at which they
d1stnbute themselves in a certain way so as to be in equilibrium.
. Now experiment teaches very definitely that no electric
field exists within a space that is enclosed on all sides by
metallic walls, no matter how strongly the envelope is charged.
The charges on the outer surface of the empty space must thus
distribute themselves so that the force exerted at each point
in the interior must vanish. Now, if the empty space has
the particilar form of a sphere, reasons of symmetry convince
us that the charge can only be distributed uniformly over the
surface. If p is the charge per unit area of surface (density of
charge, then amounts of electnc1ty pfi.-- pf, are on the two por-

FiG. 79.

tions f,, f; of the surface. The force that a small portion of
surface f, ot this kind exerts on a test-body P situated in the
interior of the sphere and carrying the charge ¢ is then K,
= epflRl, where R, denotes the force which is exérted between
two units of charge 'Placed at P and f,, and which somehow
depends on the distance 7, between P and f;. Now corre-

sponding to each portion of surface f, there is an opposite por-
tion f,, which is obtained by connecting the points of the boun-
dary of f, with P and producing these lines through P until
they intersect the sphere. The two portions of area f, and f,
are thus cut out of the surface of the sphere by the same double
cone with its apex at P (Fig. 79), and the angles between them
and the axis of the double cone are equal. = The values of f, and
/2 are thus in the ratio of the squares of the distances from P :

f4 722

——-—o.-—‘

| fioo7d -
The charge pf, on f, exerts the force K, = ¢pf.R, on P

————
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where K, depends on 7, in some way ; K, is of course oppositely
directed to K;.

It readily suggests itself to assume that all the forces acting
on P can only then neutralize each o#lmer if the forces due to
two opposite portions of area exactly counterbalance, that is,
when K, = K,. It is possible to prove this assumption, but
that would take us too far here. If we take it for granted,
then it follows that f1R1 = f,R,, or |

1 S 7Y
R f1 "12‘
Acéordingly Ry2=Ry,2=c¢c

where ¢ is a quantity independent of the distance r. This
determines R, and R, namely,

c c

1 = — =

»

£ 752

Hence, in general, the force R between two unit charges at
a distance » apart must have the value

c

7'2
In ¢conformity with our convention about the unit of electric
charge we must set ¢ = 1. The force between two unit charges
unit distance apart is to be equal to 1. With this convention
the force that two bodies carrying the charges ¢, and ¢, ahd at
a distance 7 apart exert on each other is

= .. . . (45)

- This is Coitlomb’s law. 1a its formulation we assume that
-the greatest diameter of the charged bodies is, of course, small
-compared with their distances apart. This restriction 'ex-
-presses that this law, just like the law of gravitation, is an
idealized elementary law. To deduce from it the action of
bodies of finite extent we must consider the electricity dis-
tributed over them to be divided into small parts, then calculate
the effects of all the particles of the one body on all those of
the others in pairs and sum them.

Formula (45) fixes the dimensions of quantity of electricity

e=
since we have for the repulsion of two equal charges - =K,
¥

that is, e = . /K, hence
| ) rL
6} = IL/R) = | Ly | = [ f~ME ]
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This, at the same time, fixes the unit of charge in the C.G.S.

O — T e ot Vet

oni. Jgrm cm.,

sec.
The electric intensity of field E, defined by K = ¢E, has the
dimensions

E=[7]= ["""” o=]- L‘f?jﬁ]:[%\//%]'
/grrn

SCC \ CIn.

After Coulomb’s law had been set up electrostatics became
a mathematical science. Its most imporiant problem is this:
given the total quantity of electricity on conducting bodies,
to calculate the distribution of charges on them under the
a~tion of their mutual influence and also the forces due to these

r..arges. The development of this mathematical problem is
wnteresting in that it very soon became changed from the original
formulation based on the theory of action at a distance to a
theory of pseudo-centiguouas action, that is, in place of the
siummations of Coulomb forces there were obtained differential
equations in which the intensity of field E or a related quantity
called potential occurred as the unknown. But we cannot here
further discuss these purely mathematical questions in which
Laplace (1782), Poisson (1813), Green (1828), and Gauss (1840)
have achieved meritorious results. We shall emphasize only
one point : in this treatment of electrostatics, which is usually
called the theory of potential, we are not dealing with a true
theory of contiguous action in the sense which we attached to
this expression above (IV, 6, p. 95). For the differential
equations refer to the change in the intensity of field from place
to place, but they contain no member that expresses a change
in time. Hence they entail no transmission of electric force
with finite velocity but, in spite of their differential form, they
represent an instantaneous action at a distance.

The doctrine of magnefism developed in the samte way as
electrostatics. We may, therefore, express ourselves briefly.
The most essential difference between these two regions of
phenomena is that there are bodies that conduct electricity,
whereas magnetism is always bound to miatter and can only
move with it.

A lozenge—shaped magnetized body, a magnet needle, has
two poles, that is, points from which the magnetic force seems
to start out, and again the law holds that‘ like poles repel,
unlike poles attract. If we break a magnet in halves, the two
parts do not carry opposite magnetic charges, but each part

svstein ; 1t must be written

L....:

and its unit is
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“recetves a new pole at the broken surface and again represents
a complete magnet with two equal but opposite poles. This
holds, no matter into how many parts the magnet be broken.

From this it has been concluded that there are indeed two -
kinds of magnetism as in the case of "electricity, that they
cannot move freely, and that they are present in the smallest
particles of matter, molecules, in equal quantities but separate.
Thus each molecule is itself a small magnet with a North and
a South pole (Fig. 80). - The magnetization of a finite body
consists in all the elementary maguets that were originally in
complete disorder being brought intc the same direction. Then
the effects of the alternate North (+) and South (—) poles
counterbalance except for those at the two end faces, from which
therefore all the action seems to start.

By using a very long thin magnet needle it is possible to ar-
range so that in the vicinity of the one pole the force of the other
becomes inappreciable. Hence in magnetism, too, we may ope-
rate with test-bodies, namely, with' the poles of very long thin

(O
C DD
D DD

Fi1G. 8o.

magnetic rods. These allow us to carry out all the measure-
ments that we have already discussed in the case of electricity.
We thus succeed in defining the amount of magnetism or the
pole sirength p and the magnetic intensity of field H. The
magnetic force that a pole p experiences in the field H is

K=psH . L. e (49)
. The unit of pole is chosen so that two unit poles at unit
distances apart exert the repulsive force I ‘on each other.
The law according to which the force between twa poles 9, -
and p, changes with the distance was also found by Coulomb
from direct measurement. Just like Newton’s law of attraction,
it has the form | . |

K ;..:1_"51?2 _' .. | . (47)

* Clearly the dimensions of magnetic quantities are the same
a5 those of the corresponding electric quantities, and their
units have the same notation in the C.G.S. system.”

The mathematical theory of magnetism runs fairly parallel
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~with that’ of electncxty The most essential difference is that
the true quantities of magnetism remain attached to the
molecules, and that the measurable accumulations that condition
the occurrence of poles in the case of finite magnets arise only
owing to the summation of molecules that point in the same
-dn'ectwn .

2. VoLTAIC ELECTRICITY AND ELECTROLY\SIS

The discovery of so-called contact electncxty by Galvam
(1780) and Volta (1792) is so well known that we may pass it
by here. For however interesting Galvani’s expenments with
frogs’ ‘legs and the resulting ‘discussion about the origin of
electric charges may be, we are heré more concerned . with
formulating. conceptions- and laws clearly Hence ‘we shal]
'recount only the facts. -

“If two different metals be dxpped into a. solutmn (Flg 81)
say, copper and zinc into dilute sulphuric acid, the metals

| mamfest electric charges that exert exactly

B the same action as frictional electricity. - Ac-
cording to the fundamental law of electncxty
charges of both sign occur on the metals

Y | (  (poles) to the same amount. The system
Ll L1 composed of the solution and the -metals,
=1 whmh /e.lso called Voltaic element or cell, thus

has the’power of separating the two kinds of
electricity. Now, it is remarkable that this
power is apparently mexhaustlble, for if the
\ = = - poles are connected by a-wire, so that their
¥o. 8. charges flow around' and neutralize each
other, then, as soon as ‘the wire is again re-
moved, the poles are still always charged. Thus the element
cqntinues to keep up the supply of electncxty so long as the
wire connexion is maintained, Hence a continuous flow .of
electricity must be taking place. How this is_to be imagined
in detail depends on whether the one-fluid or the two-fluid theory
is supported. In the former case only oné current is present,
in the latter two opposite currents, one of each fluid, flow.
Now, the clectric current manifests its existence by showing
very definite effects. - Above all it heats the connecting wire.
Everyone knows this fact from the metallic threads in our
electric glow-lamps. Thus the current continually produces
heat-energy. Whence does the Voltaic element derive the power
of producing electricity contraually and hence thereby indirectly
generating heat ? = According to the law of conservation of
energy, wherever one kind of energy appears duririg a process
another kind of energy must disappear to the same extent.
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The source of energy is the chemical process in the cell.
‘The one metal dissolves as long as the. current flows, whereas
a constituent of the solution separates out-on the other. Com-
plicated chemical processes may take-place in the solution.
itself. We have nothing to do with these but satisfy ourselves
with the fact that the Voltaic element is a means-of generating
electricity in unlimited quantities and of producing considerable
electric currents.

But we shall now have have to consider the reverse process
in which the electric current produces a chemical decomposition.
For example if we dllow the current between two undecompos-
able wire leads (electrodes), say of platinum, to flow. through
slightly acidified water, the latter resolves into its components,
hydrogen and oxygen, the hydrogen coming off at the negative
electrode (cathode), the oxygen at the positive electrode
(anode). The quantitative laws of this process of *‘ elec-
irolysts,” discovered by Nicholson and Carlisle (1800), were
found’ by Faraday (1832). The far-reaching consequences
of Faraday’s researches for the knowledge of the structure
of matter are well known ; it is not.the consequences them-
selves that lead us to dlscuss these researches but the fact
that Faraday’s laws furnished the means of measuring electric
currents accurately, and hence allowed the system of electro-
magnetic conceptions to be still further elaborated.

This experiment in electrolytic dissociation can be carried
out not only with a Voltaic. current, but just as well with
a current discharge, which occurs when oppositely. charged
metallic bodies are connected by a wire.. Care must indeed
be taken that the quantities of electncxty that take place in
the discharge are sufficiently great. - We have appara’rus for
storing electricity, so-called comdensérs, whose action depends
on the  induction principle, and which give such- powerful
discharges that measurable amounts are decomposed in the
electrolytic cell. The amount of the charge that flows through
the cell may be measured by the above discussed methods of
electrostatics. Now. Faraday discovered the law that twice
the charge produces twice the dissociation, three times the
charge three times the dissociation, in short, that the amount
m of dissociated substance (or of .one of the products of dis-
sociation) is proportional to the quantity ¢ of electricity that;
has passed through the cell :

Cm = e -

The constant C also depends on the nature of the substances
and. of the chemnical process.
A second 1aw of Faraday regulates this dependence It
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is known that chemical elements combine together in perfectly
definite proportions. to form compounds. The quantity of
an element that combines with 1 grm. of the lightest element,
hydrogen, is called its equivalent weight. For example, in
water (H,0) 8 grms. of oxygen (O) are combined with 1 grm.
of hydrogen (H), hence oxygen has the equivalent weighkt 8.
Now Faraday’s law states that the same quantity of electricity
‘that separates out 1 grm. of hydrogen is able to separate out
an equivalent weight cf every other element, thus for example,

8 grms. of oxygen.

Hence the constant C need only be known for hydrogen,
and then we get it for every other substance by dividing this
value by the equivalent weight of the substanrc For we have
for r grm. of hydrogen

Co A=
and for any other substance with the equiv'alent weight p
Cpu=e
By dividing these equations we get
C .
=2 je. C == -(:"-1
('o 3 o

Thus Co = eis the exact quantity of electricity that separa.tes
out 1 grm. of hydrogen. Its numerical value has been de-
termined by exact measurements and amounts in the C.G.S. |
systein to

Co = 2°'go . 10 units of charge per gramme . . (48)

Now we may combine F araday s two laws into the one
formula : - |
Co ~ |
e n mo. . . . (49)
Thus electrolytic* dissociation furnishes us with a very
convenient measurement of the quantity of electricity e that
has passed through the cell during a discharge. "‘We need only
determine the mass m of a product of decomposition that has
‘the equivalent weight x and then we get the desired quantity
of electricity out of equation (49).  In this it is of course a
matter of indifference whether this electricity is obtained from
the discharge of charged conductors (condensers) or whether
it comes from a Voltaic cell. In the latter case the electricity
flows continuously with constant strength ; the quantity that
passes per unit of time through any cross-section of the con-
ducting circuit, and hence also through the decomposing cell,
is called the infensity of current or current strength., This may
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be measured simply by allowing the Voltaic current to flow
for a unit of time (1 sec.) through the electrolytic cell and then
determining the mass » of a product of dissociation. Then
equation (49) again gives.us the charge ¢, which is equal to the
current strength. If the current flows not for 1 sec. but for
¢ secs., then the quantity of electricity e and the mass m of each
product of decomposition separated out is ¢ times as great.
Hence the intensity of current J is

Its dimensions are | -
=[] = [fvR] = [fvmm]

and its unit is

cm. 4/grm. cm.
sec.?

3. RESISTANCE AND HEAT oF CURRENT

We must next occupy ourselves a little with the process
of conduction or flowing itself. It has been customary to
compare the electric current
with the flowing of water in a
conducting tube and to apply
the conceptions there valid to
the electrical process. If water
is to flow in a tube there must
be some driving force. If the
water be allowed to flow down
from a higher vessel through an
inclined tube to a lower vessel,
gravitation 1s-the driving force
(Fig. 82). This is so much the i
greater, the higher the upper Fic. 82
surface of the water is above the
lower. But the velocity of the current of water or its current
strength depends not only on the amount of thé impulse given
by gravitation but also on the resistance that the water ex-
periences in the conducting tube. If thig is long and narrow
the amount of water sent through per unit of time is less than
in the case of a short wide tube. The current strength J is
thus proportional to the difference of level V that drives the
water and inversely proportional to the resistance W, We set

v |
J:.:WQrJW-:::V . . (51)
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in which the unit of resistance chosen is that which allows the
current of strength 1 to flow when the difference of level is 1

G. S. Ohm (1826) applied precisely the same ideas to the
electric current. The difference of level that effects the flow
- corresponds to the electric force. For a definite piece of wire
of length ! we must set V = El, where E is the field strength,
which is regarded constant along the wire. For if the same
electric field acts over a greater length of wire, it furnishes
a stronger impulse to the flowing electricity. The force V
is also called -the eleciromotive force (difference of potential or
level). It is moreover identical with the cgnception of electric
potential which we mentioned above (p. 132).

Since the current-strength J and the electric mtenslty of
field E, hence also the potential difference or electromotive
force V = E/, are measurable quantities, the proportlonahty
between ] and V expressed in- Ohm’s law may be tested experi-
mentally.

The resistance W depends on the material and the form
of the conducting wire ; the longer and thinner it is, the greater
is W. If lis the length of the wire and g the size of the cross-
section, then W is directly p"oportlo,nal to /, and mverselv
_proportxonal toq. We set

l ! | . -

oW=-orW= . . : : 2

. = - (52

where the factor of proportionality o depends further only
on the material of the wire V and is ‘called the conductivity.

If we substitute W from (52) and V == el in (51), we get

JW=Jt=vV=EL
| go |

‘By cancelling / we get

q

go
But I denotes the current strength per unit cross-section.

This is called the current density and is denoted by . We thus
have
) : . . (53\

In this form Ohms law s 1eft with only one coustant
peculiar to the conducting material, namely, the. conductivity
0. but in no other way depending on the form of the conducting
body (wire).
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In the case of insulators ¢ == O. But ideal insulators
do not exist. Very small traces of conductivity are always
present except in a complete vacuum. There is an unbroken
- sequence known leading from bad conductors (such as porce-
lain, amber) over the so-called semi-conductors (such as water
~and other electrolytes), to the metals, which’ have enormously
high conductivity.

We have already pomted out above that the current heats
; the conducting wire. The quantitative law of this pheno-
" menon was found by Jowe (1841). It is clearly a special case
of the law of conservation of energy, in which electric energy
becomes transformed into heat. Joule’s law states that the
heat developed per unit of time by the current J in traversmg
the potent1al difference V is »

Q=Jv. . . .'.<M)

where Q is to be measured not in calories but in mechanical
units of work. We shall make no further use of this formula,
“and state it here merely for the sake of completeness.

4. ELECTROMAGNETISM

- ‘Up to that time electricity and magnetism had been re-
garded as two regions of phenomena that were similar in some
respects, but quite separate and self-dependent. A bridge
was eagerly sought between the two regions, but for a long time
without success. At last Oersted (1820) discovered that magnet
needles are deflected by Voltaic currents. In the very same
year Biot and Savart discovered .the quantitative law of this
phenomenon, which Laplace formulated as an action at a dis-
tance. It is very important for us for the reason that in it
there occurred a constant, peculiar to electromagnetlsm and
of the nature of a velocity -which showed Ltself later to <he
identical with the velocity of light.
Biot and Savart estabhshed that the current ﬁowmg in
a stralght wire neither attracts nor repels a. magnetic pole,
but strives to drive it round in a circle around the wire (Fig.
83), so that the positive pole moves in the sense of a right-
handed screw turned from below (contrary to the bands of
a watch) about the (positive) direction of the current. The
grawtatwe law can be brought into the simplest form by sup-
posing the conducting wire to be divided into a number
of short pieces of length / and writing down the effect of these
current-elements, from which the effect of the whole current
is obtained by summation. We shall do no more than state
‘the law of a current element for the spemal casc in which
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the magnetic pole lies in the plane that passes through the
middle part of the -element and is perpendicular to its direction -
(Fig. 84). Then the force that acts on the magnet pole of unit
strength, i.e. the magnetic intensity of field ‘H in this plane,
1s perpendicular to the line connecting the pole with the mid-
point. of the current-element, and is directly proportional to
the current intensity J and to its length /, and inversely pro-
portional to the square of the distance 7 : |

l -
cH _::1%_2 . . . . ( 5 3)

Outwardly this formula has again similarity with Newton’s
law of attraction or with Coulomb’s law of electrostatics and
magnetostatics, but the electromagnetic force has nevertheless
a totally different character. For it does not act in the direc-
tion of the connecting line but perpendicular to it. The three

4

Ad

Fic. 83. Fic. 84.

directions J, », H are perpendicular to each other in pairs.
From this we sée that electrodynamic effects are intimately
connected with the structure of Euclidean space; in a certain.
‘sense they furnish us with a natural rectilinear co-ordinate
system. | - . -

The factor of proportionality ¢ introduced in formula (55)
is completely . determined since the distance #, the current-
strength J, and the magnetic field H are measurable quantities.
It clearly denotes the strength of that current which when it
flows through a piece of conductor of length 1 produces the
magnetic field 1 at unit distance. It is customary and often
convenient to choose in place of the unit of current that we
‘have introduced (namely, the quantity of static electricity
that flows through the cross-section per unit of time) and that
is called the electrostatic unit, this current of strength ¢ in
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electrostatic measure as the unit of current ; it is then called
the electromagnetic unit of current. Its use brmgs with it the
advantage that the equation (55) assumes the simple form

H= rE or J ._..I_{l-f whereby the measurement of the strength
ofa current is reduced to that of two lengihs and of a magnetic
field. Most practical instruments for measuring currents
~depend on the deflection of>magnets by currenis or the con-
~verse, and hence give the current strength in electromagnetic
measure. To express this in terms of the electrostatic measure
of current first introduced the constant ¢ must be knovm
for this, however, only one measurement is necessary.

Before we speak of the experimental determination of the
quarntity ¢, we shall get an insight into its nature by means

of a 91mple dimensional consideration. According to (55)
l

it is defi ~ g
it is defined by ¢ i
Now the following dimensional formula hold :

-} =-[8)

hence -the dimensions of ¢ become

el.
[e] = [pT}

But we know that the electric charge e and the magnetnc\
strength of pole p have the same dimensions because Coulomb’s
law for electnc and magnetic force is exactly the same.. Hence

we get
=[]

that is, ¢ has the dimensions of a velocity.

The first exact measurement of ¢ was carried out by Weber
and Kohlrausch (1856). These experiments belong to the
most memorable achievements of physical precision measure-
ments, not only on account of their difficulfy but alse on account
of the far-reaching consequences of the result..” For the value
obtained for ¢ was 3.10'° cm.[sec., which is exactly idemiical with
the velocity of light.

This equality could not be accidental. Numegous thinkers,
above all Weber himself, the mathematicians Ganss and Rie-
mann, and the physicists Neumann, . Kirchhoff, Cldausius. felt
the close relatioriship that the number ‘¢ = 3.¥6" ‘cm./sec.
established between two g1 eat realms of science, and they sought
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to discover the bridge that necessarily led frony electromagnetism
to optics. Riemann came very near to solving the problem,
but this was actually accomplished by Maxwell, after Faraday’s
wonderful and ingenious method of experimenting had brought
to light new facts and new views. We shall next pursue this
development. -

5. FArRADAY'S LiIN¥s OF FORCE

Faraday came from no learned academy ; his mind was not
burdened with traditional ideas and theortes His sensational
rise from a book-binder’s apprentice to the world-famous
physicist of the Royal Society is well known. The world of
his ideas, which arose directly and exclusively from the abun-
dance of his experimental experiences, was just as {ree from
‘the conventional scheme as his life. We discussed abave his
researches on electrolytic dissociation. His method of trying
all conceivable changes in the conditions of experiment led him
(183%) to insert a non-conductor like petroleum and tugpentine
between the two metal plates (electrodes) of the electrolytic cell
in place of a conducting fluid (acid or solution of a salt). These
ron-conductors did not dissociate, but they were not without
influence on the electrical process. For it is found that when
the two metal plates are charged by a definite Voltaic battery
with a definite potential difference, they take up totally different
charges accordmg to the substance that happens to be between
them (Fig. 85).  The non-conducting substance thus influences
the power of taking up electricity or the capacity of the system
of conductors composed of the two plates, which is ca.lled a
condenser. -

The dls,covery impressed Faraday so much that from that
time onwards he gave up the usual idea that electrostatics
was based on the direct action of electric charges at a distance,
and developed a peculiar new interpretation of electric: and
magnetic . phenomena, which is to be called a theory of con-
tiguous action.. What he learned from the experiment above
described was the fact that the charges on the two metal plates
do not-simply act on each other through the intervening space,
but that this intervening space plays an essential part in the
action. From this he concluded that the action of this medium
is propagated from point to point, and is thus an action by
contact or 4 contiguous action.

We are familiar with the contiguous action of elastic forces
in deformed rigid bodies. Faraday, who always kept to em-
pirical facts, did indeed compare the electric contiguous action
in non-conductors with elastic tensions, but he took good care
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not to apply the laws of the latfer to electrical phenomena.
He used the graphical picture of ** lines of force ”’ that run in
the direction of the electric intensity of field from the positive
charges through the insulator to the negative charges. - In the
case of a plate-condenser the lines of force are straight lines
perpendicular to the planes of the plate (Fig. 86). Faraday
regards the lines of force as the true substratum of electric
events ; for him they are actuallv material configurations that
move about, deform themselves, and hereby bring about
electrical effects. For Faraday the charges play a quite
subordinate part, as the places at which the lines of force start
out orend. He was strengthened in this view by those experi-
ments which prove that in conductors the total electric charge
resides on the surface whilst the interior remains quite free.
To give a drastic proof of this he built a large cage fitted out
all round with metal, into which he entered with sensitive,
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clectrical measuring instruments. He then had the cage
very strongly charged, and found that in the interior not the
slightest influence of the charges was to be detected. Above
(V, 1, p. 130) we used just this fact to derive Coulomb’s law
of action at a distance. But Faradiy concluded from it that
the charge was not the primary element of electrical events,
and that it could not be imagined as a fluid which had the power
of exerting forces at a distance. * Rather, the primary element
is the state of tension of.the electric field in the non-conductors,
which is represented by the picture of the lines of force. The
conductors are in a certain sense holes in the electric field,
and the charges in them are only fictitious conceptions, in- -
vented to explain the pressures and tensions arising through
the strains in the field as actions at a distance. Among the
non-conductors or dielectric substances there is also the vacuus,
the ether, which we here again encounter in a new form.

‘This strange view of Faraday’sat first found no favour among
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the physicists and mathematicians of his own time. The
view of action at a distance was maintained, and this was
possible even when the “ dielectric”’ acticn of non-conductors
discovered by Faraday was taken into account. Coulomb’s
law only needed to be altered a little ; to every non-ccnductor
there is assigned a peculiar constant ¢, its “ dielectric constant,”
which is defined by the fact that the force acting between
two charges ¢,, ¢, embedded in the non-conductor is smalier
in the ratio 1 : e than that acting t» vacuo :

S I I . (56)

. e 7t

For a vacuum € = 1, for every other body e> 1

With this addition the phencmena of electrostatics could
actually all be explained even when the dielectric properties
of non-conductors were taken into account. We have already
mentioned above that electrostatics had formally long ago
passed over into a theory of pseudo-coatiguous action, the so-
called theory of potential. This likewise easily succeeded in
assimilating the dielectric constant e. Nowadays we know that
this really already signified that the mathematical formulation
of Faraday’s concepuon of lines of force had been obtained.
But as this method of potential was regarded only as a mathe-
matical artifice, the antithesis between the classical theory
ot action at a distance and Faraday'’s idea of contiguous action
still remained..

Faraday developed precisely similar views about magnetism.
- He discovered that the forces between two magnet poles like-
wise depend on the medium that happens to lie between them,
and this again led him to the view that the inagnetic forces,
just like the electric forces, are produced by a-peculiar state
of tension in the intervening media. The lines of force served
him to represent these tensions. They can, as it were, be made
actually visible by scattering iron filings over a sheet of paper
and holdmg the latter closely over a magnet (Fig. 87).

The theory of action:at a distance leads to ‘the formal
~ introduction of a constant characteristic of the substance,
the magnetic penetrability or permeobility u. and gives Coulomb’s

law in the a.ltered form:

K:.iﬁ#} N /)

Physicists have not, however, remained satlsﬁed with thls'
formal addition, but have devised a molecular mechanism that
makes the magnetic and dielectric power of polarization in-
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telligible. We have already seen above that the properties
of magnets lead us to regard their molecules themselves as
small elementary magnets that are made to point in parallel
directions by the process of magnetization. It is assumed that
they retain this parallelism of themselves, say, through fric-
tional resistances. Now it may be assumed that in the case
of most bodies that do not occur as permanent magnets this
friction is wanting. The parallel position is then indeed. pro-
duced by an external magnetic field, but will at once disappear
if the field is removed. Such a substance will then be a magnet
only so long as an external field is present. But it need not
even be assumed that the inolecules are permanent magnets
that assume a parallel position. If each molecule contains
the two magnetic fluids, then they will separate under the
action of the field and the molecule will become a magnet of
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itself. But this induced magnetism must have exactly the
action that the formal theory describes by introducing the per-
meability. . Between the two magnet-poles (N, S) .in such a
medium there are formed chains of molecular magnets whose |
opposite poles everywhere compensate each other in the interior,
but end with opposite poles at N and S, and hence weaken the
actions of N and S (Fig. 88). (The converse effect, namely,
strengthening, also occurs, bat we shall not enter into its inter-
pretation.) |

Exactly the same as has just been illustrated for magnetism
may also be imagined for electricity. A dielectric, in this view,
is composed of molecules that are either electric dipoles of
themselves and assume a parallel position in an external
field or that become dipoles through the separation of the
positive and negative electricity under the action of the field.

Between two plates of a condenser (Fig. 89) chains of molecules
10 '
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again form whose charges compensate each cther in the interior
but not on the plates. Threcugh this a part of the charge
on theiplates is itself neutralized, and a new charge has to
be imparted to the plates to charge them up to a defimte
tension or potential. This explains how the pclarizable
dielectric increases the receptivity or capacity of the condenser
~ According to this idea of the theory of action at a distance
the effect of the dielectric is an indirect one. The field in the
vacuum 1s only an abstraction. It signifies the geornetrical
distribution of the force that is exeited on an elecine iesi-
body carrying a unit charge. But the field in the dielectric
is in a state of real physical change, the molecular displace-
ment of the two kinds of electricity. | -
Faraday’s theory of contiguous action knows no such differ-
ence between the field in the ether and in insulating matter.
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Both are dielectrics. For the ether the dielectric constant
e = I, for other insulators € differs from 1. If the graphical
picture of electric displacement is correct for matter, it must
‘also hold for the ether. This idea plays a great part in the
theory of Maxwell, which is essentially nothing else than the
translation of Faraday’s idea of lines of force into the exact
language of mathematics. Maxwell assumes that in the ether,
too, the genesis of an electric or a magnetic field is accompanied
by “ displacements ”’ of the fluids. It is not necessary for this
purpose to imagine the ether to have an atomic structure,
yet Maxwell’s 1dea comeés out most clearly if we 1magine ether
molecules which become dipoles just like the material mole-
cules in the field. The field is not, however, the cause of the
polarization, but the displacement is the essence of the state
of tension which we call electric field. The chains of ether
molecules are the lines of force and the charges at the surface
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of the conductors are nothing more than the end-charges of these
chains. 1f there are material molecules present besides the
ether particles, the polarization becomes strengthened and the
charges at the ends become greater.

Are Faraday’s and Maxwell’s ideas or those of the theory
of action at a distance right ?

So long as we confine ourselves to electrostatic and mag-
netostatic phenomena, both are fully equivalent. For the
mathematical expression of Faraday’s idea is what we have
called a theory of pseudo-contiguous action, because it does,
indeed, operate with differential equations but recognizes no
finite velocity of propagation of tensions. Faraday and
Maxwell, however, themselves disclosed those events which,
analogously to the inertial effects of mechanics, effect the delay
in the transference of an electromagnetic state from point to
point and hence bring about the finite velocity of propagation
These events are the magnetic induction and the displace-
ment current.

6. MAGNETIC INDUCTION

After Oersted had discovered that an absolute current
produces a magnetic field and Biot and Savart had formulated
this fact as an action at a distance, Ampere discovered (1820)
that two Voltaic currents exert forces on each other, and he
in turn succeeded in expressing the law underlying this phenoc-
menon in the language of the theory of action at a distance.
This discovery had far-reaching consequences, for it made
it possible to reduce magnetism to.a form of electricity. Ac-
cording to Ampere small closed currents are supposed to flow
in the molecules of magnetized bodies. He showed that such
currents behaved exactly like elementary magnets. This idea
has stood the test of examination ; from his time onwards
- magnetic fluids became superfluous. Only electricity was left,
which when at rest produced the electrostatic ficld, and when
flowing the magnetic field besides. Ampére’s discovery may
also be expressed thus: According to Oersted a wire in which
the current J; is flowing produces a magnetic field in its neigh-
~ bourhood. A second wire in which the current J,is flowing then
experiences force effects in this magnetic field. Thus this field
clearly tends to deflect or accelerate flowing electricity. »

Hence the following question suggests itself. Can the mag:-
netic field also set electnmty that is at rest into motion ?
Can it produce or “induce’ a current in the second wire
which is initially without a current?

Faraday found the answer to this question (1831). He
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discovered that a static magnetic field has not the power of
producmg a current, but that one arises as soon as the magnetic
field is changed. For example, when he suddenly approached
a magnet to a closed conducting wire, a current flowed in the
wire so long as the motion lasted ; or when he produced the
magnetic field by means of a primary current a short impulse
of current occurred in the secondary wire whenever the first
current was started or stopped.

From this it is clear that the induced electric force depends
on the velocity of alteration of the magnetic field in time,
Faraday succeeded in formulating the quantitative law of
this phenomenon with the help of his lines of force. We shall
give it such a form that its analogy with Biot and Savart’s
law comes out clearly. We imagine a bundle of parallel lines
of magnetic force that constitute a- magnetic field H. We
suppose a circular conducting wire placed around this sheath
(Fig. 9o). If the intensity of field H changes in the small

interval of time ¢ by the amount.h we call —l; its velocity of

change or the change in the number of lines of force. If we
represent the lines of force as chains of magnetic dipoles (which,

however, according to Ampére, is not allowed), then in the change
of H a displacement of the magnetic quantities will occur in
every. ether molecule, ora * ‘magnetic displacement current’ " will
occur whose current strength per unit of area or current density

is given by i= l}-._ If the field H is not in the. ether but in a

substance of permeability u, the densrty of the magnetic
displacement current is. j = p,% - Thus the m’agrretie current

J=q}= qp.!’-' passes through the cross-section g, that is,
through the surface of ‘the circle formed by the conducting
wire. - -

Now, accordmg to Fa.raday. this magn etxc current produces
all around it an electric field E, which encircles ‘the magnetic
current exactly as the magnuetic field H encircles-the electric
current in Oersted’s experiment, only in the reverse direction.
It is this electric ﬁeld E that drives the induced current around
in the conducting wire ; it is also present even if there is no
conducting wire in which the current can form. -

Wp see that the magnetic induction of Faraday is a perfect
parallel to the electromagnetic discovery of Oersted. The
quantitative law, too, is the same. According to Biot and
Savart the magnetic field H produced by a current- element
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of length / and of strength J (Cf. Fig. 84, p. 140) in the middle
plane perpendicular to the element is perpendicular to the.
connecting line 7 and to the current direction, and has the:

’-value H = J v [Formula (55), P. 140].

" Here exa.ctly the same holds when electnc and magnegc
quantities are exchanged and when the sense of rotation is
reversed (Fig. 91). The induced elelctnc intensity of field
g |
crt
In it the same constant ¢, the ratio of the electromagnetic
to the electrostatic unit of current occurs, which was found by
Weber and Kohlrausch to be equal to the velocity of light.
It can easily be seen from considerations of energy that this
must be so.
A great number of the physical and. technical apphcatmns

in the central plane is ngen by E =

” .
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of electricity and magnetism depend on tke law of induction.

The transformer; the induction coil, the dynamo, and innumer-
able other apparatus and machines are appliances for inducing
electric currents by means of changing magnetic fields. - But
“however mterestmg these things may be, they do not lie on our -
road, of investigation, the final goal of which is to examine
the relationship of the ether with the space problem. Hence
‘'we turn our attention at once to the representation of Max-

well’s theory, whose object was to combine all known electro-
magnetlc phenomena to one umform theory of  contiguous
action.

7. MAXWELL’S THEORY OF ACTION BY CONTACT

‘We have already stated above that soon after. Coulomb's .
ldW had been set up electrostatics and magnetostatics were
brought into the form of a theory of pseudo-contiguous action.
Maxwell now undertook to fuse this theory with Faraday’s
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ideas, and to elaborate it so that it also included the newly
discovered phenomena of dielectric and magnetic polanzatlon
ot electromagnet1sm and magnetic induction.

Maxwell took as the starting-point of his theory the idea
already mentioned above that an electric field E is always ac-
companied by an electric dlsplacement el not only in matter,
for which e is greater than 1, but also in the éther, where € = 1
We explained above how the displacement can be visualised as
the separation and flowing of electric fluids in the molecules.

The first fact that Maxwell established was that in the light
of this idea of displacement Coulomb’s law was essentially
nothing more than an inference from the law of indestructi-
bility of ele(,tnmty

Let us imagine a metallic sphere embedded in a medium
whose dielectric constant 1s e (Fig. 92). In this sphere we
construct a concentric sphere of radius 1 and another of radius
r. Now, let the metal sphere
be charged with an amount of
electricity + ¢. Then, according
to Maxwell, a displacement of the
positive electricity outwards must
occur in every molecule in order
that the amount of electricity con
tained in any arbitrary volume re-
main constant. And the amount
of electricity transported across
the surface of a sphere of radius
I is tc be ineasured by ¢E ac-
cording to Maxwell. The same
amount of electricity will pass through every concentric sphere
since otherwise an accumuldtion of charges would occur in the
dielectric. And since the surfaces of two spheres are in the
ratio of the squares of the radii, an amount of electnmty riek
passes through the sphere of radius 7.

Now this must also be exactly equal to the charge e of the
metal sphliere at which the displacement comes to an end ;
thus we have r2%¢E = ¢, or |

F16. 92.

B

er?

But this 1s Coulomb’s law in the generalized form \56)
(p. 144) ; E is the force exerted by the charge ¢ on unit charge
at the distance 7.

