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PREFACE TO THE THIRD EDITION

SiNcE the appearance of the first edition, ten years ago, the
study of transients has been greatly extended and the term
“transient” has become fully established in electrical literature.
As the result of the increasing importance of the subject and our
inereasing knowledge, a large part of this book had practically
to be rewritten, with the addition of much new material, espe-
cially in Sections IIT and IV.

In Section III, the chapters on “Final Velocity of the Electric
Field” and on “ High-frequency Conductors’ have been re-
written and extended.

As Section V, an entirely new section has been added, com-
prising six new chapters.

The effect of the finite velocity of the electrie ﬁeld that is,
the electric radiation in creating energy components of inductance
and of capacity and thereby effective series and shunt resistances
is more fully discussed. These components may assume formid-
able values at such high frequencies as are not infrequent in
transmission circuits, and thereby dominate the phenomena.
These energy components and the equations of the unequal
current distribution in the conductor are then applied to a fuller
discussion of high-frequency conduction.

In Section IV, a chapter has been added discussing the relation
of the common types of currents: direct current, alternating
current, etc., to the general equations of the electric circuit.
A discussion is also given of the interesting case of a direct current
with distributed leakage, as such gives phenomena analogous to
wave propagation, such as reflection, etc., which are usually
familiar only with alternating or oscillating currents.

A new chapter is devoted to impulse currents, as a eclass
of non-periodic but transient currents reciprocal to the periodic
but permanent alternating currents.

Hitherto in theoretical investigations of transients, the circuit
constants » L C and ¢ have been assumed as constant. This,
however, disagrees with experience at very high frequencies
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viii PREFACE

or steep wave fronts, thereby limiting the usefulness of the
theoretical investigation, and makes the calculation of many im-
portant phenomena, such as the determination of the danger
zone of steep wave fronts, the conditions of circuit design limit-
ing the danger zome, etc., impossible. The study of these
phenomena has been undertaken and four additional chapters
devoted to the change of circuit constants with the frequency,
the increase of attenuation constant resulting therefrom, and
the degeneration, that is rounding off of complex waves, the
flattening of wave fronts with the time and distance of travel,
ete., added.

The method of symbolic representation has been changed from
the time diagram to the crank diagram, in accordance with the
international convention, and in conformity with the other
books; numerous errors of the previous edition corrected, ete.

CHARLES P. STEINMETZ.
Jan., 1920.



PREFACE TO THE FIRST EDITION

THE following work owes its origin to a course of instrlw(:.i(m
given during the last few years to the senior class in clectrical
engineering at Union University and represents the work of a
number of years. It comprises the investigation of phenomena
which heretofore have rarely been dealt with in text-books but,
have now become of such importance that a knowledge of them
is essential for every electrical engineer, as they include smme of
the most important problems which electrical engineering will
have to solve in the near future to maintain its thus far unbroken
progress.

A few of these transient phenomena were observed and experi-
mentally investigated in the early days of clectrical engincering,
for instance, the building up of the voltage of dircet-current
generators from the remanent magnetism.  Others, such as the
investigation of the rapidity of the response of a compound
generator or a booster to a change of load, have become of impor-
tance with the stricter requirements now made on electric systems.
Transient phenomena which were of such short duration an
small magnitude as to be negligible with the small apparatus of
former days have become of serious_importance in the huge
generators and high power systems of to-day, as the discharge of

* generator fields, the starting currents of transformers, the shop(-
circuit currents of alternators, cte. Especially is this the case
with two classes of phenomena closely related to cach other: the
phenomena of distributed capacity and those of high frequency
curren‘ts. Formerly high frequency currents were only a subject
for brilliant lecture experiments; now, however, in the wircless
telegraphy they have found an important industrial use, Teleph-
ony has advancefl from the art of designing elaborate swifeh-
boards to an engineering science, due to the work of M, I, Pupin
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and others, dealing with the fairly high frequency of sound
waves. IEspecially lightning and all the kindred high voltage
and high frequency phenomena in electric systems have become
of great and still rapidly increasing importance, due to.the
great increase in extent and in power of the modern electric
systems, to the interdependence of all the electric power users in
a large territory, and to the destructive capabilities resulting
from such disturbances. Where hundreds of miles of high and
medium potential circuits, overhead lines and underground
cables, are interconnected, the phenomena, of distributed capacity,
the effects of charging currents of lines and cables, have become
such as to require careful study. Thus phenomena which once
were of scientific interest only, as the unequal current distribu-
tion in conductors carrying alternating currents, the finite velocity
of propagation of the electric field, etc., now require careful study
by the electrical engineer, who meets them in the rail return of
the single-phase railway, in the effective impedance interposed
to the lightning discharge on which the safety of the entire
system depends, ete.

The characteristic of all these phenomena is that they are
transient functions of the independent variable, time or distance,
that is,decrease with increasing value of the independent variable,
gradually or in an oscillatory manner, to zero at infinity, while
the functions representing the steady flow of electric energy are
constants or periodic functions.

‘While thus the phenomena of alternating currents are repre-
sented by the periodic function, the sine wave and its higher
harmonies or overtones, most of the transient phenomena lead
to a funetion which is the product of exponential and trigono-
metric terms, and may be called an oscillating function, and its
overtones or higher harmonics.

A second variable, distance, also enters into many of these
phenomena; and while the theory of alternating-current appara-
tus and phenomena usually has to deal only with functions of
one independent variable, time, which variable is eliminated by
the introduction of the complex quantity, in this volume we
have frequently to deal with functions of time and of distance.



PREFACE xi

We thus have to consider alternating functions and transient
functions of time and of distance.

The theory of alternating functions of time is given in “Theory
and Calculation of Alternating Current Phenomena.” Transient
functions of time are studied in the first section of the present
work, and in the second section are given periodic transient
phenomena, which have become of industrial importance, for
instance, in rectifiers, for circuit control, etc. The third section
gives the theory of phenomena which are alternating in time and
transient in distance, and the fourth and last section gives

- phenomena transient in time and in distance.

To some extent this volume can thus be considered as a con-
tinuation of “Theory and Calculation of Alternating Current'
Phenomena.”

In editing this work, I have been greatly assisted by Prof. O.
Ferguson, of Union University, who has carefully revised the
manuseript, the equations and the numerical examples and
checked the proofs, so that it is hoped that the errors in the
work are reduced to a minimum.

Great credit is due to the publishers and their technical staff
for their valuable assistance in editing the manuscript and for
the representative form of the publication they have produced.

CHARLES P. STEINMETZ.

ScHENECTADY, December, 1908.



PREFACE TO THE SECOND EDITION

Duk to the relatively short time which has elapsed since
the appearance of the first edition, no material changes or
additions were needed in the preparation of the second edition.
The work has been carefully perused and typographical and
other errors, which had passed into the first edition, were
eliminated. In this, thanks are due to those readers who
have drawn my attention to errors.

Since the appearance of the first edition, the industrial
importance of transients has materially increased, and con-
siderable attention has thus been devoted to them by engineers.
The term ‘“‘transient” has thereby found an introduction, as
noun, into the technical language, instead of the more cumber-
some expression “transient phenomenon,” and the former term
is therefore used to some extent in the revised edition.

As appendix have been added tables of the velocity functions
of the electric field, sil z and colz, and similar functions,
together with explanation of their mathematical relations, as
tables of these functions are necessary in calculations of wave
-propagation, but are otherwise difficult to get. These tables
were derived from tables of related functions published by
J. W. L. Glaisher, Philosophical Transactions of the Royal
Society of London, 1870, Vol. 160.
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TRANSIENTS IN TIME

CHAPTER L
THE CONSTANTS OF THE ELECTRIC CIRCUIT.

1. To transmit electric energy from one place where it is
generated to another place where it is used, an electric cir-
cuit is required, consisting of conductors which connect the
point of generation with the point of utilization.

When electric energy flows through a circuit, phenomena
take place inside of the conductor as well as in the space out-
side of the conductor.

In the conductor, during the flow of electric energy through
the cireuit, electric energy is consumed continuously by being
converted into heat. Along the circuit, from the generator
to the receiver circuit, the flow of energy steadily decreases
by the amount consumed in the conductor, and a power gradi-
ent exists in the circuit along or parallel with the conductor.

(Thus, while the voltage may decrease from generator to
receiver circuit, as is usually the case, or may increase, as in
an alternating-current circuit with leading current, and while
the current may remain constant throughout the circuit, or
decrease, as in a transmission line of considerable capacity
with a leading or non-inductive receiver circuit, the flow of
energy always decreases from generating to receiving circuit,
and the power gradient therefore is characteristic of the direc-
tion of the flow of energy.)

In the space outside of the conductor, during the flow of
energy through the circuit, a condition of stress exists which
is called the electric field of the conductor. That is, the
surrounding space is not uniform, but has different clectric
and magnetic properties in different directions.

No power is required to maintain the electric field, but energy

8 — .
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is required to produce the electric field, and this energy is
returned, more or less completely, when the electric field dis-
appears by the stoppage of the flow of energy.

Thus, in starting the flow of electric energy, before a perma-
nent condition is reached, a finite time must elapse during
which the energy of the electric field is stored, and the generator
therefore gives more power than consumed in the conductor
and delivered at the receiving end; again, the flow of electric
energy cannot be stopped instantly, but first the energy stored
in the electric fleld has to be expended. As result hereof,
where the flow of electric energy pulsates, as in an alternating-
current circuit, continuously electric energy is stored in the
field during a rise of the power, and returned to the circuit
again during a decrease of the power.

The electric field of the conductor exerts magnetic and elec-
trostatic actions.

The magnetic action is a maximum in the direction concen-
trie, or approximately so, to the conductor. That is, a needle-
shaped magnetizable body, as an iron needle, tends to set itself
in a direction concentric to the conductor.

The electrostatic action has a maximum in a direction radial,
or approximately so, to the conductor. That is, a light needle-
shaped conducting body, if the electrostatic component of the
field is powerful enough, tends to set itself in a direction radial
to the conductor, and light bodies are attracted or repelled
radially to the conductor.

Thus, the electric field of a circuit over which energy flows
has three main axes which are at right angles with each other:

The electromagnetic axis, concentric with the conductor.

The electrostatic axis, radial to the conductor.

The power gradient, parallel to the conductor.

This is frequently expressed pictorially by saying that the
lines of magnetic force of the circuit are concentric, the lines
of electrostatic force radial to the conductor.