If we are dealing, not with spheres, but with arbitrary
charged bodies, Maxwell’'s fundamental idea still remains
the same: the field is determined by the condition that the
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displacement- €E- of the electricity outwards in the delectric
or the “divergence” of ¢E (div. €E) across any arbitrarily
small closed surface just compensates the charges that occur
in the interior of the surface. By denoting the charge per
unit of volume or the density of charge of the electricity by p
we write symbolically

div.ell = ¢p . . . . (58)

This is to serve us only as a mnemonic for the law formu-
lated above. But Maxwell showed that it is possible to
derive a definite differential expression for the conception of
divergence. Hence to mathematicians formula (58) sxgmﬁes
a differential equation, a law of contiguous action. -

Exactly the -same considerations apply to magnetlsm but
with one nnportant difference : according to Ampere no real
magnets exist, no magnetic quantities, but only electromagnets
The magnetic field is always to be produced by electric currents,
whether they be conduction currents in wires or molecular
currents in the molecules. From this it follows that the
magnetic lines of force never end, that is, they either merge
into themselves again or stretch to infinity. This is so in the
case of an electromagnet, a coil through . which a current is
flowing (Fig. 93) ; the magnetic lines of force run rectilinearly
through the interior of the coil, partly joining outside and
partly going off to infinity. If we consider the coil enclosed
between two planes A and B, then just as much ‘‘mag-
netic displacement” pH will enter through A as goes out
through B. As, by the way, the' displacement picture is
unsuitable in this case, we usually say magnetic induction
instead of displacement. Hence just as many lines of - force
will go out through any closed surface as enter into it, or the
total divergence of magnetism through an a.rbltrary closed

surface is ml |
div.uH=0 . . . . (59)

This is Maxwell’s formula of contiguous actlon for magnet-‘
ism.

We now come to Biot and Savart’s law of electromagnetlsm
To convert this into a law of contiguous action we suppose the
electric current not to be flowing in a thin wire, but to be

distributed uniformiy with the den51ty = % over a circular

cross section g, and we then ask what is the magnetic intensity
of field H at the edge of the cross section (Flg 94). But by
Biot and Savart’s law this is everywhere in the direction of
the tangent to the circle and, according to formula (55), (p 140),
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it has the-valué H = c-g where 7 is the radius of the circle, and

! the length of the current element. Now the cross section,
being circular, is ar?, hence we may write formula (55) thus:

fl}%- = .{.i = J =, and this holds for eVerv Cross sectlon
e v

however small, and for every length, however- short. On . the
left, then, there is a certain differential quantity of the magnetlc
field, and the law states that this quantity is proportional to
the current—densxty We cannot here carry out the mathe-
matical investigation as to how this differential quantity is
formed. It has to take into account not only the intensity
but also the direction of the magnetic ‘field, and .since this
encircles or curls round the direction of the current, the dif-

!
|
j
i
Fic. 93. | | . T 94.'

ferential operation is called “curl” of the field H (written,
curl H). Accordmgly we write symbolically

‘"ccurl H=1¢ . e (60)

and again regard this formula only as a mnemonic for the
1elatmnsh1ps between the mtens1ty and dlrectlon of ‘the mag-
netic field H and the intensity of current 7. To the mathe-
matician, however, it is a differential equation of the same kind
as the law (58).
Now exactly the same holds for magnetic induction, but
we shall write the opposite sign to mchca te the opposite sense
of rotation ;

¢ curl E=—4 . . - (6x)

The four symbohc formulze (58) to (61) show wonderful Sy M-
metry. Formal agreement of this kind is by no means a matter
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of indifference. It exhibits the underlying simplicity of pheno-
mena in nature, which remains hidden from direct perception
~owing to the limitations of our senses, and reveals itself only
to our analytical faculty.

8. TBE DiSPLACEMENT CURRENT

But this symmetry is not perfect ; for ¢ denotes the density
of the electric current of conduction, that is, a transportation
or convection of electric currents along finite distances, whereas
7 is the time change of the. magnetic field, and can be interpretgd
as a displacement current only on the basis of the very artificial
hypothesis of ether dipoles. | |

Now Maxwell remarked (1864) that what sufiiced for the
magnetic field should hold no less for the electric field. The
idea of dipoles compels us also to assume a dielectric displace-
mend current, which flows : .
in non-conductors when the | "
electric field E varies. If c | i
is the change of E in the /”’M ]
time Z, then the density of
the dielectric displacement
current must be set equal

e
tO 6'2 .

This Maxwellian theory,
which seems almest trivial
in our cescription, is of the
greatest importance, for it
became the key to the elec-
tromagnetic theory of light. . - |
We shall make its meaning clear by considering a concrete example.
Suppose the poles of a galvanic celi to be connected with the plates
of a condenser by means of two wires, and let there be a key in
one of the two connsexions (Fig. 95). If the latter is depressed,
a short current flows which charges up the two plates of the
condenser ; between them an electric field E is thereby pro-
duced. Before Maxwell’s time, this phenomenon was regarded
as an “open circuit.” Maxwell, however, asserts that during
the growth of the field E a displacement current flows between
the condenser plates, and the current becomes added to the
conduction current so that the circuit becomes complete. So
soon as the condenser plates are charged, both currents, the
conduction and the displacement current, cease.

Now, the essentia! point is that Maxwell affirms that, just

ot et st o> = o
f-—-q B e T -

¥I1G. 95.
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like:the conduction current, the displacement current also pro-
duces a magnetic field according to Biot and Savart’s law
That this is actually so has not only been proved by the success
of Maxwell’s theory in predicting numerous phenomena, bnt
was also confirmed directly later by experiment.

- 'In -a semi-conductor a conduction and a displacement
“current will be present simultaneousl y. FYor the former,
Ohm's law, i =oE, holds; (53) (p. 138), for the latter,

Maxwell’s law, i = e_; If both are prescnt simplt anr-‘ousb we
thus have 7 = e— + o E There is no condt.ctxon current

for magnetlsm, we always have 5 = p.% in that case. If we

insert this in Gur symbolic equations (58) to (61), we get :

P(a) div.eE=p = () ccurl H— th = oE
'S 4 | | (62)
(b) div.uH =0 @ ¢ curl E "”"FZ"’"“O

- These are Maxwell's laws, which have remained. the founda-
tion of all eléctromagnetic and optical theories up to our own
time. To the mathematician they . are perfectly definite
dlfferentlal equations. To us they are mnemonics which state :

(2) Wherever >1 electric charge occurs, an electric field

.arises of such a kind that in every volume the charge
1s exactly compensated by the displacement.

(0) Through every closed surface just as much magnetic

' displacement passes outwards as comes- inwards.
(¢} Evcry electric current, be it a conduction or a displace-
- ment current is surrounded by a ‘magnetic field.
- (d) A magnetic dxsplacemenf current is surrounded by an
electric field in the reverse sense.

Maxwell’'s “ field equations,” as they are called, constitute a
true theory of contiguous action or action by contact, for, as we
shall presently see, they give a finite velocity of propaga.tlon
for electromagnetic forces. -

At the time when they were set up, however, faith in direct
action at a distance, according to the model of Newtonian
attraction, was still so deeply rooted that a considerable
interval elapsed before they were accepted. For the theory
of action at a distance had also succeeded~ in mastering the
phenomena of induction by means of formule. This was done
by assuming that moving charges exert in addition to the
Coulomb attraction also the special actions at a distance
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that depend on the amount and direction of the velocity. The
first hypotheses of this kind were due to Neumann (1845).
A particularly famous law is that which was set up by Wilhelm
Weber (1846); cimilar formule were given by Riemann
(1858), and Clausmb (x877). All these theories have in common
the idea that all electrical and magnetic actions are to be
explained by means of forces betvs cen elementary electrical
charges or, as we say nowadays, ‘‘ electrons.” They were thus
precursors of the present-day theory of electrons, with an
essential factor omitted, however, namely, the finite velocity
of propagation of the forces. These theories of electrodynamics,
based on action at a distance, gave a complete explanation of the
motive forces and induction currents that occur ia the case
of closed conduction currents. But in the case of “open’
circuits, that is,  condenser charges and dxscharges they were
doomed to failure, for here the displacement currents come
into play, of which the theories of action at a distance know
nothing. It is to Helmholtz that we are indebted for appro-
priate experimental devices, allowing us to  decideé between
the theories of action at a distance and action by contact.
He succeeded in carrying the experiment out with a certain
measure of success, and he himself became one of the most
zealous pioneers of Maxwell’s theory. -But it was his pupil,
Hertz, who secured the victory for Maxwell's theory by dis-
covering electromagnetic waves.

9. THE ELECTROMAGNETIC THEORY OF LIGHT

We have already mentioned above (V, 4, p. 141) the im-
pression which the coincidence, established by Weber and
Kohlrausch, of the electromagrietic constant ¢ with the velocity
of light made upon the physicists of the day. And there were
still further indications that there is an intimate relation be-
tween light and electromagnetic phenomena. This was shown
most strikingly by Faraday’s discovery (1834) that a polarized
ray of light which passes by a magnetized body is influenced
by it. When the beam is parallel to the magnetic lines of
force its plane of polarization becomes turned. Faraday
himself concluded from this that the luminiferous ether and
the carrier of electromagnetic lines of force must be identical.
Although his mathematical powers were not sufficient to allow
him to convert his ideas into quantitative laws and formule,
his conceptions were very abstract and were in no wise "confined
within the narrow limits of the trivial view which accepted
as known what was familiar. - Faraday’s ether was no elastic
medium. = It denved its properties, not by analogy, from the
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apjmrmtly known material world but from exact experiments
and from the consequent rela.tmnshlps that were really known.
Maxwell continued Faraday’s work, His talents were akin to
those of Faraday, but they were supplemented by a complete
;mastery of the mathematical means available at the time. |
- We shall now make clear to ourselves that the promgatmn -
of electromagnetic forces with finite velocity arises out of
- Maxwell’s field laws (62). In doing so we shall confine ourselves
to events that occur in vacwo or in -the ether. The latter has
no conductlvxty, that is, ¢ =0, and no true charges, that is,
p=o0,; and its dielectric constant and permeability are equal
to I, that is, €e=1I, u=1.The first two field equations (62)
then assert that =~ S |
o div.E=o divvH=o0 . : . (63)

‘or that alllmes of force are either closed or run off to infinity.
Even if only to obtain a rough picture .of the processes we shall
imagine to ourselves individual closed lines of force.

£ £

Fic. 96

~ The other two field equé.tions are then

=

E:——ccurlH -
1 4

We now assume that, somewhere in a limited space, there is an
electric field E vehxch alters by the amount e in the small interval

of time b; then = is its rate of change. According to the first

- equation, a magnetic field immediately coils itself around this
| electnc field, and its rate of change is also proportional to

“The. magnetic field, too, wﬂl a.lter in time, say, by h, during

= — ¢ curl E . (64)

t
a successive small mterval, t.  Again, in accordance with th_e |
‘second ‘equation, its rate of changé!; ‘immediately induces an

interwoven electric field. In the following ‘interval of time
the latter again induces an encircling magnetic field, according
to the first equation, and so this chain-like process continues
“with finite velocity (Fig. ¢6).

This is, of course, only a very rough descnpuon of the
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‘process, wheeh actually propagates itself in all divections con-
tinaously.  Later we shall sketch a better picture.

What interests us particularly here is the following. We
know from mechanics that the finite velocity of propagation
of elastic waves is due to the delays that occur as a result of
the mass mertia which acts when the forces are transmitted
in the body from point to point. The mass inertia, however,
is determined by the acceleration, and this is the rate of change

of the velocity; b = -Zf , where w is the change of the velocity

y = ’tf in the small time ¢. Thus the retardation is clearly

due to the double differentiation.
Now, the case is exactly the same here. The rate of change

of the electric field 9tﬁrst determines the magnetic field H, and

‘then the rate of change It!' of the latter determines the electric

ield E at a neighbouring point. The advance of the electric
field alone from point to point is thus conditioned by two differ-
entiations with respect to time, that is, by an expression which
is formed quite analogously to acceleration. It is due to this
alone that electromagnetic waves exist. If one of the two partial
effects were to occur without loss of time, no propagation of the
electric force in the form of waves would occur. This helps us to
realize the impcertance of Maxwell’s displacement current, for it

is just this rate of change ; of the electric field.

We shall now give a picture of the propagation of an electro-
magnetic wave which will be truer to the actual process. Let
two metal spheres have strong but opposite equal charges
+ ¢ and — e, so that a strong electric field exists between them.
Next let a spark occur between the spheres. The charges then
neutralize each other, the field collapses at a great rate of change

e : . |
~ The figure shows how the magnetic and electric lines of force

then encircle each other alternately (Fig. 97). In our diagram the
magnetic lines of force are drawn only in the medium plane
between the spheres, the electric lines of force only in the plane
of the paper, perpendicular to the medium plane. The whale
figure is, of course, spherically symmetrical about the line con-
necting the centres of spheres. Each successive loop of the lines
of force is weaker than its immediate predecessor, because it lies
further outwards and has a bigger circumnference. Accordingly,
the inner part of a loop of electric force does not quite counter-
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balance the outer part of its predecessor, particularly as it enters
into action a little late. | . |

If we pursue the process along a straight line which is
perpendicular to the line connecting the centres of the spheres,
say along the x-axis, then we see that the electric and magnetic
forces are always perpendicular to this axis ; moreover, they are
perpendicular to each other. This is true of any direction
of propagation. Thus, the electromagnetic wave is rigorously
transversal. Furthermore, it is polarized, but we still have the
choice of regarding either the electric or tne magnetic intensity
of field as the determining factor of the vibration. |

It is ‘beyond our scope here to prove that the velocity of
- propagation is exactly equal to the constant ¢ that occurs in

the formule. Yet it is in itself probable, for we know that ¢
has the dimensions of a
velocity. Further, since
according to Weber and
Kohlrausch the wvalue of
¢ is equal to that of the

x  velocity of light, ¢, Max-
well was able to conclude
that light waves are nothing
other than  electromagnetic
waves.

One of the inferences
~ which Maxwell drew was
~ soon confirmed experi-

mentally to a certain exten. for he calculated the velocity of
light ¢, in an insulator which was -not appreciably magnetizable
(u =1, o = 0). This velocity can then depend, besides on ¢, only
on the dielectric constant € ; for when 4 = 1 and ¢ = o this die-
lectric constant is the only constant that occurs in the formulz (62).

Maxwell found that ¢, = :/Cn This leads to the value #n = £ -
c , .

Cy

/€ for the refractive index. |

Thus it should be possible to determine the refrangibility of
light from the dielectric constant as given by purely electrical
measurements. For some gases, for example, hydrogen, carbon
dioxide, air, this is actually the case, as was shown by L.
Boltzmann. For other substances Maxwell’s relation 7 = ,/e
13 not correct. but in all these cases the refractive index is not
constant but depends on the colour (frequency) of the light.
This shows that dispersion of the light -introduces a disturbing
cfiect. 'We shall return to this later and shall deal with it from
the point of view of the theory of electrons. At any rate, it is
clear that the diclectric constant as determined statically agrees
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more closely with the square of -the refractive index the slower

the vibrations or the longer the waves of the light that is used ;
infinitely slow waves are, of course, identical with a stationary
state. Comparatively recent researches into the region of longest

heat and light rays (in the infra-red) by Rubens have completely
confirmed Maxwell’s formula. » | o

. Concerning the more geometrical laws of optics, reflection, re-
fraction, double refraction, and polarization in crystals, and. so
forth, the electromagnetic theory of light -causes to vanish all-
the difficulties that were quite insuperable for the theories of
the elastic ether. In the latter, the greatest obstacle was the
existence of longitudinal waves, which appeared when light
~crossed the boundary between two media, and which could be
‘removed only by making quite improbable hypotheses about
the constitution of the ether. The electromagnetic waves are
always strictly transversal. Thus this difficulty vanishes. Max-

well’s theory is almost identical formally with the ether theory
of MacCullagh, as we mentioned above (IV, 6, p. 101) ; without
repeating the calculations we can take over most of his deduc-
tions. ' : |
~ We cannot here enter further into the later development of
electrodynamics. The bond between light and electromag-
netism became ever closer. New phenomena were continually
‘being discovered, which showed that electric and magnetic
fields exerted an influence on light. Everything subjected
itself to Maxwell’s laws, the certainty of which continued to
grow. |

. But thestriking proof of the ..eness of optics and electro-
dynamics was given by Heinrich Hertz (1888) when he showed
that the velocity of propagation of electromagnetic force was
finite, and when he. actually produced electromagnetic waves.
He made sparks jump across the gaps between two charged
‘spheres, and by this means generated waves such as are re-
piesented by our diagram (Fig. ¢7). When they encountered
‘a circular wire with a small gap in'its circuit they called up
in it currents which were manifested by means of small sparks
at the gap. Hertz succeeded in reflecting these waves and in
making them interfere. This enabled him to measure their
wave-length and to calculate their velocity, which came out
exactly equal to ¢, that of light. This directly confirmed
Maxwell’s hypothesis. Nowadays the Hertzian waves of the
great wireless stations travel over the earth without cessation,
and bear their tribute to the two great investigators, Maxwell
and Hertz, of whom the one. predicted their discovery and the
other actually produced them. | .

.
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10. THE ELECTROMAGNETIC ETHER

From this time onwards there was only one ether, which was
the carrier of all electric, magnetic, and optical phenomena.
We know its laws, Maxwell’'s field equations, but we know
little of its constitution. f what do the electromagnetic
fields actually consist, and what is it that executes vibrations
in the waves of light ? - B

We recall to mind that Maxwell took the conceptiomr of
displacement as the foundation of his argument, and we "
interpreted this visually as meaning that in the smallest parts
or molecules of the ether, just as in the molecules of matter,
an actual displacement and a separation of the electric (or
magnetic) fluid occurs. So far as this idea concerns the
process of electric polarization of matter, it is well founded :
and it is also adopted in the newer modification of Maxwell’s
theory, the theory of electrons, for numerous experiments
have rendered certain that matter is constituted molecularly,
and that every molecule carries displaceable charges. But
this 1s by no means the case for the free ether; here Maxwell’s
idea of displacement is purely hypothetical, and its only value
is that it visualizes the abstract laws of the field. |

These laws state that with every change of displacement in
time there is associated an electromagnetic field of force which
arises. Can we form a mechanical picture of this relationship ? *

Maxwell himself indicated mechanical models for the con-
stitution of the ether, and applied them with success at that
time. ILord Kelvin was particularly inventive in this direction,
and strove unceasingly to comprehend electromagnetic phenom-
ena as actions of concealed mechanical motions and forces.

The rotational character of the relationship between electric
currents and magnetic fields, and its reciprocal character sug-
gests to us to regard the electric state of the ether as a linear
displacement, the magnetic state as a rotation about an axis, or -
conversely. | | | ‘ '

In this way we arrive at ideas that are related to MacCullagh’s
ether theory. According to this the ether was not to generate
elastic resistances against distortions in the ordinary sense, but
resistances against the absolute rotation of its elements of velume.
It would take us much too far to count up the numerous and
sometimes very fantastic hypotheses that have been put forward
about the constitution of the ether. S

If we were to accept them literally, the ether would be a
monstrous mechanism of invisible' toothed wheels, gyroscopes
+nd gears intergripping in the most complicated fashion, and of
all this confused mass nothing would be observable but a few
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relatively simple forces which would present themselves as an
electromagnetic field. -

There are also less cumber:~me, and, in some cases, ingenious
theories in which the ether is a fluid whose rate cf flow represents,
say, the electric field, and whose vortices represent the magnetic
field. Bjerknes has sketched a theory in which the electric
charges are imagined as pulsating spheres in the ether thud, and
he nas shown that such spheres exert forces on each other which
exhibit considerable similarity with the electromagnetic forces.

If we next inquire ioto the meaning and value of such
theories, we must grant them the credit of having suggested,
even if rather seldom, new experiments, and of having led to
the discovery of new phenomena. More often, it is true, elaborate
and laborious experimental researches have been instituted to
decide between two ether theories, both of which were equally
improbable and fantastic. In this way much effort has been
wasted without reason. IEven nowadays there are some people
who regard the mechanical explanaiion of the electromagnetic
ether as a postulate of reason. Such theories still continue to
crop up, and, naturally, they become more and more abstruse
since the abundance of the facts to be explained grows, and
hence the difficulty of the task increases without cessation.

Heinrich Hertz consciously turned his mind away from all
mechanistic speculations. We give the substance of his own
words : ““ The interior of all bodies, including the free ether, can,
from an initial state of rest, experience some disturbances which
we call electrical and others which we call magnetic. We do
not know the nature of these changes of state, but only the
phenomena which their presence calls up.” This definite re-
nunciation of a mechanical explanation is of great importance from
the point of view of method. It opens up the avenue for the
great advances which have been made by Einstein’s researches.
The mechanical properties of solid and fluid bodies are knovm
to us from experience, but this experience concerns only their
behaviour in a crude sense. It may be, and this has been
supported by more recent molecular researches, that these visible,
crude properties are a sort of appearance, an illusion, due to
our clumsy methods of observatmn, whereas the actual occur-
rences between the smallest elements of structure, the atoms,
molecules, and electrons, take place according to quite different
laws. It is, therefore, a naive prejudice that every continuous
medium, like the ether, must behave like the apparently continu-
ous fluids and solids of this world, which is accessible to us through
our coarse senses. The properties of the ether must rather be
ascertained by studying the events that occur in it independently
of all other experiences. The result of these researches may be

XX
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expressed as follows. The state of the ether may be described
by two directed magnitudes, which bear the names electiic and
magnetic strength of field, E and H, and the changés of which in
space and time are connected by Maxwell’s equations. Under
certain circumstances, mechanical, thermal, and chemical actions
on matter, which are capable of being observed are conditioned
by the state of the ether. |

Everything that goes beyond these assertions is superfluous
hypothesis and mere fancy. It may be objected that such an.
abstract view undermines the inventive power of the investigator,
which is stimulated by visual pictures and analogies, but Hertz’
own example contradicts this opinion, for rarely has a physicist
been possessed of such -wonderful ingenuity in éxperiment,
although as a theorist he recognized only pure abstraction a
valid.

11. HERTZ THEORY OF MOVING BODIES

A more 1mporta,nt question than the pseudo-problem of the
mechanical interpretation of ether events is that concerning the
influence of the motions of bodies, among which must be counted,
besides matter, the ether, on elech‘omagnetic phencmena. This
brings us back from. a more general standpoint to the investi-
gations which we thade earlier (IV, 7, p 102) into the optics of
moving bodies. Optics is now a part of electrodynamics, and
the luminiferous ether is identical with the electromagnetic ether.
All the inferences that we made earlier from the optical observa-
tions with regard to the behaviour of the luminiferous ether
must retain their validity, since they are obviously quife in-
dependent of the mechanism of light vibrations; for our in-
vestigation concerned only the geometrical characteristics of a
light wave, namely, frequency (Doppler effect), velocity (convec-
tion), and direction of propagation (aberration).

We have seen that up to the ‘time when the electromagnetic
theory of light was developed only quantities of the ﬁrst order

inf = Ewere accessible to measurement. And the result of these

observations could briefly be expressed thus as the “ optical
principle of relativity ”: optical events depend only on the
relative motions of the involved material bodies that emit,
transmit, or receive the light. In a system of reference moving
with translation all inner optical events occur just as if the ether
were at rest. |

Two theories were proposed to account for this fact. That
of Stokes assumed that the ether inside matter was compietely
carried along by the latter; the second hat of Fresnel, on the
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other hdand, was sat1sﬁed by supposing only a partial convection,
- the amount of which ‘could be derived from experiments. We
"have seen that Stokes’ theory, when carried to its logical con-
clusion, became involved in difficulties, but that Fresnel’s re-
presented all the phenomena satisfactorily.

In the electromagnetic theory exactly the same two sta.nd-‘
points are possible, either complete convection, as advocated by
Stokes, or the partial convection of Fresnel. The questlon is
whether purely electromagnetic observations will allow us to
come to a decision about these two hypotheses. -

Hertz was the first to apply the hypothesis of complete \
convection to Maxwell’s field equations. In doing so, he was
fully conscious that such a procedure could be only provisional,
because the application to optical events would lead to the
same difficulties as those which brought Qtokes theory to
grief. But the simplicity of a
theory which required no dis- 4<
tinction to be made between the
motion of ether and of matter
led him to develop it extensively g
and to discuss it. This brought |
to light that the induction
phenomena in moving conductors, J
which are by far the most im- —r
portant for experimental physics O

and technical science, are cor- S ¥, |
rectly represented by Hertz’ & — —
theory.. Disagreements with | Fic. 8.

experimental results occur only

later in f{iner experiments in which the displacements in #non-
conductors play a part: We shall investigate all possibilities in
succession. ‘ "

I. Moving conductors—(a) in the electrical field ;
(6) in the magnetic field.

2. Moving insulators— (a) in the electrical field ;
~ (b) in the magnetic ficld.

~ (1@) A conductor acquires surface charges in an electric
field. If it is moved, it carries them along with itself. But
moving charges must be equivalent to a current, and hence
must produce an enveloping magnetic field according to Biot
and Savart’s law. To picture this to ourselves we imagine a
plate condenser whose plates are parallel to the xz-plane (Fig.
98). Let them be oppomtelv charged and let them have an
amount of electricity ¢ on each unit area of the plate. Now, let
one plate be moved with respect to the ether in the direction
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of the x-axis, with the velocity v. Then a comvection current
arises, The moving plate is displaced in the unit of time by
a length v. If its cross section perpendicular to- the x-axis is
g, then an amount of electricity egv passes -through a plane
that is parallel to the yz-plane, hence a current of the density
‘ev flows. This must exert exactly the same magnetic action as
a conduction current of density ::=ev, flowing through the
plate when it is at rest. -

This was confirmed experimentally ir Helmhcltz' laboratory
by H. A. Rowland (1875), and later, more accurately. by
A. Eichenwald. Instead of the platc moving rectilinearly, a
rotating metal disc was used. A |

(b)) When conductors are moved about in a magnetic
field, electric fields arise in them, and hence currents are
produced. This is the phenomenon of induction by motion,
already discovered by Faraday and investigated quantitatively

Y4
\z

FiG. go.

by him. The simplest case js this. Let the magnetic field
H produced, say, by a horse-shoe magnet, be parallel to the
z-axis (Fig. 99). Let there be a straight piece of wire of unit
length parallel to the y-axis, and let this be moved with the
velocity v in the direction of the x-axis. Hertz’ theory then
tells us that an electric field parallel to the negative direction
of the z-axis is induced in this wire. If the wire is now made
part of a closed circuit by sliding it on the two opposite arms of
a U-shaped piece of wire, but so that the U takes no part
in the motion, as is indicated in the Fig., then an induction
current flows in the wire. This is given most simply by stating
Faraday’s law of induction thus: the current induced in 2
wire which forms part of a closed circuit is proportional to the
change of the numnber of lines of force per second or of the
magretic displacement uwH which is enclosed by the wire.
Through the motion of the above wire this number clearly
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increases by pHv per second Hence the mduced e‘.ke(,t‘ric in-
tens1ty of field is equal to p.H =

This law is the basis of all machines and apparatus of
physxcs and electro-technical science in which energy of motion
is transformed by induction into electromagnetic ener gy these
include, for example, the telephone and dynameo n:achines of
every kind. Hence the law may be regarded as having been
confirmed by countless experiments.

(2a) We suppose the motion of a non-conductor in an electric
field to be realized thus: let a movable disc composed of
the substance of the .non-conductor be placed between the
two plates of the condenser of Fig. 98 (see Fig. 100). If the
condenser is now charged, an electric field E arises in. the disc,
and a displacement €l is induced which is perpendicular to
the plane of the plates, that is, parallel to the y-direction.
This causes the two boundary faces of the insulating disc to
be charged equally and oppositely to the metal plates facing
them, respectively. Concerning the amount of this charge we
know the following. On page 150 we saw that, accordmg to
Maxwell’s view, Coulomb’s law gives a relation between the
amount of the displacement around a charged sphere, and its
charge e—namely, for a sphere of radius » we have

e €
E=.2 or ek = -
 er? %l
But this sphere has the surface 4m3, hence the charge per

unit of surface is
e eF

4‘17'?"z 47'

If we apply this to the case of the condenser, the surface
density on the bounding planes of the isolating plate will be
just as great as thati on the metal plates, and it will be connected
with the electrical field by

e =— —,

4

If the insulating layer is now moved in the direction cf the
x-axis with' the velocity v, then, according to Hertz, the ether
in the layer will be carried along completely.© Hence, also,

the  field E and the charges ¢ = Z-F produced’ by it on the

boundmg planes will be carried along.
Therefore the moving charge of a bounding surface again
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. L] eE v ‘ .
represents a current of density ——v , and must generate, according

to Biot and Savart’s law, a magnetic field. :

W. C. Rontgen proved experimentally (188s) that this was
the case, but the deflection of the magnet-needle that he ob-
served was much smaller than it should have been from Hertz’
theory. According to his measurements, it is as if not the
whole ether is carried along by the disc, but only a part. , The
other part remains at rest. If the disc were to consist of pure

ether, then we should have ¢ = 1, and the charge produced
| E

would equal e Roéntgen’s experiments, however, show that
only the excess of the charge over this amount, that is
¢e£E E _ E '

s am (¢ — 1) participates in the motion of the matter.
We shall interpret this result simply later. Here we merely
establish that, as was to be expected according to the well-
known facts of optics, Hertz’ theory of complete convection
also fails to explain purely electromagnetic phenomena.
Eichenwald (in 1903) confirmed Réntgen’s result very strik-
ingly by allowing the charged metal plates to take part in the
motion. These give a convection current of the amount e¢v;
according to Hertz this insulating layer ought, on account of.
the opposite and equal charges, exactly to compensate this
current. But Eichenwald found that this was not the case.
Rather, he obtained a current which was entirely independent
of the material of the insulator. This is exactly what is to
be expected according to Rontgen’s results of partial convec-

tion. For the current due to the insulator is (ZE — f )v,'
. ' v T/
of which the first member is compensated by the convection

current ev, and so we are left with the current %v, which is
independent of the dielectric constant e. | .

(2b) We imagine a magnetic field parallel to the z-axis,
produced, say, by a horse-shoe magnet, and a disc of non-
conductings material moving through. the field in the direction
of the x-axis (Fig. ror). As there are no non-conductors that
are appreciably magnetizable, we shall assume p = 1. Let the
two bounding faces of the disc, which are perpendicular to
the y-axis, be covered with metal, and let these surface layers
be connected to an electrometer by means of sliding contacts,
so that the charges that arise on them can be measured. o

This experiment corresponds exactly with the induction
experiment discussed under (1b), except that a moving dielectric
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now takes .the place of the moving conductor. The law of
induction - is applicable in the same way. It demands the
existence of an electrical field E = vH, acting in the magnetic
direction of the y-axis, if the thickness of the disc is unity.
Hence, according to Hertz’ theory, the two superﬁcml lavers

must exhibit opposite charges of the surface density — = -

which cause a deflection of the electrometer. The expenment
was carried out by H. F. Wilson, in 1905, with a rotating
dielectric, and it did, indeed, confirm the existence of the
charge produced, but again to a lesser extent, ‘namely, corre-

sponding to a surface density (e — 1) 21--1 At agam seemed as

| v 4m
if not the whole ether took part in the motion of matter, but
only a part which is greater in proportion as the latter is more

g| [T,

F1G6. 101.

strongly dielectric than a vacuum. Here too then, Hertz’ theory
fails.

- In all these four typical phenomena what counts is clearly
only the relative motion of the field-producing ‘bodies with
respect to the conductor or insulator investigated. Instead of
moving this in the x-direction, as we have done, we could have
kept it at rest and moved the remaining parts of the apparatus
in the negative direction of the x-axis. The result would have
to be the same. For Hertz’ theory recognizes only relative
motions of bodies, the ether being also reckoned as a body.
In a system moving with translation all everits happen, ac-
cording to Hertz, as if it were at rest that is, the classical
principle of relativity holds.

~ But Hertz’ theory is incompatible with the facts, and scon
had to make way for another, which took exactly the opposite
point of view with regard to relativity.
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12. THE ELECTRON THEORY ¢F LORENTZ

It is the theory of H. A. Lorentz (proposed in 189z) that
signified the climax and the final step of the physics of the
material ether.

It i1s a one-fluid theory of electricity that has been still
further developed atomistically, and this, too, is, as we shall
see presently, what determines the part Wthh it allocates to
the ether.

The fact that electric charges have an atomic structure, that
1s, occur in very small indivisible quantities, was first stated by
Helmboltz (in 1881) in order to make intelligible Faraday's
laws of electrolysis (p. 135). Actually, it was only necessary to
assume that every atom in an electrolytic solution enters into
a sort of chemical bond with an atom of electricity or an
electron, to understand that a definite amount of electricity
always separates out equivalent amounts of substances.

The atomic structure of electricity proved of particular value
for explaining the phenomena which are observed in the passage
of the electric current through a rarified gas.

Here 1t was. first discovered that positive and negative
electricity behave quite differently. If {wo metal electrodes
are introduced into a glass tube and if a current is made to
pass between them (Fig. 102), very complicated phenomena
are produced so long as gas is still present at an appreciable
pressure in the tube. But if the gas is pumped out more and
more, the phenomena become simpler and simpler. When the
vacuum is very high the negative electrode, the cathode K,
emits a ray of bluish light rectilinearly, taking no account of
where the positive pole, the anode A, is situated. These
cathode rays, which were discovered by Pliicker (1858) were
regarded by some physicists as light rays, for, as Hittorf (1869)
showea they threw shadows of solid bodies that were inter-
posed in their path. Others regarded them as a material
emanation that was shot out by the cathode. Crookes, who
upheld this view (1879), called these rays the ‘ fourth state”
of matter, A fact that spoke in favour of the material nature
of the rays was, above all, that they were deflected by a magnet,
and, indeed, just like a stream of negative electricity. The
greatest share in investigating the mature of cathode rays was
taken by Sir J. J. Thomson and P. L. lenard. It was suc-
cessfully shown that the negative charge of the rays could be
caught up directly. Furthermore, they are deflected by an
electric field applied perpendicularly to their path, and this
deflection is opposite to the direction of the ﬁeld which again
proves the charge to be negative.
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The conviction that the nature of cathode rays is cor-
puscular grew to certainty when physicists succeeded 1n
deducing quantitative conclusions concermng their velocity and
their charge. ,

If we picture the cathode ray as a stream of small particles
of mass m, then clearly it will be the less deflected by a dennite
electrical or magnetic field the greater its velocity ; just as a
rifle-bullet travels with more rush” the greater its velocity.
Now it is p0531ble to produce cathode rays that can be strongly
deflected, that is, slow cathode rays. These may be accelerated
artificially so strongly that their initial velocity may be neglected
in comparison with their final velocity. To achieve tnis a
wire net or grid N is placed before the cathode K (Fig. 103)
and is strongly charged paositively. The negative cathode ray
particles are then strongly accelerated in the fieid between the
cathode and the grid, and they fly through the meshes of the
grid with a velocity that is essentially due only to this accelera-

F1G. 102. - ' Fic. 103.

tion. But this may be calculated from the fanddmentdl equation
of mechanics

mb = K = ¢l

where ¢ is the charge, and E is the field strength. We are
here clearly dealing with a case analogous to that of “ falling ”
bodles in which the acceleration is not equal to that of gravity

gbut to ’;;E If the ratlo% were known, the velacity v could

be found from the laws for falling bodies. But there are two

unknowns — and v, and hence another measurement 15 necessary
m

if they are to be determined. This is obtained by applying a

lateral magnetic force. In discussing Hertz' theory (V, 11, 1d,
p. 164) we saw that a magnetic field H calis up in a body
movmg perpendicularly to H an electric intensity of field

==t — H which is perpendicular bothk {0 H and to v. Hence

a deﬂecting force ¢F = ¢ ZH will act on every cathode ray
c . |
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particle, so that there will be an acceleration & = ;ﬁ YH perpen-
. C .

dicular to the original motion. This may be found by measuring
the lateral deflection of the ray. Hence we have a second

equation for determmmg the two unknowns, — and v,
m

The determinations carried out by thbis or a similar method
have led to the- result that, for velgeities that are not toc

great, ~ ® has a definite constant value ¢

-W-i = 531 . 10"7 electrostatic units per grm. (65)
On the other hand, in dealing with electrolysis (V, 3, formula
(48), p.. 136), we stated that x grm. of hydrogen carries an
amount of electricity C, = 2:g0. 10%, If we now make the
readily suggested assumption that the charge of a particle is
in each case the same, namely, an atom of electricity or an
electron, we must conclude that the mass of the cathode ray
particle m must bear the following ratlo to that of the hydrogen
atom my :

m __ e . e __2Q0o-10% 1. - (66)
m, m, m 5310V 1830‘ ) )

Thus, the cathode ray particles are nearly 2000 times hghter
than hydrogen atoms, ‘which are the lightest of all chemical
atoms. This result leads us to conclude that the cathode rays
are a current of pure atoms of electricity.