Where, as is usually the case, the electric circuit consists of
several conductors, the electric fields of the conductors super-
impose upon each other, and the resultant lines of magnetic
and of electrostatic forces are not concentric and radial respee-
tively, except approximately in the immediate ncighborhood
of the conductor.
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In the clectric field between parallel conductors the magnetic
and the electrostatic lines of force arc conjugate pencils of circles.

2. Neither the power consumption in the conductor, nor
the electromagnetic field, nor the electrostatic field, are pro-
portional to the flow of energy through the circuit.

The product, however, of the intensity of the magnetic field,
®, and the intensity of the electrostatic field, ¥, is proportional
to the flow of energy or the power, P, and the power P is there-
fore resolved into a product of two components, 7 and e, which
are chosen proportional respectively to the intensity of the
magnetic field ® and of the electrostatic field .

That is, putting

P=i 1)

we have
@ = Li = the intensity of the electromagnetic field. 2
W = Ce = the intensity of the electrostatic field. 3)

The component 7, called the current, is defined as that factor
of the electric power P which is proportional to the magnetic
field, and the other component e, called the voltage, is defined
as that factor of the electric power P which is proportional to
the electrostatic field.

Current g and voltage, ¢, therefore, are mathematical fictions,
factors of the power P, introduced to represent respectively the
magnetic and the electrostatic or “ dielectric ”’ phenomena.

The current ¢ is measured by the magnetic action of a cireuit,
as in the ammeter; the voltage e, by the electrostatic action of
a circult, as in the electrostatic voltmeter, or by producing a
current 7 by the voltage e and measuring this current ¢ by its
magnetic action, in the usual voltmeter.

The coefficients L and C, which are the proportionality factors
of the magnetic and of the dielectric component of the electric
field, are called the inductance and the capacity of the circuit,
respectively.

As electric power P is resolved into the product of current ¢
and voltage ¢, the power loss in the conductor, P, therefore can
also be resolved into a product of current ¢ and voltage ¢
which is consumed in the conductor. That is,

P, =1,
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It is found that the voltage consumed in the conductor, e; is
proportional to the factor ¢ of the power P, that is,

e = 11, 4)
where 7 is the proportionality factor of the voltage consumed by
the loss of power in the conductor, or by the power gradient,
and is called the resisiance of the circuit.

Any elgetyic circuit therefore must_have three constants, 7, L,
[PUSt 2ayve three constants

and C, where

r = circuit constant representing the power gradient, or the loss

of power in the conductor, called resistance.

L = circuit constant representing the intensity of the electro-
magnetic component of the electric field of the cireuit,
called inductance.

circuit constant representing the intensity of the electro-
static component of the electric field of the circuit, called
capacity.

In most circuits, there is no current consumed in the conductor,
1, and proportional to the voltage factor ¢ of the power P, that is:
i = ge
where g is the proportionality factor of the current consumed
by the loss of power in the conductor, which depends on the volt-
age, such as dielectric losses, ete. Where such exist, a fourth
circuit constant appears, the conductance g, regarding which see

sections III and IV.

3. A change of the magnetic field of the conductor, that is,

If the number of lines of magnetic force ® surrounding the con-

ductor, generates an e.m.f.

Q
It

d®

¢ = Ei (5)
in the eonductor and thus absorbs a power
. AP
VR kel
P = i¢ T (6)
or, by equation (2): & = Li by definition, thus:
dd _ . di )
i La, and: P/ = ini—tl )

and the total energy absorbed by the magnetic field during the
rise of current from zero to 7 is

Wi = f Pt )

= I | idi,
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that is,

2L
Wy = 5 . 9)

A change of the dielectric field of the conductor, ¥, absorbs
a current proportional to the change of the dielectric field:

. av
? o e
v = (10)
and absorbs the power
. Av
"o ! =
, P =¢f' = e (11)
or, by equation (3),
de
L —
P = Ceg, (12)

and the total energy absorbed by the dielectric field during a
rise of voltage from 0 to e is

Wi = fP”dt (13)
= C | ede,
that is
, _ el
Wk = 3 (14)
The power consumed in the conductor by its resistance r is
P, = e, (15)
and thus, by equation (4),
P, = 4. (16)
That is, when the electric power
P=e (1)

exists in a circuit, it is
P, = i% = power lost in the conductor, (16)

72
Wa= 1—29 = energy stored in the magnetic field of the circuit, (9)
Wg = %C— = energy stored in the dielectric field of the cir-

cuit, (14)
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and the three circuit constants », L, C therefore appear as the
components of the energy conversion into heat, magnetism, and
electric stress, respectively, in the circuit.

4. The circuit constant, resistance r, depends only on the
size and material of the conductor, but not on the position of
the conductor in space, nor on the material filling the space
surrounding the conductor, nor on the shape of the conductor
section.

The circuit constants, inductance L and capacity C, almost
entirely depend on the position of the conductor in space, on
the material filling the space surrounding the conductor, and
on the shape of the conductor section, but do not depend on
the material of the conductor, except to that small extent as
represented by the electric field inside of the conductor section.

5. The resistance r is proportional to the length and inversely
proportional to the section of the conductor,

l -

r 0 a ) (Il)

where p is a constant of the material, called the resistivity or
spectfic resistance.

For different materials, o varies probably over a far greater
range than almost any other physical quantity. Given in ohms
per centimeter cube* it is, approximately, at ordinary tem-
peratures:

Metals: Cu........ooeo oo 1.6 X 1070
Al 2.8 X 10"
Fe.oooo 10 X 10~
HE. oo 94 X 10~
Gray castiron.............. up to 100 X 10~°
High-resistance alloys. ... ... up to 150 X 107°
Electrolytes: NOH............. .down to 1.3 at 30 per cent
KOH............. down to 1.9 at 25 per cent
NaCl..............down to 4.7 at 25 per cent

up to
Pure river water ........................ 10

and over alcohols, oils, etc., to practically infinity.

:‘_ Meaning a conductor of one centimeter length and one square centimeter
section.

&
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So-called “insulators”:

Fiber. ... about 10*
Paraffinoil. ................o oL about 10%
Paraffin........................ L. about 10 to 10'®
Mica. ... i.about 10
Glass.....ooovviiii i about 10" to 10
Rubber..........oiiii about 10'°
N practically o

In the wide gap hetween the highest resistivity of metal
alloys, about p = 150 X 107% and the lowest resistivity of
electrolytes, about p = 1, are

Carbon: metallic. ............... down to 100 x 10~°
amorphous (dense).......... 0.04 and higher
anthracite........ ...l very high

Stlicon and Silicon Alloys:
Cast silicon..........ooiiviniaii, 1 down to 0.04
Ferrosilicon................ 0.04 down to 50 X 107®

The resistivity of arcs and of Geissler tube dischargesis of about
the same magnitude as electrolytic \resistivity.

The resistivity, p, is usually a function of the temperature,
rising slightly with increase of tem;grature in metallic conduct-
ors and decreasing in electrolytic conductors. Only with few
materials, as silicon, the temperature variation of p is so enor-
mous that p can no longer be considered as even approximately
constant for all currents © which give a considerable tempera-
ture rise in the conductor. Such materials are commonly
called pyroelectrolytes.

6. The inductance L is proportional to the section and
inversely proportional to the length of the magnetic circuit
surrounding the conductor, and so can be represented by

prA
l

where 1 is a constant of the material filling the space surround-
ing the conductor, which is called the magnetic permeability.
As in general neither section nor length is constant in differ-
ent parts of the magnetic circuit surrounding an electric con-
* See “Theory and Caleulation of Electric Circuits.”

L=*2, as)
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ductor, the magnetic circuit has as a rule to be calculated
piecemeal, or by integration over the space occupied by it.

The permeability, #, is constant and equals unity or very
closely # =1 for all substances, with the exception of a few
materials which are called the magnetic materials, as iron,
cobalt, nickel, etc., in which it is very much higher, reaching
sometimes and under certain conditions in iron values as high
as u = 6000 and even as high as p = 30,000.

In these magnetic materials the permeability x is not con-
stant but varies with the magnetic flux density, or number of
lines of magnetic force per unit section, ®, decreasing rapidly
for high values of ®.

In such materials the use of the term s is therefore incon-
venient, and the inductance, L, is calculated by the relation
between the magnetizing force as given in ampere-turns per
unit length of magnetic cireuit, or by “field intensity,” and
magnetic induction @.

The magnetic induction ® in magnetic materials is the sum
of the “spaee induction” e, corlespondmg to unit permeability,
plus the “metallic induction”” ®’, which latter reaches a finite
limiting value. That is,

® =13+ &. (19)
The limiting values, or so-called “saturation values,” of ®

are approximately, in lines of magnetic force per square centi-
meter:

Iron.................. P 21,000
Cobalt. ... 12,000
Nickel......cooovii i 6,000
Magnetite. .................... ... ... 5,000

Manganese alloys .. ................... .up to 5,000

The inductance, L, therefore is a constant of the circuit if
the space su.rroundmg the conductor contains no magnetic
material, and is more or less variable with the current, 4, if
magnetic material exists in the space surroundmg the conductor.
In the latter case, with increasing current, 4, the inductance, L,
first slightly increases, reaches a maximum, and then decreases
approaching as limiting value the value wluch it would have in
the absence of the magnetic material.
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7. The capacity, C, is proportional to the section and inversely
proportional to the length of the electrostatic field of the con-
ductor:

kA
C = 7 (20)
where « is a constant of the material filling the space surround-
ing the conductor, which is called the “dielectric constant,” or
the “specific capacity,” or “ permittivity.”

Usually the section and the length of the different parts of
the electrostatic circuit are different, and the capacity therefore
has to be calculated piecemeal, or by integration.

The dielectric constant « of different materials varies over a
relative narrow range only. It is approximately:

% = 1 in the vacuum, in air and in other gases,
& = 2to 3 in ails, paraﬁ'ins fiber, etc.,

x = 3 to < in rubber and gutta-percha,

x = 3 to 5 in glass, mica, ete.,

reaching values as high as 7 to 8 in organic compounds of heavy
metals, as lead stearate, and about 12 in sulphur.
The dielectric constant, , is practically constant for all voltages
e, up to that voltage at which the electrostatic field intensity,
or the electrostatic gradient, that is, the “volts per centimeter,”
exceeds a certain value 6, which depends upon the material and
which is called the “dielectric strength’ or “disruptive strength”’
of the material. At this potential gradient the medium breaks
down mechanically, by puncture, and ceases to insulate, but
electricity passes and so equalizes the potential gradient.
The disruptive strength, 4, given in volts per centimeter is
approximately:
Air: 30,000.
Oils: 250,000 to 1,000,000.
Mica: up to 4,000,000.