This view has excellently stood the test of innumerable re-
searches. Negative electricity consists of freely-moving electrons,
but positive electricity is bound to matter, and never occurs with-
out it. Thus, recent experimental researches have confirmed
and given a precise form to the old hypothesis of the one-fluid
theory. The amount of the charge e of the individual electron
has also been successfully determined. The first experiments of
this type were carried out by Sir J. J. Thomson (1898). The
underlying idea is: little drops of oil or water, or little spheres
of metal of microscopic or sub-microscopic dimensions which
are produced by condensation of vapour or electrical “ spotting *
in air, fall with constant velocity, since the friction of the air
prevents acceleration. By measuring the rate of fall, the size
of the particles can be determined, and then their mass M is ob-
‘tained by multiplying their size by the density. The weight of
such a particle is then Mg, where g = 981 cm/sec? is the accelera-
tion due to gravity. Now, such particles may be charged electric-
ally by subjecting the air to the action of Réntgen rays or the
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rays of radioactive substances. If an electnc field ¥, which is
directed vertically upwards, is then applied, a sphere carrying the
charge ¢ is'pulled upwards by it, and if the electric force eE is
equal to the weight Mg, the qphere will remain poised in the air.
- The charge ¢ may then be calculated from the equation ¢E = Mg.
Millikan (1910), who carried out the most accurate experiments
of this sort, found that the charge of the small drops is always
an exact multiple of a definite minimum charge. Thus we shall
call this the elementary electrical quantum. Its value is

¢ = 477.10— 1 electrostaticunits . . (67)

It must be mentioned that the results of Millikan’s experiments
are disputed by Ehrenhaft, but it is probable that the values
below e obtained by the latter for the elementary charge are
due to his having used spheres which were too small, and which
gave rise to secondary phenomena.

The absolute value of the elementary charge plays no essential
part in Lorentz’ theory of electrons. We shall now dep1ct the
physical world sketched by Lorentz.

The material atoms are the carriers of positive electricity,
which is indissolubly connected with them. In addition they
also contain a number of negative electrons, so ‘that they ap-
pear to be electrically neutral with respect to their surround-
ings. In non-conductors the electrons are tightly bound to
the atoms; they may only be displaced slightly out of the
positions of equilibrium, by which the atom becomes a dipole.
In electrolytes and conducting gases it may occur that an atom
has one or more electrons too many or too few; it is then
called an ton or a carrier, and it wanders in the electnc field
carrying electricity and matter simultaneously. In metals the
-electrons move about freely, and experience resistance only when
they collide with the atoms of the substance. Magnetism comes
about through the electrons in certain atoms moving in -closed
orbits and hence representing Ampere molecular currents.

The electrons and the. positive atomic charges swim. about
in the sea of ether, in which an electromagnetic field exists in
accordance with Maxwell's equations. But we must set e == 1,
p= I In them, and, in place of the density of the conductlon
current, we have the convection cwrent pv of the electrons.
The equations thus become

divE = p curlH — T 5.

divH =0 curl E +
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and include the laws of Coulomb Biot, and Savart and Faraday
in the usual way.

Thus all electromagnetlc events consist fundamentd]l of the.
motions of electrons and of the fields accompanying them All
matter is an electrical phenomenon. The varicus propertles
of inatter depend on the various possibilities of motion of the
electrons with respect to atoms, as in the manrer just now
described. The problem of the theory of electrons is to derive
the ordinary equations of Maxwell from the fundamental laws
(68) for the individual invisible electrons and atoms, that is,
to show that material bodies appear to have, according to their
nature, respectively, 4 conductivity o, a dielectric r*onsta.nt € and
a permeability u.

Lorentz has soived this problem and has shown that the
theory of electrons not only gives Maxwell’s laws in the simplest
case, but, more than this, also makes it possible to explain
numerous finer facts which were iansoluble for the descriptive
theory or could be accounted for only with the aid of artificial
hypotheses. These facts comprise, above all, the finer phen-
omena of optics, colour dispersion, the magnetic rotation of
the plane of polarization (p. 155) discovered by Faraday, and
similar interactions between light waves and electric or mag-
netic fields. We cannot enter further into this extensive and
mathematically complicated thecry, and shall restrict ourselves
to the question which is of primary interest to us: what’ part
does the ether take in the motions of matter ?

Lorentz proclaimed the very radical thesis, which had never
before been asserted with such definiteness .

The ether is at rest in absolule space.

In principle thisidentifies the ether with absolute space,
‘Absolute space is no vacuum, but a something with definite
properties, whose state is described when two dlrected quantities
are given, the electrical field I and the magnetic field H, and, as
such, it is called the ether, |

This assumption goes still a little further than the theory of
Fresnel. In tne latter tlie ether of astronomic space was at
test in an inertial system, which we mught also call absolute
rest. But the ether iniide material bodies is partly carried
along by therm.

Lorentz can dispense even W1th thic partia y convection and yet
arrives at practically the same result. To see this, we consider
the phenomenon that occurs in a dielectric between the plates
of a condenser., When the latter is charged, a field perpen-
dicular to the plate anses (Pig. 104}, and this displaces the
clectrons in the atoms of the dieleciric substance and trans-
forms them into dipoles, as we explained earlier (pp. 146 and 171).
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The dielectric displacement in Maxwell’s sense is €E, but only
a part of it is due to the actual displacement of. the electrons.
For a vacuum has the dielectric constant e = 1, and hence
the displacement E ; consequently the true value of the electronic
displacement is ¢€E — E (¢ — 1) E." Now we have seen that the
experiments of Réntgen and Wilson on the phenomena in moving
insulators affirm that actually only this part of the displacement
takes part in the motion. Thus Lorentz’ theory gives a correct
account of electromagnetic facts without needmg to have recourse
in any way to the motion of matter.

The fact that the convection of light comes out in exact
agreement with Fresnel’s formula (43), (p. 117) is made plausible
by the following argument.

As in Wilson’s experiment, we consider a dielectric body
which moves in the x-direction with the velocity v and in which
a light ray travels in the same direction (Fig. 105). Let this
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ray consist of an electrical vibration E parallel to the y-axis
and a magnetic vibratjon parallel to the z-axis. Now, we
know from Wilson’s experiment that such a magnetic field
in the moving body produces a corresponding displacement
of the value (¢ — 1)vH in the y-direction. From this we get
a superposed electrical displacement if we divide by e. Thus
the total electrical field is

~  €—1I

E + -

vH.

If the convection were not partial but complete, as is
assumed in Hertz’ theory, we should have only e in piace of
e — I, thus the total field would have the value E -+ vH.
We see that on account of the partial convection v is to be
replaced by »

¢ —— b
—— -,

€
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“Thus this value should correspond to the absolute velocity of
_the ether within matter according to Fresnel’s theory, that is,
to the convection coefficient called ¢ in optics, cf. formula (43).
And this is precisely the casé actually. For, according to
- Maxwell’s electromagnetic theory (p. 158) the dielectric constant
¢ is equal to the square of the index of refraction #, i.e. € = n2,
If we insert this value, we get

€ — 1 ne — 1 T
T (O A VR

in agreement with formula (43) (p. 11%).

We recall to ourselves that Fresnel’. theory encountered
difficulties through colour dispersion. For, if the refractive
index 7 depends on the frequency (colour) of the light, so also
will the convection coefficient ¢. But the ether can be carried
along in only one definite way, and not differently for each
colour. This difficulty vanishes entirely for the theory of
electrons, for the ether remains at rest, and it is the electrons
situated in the matter that are carried along ; and colour disper-
sion is due to their being forced into vibration by the light and
reacting, 1n turn, on the velocity of the light. |

We cannot enter further into the details of this theory and
1its many ramifications, but we shall recapitulate the result as
follows. B | |
Lorentz’ theory presupposes the existence of an ether that
15 absolutely at rest. It then proves that, in spite of this,
all electromagnetic and optical phenomena depend only on
the relative motions of translation-of material bodies, so.far
as terms of the first order in B come into account. Hence it
accounts for all known phenomena, above all for the fact that
the absolute motion of the earth through the ether cannot be
shown by experiments on the earth involving only quantities
of the first order (this is the optical or, rather, the electro-
magnetic principle of relativity), | -

But an experiment of the first order may be imagined
which would be just as little capable of being explained by
Lorentz’ theory as by all the theories previously discussed : this
would be a failure of Rérher’s method for determining an absolute
~motion of the whole solar system (see pp. 80 and 111).

The deciding point for Lorentz’ theory is whether it stands
the test of experiments that allow quantities of the second
order in B to be measured. For they should make it possibie
to establish the absolute motion of the earth through the ether.
Before we enter into this question, we have vet to discuss an
achievement of Lorentz’ thcory of electrons through which its
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range became greatly extended, namely, the electro-dynamic in-
terpretation of inertia. | |

13. ELECTROMAGNETIC MAss

The reader will have remarked that from the moment
when we left the elastic ether and turned our attention to the
electrodynamic ether, we had  little to say about mechanics.
Mechanical and electrodynamic phenomena each form a realm
for themselves. The former take place in absolute Newtonian
space, which is defined by the law of inertia and which betrays
its existence through centrifugal forces; the latter are states
of the ether which is at rest in absolute space. A compre-
- hensive theory, such as that of Lorentz aims at being, cannot
allow these two realms to exist unassociated side by side.

Now we have seen that physicists have not succeeded satis-
factorily in reducing electrodynamics to terms of mechanics in
spite of incredible effort and ingenuity. |

The bold idea of the converse then suggests itself: cannot
mechanics be reduced to terms of electrodynamics ? .

If this could be carried out successfully the absolute abstract
space of Newton would be transformed into the concrete ether.
The inertial resistances and centrifugal forces would have to
appear as physical actions of the ether, say, as electromagnetic
fields of particular form, but the principle of relativity of
mechanics would have to lose its strict validity and would be
true, like that of electrodynamics, only approximately, for
quantities of the first order in 8 = g

-Science has not hesitated to take this step, which entirely
inverts the order of rank of conceptions. And although the
~doctrine of the ether which is absolutely at rest had later to
be dropped, this revolution, which ejected mechanics from its
throne and raised electrodynamics to savereign power in physics,
was not in vain.  Its result has retained validity in a somewhat
altered form. |

We saw above (p. 157) that the propagation of electro-
magnetic waves comes about through the mutual action of
electrical and magnetic intensity of field, producing an effect
which is analogous to that of mechanical inertia. An electro-
magnetic field has an inertial power of persistence quite simila:
to that of matter. To generate it, work must be performed,
and when it is destroyed this work again appears. This is
observed in all phenomena that are connected with electro-
magnetic vibrations, for exampie, in the various torms of
apparatus of wireless telegraphy. A wircless sending statio
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contains an electric oscillator, which cousists essentially (Fig.
106) of a spatk gap F, a coil S, and a condenser X, that is,
two metal plates that are separated from each other, and these
instruments, connected by wires, form an “open ”. circuit.
The condenser is charged until a spark jumps across the gap
at F. This causes the condenser to become discharged, and
the quantities of electricity that have been stored flow away.

They do not simply neutralize each other, but shoot beyond
the state of equilibrium and again become collected on the
condenser plates, only with reversed signs, just like a pendulum
swings past the position of equilibrinumm to the opposite side.

When the condenser has thus been charged up afresh, the elec-
tricity again flows back and swings to and fro until its energy
has been used up in warming the conducting wires or in being
passed on to other parts of the apparatus, for example, the emitting
antenna. Thus the swinging of the electricity to and fro proves

F16. 106.

 the inertial property of the field, which exactly corresponds to
the inertia of mass of the pendulum bob. Maxwell’s theory
represents this fact correctly in all details, The electromagnetic
vibrations that occur in a definite set of apparatus can be pre-
dicted by calculations from the equations of the field.

This led J. J. Thomson to infer that the inertia of a body
must be increased by an electric charge which is imparted to
it. Let us consider a charged sphere at first at rest and then
moving with the velocity v. The stationary sphere has an
electrostatic field with lines of forces which run radially out-
wards, the moving sphere has, in addition, a magnetic field
with circular lines and forces that encircle the path of the sphere.
(Fig. 107). For a moving charge is a convection current and
produces a magnetic field in accordance with Biot and Savart’s
law. Both states have the inertial property above described.
The one can be transformed into ‘the other only by the perform-
ance of work. The force that is necessary to set the stationary
sphere into motion is thus greater for the charged than for the
ancharged sphere. To accelerate the moving charged sphere
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still further, the magnetic field H must clearly be strengthened.
Thus, again, an increase of force is necessary. - ~
We remember that a force K that acts for a short time ¢
represents an mmpulse J = K¢, which produces a change of
velocity w in a mass » in accordance with the formula (7).
(IL 9, p. 31): |
mw = |.

If the mass carries a charge, a definite impulse J will produce a.
smaller change of velocity, and the remainder ]’ will be used
to charge the magnetic field. Thus we have

mw =} - J'.

Now, calculation gives the rather natural result that the impulse
J’ necessary to increase the magnetic field is the greater, the
greater the change of velocity w, and, indeed, it is approximately
proportional to this change of velocity. Thus we may set
J' = m'w, where m' is a factor of proportionality, which,
moreover, may depend on the state, that is, the velocity v,
before the change of velocity occurs. We then have |

me = ] — m'w
or (m -+ mHw = J.

Thus, it is as if the mass m is augmented by an amount m’,
which is to be calculated from the electromagnetic field
equations, and which may be dependent on the velocity w.
The exact value of m' for any velocities v may be calculated
only if assumptions are made about the distribution of the
electric charge over the moving body.. But the limiting value
for velocities that are s$mall compared with that of light ¢,
that is, for small values of B, is obtained independently of such
assumptions as

U .
”%zgﬁ’f ... (69)

where U is the electrostatic energy of the charges of the body.
We have seen that the mass of the electron is about 2000
times smaller than that of the hydrogen atom. Hence the idea
suggests itself that the electron has, perhaps, no ““ ordinary ”
mass at all, but is nothing other than an “ electric ”’ charge in
itself, and that its mass is electromagnetic in origin.
Is such an assumption reconcilable with the knowledge
that we have of the size, charge, and'mass of the electron ?
Since the electrons are to be the structural elements of atoms,
they must at any rate be small compared with the size of
atoms. Now we know from atomic physics that the radins of
12 '
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atoms is of the order 10 —# cms. Thus the radius of the electron
must be essentially smaller than 1o~ 8cms. If we imagine
the electron as a sphere of radius a with the charge ¢ distributed
over its. surface, then, as may be derived from Coulomb’s law,
. |
the electrostatic energy is U = 2%. Hence, by (69), the elec

tromagnetic mass becomes

On the r1ght -hand side we know all the quantities ; i—— from

the deflection of the cathode rays [formula (65), p. 1 /o] e
from Millikan’s measurements [formula (67), p. 171], and ¢ is
the wvelocity of light. If we insert the values g1ven we get

2 477.10-1

3T g To® . 531 .10 = 1-88 . 10— 13 cms.,

a =

a length which is about 100,000 times smaller than the radius
of an atom.

Thus the hypothe51s that the mass of the electron is electro-
magnetic in origin does not conflict with the known facts.
But this does not prove the hypothesis.

At this stage theory found strong support in refined observa-
tions of cathode rays, and of the B-rays of radio-active sub-
stances, which are also ejected electrons. We explained above
how electric and ‘magnetic action on these rays allow us to

determine the ratio of the charge to the mass, ’% and also their

velocity v, and that at first a definite value io_r’% was obtained,

which was ind'ependerit of v. But, on proceeding to higher
velocities, a decrease of ’-; was found. This effect was par-
ticularly clear, and could be measured quantitatively, in the
case of the B-rays of radium, which are only slightly slower
than light. It was incompatible with the ideas of the electrcn
theory that an electric charge should depend on the velocity.
But that the mass should depend on the velocity was certainly
to be expected if the mass was to be electromagnetic in ongm
To arrive at a quantitative theory, it is true definite assumptions
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had to be made about the form of the electron and the dis-
tribution of the charge on it. M. Abraham (1903) regarded the
‘electron as a rigid sphere, with a charge distributed uniformly
over the interior or over the surface, and he showed' that
both assumptions lead to the same dependence of the -electro- .
magnetlc mass on the velocity, namely, to an increase of mass
with increasing velocity. The more quickly the electron
‘travels, the more the - -electromagnetic field resists a- further
~increase of velomty The increase of m explams the observed

decrease of 77: and Abraham'’s theory agrees very well quanti-

- tatlvely with the results of measurement of Kaufmann (xgor),
if it is assumed that there is no ordmary mass present with
the electromagnetic mass.

Thus, the object of tracing the inertia of electrons back to
electromagnetic fields in the ether was attained. At the same
“time a further perspective presented itself. Since atoms are the
carriers of positive electnmty, and also contain numerous
electrons, perhaps their mass is also electromagnetic in origin ?
In that case, mass as the measure of the inertial persistence
would no longer be a primary phenomenon, as it is in ele-
mentary mechanics, but a secondary consequence of the struc-
ture of the ether. Newton’s absolute space, which is defined
only by the mechanical law of inertia, thus becomes superfluous ;
its part is taken over by the ether, whose electromagnetic
properties .are so well known. In this way a very concrete
solution of the problem of space would be obtained, and it
would be one that would be in conformity with physical thought.

We shali see (V, 15, p. 184) that new facts contradict
this view. But the relationship between mass and electro-
magnetic energy, which was first discovered in this way, de-
notes a fundamental discovery, the deep significance of which
was brought into due prominence only when Einstein proposed
his theory of relativity. -

- We have. yet to add that besides Abraham’s theory of
“the rigid electron, other hypotheses were set up and worked
out mathematically. The most important is that of H. A.
Lorentz (1904), which is closely connected with the theory
of relativity. He assumed that during its motion the elec-
tron contracts in the direction of motion; so that from a
sphere it becomes a flattened spheroid of revolution,  the
amount of the flattening depending in a definite way on
the velocity. This hypothesis seems at first sight strange.
It certainly gives an essentially simpler formula %or the way
the electromagnetic mass depends on the velocity than
Abraham’s theory, but this does not' justify it. The true
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criterion: is given in the development whick Lorentz’ theory
of electrons had to follow beyond quantities of the second
order in consequence of experimental researches, to which we
shall presently direct our attention. Lorentz’ formula then
gained a universal significance in the theory of relativity.
We shall return to the experimental decision between it and
Abraham’s theory later (VI, 7, p. 221). \.

After the theory of electrons had reached the stage above
described, towards the close of the new century, the possibility
of forming a uniform physical picture of the world seemed
to have drawn near, one which would reduce all forms of
energy, including mechanical inertia, to the same root, to
the electromagnetic field in the ether. Only onc form of
energy still remained outside the system, namely, gravitation ;
yet it seemed reasonable to hope that that, too, would allow
itself to be interpieted as an action of the =ther.

14. MICHELSON AND MORLEY’S EXPERIMENT

Ilven twenty years before, however, the base of the whole
structure had suffered a fissure, and, whilst additions were
being made above, supports and substitutes had to be applied
below. - . |
~ We have several times emphasized that the decisive ex-
periments for the theory of the stationary ether had to be
such as involved the measurement of quantities of the second
order in 8. This would necessarily bring to light whether the
cther wind sweeps past a quickly moving body and disperses
the light waves, as is demanded by theory. |
Michelson and Morley (1881) were the first to carry out
~successfully the most important experiment of this type with
Michelson’s interferometer (IV, 4, p. 88), which he had refined
to a precision instrument of unheard-of efficiency. -

In investigating the influence of the earth’s motion on the
velocity of light (IV, g, p. 113), it has been found that the
time taken by a ray of light to pass to and fro along a dis-
tance' / parallel to the earth’s motion differs only by a
quantity of the second order from the value which it has
when the earth is at rest. We found earlier that this time
was
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If this time could be so accmately measured that the

fraction -i--f-—)-g- could be distinguished from 1 in spite of the
extremely small value of the quantity B2, we should have
means of proving the existence of an ether wind.

But it is by nc means possible to measure ‘“ light ” times
(i.e. the short times taken by light rays to traverse certain
distances). Interferometric methods give us rather only differ-
ences of the times taken by light to traverse various different
routes, but with the amazing accuracy that is necessary for
this purpose.

For this reason Michelzon and Morley caused a second
ray of light to traverse a path AB of the same length / to
and iro, but perpcndicularly to the earth’s orbit (Fig. 1o8).
Whilst the light passes from y
A to B, the earth moves a & /s
short distance forward so that /4

S . R - /0N
the point B arrives at the point | /" |
B’ of the ether. - Thus the trtve 1~ = 7
path of the light in the ether | ./ |
is AB/, and if it takes a time ! |
t to cover this distance, then ! f \
AB’ = ¢t. During the same /7 it 47 T ~—z
time A has movcd on to the Fic. 1o8.
point A’ with the velocity v
thus AA’ = vw. If we now cxpply Pythogoras’ theorem to the

right-angled triansle AA'B, we get

ctf? = I2 i v
or

£2(c? — v = [2, = Lo

i - -
T amampt— s »

ST

The light requires exactly the same time to do the return
journey, for the earth shifts by the same amount, so that thc
initial point A moves from A’ to A”.

Thus the light takes the following time for the journey to
and fro:

f=t .
[p

lv‘

The difference between the times taken to cover the same
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distance parallel and perpendicular to the earth’s motion is
thus =

2l 1 I
b — 1y = —{ e |
v <I —B  Ji- B’*’>
Now, by neglecting members of hlgher order than the
second ‘in B (as we did on p. 108) we may approximate by

szyx—i—ﬂ’ andJ = by 1 4 B2/2.*

Hence we may write to a sufficient degree of approxima-
tion

replacmg —

2 ‘
h—ti=2 (11 ) — 448 | =2 B _lp
¢ 2

The retardation of the one light wave compared with the
ether is thus a quantity of the second order.

This retardation may be measured with the help of
Michelson’s interferometer (Fig. 109). . In this (of. p. 113)
the light coming from the source Q is divided at the half-
silvered plate P into two rays which run in perpendicular
directions to the mirrors S; and S,, at which they are reflected
and sent back to the .plate P. From P onwards they run
parallel into the telescope F, where thgy interfere. If the.
distances S;P and S,P are equal and if the one arm of the
apparatus is placed in the direction of the earth’s motion,
the case just discussed is exactly realized. = Thus the two

rays reach the field of vision with a difference of time ! /9’

Hence the interference fringes are not exactly situated Where',
they . should be if the earth were at rest. But if we now

* Ior if x is a2 small number, whose square,may be neglecfed, we have
(1 + x2)(1 — x) =1 — a? = 1 (approx.), .

hence 1 4 x= I .
‘ 1 — x

Furthermore,
(I — 2)(1 + 42 = (1 — x)(l + x + 2%/4)
= (1 — x)(1 + x) approx.
= I — x* approx.

™ = I approx.
"hus o
I
. :
| (I+%x) I-—-x
I+ %x =
: »JI-x

If we replace » hy 8% in the two approximate formule obt.amed we get the
approximations used in the text :
I - S |
=1 4 32 e = 1 + 482,
I — Bt N1 — B? &
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turn the apparatus through go°, untd the other arm is
parallel to the direction of the earth’s motion, the inter-

ference fringes will be displaced by the same amount, but
in the opposite direction. Hence if we observe the position
of the Interference fringes whilst the apparatus is being
retated, a -displacement should come mto evidence which

would correspond to the double retardatlon 2 - B’

If T is the period of vibration of the hght used, the Tatio
of the retardation to the period is ;Il., B2, and since by formula

(35), (p. 8s), the wave length A = ¢T, we may write this
ratio as z% B2.

S .

l “ F16. 110.
I
Fic. 109.

Hence, when the apparatus is rotated, the two inter-
fering trains of waves experience a relative displacement

whose ratio to the wave length is given by —ij (Fig. 110).

The interference fringes themselves arise through the rays
which leave the source in different directions, having to
traverse somewhat different paths. The distance bctween
two fringes corresponds to a path difference of one wave
length, hence the observable displacement of the fringes is

. 2 , ,
the fraction ?.%@; of the width of the fringe.
Now Michelson, in a repetition of his experupcm with

Morley (1887) carried out on a larger scale, extended the
length of the path traversed by the light, by means of
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several reflections to and fro, to IT metres = 1-1.10* cms.
The wave length of the light used was about A = 5.¢. 165
cms.  We know that B is approximately equal to 10— *

and hence B2 = 108  So we get
282 2. 1.71.710%.10—8

STa ey = 037

— -
———

that is, the interference iringes must be displaced by more
than § of their distance apart when the apparatus is turned
through 9o°. Michelson was certain that the 10oth part of
this displacement would still be observable. - -

But when the experiment was carried out nct the slightest
sign of the expected displacement manifested itself, and later
repetitions, with still more refined means, led to no other
result. From this we must conclude that the ether wind
does not exist. The velocity of light is not influenced by the
motion of the earth even to the cxtent tnvolving quaniities of
the second order.

75. THE CONTRACTION HYPOTHESIS

Michelson and Morley concluded from their experiment that
the ether is carried along completely by the moving earth,
a3 1s maintained in the elastic theory of Stokes, and in the
electromagnetic theory of Hertz. But this contradicts the
numerous experirnents which prove partial convection. Michel-
scnn then investigated whether it was possible to establish
« difference in the velocity of light at differcnt heights above
e earth’s surface, but without a positive result. He con-
cluded from this that the motion of the ether that is carried
along by the earth must extend to very great heights abcve
the earth’s surface. Thus, then, the ether would be influenced
by @ moving body at considerable distances. But this is not
the case actually, for Oliver Lodge showed (:892) that the
velocity of light in the neighbourhood of rapidly-moving
bodies 1s not influenced in the slightest, not even when the
jizht passes through a strong electric or magnetic field, carried
along by the body. And all these efforts seem almost super-
tluous, for even if they had led to an unobjectionable
explanation of Michelson’s experiment, the whole of the
rest of electrodynamics and optics of moving bodies which
speaks in favour of partial convection would remain' unex-
plained. - |

One attempt to explain it, which was, however, de-
veloped much later by Ritz (1g08), consists in the hypoth-
esis that the velocity of light depends or the velocity of the
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source of hghi.  Yet this assumption is in contradiction to
aimost all theoretical and experimental results of research.
In the first place this would deprive electromagnetic events
of their character of contiguous action, for such action con-
sists in the propagation of an effect from one point to the
next, being influenced only by the eveants in the immediate
neighbourhood of this point, but not on the velocity of a
far distant source of light. For this reason Ritz frankly called
his theory a sort of emission theory. Biit what is emitted
was, of ‘course, not supposed to be material particles which
obey mechanical laws, but an agent which, when it enters
into matter, exerts directed transversal forces, and sets it
into vibtration. Light vibrations exist then only in matter
and not in the ether. The objection that an emission theory
18 unable to account for interference is clearly unjustified
in the case of this view. S

But Ritz has not succeeded in bringing his- theory into
agreement with optical and electromagnetic phenomena. In
all cases in which we have to do with relative motions of
the source of light and the observer, effects on the vibration
aumber (Doppler effect) do exhibit thermselves and also
effects on the direction (aberration), but not on the velocity
of light (experiments of Arago, p. 114, and Hoek, p. 115).
Recently, de Sitter (1913) has shown in an extensive in-
vestigation that the velocity of the light which comes from
the fixed stars is independent of the motion of these stars.

We have mentioned ‘this theory in spite of its failure,
because one idea which it emphasizes is also important for
an understanding of the theory of relativity, namely, the
fact that all observable events are always bound to matier.
The “ field in the ether ” is a fiction, devised to describe the
dependence of events in bodies on space and time as simply
as possible. 'We shall revert to this view later.

We now turn to Lorentz’ theory of electrons, which
was clearly placed in a very difficult position by Michelson
and Morley’s experiment. The doctrine of the stationary
ether seems to demand inplacably that an ether wind
exists on the earth, and hence stands in flagrant contradiction
to the results of Michelson and Morley’s experiment. The
fact that it did not at once succumb to this proves its inherent
strength, which is due to its physical picture of the worid
being uniform and complete in itseif. '

- Finally, it even overcame this difficulty to a certain
extent, albeit by a wvery strange hypothesis, which was
proposed - by Fitzgerald {1892) and at once taken up and
elaborated by Lorentz.
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Let us recall the reflections on which Michelson and
Morley’s experiment were based. We found that the time
taken by a light ray to travel to and fro along a distance {
differs according to whether the ray travels parallel or per-
pendicularly to the earth’s motion. In the former case

l
t,==-2—.‘ ! mthesecond t,=3l !

¢c 1-— f% c JI— p*
If we now assume that the arm of the mterferometer
which is directed parallel to the direction of the earth’s
motion 1is shortened in the ratio I — B%:1, the time ¢,

would become reduced in the same ratio, namely,

ZZJI —-,8’ 20 1
(fr—pY ¢ JT—B
Thus we should have ¢, = t,.
This hypothesis, the crudeness and boldness of which

surprises us, is simply this: every body which has the velocity
v with vespect to th: ether contracts in the directson of motion by

the fraction
VI — B’ I — vi/cd

- Micbelson and Morley’s expenment must actually, then
give a negative result, as for both positions of the interfero-
~meter ¢, must equal #,, Furthermore—and this is the i1m-
portant point—such a contraction could be ascertained by
no means on the earth, for every earthly measuring rod
would be contracted in just the same way. An observer
who was at rest in the ether outside the earth would, it
is true, observe the contraction. The whole earth would
be flattened in the direction of motion and likewise all things
on it.

The contractlon hypothesis seems so remarkable, indeed -
almost absurd, because the contraction is not 'a consequence
of any forces, but appears only as an accompanying Ccir-
cumstance of the fact of motion. But Lorentz did not
allow this objection to deter him from absorbing this hypoth-
esis in his theory, particularly as new experiments confirmed
that in the second order of small quantities, too, no effect of
the earth’s motion through the ether could be detected.

We can neither describe all these experiments here, nor
even discuss them in detail. They are partly optical and
concern the events involved in reflection and retraction,-
double refraction, rotation of the plane of polarization, and
so forth, and they are partly electromagnetic and concermn
induction phenomena, the distribution of the current in
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wires, and so forth. The improved technique of physics
allows us nowadays to establish whether an influence of the
second order on the earth’s motion manifests itself or not in -
these phenomena. - A particularly noteworthy expeciment is
that of Trouton and Noble (1903), which was intended to
detect a torsional force which should occur in a suspended
plate-condenser in consequence of the ether wind. -

These experiments without exception produced a negative
result. There could no longer be a doubt that a motion of
translation through the ether cannot be detected by an
observer who shargs in the motion. Thus, the principle of
relativity which holds for mechanics is also valid for all
electromagnetic phenomena.

Lorentz next proceeded to bring this fact into, harmony
with his ether theory. To do this there seemed no other
way than to assume the, contraction hypothesis and to fuse
it into the laws of the electron theory so as to form a uniform
whole free from inner contradictions. He first observed that
a system of electric charges which keep in equilibrium only
through the action of their electrostatic forces, contracts of
itself as soon as it is set into motion ; or, more accurately, the
electromagnetic forces that arise when the system is moving
uniformly change the configuration of equilibrium in such a
way that every length is contracted in the dlrectlon of its
motion by the factor , /1 — g2

Now, this mathematical theorem leads to an explanation
of contraction, if we assume that all physical forces are
ultimately electrical in origin or that they at least follow
the same laws of equilibrium in uniformly moving systems.
The difficulty of regarding all forces as electrical is due to
the circumstance that they lead, in accordance with old and
well-known theorems, due to Gauss, to charges being in
equilibrium, but never in sfable equilibrium. The forces
which bind the atoms to form molecules and the latter to
form = solid bodies cannot, therefore, simply be electrical.
- The necessity of assuming non-electric forces comes out most
clearly if we enquire into the dynamical constitution of an
individual electron. This is supposed to be an accumulation
of negative charge, and we must ascribe a finite extent to it,
for, as we have seen (p. 178), the energy of a spherically

shaped charge of radius a is equal to z e~, and it becomes

2 a
infinitely great if a is set equal to nothing. But the com-
ponent parts of the electron strive to separate, since similar
charges repel. Consequently, there must be a new force
which keeps them together. In Abraham’s theory of the
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electron it is assumed that an electron is a rigid sphere,
that is, the non-electric forces are to be so great that they
admit of no deformation whatsoever. But it 3. of course,
possible to make other assumptions.

Now, it suggested itself to Lorentz that the electron
also experiences the contraction  /; — 32 We have already
stated above (p. 179) that then a much smmpler formuia
results for the mass of ‘the eleciron than that ansing from
Abraham’s hypothesis. But, in addition to =electromagnetic
energy, Lorentz” electrans have also an encrgy of dp’form‘ation
of foreign origin, which is wanting m the ngld electron of
Abraham.

Lorentz next investigated the question whether the con-
traction hypothesis is sufficient for deriving the. principle
of relativity. After laborious calculations he established that
this was not the case, but he also found (18g9) what assump-
tion had to be added in order that all electromagnetic
phenomena in moving systems take place just as in the ether.
His result is at least just as remarkable as the contraction
hypothesis. It is: a new fime wmeasure must be used in a
system which s moving uniformly. He called thlS time,
which differs from system to system, ‘‘local time.”” The
contraction hypothesis may clearly be expressed thus: the
measure of length in moving systems 1s different from that
in the ether. Both hypotheses together state that space
and time must be measured differcatly in mowving systems
and in the ether. Lorentz enunciated the laws according
to which the measured quantities in various systems may be
transformed into each other, and he proved that these trans-
formations leave the ficld equations of the clectron theory
unchanged. This is the mathematical coutent of his dis-
covery. Larmor (igoo) and Poincaré (xgos) arrived at
similar results about the same time.* We shall get to know
these relationships presently from Einstein’s standpoint in
a much clearer form, and so we shall not enter mto them
here. But we shall make evident to ourselves what con-
sequences the pew turn in Lorentz’ theory had for the idea
of the cther. | |

In the new theory of Lorentz the principle of relativity
holdg, in conformity with the results of experiment, for all
glectrodynamic events. Thus, an observer perceives the
same phenomena in his system, no matter whether it is at

* It is interesting histcrically that the formula of transformation to a
moving system,. which we nowadays call Lorent2’ transformation (see vi, 2,
p. 200 formula (72)), were set up by Voigt as early as 1877 in a dissertation
which was still fuunded on the elastic theory of light.
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rest in the ether or moving uniformly and rectilinearly.
He has no means. at all of distinguishing the one from the
other. For even the motion of other bodies in the world,
which are moving independently of him, always informs him
only of relative motion- with respect to them and never
of absolute motion with respect to the ether. Thus he can
assert that he himself is at rest in the ether, and no one can
contradict him. It is true that a second observer on another
body, moving relatively to the first can assert the same with
equal 1ight. There is no empirical and no theoretical
means of dec1d1ng whether one of them or which is right.-

Thus, Lere we get into exactly the same position with
respect to the ether as that into which the classical principle
of relativity of mechanics brought us with respect to the
absolute space of Newton (III, 6, p. 62). In the latter case
we had to admit that it 1s meanmgless to regard a definite
place in absolute space as something rea/ in the sense of
physics. For there is no mathematical means of fixing a
place in absolute space or of finding it a second time. In
precisely the same way we must now admit that a definite
position in the ether is nothing real in the physical sense,
and through this the ether itself entirely loses the character
of a substance. Indeed, we may even say: if each of two
observers who are moving relatively to each other can
assert with equal right that he i1s at rest in the ether, there
can beé no ether.

Thus, the furthermost development of the ether theory leads
to the dissolution of its fundamental conception. But it has
required a great effort to admit the emptiness of the ether idea.
Even Lorentz, whose ingenious suggestions and laborious efforts
have led the ether theory to this crisis, hesitated for a long time
to take this step. The reasonis this. The ether was conceived
“for the express purpose of having a carrier of light vibrations,
or, more generally, of the electromagnetic forces in empty space.
Vibrations without something which vibrates are unthinkable.
But we have already pointed out above in discussing Ritz’
theory that to asseri that in empty space, too, there are
observable vibrations goes beyond all possible experience.
Light or electromagnetic forces are never observable except
in connexion with bodies. Empty space free of all matter
is no object of observation at all. All that we can ascertain
1s that an actwon starts out from one material body and ar-
rives at another material bodv some time later. What occurs
in the interval is purely hypothetical, or, more precisely ex-
pressed arbitrary. This signifies that theorists may use their
own judginent in equipping a vacuum with phase quantities
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(denoting state), fields, or similar things, with the one restriction
that these quantities serve to bring changes observed with re-
spect to material things into clear and concise relationship.

This view is a new step in the direction of higher ab-
straction and in releasing us from common ideas that are
apparently necessary components of our world of thought.
At the same time, however, it is an approach to the ideal
of allowing only that to be valid as constructive elements of
the physical world which is directly given by experience, all
superfluous pictures and analogies which originate from a state
of more primitive and more unrefined experience being élimin-
ated.

From now onwards ether as a substance vanishes from
theory. In its place we have the abstract * electromagnetic
field 7 as a mere mathematical device for conveniently descnbmg
processes in matter and their regular relationships.*

- Whoever is inclined to shrink from such a formal view is
advised to think of the following fully analogous abstraction,
to which he has long accustomed himself.

To determine a place on the earth’s surface trigonometrical
signs, denoting the geographxcal latitude and longitude, are
placed on church towers, mountain peaks, and other prominent
points. There is, however, nothing of this on the sea. There
the meridians’of latitude and longitude are only imagined to be
drawn, or, as we often say, they are virtuah If a captain on
a ship wants to ascertain his position, he converts a point -of
intersection of one of these imaginary lines into reality by
astronomical observations, he converts the virtual point into
a real one. The electromagnetic field is to be regarded quite
similarly. The solid surface of the earth corresponds to matter,
the trigoncmetrical signs to the physical changes that are ascer-
tainable. - But the sea corresponds to a vacuum, the meridians
of longitude and latitude to the imagined electromagretic field,
which is virtual 'until.a test body is brought up, which makes
the field visible through its own actual changes, just like the
boat makes real the geographical position.