The capacity, C, of a circuit therefore is constant up to the
voltage e, at which at some place of the electrostatic field the
dielectric strength is exceeded, disruption takes place, and a
part of the surrounding space therefore is made conducting, and
by this increase of the effective size of the conductor the capacity
C is'increased.
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8. Of the amount of energy consumed in creating the electric
field of the eircuit not all is returned at the disappearance of
the electric field, but a part is consumed by conversion into heat
in producing or in any other way changing the electric field.
That is, the conversion of electric energy into and from the
electromagnetic and electrostatic stress is not complete, but a
loss of energy oceurs, especially with the magnetie field in the
so-called magnetic materials, and with the electrostatic field in
unhomogeneous dielectrics.

The energy loss in the production and reconversion of the
magnetic component of the field can be represented by an
effective resistance 7/ which adds itself to the resistance r, of
the conductor and more or less increases it.

The energy loss in the electrostatic field can be reple%ented
by an effective resistance r”/, shunting across the circuit, and
consuming an energy current ¢/, in addition to the current 7 in
the conductor. Usually, instead of an effective resistance r,
its reciprocal is used, that is, the energy loss in the electro-
static field represented by a shunted conductance g.

In its most general form the electric circuit therefore contains
the constants:

. ?L

1. Inductance L, storing the cnergy, %—,
: . eC
2. Capacity C, storing the energy, -

3. Resistance r = r, + 1/, consuming the power, *r = 2°r +7”,
4. Conductance g, consuming the power, €'y,

where 7, is the resistance of the conductor, 7’ the effective resist-
ance representing the power loss in the magnetic field L, and g
represents the power loss in the electrostatie field C.
9. If of the three components of the electric field, the clectro-
etic stress, electrostatic stress, and the power gradient, one
equals zero, a second one must equal zero also. That is, either
all_uf—th&th_ee.c\olgms.emst or only one exists.
Electric systems in which the magnetic component of the
field is absent, while the electrostatic component may be consider-
able, are represented for instance by an electric generator or

a battery on open circuit, or by the electrostatic machine. In
such systems the' disruptive effects due to migh voltage, there-
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fore, are most pronounced, while the power is negligible, and
phenomena of this character are usually called “static.”

Electric systems in which the electrostatic component of the

field is absent, while the electromagnetic component is consider-
able, are represented for instance by the short-circuited secondary
coil of a transformer, in which no potential difference and, there-
fore, no electrostatic field exists, since the generated e.m.f. is
consumed at the place of generation. Rractically negligible also
is the electrostatic component in all low-voltage circuits.
“The effect of the resistaice on the flow of electric energy in
industrial applications is restricted to fairly narrow limits: as
the resistance of the circuit consumes power and thus lowers the
efficiency of the electric transmission, it is uneconomical to
permit too high a resistancc. As lower resistance requires a
larger expenditure of conductor material, it is usually uneco-
nomical to lower the resistance of the circuit below that which
gives a reasonable efficiency.

As result hereof, practically always the relative resistance,
that is, the ratio of the power lost in the resistance to the total
power, lies between 2 per cent and 20 per cent.

It is different with the inductance L and the capacity C. Of

. ¢L
the two forms of stored energy, the magnetic 7'—2— and electro-

. € . .
static TO , usually one is so small that it can be neglected com-

pared with the other, and the electric circuit with sufficient
approximation treated as containing resistance and inductance,
or resistance and capacity only.

In the so-called electrostatic machine and its applications,
frequently only capacity and resistance come into consideration.

In all lighting and power distribution circuits, direct current
or alternating current, as the 110- and 220-volt lighting circuits,
the 500-volt railway circuits, the 2000-volt primary distribution
circuits, due to the relatively low voltage, the electrostatic

&

energy?ig still so very small compared with the electro-

magnetic energy, that the capacity C can for most purposes be
‘neglected and the circuit treated as containing resistance and
inductance only.
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Of approximately equal magnitude is the electromagnetic

2L . ec . . .
energy —~ and the electrostatic energy 5 in the high-potential

long-distance transmission circuit, in the telephone circuit, and
in the condenser discharge, and so in most of the phenomena
resulting from lightning or other disturbances. In these cases
all three circuit constants, 7, L, and C, are of essential impor-
tance.

10. In an electric circuit of negligible inductance L and
negligible capacity C, no energy is stored, and a change in the
circuit thus can be brought about instantly without any disturb-
ance or intermediary transient condition.

In a circuit containing only resistance and capacity, as a
static machine, or only resistance and inductance, as a low or
medium voltage power circuit, electric energy is stored essentially
in one form only, and a change of the circuit, as an opening of
the circuit, thus cannot be brought about instantly, but occurs
more or less gradually, as the energy first has to be stored or
discharged.

In a circuit containing resistance, inductance, and capacity,
and therefore capable of storing energy in two different forms,
the mechanical change of circuit conditions, as the opening of a
circuit, can be brought about instantly, the internal energy of
the circuit adjusting itself to the changed circuit conditions by
a transfer of energy between static and magnetic and inversely,
that is, after the circuit conditions have been changed, a transient
phenomenon, usually of oscillatory nature, occurs in the circuit
by the readjustment of the stored energy.

These transient phenomena of the readjustment of stored
electric energy with a change of circuit conditions require careful
study wherever the amount of stored energy is sufficiently large
to cause serious damage. This is analogous to the phenomena
of the readjustment of the stored energy of mechanical motion:
while it may be harmless to instantly stop a slowly moving light
carriage, the instant stoppage, as by collision, of a fast railway
train leads to the usual disastrous result. So also, in electric
systems of small stored energy, a sudden change of circuit con-
ditions may be safe, while in a high-potential power system of

very great stored electric energy any change of circuit conditions

requiring a sudden change of energy is liable to be destructive.

v
o
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Where electric energy is stored in one form only, usually little
danger exists, since the circuit protects itself against sudden
change by the energy adjustment retarding the change, and
only where energy is stored electrostatically and magnetically,
the 'mechanical change of the circuit conditions, as the opening
of the circuit, can be brought about instantly, and the stored
energy then surges between electrostatic and magnetic energy.

In the following, first the phenomena will be considered which
result from the stored energy and its readjustment in circuits
storing energy in one form only, which usually is as electro-
magnetic energy, and then the general problem of a circuit
storing energy electromagnetically and electrostatically will be
considered.




CHAPTER IIL
INTRODUCTION.

11. In the investigation of electrical phenomena, currents
and potential differences, whether continuous or alternating,
are usually treated as stationary phenomena. That is, the
assumption is made that after establishing the circuit a sufficient
time has elapsed for the currents and potential differences to
reach their final or permanent values, that is, become constant,
with continuous current, or constant periodic functions of time,
with alternating current. In the first moment, however, after
establishing the circuit, the currents and potential differences
in the circuit have not yet reached their permanent values,
that is, the electrical conditions of the circuit are not yet the
normal or permanent ones, but a certain time clapses while the
electrical conditions adjust themselves.

12. For instance, a continuous e.m.f., e, impressed upon a
circuit of resistance r, produces and maintains in the circuit a
current,

=G,

Ty =
In the moment of closing the circuit of e.m.f. ¢, on resistance r,
the current in the circuit is zero. Hence, after closing the circuit
the current ¢ has to rise from zero to its final value 7, If the
circuit, contained only resistance but no inductance, this would
take place instantly, that is, there would be no transition period.
Every circuit, however, contains some inductance. The induc-
tance L of the circuit means L interlinkages of the circuit with
lines of magnetic force produced by unit current in the circuit,
or ¢L interlinkages by current 7. That is, in establishing current
1, in the circuit, the magnetic flux 7,L, must be produced. A
change of the magnetic flux 7L surrounding a circuit generates
in the circuit an e.m.f.,

e =£ (L).
16
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This opposes the impressed e.n.f. e, and therefore lowers the
e.m.f. available to produce the current, and thereby the current,
which then cannot instantly assume its final value, but rises
thereto gradually, and so between the starting of the circuit
and the establishment of permanent condition a transition
period appears. In the same manner and for the same reasons,
if the impressed e.m.f. e, is withdrawn, but the circuit left closed,
the current 7 does not instantly disappear but gradually dies
out, as shown in Fig. 1, which gives the rise and the decay of a

I~ l
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Fig. 1. Rise and decay of continuous current in an inductive circuit.

continuous current in an inductive circuit: the exciting current
of an alternator field, or a circuit having the constants r = 12
ohms; L = 6 henrys, and e, = 240 volts; the abscissas being
seconds of time.

13. If an electrostatic condenser of capacity C is connected
to a continuous e.m.f. e, no current exists, in stationary con-
dition, in this direct-current circuit (except that a very small
current may leak through the insulation or the dielectric of the
condenser), but the condenser is charged to the potential dif-
ference e,, or contains the electrostatic charge

Q = Ce,.

In the moment of closing the circuit of e.m.f. e, upon the
capacity C, the condenser contains no charge, that is, zero
potential difference exists at the condenser terminals. If there
were no resistance and no inductance in the circuit in the
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moment of closing the circuit, an infinite current would exist
charging the condenser instantly to the potential difference e,
If r is the resistance of the direct-current circuit containing the
condenser, and this circuit contains no inductance, the current

. e L .
starts at the value 7 = AT" ; that is, in the first moment after

closing the circuit all the impressed e.m.f. is consumed by the
current in the resistance, since no charge and therefore no
potential difference exists at the condenser. With increasing
charge of the condenser, and therefore increasing potential
difference at the condenser terminals, less and less em.f. is
available for the resistance, and the current decreases, and
ultimately becomes zero, when the condenser is fully charged.

If the circuit also contains inductance L, then the current
cannot rise.instantly but only gradually: in the moment after
closing the circuit the potential difference at the condenser is
still zero, and rises at such a rate that the increase of magnetic
flux 7L in the inductance produces an e.m.f. Ldi/dt, which
consumes the impressed e.m.f. Gradually the potential differ-
ence at the condenser increases with its increasing charge, and
the current and thereby the e.n.f. consumed by the resistance
increases, and so less e.n.f. being available for consumption by
the inductance, the current increases more slowly, until ulti-
mately it ceases to rise, has reached a maximum, the inductance
consumes no e.m.f., but all the impressed e.m.f. is consumed by
the current in the resistance and by the potential difference at
the condenser. The potential cifference at the condenser con-
tinues to rise with its increasing charge; hence less e.n.f. is
available for the resistance, that is, the current decreases again,
and ultimately becomes zero, when the condenser is fully
charged. During the decrease of current the decreasing mag-
netic flux 4L in the inductance produces an c.m.f., which assists
the impressed e.n.f., and so retards somewhat the decrease of
current.