Only the reader who has made this view really his own
will be able to follow the later development of the doctiine
of space and time. Different people find progressive ab-
straction, objectivation and relativization easy or difficult, as
the case may be. The older peoples of the Continent, Dutch,

* Einstein has recently proposed to call empty space equipped with gravi-
tational and electromagn»uc helds the ““ ether,” whereby. howevc‘, this word }s
not to denate a substance with its tradmicnal aitributes. Thus, in the * ether,”
there are to be no determinable points, and it is meaningiess to speak of motion
relative to the ““ ether.” Such a use of ths word ** ether” is of course admissible, and,

when once it has been sanctioned by usage in this way, probably quite convenient,
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French, Germans, Italians, Scandinavians, are most suscéptible
to these ideas, and are most deeply engaged in elaborating this
system. Englishmen, who incline to concrete ideas, are less
readily accessible. Americans are fond of- attaching them-
selves to mechanical pictures and models. Even Michelson,
whose experimental researches had the greatest share in
destroying the ether theorv, repudiates a theory of light
without the ether as unthinkable. But the younger genera-
tion is already being educated in the sense of the new views.
and accepts as self-evident what was regarded by the clder
sctioo] as an unheard-of innovation.

If we cast our eyes over its development we see that
the ethér theory comes to an end with the theorv of rela-
tivity, which is its closing chapter, Ether as a substance
disappears as a superfluous hypothesis, and the principle of
relativity comes out the more clearly as the fundamental law
of physics. This gives us the task of building up the physical
world afresh on this new and surer basis. We now thus
arrive at the researches of Einstein.



CHAPTER VI

EINSTEIN’S SPECIAL PRINCIPLE OF RELATIVITY

I. Tue CONCEPTION OF SIMULTANEITY

the principle of relativity to electrodynamical events
consisted in bringing into harmonv the following two
apparentlv inconsistent theorems:— -

1. According to classical mechanics the velocity of any
motion has different values for two observers moving relatively
to each other, |

2. But experiment informs us that the velocity of light is
independent of the state of motion of the observer and has
always the same value ¢.

The older ether theory endéavoured to get rid of the con-
tradiction between these two laws by dividing the velocity of

‘Tight into two components, (a) the velocity of the 'luminifércl S

ether, and (b) the velocity of light with respect to the ethe}f
ot these two (2) can be appropriately determined by convection
coefficients. This theory, however, was successful in elimina-
ting the contradiction only with regard to quantities of the
first order. To maintain the law of constancy .of the propa-
gation of light Lorentz’ theory had to introduce a special
length measure and time measure for every moving system.
The law then comes about as the expression of a sort of *“ phy-
sical dlusion.” .

In 1905 Einstein recognized that Lorentz conttactions and
local times were not mathematical devices and physical illusions
but involved the very foundations of space and time.

Of the two laws 1 and 2, the first is purely theoretical and
conceptual in character whereas the second is founded on
fact. | .
Now, since the second law, that of the constancy of the
velocity of light, must be regarded as being experimentally
established with certainty, nothing remains but to give up the
first law and hence the principles of determination -of space
and time as hitherto effected. Thus there must be an error

in these principles orat least a prejudiced view, due to a con-

THE difficulties which had to be overcome by applying
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fuswn of habits of thouglg with logical con51stenc , and this
we all realize to be an ob5tacle to Drogress.

- Now, the conception of simultanmiv is 2 pre]udice of this
type.

It is regarded as self-evident that thers is sense in the
statement that an event at the point A, say the earth, and an
event at the place B, say the sun, are simultaneous It s
assumed that conceptions like ‘‘ moment of time,”  simul-
taneity,” * earlier,” “later,” and so forth have a meaning
in themselves a priors which is valid_for the whole universe,
This was Newton’s standpoint, too, when he postulated the
existence of an absolute time or duration of time iIII I, pP. 50),
which was to pass “ umformly ‘and without reference to any
external object whatsoever.”

But there is certainly no such time for the quantitative
physicist. He sees no meaning in the statement that an event
at A and an event at B are simultaneous, since he has no means
of deciding the truth or the incorrectness of this assertion.

For, to be able to decide whether two events at different
points are simultaneous we must have clocks at every point
which we know with certamty to go at the same rate or to
beat ‘“ synChronou ';egix (.ﬁrﬂfus the questlon resolves into this :
can we dcfine ‘& esting the equal rate of beating of
two clocks situated at different points ?

Let us imagine the two clocks at A and B a distance /
apart at rest in a system of reference S. Now there are two
mathods of regulating the clocks to go at the same rate.

1. We may take them to the same point, regulate them
there so that they go in unison and then restore them to A
and B respectively.

2. We may use time-signals to compare the clocks.

Both processes are adopted in practice. A ship at sea
carries with it a chronometer which beats accurately and which
has been regulated in accordance with the normal clock in the
‘home-port, and, Moreover, it receives tnne—mgnals by ereless
telegraphy. |

The fact that these signals are regarded as necessary proves
our lack of confidence in ‘‘ transported ”’ time. The practical
weakness of the method of +ransportable clocks consists in the
circumstance that the smallest error in the beating increases
continually. But even if the assumption is made that there
areideal clocks free from error (such as the physicist is convinced
he has in the atomic vibrations that lead to the emiscion of
light), it is logically inadmizsible to base on them the definition
of time in systems moving relatively to each other. For the
equal beating of two clocks, however good they may be, can

13
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be tested directly, that is, without the interven'tion of sngnals
only if they are at rest relatxvely to each other. It cannot be
established without signals that they mainitain the same 1ate
when in relative motion. This would be a pure hypothesis
which we should have to endeavour to avoid if we wished to
adhere to the principles of physical research. This impels us
to ariopt the method of time-signals to define time in syqtems
moving relatively to each other. If this allows us to arrive
at a method of measuring times which is free from contradic-
tions, we shall have to in‘vestigate subsequently how an ideal
clock has to be constituted in order that it should always show
the “ right ” time in systems moving arbxtranly (see VI, s,
p. 214).
. Let us picture a ]ona series of barges B, C; D, drawn by a
steam-tug A over the sea. Suppose there is no wind but that
the fo\gf%yhkk that each ship is invisible to the others.
Now, if the clocks on the barges and the tug are to be com-
pared, sound signals will be used.. The tug A sends out a shot
at 12 o'clock and when the sound is audible on the barges,
‘the bargemen will set their clocks at 12. But it is clear that
in doing so they commit a small error, since the sound requires

2 short time to arrive from A at B, C, .. If the velocity.
'of sound ¢ is known this error can be ehmmated ¢ is equal
to about 340 metres per sec. If the barge B is-at a distance

l = 170 metres behind A, the sound will take £ = é = g%g ==
} sec to travel from A to B, and hence the clock at B must
be ser 4 sec. after 12 at the moment when the sound reaches
it. But this correction, again, is right only if the tug and
barges are at rest. As soon as they are in motion the sound
clearly requires less time to get from A to B, because the barge
B is moving towards the sound wave. _If we now wish to
apply the true correction we must know the absolute velocity
of the ships with respect to the air. 1f this is unknown it
is impossible to compare times absolutely with the help of
sound. In clear weather we can use light in place of sound,
Since light travels enormously more quickly the error will at any
rate be small, but in a question of principle the absolute magni-
tude is of no account. If we imagine in place of the tug and
the barges a heavenly body in the sea of ether, and light signals
in place of sound signals, all our reflections remain valid and
unchanged. There is no more rapid messenger than light in the
universe. 'We see that the theory of the absolutely statlonary
ether leads to the conclusion that an absolute comparison . of
times can be carried out in moving systems only 1f we know the.
- motion with respect to the ether.
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- But the result of all the experimental researches was that
it is impossible to detect motion with respect to the ether by
physical means. From this it folilows that absolute simui-
taneity can likewise be ascertained in no way whatsoever.

The paradox contained in this assertion vanishes if we
make clear to ourselves that to compare times by means of
light signals we must know the exact value of the velocity of
light, but that the measurement of the latter again entails
the determination of a length of time. Thus we are obviously
moving in a vicious circle. - | '

Now, even if we cannot attain absolute simultaneity it is
possible, as Einstein has shown, to define a relative simultaneity
for all clocks that are relatively at rest with respect to each
other, and yet it is not necessary to know the value of the
velocity of the signals. R |

We shall first show this for the case of the tug and the
barges. When they are at rest we can make the clocks in
the boats A and B (Fig. 111) go at the same rate by the following
means. . We place a boat C exactly half way between the boats
A and B and send off a shot from
C. Then it must be heard simul- {
taneously at A and B. ' - ?

Now if the boats S are in Fic. 111 ‘
motion we may clearly apply the T
same method. If it does not occur to the bargemen that
they are moving relatively to the air they will be convinced
that the ¢locks at A and B go equally quickly. o

Suppose a second series of boats S’, whose barges A’, B’, C’
are at exactly the same distances apart as the corresponding
boats of the first series S, compare their clocks in exactly the
same way.  If, now, the one series overtakes the other, whether
the latter be at rest or not, the ships will pass each other, -
and at a certain moment A will coincide with A’ and B with
B’, and the bargemen can test whether their clocks agree.
Of course they will find that they do not. Even if A and A’
should accidentally be beating synchronously, B and B’ will
not do so. ' | |
~ This will bring the error to light. ‘When the boats are in
motion the signal from the middle-point C evidently takes:
more time to arrive at the preceding ship A and less time to
arrive at the following ship B than when the boats are at rest,
because A is moving away from the sound wave whilst B is
moving towards it, and this difference varies with the velocities
of the two series. |

Now in the case of sound, ¢ne systemn has the correct time,
namely, that which is at rest relative to the air, In the case of

AN &
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11ght however, it is not possible to assert this because a.bsolute
motion with respect to the luminiferous ether is a conception
which, according to all experience, has no physical reality.
The method we illusttated for sound just now to regulate
clocks is, of course, also possibie with light. The clocks at
A and B arc set so that every flash of light sent out from the
middle-point C of the distance AB reaches the clocks A and B
just as their hands are in the same position. In this way
every system can have the synchronism of its clocks adjusted.
But when two such systems meet each other and if the clocks
A, A agree in time then B, B’ will exhibit different positions
of the hands. Each system may claim with equal right that
it has the correct ‘time, for each can assert that it is _at rest,
since all physmal laws are the same in each.

But when two claim what, by its very meaning, can belong
to only one, it must be concluded that the claim itself is meaning-
less.  There.is no such thing as absolute sumultanety.

Whoever has once graspéd this will find it ditficult to under-

stand why it took many years

| of exact research until this.
simple fact was recognized. It

1s a repetition of the old story

of the egg of Columbus. |

- The next question is

whether the method of com-

paring clocks which we have

% introduced leads to a com-
sistent relative conceptlon of
time.

This is actually the case. To see this we shall use
Minkowsk1’s representation of events or world-points-in an
st-plane, in which we restrict ourselves to motions in the
x-direction and thus omit those in the y- and -z-directions
Fig. 112).

- The points A, B, and C, that are at rest on the z-axis, are
represented in the t-co- ordmate system as three parallels
to the t-axis. Let the point C lie midway between A and B.
At the moment ¢ = o a light-signal is to be sent out from it
in both directions. |

We assume that the sy stem S is “ at rest,” that is, that the
velocity of light is the same in both directions. Then the light-
signals moving to the right and left are represented by straight
lines which are équally inclined to the x-axis, and. which we
call * light-lines.””  We shall make their inclination 45°; this
evidently amounts to saying that the same distance which repre-
sents the unit length 1 cm. on the x-axis in the figure signifies the

A A

FiG. 112,
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very small time g-secs on the #-axis, which the light takes to

traverse the distance 1 cm.
. The ¢-values of the points of intersection A,, Bl, of the light-
lines with the world-lines of the points A and B give the times
at which the two light-signals arrive. We see that A, and B,
lie on a parallel to the x-axis, that is, they are 51multaneous

The three points, A, B, C, are next to be moving umformly
with the same ve1001ty Their world-lines are then again
parallel, but inclined to the =x-axis (Fig. 113). The light-
signals are represented by the same light-lines, proceeding
from C, as above, but their points of interséction, A1 , B,” with
the world-lines A, B do nof now lie on a parallel to the x-axis ;
thus they are not simultaneous in the’ xf-co-ordinate system,
and B,’ is later than A;’. On the other hand an observer
movmg ‘with the system can with equal right assert that
A,’, By’ are simultaneous :
events (world-points).
He will use an #'#’-co-
‘ordinate system S’ in
which the points A,
By’ lie on a parallel to
the x’-axis. The world-
lines of the points A, B,

C are, of course, para]lel
to the t’-axis, since A,
B, C are at rest in the
system S’ and hence their
x'-co-ordinates have the
same values for all ¢’s. -

From this it follows that the moving system S’ is represented
in the x¢-plane by an oblique co-ordinate system x'#, in which
both axes are inclined to the original axes.

We now recall that in ordinary mechanics the inertial
systems in the xf-plane are likewise represented by oblique
co-ordinates with f-axes arbitrarily directed, the x-axis, how-
ever, always remaining the same (III, 7, p. 66). We have
already pointed out that from the mathematical point of view
this 1s a flaw which is eliminated by the theory of relativity.
We now see clearly how this happens as a result of the new
definition of simultaneity. -At the same time a glance at the
figure convinces us without calculation that this definition
must be consistent in itself. For it signifies nothing other than
that we use oblique instead of rectangular co-ordinates.

- The units of length and time in the oblique system are not
yet determined by the construction, for this makes use only
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of the fact that in a system S light is propagated with equal
velocity in all directions, but not of the law. that the velocxty
of light has the same value ¢ in all inertial systems. If we
enlist the help of the latter, too we arrive at the complete
kinematics of Einstein.

2. EINSTEIN’S' KiINEMATICS AND LORENTZ TRANSFORMATIONS

- We once more repeat the hypothesis of Einstein’s kinematics.

1. The Principle of Relativity.—There are an infinite number

of systems of reference (inertial systems) moving uniformly

and rectilinearly with respect to each otber, in which all

physical laws assume their simplest form (originally derived
for absolute space or the stationary ether).

2. The Principle of the Constancy of the Velocity of Light.—
In all inertial systems the velocity of light has the same value
when measured with Iength-measures and clocks of the same
kind.

Qur problem is to derive the relations between lengths. and
times in the various inertial systems. In doing so we shall
again restrict ourselves to motions that occur parallel to a
definite direction in space, the x-direction

Let us consider two inertial systems S and ' which have
the relative velocity ». The origin of the system &’ thus has
the co-ordinate x = vf relative to the system S at the time
t. Its world-line is characterized in the system S’ by the
condition x’ = 0. The two equations must denote the same
and hence ¥ — v must be proportional to x’. We set

ax’' = x — vi.

According to the principle of - relativity, however both
systems are fully equivalent. Thus we may equally well
apply the same argument to the motion of the origin of S
relative to S’, except that now the relative velocity v has the
reverse sign. Therefore %’ -+ v’ must be proporiional to x,
‘and, on account of the equivalence of both systems, the factor
of proportionality a will be the same in each case:

= x' J—vt' '

From this and the precedmg equatxon t' may be expressed
in terms of xand£. We get

a a

thus
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This equation, combined with the first, allows x' and .
to be calculated when x and ¢ are known. The factor of pro-
portionality a is as yet indeterminate, but it must be chosen
so that the principle of the constancy of the velocity of light
remains preserved.

The' velocity of a uniform motion is represented in the
system S by U = ; a.nd in the system S"by U =2, Ifwe

tl
divide -the two equations which allow 2’ and #' to be expressed
by x and ¢ intoc each other, the factor a cancels, and we find

—-—-.T ———— o
ad
i SV

v

™

If we divide the numerator and the denominator on the right
by ¢ and introduce U = ; we get
U= Y= ... ()
a! — 1
| -U+1

If,.in particular, we are concerned with the uniform motion
of a ray of light along the x-axis then, by the principle of the
constancy of the velocity of light, we must have v = U’, and
the value of each is that of the velocity of light c. If, then
we set U = ¢ and at the same time U’ = ¢, we must have

¢ — v I
C == —_— ‘L_____ or q'.......-~-——-cg + Cc = ¢ — .
a?—1 Y
—~¢ + I
v
Hence it follows that
2 ' v? 2 2 2
a—-—,Izz-—--c-:-’:mB- or & + B* = 1.

This gives us the factor of proportionality «, namely
a= /1Bt N (2

The transformation formulz now:become
ﬂz
ax’ = x — vl al’ x -+t

We shall write them down once again in full, adding the
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co-ordinates ¥ and z that are perpendicular to the direction of
motion and that do not change : ‘
| v

- I — = x
X — Ub -2 ~
x’ = o y’ = y Z' =2 t, = __H__f___ o (72\
/ v* \/ ps
T e — v

These rules, according to which the place and time of a
world-point in the system S’ may be calculated, are said to
constitute a Lorentz transformation. - They are exactly the same
formule as Lorentz found by difficult arguments involving
Maxwell’s field equations (see V, 15, p. 186).

- If we wish to express zx, v, z, ¢ by means of x', y', 2/, t’ we
must solve the equations. We can deduce from the equiva-
lence of both systems S-and S’ without calculation that the
formule given by solution must have the same forms except.
that v becomes changed into — v. A calculation shows that,

actually

| v

, , t, + - xl
x + ul y =y I ; — c?

\/ vg . vz'
I—5 NI e
Particular interest attaches to the limiting case in which

the velocity v of the two systems becomes very small in com-
parison with the velocity of light. We then arrive directly

at the Galilei transformation [formula (29), p. 65]. For if g

can be neglected in comparison with 1, we get from (72)
X =x—v Y=y =2 =1\
This helps us to understand how, on account of the small

value that-:-j-has in most practical cases, Galilean and Newtonian

mechanics satisfied all requirements for some centuries.

3. GEOMETRICAL REPRESENTATION OF EINSTEIN’'S MECHANICS

Before we seck to interpret the content of these formula
we shall interpret the relationships which they exhibit between
two inertial systems according to the manner introduced by
Minkowski, namely, geometrically, in the four-dimensional
world xyzt. In doing so we may leave the co-ordinates y, z,
that remain unchanged, out of the question and restrict our-
selves to a conzideration of the xi-vlane. All kinematical laws,
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then, appear as geometrical facts in the xf-plane. The reader
is, however, strongly advised to practise translating the rela-
tionships obtained in geometrical form back into the ordinary
language of kinematics. Thus, a world-line is to be taken as
denoting the motion of a point, the intersection of two world-
lines the meeting of the two moving points, and so forth. It
is possible to simplify the processes represented in the figures
by taking a ruler, passing it along the ¢-axis parallel to the x-axis,
and keeping in view the intersections of the édge of the ruler
with the world-lines. These points, then, move to and fro
on the edge and give a picture of the progress of the motion in
space. |

As we have seen, every inertial system S (VI, 1, p. 197) i1s
represented by an oblique set of axes in the a¢-plane. The
fact that one among them is rectangular must be regarded
as an accidental circum-
stance and plays no parti-
cular part.

Every point in space may
be regarded as the point of ,, z
origin of a light-wave which ’ -
spreads out spherically and
uniformly in all directions.
Of this spherical wave only
two light-signals are present
which pass along the x-direc-
tion here alone taken into
consideration. One of these
moves to the left, the other
to the right. Thus they are
represented in the xi-plane by two intersecting straight lines
which are, of course, entirely independent of the choice of the
position of reference, since they connect time events, world-
points, with each other, namely, the points of space reached
successively by the light-signal. :

We draw these lght-lines for a world-point which is at
the same time to be the origin of all the xi-co-ordinate systems
considered, and, indeed, we draw them as two mutually per-
pendicular straight lines. We choose these as the axes of an
¢n-co-ordinate system (Fig. 114).

This brings to view one of the chief characteristics of Ein-
stein’s theory. The &p-system is uniquely determined and
fixed in the * world,” although its axes are not straight lines
in space but are formed by world-points which are reached by
a light-signal emitted from the origin. This invariant or
“ absolute ” co-ordinate system is thas highly abstract in its

7

F1G. 114.
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nature. We must accustom ourselves to seeing such abstrac-
tions in the modern theory replace the concrete idea of the
_ether. Their strength lies in the fact that they contain nothing
-that goes beyond the conceptions necessary to interpret the‘
results of experience.
- The calibration curves which cut off the units of length and
time from the axes of an arbitrary inertial system x¢ must be
rigidly connected with this absolute system of reference &7.
‘These calibration curves must be represented by an mvanant
law and the question is to find it.

The light-lines themselves are invariant. The £-axis (3 = 0)
is represented in a system of reference S by the formula x = c,
and in another system of reference S’ by the formula &’ = c#’,
for these formule express that the velocity of light has the
same value in both systems. Now we shall transform. the
difference &’ — cf’ which is equal to zero for the points of the
7-axis into terms of the co-ordinates x, £ by means of the Lorentz
transformation (7z). It then follows that

' —ct’ = If (x — vt) — c(t-— ".’-x)}

~al v/
=T - x(I .1.)..) —— t(I 2)}
a.{ + ¢ ¢ | T c
= L’:t.g(x — o)
a |
From this we see that when x — ¢t = 0, s01s ¥’ — ct’ =
For the p-axis (£ =0), x= —¢ct, and &' = — ct' If we

carry out the corresponding transformation from x' and cf’
in terms of x, , we have only to change ¢ into — ¢ and 8 into

— B.in the above (whereas a = ,/I — B? remains unchanged)
and we get |

x' 4ot = L s (x 4 cf).

a

Out of these formule we easily read an invariant’ form.
For (x 4+ B) (x — B) = 1 — B? = a?, hence if we multiply the
two equations the factor becomes 1 and we find that
. (% — o) (¥ + ct?) = (x — cf) (x + o)
or ,‘

X% o' = x 3 Y8
that is, the expression | 3
G = x% —c¥? . : . . (73)

1s an wnvariant. On account of its fundamenta.l character we
call it the ground imiariand,
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It serves in the first place for determining the units of
length and time in an arbitrary system of reference S.

To do this we enquire what are the world-pomts for which
G has the value 4+ 1 or — 1.

Clearly G = 1 for the world-point x = 1, —o0. But
this is the end-point of a scale of unit length whose other end
is applied to the origin at the moment { = 0. As this holds
in the same way for all systems of reference S, we recognize
that the world-points for which G == 1 define the stationary

unit of length for any arbitrary system of reference, as we
shall presently show in greater detail.

In the same way G = — 1 for the world-poiint x == o,

t = ; Thus this world-point is correspondingly connected

with the unit of time of the clock which is at rest in the system'S.
-Now, it is' very easy to construct the points G = + 1, or
G = — 1 geometrically by starting from the invariant co-ordinate
system §n. The ¢-axis is formed by the points for which
7= 0. On the other hand, the same world-points are char-
actenzed in any arbitrary inertial system S by the relation
x== ct. . Hence n must be proportional to x — c¢. By choosing
the umt of appropnately, we may set |

1,.-x--ct

In the same way by considering the »-axis we find that we may
set

o , £ = x + ct.
Then we have

én ={x —ct) (x + ¢cl) = % — Yt =G,

G = £ clearly denotes the content of a rectangle with the
sides {andy. If we wish to find a world-point for which
G =nf = I we have only to choose a rectangle of unit area
formed by the co-ordinates ¢,m. All these rectangles are clearly
exposed to view. They include the square whose side is unity ;
the others are higher in propertion as they are narrower, and
lower in pr0port10n as they are wider, in agreement with the

condition 7 = Z (Flg 115). The points £, 9 clearly form a

curve whxch approaches the f— and the n-axis more and more
closely.  This curve is called an aqmlatcral hyperbola, If ¢
andq are both negative, £ .qis positive. Hence the construction
gives us a second branch, the image of the first, in the opposite
quadrant. . -

For G = — 1 the same construction holds as in the other
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qua.dranf‘; for which the co-ordinates ¢ and 7 have different
signs. |

gn'I‘he four hyperbole now form the calibration curves which
we are seeking and by which the units of length and time are
fixed for all systems .of reference.

Let the x-axis meet the branch G = + 1 of the hyperbola
at the points P and P’, and the f-axis the branch G = — 1 of
the hyperbola at Q and Q' (Fig. 116).

Through P we draw a parallel to the {-axis and we assert
that this does not cut the right branch G = +4 1 of the
calibration curve in a second point but just touches it at P.
In other words, we assert that not a single point of this branch
of the calibration lies to the left of the straight line but that
the whole branch runs to the right of it, that is, all its points
have x-co-ordinates that are greater than the distance OP.

- This is actually the case, since for every point of the calibra-
tion curve G = %% — c¥8 = I, we have %2 =1 4¢3, Thus
x%=1 for the point P of the calibration curve, which at the
‘same time lies on the x-axis ¢ = 0, but for every other point
on the calibration curve x% is greater than 1 by the positive
amount c*2  Accordingly OP = 1 and for every point of the.
right branch of the calibration curve % is greater than 1.

In just the same way it follows that the parallel through P"
to the {-axis touches the left branch of the hyperbola G =1 at P,
and that the parallels through Q and Q' to the x-axis touch the
branches G = — 1 of the hyperbola at Q and Q’. This clearly

makes the distance OQ = Ec For the point Q Hes on the
calibration curve G = %3 — c%? = — I and x=o0 in the

t-axis, thus c%#2 =1, or f = :-[Eis the value of OQ.



SPECIAL PRINCIPLE OF RELATIVITY 205

The two parallels to the #-axis through P and P’ meet the
light-lines £, 7 in the points R and R’. But the parallels
through Q and Q" to the x-axis pass through the same points.
For the point R, for example, we have x = ¢f, because it lies
on the £-axis, and x = I because it lies on the parallel to the

t-axis through P. From this it follows that ¢ = ;, that 1is,

- Rlies on the parallel to the x-axis through Q.
Now we see that this construction of the x-axis agrees with
~ that previously given (p. 201), involving simultaneous world-
points. For the ¢-axis OQ and the two parallels PR and P'R’
are the world-lines. of three points, one of which, O, lies midway
between the other two, P, P’. Now if a light-signal be sent
~out from O in both directions, it will be represented by the
light-lines £, n, and hence cuts the two external world-lines in
R and R’. Consequently, these two world-points are simul-
taneous, their connecting line is parallel to the x-axis, exactly
as given by our new construction.
We condense the result of our reflections into the following
short statement: | =
~ The axes x and t of a system of reference S are so situated
with respect to each other that each 1s parallel to that straighi
line which is touched by the calibration curve at the point of inter-
section wath the other axis. .
The unit of length is represented by the distance OP.
The unit of time is determined by the distance OQ, which

does not denote 1 sec. but -(I; sec.

Every world-line that meets the branches G = 1 of the
calibration curve may be taken as the x-axis. The ¢-axis is
then fixed as a parallel to the straight line which touches at P.
In the same way the #-axis, too, may be chosen as an arbitrary
world-line meeting the curves G = — 1 of the calibration
curves. The corresponding x-axis is uniquely determined by
the analogous construction. .

These rules take the place of the laws of classical kine-
~matics. There the x-axis was the same for all inertial systems,
“the unit of length was given on it as fixed, and the unit of time
‘was equal to the section, cut off by a definite straight line
‘parallel to the x-axis from the #-axis which is in general oblique

(see p. 66, Fig. 41).

Now, how does it happen that these apparently so different
constructions can actually scarcely be distinguished ?
~ This is°due to the enormously great value of the velocity
“of light ¢, if we measure the latter in cms. and seconds. For if
we wish to represent I sec. and 1 cm. in the figure by lines
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of the same length, we must obviously compress the diagram
in the direction of ¢, so that all distances parallel to the ?-axis
are shortened in the ratio 1:¢. If ¢ were equal to 10, the
picture given would be something like that depicted in Fig. 117.
‘The two light-lines would form a very sharp angle representing
~the freedom of play of the x-axes, and, on the other hand