Fig. 2 shows the charging current of a condenser through an
induetive circuit, as 4, and the potential difference at the con-
denser terminals, as e, with a continuous impressed ean.f. e,
for the circuit constants r = 250 ohms; L = 100 mh. ; C=
10 mf., and ¢, = 1000 volts.

If the resistance is very small, the current immediately after
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closing the circuit rises very rapidly, quickly charges the con-
denser, but at the moment where the condenser is fully charged
to the impressed e.m.f. e, current still exists. This current
cannot instantly stop, since the decrease of current and there-
with the decrease of its magnetic flux <L generates an e.m.f,,

- -
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Fig. 2. Charging a condenser through a circuit having resistance and
inductance. Constant potential. Logarithmie charge: high resistance.

which maintains the current, or retards its decrease. Hence
electricity still continues, to flow into the condenser for some
time after it is fully charged, and when the current ultimately
stops, the condenser is overcharged, that is, the potential dif-
ference at the condenser terminals is higher than the impressed
ean.f. e, and as result the condenser has partly to discharge
again, that is, electricity begins to flow in the opposite direction,
or out of the condenser. In the same manner this reverse
current, due to the inductance of -the circuit, overreaches and
discharges the condenser farther than down to the impressed
e.m.f. ey, so that after the discharge current stops again a charg-
ing current —now less than the initial charging current —
starts, and so by a series of oscillations, overcharges and under-
charges, the condenser gradually charges itself, and ultimately
the current dies out. :

Fig. 3 shows the oscillating charge of a condenser through an
inductive circuit, by a continuous impressed e.m.f. ¢, The
current is represented by 7, the potential difference at the con-
denser terminals by e, with the time as abscissas. The con-
stants of the circuit are: r = 40 ohms; L = 100 mh.; C =
10 mf., and ¢, = 1000 volts.

In such a continuous-current circuit, containing resistance,
inductance, and capacity in series to each other, the current at
the moment of closing the circuit as well as the final current
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is zero, but a current exists immediately after closing the
circuit, as a transient phenomenon; a temporary current,
steadily increasing and then decreasing again to zero, or con-
sisting of a number of alternations of successively decreasing
amplitude: an oscillating current.

If the circuit contains no resistance and inductance, the cur-
rent into the condenser would theoretically be infinite. That

o— o

Fig. 3. Charging a condenser through a circuit having resistance and
inductance. Constant potential. Oscillating charge: low resistance.

is, with low resistance and low inductance, the charging current

of a condenser may be enormous, and therefore, although only

transient, requires very serious consideration and investigation.

If the resistance is very low and the inductance appreciable,

the overcharge of the condenser may raise its voltage above

the impressed e.m.f., e, sufficiently to cause disruptive effects.
14. If an alternating e.m.f.,

¢ = F cosl,

is impressed upon a circuit of such constants that the current
lags 45°, that is, the current is

4 = I cos (0 — 45°),

and the circuit is closed at the moment 0 = 45° at this
moment the current should be at its maximum value. It is,
however, zero, and since in a circuit containing inductance (that
is, in practically any circuit) the current cannot change instantly,
it follows that in this case the current gradually rises from zero
as initial value to the permanent value of the sine wave i.
This approach of the current from the initial value, in the
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present case zero, to the final value of the curve 7, can either
be gra:dua.l, as shown by the curve 7, of Fig. 4, or by a series
of oscillations of gradually decreasing amplitude, as shown by
curve %, of Fig. 4.

15: The general solution of an electric current problem there-
fore includes besides the permanent term, constant or periodic,
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Fig. 4. Starting of an alternating-current cireuit having inductance.

a transient term, which disappears after a time depending upon
the circuit conditions, from an extremely small fraction of a
second to a number of seconds.

These transient terms appear in closing the circuit, opening
the circuit, or in any other way changing the circuit conditions,
as by a change of load, a change of impedance, etc.

In general, in a circuit containing resistance and inductance
only, but no capacity, the transient terms of current and volt-
age are not sufficiently large and of long duration to cause
harmful nor even appreciable effects, and it is mainly in circuits
containing capacity that excessive values of current and poten-
tial difference may be reached by the transient term, and there-
with serious results occur. The investigation of transient terms
therefore is largely an investigation of the effects of electro-
stati acit;

16. No transient terms result from the resistance, but only
those circuit constants which represent storage of energy, mag-
netically by the inductance 1, electrostatically by the capacity
C, give rise to transient phenomena, and the more the resist-
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ance predominates, the less is therefore the severity and dura-
tion of the transient term.

When closing a circuit containing inductance or capacity
or both, the energy stored in the inductance and the capacity
has first to be supplied by the impressed e.m.f. before the
circuit conditions can become stationary. That is, in the first
moment after closing an electric circuit, or in general changing
the circuit conditions, tne impressed e.m.f., or rather the source
producing the impressed e.m.f., has, in addition to the power
consumed in maintaining the circuit, to supply the power which
stores energy in inductance and capacity, and so a transient
term appears immediately after any change of circuit condi-
tion. If the circuit contains only one energy-storing constant,
a3 either inductance or capacity, the transient term, which
connects the initial with the stationary condition of the circuit,
necessarily can be a steady logarithmic term only, or a gradual
approach. An oscillation can oceur only with the existence of
two energy-storing constants, as capacity and inductance, which
permit a surge of energy from the one to the other, and there-
with an overreaching.

17. Transient terms may occur periodically and in rapid suc-
cession, as when rectifying an alternating current by synchro-
nously reversing the connections of the alternating impressed
e.m.f. with the receiver circuit (as can be done mechanically
or without moving apparatus by unidirectional conductors, as
arcs). At every half wave the circuit reversal starts a tran-
sient term, and usually this transient term has not yet disap-
peared, frequently not even greatly decreased, when the next
reversal again starts a transient term. These transient terms
may predominate to such an extent that the current essentially
consists of a series of successive transient terms.

18. If a condenser is charged through an inductance, and the
condenser shunted by a spark gap set for a lower voltage than
the impressed, then the spark gap discharges as soon as the
condenser chaige has reached a certain value, and so starts a
transient term; the condenser charges again, and discharges,
and so by the successive charges and discharges of the condenser
a series of transient terms is produced, recurring at a frequency
depending upon the circuit constants and upon the ratio of the
disruptive voltage of the spark gap to the impressed e.m.f.

-~
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Such a phenomenon for instance occurs when on a high-
potential alternating-current system a weak spot appears in the
cable insulation and permits a spark discharge to pass to the
ground, that is, in shunt to the condenser formed by the cable
conductor and the cable armor or ground.

19. In most cases the transient phenomena occurring in elec-
tric circuits immediately after a change of circuit conditions are
of no importance, due to their short duration. They require
serious consideration, however,—

(a) In those cases where they reach excessive values. Thus
in connecting a large transformer to an alternator the large
initial value of current may do damage. In short-circuiting a
large alternator, while the permanent or stationary short-circuit
current is not excessive and represents little power, the very
much larger momentary short-circuit current may be beyond
the capacity of automatic circuit-opening devices and cause
damage by its high power. In high-potential transmissions the
potential differences produced by these transient terms may
reach values so high above the normal voltage as to cause dis-

“ruptive effects. Or the frequency or steepness of wave front of
these transients may be so great as to cause destructive voltages
across inductive parts of the circuits, as reactors, end turns of
transformers and generators, ete.

(b) Lightning, high-potential surges, etc., are in their nature
essentially transient phenomena, usually of oscillating character.

(¢) The periodical production of transient terms of oscillating
character is one of the foremost means of generating electric cur-
rents of very high frequency as used in wireless telegraphy, etc.

(@) In alternating-current rectifying apparatus, by which the
direction of current in a part of the circuit is reversed every half
wave, and the current so made unidirectional, the stationary
condition of the current in the alternating part of the circuit is
usually never reached, and the transient term is frequently of
primary importance.

(e) In telegraphy the current in the receiving apparatus essen-
tially depends on the transient terms, and in long-distance cdble
telegraphy the stationary condition of current is never ap-
proached, and the speed of telegraphy depends on the duration
of the transient terms.

(f) Phenomena of the same character, but with space instead
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of time as independent variable, are the distribution of voltage
and current in a long-distance transmission line; the phenomena
occurring in multigap lightning arresters; the transmission of
current impulses in telephony; the distribution of alternating
current in a conductor, as the rail return of a single-phase rail-
way; the distribution of alternating magnetic flux in solid mag-
netic material, ete.

Some of the simpler forms of transient terms are investigated
and discussed in the following pages.

A



CHAPTER III

INDUCTANCE AND RESISTANCE IN CONTINUOUS-
CURRENT CIRCUITS.

20. In continuous-current circuits the inductance does not
enter the equations of stationary condition, but, if ¢, = impressed
e.am.f., 7 = resistance, L = inductance, the permanent value of

current is 7, = % .

Therefore less care is taken in direct-current circuits to reduce
the inductance than in alternating-current circuits, where the
inductance usually causes a drop of voltage, and direct-current
circuits as a rule have higher inductance, especially if the circuit
is used for producing magnetic flux, as in solenoids, electro-
magnets, machine-fields.

Any change of the condition of a continuous-current circuit,
as a change of e.m.f., of resistance, etc., which leads to a change
of current from one value %, to another value %, results in the
appearance of a transient term connecting the current values
1, and 7,, and into the equation of the transient term enters the
inductance.

Count the time ¢ from the moment when the change in the
continuous-current circuit starts, and denote the impressed
e.n.f. by e, the resistance by r, and the inductance by L.

. e . . .
7= —T—° = current in permanent or stationary condition after

the change of circuit condition.

Denoting by 1, the current in circuit before the change, and
therefore at the moment ¢ = 0, by 7 the current during the
change, the e.m.f. consumed by resistance ris

ar,
and the e.m.f. consumed by inductance L is
di
L Ei )
where 7 = current in the circuit.
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. dr
Hence, e, =1r + L =+ 1)
or, substituting e, = 7,r, and transposing,
r di
——dt =———- 2
L T— 1, @

This equation is integrated by
—Zt=log (i — i) — loge,

where — log ¢ is the integration constant, or,

. K —t

i—d,=c¢c L.
However, for ¢t = 0,4 = 1.
Substituting this, gives

Gy =1, =6

_r,
hence, T=4 + (,—i)s L, @)
the equation of current in the circuit.

The counter e.m.f. of self-inductance is

di 1
o= = Lo =r(ly—i)e vy @)
hence a maximum for ¢ = 0, thus:
e’ =1, —1,). 5)

The e.m.f. of self-inductance e, is proportional to the change
of current (i, — 7,), and to the resistance r of the circuit after
the change, hence would be » for r = w, or when opening the
cireuit. Thatis, aninductive circuit cannot be opened instantly,
but the arc following the break maintains the circuit for some
time, and the voltage generated in opening an inductive circuit
is the higher the quicker the break. Henceina highly inductive
circuit, as an electromagnet or a machine field, the insulation
may be punctured by excessive generated e.m.f. when quickly
opening the circuit.

As example, some typical circuits may be considered.
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21. Starting of a continuous-current lighting circuat, or non-in-

ductive load.

Let e, = 125 volts = impressed e.m.[. of the circuit, and
1, = 1000 amperes = current in the circuit under stationary
condition; then the effective resistance of the circuit is

e
r === (0.125 ohm.
,"l

Assuming 10 per cent drop in feeders and mains, or 12.5 volts,
gives a resistance, r, = 0.0125 ohm of the supply conductors.
In such large conductor the inductance may be estimated as
10 mh. per ohm; hence, L = 0.125 mh. = 0.000125 henry.

The current at the moment of startingis 4, = 0, and the general
equation of the current in the circuit therefore is, by substitution

in 3), = 1000 (1 — eo00t), (©)

The time during which this current reaches half value, or
4 = 500 amperes, is given by substitution in (6)
500 = 1000 (1 — ety
hence gt — 0,5,
t = 0.00069 seconds.

The time during which the current reaches 90 per cent of its
full value, or © = 900 amperes, is ¢t = 0.0023 seconds, that is,
the current is established in the circuit in a practically inappre-
ciable time, a fraction of a hundredth of a second.

22. Excilation of a motor field.

Let, in a continuous-current shunt motor, ¢, = 250 volts =
impressed e.m.f., and the number of poles = 8.

Assuming the magnetic flux per pole, ®, = 12.5 megalines, and
the ampere-turns per pole required to produce this magnetic
flux as § = 9000.

Assuming 1000 watts used for the excitation of the motor
field gives an exciting current

. 1000
7 250
and herefrom the resistance of the total motor field circuit as

= 4 amperes,

r= ﬁ’ = 62.5 ohms.
,’/l
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To produce F = 9000 ampere-turns, with 7, = 4 amperes,

requires ; = 2250 turns per field spool, or a total of n= 18,000
1
turns.
= 18,000 turns interlinked with ®, = 12.5 megalines gives

a total number of interlinkages for ¢, = 4 amperes of n®, =
225 x 107, or 562.5 X 10° interlinkages per unit current, or
10 amperes, that is, an inductance of the motor field cireuit
L = 562.5 henrys.

The constants of the circuit thus are e, = 250 volts; r = 62.5
ohms; L = 562.5 henrys, and ¢, = 0 = current at time ¢ = 0.

Hence, substituting in (3) gives the equation of the exciting
current of the motor field as

7 =4 (1 — E-ﬂ.unl) (7)

Half excitation of the field is reached after the time ¢ = 6.23
seconds;

90 per cent of full excitation, or © = 3.6 amperes, after the
time ¢ = 20.8 seconds.

That is, such a motor field takes a very appreciable time
after closing the circuit before it has reached approximately
full value and the armature circuit may safely be closed.

Assume now the motor field redesigned, or reconnected so
as to consume only a part, for instance half, of the impressed
e.n.f., the rest being consumed in non-inductive resistance.
This may be done by connecting the field spools by two in
multiple.

In this case the resistance and the inductance of the motor
field are reduced to one-quarter, but the same amount of
external resistance has to be added to consume the impressed
eam.f., and the constants of the circuit then are: e, = 250
volts; r = 31.25 ohms; L = 140.6 henrys, and 4, = 0.

The equation of the exciting current (3) then is

1= 8 (1 — & o2y ®

that is, the current rises far more rapidly. It reaches 0.5
value after ¢ = 3.11 seconds, 0.9 value after ¢ = 10.4 seconds.
An inductive circuit, as a motor field circuit, may be made
to respond to circuit changes more rapidly by inserting non-
inductive rmiq‘rance in series with it and increasing the im-

ib
pl > Bl
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pressed e.m.f., that is, the larger the part of the impressed
e.m.f. consumed by non-inductive resistance, the quicker is the
change.

Disconnecting the motor field winding from the impressed
ean.f. and short-circuiting it upon itself, as by leaving it con-
nected in shunt with the armature (the armature winding
resistance and inductance being negligible compared with that
of the field winding), causes the field eurrent and thereby the

field magnetism to decrease at the same rate as it increased in

(7) and (8), provided the armature instantly comes to a stand-
still, that is, its e.m.f. of rotation disappears. This, however,
is usually not the case, but the motor armature slows down
gradually, its momentum being consumed by friction and other
losses, and while still revolving an e.an.f. of gradually decreas-
ing intensity is generated in the armature winding; this e.m.f.
is impressed upon the field.

The discharge of a motor field winding through the armature
winding, after shutting off the power, therefore leads to the
case of an inductive circuit with a varying impressed e.m.f.

23. Discharge of a motor field winding.

Assume that in the continuous-current shunt motor dis-
cussed under 22, the armature comes to rest t, = 40 seconds
after the energy supply has been shut off by disconnecting the
motor from the source of impressed e.n.f., while leaving the
motor field winding still in shunt with the motor armature
winding.

The resisting torque, which brings the motor to rest, may be
assumed as approximately constant, and therefore the deceler-
ation of the motor armature as constant, that is, the motor
speed decreasing proportionally to the time.

If then S = full motor speed, S (1 - f—) is the speed of the
1

motor at the time ¢ after disconnecting the motor from the

source of energy.
Assume the magnetic flux ® of the motor as approximately
proportional to the exciting current, at exciting current ¢ the

. . i .
magnetic flux of the motor is ® = + @, where ®,= 12.5 mega-
(2
1
lines is the flux corresponding to full excitation 7, = 4 amperes.

621319i 3797
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The e.m.f. generated in the motor armature winding and

thereby impressed upon the field winding is proportional to
t

the magnetic flux of the field, ®, and to the speed S (1 - t_>’

1
and since full speed S and full flux ®, generate an e.m.f. ¢, =

250 volts, the e.m.f. generated by the flux ® and speed S (1 - :—) ,

1,
- that is, at time ¢ is

T ¢

e=enz<1—z;), ©
and since

eO

—=T,

/Ll
we have ;

e=1r (1 - ;); (10)

1’
or for r = 62.5 ohms, and ¢, = 40 seconds, we have
e=06257 (1 — 0.025¢). (11)
Substituting this equation (10) of the impressed e.m.f. into

the differential equation (1) gives the equation of current 7
during the field discharge,

, 13 '
—, 9
ar (1 tl) ar + L dt (12)
hence, ndt @
- E =7 (13)
integrated by "
- -?:E = IOg Ci,
where the integration constant ¢ is found by
t=0, i=1, logei, =0, ¢ =%,
hence, 2 R b
e b
2 tlL = log 'L.l H (14)
or, rt

1= 1:15- “‘L; @15)
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This is the equation of the field current during the time in
which the motor armature gradually comes to rest.
At the moment when the motor armature stops, or for
t=1t,
it is o

iy =g (16)

This is the same value which the current would have with
the armature permanently at rest, that is, without the assistance

of the e.m.f. generated by rotation, at the time ¢ = % .

The rotation of the motor armature therefore reduces the
decrease of field current so as to require twice the time to reach
value 7,, that it would without rotation.

These equations cease to apply for ¢ > ¢, that is, after the
armature has come to rest, since they are based on the speed
equation S (1 - i—) , and this equation applies only up to

1
t = ¢, but for ¢ > ¢, the speed is zero, and not negative, as
. i
given by S (1 - t_) .
1
That is, at the moment ¢ = ¢, a break occurs in the field

discharge curve, and after this time the current 7 decreases in
accordance with equation (3), that is,

i = 7,'25_ Z(t_“): a7
or, substituting (16),
i=ge PV Y, (18)

Substituting numerical values in these equations gives:
fort < ¢,
/L' = 4 & 0-001388[-'-; (19)
for ¢ = ¢, = 40,
1 = 0.430; (20)
fort > ¢,
3 = 4 ¢ ol —20), (21)
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Hence, the field has decreased to half its initial value after
the time ¢ = 22.15 seconds, and to one tenth of its initial
value after ¢ = 40.73 seconds.

4 =
~ I [T11]
a5\ N l
A 7/ [€5|= 280 volts |
62%:5-bhis
3, I~ L 56.25 1
) =] 40 sekond:
FY AN
H
<20, I
- X
15 N,
2
1.0 d
. i
: I
LT -
5 10 I 20 25 80 3 40 45 50 5 60

Seconds

Fig. 5. Field discharge current.

Fig. 5 shows as curve I the field discharge current, by equations
(19), (20), (21), and as curve II the current calculated by the

equation
: — 011110
1 =4d¢ y

that is, the discharge of the field with the armature at rest, or
when short-circuited upon itself and so not assisted by the
e.m.f. of rotation of the armature.

The same Fig. 5 shows as curve III the beginning of the field
discharge current for L = 4200, that is, the case that the field
cireuit has a much higher inductance, as given by the equation

T =4¢ c.mmasl!_

As seen in the last case, the decrease of field current is very slow,
the field decreasing to half value in 47.5 seconds.

24. Self-excitation of direct-current generator.

In the preceding, the inductance L of the machine has been
assumed as constant, that is, the magnetic flux @ as proportional
to the exciting currents. For higher values of ®, this is not
even approximately the case. The self-excitation of the direct-
current generator, shunt or series- wound, that is, the feature
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that the voltage of the machine after the start gradually builds
up from the value given by the residual magnetism to its full
value, depends upon the disproportionality of the magnetic flux
with the magnetizing current. When considering this phenom-
enon, the inductance cannot therefore be assumed as constant.

When investigating circuits in which the inductance L is not
constant but varies with the current, it is preferable not to use
the term “inductance” at all, but to introduce the magnetic
flux ®.