the angular space
of the f-axes Would
become very great.
The greater  the
value of ¢ the more
Mﬁ prominently = the

~~~~~~ quantitative differ-
ence between the

ranges of free-play
- of the x- and the
FiG. 117. {-direction comes

into evidence. For
the real value of ¢, namely, ¢-.= 3.10'® cms. per sec. the
drawing could not be executed on the paper at all: both
light-lines would coincide in practice, and the x-direction which
always lies between them would thus be constant. This is
exactly what ordinary kinematics assumes. Hence we see that
this is a special case or, rather, a limiting case of Einstein’s
kinematics, namely, that for which the velomty of light is
infinitely great

4. MOVING MEASURING-RODS AND CLOCKS

‘We shall now answer the simplest questions of kmematlcs,
which concern the measurement of the length of one and the
same measurmg-rod and of the duration of one and the same
time in different systems of reference.

« Let a rod of unit length be placed at the origin of the system
S along the x-axis. We enquire what its length is in the
system S’. It is at once evident that it will not also be equal
to 1. For the.observers moving with S’ will, of course, measure
the positions of the end-points of the rod simultaneously, that
is, simultaneously in the system.of reference S’. But this
does not mean simultaneously in the system of reference S.
Thus, even if the position of one end of the rod is read off
simuitaneously in S and §’, that of the other end will 7ot be
read off simultaneously with respect to the S-time by the -
observers of the systems S and S’.  In the meantime, rather,
the system S’ has moved forward, and the reading ;of the $'-
observers concerns a displaced posmon of the second end of
the rod. »
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At first sight this matter seems hopelessly complicated.
There 'are opponents of the principle of relativity, simple
minds, who, when they have become acquainted with this
difficulty in determining the length of a rod, indignantly
exclaim : “ Of course, everything can be derived if we use
false clocks. Here we see to what absurdities blind faith in
the magic power of mathematical formula leads us,” and then
they condemn the theory of relativity at one stroke. Our
readers will, it is hoped, have grasped that the formule are
by no means the essential feature, but that we are dealing
with purely conceptual relationships, which can be under-
stood quite well without mathematics. Indeed, we might do
not only without the formulz but also without the geometrical
figures and present the whole thing in ordinary words, but then
this book would become .

so diffuse and so impos- ooy b %

sible of design that no
one would publish it and

no one could be found to \\\ ~ %:;"—; =

read it. \ \ e /
-We first use our figure N

in the xi-plane to solve . \ L

the question of determig- . '.:%;.. e
ing the length of the réd 17 :

; — e "on
in the two systems S and 7/ :_';'—;‘_{f‘;
S’ (Fig. 118). | / ===

The rod is supposed at {,’% N
rest in the system S (x, ¢). // / = \

Accordingly the world-
line of its initial point is
the ¢-axis and of its end Fic. n8.

point is the straight line | |
parallel to this at the distance 1; the latter touches the cali-
bration curve at the point P. Hence the whole rod is repre-
sented for all times by the strip between these two straight
linés. .

Now its length is to be determined in the system S’ (¥, #'),
which is moving with respect to S. Thus its #'-axis is inclined
to the {-axis. e find the corresponding x’-axis by drawing
the tangent at the point of intersection Q of the #-axis with the
_calibration curve and then draw the parallel OP’ to this tangent
through O. The distance OP’ is the unit of length on the
¥-axis. The length of the rod of unit length at rest in the
system S as measured in the system S’ is, however, determined
by the distance OR’ which the pasallel strip representing the
rod cuts out of the x’-axis. This is clearly shorter than OF’
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thus OR’ is less than 1, and hence the rod appears shortened-
in the movmg system S’

This is exactly the contractlon devised by Fitzgerald and
Lorentz to explain Michelson and Morley’s experiment. Here
1t appears as a natural consequence of Einstein'’s kmemahcs

If, conversely, a rod at rest in the system S’ is measured
from the system S, it evidently likewise appears contracted
and ot lengthened For such a rod is represented by the
strip which is bounded by the #-axis and the world-line parallel
to it .through the point P’. But the latter meets the unit
distance OP of the system S in an internal point R, so.that
OR is smaller than r.

Thus the contraction is remprocal and this is what the
theory of relativity demands. Its magnitude is best found
with the help of the Lorentz transformation (72).

Let /, be the length of the rod in the system of reference
S’y-in Wthh 1t is at rest ;. [, is called the statical length or proper
length of the rod.

Now, if the length of the rod is to be a,scertamed as it
appears to an observer at rest in the system S, we must set
t == 6, which expresses the fact that the position of both
ends of .the rod are read off simultaneously with regard to S.
Then it follows from the first equation of the Lorentz trans-
formation (72) that

x

x — -
JI _- ’:‘
C‘

Now, for the initial point of the rod x# = o0, and hence also
x" == 0. For its final point ¥’ = /,, and if ¥ =/ denotes the
length of the rod as measured in the system S, we get

’

'3
L =1, /I"':-z (74)
This states that the length of the rod in the system S appears
shortened in the ratio ,/1 — B%: I, exactly in agreement’
with the contraction hypothesis of Fitzgerald and Lorentz
(V, 15, p. 187). |
The same reflections apply to the determination of an
interval of time in two différent systems S and S'.
We suppose clocks that go at the same rate to be placed'
at each of the space-points of the system S. Thesé have a
definite position of the hands with respect to S at the same
moment. The position £ =0 is represented by the world-
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points of the x-axis, and the position ¢ =-Z~ by the world-
peints of the straight line which passes through the point Q
and is parallel to the x-axis (Fig. 119).

Suppose a clock, which also indicates ¢’ = o when ¢ = 0, to
be placed at the origin of the system S’. We next enquire
what position the hands of a clock of the system S has which
is at the point where the clock at rest in S’ exactly indicates

the time ¢’ = g- The required value of ¢ is evidently deter-

mined by the intersection Q"of the #'-axis with the cahhratioﬂ
curve G = — I. On the other hand the position # == L of the

¢
hands of the clocks at
rest in S is represented /"5
by the points of the At
straight line which is
drawn through Q
parallel to the x-axis.
This straight line
meets the ¢'-axis at a
int R’, and the
gure shows that ¢
lies outside the dis-
tance QR’. This, how-
ever, denotes that the
unit of time of the
system S’ appears
lengthened in the
system S. |
To ascertain the - Fie. 110
amount of t h e
lengthening we set ' = o in the Lorentz transformation for the
clock situated at the origin of 5, that is, x = vt. We then get

|
f
|
I
I

An interval of time t., in the system S’, that is, &' = f,, will
accordingly be measured in the system S as

t ‘ /
tz’ 9 2 \73)
v
\/I‘“;a

14
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and thus appears lengthened. The time-dilatation is reciprocal
to the contraction in length.

Conversely, of course, the unit of time of a clock at rest in
the system S appears increased in the system S, |

Or we may say that, viewed from any one system, the
clocks of every other system moving with respect to it appear
to be losing time. The course of events in time in the systems
in relative motion are slower, that is, all events in a moving
system lag behind the corresponding event in the system
regarded at rest. We shall return later to the consequences
which arise from this fact and which are often regarded as
being paradoxical. | |

The time-datum of a clock in the system of reference in
which it is at rest is called the PROPER TIME of the system.
This is identical with the ‘ local time’ of Lorentz. The
progress made by Einstein’s theory is not in respect of formal
lavs but rather of the fundamental view of them. Lorentz
made the local time appear as a mathematical auxiliary quantity
in contrast to the true absolute time. Einstein established
that there is no means of determining this absolute time or
of distinguishing it from the infinite number of equivalent
local times of the various systems of reference that are in
motion.  But this signifies that absolute time has no physical
reality. Time-data have a significance only relatively to
definite systems of reference. This completes the relativization
of the conception of time.

5. APPEARANCE AND REALITY

Now that we have become acquainted with the laws of
Einstein’s kinematics in the double form of figures and formulz,
we must throw a little light on it {rom the point of view of the
theory of knowledge. | | o

It might be imagined that Einstein’s theory furnishes no
new kuowledge about thirgs of the physical world but is con-
cerned only with definitions of a conventional type which do,
indeed, satisfy the facts but might equally well be replaced by
others. This suggests itself to us if we think of the starting-
point of our reflections, the example of the tug, in which the
conventional and arbitrary nature of Einstein’s definition of
simultaneity forces itself on our attention. As a matter of
fact, Einstein’s kinematics can be applied in its entirety to
ships that move through motionless air if we use sound signals
to regulate the clocks. The quantity ¢ would then denote the
velocity of sound in all formule. Every moving ship would
have its own units of length and time according to its velocity,
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and the Lorentz transformations would hold between the
measure systems of the various ships. We should have before
us a consistent Einsteinian world on a small scale.

But this world would be consistent only so long as we admit
that the units of length and time are to be restricted by no
postulate other than the two principles of relativity and the
constancy of the vedocity of sound or light respectively. Is
this the meaning of Einstein’s theory ? |

Certainly not. Rather it is assumed as self-evident tha*
measuring-rod which is brought into two systems of reference
S and ¥ under exactly the same physical conditions in each
case represents the same length in them, it being assumed
that they are affected as little as possible by external forces.
A fixed rod that is at rest in the system:S and is of length 1
is, of course, also to have the length 1 in the system S’ when
it is at rest in S’ provided that the remaining physical conditions
(gravitation, position, temperature, electric and magnetic
fields, and so forth) are as much as possible the same in S
as in 5. Exactly the same would be postulated for the clocks

We xmght call this tacitly made assumption of Einstein’s
theory the ° pnncxple of the physical identity of the units
of measure.’

As soon as we are conscious of this principle we see that
to apply Einstein’s kinematics to the case of the ships and to
compare clocks with sound sighals is incompatible with it.
For if the units of length and time are determined according
to Einstein’s rule with the help of the velocity of sound, they.
will, of course, by no means be equal to the units of length
and time measured with fixed measuring rods and ordinary
clocks ; for the former are not only difterent on every movmg
ship accordmg to its velocity but, moreover, the unit of length
in the direction of motion is different from that athwart the
ship. Thus Einstein’s kinematics would be a possible definition
but in this case not even a useful one. The ordinary measuring
rods and clocks would without doubt be superior to it.

For the same reason it is only possible with dlﬁiculfy to
illustrate Einstein’s kinematics by means of models. These
certamly give the relationships between the lengths and the
times in the various systems correctly, but they are inconsistent
with the principle of the identity of the units of measure;
nothing can be done but to choose two different scales of length
in two systems S and S’ of the model moving relatively to each
other.

According to Einstein the state of affairs is quite different
in the real world. In it the new kinematics is to be valid
just when the same rod and the same clock ate used first in the
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system S, and then in the system S’ to fix the lengths and the
times. Through this, however, Einstein’s theory rises above
the standpoint of a mere convention and asserts definite
properties of real bodies. This gives it its fundamental im-
portance for the whole physical view of nature.

This important circumstance .comes out very clearly if
we fix our attention on ROmer’s method of measuring the
velocity of light with .the help of Jupiter’'s moons. The whole
solar system moves relatively to the fixed stars. If we imagine
a system of reference S rigidly connected with the latter, then
the sun and its planets define another system S’. Jupiter and
his satellites form a clock (ideally good) with hands. It
moves round in a circle so that at one time it arrives at the
direction of the relative motion of S with respect to &', at
another in the opposite direction. We can by no means
arbitrarily determine the beating of the Jupiter clock in these
positions by convention in such a way that the time that the
light takes to traverse the diameter of the earth’s orbit is the
same in all directions, but rather this is so guite of itself, thanks
to the way the Jupiter clock is arranged. For it just shows
the proper time of the solar system S’ and not some absolute
time or the foreign time of the system S of the fixed stars.
In other ‘words, the time of revolution of the Jupiter moons is
constant relatively to the solar system (the velocity of Jupiter
himself relative to the solar system being left out of account).

Now it is asserted by some that this view denotes a frans-
gression of the causal law. For if one and the same measuring
rod, as judged from the system S, has a different length
according as it is at rest in S or moving relatively to S
then, so these people say, there must be a reason for this
change. But Einstein’s tbeory gives no reason; rather it
states that the contraction occurs of itself, that it iz an accom-
panying circumstance of the fact of motion. Now, this
objection is not justified. It is due to a too limited view of
the conception ‘‘ change.” In itself such a conception has no
meaning. It denotes nothing absolute, just as data denoting
sizes or times have no absolute significance. For we do not
mean to say that a body which s movmg uniformly rectlhnearly

with respect to an inertial system S “ undergoes a change "
although it actually changes its situation with, respect to the
system S. It is by no means clear a priort what *‘ changes
physics counts as effects for which causes are to be found;
rather, this is to be determined by experimental research
itself.

The view of Einstein’s theory about the nature of the con-
traction is as follows:
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A material rod is physically not a spatial thing but a space-
time configuration. Every point of the rod exists at ’thxs
moment, at the next, and still at the next, and so forth,
every moment of time. The adequate picture of the roa
under consideration (one dimensional in space) is thus- not
a section of the w-axis but rather a strip of the xt-plane
(Fig. 120). The same rod, when at rest in various movirig
systems S and 5’ is represented by various strips. There is
NO a priors rule as to how these two-dimensional configurations
of the xi-plane are to be drawn so that they may represent
the physical behaviour of one and the same rod at different
velocities correctly. To achieve this a calibration curve in
the xé-plane must first be fixed. Classical kinematics draws
this differently from Einsteinian kinematics. It cannot be
ascertained a priors which is correct. In the classiedl theory
both strips have the same width as measured parallel to a
fixed x-axis. In Einstein’s .
theory they have the same
width as measured in the
various x-directions of the
systems of reference in rela-
tive motion ,and with differ-
-ent but determinate units.
The *‘contraction” does
not affect the strip at all
but rather a section cut
out of the x-axis. It is,
however, only the strip as
a manifold of world-points,
events, which has physical reality, and not the cross-section.
'Thus the contraction is only a consequence of our way of
- regarding things and is not a change of a physical reality.
Hence it does not come Wlthln the scope of the conceptions of
cause and effect.

The view expounded in the preceding paragraph does away
with the notorious controversy as to whether the contraction
is “real” or only ‘ apparent.” If we slice a cucumber, the
slices will be the larger the more obhquely we cut them. Tt is
.meamngless to call the sizes of the various oblique slices * ap-
parent,” and to call, say, the smallest which we get by siicing
perpendicularly to the axis the ““ real ” size,
~ In exactly the same way a rod in Einstein’s theory has
vanious lengths according to the point of view of the observer,
One of these lengths, the statical length, is the greatest. but
this does not make it more real than tl'e others. The applica-
tion of the distinction: between “‘-apparent ' and.'’ real” im
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this naive sense is no more reasonable than askmg what is the
real x-co-ordinate of a point 2, y when 1t is not known which
xy-co-ordinate system is meant.

Exactly corresponding remarks apply to the relativity of
time. An ideal clock has always one and the same tate of
beating in the system of relerenoe in which it is at rest. It
indicates the * proper time ” of the system of reference. Re-
garded from another system, however, it goes more slowly.
In such a system'a definite interval of the proper fime seems
longer. Here, too, it is meaningless to ask what is the ‘' real ”
duration of an event.

When understood in the right way, Einstein’s kinematics
contains no obscurities and no inconsistencies. But many of
its results appear contrary to our customary forms of thought
and to the doctrines of classical physics. When these antitheses
occur in a particularly marked way they are often felt to be
impossible and paradoxical. In the sequel we shall draw
numerous deductions from Einstein’s theory which first en-
‘countered violent opposition until physicists succeeded in
confirming them experimentally. But here we wish to deal
with- an argument which leads to particularly remarkable
results without its seeming possible to test them by expenment
We are referring to the so-called “ clock-paradox |
~ Let us consider an observer A at rest at the origin O of the
inertial system S. A second observer B is at first to be at
“rest at the same point O, and is then to move off with uniform
velocity along a straight line, say the x-axis, until he has reached
a point C, when he is to turn round and return to O along a
straight line with the same velocity. |

Let both observers carry with them ideal clocks whxch
indicate their proper-time. The times lost in getting started,
in turning round, and in slowing down on arrival at B can be
made as short as we please by making the times occupied
in moving uniformly there and back sufficiently great. TIf.
say, the rate of the clocks should be influenced by ‘the accelera- i
tion, this effect will be comparatively small if the times of the
journey are sufficiently great, so that this effect may be neglec-
ted. But then the clock of the observer B must have lost
time compared with the clock of A after B’s return to 0. For
we know (VI, 4, o. 210) that during the periods of B’s uniform:
" motion, which are the’ determining factors for the result, the
- proper time lags behind the time of any other inertial system,
This is seen particularly vividly in the geometrical picture
in the xt-plane (Fig. 121). In this we have for the sake of
convenience drawn the axes. of the xt-system perpendxcularlg
to each other. The world-line of the point A is the t axisi
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The world-line of the peint B is the bent line OUR {drawn as a
dotted line) whose corner U lies on the world-line of the turning
pomt C drawn parallel to the f-axis.

- Through U we draw the hyperbola that arises out of the
calioration curve G = 1 by the appropriate magnification.
Let this meet the f-axis in Q. Then Clearly the length OQ
of the proper time for the observer A is exactly equal to the
length QU of the proper time for the observer B. But' the
length of the proper time for A until the turning-point R is
reached is; as the figure tells us, more than twice as great as
0Q), whereas it is twice
as great as OU for B.
This, at the moment
of turning round; A’s
clock is in advance of
B’s clock. The amount
of this advance can
easily be calculated
from formula (75), in
which 7/, is the proper-
time of A, and ¢t denotes
the time measured in
the system B. If we
limit ourselves to small
velocities of B and re-

gard B= - as a small FiG. 12i.

number, we may write as an approxxmanon ‘nstead of (75) (see
the note on p. 182) :

§ =1, {1 + % BY).

Hence the advance ot ‘A’s clock with respect to B’s clock is
2

! — by = é'to .(.76)
20

and this holds for every moment of the motion since the out-
ward and the inward j journey take place with the same velocity
Hence, in particular, it also holds for the moment of turning,
tc then denoting the whole time of the vovage according to
the proper time of A, and ¢ the time of the voyage according
to the proper time of B. :

The paradoxical feature of this result lies in the circumstance
that every inertial event in the system B must take place more
slowly than the same event in the system A.. All atomic
vxbratlons indeed, even the course of life itself, must behave
just like the clocks. Thus, if A and B were twin brothers,
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then B must be younger when he returns from his voyage
than A. This is truly a strange deduction, which can, however,
be eliminated by no artificial quibbling. We must put up
with this just as, scine centuries ago, others had to endure
that their fellow-creatures in the antipodes stood on their heads.
Since, as formula (76) shows, it is an effect of the second order, it
is scarcely likely that practical consequences will accrue from it.

If we take up arms against this result and call it para-
doxical, we simply mean that it is unusual, or ‘ peculiar,”
and time will help us to conquer this strange feeling. But
" there are also opponents to the theory of relativity who seek
to make of these conclusions an objection 'xgamst the logical
censistency of the theory.

Their argument is as follows. According to the theory of
relativity two systems in relative motion are equivalent.
We may therefore also regard B as at rest. A then performs
a journey in exactly the same way as B previously, but in the
opposite direction. We must therefore conclude that when
A returns B’s clock is in advance of A’s. But previously we
liad come to exactly the opposite conclusion. Now since
A’s clock cannot be in advance of B’s and at the same time
B’s in advance of A’s, this argument discloses an inherent
contradiction in the theory—so they conclude superficially.
The error in this argument is obvious ; the principle of rela-
tivity concerns only such systems as are moving uniformly
and rectilinearly with respect to each other. In the form in
which it has been so far developed it is no¢ applicable to acéel-
crated systems. But the system B s accelerated and it is not,
therefore, equivalent to A. A is an inertial system, B is
not. Later, it is true, we shall see that the general theory of
relativity of Einstein also regards systems which are accelerated
with respect to cach other as equivalent, but in a sense which
requires more detailed discussion. When dea.lmg with tlns,
more general standpoint we shall retumn to the * clock paradox.”
and we shall chow that on close examination there are no
difhculties in it. For in the above we made the assumption
that for sufficiently long journeys the short times of acceleration
exert no influence on the beating of the clocks. But this holds
oily when we are judging things from the inertial system A
amd not for the measurement of time in the accelerated system
B. According to the principles of the general theory of rela-
tivity gravitational fields occur in the latter which affect the
beating of the clocks. When this influence is taken into
account, it is found that under all circumstances B’s clock
goes in advance of A’s, and thus the apparent contradiction
vanishes (see VII, 10, p. 282). '



SPECIAL PRINCIPLE OF RELATIVITY 217

The relativization of the conceptions ot length and intervals
of time appears difficult to many, but probably only because
it is strange. The relativization of the conceptions ‘‘ below "’
and ““ above’ which occurred through the discovery of the
spherical shape of the earth probably caused contemporaries
of that period no less difficulty. In this case, too, the result
of research contradicted a view that had its source in direct
experience. Similarly, Einstein’s relativization of time seems
not to be in accord with the experience of time of individuals.
For the feeling of * now " stretches without limit over the world,
linking all being with the ego. The fact that the same moments
that the ego experiences as “ simultaneous’ are to be called
" consecutive ” by another ego cannot be comprehended in
fact by the actual experience of time. But exact 501ence has
other criteria of truth. Since absolute “ simultaneity ’’ cannot
be ascertained, it has to eradicate this conception out of its
system.

6. THE ADDITION OF VELOCITIES

We shall now enter more deeply into the laws of Ematem s
kinematics. In doing so we shall for the most part restrict
ourselves to considering the xf-plane. There is no essential
difficulty in generalizing the theorems obtained for the case
of the four-dimensional xyzf-space and we shall, therefore,
merely touch lightly on it.

The light-lines that are characterized by G = x2 — ¢%2 = o
divide the x¢-plane into four quadrants (Fig. 122). G evidently
retains the same values in each quadrant, G being >0 in the
two opposite quadrants which contain the hyperbolic branches
G = 41, and G being <o in the two oppos1te quadrants,
which contain the hyperbolic branches G = — 1, A straight
world-line passing through the origin O can be chosen as the
x-axis or the f-axis according as it lies in the quadrants G >o
or G <o. Corresponding to this we distinguish world-lines

‘ SPACE-LIKE " or *‘ TIME-LIKE.”

» In any inertial system the x-axis separates the world-points
of the “ past” (!<0) from those of the future (¢ > 0). But
this separa.tlon is different for each inertial system, since for
another position of the x-axis world-points which previously
lay above the x-axis, that is, in the * future,” now lie below
the x-axis, or in the past, and conversely. Only the events
represented by the world-pomts within the quadrants G <o
are uniquely either ‘‘ past” “ future ”’ for every inertial

\ 2 .
system. For such a world-point P we have ¢2 >%, that is,
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in every admlssxble system of reference the time-distance of
‘the two events O and P is greater than the time the light
requires to pass from the one point to the other. We can
then always introduce an inertial system S such that its f-axis
passes through P, that is, in wnich P represents an event which
‘takes place a.t the spatial origin. Regarded from another
“inertial system this inertial system S will move rectilinearly
and uniformly in such a way that its origin coincides exactly
~with ‘the events O and P. Then, obviously, for the event P
m the system S, we must have x = o  that is, G = — c’t'<o '-
In every inertial system the /-axis marks off the world-points

to which events that occur * before ” or *“ behind ** (after) the
spatial origin on the x-axis. But for a different mertlal system
| wzth a dxﬂerent t-axis this demarcation will be a different one.

It is uniquely determined
only for the world-points
that lie within the quad-
rants G >0, whether they
lie ““ before ”* or * behind **
the spatial origin. For
such a ‘point P we have

that is, in every

‘admuissible system of refer-
ence the time-interval be-
tween two events O and P
is less than the time the
light takes to pass from one
to the other. Then we can
introduce . an appropriate
moving inertial system S,
whose x-axis passes through P, in which both events O and
P are simultaneous. In this system we evidently have for the
event P that { = o0, and thus G = x?> o. |
'From this it follows that the invariant G is for every world-
pomt P a measurable quantity, having a significance which
we can appreciate visually ; P cither allows itself to be
transformed ‘‘ for the same place ” with O; then G = — c¥3,
where ¢ is the difference of time of the event P with respect -
to the event O which occurs at the same point of space of the
systemS; or else P may be transformed with O ** for simultaneous
times,” and then G = x% where x is the spatial distance
between the two events that occur in the system S.
~ In every co-ordinate system the light-lines G = o represent
motions which occur with the velocity of light. Accordmgly,
corresponding to every timne-like world-line there is a rnotlon

F1G. 1232.
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of lesser velocity. Every motxon which occurs with a velocity
less than that of light can be * transformed to rest ** because
there is a time-like world-hne corresponding to it.

But what holds for motions “that occur ‘with a velocity
greater than that of light ?

After the preceding remarks it would seem clear that
Einstein’s theory of relativity must pronounce such motions
to be impossible. For the new kinematics would lose all
meaning if there were signals which allowed us to control the
simultaneity of clocks by means mvolvmg a velocity greater
than that of light.

Here a dlfﬁculty appears to arise.

Let us assume that a system S’ has a velocity v with respect
to another system S. Let a. moving body K move relatively
to S’ with the velocity «’. According to ordinary kinematics
the relative velocity of the body K with respect to S is then

u=10-}u.

Now, if v, as well as , is greater than half the velocity of
light, then # = v 4 «’ is greater than ¢, and this is to be im-
possible according to the theory of relativity.

This contradiction is due, of course, to the circumstance
that velocities cannot simply be added in the kinematics of
the principle of relativity, in which every system of reference
has its own units of length and time. .

We already see from this that in any two systems moving
with respect to each other the velocity of light always has the
same value. It is just this fact that we used earlier to derive
the Lorentz transformation (VI, 2, p. 198), and the formula
established on p. 199 gives us the correct law for the composition

2
of velocities if we mtroduce at— 1= 8= :.):.é into it.. We

find it preferable to derive this rule once again from the Lorentz-

transformation (72) p- 200. To do this we divide the expres-
sions for 2’ and y’ (or 2’) by the expression for ¢ :

41
. , )’«'I — e
£ x—ut v V ct.
g 4 e
v ! i
‘ t - “ix t“" ({x
c c*?

If we divide the numerators and denominators of the expres-

H
:

sions on the right by ¢, the quotients %, —= % U, = tf occur,
which are obviously the projections or componentfs measured
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in the system S, of the velocity of the body K parallel (longi-
tudinal) or perpendicular (transversal) to the direction of motion

of the system S’ with respect to S. The quotients %', = =

tl
1, = %’— have the same meaning with respect to the system &',

Accordingly we get the following EINSTEIN ADDITION THEOREM
OF VELOCITIES : 4

o | | —
| | I — —
' Uy — U o c?

n, = U, =utu,— (77)

~ which takes the pldce of the simple formulae of the old kine-

matics.:

If, in particular, we are dealing with a light-ray which is
travelling in the direction of motion of the system S’ with
respect to S, then w, =0, %, =c. And then formula (77)
gives the expected result :

cC — 9 ‘
L = = C u'y, =0

which expresses the theorem of the constancy of the velocity
of light. Moreover, we see that for any body moving longitud-
inally #’, <e¢, so long as u,<c. For if we replace %, in
the first formula (77) by the greater value c, the numerator,
is increased and the denommator dnmmshed so that the
fraction becomes greater and we get

c— v
u', < » o or u', < c.
I — —
¢

The corresponding result holds, of course, for transversal
motion, and, indeed, for motion in any direction. |

Hence' the velocity of light is, kinematically, a limiting
velomty which cannot be exceeded. This assertion of Ein-
stein’s theory has encountered much opposition. It seemed
an unjustifiable limitation for future discoverers who wished
to find motions Wthh occurred Wlth velocities greater than
that of light.

We know that the B-rays of radioactive ‘substances are
electrons moving , nearly with the velocity of light. Why
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should it not be possible to accelerate them so that they move
~w'th a velocity exceeding that of light ?
"~ Einstemn’s theory, however, asserts that in principle this
-is not possible, because the inertial resistance or the mass of
a body increases the more the more nearly its velocity ap-
proaches that of light. We thus arrive at a new system of
dynamics which is built up on Einstein’s kinematics.

7. EINSTEIN’S DyNAMICS

The mechanics of Galilei and Newton is intimately con-
‘nected ‘with the old kinematics. The classical principle of
relativity, in particular, depends on the fact that changes of
velocity, accelerations, are invariant with respect to Galilei
transformations. |

Now we cannot take one kinematics for one part of physical -
phenomena and the other kinematics for the other part, namely,
invariance with respect to Galilei transformations for mechanics,
and invariance with respect to Lorentz transformations for
electrodynamics. | |

We know that the former transformations are a limiting
case of the latter and are characterized by the constant ¢
having infinitely great values. Accordingly, following Einstein,
we shall assume that classical mechanics is not strictly valid
at all but rather requires modifying. The laws of the new
mechanics must be invariant with respect to Lorentz transforma-
tions. -

In setting up these laws we must decide which fundamental
laws of classical mechanics must be retained and which must
be rejected or modified. The fundamental law of dynamics
with which we started is the law of momentum, expressed by
formula (7) (II, g, p. 31), namely : |

J = mw.

It is obvious that we cannot simply retain it in this form.
For, whereas in classical mechanics the change of velocity w for
various inertial systems has always the same value (see III,
5, p- 60), this is not the case here, on account of Einstein’s
Addition Theorem of Velocities (77). Thus the formula (7)
has no meaning unless special directions are given for the
transformation of the momentum of one system of reference
to another, and hence it would not be expedient to start from
it to reach the new fundamental law by generalization.

But we may certainly start from the law of conservation of
momentum (11, 9, p. 32, formula (g)). This concerns the total
momentum carried along by two bodies, and it states that
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when the bodies collide this momeatum remains preserved no
-matter how their velocities are changed in the process.  Thus
the assertion involves nothing but two bodies that act on each
other, that suffer a mutual impact, without external influences,
and hence there is no reference to a third body or co-ordinate
system. Accordingly we shall demand that this law of con-
servation of momentum still remain valid in the new dynamics.

This is, of course, as we shall see presently, impossible if
~we retain the maxim of classical mechanics that mass is a
constant quantity peculiar to each body. Hence we shall
assume from the outset that the mass of one and the same body
is a relative qguantity. It is to have different values according
to the systems of reference from which it is measured, or, if
measured from a definite system of reference according to the.
velocity of the moving body. It is clear that the mass  with
respect to a definite system of reference can depend only on
the value of the velocity of the movmg body with respect to-
this system.

- Now we consider two systems of reference S and S’ whxch
are moving rectilinearly relatively to each other with the
velocity v. Let there be an observer A on S, and an observer
B on §’. Let these observers be furnished with two exactly
equal spheres. Let the spher: of A have the same mass with
respect to the system S as the sphere of B has with respect
to ', so long as the relative motions are the same.

Now, suppose each observer to throw his ball towards
the other in a direction at right angles to his motion and to.
choose the moment of throw so that the spheres meet each
other exactly symmctrzcally in flight, that is, so that the line
connecting their centres is perpendicular to the direction of
motion of S and S" at the moment of collision. |

- If we call the longitudinal and transverse component of
the first sphere Uy, and U,,, and those of the second U,, and
U,, we can express what these quantities measured in one of
the two systems of reference S or S’ are before and after the
collision. | |

The first sphere is thrown by A transversally with respect
to S with a relatlve velocity U. Hence

Up=o0 U,=U . . (78

In the same way B throws his sphere in the opposite direc--
tion with respect to S’ with the same relative velocity U~

Hence
U"g = 0 U.'_’ = - U.

Now, by the Addition Theorem (77), p. 220, we can in each
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case transform these quantities so as to refer them to the
other system. We shall give only the components in the
system S, and we need merely mention that the calculation
for the system &’ leads to exactly the same final result, ‘as
must be in view of the symmetry of the whole process. By
inserting the values of U,’y and U,’; in (77) we get

| T o
Ups = Up=— U\/I = 3 (79)

If we now wish to calculate the total momentum before the
impact we find it advantageous not to try to write as equal
the masses of the two equal spheres which are executing dif-
ferent motions. For it at once becomes manifest that they are
necessarily different. Thus, if we designate the masses with
respect to S before the collision by m,, m,, then the total im-
pulse before the collision has the components -

Jp=my Uy + mg Upg = my v

Jo=m U+ mUn=mU—mUyi-5% ()

Let us next consider the effect of the collision.

Since it is to take place perfectly symmetrically, the longi-
tudinal velocity, as observed from the system S, cannot change
as a result of the collision, nor can the longntudxnal velocity
of the second sphere as observed from the system S'. .Indeed,
for reasons of symmetry, the observer A must see his sphere
perform exactly the same motions as B observes his own to
perform. The transverse components of velocity will become
changed through the collision. Let the first sphere, as measured
froni- §-dssume the velocity — U’ which is oppositely directed
to it$ original ve locity. Then the second sphere, as observed'
from S° must acquire the velocity U’ through the impact
which is likewise oppositely dxrected to its original motion.
Hence after the collision, we have

g,,:o | g:::g;v} L (81‘)

and by tra.nsformmg to the system S by (77) we get from thxs
T

If we designate the masses after the collision by 07:',; m,,
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then the moments of momentum after the collision come out
as

Js = MUy, + MU, = Mo
(83)

. : . /! 2
J.s = mlUﬁ + ;,T"SUQ' _ - mIU’ "'l" sz »JI — Z—}—z

If we 6ompare the momenta before and after the collision
(80) and (83) we get ‘as the conditions that there should be no
change

\
MGV == Moy

mlU--sz\/I-— -—-=—-—m1U'+m0U \/I..._ ___’ (84)
| J .,

~ Now, if the mass were constant, that is if m, = m, = ml
== #M,, then the first equation would be identically true, but
the second would lead to an inconsistency. For then it would
follow that

| 2
(U+U)(z~ N1 —=F)=0

c?

and .this is impossible, since U and v are certainly not equal
to zero.

Hence we must drop the law of cla.ssmal mechanics that
mass is constant, and we must replace it by the assumption
already made above, ‘*hat the mass of a body with respect to
a system S depends on the mag'mtude of its velocity relative
to this system.

We can calculate the value U of the velocity from the com-
ponents U and U, according to formula (3) (IL, 3, p. 24)

U= U, U,

According to this we get for the velocities of the two spheres

before the collision: | *~ U il
(by (78) and (79)) |ua=q/v*+ U1 ~5) |
after the collision: | * — 3
(by (87) and (82)) |uy= /vt + U* (1 — ;—2)

Now, the first equation (84) requires that m, = mz If
mass changus at all with velocity then m; can equal m, only if
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the correspondmg' velocity #, before and after the collision
remains unaltered :

2 1 T2 v? 2 ’g v?
v —y—b(l-——z-é =24+ U'%1— ).

02

From this, however, it {ollows that U = U"’.
Moreover, equations (85) then show that #, also remains
unaltered by the collision, and hence it follows that m, = ,.
Accordingly, the second equation (84, may be Wntten as

follows :

v? - vl
m,U -—:sz\/r — — =mU + szJI — —

c2

or
Hence we get o my _ (86)

Now let us suppose the velocity of throw U to be chosen
smaller and smaller. Then by (83) we get finally that #, = o,
#, = v. So m, is the mass which corresponds to the veloc;1ty
zero and which we call the statical mass m,, whereas m, is the
mass that corresponds to the velocity v, and we designate it
briefly by # alone (without a suffix). Thus, the following
holds :

’”0’_ S (8

In this way we have found how the relarivistic mass depends
on the velocity.

- After this it is easy to see that through this relation (84)
the general equation (86) is fulfilled for any velomty of throw
U whatsoever. - For, by (85), we have

" My Mgy
1 2 —— ]
\/1,.—_ %1~ N/I — g.f
02 02
m. ' m,
;712 —— o u——‘i _— I 9 v ......
r . 2 _ —_— 2 2 —
\/* c? N/I cz{v +U (I 2>}
»\/I — — Al — .g....
c? ct

from which the relation (86) follows immediately.
3 . |
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. As already mentioned we should arrive at exactly the
same result if we were to consider the position from the othe-
system of reference S°

For the convected momentum of a body we get

J=mv = ‘,,m-_.'__,_,- . . . (88)

From this we can pass on to the law of motion for forces
that act continuously. ' In doing so we must use the for 1 ulation
of classical mechanics (II. 10, p. 33) which is based on con-
vected momentum. It may clearly at once be applied to the
new dynamics, but the law for the longitudina’ and the trans-
verse component must be formulated separately thus:

A force K produces a change in the convected momentum,
and this ts such that the change of the longiiudinal o7, respectively,
transverse component of momemium per umit of -lime is egual
to the corresponding component of the force. '

The equations of motion may then easily be set up.

If we make a small longitudinal addition w, to the velocity
v, simple calculation * tells us that the longitudina! change in

~ *For if M=o tw, N =w
are the components of velocity after the change, then the corresponding components

of momentum are
my(v + w,) Moy,
ot ol
| Ta N' =&

in Whif;h .
% == Ju" + 1= o + wﬁ)’ +w,?

is the magnitude of the chal;ged velocxty But we may set the latter approximately
equal to the component u,, for |

%= Ao + z'ob’ +iv" + w,!
and if we neglect the squares of w, and w,

= Nk ivw, - .\/mt'.’z.
~ . v
Next, we again apply the process used above (see Note on p. 182) to dedveap-

proximate formulee. For small values of »

(1 + 2)* = 1 + 25 + 2% = 1 4 2x (approximately)
and hence

Nit2zm=1+x (approximately).
Thus, to a sufficient degree of approximation :
1 |

- - —— et o
——— = v = ——— * ="

(3 e prr-——————

T k 2w
\/’ —a Ni-abt 4wy ey - Y
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Jis

M2,

...._...-__...i ‘-3
Ay
C’

but if we make a smail transversal addition %, to the v, then
the transverse change of J becomes

These expressions are to be divided by the small time ¢ during
which the change takes place: we thus get the componenis of
acceleration : | |

@ w
b, = 7 b, = 8
. {

in which we have used the abbreviation « introduced earher (VI, 2, formula (71).
p. 199). According to the approximate formila: used earlier (Note on p. 182) we

have
1

vl R

and thus we get

Now we get for the components of momentum or impulse after the change, if
we neglect the quadratic members in w, and w,: ,

= (o \! v\ myf v

and

From these we must subtract the original momenta

J°p"'-fg Je. mo

and we get for the changes of momentum

jp"‘]"p":%.w-? ]’-—J°;-3§:’

which agree with the tﬂmulan in the text.
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and for the components of force we get the expressions

i e e S - [
N

The relationship between the force and the acceleration
generated is thus different according as the force acts in the
direction of the acceleration that is already present or.in a
direction perpendicular to this. ‘ :

It is usual to bring these formulz into a form in which they
resemble the fundamental law of classical dynamics (I, 1o,
formula (10), p. 33) as much as possible. For this purpose
we set .

me— M (50)
vz 3 'A \/ vz | .
(\/ I~ 55> Vi~ & |

/

M, =

and we call these quantities lomgitudinal and transverse mass.
The latter is identical with the quantity m, simply called
relativistic mass above in formula (87).

Then we may write in place of (8¢)

K, =myb, K, = m.b, : . (91)

which agrees in form with the fundamental classical law.
We see how necessary it is to define the conception of mass
from the very beginning exclusively by the inertial resistance.-
Otherwise it would not be possible te apply it in relativistic
mechanics, since a different expression ‘‘ mass” comes into ac-
count for the convected momentum, for the longitudinal and the
transverse force, and, moreover, these masses are not character-
istic constants of the body, but depend on its velocity. Thus
the conception of mass in Einstein’s dynamics differs very widely
from that to which we are accustomed, and in which mass
denotes quantity of matter in some way. In a certain sense
the statical mass m, is a measure of the Einsteinian mass, but
again, unlike the mass of ordinary mechanics it is not in an
arbitrary system of reference, equal to the ratio of momentum

to velocity or of force to acceleration. - ,
A glance at the formulz (87) and (9o) for the mass tells us
that the values of the relativistic mass m (m,, or m, respectively)

become greater the more the velocity v of the moving body
approaches the velocity of light. For v = ¢ the mass becomes

infinitely great. | |
~ From this it follows that it is impossible to make a body
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- move with a .velocity greater than that of light by applying
- finite forces: its inertial resistanice grows to an infinite extent
and prevents the velocity of light from being reached.

Here we see how Einstein’s theory becomes rounded off
to a harmonious whole. The assumption that there is a limiting
velocity that cannot be exceeded, which seems almost para-
doxical, is itself required by the physical laws in their new
form.

Formula (87) giving the dependence of the mass on the
-velocity is the same as that already found by Lorentz from
electrodynamic calculations for his flattened electron. In it
my was expressed in terms of the electrostatic energy U of the
- stationary electron just as in Abraham’s theory (V, 13, p. 177,
formula (69)) namely, by
U

Mo == —
o
02

W

We now see that Lorentz’ formula for the mass has a much
more general significance than is at first apparent. It must hold
for every kind of mass, no matter whether it is of electro-
dynamic origin or not.

Recent researches into the deflections of cathode rays
secem to indicate that Lorentz’ formula is more correct than
Abraham’s. A surprising cenfirmation of the relativistic
formula for the mass has been obtained in a branch of physics
which seems to be quite foreign to the theory of relativity,
namely, in the spectroscopy of optical and Rontgen rays.

We cannot do more than just touch on these wonderful
relationships. The luminescence of atoms comes about through
electrons within the atomic configuration executing oscillatory
motions and producing electromagnetic waves which are
propagated in all directions. The older theory carried out the
calculations of these phenomena with the help of Maxwell’s
field equations, but latterly it has been found necessary to
give up the strict validity of these equations in the interior
of the atom and to assume other laws, ‘which were introduced
by Max Planck (in 1900). for the first time in the theory of
heat radiation. The latter constitute the so-called guantum
theory. Niels Bohr (in 1913) applied it to explain spectra
and achieved great success. Without entering into details we
remark only that in rapid motions of the electrons the mass
must be increased according to the theory of relativity, and
this will exert an influence on the spectra. Sommerfeld (in
I915) was actually able to show that in consequence of
the variability of mass the spectral lines have a2 complicated
structure. Each line in reality consiste of a whole system of
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intense lines with neighbouring fine lines. In the visible
spectra, which are emitted by the cuter electrons of the atom,
this group of lines is very narrow, it constitutes a ‘‘ fine siruc-
ture.”” But in the case of Rontgen spectra that come from the
interior of the atom it is a coarse structure in which the resolu-
~tion' of the lines is magnified millions of times. The fine
structure calculated by Sommerfeld for the lines of the hydrogen
- and the helium spectrum has been observed by Paschen (1916).
In the case of the Réntgen spectra, too, these hypotheses of
Sommerfeld have proved trustworthy. They are so exact
that they allow us to discriminate between the formula for
the mass given by Abraham and Lorentz, which is a quantity
of the second order in 8. Sommerfeld’s pupil, Glitscher, was
able to show, in 1917, that Abraham’s formula is not com-
patible with observations of the helium spectrum, but that
Lorentz’ formula is in agreemeni with them. We are thus
.Justified in speaking of a spectroscopic confirmation. of Einstein’s
theory of relativity. . o | I
~ Since, by formula (87), every mass depends on the velocity,
the proof of the electromagnetic nature of the mass of the
electron lapses, and with it the relationship between statical
mass and electrostatic energy. With Lorentz’ theory of the
stationary ether it was possible to try to trace inertial mass
back to the peculiar property of persistence of the electro-
magnetic field. If Einstein’s theory of relativity had had to
give up this great plan everyone who appreciates uniformity
would have regarded it as a serious defect. The new dynamics:
has not failed here, however, but has allowed us to penetrate
into thc deepest recesses of the nature of inertial mass.

8. THE INERTIA OF ENERGY

For all practical purposes, and also for the case of the most
rapid electrons, it is sufficient to write down the formula (87)
for the mass as far as members no higher than the second order.
Now, as we have seen (p. 182, footnote), this approximation«
gives us | ‘ |

Hence we get

In ordinary mechanics the kinetic energy (I1, 14, p. 44) is
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. )2 S
‘defined by T = m, v2 From our formula the expression that

follows for it is
- T=ct{m— my).

It can be shown that this definition of kinetic energy is rigor-
ously valid even if the members of order higher than the second
are not neglected. |

The energy law (I1, 14, formnula (16), p. 44) demands that
the time-change (that is,*change with respect to the time) of
energy £ =T 4 U be equal to zero during the whole of the

., . . m
motion. In the latter expression the classical value T= _Z.v’

must be replaced by the relativistic value

T = c¥m — my) = c’m,,( | -_}___i — I) (92)
v

If we form the time-change of this we get by -a calculation
similar to that made above (footnote, p. 226) for longitudinal
acceleration * : |

Tire-change of T = . - %2 __ — K,v (93)

in which the longitudinal component of force has been intro-
duced in accordance with (8g), p. 228. ‘But the right-hand side
is the negative. time-change of the potential energy U. For
during a sufficiently small interval of time ¢ the force may be
regarded as approximately constant, and we may calculate as
if we were dealing with a gravitational force whose potential
energy (II, 14, formula (15), p. 42) is equal to Gx; we took

"- It was shown there that if the velocity o is replaced by the changed value of
« with the components ¥, = v + w,, ¥, = w, the expression

1 , | . ' 1/ - W
- = - p“s“ over llltﬁ -—-_:_-!:.:*_—.—. = . { 1 ———! ‘
- ) u. ] u‘ “'\\ a""

Thus its change is

| - P

—;'.“;/"‘“-:. " B
1 - -—
‘J o d ! ¢

|

- ——

and the formula in the text fallows at once fron fhis.
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the direction of x as oppos,it'e',to- that of gravity, so that we
had to set G= — K,. The time-change of the potential
energy then becomes |

X .‘

Accordingly, equation (93) actually expresses that thé
quantity E = T 4- U is constant in time, T denoting the ex-
pression (92). S -

If we write the formula (92) thus
T

m="mo.+;§,

it states that the mass differs from its value at rest by the
kinetic energy divided by the square of the velocity of light.
This formulation suggests to us that the statical mass
is related in the same way to the energy content of the resting
body, or that the universal relationship =~ |

=3 - . . (94)
holds between mass and energy in all cases. Einstein has
called this law of the inertia of emergy the most important result
of the theory of relativity. For it signifies that the two funda-
mental conceptions of mass and energy are identical and thus
gives us a clearer vision of the structure of matter. Before
dealing with this we shall give Einstein's simple proof of
formula (94). S ‘

This is based on the fact that radiation exerts a pressure.
From Maxwell’s field equations, suppléemented by a theorem
first deduced by Poynting (1884), it follows that a light-wave
which falls on an absorbing body exerts a pressure on'it. And
it is found that the momentum which is imposed on the absorb-

ing surface by a short flash of lig'ht‘i‘s equal to % This result

was experimentally confirmed by Lebedew (18go) and later
again with great accuracy by Nichols and Hull (xgo1). Exactly
the same pressure is experienced by a body which emits light,
just as a gun experiences a recoil when a shot is fired.

We next imagine a hollow body, say a long tube, and at
the ends of it two exactly equal bodies A and B of the same
-material which, according to the ordinary ideas, have the same
mass (Fig. 123). But the body A is to have an excess of energy
E over that of B, say in the form of heat, and there is to be an
arrangement (hollow mirror or something similar) by which
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this energy E can be sent in the form of rédia.ﬁon"to. B. - Let |
the spatial extent of this flash of light be small compared -with

 the length ! of the tube (Fig. 123).- | ; |
Then A experiences the recoil =. Thus the whole tube,

“whose total mass we take as M, acquires a vélocity'_' v directed
backwards and determined by the equation of moimentum

My = E

c

This motion continues until the flash arrives at B and is there
absorbed. Then B experiences ' —
the same blow forwards and hence E y | 5%
the whole system comes to rest. | i

The displacement which it under- Fic. 123.

goes during the time of travel ¢ o
of the flash is ¥ = ¢, where v is to be taken from the above
equation, thus

E¢

X = ——

Mc’

- The time of travel, however, is determined (except for a
small error of higher order) by / = ¢t. Hence the displacement
is - - o
__ E

X = —

Mce’

Now the bodies A and B may be exchanged and this may
be done without using external influences. Let us suppose
that two men are situated in the tube, who put A in the place
of B and B in the place of A and then themselves return to
their original positions. According to ordinary mechanics the
tube as a whole must suffer no displacement, for changes of
position can be effected only by external forces. | |

If this exchange were to be carried out, everything i~ -the
interior of the tube would be as at the beginning, the energy
E would again be at the same place as before, and the distri-
bution of mass would be exactly the same. But the whole
tube would be displaced a distance x with respect to its initial
position by the light-impulse.  This, of course, contradicts
all the fundamental canons of mechanics. We could repeat
the process and thus impart any arbitrary change of position
to - the system without applying external forces. This is,
however, an impossibility. The only escape from the diffi-
culty is to assume that when the bodies A and B are exchanged



23¢  THE THEORY OF RELATIVITY

these two bodies are not mechanically equivalént but that B
has a mass greater by m than A in consequence of its excess
of energy E. But then the symmetry during the exchange is
not maintained, and the mass m is then displaced from right
to left by a distance I. At the same time the whole tube is
displaced a distance x in the reverse direction. This dis-
tance is determined by the circumstance that the process
~occurs without the intervention of external influences. The

total momentum, consisting of that of the tube M: and of that
of the transported mass — m:- is thus zero.

Mx —mi=0
from which it follows that
| ml

X = —

M

Now this displacement must exactly counterbalance that
produced by the light-impulse, hence we must have -

M M
This allows us to calculate m and we, get
_FE
m= -

This is the amount of inertial mass that mast be aseribed
to the energy E in order that the maxim of mechanics remain
valid which states that no changes of position can occur with-
out the action of external forces. o |
,, Since every form of energy is finally transformable into radia-

tion by some process or other, this law must be universally.
valid. . Accordingly mass is nothing other than a jorm of appear-
ance of energy. Matter itself loses its primary character as
an indestructible substance and is nothing more than points
of concentrated energy. Wherever electric and magnetic fields
or other effects lead to initense accumulations of energy the
‘phenomenon of inertial mass presents itself. Electrons and
atoms are examples of such places at which there are enormous
concentrations of energy. : -
We can touch on only a few of the numerous important
consequences of this theorem. |
Concerning firstly the mass of the electron. formala (6g),
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'. ' . : U |
P- 177, shows that for the statical mass m, = % o the electro-

'f_stétic eﬁergy U cannot be the total -‘e.nergy E of the electron
- at rest. There must be present another part of energy V;
E=1U + V, such that | |

_4U
)

From this it follows that V = gU —-U ~"—'—‘——;U = iE Thus the
~total energy is three-quarters electrostatic and ome-quarter

~of a different kind: This part must be due to the cohesive
forces which hold the electron together by countcrbalancing
‘the electrostatic attraction. Ingenious theories on this point
have already been developed by Mie, Hilbert, and Einstein,
but the. results are not yet sufficiently satisfactory to enable
us to describe them. The hypotheses of Einstein seem to
" be the most promising, and we shall return to consider them
briefly when we come to deal with the general theory of rela-
tivity. | o
On the other hand, the law of the inertia of energy is even
now of very great importance for the problem of the structure
of the material atom. | - o
We have already mentioned (p. 171) that every atom
consists of a positive part, which is indissolubly connected with
the inertial mass, and of a number of negative electrons.
Experiments by Rutherford (1913) and his collaborators on
the scattering of the positive rays, the so-called e-rays, emitted
by radioactive substances, proved that the positive constituents:
of atoms, which are nowadays called * nuclei ”’ or *' protons,”
are extraordinarily small, indeed much smaller than electrons, ._
whose radii (p. 178) have been estimated at 2.10!'* cms.
Now if the mass of the nucleus, like that of the electron, is
for the main part (three-quarters) electromagnetic by nature,
then there should be between it and the radius a a formula
similar to that applied earlier (p. 178) to electrons, namely,
. ‘ y
My = -2 a%i but perhz.aps. with a-different numerical factor.

‘Thus the masses would be inversely proportionai to the radii :

Radius of the electron _ Mﬁ?{{ gf__tgg ~.E.“;;‘3.?..‘§§
Radius of the nucleus  Mass of the electron’

But we know that tﬁe_ hydrogen atom is 2000 times smaller
than the electron. From this it follows that the radius of
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the hydrogen nucleus is about 2000 times smaller than that of
-the electron and this is in good agreement with the results.
Thus we can apply the law of the inertia of energy ‘'success-

-fully to the masses of atoms or nuclei.
~ Radioactive atoms are catalogued, as we know, according
to the type of rays they emit. I. a-rays. These are positively
charged particles which have been shown to be helium nuclei.
2. P-rays, which are electrons. 3. y-rays, which are electro-
magnetic rays of the nature of Réntgen rays. In these pro-
cesses of emission the atom loses not only direct mass, but also
energy to a considerable amount. But according to the law
of the inertia of energy the loss of energy also entails a loss of
mass, Unfortunately this is so small that it has not yet been
possible to determine it experimentally. |
- Fundamentally, however, the discovery that when an atom
is. disintegrated the sum of the masses of the component parts
is not equal to the mass of the original atom is of great impor-
tance. It has long been an object of research to resolve all
atoms into simpler primary constituents. Prout (1815) set
up the hypothesis that these primary constituents are the
hydrogen atoms. He supported this idea by pointing out that
the weights of many atoms are whole multiples of the weight
of the hydrogen atom. But exact measurements of the atomic
weights have not confirmed this assertion and this has served
to discountenance Prout’s hypothesis. But nowadays it has
been taken up again with success. For according to the law
of the inertia of energy the mass of an atomic nucleus com-
posed of #» hydrogen nuciei is not simply equal to # times the
mass of the hydrogen nucleus, but differs from it by an amount
of energy necessary to combine these nuclei. Recently this
view has received strong support through the discovery by
Rutherford (1919) that hydrogen nuclei can be forcibly detached
from nitrogen nuclei by a bombardment with a-rays. It is
true that the law of the inertia of energy can account for only
small deviations of the ratio of the atomic weights from integral
numbers. But there is still another cause which produces the
great differences, the fact of ¢sofopes. Many elements are
mixtures of atoms having equally charged nuclei and a similar
arrangement of electrons but they have different nuclear mass,
These cannot be separated chemlcally, although this has been

carried out physically. The existence of isotopes was first
proved in the case of radio-active substances, and recently
by Aston (1920) in the case of many other elements. But
we cannot here enter into this interesting subject.

This survey of the problem of modern atomic theory shows us

very distinctly that Einstein’s theory of relativity is no product



SPECIAL PRINCIPLE OF RELATIVITY 287

of fantastic speculation, but rather a guiding thread in the
‘most important region of phys1ca1 research, The unveiling of
the secret of the world of atoms is an aim which exerts a dlrec-‘
tive influence on the mental growth of humanity, and it exceeds
in grandeur and importance all other problems of natural
science, perhaps even the problem of the structure oi the
universe. For every step towards this goal gives us not only
new weapons in the struggle for existence but furnishes us
with knowledge of the most intimate relationships of the
natural world, and teaches us to distinguish between the decep-
tion of the senses and the truth of the eternal laws of the
umverse -

9. THE OPTICS OF MoVING BODIES

Now that we have drawn the most important inferences
from our modified mechanics it is time to return to those prob-
lems from which Einstein’s theory of relat1v1ty emanated,
namely, ‘he electrodynamics and optics of moving bodies.
The fundamental laws of these regions of physics are condensed
in Maxwell’s field equations, and even Lorentz had recognized
that these are invariant for empty space (e = I, u = I, 0 = 0)
with respect to Lorentz transformations. The exact invariant
field equations for moving bodies have been set up by Min-
kowski (1go7). They differ from the Lorentz formulz of the
theory of electrons only in minor terms which cannot be tested
by owservation, but have in common with these the partial con-
vection of the dielectric polarization, and hence account in full
agreement with observation for all electromagnetic and optical
phenomena involving moving bodies. Werecall,in particular, the
experiments of Réntgen, Eichenwald, and W:lson (V, 11, p. 166),
yet we shall not discuss them further as this would require
elaborate mathematical calculation. But the optics of moving
bodies may be treated in quite an elementary way and we
shall describe them here as one of the most beaut1ful applica-
tions of Einstein’s theory.

According to Einstein’s theory of relativity there is no
ether but only bodies moving relatively to each other, and so
it is self-evident that all optical phenomena in which the source
of light, the substances traversed by radiation, and the observer
are at rest in one and the same inertial system are the same for
all inertial systems. Thus, this also ~explains the Michelson-
Morley experiment, which gave rise to the theory. The.
question now is merely to determine whether the phenomena
which occur when the source of ight, the medium traversed
by radiation, and the observer are in relative motlon are
correctly tepresented by the theory.
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Let us imagine a light wave in a material body which is at
¢
"
(n being the index of refraction), its vibration number v, ‘and
its direction relative to the system S definitely fixed. - We
enquire as to how these three characteristics of the wave are
judged by an observer who is at rest in a system of reference $'
which is moving with the velocity v parallel to the x-chrectlon
of the system S.

We treat this questlon according to the same method as
that which we applied earlier (IV, 7, p. 103) except that now
we use Lorentz transformations as our basis of reasoning in
place of Galilei transformations. We showed there that the
wave-number

| s
(= 2)
¢

is an invariant. For it denotes the number of waves which
have left the zero point or origin after the moment ¢ == 0 and
up to the moment ¢ have reached the point P, during which
time they advance a distance s (Fig. 69, p. 103). This invari-
ance now holds, of course, for Lorentz transformations.

We next consider waves that advance parallel to the x-direc-
tion. Then the x-co-ordinate of the point P must be mserted_

for s, and we get |
v(t — .’f.) = v'(t' - X
c .

where v, v, and ¢,, ¢’; are the frequencxes and velocities of the
wave relatwe to the svstems S and S'. If on the right we
insert the expressions for %’ and ¢’ given by the Lorentz trans-
formation (72), p. 200, we get,

(1= £) - 2= o= 159

rest in the system of reference S. Let its velocity be €=

’

Cy

where a--~/1~—,8=——\/1+-%;. If we nowﬁrst set x =1,

¢t = 0, and then { = 1, x = 0, we get

y Vv I)‘
o a\c“" ¢’y

’

. r

. v l',)
= "(H‘"”)J
e\ ¢

(95)
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If we divide the second equation by the first we get
I+Efl . cix‘*‘v

v I ve'
— S I -1
.c’ii-lc’1 + c?

¢, =

If, conversely, we. solve for ¢’y we get- the sirict convection
formula | " "

’

€y — U
Cc 1 - o

L VG
C’

This agrees exactly with Einstein’s addition theorem of
velocities for longitudinal motion [first formula (77), p. 220],
if we replace %, in it by ¢,, and %', by ¢',. The same rule
which holds for calculating the wvelocities of material bodies
relative to various systems of reference may also be applied
to the velocity of light. |

If members of order higher than the second in 8 = :E) be
neglected, the law, however, becomes identical with Fresnel’s
convection formula (43), p. 117. For, with this approximation,
we may write

I X

_ — —4 .
vCy

I mta—— _.._,_l 3 I —— ——

cl n

Y
1-}-” I+m:'
Thus‘
¢y= (e —v)(1+ 2)

ve, V3

=€ — U+ |
1 %e _”C’

and if we omit the last term of the second 6rdét and set
Cl I : - 4
—= ., W €.
c w8
'
Cl=icl-—‘v(1—;‘-_ .

This is precisely Fresnel's convection formula. - |
The second of the formula (95) represents Doppler’s principle.
This is usually applied to a vacuum, so that ¢, =¢; then,
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as we know, it follows from the addition theorem of velocities
(P. 220) that ¢/, = ¢. And the second of formulz (g5) gives us

147 I+ B
c .
But now 1 — Bt = (1 — B) (1 + B), hence we may write

s NO=BCFrp_ [T=B
I+ g | 148

Thus the strict formula for the Doppler effect assumes the
symmetrical form | o

v’\/1+§=v\/1—42’. .. (96)

which expresses in an’evident way the eqixivalence of the
systems of reference S and S’. If we neglect the terms of

e

order higher than the second, we may replace /I + B by
I+ 3B and &1 — Bby1 — }8. Accordingly we get

V(1 + 38) = v(1 — 1)

r— I 3B
1 4 VI + %B.
Now, to the same degree of accuracy,
= J - R
I+ 3B #F

and thus |
v = v(1 — }8)* = »(1 — B+ }B?

and if we neglect 8¢
b1 Y
=y(1-2)

in complete agreement with formula (40), p. 107.

To derive the aberration of light by the same method we
must consider a train of waves which propagates itself per-
pendicular to the direction of motion % of the systems S and &'
with respect to each other. We must state whether the per-
pendicular direction with respect to S or S’ is meant, for if
the ray is perpendicular to the x-axis relative to S, it is not so
relative to 5'. Then we must set s' = y’, and we get for a
vacuum (¢, = ¢,’ = ¢) -

v(t —_— §) == v'(t' — J-,)
- C c
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- 1 we here insert the values glven by the Lorentz transforma—
tion (72) p. 200, we get -

__ P — =% :
- ,,( <)
c \ a ¢

From this it follows ﬁrstly, for | =0, y —0,s=0,t=1I,

v’
y == —
a

and then, for ¢ =: o,

Thus
. s = ay + px.

If . 2 wave-plane relative to the system of reference S
were perpendicular to the : -
y-axis, then we should have - A
s = 9. Since this is not the y
case, it must be deflected
(Fig. 124). Suppose x, y are
the co-ordinates of any point
P in the wave-plane. If, in
particular, we choose for P = |-
the point of intersection A ! :
with the x-axis,” we must i
set ¥x=a, y=0, and thus ‘ Z ! | 4
s= Ba. In the same way =~ 0___7 O X
we must set x = 0, y = b for a
the point of intersection B Fic. 124.
with the y-axis, thus s = ab.-

Hence we get

~&

;
S = a:ab or — =
B a

This ratio g- is clearly a measure of the deﬂection of"-the_

wave-front. It is easy to see that it agices with the elememaly
definition. of the aberration constant according to the emission
theery (IV, 3, p. 82). For the perpendicular OC dropped
from the origin on to the wave-plane is the direction of propa-
gation. If D is the projection of C on the x-axis, then OD = d
is the displacement to whlch a telescope of length DC =

16
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placed parallel to the y-axis must be subject during the time
requireﬁy the light to traverse the tube, in. order that a
- ray that strikes the middle of the object glass at C should

reach exactly the middle of the: eye-piece at O. ‘Thus ? is the

aberration constant. From the similarity of the triangles
UCD, BAQO we get the proportion

d_b_B_ B

e~ v e
o

b — S s b Brodeip-pipey
! " a o ‘\/'1 — B

i

0o
.

‘This is the exact aberration formula. 1f we neglect B in
comparison with 1, it simplifies into the elementary formula

d v
[TPR=G

This result is particularly remarkable because all the ether
theories have considerable difficulties to avercome in explaining
aberration. In making use of the Galilei transformation we
obtain no deflection at all of the wave-plane and the wave-
direction (IV, 10, p. 121), and to explain aberration we tnust
introduce the conception * ray * which need not agree in moving
systems with the direction of propagation. In Einstein's
theory this is not necessary. In every inertial system S the
direction of the ray, that is, the direction along which the energy
1s transported coincides with the perpendicular on the wave-
planes, nevertheless the aberration comes out in the same
simple way as the Doppler effect and Fresnel’s convection
_coefficient from the conception of a wave with the help of the

Lorentz transformation. ’ L - .

‘This method of deriving the fundamental laws of the optics
of moving bodies shows very strikingly the superiority of
Einstein’s theory of relativity above all other theories. |

i

10. MINKOWSKI'S ABSOLUTE WORLD

The essence of the new kinematics consists in the insepar-
ability .of space and time. The world is a four-dimensional
manifold, its element is the world-point. Space and time are
‘forms of arrangement of the world-points, and this arrangement
is, to a certain extent, arbitrary. Minkowski has expressed
this view in the words : * From now onwards space and time
are to sink to shadows and only a sort of union of both retain.
self-dependence.” And he has worked out this idea logically
by developing kinematics es four-dimensional geometry. We
have made use of his method of description throughout,
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omitting the y- and z-axis only for the sake of simplicity and
working in the xf-plane. If we throw a glance at the geometry
in the xt-plane from the mathematical point of view, we see
that we are not dealing with ordinary Euclidean geometry.
For in this all straight lines that radiate out from the origin
are equivalent, the unit of length on them is the same, and the
calibration curve is thus a circle (Fig. 125). But in the af-plane
the space-like and the time-like <traight lines are not equivalent.
There is a different unit of length on each, and the calibration
curve consists of the hyperbola

Gt oM 41

- In Euclidean geometry we can construct an infinite number
of rectangular co-ordinate systems with the same origin O,
which emerge from each other by rotation. In the x¢-plane
~there are likewise an infinite number of equivalent co-ordinate
systems, for which the one axis |
can be chosen at will within a \‘y’ 1
certain angular region. \

In Euclidean geometry the
distance s of a point P with
the co-ordinates x, y from the
origin is an invariant with re-
spect to rotations of the co-
ordinate system (see III, 7,

formula (28), p. 64). By
Pythagoras’ theorem we have
(Fig. 125) in the xy-system
. s == x% | 3yt Fre. 125.

and in any system x'y’ we likewise have s = z'% 4 9’2 The
calibration curve, the circle of radius unity, is represented by
s== 1. Hence we shall regard s, or s3%, as the ground invariant
of Euclidean geometry. .

In the xt-plane the ground invariant is
Qo= a? — Y
and the calibration curve is
G=+1

- Now Minkowski observed that a parallelism presents itself
here which throws a light on the mathematical structure of
the four-dimensional world (or the xi-plane, respectively). For
if we set — c2? = u? we clearly get

G = x4 u?=s?
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and this may be regarded as the ground invariant s2 of a Eucli-
dean geometry having the rectangular co-ordinates «, u. -

It is true that we cannot extract the square root of the
negative quantity — c22, and u itself cannot be calculated
from the timeZ. But mathematicianshavelong beenaccustomed
to overcoming such difficulties by makmg a bold stroke. The

" imaginary ”’ quantity ~/ — 1 =1 has been firmly established
in mathematics since *he time of Gauss. We cannot here
enter into the question of the basis on which the doctrine
of imagimary numbers is strictly founded. - These numbers are
essentially no more ‘‘ imaginary "’ than a fraction such as §,
for numbers ““ with which we number things or count ’ ’ properly
comprise only -the natural integral numbers, 1, 2, 3, 4, . . .
And 2 is not divisible by 3 so that % is an operation that can be
carried.out just as little as &/ — 1.  Fractions such as ¥ signify
an extension of the natural conception of numbers, and they
have become familiar through our school teaching and custom,
‘and excite no feeling of strangeness. A similar extension of
the conception of number is given by imaginary numbers,
which are just as little unusual to mathematicians as fractions.
All formule that contain imaginary numbers have just as
definite a meaning as those formed from ordinary ‘‘real”
‘numbers, and the inferences dlawn frorn them are just as
‘convincing.

If we here use the symbol ~/ — I = 1, we may write
w = 1icl.

The non-Euclidean geometry of the xi-plane is thus formally
identical with Euclidean geometry in the xu-plane and #-values :
correspond only to real times &. _
This theorem is of inestimable advantage for the mathe-
matical treatment of the theory of relativity. For in the case
of numerous operations and calculations the real issue concerns,
not the reality of the quantities considered, but the algebraic
~relations that exist between them and that hold just as well
for imaginary numbers as for real numbers. Hence we can
apply the laws known from Euclidean geometry to the four-
dimensional world. Minkowski replaces

X y z ict
’ by )
' X Yy z u

and then operates with these four co-ordmates in a fully sym
metrical way. The ground-invariant then clearly becomes

G=s2=2x2+ y2 4 22 | u2
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The special position occupied by the time thus vanishes from
- all formule, and this to a very considerable degree facilitates
the calculations and allows us to survey them readily as a.
whole. In the final result we have again to replace u by ¢,
and then only such equations retain a physical meamng as
are formed exclusively from real numbers. -
Non-mathematicians will not understand much of these

| arguments and will, perhaps, become indignant at the ‘“ mystic
equation ”’ 3. I10¥cms. = ~/ = 1sec., formed half in jest by
Minkowski, and will be inclined to support the critics of the
‘theory of relativity, to whom the equivalence of time with the

spatial dimensions appears sheer nonsense..
We hope that our method of representatwn in w}uch the

formal method of Minkowski appears only at the conclusion
~will be able to nullify such objectionts. In the xi-plane?is clearly
by no means interchangeable with the dimension of length
x. The light-lines ¢ and % are the insuperable barriers between
the time-like and the space—hke ‘world-lines. Thus Minkowski’s
transformation # = 4ct is to be valued only as a mathematical
artifice which puts in the right light certain formal analogies
between the space-co-ordinates and the time, without, however,

allowing them to be interchanged =
But this artifice has led to important disclosures. Without

it Einstein’s general theory of relativity cannot be imagined.
The important point in it is the analogy between the ground- .
invariant G and the square of a distance. In future we shall

call )
s = /G =a/2% | 2 + 2% 4 u? = x4y ‘~{—z2-¥c412

the “ four-dimensional distance,” but we must rememter ti:at
the expression is used in an applied sense.

After our earlier discussion of the invariant (G the real
meaning of the quantity sis easy to understand. Let us confinc
our attention to the xi-plane, then

§ = J'G'-w NxE - ut= %% — c¥e,

Now for every space-hke world-line G is positive, and thus s,
as the square root of a positive number, is a real quantity.
We can then make the world-point #, ? simultaneous with the
origin by choosing a su1tab1e system of reference S. We then
have t=o0, and s = /%% = % ‘as the spatial distance of the

world-pomt from the origin.
- For every time-like world-line G is negative, and hence
s is imaginary. Then there is a co-ordinate system in which

x = 0, and hence s =/ — c%? = ict, Thus, in any case s
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has a simple meaning and is to be regarded as a measurable
quantity. |
- We here close our account of Einstein’s special theory of
relativity. Its results may be condensed into the following
statements : ) . |

Not only the laws of mechanics but those of all physical events,
wn particular of electromagnetic phenoniena, are completely identicat
in an infinite number of systems of reference which are mcving
umiformly with translation relatively to each other and which
ave called inertial systems. In cach of these systems a particular
measure holds for the lengths and the times, and these measures are
connected with cach other by the Larentz transformations.

Systems of reference which move with acceleration relatively
to each other are no more than in mechanics identical with
inertial systems. If we refer physical laws to such acceler-
ated systems, they become different. In mechanics centri-
fugal forces manifest themselves, and in electrodynamics there
are analogous effects, the study of which would take us too far-
Thus Ejnstein’s special theory of relativity does not do away
with Newton’s absolute space in the restricted sense which we
attached to this expression earlier (III, 6, p. 61). In a certain
sense it puts the whole of physics, including electrodynamics,
into the same state as that in which mechanics has been since
“the time of Newton. The far-reaching questions of absolute
space which troubled us there are not yet solved. We have
‘scarcely advanced a step further, indeed, though by extending
the physical complex beyond the vista of mechanies the problem
-has hecome considerably more difficult. |
We shall now see how Einstein has overcome these obstacles.



'CHAPTER VII
EINSTEIN'S THEORY OF RELATIVITY

I. RELATIVITY IN THE CASE OF ARBITRARY MOTIONS

N dealing with classical mechanics we discussed in detail

the reasons that led Newton to set up the conceptions of

absolute space and absolute time. But at the same
time we emphasized the objections which can be raised against
these abstractions from the point of view of the theory of
knowledge. . |

- Newton supported his assuinption of absolute space on the

existence of inertial resistances and centrifugal forces. It is
clear that these cannot depend on inter-actions between bodies
since they occur in-the same way, independently of the local
distribution of masses, in the whole universe as far as observa-
tion can 'reach. Hence Newton concludes that they depend
on absoluie accelerations. In this way absolute space is intro-
duced as the fictitious cause of physical phenomena.

The unsatisfactery features of this thicory may be recognized
from the following exainple. :
- Suppose two fluid bodies S, and S; of the same material and
size to be present in astronomic space and at such a distance
from each other that ordinary gravitational effects of the one
on the other are inappreciably small (Fig. 126). Each of these
“bodies is to be in equilibrium under the action of the gravitation
of its parts on each other and the remaining physical forces,
so that no relative motions of its parts with respect to each
other occur. But the two bodies aie to execute a relative
motion of rotation with constant velocity about the line con-
necting their middle points. This signifies that an observer
on the one pady S, notes a uniform rotation ot the other body
S, with regard to his own point of vantage, and vice versa
Now each of these bodies is to be measured by observers that
‘are at rest with respect to each other. Suppose it is found
that S, is a sphere and § is a flattened ellipsoid of rotation.

Newtonian mechanics would infer from the different be-
haviour of the two bodies that S, is at rest in absolute space,

247 |
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but that S, executes an absolute rotation. ~The flattening of S,
is then due to the centrifugal forces.

Thi$ example shows wus clearly that absolute space is intro-
duced as the (fictitious) cause. Fer 5, cannot be responsible for
the flattening of S,, since the two bod1es are in exactly the same
condition relatively to each other and therefore cannot deform
each other differently.

To take space as a cause does not satisfy the requirements
of logic with regard to causality. For as we know #no other
expression of its existence than centrifugal forces, we can
support- the hypothesis of absolute space by nothing beyond
the fact for the explanation of which it was introduced. Sound
epistemological criticism refuses to accept such made-to-order
hypotheses. They are too ready to hand aad they disregatd

all bounds that scientific research seeks to inter-
pose between its results and the wild dreams of
fancy. If ‘the sheet of paper on which I have
just written suddenly flies up from the table I
should be free te make the hypothesis that the
spectre of Newton had’ spirited it away. But
common sense prevents me making this hypo-
thesis and leads me to think of -the draught
which arises because the window is open .and
~ someone is entering by the door. Even if I do
not feel the draught myself; this hypothesis is
reasonable because it brings the phenomenon
which is to be explam\,d into relationship with
s other observable events. This critical choice of
¢ admissible causes distinguishes the logical vie
of the world based on cause and effect, which in-
- cludes physical research, from mysticism, spirit-
FiG. 126. ism, and similar mamfestatlons of unbridled
fancy.

But absolute space is almost spmtuahstm in character.
If we ask what is the cause of centrifugal forces ? ’’ the answer
is : ‘ absolute space.”” If, however, we ask what is absolute
space and in what other way does it express itself, no one can
furnish an answer other than that absolute space is the cause of
centrifugal forces but has na further properties. This presenta-
tion shows with sufficient clearness that space as the canuse
of physical occurrences must be eliminated from the world-
plcture

1t is, perhaps, not supeifluous to mention that this opinion
of absolute space'is in no wise affected by the introduction of
| elertromagnetxc phenomena. With them effects occur in rotat-
ing co-ordinate systems which are ‘analogots to the centrifugal

o

aw
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forces of mechanics. But, of course, this does not give new
- and indépendent proofs of the existence of absolute space, for,
- as we know, the theorem of the inertia of energy amalgamates
mechanics and electrodynamics to a complete whole. It is
merely. more convenient for us to operate with the conceptions
~of mechanics alone. o o |

Let us now again consider the two bodies S, and S,. If.
space is not accepted as the cause of their different behaviour
we must look for other and more convincing causes.. | |

‘Let it be supposed that there are no other material bodies
at all outside the two bodies S; and S,. The different behaviour
of S, and S; would then be really inexplicable. But is this
behaviour, then, an empirical fact ? - There is no doubt that
it is not. We have never been able to gather experience of
two bodies that are poised alone in the universe. = The assump-
tion that two real bodies S, and S, behave differently under,
these circumstances is supported by 7o evidence at all. ' Rather,
we must demand of a-satisfactory mechanics that it exclude
this assumption. But if we observe in the case of two real
bodies S; and S, the different behaviour above described (we
are acquainted with planets that are more or less flattened)
we can take as the reason of this only distant masses. In the
real world such masses are actually present, namely, the
countless legion of stars. Whatever stellar body we select,
it is surrounded by innumerable others which are enormously
distant from it and which move so slowly relatively to
each other that, as a whole, they exert the effect of a solid
~mass containing a cavity in which the body under consideration
1s situated. . -

These distant masses must be the cause of the centrifugal
forces. All our experiences are in agreement with this. For
the system of reference of astronomy with resiect to which the
rotations of heavenly bodies are determined has been chosen
so that it is at rest relatively to the stellar system as a whole,
or, more accurately, that the apparent motions of the fixed
stars relative to the system of reference are quite irregular.
and have no favoured direction. The flattening of a planet
1s the greater, the greater its velocity of rotation with respect
to this system of reference which is attached to the different
masses. | | .

Accordingly we shall demand that the laws of mechanics
and, indeed, of physics in general involve only the relative
positions and motions of bodies. No system of reference may
be favoured a priori as was the case with the inertial systems
of Newtonian mechanics and of Einstein’s special theory of
relativity, or otherwise absolute accelerations with respect tb
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these favoured systems of reference, and not only the relative
motions of bodies, would enter into physicel laws.

We thus arrive at the postulate that the true laws of physics
must hold in exactly the same way in systems of reference
that are moving arbitrarily. This denotes a considerable
extension of the principle of relativity.

2. THE PRINCIPLE OF EQUIVALENCE

Fulfilment of this postulate requires an entirely new formu-
lation of the law of inertia since this is what gives inertial
systems their favoured position. The inertia of a body is no -
longer to be regarded as an effect of absolute space but rather
as one due to other bodies. ~
- Now we know of only one kind of inter:action between all
material bodies, namely, gravitation. Further, we know that
experiment has exhibited a remarkable relationship between
gravitation and. inertia, which is expressed in the law of the
equality of gravitational and inertial mass (II, 12, p. 3%).
Thus the two phenomena of inertia and attraction which are
so different in Newton’s formulation must have a common root.

This is the great discovery of Einstein which has transformed
the general principle of relativity from a postulate of the theory
of knowledge to-a law of exact science. '

We may characterize the object of the following investiga-

‘tion thus. In ordinary mechanics the motion of a heavy
body {on which no electromagnetic nor other forces act) is
determined by two causes: (1) its inertia towards accelerations
with respect to absolute space; (2) the gravitation of the
remaining masses. A formulation of the law of motion is
now to be found in which inertia and gravitation amalgamate
to a conception of higher order in such a way that the motion
is determined only by the distribution of the remaining masses
in the universe. "'But before we set up the new law we must
follow a somewhat longer road to overcome certain conceptual
difficulties. -~ ~ \
- We discussed the law of the equality of gravitational and
inertial mass in detail earlier. - For events on the earth it states
that all bodies fall equally quickly ; for motions of the heavenly
bodies it expresses that the acceleration is independent of the
mass of the moving body. We have already mentioned that
according to measurements of E6tvés this law-is valid to an
extraordinary degree of accuracy, but that, in spite of this,
it is not reckoned among the fundamental laws in classical
-mechanics but rather is accepted, so to speak, as an accidental
giit of Nature,
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‘This is now to become difterent. This law plays the funda-
mental part not only in mechanics but, indeed, in the whole of
physics. We must, therefore, illustrate it so that its essential
content comes out quite clearly. We advise the reader to
make the following simple experiment. Let hin take' two
light but differently heavy objects, say a coin and a piece of
indiarubber, and place them on the palm of his hand.  He
then experiences the weights of the two bodies us pressures
on his hand, and finds them different. Now let him move his
nand rapxdly downwards, he experiences a diminution in the -
pressure of both bodies. If this motion is continued more and
more rapidly a moment will finally come when the bodies will
release themselves from his palm and will lag behind in the
motion. This will clearly occur as soon as the hand is drawn
down more rapidly than the bodies can fall freely. Now,
since they fall equally quickly in spite of their different wexghtf-
they always remain together at the same height even when
they are no longer in contact with the hand.

Let us imagine little imps living on the surface of the hand
who - know nothing of the outer world. How would they
judge this whole process? It is easv to imagine oneself in
the position of such littie observers moving with the hand,
if we make the experiment. and pay attention to the changing
pressures and motions of the bodies with respect to the hand.
When the hand is at rest the imps will establish that the two
bodies have different _wexghts When the hand sinks. they
will note a decrease of weight of the bodies They will look
for a cause and will observe that their point of vantage, the hand,
sinks relatively to the surrounding bodies, the walls of the room.
But we may also imprison the imp and the two test bodies in
a closed box and pull this box downwards with the hand. The
observers in the box then observe nothing which will allow them
to establish the motion of the box. They can simply note the
fact that the weight of all hodies in the box decreases at the
same rate. If the hand is now moved so rapidly that the
objects cannot follow but fall freely, the observers in the bO\c |