The magnetic flux ® varies with the magnetizing current ¢ by
an empirical curve, the magnetic characteristic or saturation
curve of the machine. This can approximately, within the range
considered here, be represented by a hyperbolic curve, as was
first shown by Frohlich in 1882:

21_?52" 29)

where ¢ = magnetic flux per ampere, in megalines, at low
density.

7= magnetic saturation value, or maximum magnetic flux,
in megalines, and
T 1+b

Ry 23)

can be considered as the magnetic exciting reluctance of the
machine field circuit, which here appears as linear functxon of
the exciting current 4.

Considering the same shunt-wound commutating machme as
in (12) and (13), having the constants r = 62.5 ohms = field
resistance; ®, = 12.5 megalines = magnetic flux per pole at
normal m.m.f.; § = 9000 ampere-turns = normal m.m.f. per
pole; n = 18,000 turns = total field turns (field turns per pole
= ——18’000 = 2250), and 7, =4 amperes = current for full

8
excitation, or flux, ®, = 12.5 megalines.

Assuming that at full excitation, ®,, the magnetic reluctance

has already increased by 50 per cent above its initial value, that
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-turns
is, that the ratio ZMPETOIILS oy ——, at &= ¢, = 12.5 mega-
magnetic flux [

lines and ¢ = ¢, = 4 amperes, is 50 per cent higher than at low
excitation, it follows that

1401, = 1.5, ]
or 24)
b= 0.125.[

Since ¢ =1, = 4 produces ® = &, = 12.5, it follows, from

(22) and (24)
¢ = 4.69.

That is, the magnetic characteristic (‘72) of the machine is

approximated by
4.69 i
=iy @)

Let now e, = em.f. generated by the rotation of the arma-
ture per megaline of field flux.

This e.m.f. ¢, is proportional to the speed, and depends upon
the constants of the machine. At the speed assumed in (12)
and (13), ®, = 12.5 megalines, ¢, = 250 volts, that is,

e, = L 20 volts.
(I’a

Then, in the field circuit of the machine, the impressed e.m.f.,
or e.m.f. generated in the armature by its rotation through the

magnetic field is,
e =eP = 20P;

the e.m.f. consumed by the field resistance r is
ar = 62.51

the e.m.f. consumed by the field inductance, that is, generated
in the field coils by the rise of magnetic flux @ is

_ ch>
"E 1072 e

(® being given in megalines, ¢, in volts.)
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The differential equation of the field circuit therefore is (1)

n dd

e =1r + m.d_t (26)

Since this equation contains the differential quotient of ®, it
is more convenient to make ® and not 7 the dependent variable;
then substitute for ¢ from equation (22),

8 [ o
1= m, (~7)
which gives
Or n dP
- P 9
=% T 0 @ @
or, transposed,
— bd) dd
100 dt - (¢ — bd) dd . @9
n Of(pe; — 1) — be, P }

This equation is integrated by resolving into partial fraction
by the identity ‘
$— b® 4, B .
[Go-1—108) 8 go-r—ted OO

resolved, this gives
¢ — b = A (pe, — r) — (Abe, ® — B D);

hence, = ¢ )
e, — 1
(B -
B~-U_,
de, — 1
and
100dt _ ¢d P brd® .2

o (pe.— 1@ " (pe, — 1) (be. — T — e, D)
This integrates by the logarithmic functions

100 ¢ ¢

n de. — T

10g O —

67@—6:_—7)1% (pe,—7—be, ®)+C. (33)
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The integration constant C' is calculated from the residual
magnetic flux of the machine, that is, the remanent magnetism
of the field poles at the moment of start.

Assume, at the time, ¢ = 0, ® = ®, = 0.5 megalines = residual
magnetism and substituting in (33),

0= P log 0, — T log (o, — 7 = ba) + C,

pe.— 1 s (pee —

and herefrom calculate C.
C substituted in (33) gives

100t ¢ 4] r de, — r — be, D
n T ge =t B8, e =) B e —r—bew, Y
or,
n ] pe, — r — be,P
= e (108, TR e g @9
substituting
e =¢d
and
en = 6,0,

where ¢,, = e.m.f. generated in the armature by the rotation in
the residual magnetic field,

poc — 1 —be |

pe. — 1 — ben (36)

Ll § g0 loz % — rlog
" 500e e, — ) 018, T
This, then, is the relation between ¢ and ¢, or the equation

of the building up of a continuous-current generator from its

residual magnetism, its speed being constant.
Substituting the numerical values n = 18,000 turns; ¢ =

4.69 megalines; b = 0.125; ¢, = 20 volts; r = 62.5 ohms; &, =

0.5 megaline, and ¢, = 10 volts, we have

t = 26.8log ® — 17.9log (31.25 — 2.5®) + 79.6  (37)

and
t = 26.8loge — 17.9 log (31.25 — 0.125¢) — 0.98. (38)
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Fig. 6 shows the e.am.f. ¢ as function of the time &. As seen,
under the conditions assumed here, it takes several minutes
before the e.m.f. of the machine builds up to approximately
full value.

T T i —
NEE L CasasEaas camnnRAREE
7 =

W EmE A T

ol T EE o ] ]

£ = maliie | T

g, Tl T/ NN
7 T
o AT |
AT T
O H-

[ T T8 sk ]

20 4 60 80 10 120 XK 160 180 200 Sec.

Fig. 6. Building-up curve of a shunt generator.

The phenomenon of self-excitation of shunt generators therc-
fore is a transient phenomenon which may be of very long

duration.
From equations (35) and (36) it follows that

e = "”T_’ = 250 volts (39)
is the e.m.f. to which the machine builds up at ¢t = o, that is,

in stationary condition.
To make the machine self-exciting, the condition

Be,—1 >0 (40)
must obtain, that is, the field winding resistance must be
r < de,
(1)

or,
r < 93.8 ohms,

or, inversely, e,, which is proportional to the speed, must be
r
€>—

¢ (42)
e, > 13.3 volts.
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The time required by the machine to build up decreases with
increasing e,, that is, increasing speed; and increases with
increasing 7, that is, increasing field resistance.

25. Self-excitation of direct-current series machine.

Of interest is the phenomenon of self-excitation in a series
machine, as a railway motor, since when using the railway motor
as brake, by closing its circuit upon a resistance, its usefulness
depends upon the rapidity of building up as generator.

Assuming a 4-polar railway motor, designed for e,= 600 volts
and 7,= 200 amperes, let, at current ¢ = 7, = 200 amperes, the
magnetic flux per pole of the motor be ®;= 10 megalines, and
8000 ampere-turns per field pole be required to produce this
flux. This gives 40 exciting turns per pole, or a total of n =
160 turns.

Estimating 8 per cent loss in the conductors of field and
armature at 200 amperes, this gives a resistance of the motor
cireuit r,= 0.24 ohms.

To limit the current to the full load value of 4, = 200 amperes,
with the machine generating e,= 600 volts, requires a total
resistance of the circuit, internal plus external, of

r = 3 ohms,
or an external resistance of 2.76 ohms.
600 volts generated by 10 megalines gives
.= 60 volts per megaline per field pole.

Since in railway motors at heavy load the magnetic flux is
carried up to high values of saturation, at ¢,= 200 amperes the
magnetic reluctance of the motor field may be assumed as three
times the value which it has at low density, that is, in equation
(22),

140, =3,
o b = 0.01,
and since for ¢ = 200, ® = 10, we have in (22)
¢ = 0.15,
0.157
hy ¢ =2
ence; T +0014 “3)

represents the magnetic characteristic of the machine.
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Assuming a residual magnetism of 10 per cent, or &, =
1 megaline, hence ¢, = ¢, ®,= 60 volts, and substituting in
equation (36) gives m = 160 turns; ¢ = 0.15 megaline; b =
0.01; e,= 60 volts; r = 3 ohms; ®,= 1 megaline, and e, =
60 volts,

¢ = 0.041og e — 0.01333 log (600 — ¢) — 0.08.  (44)

This gives for e = 300, or 0.5 excitation, ¢ = 0.072 seconds;
and for e = 540, or 0.9 excitation, ¢ = 0.117 seconds; that is,
such a motor excites itself as series generator practically instantly,
or in a small fraction of a second.

The lowest value of e, at which self-excitation still takes place
is given by equation (42) as

e =— =20,
that is, at one-third of full speed.

If this series motor, with field and armature windings connected
in generator position,—that is, reverse position,—short-circuits
upon itself,

r = 0.24 ohms,

we have
t = 0.0274log e — 0.00073 log (876 — ¢) — 0.1075,  (45)
that is, self-excitation is practically instantaneous:

e = 300 volts is reached after ¢ = 0.044 seconds.

Since for ¢ = 300 volts, the current 7 = ; =1250 amperes,

the power is p = ei = 375 kw., that is, a series motor short-
circuited in generator position instantly stops.
Short-circuited upon itself, » = 0.24, this series motor still

builds up at e, = T 1.6, and since at full load speed e,= (0,

e, = 1.6 is 2.67 per cent of full load speed, that is, the motor
acts as brake down to 2.67 per cent of full speed.

It must be considered, however, that the parabolic equation
(22) is only an approximation of the magnetic characteristic,
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and the results based on this equation therefore are approximate
only. '

One of the most important transient phenomena of direct-
current circuits is the reversal of current in the armature coil
short-circuited by the commutator brush in the commutating
machine. Regarding this, see ““ Theoretical Elements of Elec-
trical Engineering,” Part II, Section B.



CHAPTER 1IV.

INDUCTANCE AND RESISTANCE IN ALTERNATING-
CURRENT CIRCUITS.

26. In alternating-current circuits, the inductance L, or, as
it is usually employed, the reactance z = 2 zfL, where /' = fre-
quency, enters the expression of the transient as well as the
permanent term.

At the moment ¢ = 0, let the em.f. e = Ecos (0 — 0,) be
impressed upon a circuit of resistance r and inductance L, thus
inductive reactance z = 2 nfL; let the time 6 = 2 zft be counted
from the moment of closing the circuit, and 6, be the phase of
the impressed e.m.f. at this moment.

In this case the e.n.f. consumed by the resistance = or,
where 7 = instantaneous value of current.

The e.m.f. consumed by the inductance L is proportional

to L and to the rate of change of the current, Z , thus,is L fl
or, by substltutmrr 0 = 2zft, = 2xfL, the em.f. consumed

by inductance is z

do'
Since e = E cos (0 — 0,) = impressed e.m.f.,
@
Ecos(&—&u)—1r+xaf—) 1)

is the differential equation of the problem.

This equation is integrated by the function

1 =1Icos (6 — &) + A%, @)

where ¢ = basis of natural logarithms = 2.7183.

Substituting (2) in (1),
Ecos (0—0,) =Ir cos (0 — 0) +Are=® — Iz sin (0 — 6) — Aaxs=
or, rearranged:

(B cos 8, — Ircos 6 — Iz sin§) cos§ + (Esind, — Irsind

+ Izcos ) sin 6 — Ae™* (ax — 1) = 0.
41
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Since this equation must be fulfilled for any value of 4, if (2)
is the integral of (1), the coefficients of cos 4, sin #, ¢=% must
vanish separately.

That is,
Ecos0,— Ircosd — Izsing = 0,
Esin0, — Irsind + Iz cosd = 0, 3)
and . ar—-r=0]

Herefrom it follows that

a="T. @
z
Substituting in (3),
tand, = ;
5
and ©®)
z=vV7 1 2,
where 0, = Iag angle and z = impedance of cireuit, we have
E cos f, — Iz cos (3 — 0,) = 0
and :
Esing, — Izsin (6 — 0,) =0,
and herefrom
E
T=3
and ©
8=10,+0,

Thus, by substituting (4) and (6) in (2), the integral equation
becomes

E ~Zo
1,'=—Z—cos(t9—00—01)+Ae T, )

where A is still indefinite, and is determined by the initial con-
ditions of the circuit, as follows:

for 0=0, 1=0;

hence, substituting in (7).

= gcos @, +0,)+ 4,
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or,

E
A4 =—;cos(5“+ﬂ\, - ®
and, substituted in (7),
. E -ze
’L=;3(ZOS (0 — 0,—b)—¢ * cos (H°+0,)€ )

is the general expression of the current in the circuit.
If at the starting moment 0 = 0 the current is not zero
but = %, we have, substituted in (7),

Ty = E;cos (0, +0) + A4,

A = 1— Z;cos 0, + 0,

i =§ gcos =0y~ 01)—(005 0, + 0)— %} S % (10)

27. The equation of current (9) contains a permanent term
pz: cos (0 — 0o — 0,), which usually is the only term considered,
and a transient term g e = cos (0 + 0.

The greater the resistance r and smaller the reactance z, the
more rapidly the term 1_;7 e_ie cos (6, + 0,) disappears.

This transient term is a maximum if the circuit is closed at
the moment 8, = — 0, that is, at the moment iwhen the
permanefxt value of current, g cos (6 — 6, — 0,), should be a

maximum, and is then

E -3

L. .

z
| The transient term disappears if the circuit is closed at the
moment 6,= 90° — §,, or when the stationary term of current
passes the zero value. .
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As example is shown, in Fig. 7, the starting of the current
under the conditions of maximum transient term, or §, = — 0,,

in a circuit of the following constants: —f = 0.1, corresponding

‘ approximately to a lighting circuit, where the permanent value

. LTI P [T
. e/ 0.
° e o | a1
- Lo
] - ™~ Dégrees
K0 | 6080 NP0 | 20
N ¥
2) NG
3 )
-4

Fig. 7. Starting current of an inductive circuit.

of current is reached in a small fraction of a half wave; —? = 0.5,
corresponding to the starting of an induction motor with rheo-
stat in the secondary circuit; —f = 1.5, corresponding to an
unloaded transformer, or to the starting of an induction motor
with short-circuited secondary, and f— = 10, corresponding to a

reactive coil.
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Fig, 8. Starting current of an inductive circuit,

Of the last case, 5= 10, a series of successive waves are

plotted in Fig. 8, showing the very gradual approach to perma-
nent condition.

i



ALTERNATING-CURRENT CIRCUITS 45

Fig. 9 shows, for the circuit o= 1.5, the current when closing

the cireuit 0°, 30°, 60°, 90°, 120°, 150° respectively behind the

zero value of permanent current.
The permanent value of current is shown in Fig. 7 in dotted

line.
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|
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Degrees
Fig. 9. Starting current of an inductive circuit.

28. Instead of considering, in Fig. 9, the current wave as
consisting of the superposition of the permanent term

_Iy
I cos (0—40,) and the transient term — Ie * cos 0, the current
wave can directly be represented by the permanent term

A Ay

Fig. 10. Current wave represented directly.
I cos (9 — 6,) by considering the zero line of the diagram as

~Ty
deflected exponentially to the curve Ie  cos 0, in Fig. 10.
That is, the instantaneous values of current are the vertical
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distances of the sine wave I cos (0 ~ 0,) from the exponential

T

curve Ie *  cos 0, starting at the initial value of perma-
nent current.
In polar coordinates, in this case I cos (0 — 0,) is the circle,

T

LI cos 0, the exponential or loxodromic spiral.

As a rule, the transient term in alternating-current circuits
containing resistance and inductance is of importance only in
circuits containing iron, whére hysteresis and magnetic saturation
complicate the phenomenon, or in circuits where unidirectional
or periodically recurring changes take place, as in rectifiers,
and some such cases are considered in the following chapters.

Y



CHAPTER V.

RESISTANCE, INDUCTANCE, AND CAPACITY IN SERIES.
CONDENSER CHARGE AND DISCHARGE.

29. If a continuous e.m.f. ¢is impressed upon a circuit contain-
ing resistance, inductance, and capacity in series, the stationary
condition of the circuit is zero current,? = o, and the poten-
tial difference at the condenser equals the impressed e.m.f.,
e, = e, No permanent current exists, but only the transient
current of charge or discharge of the condenser.

The capacity C of a condenser is defined by the equation

X de

1=C bR
that is, the current into a condenser is proportional to the rate
of increase of its e.m.f. and to the capacity.

It is therefore

1

de = 7 i,

and
o= (i @

is the potential difference at the terminals of a condenser of
capacity C with current ¢ in the circuit to the condenser.

Let then, in a circuit containing resistance, inductance, and
capacity in series, e = impressed e.m.f,, whether continuous,
alternating, pulsating, etc.; ¢ = current in the circuit at time ¢;
r = resistance; L = inductance, and C = capacity; then the
e.m.f. consumed by resistance r is

5
the e.m.f. consumed by inductance L is
' ’ i
LY
a’
47



48 TRANSIENT PHENOMENA

and the e.m.f. consumed by capacity Cis

1 (.
e, = T J 2dt;
hence, the impressed e.m.f. is

d 1 .
=1 — + = | udt, 2
e=1+ L 7 + c)t @)
and herefrom the potential difference at the condenser terminals

18

1p, -

a=F zdt=e-—m—L&—t 3)

Equation (2) differentiated and rearranged gives
& di 1. de

et Ta @

as the general differential equation of a circuit containing resist-
ance, inductance, and capacity in series.
30. If the impressed e.m.f. is constant,

e = constant,
de
then pria 0,

and equation (4) assumes the form, for continuous-current
circuits,
i di 1.
LE?+TE‘,+51~O' 5)
This equation is a linear relation between the dependent vari-
able, 7, and its differential quotients, and as such is integrated
by an exponential function of the general form

1= Aem )

(This exponential function also includes the trigonometric
functions sine and cosine, which are exponential functions with
imaginary exponent a.)
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Substituting (6) in (5) gives
( L — ar + C) Ae%=0;

this must be an identity, irrespective of the value of ¢, to make
(6) the integral of (5). That is,

1
2 — — =
a@’L — ar+ i 0. (7)
A is still indefinite, and therefore determined by the terminal

conditions of the problem.
From (7) follows

4L
r 4 \/ 2 — “C;
S A ®
hence the two roots,
r—3s
o=37
and ©
T+ S8
a,= ) )
where s= \/T’ - % . 10)

Since there are two roots, e, and a,, either of the two expres-
jons (6), e~ and ¢~ and therefore also any combination of
these two expressions, satisfies the differential equation (5).

That is, the general mtegral equation, or solution of differential

equation (5), is
r4s,

P N an

Substitﬁting (11) and (9) in equation (3) gives the potential
difference at the condenser terminals as

_r=s — _rts,
e, —¢— T;SAls T A g (12)
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31. Equations (11) and (12) contain two indeterminate con-
stants, A, and A, which are the integration constants of the
differential equation of second order, (5), and determined by
the terminal conditions, the current and the potential differ-
ence at the condenser at the moment ¢ = 0.

Inversely, since in a circuit containing inductance and capac-
ity two electric quantities must be given at the moment of
start of the phenomenon, the current and the condenser poten-
tial — representing the values of energy stored at the moment

=0 as electromagnetic and as electrostatic energy, respec-
tively — the equations must lead to two integration constants,
that is, to a differential equation of second order.

Let ¢ =1, = current and e, = ¢, = potential difference at
condenser terminals at the moment ¢ = 0; substituting in (11)
and (12),

7:0=A1+Az
and eo=e—T;8A1—7';sA2;
hence,
eb—e+T;sio
A, =—
s
and (13)
e, — e+r j sia
A, =+ S

8

and therefore, substituting in (11) and (12), the current is

T+s. rT—S.
& — e+ —5—1 _ris, G € + 5 Y% _r=s
i 7 A 2 E“ﬁ‘ (14)
H ’ s ’

the condenser potential is

r+s. rT—s.
eo_e+77’0 _rts Go—et 75—l _r—s

o=e—3 (r——s)—~~—s e L —(r-i—s)——-—s e 2k
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For no condenser charge, or i, = 0, ¢, = 0, we have

and
4, =— g =— 4,
substituting in (11) and (12), we get the charging current as

The condenser potential as

R LR [ P E O P L)

For a condenser discharge or 1, = 0, e = ¢, we have

b
A = p
and
A= +2- 4,
2= ;—_ 1)

hence, the discharging current is
1:=—Eq§s L ek g (18)
The condenser potential is

e § -5 -57
% ER 2 s
el—zs?(r—l—s)s (r—s)e % 19)
that is, in condenser discharge and in condenser charge the
currents are the same, but opposite in direction, and the con-
denser potential rises in one case in the same way as it falls in
the other.

32. As example is shown, in Fig. 11, the charge of a con-
denser of C = 10 mf. capacity by an impressed em.f. of
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e = 1000 volts through a cireuit of r = 250 ohms resistance
and L = 100 mh. inductance; hence, s =150 ohms, and the
charging current is

= 6.667 {0t — e=200t] gmperes,

The condenser potential is
e, = 1000 {1 — 1.333 750" + 0.333 e=20¢} volts.