will notice to their astonishment that the objects which were
just before considerably heavy now fly upwards. They acqmre
a negative weight, or rather, gravitation no longer acts down-
wards but upwards. Moreover, in spite of their diffcrent
weights the two bodies fall' equally quickly upwards. The
people in the box can account for these observations in two
~ways. FEither, they think that the gravitational field continues
to act unaltered but that the box is accelerated in the direction
of the field, or they assume that the masses which previously
exerted an attractive force below the box have disappeared,
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and that in their place new masses have appeared above the
box so that the direction of action of grav1tat10n has been
reversed. We then enquire whether there is any means of
distinguishing by experiments within the box between these
two possibilities ?

~ And we are bound to answer that physu:s knows of o
such means. Actually, the effect of gravitation can in no wise
be distinguished from the effect of acceleration ; each is fully
equivalent to the other. This is essentially due to the circum-
stance that all bodies fall equally quickly. 1f this were not the
case we could at once distinguish whether an accelerated motion
of bodies of different weight is produced by the attraction of
outside masses or is an illusion arising from the acceleration
of the observer’s point of support. For in the first case the
bodies of different weight move with different velocities whereas
in the latter case the relative acceleration of all freely moving
bodies with respect to the observer is equally great and they
fall equally quickly in spite of their different weights.

This principle of equivalence of Einstein is thus one of those
theorems which we have particularly emphasized in this book,
namely, such as assert that a certain physical statement cannot
be established or that two conceptions cannot be distinguished.
Physics refuses to accept such conceptions and theorems and
replaces them 1 by new ones. For only ascertainable facts have
physical reality.

Classical mechanics dist inguishes between the motion of a
body that is left to itself and is subject to no forces,.inertial
motion, and the motion of a body under the action of gravita-
tion. The former is rectilinear and uniform in an inertial
system ; the latter occurs in curvilinear paths and is non-
uniform. According to the principle of equivalence this dis-
tinction must be dropped. For by merely passing over to an
‘accelerated system of reference we can transform the rectilinear
uniform motion of inertia into a curved, accelerated, motion,
which cannot be distinguished from .one produced by gravita-
tion. And the converse holds too, at least for limited portions
of the motion, as will be explained more fully later. From now
onwards we shall call every motion of a body on which no
forces of an electrical, magnetic, or other origin act, but is
only under the influence of gravitating masses, an inertial
motion. This term is thus to have a more general significance
than earlier. The theorem that the inertial motion relative to_
the inertial system is uniform and rectilinear, namely, the
ordinary law. of inertia, now comes to an end. Rather our
problem now is to state the law of inertial motion i in the general--

1zed sense,
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The solution of this problem releases us from absolute
space and at the same time furnishes us with a theory of gravita-
~ hon which thereby becomes linked up much more intimately
with the principles of mechanics than Newton's theory. |

We shall supplement these remaiks by adding a few calcu-
lations. We have shown earlier (III, 8, p. 68) that the equations
of motion of mechanics referred to a system S which has the
constant acceleration & with respect to the inertial systems

‘may be written in the form .
| mb = K’
- where K’ denotes the sum of the true force K and the inertial
force — mk, i.e., | |

K' =K — mk.
Now, if K is the force of gravitation, then K = mg, thus
' K =mig —&).

- By choosing the acceleration % of the system of reference S
appropriately we can make the difference g — % assume any
arbitrary positive or negative value, or zero. If, in analogy
‘with electrodynamics, we call the force on unit mass the
" intensity of field’ of gravitation, and the space in which it
acts, the gravitational field, we may say that by choosing the
accelerated system appropriately, we can produce a constant
‘gravitational field, reduce one that is given, annul, intensify or
reverse it. ' - -
It is clear that within a sufficiently small portion of space
and during a small interval of time any arbitrary gravitational
field may be regarded as approximately constant. Hence we can
always find an accelerated system of reference relative to which
there is no gravitational field in the limited space-time region.
We next ask whether it is not possible to eliminate every
gravitational field in its whole extent and for all times by
merely choosing an appropriate system of reference, that is,
whether gravitation may, to a certain extent, be regarded as
" apparent.” .But this is clearly not the case. The field ‘of
‘the earth, for example, cannot be fully eliminated. For it is
directed towards the centre, thus the acceleration would have
to point away from it (the centre); but this is not possible.
Even if we were to admit (and this we shall have to do) that
the system of reference is not rigid but extends with acceleration
about the centre, this motion would not have been possible
for any arbitrary length of time but would have to have begun
at some moment at the centre. By rotating the systein of
reference about an axis we get an inertial force directed away
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from this axis (111, 9, p. 71 formula (31)), namely, the centri-
fugal force - |
T 4y
MRI= m T
This compensates the gravitational field of the earth only at
a certain distance #, namely, at that of the radius of the moon’ S
orbit, supposed cir cular Wlth the time of revolution T.

- Thus there are “ true ” gravitational fields, yet the sense
of ‘this word in the general theory of relativity is different
from that in classical mechanics. For we can always eliminate
an arbitrary sufficiently small part of the field by choosing
the system of reference appropriately. We shall define the
conception of gravitational fields more accurately later,

There are, of course, certain gravitational fields which can
be eliminated to their full extent by a suitable choice of the
system of reference. To find such we need only start from a
system of reference in which a part of space is fieldless and then
introduce a system of reference which is accelerated in some
‘way. Relative to this there is then a gravitational field. It
vanishes as soon as we return to the original system of reference.

The centnfugal field & = 4,}' : is of this kind. The question as

to the conditions under which a gravitational field can be made
to vanish in its whole extent can be answered, of course, only
by the ﬁmshed theory.

3. THE FAILURE OF EUCLIDEAN GEOMETRY

But before we proceed we must overcome a dlfﬁculty Wthh
calls for a considerable effort.

We are accustomed to represent motions in the Mmkowskx
‘world as world-lines. The framework of this four-dimensional
geometry was furnished by the world-lines of light-rays and the
orbits of inertial masses moving under no forces. In the old
theory these world-lines are straight with respect to the inertial
systems. But if we allow the general theory of relatlvxty to
be valid, accelerated systems are equivalent, and in them the
world-lines that were prevmusly straight are now curved (III,
I, p. 49, Fig. 32). And, in place of these, other world-lines
become straight. Moreover, this is also true of the orbits in
space. The conceptions straight and curved become rela--
tivized, so ‘far as they are referred to the orbits of the light-
rays and of freely moving bodies.

Through this the whole structure of Euclidean geometry is
caused to totter. For this rests essentially (cf. III, 1, p. 48)
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on the classical law of inertia, which determines the straight
lines. -

It might now be thought that this difficulty could be sur-
mounted by using only rigid measuring-rods to define such
geometrical elements as straight line, plane, and so forth.
But not even that is possible, as Einstein shows in the following
way. o - -
‘We start out from a space-time region in which no gravi-
tational field exists during a certain time relative to an appropri-
ately selected system of reference S. |

" Next, we consider a body which rotates in this region with
a constant velocity uf rotation, say a plane circular disc (Fig. 127)
rotating on its axis at right angles to its own plane. We intro-
duce a system of reference S’ which is rigidly fixed to this disc.
A gravitational field directed outwards then exists in $’, and

disc. To do so, he uses a rod
cf definite length as his unit,
which must thus be at rest
relatively to S’.- An observer
m the system of reference S
uses exactly the same rod as
his unit of length, and in this
process it must, of course, be
at rest relatively to S.

We shall now have to as-
sume that the results of the
special principle of relativity
hold so. long as we restrict
ourselves to portions of space |
and time in which the raotion can be regarded as uniform. To
make this possible, we assume that the unit rod is small com-
pared with the radius of the disc. |

11 the observer in S’ applies his rod in the direction of a
radius of the disc, the observer in S will notice that the length
of {the moving rod relative to S remains unaltered and equal to 1.
For the motion of the rod is peipendicular to the direction of
its length. If the observer in S’ applies the rod to the periphery
of the disc, then, by the special theory of relativity, it will
appear shortened to,the observer in S. If it be assumed that
100 little reds bave to be applied end to end in order to reach
from one end of the diameter to the other, the observer in S
would requre »'= 314 ... times 100, i.e. about 314 rods,
which are at rest rejatively to S, to measure out the periphery;

FiG. 127,
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but the observer in S’ would not find this number of rods
sufficient. For the rods that are at rest in S’ appear shortened
as regarded from S, and it requires more than 314 of them to
go once completely round the periphery.

Accordingly the observer in S’ would assert that the ratio
of the circumference of the circle to the diameter is not # = 3'14
. . . but more; and this is a contradiction of Euclidean
geometry. . . o |

An exactly corresponding result holds for the measurement
of times. If we bring one of two similarly constructed clocks
to the centre, the other to the rim of the disc at rest relatively
to the latter, the second clock, as regarded from thie system S,
goes more slowly, because it is moving reiatively to S.

- An observer situated in the middle of the disc would neces-
sarily establish the same resultt. It is thus impossible to arrive
at a reasonable definition of time with the help of clocks
which are at rest relatively to the system of reference, if this
system of reference is rotating, i.e. is being accelerated, or, what
signifies the same according to the principle of equivalence,
if a gravitational field exists in it. o

In a gravitational field a rod is longer or shorter, a clock
goes more quickly or more slowly, according to the position
at which the measuring apparatus is situated.. = .

This entails that the foundation of the space-time world,
on which rest all the reflections we. have so far made, collapses.
We are again compelled to generalize the conceptions of space
and time, but this time in a much more radical way, far exceed-
ing the previous efforts in range. o o |

It is clearly meaningless to define co-ordinates and time
%, ¥, 2, ¢t in the ordinary way. For then the fundamental
geometrical conceptions, straight line, plane, circle, and ‘so
forth, are regarded as immediately given, and the validity of
Euclidean geometry in space or of Minkowski’s generalizdtion
to the space-time world, is assumed. | |

Hence the problem arises to describe the four-dimensional
world- and its laws, without basing it on a definite geometry
a priori. o
.. It seems now as if the ground beneath us is giving way.
Everything is tottering, straight is curved, and curvedis-straight.
But the difficulty of this undertaking did not intimidate Ein-
stein. Mathematicians had already accomplished important
preparatory work. Gauss (1827) had sketched out the theory
of -curved surfaces in the form of a general two-dimensional
geometry, and Riemann (1854) had founded the doctrine' of
space of continuous manifolds of any number of dimensions.
We cannot here show how these mathematical instruments
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are applied, although a deeper understanding of the general
principle of relativity is impossible without them. The reader
must not, therefore, expect complete clucidation of Einstein’s
doctrine from the following discussion. He will find only
pictures and analogies, which are always poor substitutes for
exact conceptions. But if these mdications stimulate the
reader to further study, their purpose will have been fulfilled.

4. GEOMETRY ON CURVED SURFACES

The problem of outlining a geometry without the frame-
work of stra.lght lines aud their Euclidean connecting laws
being given a priori is by no means so unusual as it may appear
at first sight. Let us suppose that a surveyor has the task of
measuring out a hilly picce of land quite covered by a dense
wood, and that he has to sketch a map of it. From each
point he can see only a quite limited part of the surroundings.
Theodolites are useless to him ;
he has essentially to resort to
the measuring chain., This
enables him to measure out
small triangles or quadrangles,
whose corners are fixed by
thrusting graduated poles into
the ground ; and by linking
suich directly measurable
figures up with each other

he can gradually advance to 72 N ¥
more distant parts of the 1 :
wood, which are not directly Fic. 128.
visible.

Expressed abstractly, the surveyor may a.pply the methods
of ordinary Euclidean geometry to small regions. But thesc -
methods cannot be apphed to the piece of land as a whole.
It may be investigated geometrically only step by step, by
proceeding from one place to the next. Nay more, Euclidean
geometry is mot strictly valid in hiily terntory . there are no
straight lines in it at all. Short pieces of iine of the length of the
measuring chain imay be regarded as straight. But there is no
straight connecting line along the ground from valley to valley,
and from hill fo hill. FEuclidean geometry thus, in a certain
sense, holds only in small or infinitesimal regions; =out in
greater regions a more general doctrine of space or rather of
surfaces holds. |

If the surveyor wishes to proceed systematically he will
first cover the ground in the ‘wood with a etwork of lines

17 |
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which are marked by poles or specified trees. He requires

two families of lines which intersect (Fig. 128). ‘The lines

~will be chosen as smoothly and continuously curved as possible,

and in each family they will bear consecutive numbers. We

take % as the symbol for any member of the one fanily, and
as that for any member of the other:

Each pomt of intersection has, then, two nuinbers x, y,
say % == 3, ¥ = 5. Intervening points may be charactenzcd
by fractional values of ¥ and y.

This method of fixing the points of a curved surface was
first applied by Gauss; x and y are, therefore, called Gawussian
co-ordinates.

- The essential feature mvolved is that the numbers x and y
denote neither lengths, nor angles, nor other measurable
geometrical quantities, but merely numbers, exactly as in the
American system of numbering streets -and houses.
- The task of 1nt1 oducing a measure into this numbering of
| | the points on the land-
' / - falls to the lot of the sur-
AL —_ [ . veyor. His measuring
. chain comprises about
the region of one mesh of
the network of Gaussion
co- -ordinates.
‘The surveyor will now
X% proceed to measure out
Fic. 129. ‘mesh for mesh. Fach of
' | ‘these may be regarded a§
a small parallelogram’ and is defined when the lengths of two
adjacent sides and an angle are known. The surveyor has to
measure these and plot them in his map for each mesh. When
this has been done for all meshes he clearly has a complete |
knowledge of the geometry of the land in his map.

In place of the 3 data for each mesh (2 sides'and T angle)
it is usual to apply a different method. in determining the
measure, which has the advantage of greater symmetry.

- Let us consider a mesh, a parallelogram, whose sides corre-
spond to two consecutive integers (say x =3, x =4, and
= 7,% = 8) (Fig. 129). Let P be any point within this mesh,

'_ a.nd S its distance from the corner-point O with the smaller
numbers. This will be measured out by the measuring chain.
We draw the parallels to the net lines through P, and they
intersect the net lines in A and B. Further, let C be the foot
of the perpendicular dropped from P.on to the x-co-ordinate.

The points A and B then also have numbers, or Gaussian
co-ordinates, in the net, A is determined, say, by measuring
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the side of the parallelogram on which A lies and the distance
AQO, and by regarding the ratio of these two lengths as the
increase of the x-co-ordinate of A towards O. We shall denote
this increase itself by x, choosing O as the origin of the Gaussian
co-ordinates. In the same way we determine the Gaussian
co-ordinate ¥ of B as the ratio in which B cuts the corresponding
side of the parallelogram. x and y are then clearly the Gaussian

co-ordinates of P,

The true length of OA is, of course, not # but, say, 4x
where 4 is a definite number to be determined by measurement.
In the same way the true length of OB is not y but &y. 1If
we move the point P about, its Gaussian co-ordinates change,
but the numbers ¢ and & which give the ratio of the Gaussian
co-ordinates to the true lengths remain unchanged.

We next express the distance QP = s with the help of the
right-angled triangle OPC according to Pythagoras theorem.

We have
52 == QP2 = OC‘*‘ 4 CPe2,

Now OC = QA + AC, thus
52 = QA? + 20A . AC + AC? + CP=.
On the other hand, in the right-angled triangle APC, we have

AC? 4 CP2 = APz
Hence . |
- s?2= 0A? 4 20A . AC + AP:

Here OA = ax AP = OB = by. Further, AC is the projection
of AP = b.y, and thus bears a fixed rat1o to it, say AC = ¢y

Hence we get
s? = a®x? 4 2acxy + I’Jzy2

Here a, b, ¢ are fixed ratio numbers. It is usual to designate
the three factors of this equation dlfferently and to set

$2 = g1, %% + 28307y + £ue)? | (97)

This equation may pe called the genevalized Pythagorean
Theorem for Gaussian co-ordmates -

The three quantitiés g,;, g15, €32 MAY serve, just hke the sides
and angle, to determine the actual conditions of size of the
parallelogram. We therefore call them the factors of the
measure determination. They have different values from mesh
to mesh which must be inserted in the map or given as * func-
tions *’ with the help of analytical mechanics. But if they are
known for every mesh, then, by formmnla (97), the true dlbtance
of an arbitrary point P within an arbitrary mesh from the
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origin can be calculated, so long as the numbers or the Gaussian
co-ordinates x, y of P are given.

. The factors of measure-determination thus Tepresent the
‘whole geometry on the surface.

It will be objected that this assertion cannot be right.
For the network of Gaussian co-ordinates was chosen quite
arbitrarily and so this arbitrary selection also applies to
811, 12 £22- That is quite true. Another network could be
chosen, and we should obtain for the distance between the
same points O, P an expressmn built up just like (97) but
with different factors £'11, &'12, 25 Yet there are, of course,
rules for calculating g;,, £12, &ss, transformation formula of a
kind similar to those with which we became acquainted earlier.

Every real geometrical fact on the surface must clearly
be expressed by such formule as remain unaltered for a change
of the Gaussian co-ordinates, that is, are invariant, This
makes the geometry of surfaces a theory of invariants of a
very general type. For although the lines of the co-ordinate
net are quite arbitrary, they must be so chosen that they are
continuously curved and cover the surface singly and thhout
gaps. |
Now what are the geometrical problems that the surveyor
has to solve as soon as he has obtained the measure-determina-
tion ?

There are no straight lines on the curved surface, but there
are straighlest lines ; these are at the same time those which
form the shortest connectlon between two points. Their
mathematical name is * geodetic lines,” and they are character-
ized mathematically thus: divide an arbitrary line on the
surface into small, measurable sections of lengths s,, s, S35, . . . ;
‘then the sum -

S+ S+ 855+ . ..
for the geodetic line between two points P;, P, is less than for
any other line between them (Fig. 130). The s,, 55, . . . may

be determined in this by mere arithmetic from the generalized
Pythagorean Theorem (g7), if the gy, 814, €32 are known.

" On a spherical surface it is known that the * greatest™
circles on the sphere are th¢ shortest lines. They are cut out
by the planes that pass through the centre. On other sur-
faces, they are often very comphcated curves ; and yet they
are the simplest curves which form the framework of geometry,
just as straight lines form the framework of Euchdean geometry
of the plane.

~ Geodetic lines are, of course, represented by invariant
formule. They are real geometric properties of the surface.
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All the higher invariants can be derived from these invariants.
But we cannot here enter further into this question.

Ancther fundamental property of a surface is its curvaivre.
It is generally defined with the help of the third dimension of
space. The curvature of a sphere, for example, is measured
with the help of the sphere’s radius, that is, .of a distance
which lies outside the spherical surface. Our surveyor in the
woody regions will not be able to apply these means. He cannot
move out of his surface, so he has to try.to find out the curva-
ture conditions with his measuring chain alone. Gauss proved
systematically that this is actually possible. We make this
clear to ourselves by the following reflections.
- Thesurveyor measures out twelve equally long wires with his
measuring chain, and with them he forms the regular hexagon
and its radii as shown in Fig. 131. According to a well-known
theorem of ordinary geometry of the planeit is actually possible
to have the twelve wires in one plane all stretched tight simul-
taneously. This is really very remarkable, for When five or six

F1G. 130. : Fic. 131,

eaulangular tnangles are stretched out then the last wire must
fit into its position accurately of itself. We learn at school that
it does so, and what is learned at school is not usually much
reflected on later. And yet it is very astonishing tnat the
gap is filled in by a wire of exactly the same length as the other
sides.

Actually this succeeds only in the plane. If we attempt
the same thing on a.curved surface in such a way that the
“ceuter and.the six corners rest on it, the hexagon does not close.
Ot the summits of hills and in the depths of valleys the last
wire is too long, in passes (sadd.le-shaped curved surfaces) it is
too short.

We advise the reader to try this for hlmself ‘with twewe
pieces of stnng and a cushion.

But this gives us a criterion as to how to ﬁnd the curvature
of surfaces without leaving the surface. If the hexagon is
complete in it, then the surface is plane; if not, then it is
curved. We shall not derive the measure of curvature. The |
indications given are sufficient to make it plausible that such
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~ a measure can be defined rigorously. It clearly depends on
how the factors of measure-determination change from place to
place. As Gauss has proved, the measure of curvature can be
expressed in terms of the gy;, £12, £30, and it is an invariant of
the plane. |

Gauss’ theory of surfaces is a method of geometry to which
we can apply the expression confact theory, borrowed  from
physics. Not the laws of a surface on a large scale are given
primarily, but their differential properties, the coefficients of
the measure-determination and the invariants formed from
them, above all, the measure of curvature. The form of the
surface and its geometrical properties as a whole can then be
determined subsequently, by processes of calculation, which
are very similar to the solution of the differential equations of
physics. In contrast with this, Euclidean geometry is a typical
theory of action at a distance. This is why the new physics
- which is entirely built up on the conceptions of contact action,
of the field, finds the Euclidean scheme insufficient and has to
pursue new paths after the manner of Gauss.

5. THE TWO-DIMENSIONAL CONTINUUM

Let us suppose that our sarveyor is operating with a wire
hexagon to establish the curvature of the ground, and that he
takes no account of the fact that there is a clear space in the
wood in the middle of the hexagon which allows the sun to
shine on to the ends of the wires that meet there. These
wires will stretch a little owing to their béing heated. Hence
the six radial wires will be longer than the six outer wires,
so that the latter will not join up. Hence if the ground is
flat in reality, the surveyor will believe that he is standing
on a flat hill (or in the hollow of a valley). If he is conscientious
he will repeat the measurement with wires of another. material.
These will expand under the influence of the sun’s heat more
or less than those used before. This will draw his attention
to the error and will lead him to correct it.

Now let us assume that the increase of length produced
by the heating is the same for all the available materials of
which the wires can he made. The error will then never come
to light. Plains will be regarded as mountains and some -
mountains will be regarded as plains. Or let us imagine that
some physical forces as yet unknown to us exert some influence
on the lengths of rods and wires, but to the same extent in
all cases.. Then the geometry which the surveyor would deter-
mine with his measuring chain and wire polygons would turn
out quite differently from the true geometry of the surface.
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But so long as he operates in thls geometry and has no possi-
bility of adoptmg the higher standpoint of using the third
dnnensmn he will be firmly convinced that he has determined
the correct geometry of the surface. -

These reflections show us that the conception of geometry
in a surfave or, as Gauss denominates it, *‘ geometria intrin-
sica,” has nothing to do with the form of the surface as it
‘appears to an observer who has the third dimension of space
at his disposal. . Gnce the unit of length has been given by a
measuring chain or a ruled scale the geometry in the surface
is fully established relatively to this measure-determination,
no matter what changes the measures undergo in reality
during the process of measurement. These changes do not
exist for a creature which is confined to the surface, so long
as they affect all substances in the same way. Hence this
creature will find curvatures where there are in reality none,
and conversely. But this ‘in reality ’ becomes meaningless
so far as surface creatures are concerned for they have no
conception at all of a third dimension; just as we human
beings have no idea of a fourth dimension of space. It is,
therefore, also meaningless for: these creatures t6 denominate
their world as ‘““a surface,” whlch is embedded 'in a th.tee—
dimensional space ; ratheritisa ‘‘ two-dimensional continuum.”
This continuum has a definite geometry, definite shortest or -
geodetic lines, and also a definite * measure of curvature’”
at every point. But the surface creatures will associate by
no means the same idea with the latter phrase as we do with the
intuitive conception of the curvature of a surface, rather they
will only mean that the wire hexagon remains more or leso,
open or closed and nothmg more.

If the reader succeeds in expenencmg in himself the feelings
of this surface creature and in imagining the world as it appears
to this creature the next stage of abstraction w111 present no
difficulty.

Exactly the same thmg might happen to us as human
beings in our three-dimensional world. . Perhaps this is em-
bedded -in a four-dimensional space in precisely the same way
as a surface is embedded in our three-dimensional space ; and
unknown forces may change all lengths in certain regions of
space without our ever being able to remark this directly. But
then it would be possible for a spatial polyhedron constracted
after the manner of the six-sided figare, which should close
according to ordinary geometry, to remain slightly open.

Have we ever detected anything of this sort ? Since olden
times Kuclidean geometry has always been considered to be
exact. Its theorems have even been declared in the critical
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philosophy of Kant (1781) to be a priori and, as it were, eternal
truths. The great mathematicians and physicists, above all
Gauss, Riemann, and Helmholtz have never shared this general
belief. Gausshimself even once undertook an extensively planned
measurement to test a theorem of Euclidean geometry, namely,
that which asserts that the sum of the angles in a triangle
amounts to two right angles (180°). He measured out t
triangle between the three mountains, Brocken, Hoher Hagen,
and Inselberg. The result was that the sum of the angles
was found to be of the right amount within the limits of
error. S
Gauss was attacked on many sides by philosophers on ac-
count of this undertaking. It was asserted above all that
even if he had detected deviations, this would at most have
proved that the light rays between the telescopes had been de-
flected by some perhaps unknown physical causes, but nothing -
~about the validity or non-validity of Euclidean geometry. i.
- Now Einstein asserts, as we have already remarked above
\p. 262), that the geometry of the real world is actually not
Euclidean, and he supports this statement by concrete ex-
amples. To understand the relation of his doctrine to the
early discussions about the foundations of geometry we must
interpolate certain reflections - of - principle which verge on
philosophic regions.

6. MATHEMATICS AND RFEALITY

The question is: what is the object of geometric conceptions
at all?  Geometry certainly has its origin in the surveyor’s
art of measurement, that is, a purely empirical doctrine.” The
uncients discovered that geometrical theorems can be proved
deductively, that is, that only a small number of prin- .
ciples or axioms need be assumed and then the whole system
of the remaining theorems can be derived from them by mere
iogic. This discovery had a powerful effect. For geometry
became the model of every deductive science, and it was re-
¢arded as the object of rigorous thinkers to demonstrate some-
thing " more geomelrico.’”” Now what are the objects with which
scientific geometry occupies itself ? Philosophers and mathe-
maticians have discussed this question from all points of view
and have given a great number of answers. The certainty
and incontrovertible correctness of geometric theorems was
generally admitted.” The only problem was how to arrive ‘at
such absolutely certain theorems and what were the things to
which they referred. | |

It is without doubt true that if a person admits the geometric
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axioms to be correct then he is also compelled to recognize
all the other theorems in geometry. For the sequence of the
proofs is convincing for whosoever can think logically at all.
This reduces the question to that of the origin of the axioms.
In the axioms we have a smail number of theorems about
- points, straight lines, planes, and similar conceptions, which
are to hold exactly. For this reason, unlike most statements
of science and of ordinary life, they cannot have their origin
in experience; for this always {urnishes only approximately
correct and more or less probabie laws. Hence we must look
for other sources of knowledge which guarantee that these
theorems are absolutely certain.  According to Kant (1781)
Time and Space are forms of intuition, which are 4 priori, which
precede all experience, and which, indeed, first make experience
possible. According to this the objects of geometry must be
precenstructed forms of pure intuition, which are at the base
of-the judgments which we make about real objects in empirical
intuition (direct perception). According to this the judgment
“ the edge of this ruler is straight” would come about by
comparing the directly perceived edge with the pure intuition
of a straight line, without this process of course coming into
consciousness. The object of geometric science would then be
the straight line given in pure intuition, that is neither a logical
conception, nor a physical thing, but some third kind of thing
whose nature can be communicated only by calling attention
to the experience connected with the intuition * straight.”

We do not presume to pronounce a judgment on this
doctrine or on similar philosophical theories. These concern,
above all, the experience of space, and this lies outside the
scope of our book. Here we are dealing with the space and time
of physics, that is, of a science which consciously and miore
and more clearly turns away from intuition as a source of
knowledge and which demands more precise criteria.

We must now set it down as a fact that a physicist never
founds the judgment ‘‘ this edge of the ruler is straight ”’ on
direct intuition. It is a matter of indifference to hiymn whether
there is any such thing as a pure form of intuition of a straight
line or not, with which the edge of the ruler can be compared.
Rather he would make definite experimenis to test the straight-
ness, just as he would test every other assertion about objects,
by means of experiments. For iustance, he will look along
the edge of the ruler, that is, he will ascertain whether a ray.
of light which touches the initial and the end point of the
edge also just glides over all the remaining points of the edge
(Fig. 132). Or he will turn the ruler about the end points
of the edge and will make the point of a pencil touch any
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arbitrary intermediate point of the edge. If this contact re-
mains unaffected by the rotatjon, the edge is straight (Fig. 133).

Now, if we subject these processes, which are evidently far
superior to intuition, to criticism, we see that they, too, go
no further into the question of absolute straightness. In the
first method it is evidently already assumed that the ray of
light follows a straight course.. How do we prove that it
does ¢ In the second method it is assumed that the points
about which the ruler is turned and the point of the pencil are
in rigid connexion and that the ruler is itself rigid. Suppose
that we wish to test the straightness of a rod with circular cross
section, which is lying in a horizontal position and is a little
bent owing to'its own weight ; then this bending will remain
unaltered by the rotation, thus the metl'od of contact will
recognize straightness where there is in reality curvature. It
is useless to object that these are sources of error which occur
in every physical measurement and which are avoided by
every expert experimenter. What we are concerned wich is
to show that absolute straightness or any other geometrical
properly cannot be directly proved emnpirically, but only

F16. 132. . Fic. 133.

relatively to definite geometrical properties of the auxiliary
means used in the measurement (straightness of the ray of
light, rigidity of the part of the apparatus). If we divest the
operations actually carried out of all the additional factors of
thought, memory, knowledge, nothing remains except this
discovery that: if two points of the ruler’s edge lie on a ray
of ligl:t, then so does this point or another ; if two points of the
ruler coincide with two points of a body, the same also holds
for this or that third point. Thus, what is really ascertained
is space or, rather, space-time coincidences, the meeting to-
gether of two recognizable material points at the same time
and at the same place. All the rest is speculation, even such
a simple assertion as that the straightness of the ruler.can be
determined by such experiments on coincidence. |

A critical review of exact science teaches us that all our
observations resolve finally into such coincidences. Each
measurement states that a pointer or a mark coincides with
some division on a scale at some time. No matter whether
the measurement concerns lengths, times, forces, masses,
electrical currents, chemical affinities, or anything else, all that
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is actially observable consists of space-time coincidences. In
the language of Minkowski these are world-points that are
marked in the space-time manifold by the intersection of
material world-lines. Physics is the doctrine of the relations
. between such marked world-points. | I
‘Mathematical theory is the logical working out of these
relations. However complicated it may be its ultimate object
is always to represent the actually observed coincidences as
the logical consequences of certain fundamental conceptions
and principles. Some statements about coincidences occur in
the form of geometrical theorems. Geometry as a doctrine
that is applicable to the real world has no favoured rank above
the other branches of physical science. The conceptions of
forms are conditioned in the same way by the actual behaviour
of the natural objects, just like the conceptions of other physical
regions. We cannot allocate geometry to a special position.
The fact that Euclidean geometry hitherto reigned supreme
is due to the fact that there are light rays which behave with
very great accuracy like the straight lines of the conceptual .
scheme of Euclidean geometry, and that there are almost
rigid bodies which satisfy the Euclidean axioms of congruence.
The statement that geometry is absolutely exactly wvalid
cannot be credited as having any sense from a physical point
of view, . D . - |
The objects of the geometry which is actually applied to the
world of things are thus these things themselves régarded
from'a definite point of view. A straight line is by definition
a ray of light, or an inertial orbit, or the-totality of the points
of a body regarded as rigid, which do not move when the body
is turned about two fixed points, or some other physical some-
thing. Whether the straight line so defined has the properties
which the geometry of Euclid asserts can be determined only
from experience. Such a property of Euclidean geometry is
- exemplified in the theorem of the sum of the angles in a triangle
which Gauss tested empirically. We must recognize that such
experiments are thoroughly justified. Another characteristic
property of two-dimensional geometry was given by the auto-
‘matic closing of the wire hexagon (p. 261). Only experience
can teach whether a definite way of realizing the straight line, .
the unit of length, and so forth has this property through
definite physical things or not. In the former case Euclidean
geometry is applicable relatively to these definitions, in the
latter it is not. | | . - |
- Now Einstein asserts that all previous definitions of the
fundamental conceptions of the space-time continuum by means
of rigid measuring rods, clocks, rays of light, or inertial orbits
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in small limited regions certainly obey the laws of Euclidean
geometry or of Minkowski’s world, respectively, but not on
the large scale. Only the smallness of the deviations is re-
sponsible for the lateness of their discovery. There are two
ways out of the difficulty. Either we may give up defining
the straight line by means of the ray of light, length by means
of a rigid body, and so forth, and we may look for other realiza-
tions of the fundamental Euclidean conceptions in order to
be able to retain the Euclidean system embodying their logical
relationships ; or we may give Euclidean geometry itself up
and endeavour to set up a more general doctrine of space.

It is clear to anyone who is not quite a stranger to science
that the first way does not seriously come into consideration.
Nevertheless we cannot prove that it is impossible. Here it is
‘not logic that decides, but scientific discrimination. There
is no logical path from fact to theory. Accidental ideas,
intuition, fancy, are here, as everywhere, the sources of creative
achievement, and the criterion of correctness is represented.
by the power of predicting phenomena that have not yet been
investigated nor discovered. Let the reader gssume for a
moment that a ray of hght in empty cosmic space is not the
“ straightest thmg there is, and let him work out the resu]t.
Then he will understand why Einstein pursued the other path.

' As Euclidean geometry failed, he could have fallen back
on some other definite non-Euclidean geometry. There are
%Vstcms of conceptions of this sort worked out by Lobatschewski
(x825), Bolyai (1832), Riemann (1854), Helmholtz (1866) and
others, and these sygtems were evolved chiefly to test whether
definite axioms of Euclid are necessary logical consequences
of the others ; if they were, we should have to arrive at logical
contradictions if we replaced them by other axioms.. If we
were to choose a special non-Euclidean geometry of this kind
1o represent the physical world we should simply be substitu-
ting one evil for another. Einstein went back to the physical
root of phenomena, space-time coincidence, event, world-point.

9. THE MEASURE-—DETERMINATION OF THE SPACE-TIME
CONTINUUM

T he totality of marked world-points is what is actually
ascertainable. In itself the four-dimensional space-time con-
tinuum is structureless.. It is the actual relations of the world-
points in it, which experiment discloses, that impresses a
measure-determination and a geometry on it.. Thus, in the
real world- we are confronted with exactly the same circum-
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stances as mnbe with which we just now became acquainted
in considering  surface-geometry. Hence the mathematlcal
treatment will be the same in method.

First we shall introduce Gaussian co-ordinates into the
four-dimensional world. We construct a network of marked
world-points. This signifies that we consider space to be
filled with matter moving arbitrarily, which may turmn and be
deformed in any way but is to maintain its continuous connexion;
it is to be a sort of “ mollusc,” as Einstein expresses it. In
it we draw three families of intersecting lines which we number,
and we distinguish these families by the letters x, y, z. In
the corners of the meshes of the resulting network we imagine
clocks to be placed, which go at any arbitrary rate, but are
arranged so that the difference of the data f of adjacent clocks
15 small. Thus the whole is a non-rigid system of reference,

‘ a ' mollusc of reference.”” To it there corresponds in the four-
‘dimensional world a system of Gaussian co-ordinates, consisting
of a net of four numbered families of surfaces x, ¥, z, &.

All moving rigid systems of reference are, of course, specxa]
kmds of systems of reference which deform themselves in this
way. But from-our general point of view it is meaningless to
introduce rigidity as something which is given a priors. The
separation of time from space is also quite arbitrary. For,"
since the rate of the clocks can only be assumed to be quite
arbitrary, even if continuously variable, space as the totality
of all “ simultaneous ’ world-points is not a physical reality. -
If different Gaussian co-ordinates are chosen other world-points
becomre simultanéeous. -

But these things which do not alter when we pass from one
system of Gaussian co-ordinates to another are the points of
intersection of the real world-lines, the marked world-points,
space-time coincidences. All really ascertainable facts of
physics are qualitative relations between the positions of these
world-points and thus refnain unaffected by a change of Gaus-
sian co-prdinates.

Such a transformation of the Gaussmn co-ordinates of the
space-time continuum .denotes a transition from one system
of reference to another that is arbltra.nly deformed and in
motion. The postulate of using in the.laws of nature only
what can really be ascertained or established thus brings-it
about that these co ordinates are to be invariant with respect
to arbitrary tmnsformatwns of the Gaussian co-ordinales from
x, y, z. t into 2’, y*, 2’, I". This postulate clearly contains the
general prmczple of re]atxvxty, for among the transformations
of x, y, z, t are also those whieh represent the transition from.
one three-dimensional system of reference to another which is
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moving arbitrarily. But, formally, it goec beyond this as it
also includes arbitrary deformations of space and time. |

In this way we have rcached the foundation of the general
doctrine of space which alone makes possible complete relativiza-
tion. Qur next step will be to link up this mathematical
method with the physical reflections which we mad. earlier
and which reached their climax inl the enunciation of ihe
principle of equivalence: .

We are now in the same position with respect to the four-
dimensional world as the surveyor in the woody regions, after
he had marked out his co-ordinate network but-had not yet
begun to measure it out with his measuring chain. We must
look round for a four-dimensional measuring chain.

This is furnished by the Principle of Equivalence. We
know that by choosing the system of reference appropriately
we can always secure that no gravitational field reigns in any
part of the world if it be sufficiently small. There are an
infinite number of such systems of reference, which move
rectilinearly and uniformly with respect to each other, and
for which the laws of the special theory of relativity hold.
Measuring rods and clocks behave as expressed by Lorentz-
transformations : light rays and inertial motions (see p. 254)
are straight world-lines. Within tlrns small region of the world

the quantlty
G = s? = x2% + y? -{—z’—-—c’t’,

is an invariant with a direct physical meaning. For if the
line connecting the origin O (which is assumed to be in the
interior of the small region) with the world-point P (x, ¥ % 1)
is a space-like world-line, then s is the distance, OP, in that
system of reference in which the two points are simultaneous.
But if the world-line OP is time-like, then s = ict, where £ is
the time-difference of the events O and P in the co-ordinate
system in which both occur at the same point. Earlier
(VI1, 10, p. 245) we called s the four-dimensional distance. It
1s directly measurable by means of measuring rods and clocks,
and so, if the imaginary co-ordinate # = sct is introduced, it
has, formally, the character of a Eubhdean distance in the four-

dimensional space :
N ooy ey

The fact of the validity of the special theory of relativity
in small regions corresponds exactly to the fact that Euclidean
geometry can be applied to sufficiently small parts of a curved
surface. But Euclidean geometry and the spec:al theory of
relativity need #nof hold in great regions. There need be no
straight world-lines at all but only straightest or geodetic lines.




EINSTEIN'S THEORY OF RELATIVITY 271

The further treatment of the four-dimensional world runs
parallel with the theory of surfaces. First we must measure
out the meshes of any arbitrary net of Gaussian co-ordinates
‘with the help of the four-dimensional distance s. We interpret
the process in a two-dimensional x¢-plane (Fig. 134). Let amesh
of the co-ordinate net be bounded by the lines ¥ = 3, x = 4,
and ¢#==7%, ¢t = 8 (cf. Fig. 129 on p. 258). The rays of light
that start out from the corner ¥ = 3, ¢ = 4 correspond to two
world-lines which intersect and which we can draw as straight
lines within a small region. The hyperbolic calibration curves
G = t 1 lie between these light-lines. They correspond to
the circle which, in ordinary geometry, contains the points
which are at the same distance 1.

F16. 134.

Then the application of formula (97) of the theory of surfaces
leads to the expression

§3 = g;lxz + 2819%U + gaott?,

for the invariant s, where x and u = icf are the Gaussian
co-ordinates of any peint P of the mesh under consideration.
If we insert # = wct, we get

$? = g1x" + 216g,0%0 — cg,t?,
or, it we call the factors differently :
$% = g11%* 1+ 2g19%¢ + ga0t®.

£11» 19 Le2 are called factors of the measure-determiniation
and may be interpreted directly physically. Thus, for example,
for £ =0, s=a/gyx, that is,a/g,, denotes the true length
of the spatial side of the mesh in the system of reference in
which it is at rest. ' |

In the four-dimensional world the invariant distance s
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between two points whose relative (Gaussian co-ordinates are
x, v, 2, t are represented by an expression of the form

= guxz + 8225’2 + ngz + 81al%}
+ 2812%Y + 2815%% + Zgnxt - (98)
+ 2843y2 + 2824)t + 28542t

Thxs formula may be called the genemhzed Pythagorean theorem
for the four-dimensional world.

The quantities gy, . . . g3 are the factors of ihe measure—-
determination. In general they will have different wvalues
from mesh to mesh of the co-ordinate net. Moreover, they
will have other values for another choice of the Gauss1an CcO-
ordinates, and the new values will be connected with the
original values by definite formule of transformation.

8. TuE FUNDAMENTAL LAws OF THE NEW MECHANICS

According to the general principle of relativity the laws
of physical nature are represented by invariants for arbltraryv
transformations of the Gaussian co-ordinates, just as ‘the
geometric properties of a surface are invariant for arbitrary
transformations of the curvilinear co-ordinates.. The frame-
work of the theory of surfaces was given by the geodetic lines.
In just the same way geodetic lines are constructed in the four-
dimensional world, that is, such lines as form the shortest
connexion between two world-points ; and in this process the
distance between two neighbouring points is to be measured
by the invariant s. ~

Now what do the geodetic lines signify ? In such regions
as are free of gravitation for an appropriate choice of the system
of reference they are clearly straight lines with respect to this
system. But the world-lines are either space-like (s2>0) or
time-like (s?<0) or light-lines (s = 0). If we introduce a
different system of Gaussian co-ordinates the same world-
lines, now become curved, but, of course, remain geodetlc
lines.

From this it follows that the geodetic lines must represent
just those physical phenomena which are represented in ordinary
geometry and mechanics by straight lines, namely, rays of
light and motions of inertia.” Thus we have found the re-
quired formulation for the generalized law of imeriva, which
comprises the phenomena of inertia and gravitation in one
EXpression. - |

If the factore of the measure-determination gu, c o B
‘relative to an arbitrary Gaussian co-ordinate system are known .
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for every point of the net, the geodetic lines can be obtained
by mere -calculation. If there is no gravitational field present
in a certain region relative to the co-ordinate system under
consideration, then )

811 =822 =833 = TI,8q4 = — ¢7 }

813 = 813 = f14 = 823 = a4 =83 =0

(99)

for then the general expression of the distance (g8) becomes
reduced to s? = x? -+ y% 4 z2 <~ ¢%2 Deviations of g from
this value thus denote the state which is called gravitational
field in ordinary mechanijcs; hence inertial motions are ron-
uniform and curved, and ordinary mechanics gives the Newton-
ian force of attraction as the cause of this. The ten quantities
g ‘have thus a double function: (1) they define the measure-
determination, the units of length and time; (2) they represent
the gravitational field of ordinary mechanics. We say that
the g’s determine the metrical field or the gravitational field.

- Einstein’s theory is thus a wonderful amalgamation of
geometry and physics, a synthesis of the laws of Pythagoras
and Newton. It achieves this by thoroughly purifying the.
conceptions, space and time, of all the added ingredients of
subjective intuition and by the utmost objectivation and
relativization that is conceivable. This constitutes the signi-
ficance of the new doctrine in the intellectual progress of
mankind. |

But the new formulation of the law of inertia is only the
first step of the theory. We have introduced the g’s abstractly
and have found in them the means of describing mathematically
the geometrical-mechanical state of the world relative to any
arbitrary Gaussian co-ordinate system. Now the proper prob-
lem of the theory comes to light. It is as follows:

Laws are to be found, according to which the metrical
field (thé.g's) can be deteriuined for every point of the space-
time continuum relatively to any Gaussian co-ordinate-
system, -

Concerning these laws we know the following at present :

I. They must be invariant with respect to an arbitrary
change of the Gaussian co-ordinates. . .

2. They must be fully determined by the distribution of
the material bodies. | | '

To these there has to be added a formal condition, which
Einstein has taken over from the ordinary Newtonian theory
of gravitation. For if we represent the Newtonian theory
as‘a theory of pseudo-action by contact by means of differential
- equations, then, like all field laws of physics, these are of the
18
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second order, and we should demand that the new laws of
gravitation, which are differential equations in the g’s, should
also be at most of the second order.

Einstein has succeeded in deriving the equations of the
metrical field or of the gravitational field from these postulates.
Hilbert, Klein, Weyl, and other mathematicians have lent
their efforts in investigating thoroughly and illuminating the
formal structure of Einstein’s formule. We cannot here give
these laws and the arguments on which they are founded
because this is impossible without the application of higher
mathematics. A few indications will suffice.

We know from the theory of surfaces that curvature is
an invariant with respect to any arbitrary change of the Gaus-
sian co-ordinates, and it may be determined from measurements
in the surface. The reader will remember the use of the
hexagon of wires. = ‘ | |

In an exactly analogous way invariants may be found for
the four-dimensional world which are direct generalizations of
the curvature invariant of the theory of surfaces. Let us
consider it as arising in the following way : let all the geodetic
world-lines which touch a two-dimensional surface which passes
through a point P of the four-dimensional world start out
from P. These geodetic lines themselves again occupy a
surface which may be called a geodetic surface. Now, if we
draw a hexagon within this surface, such that its sides and
radii have the same four-dimensional length, this hexagon will
not in general be closed ; thus the geodetic surface is curved.
Ifewe make the geodeuc surface through the point P take
up other positions in the four-dimensional space, the curvature
alters. The totality of all. the curvatures of the geodetic
-surfaces through a point furnishes a number of independent
invariants. If these are zero, the geodetic surfaces are plane,
and the four-dimensional space is Euclidean. The deviations
of the invariants from zero thus determine the gravitational
fields and must depend on the distribution of the material
bodies. But, according to the special theory of relativity
(VI, 8§, formula (94), p. 232), the mass of a body is equal to
the- energy divided by the square of the velocity of light.
The distribution of matter is thus determined by certajn
energy-momentum-invariants. It is these to which the curva-
ture invariants are set- proportional. The factor of propor-
tionality corresponds to the gravitational constant (I1I1, 3, p. 53)
of Newton’s theory. The formula so obtained are the equations
of the metrical field. If the space-txme distribution of energy
and momentum are given, the g’s can be calculated, and they
in their turn determine the motion of the material bodies
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and the distribution of their energy. The whole is a highly
comphcated system of differential equations.” But this mathe-
1atical complexity is counterbalanced by the enormous con-
ceptual advance which is given by its general invariance. For
this is the expression of the complete relativity of all events.
Absolute space has vanished finally out of the laws of physics. -
We have yet to mention a terminology which usually -
excites aversion among non-mathematicians. We are accus- -
tomed to call the invariants of ‘three-dimensional space which
are analogous to- surface-curvature or. even those of four-
dimensional space itself the measures of curvature! We say of
space-tlme regions in which they differ from zero that they are
“curved.” The person of untrained mind usually becomes
indignant at this. He states that he can understand something
1n space being curved, but it is sheer nonsense to imagine
space being curved. Well, no one’ asks that it be 1mag1ned
can invisible light be imagined, or inaudible tones ? If it be
admitted that our senses fail us in these things, and that the
methods of physics reach further, we must make up our minds
to ‘allow the same' to the doctrine of spacc and time. For
intuition perceives only what comes about as a mental process
through the joint working of physical, physiological and
psychological phenomena, and is, therefore, actually given by
1it. Physics does not, of course, deny that this which is actually
given can be mterpreted with great definiteness according to.
the classical laws of Euclid. The deviations which Einstein's
theory predicts are so small that only the extraordinary accuracy
of measuremcnt of present-day physics and astronomy  can
disclose them. Nevertheless they are there, and if the sum of
our experiments leads to the result that the space-time con-
tinuum is non-Euclidean or * curved,” intnition must give way
to the judgment pronounced by knowledge.

9. MECHANICAL INFERENCES AND CONFIRMATIONS

The first task of the new physics is to show that classical
mechanics and physics is correct to a high degree of approxi-
mation, for otherwise it would be impossible to understand
how ‘two centuries of untiring and careful research could rest
satisfied with it. The next problem is, then, to find out the
deviations that are characteristic of the new theory and that
allow them to be tested by experiment.

How is it that classical mechanics suffices to describe all
earthly phenomena and almost all phenomena of cosmic
motions ¢ What takes the place of the conceptions of absolute
space and absolute time without which, according to Newtonian
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principles, even the simplest facts like the behaviour of the
Foucault pendulum, inertial and centrifugal forces, and so
forth, cannot be explained ? = -

In principle we have already answered these questions at
the beginning of our discussions about the general principle
of relativity., We there (VII, 1, p. 249) set up as the basis
of relativistic dynamics the law that distant masses as real
causes have now to take the place of absolute space as a fictitious
cause of physical phenomena. The cosmos as a whole, the
army of stars, produces at every point and at every moment
a definite metrical or gravitational field. How this is consti-
tuted on a large scale can be taught only by a speculation of a
cosmological kind, such as we shall get to know later (VII, 11,
p. 287). On a small scale, however, the metrical field must
be ‘ Euclidean ” if the system of reference be appropriately
chosen ; that is, the inertial orbits and raysof light must be
straight world-lines. Now, compared with the cosmos, even
the dimensions of our planetary system are small, and hence
the Newtonian laws hold in them with respect to an appro-
priate co-ordinate system so far as the sun or planetary masses
do not produce local disturbances, which do.not correspond
to the attractions of the Newtonian theory. Astronomy:
teaches us that such a system of reference in which the action
of the masses of the fixed stars within the region of our planetary
system leads to the Euclidean measure-determination, is just
at rest relatively to (or in uniform rectilinear motion with
respect to) the totality of cosmic masses, and that the fixed
stars execute relatively only small motions which cancel each
other in the mean.. An explanation of this astronomic fact
can be given only by applying the new dynamic principles to
the whole cosmos, which will engage our attention in the con-
cluding section. Here we are for the present dealing with the
mechanics and physics of the region within the planetary system.
Then all doctrines of Newtonian mechanics remain almost
unaltered. But we must bear in mind that the vibration plane
of Foucault’s pendulum remains fixed, not with respect to
absolute space, but with respect to the system of distant masses,
that is, that centrifugal forces do not occur in the case of
absolute rotations, but in that of rotations with respect to
distant masses. Furthermore, we are quite free' to refer the
laws of physics not to the ordinary system of co-ordinates,
in which the metrical field is Euclidean and a gravitational
field in the ordinary sense does not exist (except for the local
fields of planetary masses), but to a system moving in any
way whatsoever (or even.deformed in itself) ; only in this
case gravitational fields at once appear and geometry loses its
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Euclidean character. The general form of all physical laws
remains always the same, only the values of the quantities
11, E13 - - - &30 Which determine the metrical field or the
grawtatlonal field, are different in every system of reference.
This invariance of the laws alone contains the difference between
the new and the old dynamics; here, too, we were able to
pass over to systems of reference moving arb:tranly (or de-
formed); but then the physical laws did not retain their form.

Rather, there were " simplest ” forms of the physical laws,

which were assumed in definite systems of co-ordinates at
rest in absolute space. In the general theory of relativity
there are no such simplest or favoured forms of tha laws;

at the most, the numerical values of the quantities g;; . . . g3,
which occur in all physical laws might be particularly 'simple
within limited spaces or be only slightly different from such
simple values. Thus, geometry refers its formule® to a system
of reference which would be Euclidean within the small space
of the planetary system, if there were no sun and no planets,
that is, where the g;; . . . g4 Would have the simple values
of (99), p. 273. In reahty, however, the g - - - & have not
these values at all, but differ from them in the vicinity of the
planetary masses, as we shall explain further later. Any
other (say rotating) system of reference, in which the g,;. . . g3,
have not the simple values of (99) even if there were no pla.ne-
tary masses, is thus in principle fully equivalent to the first.
Thxs gives us freedom to return to Ptolemy’s point of view of
a ““ motionless earth.” This would mean that we use a system
of reference rigidly fixed to the earth, whereby the g,; . . . g5
assume such values as correspond to the centrifugal field of
the rotation with respect to distant masses. From Einstein’s
higher point of vantage Ptolemy and Copernicus are cqually
right. Both view-points furnish the same physical laws, but
with different numerical values for the g,; . . . gsr What
point of view is chosen is not decided by prmaples but is a
matter of expedience. For the mechanics of the pla.netary.
system the view of Copernicus is certainly the more convenient.
But it is meaningless to call the gravitational fields that occur
when a different system of reference is chosen ‘ fictitious ”

in contrast with the ‘“ real ”’ fields produced by near masses :

it is just as meaningless as the question of the ‘‘ real ”’ length
of a rod (VI, 5, p. 213) in the special theory of relativity. A
gravitational field is neither ““real’” nor fctitious in itself.
It has no meaning at all independently of the choice of co-
ordinates, just as in the case of the length of a rod. Nor are
the fields distinguished by the fact that some-are produced by
masses and others are not ; in the one case it is in particular
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the near masses that produce an eﬁect in the other it is the
distant masses of the COSIMOs,

Arguments of *‘ common sense’ have been advanced aga.mst
this doctrine; among them is the following: If a railway
train encounters an obstacle and becomes shattered, thic event
can be described in two ways. Firstly, we may choose the
earth (which is here regarded as at rest relatively to the cosmic
masses) as a system of reference, and make the (negative)
acceleration of the train responsible for the destruction. Or,
secondly, we may choose a co-ordinate system rigidly at-
tached to the train, and then, at the moment of collision,
the whole world makes a jerk relatively to this system, and we
get everywhere a very strong gravitational field parallel to
the original motion, and this field causes the destruction of
the train. Why does, the church-tower in the neighbouring
village not tumble down, teo? Why do the consequences
of the jerk and of the gravitational ﬁeld associated with it
make themselves remarked one-sidedly in the case of the train,
whereas the following two statements are to be equivalent :
the world is at rest and the train is slowmg down-—the
train is at rest and the world is slowing down ? The answer
is as follows : The church-tower does not fall down because,
during the retardation, its relative position to the distant
cosmic masses is not changed at all. The jerk, which, as seen
from the train, the whole world experiences, affects all bodies
equally as far as the most distant stars and including the church-
tower. All these bodies fall frecly in the gravitational field
which presents itself during the retardation, with the excep-
tion of the train, which is prevented by the retarding forces
from falling freely. But with respect to internal events (such
as the equilibrium of the church-tower) freely falling bodies
behdve just like bodies that are poised freely and are with-
drawn from -all influences. Thus, no disturbances of the
equilibrium occur, and the church-tower does not tumble
down. The train, however, is prevented from falling freely.
This gives rise to forces and stresses which lead toits con\equent
‘destruction.

To appeal to “ common sense * in these difficult questions
is altogether a precarious proceeding. Therc are supporters of
the theory of a substartial ether who take up arms against
the theory of relativity because it is not tangible enough or
- cannot be pictured clearly. Some of these have finally come
‘to recognize the special principle of relativity, now that experi-
ments have indisputably decided in favour of it. But they
still struggle against the principle of general rela’nvxty because
it is contrary to cominon sense. To these Einstein makes the
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following reply : According to the special theory of relativity,
the train in uniform motion is certainly a system of reference
which is equivalent to the earth. Will the common sense of
the engine-driver. admit this? He will object that he has not
tc heat and oil the “ surroundings *’ but the engine, and that it
must, iherefore, be -the motion of the engine which shows
the effect of his work.- Such an application of common sense
leads finally to the negation of all scientific thought, For the
same common sense of the ordinary man .asks why we
should busy ourselves with relativity or cathode rays at all,
since no material personal gain can be expected from it. |

We now resume our consideration of the celestial mechanics
from the point of view of Einstein, and turn our attention to
the local gravitational fields which superpose themselves on
‘the cosmic field on account of the existence of planetary masses.

We can give but a short resumé of these researches of -
Einstein, as they concern, in particular, mathematical conse-
quences of the field equations.

The simplest problem is to determine the motion of a
p}anet about the sun. In this we do best to start from the

already mentioned Gaussian system in which the gravitational
field is Euclidean and no gravﬂ:a.tlonal field in the ordinary
sense would be present in the region of the solar system, the
sun and the planet being considered absent; this system is
characterized by the circumstance that the gy, . . . g5, would
have the values of (99), p. 273, if thesun’s actlon be dlsrega.rded
It is merely a question of detenmmng devidtions from these
values effected by the sun’s mass. Einstein's ﬁeld-equatmns
serve to do this, and we find that if we assume the sun’s mass
to be distributed with spherical symmetry and hence the field,
similarly these equations give us quite definite relatively simple
expressions for the g,; ... gq. Then we can calculate the plane-
tary orbits as geode’ac lines of this measure-determingtion.
Its curvature which is regarded in Newton's theory as the dction
of the attractive force appears in Einstein’s theory as a con-
sequence of the curvature of the space~t1me world, of which
they are the straightest lines.

Calculation now discloses that the planetary orbits deter-
mined in this way are with great approximation the same as
in Newton’s theory. This result is astounding if we bear in
mind the totally different standpoint of the two theories. In
the case of Newton we have absolute space which is unsatis-
factory on logical grounds and a deflecting force which was
invented ad hoc with the remarkable property that it is pro-
portional to the inertial mass ; in the case of Einstein a general
priunciple, satis{ying the requlrements cf the theory of knowledge
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without the addition of a special hypothesis. If Einstein’s
theory were to achieve no more than the subjection of Newtonian
mechanics to 'the general principle of relativity, everyone who
is seeking the simplest harmony in the laws of nature would
prefer it. -

But Einstein’s theory does more. As already mentioned,
it contains Newton’s laws for planetary orbits as approxi-
mations. The exact laws are slightly different, and the dif-
ference becomes the greater the nearer the planet is to the
‘sun. Now, in dealing with Newton’s celestial mechanics
(1L, 4, p. 58) we have already seen that it fails in the case
of just the planet which is nearest the sun, namely, Mercury.
There is left an unexplained mofion of M evcury’s perihelion
of 43 seconds of arc per century. But this is just the amount
required by Einstein’s theory. Its confirmation was, there-
fore, anticipated by Leverrier’s calculation. This result is of
extraordinary importance. For no new arbltrary constants
enter into Einstein’s formula, and the “ anomaly *’ of Mercury
is just as necessary a consequence of the theory as the result
that Kepler’s laws are valid for the planets far removed from

the sun.

10. OPTICAL DEDUCTIONS AND CONFIRMATIONS

So far there have been found besides these astronomic
deductions only a few optical phenomena which do not escape
observation owing to the smallness of their effects.
 One is the displacement tawards the red of the speciral lines
of the light which comes from stars of great mass. At their
surfaces there is a strong gravitational field. This affects the
measure-determination and causes a definite clock to go more
slowly there than on the earth where the gravitational field is
smaller. But we have such clocks in the atoms and molecules
of luminescent gases. Their mechanism of vibration is - cer-
tainly the same wherever the molecule happens to be, and thus
the t1me of vibration is the same in those systems of reference
in which the same gravitational ﬁeld say the field zero, is
present.

If the time of vibration in the fieldless region of space is
T, then s = 4cT is the corresponding invariant distance of the
world-points, which correspond to two successive extreme
points of the vibration, relatively to the system of reference in
which the atom is at rest. In a relatively accelerated system
of reference in which there is a gravitational field, the same
s == tct is given by formula (98), in which x, y, z characterize

he position of the atom and £ is the time of vibration mea.sured
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in this system. We. may set x =y =2=0 by choosing
the origin of the space co-ordinates in the atom, then

3% = — ¢?T2 = g, .12
Thus
S
= 844
Now it is only in a fieldless. space that we have g,, = — c?
(see formula (99), p. 273), thus £ = T. But in the gravitational
field g,, is different from — c2, say 8= —¢? (r —v). Thus
the time of vibration is altered, and is equal to
t=T_2
N/‘I —

or, if the deviation y 15 small, then the time of vibration is
approximately (see note on p. 182) equal to

t_—;’l‘(I—{—g)" . . . (z00)

This is the difference in the beating of two clocks which are -
situated at different places, for which the difference of the
gravitational field given by g,, has the relative value y.
Whether y is positive or negative can be found by con-
sidering a simple case, in which the question can be answered
directly with the help of the principle of equivalence. This
can be done successfully for a constant gravitational field
such as occurs at the immediate surface of a heavenly body.
The action of such a field g may be replaced by an acceleration
of the observer of the same value g and directed oppositely
to the attraction. If / is the distance of the observer from
the surface of the star, a light-wave which starts from it will

take the time ¢ = é to reach him, and he will Observe the wave

as if he had during that time executed a motion of acceleration
outwards of the amount g. When the light-wave reaches him -

he should, on this view, have the velocity v == gt =-é-—f in the

direction of the light’s motion; hence, by Doppler’s principle
(formula (40), p. 107) he observes the diminished vibration

number -
v [
v'::-vI—-::vI—-g-;
c c?
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’

. X r . , X . . .
thus, the time of vibration ; = 5 abserved in the gravitational
| v

field js related to the T = 1 determined in the feldiess space

as follows :
t T I
r gl
-5
or, approximately, o
gl
t = T(I + %ﬂ) ... (z01)

This formula gives in general the difference of rate of two clocks
which are present in a constant gravitational field g but are
separated by a distance /.

Accordmgly, in a constant gravitational field the quantity
= :gl which occurs in (100) is positive. The time of vibra-
‘tion, and hence also the' wave-length, becomes magnified in
the case of a light-wave moving oppositely to the direction
of attraction of the gravitational field. This result can be
apphed to the light which comes from the stars ; the quantity

v will be positive. Hence all the spectral lines of the stars
are displaced a little towards the red end of the spectrum.
Although this effect is very small, research has just recently
confirmed its existence. -

At this stagé we can fill in a gap which was left earlier
(V1 5, P 216) namely, the complete explanation,of the “ clock
paradox.” In it we assumed two observers A and B, of which
one, A, was at rest in an inertial system (of the spemal theory
of relativity), whilst the other, B, set out on a journey. On
B’s return A’s clock, by (y6) page 215, is in advance of B's

by the amount g—io, where {, is the total time of the j journey
2

as measured in the system A. This formula of course holds
only approximately, yet it suffices for our purpose so long as we
use corresponding approximations in our other calculations. -

Now we may also regard B as at rest. A then makes a
journey in the reverse direction. = But of course we cannot
simply infer that B’s clock must now be in advance of A's
by exactly the same amount, for B is not at rest m an iner tlal
system but is expenencmg accelerations.

From the ’standpoint of the general theory of relativity
we must rather take care that when the system of reference
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is altered definite gravitational fields must be introduced during’
the times of acceleration.

In the first case under consideration A is at rest in a region
of space in which the measure-determination is Euclidean
and gravitational fields are absent. In the second, B is at
rest in a system.of reference in which, during the departure,
moment of turning, and arrival of A gravitational fields occur
briefly, in which A falls whereas B i$ held fixed by external -
forces. Of these three gravitational fields the first and the
last have no influence on the reldative rates of the clocks of
A and B, since they are at the same point at the moments
of departure and return, and since a difference of rate .occurs
in a gravitational field, b (101), only when there is a distance
I between the clocks. But a difference of rate occurs when
A reverses his direction. If T is the time taken to reverse,
during which a gravitational field arises, B being supposed at
rest, then A’s clock, which is at a distance / and in the gravi-
tional field g, is in advance of B’s clock, and this is given to

a sufficient degree of approximation bv (on) p. 282, viz., by gl

In the times, however, when A is moving uniformly and the,
special principle of relativity must be applied, A’s cJ:ock must,

conversely, be behind B’s clock by the amount P t, Thus,
tn the whole A’s clock will be in advance of B’s by

] R
. %27 - E—to

on A’s return. ’ .
We next assert that this value agrees exactly with the result
of the first point of view in which A was regarded at rest,

| nameiy, thatitis equal to -}-g—to

For, since the moving observer in reversmg his velocity
v, assumes the velocity — v, his total change of velocity is 2v.
We get his acceleration by d1v1d1ng this by =, the time taken

29
to effect this change. This gives g = —.3s his acceleration.

On the other hand, at the moment of turning back half the
duration 4, of the journey is over. The distance between the

4
two observers is then / = v, ?,

From this it follows that gl = v’t-;‘: |
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and

which concludes the proof.

Thus the clock paradox is due to a false application of the
special theory of relativity to a case in which the general
theory should be applied. -

A similar error lies at the root of the following objection,
which is continually being brought forward, although the
explanation is very simple.

According to the general theory of relativity a co-ordinate
system which is rotating with respect to the fixed stars, that is,
which is rigidly connected with the earth, is to-be fully equiva-
lent to a system which is at rest with respect to the fixed
stars. In such a system, however, the fixed stars, themselves,
acquire enormous velocities. If # is the distance of a star,

its velocity becomes v = 277 -where T denotes the duration

T |
of a day. This becomes equal to the velocity of light ¢, if
y = 2-1: If 7 is measured in terms of the astronomic unit of
- T

length, the light-year,* we must divide this by ¢. 365, T being
set equal to 1 day. So soon as the distance exceeds ———
27 . 365
light-years, the velocity becomes greater than c¢. But even
the nearest stars are several light-years distant from the sun.
On the other hand the theory of relativity (VI, 6, p. 220)
asserts that the velocity of material bodies must always be
less than that of light. Here there seems to be a glaring
contradiction.
~ This, however, arises only because the law v <c is entirely
restricted to the special theory of relativity. In the general
theory it assumes the following more particular form. As
we know, it is always possible to choose a system of reference
such that Minkowski’s world-geometry holds in the immediate
neighbourhood of any arbitrary puint, that is, so that the
geometry is Euclidean, and that there is no gravitational
field, and gy, . . . g5, have the values of (99) on page 273.
With respect to this system and in this narrow space the velocity
of light ¢ = 3. 10'% cm./sec. is the upper limit for all velocities.
But as soon as these conditions are not fulfilled, that is, if
gravitational fields are present, any velocity, either of material

* A light-year is the distance which light traverses with the velocity 300,000
kms. per sec. in one year (365 days).
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bodies or of light, can assume any numerical value. For the
light-lines in the world are determined by G = s?* =0, or
if we restrict our attention to the x¢-plane, by

= g11%2 + 2g,% 4 g4#% = 0.

We can calculate ;f from this quadratic equation, and this is
the velocity of light. For exa*nple if g;4==0, we get from

gux? + g4¢? = 0 the value 7 = g;‘i‘ as the velocity of
11
light, and this depends on just how great g;; and gy, happen to

be.
If we take the earth as the system of reference, we have

the centrifugal field (111, 9, p. 70) T:r’ which assumnes enormous

values at great distances. Hence the g's have values that
differ greatly from the Euclidean values of (gg). Therefore the
velocity of light is much greater for some directions of the
light-ray than its ordinary value ¢, and other bodies can also
attain much greater velocities. .

In any arbitrary Gaussian co-ordinate system not only
does the velocity of light become different, but the light-rays
no longer remain straight. A second optical test of the general
principle of relativity depends on this curvature of the light-
rays. The world-lines of light are geodetic lines, just like the
inertial orbits of material bodies, and hence, like the latter,.
will become curved. But on account of the great velocity
of light the deflection of its rays is much less. We can see
why this deflection should come about from the principle of
equivalence without further theory. For, in an accelerated
system of reference every rectilinear and uniform motion is
curved and irregular, so that the same must hold Hor any
arbltrary gravitational field.

A ray of light which, coming from a fixed star, passes close
by the sun W1H thus be attracted to it and will describe a
somewhat concave orbit with respect to the sun (Fig. 135).
The observer on the earth will assign to the star a position
on the extension of the ray ‘that strikes his eye, and hence
the star will appear a little displaced outwards. This deflec-
tion might be calculated from Newton’s theory of attraction,
in which the ray of light may be treated, say, as a comet which
approaches with the velocity of light, and it is of historic
interest that this idea was carried out as early as 1801 by the
German mathematician and surveyor Soldner. We then get
a formula similar to that of Einstein, but giving enly half the
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value for the deflection. This is due to the circumstance that
Hinstein’s theory assumes that the gravitational field in the
neighbourhood of the sun must be more intense. It is just
this apparently minute difference (which escaped Einstein’s
attention when he made his first provisional publication of
the theory) that constitutes a particularly sharp criterion of
the correctness of the general theory of relativity.

- The deflection of the apparent positions of the fixed stars in
the neighbourhood of the sun can be observed only during a total
eclipse of the sun since otherwise the bright radiation of the
sun renders invisible the stars in its vicinity.

An echpse of the sun took place on 2gth May, 1919, Eng-
land sent two expeditions whose sole object was
to ascertain whether the ‘‘ Einstein effect’” was
actively present or not. One proceeded to the
West Coast of Africa, the other to North: Brazil,
and they. returned with a number of photographs
of the stars surrounding the sun. The result ob-
tained by measuring out the plates was declared
on 6th November, 1919, and proclaimed the
| @ triumph of Einstein’s theory The displacement

predicted by Einstein which is to amount to 17
seconds of arc was present to the full extent.
Since the remarkable achievement of the
verification of this prophecy, the position of
Einstein’s doctrine may be regarded as assured
in science. -
The question whether it will be possible to find
| | still other observable phenomena by which the
(5 theory can be tested cannot be answered with
certainty. But since it Jis probable that the
refinement of experimental observation of later
decades or centuries will surpass our own by just as much as
ours surpass that of Newton’s time, we may expect that the

new theory will be brought more and more mto harmony
with observation.

F1e. 133.

1I. MACrROCOSM AND MICROCOSM

We have seen above that the view that inertial forces are
interactions ‘necessarily leads to the logical consequence that
the theory is applicable to the whole cosmos. The point is
to understand why the system of reference for which Euclidean
metrics hold in the neighbourhood of the solar system is rela-
tively at rest (or in translational motion) with respect to the
totality of cosmic masses. But observations of distant stellar
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systems, double stars, teaches us that there the same holds.
This seems to indicate that the metrical field determined by
the totality of all masses has everywhere the same character
unless it is disturbed locally by neighbouring masses.

- Since time immemorial speculations about the universe
have been the favourite theme of minds given to fancy. But
scientific astronomy has also occupied itself with such problems.
Above all the question has been investigated whether ihere
are a finite or an infinite number of heavenly bodies, and a
decision has had to be taken in favour of a finite number.
Here we can give only the merest indication of the argument.
If the stars were distributed fairly regularly in space and if
they were infinite in number the whole heavens would shine
with a bright light, because then a star would have to be
encountered in every direction somewhere or at some time,
unless the light were to be weakened or absorbed on its way
from the star to us. But good grounds can be adduced to
support that there is no absorption of light in cosmi¢ space.
‘Hence we must regard the totality of stars as a gigantic
accumulation which either suddenly ceases as. we go outwards
or at least gradually becomes diffuse. o o

But this view leads to a great difficulty if we start from
Newtonian mechanics. Why do the stars remain together ?
‘Why do they not vanish from finite regions 2 We know that
all stars have considerable velocities, but these are distributed
irregularly in all directions and there is no indication that the
- parts of the whole are tending to separate. 4 )
The answer will be that gravitation holds the stars together.:
 But this answer is wrong. The methods of investigating
such problems have long been known. They are those of the
Rsnetic theory.of gases. A gas consists of innumerable mole-
cules that fly about in a disordered way, and we know the laws
underlying such irregular motion. o |

Now it is clear that a gas which is not enclosed in rigid
- walls immediately expands apd diffuses itself. Expeniment
and theory agree in. teaching us that a system of bodies does
not permanently remain together even if the bodies attract
each other with forces which, according to Newton’s law, are
inversely proportional to the square of the distance.
~ The stellar system as a whole should behave exactly like a
gas, and it seems impossible to grasp why it exhibits no ten-
dency to lose itself in the infinite regions of space.

Einstein has given a very remarkable answer to this. He
says that this is so because the world is not infinite at all. But
where, then, are its limits ? Is it not absurd to assume that
the universe is somewhere *“ hedged in "’ ?
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Now, to be limited or bounded and to be finite is.by no
means the same. Consider the surface of a sphere. It is
doubtless finite but it is without limits.” Einstein asserts that
three-dimensiona! space behaves in the same way. He finds
it possible to do this because the general theory of relativity
allows space to be curved. He thus arrives at the following
theory of the universe. If we disregard the irregular distribu-
tion ‘of the stars and replace it by a distribution of mass which
is everywhere uniform we may ask under what conditions
such a configuration of stars can remain permanently at rest
according to the field equations of gravitation. The answer
is that the measure of curvature of three-dimensional space
must everywhere have a. constant positive value just as in
the case of a two-dimensional spherical surface. It is evident
that a finite number of mass-points whose velocity tends to
make them separate distribute themselves uniformly on a
spherical surface and bring about a sort of dynamical equili-
brium. An exactly corresponding result is to hold for the
three-dimensional distribution of the stars. Einstein even
estimates the value of this *‘ world curvature with,the help
of a plausible assumption about the total mass of the stars.’
Unfortunately, it comes out so small * that for the present
there is no hope of testing this bold idea experimentally.

~ It follows from- the fact that the curvature of the world
has the same value everywhere that the metrical field has the
same character everywhere in the world, and that it is Euclidean
in exactly that system of reference which is at rest with respect
to all masses as a whole (or is moving uniformly and rectili-
nearly with respect to them). This statement contains the
nucleus of the facts which Newton wished to represent by his
doctrine of absolute space.

Every attempt to picture to oneself such a finite but un-
bounded “ spherical ”’ world is, of course, hopeless. It is just
as impossible as trying to get an idea of the local curvatures
of the world in the vicinity of gravitating masses. 'And yet
this theory has very concrete consequences. Let us imagine
a telescope in the Babelsberg Observatory directed at a definite
fixed star. At the same time a telescope in the Antipodes,
say at Sydney in Australia, to be directed at exactly the op-
posite point of the heavens. Then, according to Einstein’s
cosmology, it is conceivable that the observers at both tele-
scopes see one and the same star, which is recognizable by, say,
a characteristic spectrum. Actually, just as a person can

* According to an estimate of de Sitter the ¢ circumference of the world,” that
is, the length of a geodetxc world-line that returns into itself, is about 100 million

light-years.
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start a voyage around the earth by setting out towards the
east or the west and travelling round on the same great circle
in either direction, so in the spherical world of Einstein a light
ray can start out from a star along a geodetic line in both
directions and can meet the earth in opposite directions.

Nowadays we may still regard such reflections as the pro-
ducts of wanton fancy. Who knows whether they may not
become, within a few centuries, empirical facts, owing to re-
finements in our methods of observation > It would be arro-
gant to deny this possibility. Even nowadavs there are serious
astronomers who take Esnstesn’s doctrine of the macrocosm as
the basis of their quantitative researches into the laws of the
distribution of the fixed stars. I

But Einstein’s ideas also penetrate into the microcosm,
the world of the atom. We have already touched earlier
(V, 15, p. 187) on the question of the remarkable forces which
prevent an electron or an atom from going asunder. Now,
these configurations are enormous accumulations of energy
in very small portions of space. Hence they will have in them-
selves considerable curvatures of space or, in, other words,
- gravitational fields. It suggests itself to us that it is these
fields that hold together the electric charges which tend to
separate. ~

But this theory is only in its initial stage at present and it
is quite uncertain whether it will be crowned with success.
For we know from numerous experiments that new and strange
laws rule in the atomic world and that they give expression
to 2 harmony of integral numbers which is still quite unintel-
ligible to us. It is the so-called guanmtum theory of Planck
{xguo). The decision rests with future investigators. |

12. CONCLUSION

We now know, at least in coarse outline, Einstein’s doctrine .
of space and time. We have traced its origin and development
from the physical theories of his predecessors and we have
seen how a clearly recognizable process of objectivation and
relativization leads along the labyrinthine paths of research
to the height of abstraction which characterizes the basic
conceptions of the exact sciences of the present day. The
power of the new doctrine is due to its immediate growth out
of experience. It is an offspring of experimental science and
has itself produced new experiments that bear witness to its
merit. But what constitutes its importance beyond the
narrow sphere of special research is the grandeur, the boldness,

and the directness of the thoughts involved. Einstein’s
1Q
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theory represents a type of thought the ideal of which is to
keep a sound balance between freely creative fancy, critical
logic, and a patient adaptation to fact. It is not a world view,
if world signifies more than Minkowski’s space-time manifold,
but it leads whoever delves patiently into his ideas 0 a world
view. For beyond the bounds of science, too, objective and
relative reflection is a gain, a release from prejudice, a liberation
of the spirit from standards whose claim to absolute validity
melts away before the cnt1cal judgment of the relativist.
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