- T 11T B
£ e e il
O e e
Lte] L& _100/mh.

e ™~ 0L |10[mf,
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=0 o0t -
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Fig. 11.  Charging a condenser through a cirenit having resistance and induc-
tance. Constant potential. Logarithmic charge.

33. The equations (14) to (19) contain the square root,
8§ = \/ 7 — %Ll

hence, they apply in their present form only when
Y
[4

Ifr? = %—', these equations become indeterminate, or = 8—:

oo 4L . .

and if 7° < ¢ ¢ is imagnary, and the equations assume a
complex imaginary form. In either case they have to he
rearranged to assume a form suitable for application.

Three cases have thus to be distinguished :

4L . . -

(@) > o n which the equations of the circuit can be
used in their present form. Since the functions are exponen-
tial or logarithmic, this is called the logarithmic case.
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4L . L .
®) = - B called the critical case, marking the transi-
tion between (a) and (c), but belonging to neither.
4L . . .
(e) < - In this case trigonometric functions appear; it

is called the trigonometric case, or osctllation.
34. In the logarithmic case,

r2>‘£
4

or 4L < Cr,

that is, with high resistance, or high capacity, or low induc-
tance, equations (14) to (19) apply.

r—8 r+s
The term « ~ 2 ' is always greater than ¢ 2Z ', since the
former has a lower coefficient in the exponent, and the differ-
ence of these terms, in the equations of condenser charge and
discharge, is always positive. That is, the current rises from
zero at ¢ = 0, reaches a maximum and then falls again to
zero at ¢ = oo, but it never reverses. The maximum of the

R . e
current is less than ¢ = P

The exponential term in equations (17) and (19) also never
reverses. That is, the condenser potential gradually changes,
without ever reversing or exceeding the impressed e.m.f. in the
charge or the starting potential in the discharge.

. 4L .

Hence, in the case r* > - no abnormal voltage is pro-
duced in the circuit, and the transient term is of short duration,
so that a condenser charge or discharge under these conditions
is relatively harmless.

In charging or discharging a condenser, or in general a circuit
containing capacity, the insertion of a resistance in series in the
circuit of such value that r* >% therefore eliminates the
danger from abnormal electrostatic or electromagnetic stresses.

In general, the higher the resistance of a circuit, compared
with inductance and capacity, the more the transient term is
suppressed.
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35. In a circuit containing resistance and capacity but no
inductance, L = 0, we have, substituting in (5),

di 1 .
rotEi=o (20)
or, transposing, & &
T T
which is integrated by -t
i=c @n

where ¢ = integration constant.

Equation (21) gives for £ = 0, ¢ = c; that is, the current at
the moment of closing the circuit must have a finite value, or
must jump instantly from zero to c. This is not possible, but
50 also it is not possible to produce a circuit without any induc-
tance whatever.

Therefore equation (21) does not apply for very small values
of time, ¢, but for very small ¢ the inductance, L, of the circuit,
however small, determines the current.

The potential difference at the condenser terminals from (3) is

e, =e—1i
hence : .
e, =¢e—rce ¢ (22)

The integration constant ¢ cannot be determined from equation
(21) at ¢t = 0, since the current 7 makes a jump at this moment.

But from (22) it follows that if at the moment ¢ = 0, ¢, = e,
e, =¢e—re
e—e,

r

hence, c = )
and herefrom the equations of the non-inductive condenser
circuit, .
N L
T
i- (e — e,)e (23)
T
and o
L=c— (e—e)e ™. @4
As seen, these equations do not depend upon the current 7, in
the circuit at the moment before ¢ = 0.

oFL

st
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36. These equations do not apply for very small values of ¢,
but in this case the inductance, L, has to be considered, that is,

equations (14) to (19) used.
For L = 0 the second term in (14) becomes indefinite, as it

0
wt
contains ¢ ° , and therefore has to be evaluated as follows:

For L = 0, we have

s=r,
r+s
7 ~"
and
r—8
N 5= 0
and, developed by the binomial theorem, dropping all but the
first term,
4L
r—s =r§1—\/1— FE‘;
2L
= —
rC
and
r—s 1 ,
2L 1C
rhs_ 7
2L L
Substituting these values in equations (14) and (15) gives the
current as
—_ - —e —pi, -t
i=t T, e ST hTh e; ™ "I (25)

r

and the potential difference at the condenser as
t
e, =e— (e—e)e ' (26)
that is, in the equation of the current, the term
__G—CD—T’L'OE—%‘
T
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has to be added to equation (23). This term makes the transition
from the circuit conditions before ¢ = 0 to those after ¢ = 0,
and is of extremely short duration. -

For instance, choosing the same constants as in § 32, namely:
e = 1000 volts; r = 250 ohms; C' = 10 mf., but choosing the
inductance as low as possible, L = 5mh., gives the equations
of condenser charge, i.c., for 7, = 0 and ¢, = 0,

7 =4 {e—«wl _ E—ED,DNL}

and
e, = 1000 {1 — e~#ot],

The second term in the equation of the current, e~ has
decreased already to 1 per cent after ¢ = 17.3 X 10~° seconds,
while the first term, e *°¢, has during this time decreased only
by 0.7 per cent, that is, it has not yet apprecw.bly decreased.

37. In the critical case,

4L
e b
c
and ‘ s=0,

r

4=ty = 57

”
e~ =5t
A= -4, =— .

Hence, substituting in equation (14) and rearranging,

2t St
Tt S _ Sy 2L — 3L
i=¢ li.,(eﬂ +e F >+<e——eo—-%in.>is—€1’(27)

The last term of this equation,
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that is, becomes indeterminate for s = 0, and therefore is
evaluated by differentiation,

iN
ds
- 9
F=- 28)
ds

&
]~

Substituting (28) in (27) gives the equation of current,

. . ¢ r . -t
7= [zo+z<e—eg—ézo>]e . (29)
The condenser potential is found, by substituting in (15), to be

1—‘711-,[ %Jt —it
01=6—§e' {(e—eo)(e e )=

The last term of this equation is, for s = 0:
s s
O R Y A W G _T_i°>
5 <e e =3 ><e € >— T (e w73 (31)

This gives the condenser potential as:
e=e—e~{i’l (e—e)+T—t e—e—iol’ (32)
1 Y T2L T2/

Herefrom it follows that for the condenser charge, ¢, = 0 and
e, =0,
% ee 2L

|

7 =

and
e, =¢ gl— (1+%)e—2_zt g;
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for the condenser discharge, 7, = 0 and ¢ = 0,

1= — Eeos 2L
and
7t — 5=t
€= (1 +2—L)eos 2L

88. As an example are shown, in Fig. 12, the charging current
and the potential difference at the terminals of the condenser,

I
€ —
—s0 ’ | v 1
5. = B T =100 volts ||
#3835 L= 100 mh.
EAaSs 0= 10mf.
ol 1/ 7= 200
Lo
1—200 & T~
100001 ™
1
1 B 16 20 24 28 82 8%

Fig. 12. Charging a condenser through a circuit having resistance and induc-
tance. Constant potential. Critical charge.

in a circuit having the constants, ¢ = 1000 volts; C = 10 mf.;
L = 100 mh., and such resistance as to give the critical start,
that is,

r= \/ 1L _ 900 ohms.
C

In this case,

EN

= 10,000 gz~ o0t
and
e, = 1000 {1 — (1 -+ 1000 £) &~ 100!},

39. In the trigonomeiric or bscillating case,

reil
C

The term under the square root (10) is negative, that is, the
square root, s, is imaginary, and @, and a, are complex imaginary
quantities, so that the equations (11) and (12) appear in imagi-
nary form. They obviously can be reduced to real terms,
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since. the phenomenon is real.. . Since. an exponential function
with imaginary exponents is a trigonometric function, and
inversely, the solution of the equation thus leads to trigono-
metric functions, that is, the phenomenon is periodic or oscil-

lating.
Substituting s = jg, we have
iL ,
=V==-7 3
g c 33
and
_r-u
5 2 ?
_r+ ]g 34)
P2
Substituting (34) in (11) and (12), and rearranging,
_r g o
i—e 3zt A1€+“'t+ Ag szt g’ (35)

Between the exponential function and the trigonometric
functions exist the relations

e+ = cosv + jsinv
@7

and
e = cosv — Jsinw.

Substituting (37) in (35), and rearranging, gives
1 . . q
i=¢ 2L ;(Al+A2)cos§—q—it+](A,—A2)51n~2—ft§.

Substituting the two new integration constants,

B =4 + A4,
and } (38)
B, =74, -4),)
gives

§=¢ 2t B, €08 5 t+B sm%{t% (39)
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In the same manner, substituting (37) in (36), rearranging,
and substituting (38), gives

) -5t (B, +¢B, q ™B,—¢B, . ¢ ’
e, =e—e 27§ g TFoos gl = su12Lt§. (40)

B, and B, are now the two integration constants, determined
by the terminal conditions. That is, for ¢ = 0, let 7 = 4, = cur-
rent and e, = e, = potential difference at condenser terminals,
and substituting these values in (39) and (40) gives

'L.a =B,

and
rB, + ¢B,

ea = - _2_'-“1
hence,

Bl =1
and

g _2(—¢) — i, (41)

! q
Substituting (41) in (39) and (40) gives the general equaiions

of condenser oscillation:

the current is

X 2(€—e)—1i, . ¢ S
= -
Ty €8 o7 + 7 smth , (42)
and the potential difference at condenser terminals is
7.2
—-'—t{ g r(e—eﬁ)———-Iz-f‘fi‘1 p
e —e—z 3L (o g i
=e—e (e—e,) €08 grt+ 7 smz——it .
43)
Herefrom follow the equations of condenser charge and dis-
charge, as special case:
For condenser charge, i, = 0; e, =0, we have

e —2—r‘l R q
€ sm?—Lt (44)

[N

{ =

=]
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and ; 1 ~az ) 45)
e, =¢ejyl—e cos—t -sm—
1 ( ST + §
~ and for condenser discharge, i, = 0, ¢ = O, we have
2 )

. € T3
= — e -4 4
7 7 sin 2Lt (46)

and
-5gt T
e, =ege gcos-z-q—t—f-.ésm-q—tg- (47)
40. As an example is shown the oscillation of condenser

charge in a circuit having the constants, ¢ = 1000 volts; L =
100 mh., and C' = 10 mf.

vojts

m_
Volts
2 8
-
=]
e
1
FEER
ﬂll.ll.
EEEE
BlBIS
“IETE
]

S
- I
1— 200 \
§ = Degrees 4104 Sec. |1
. 40| 8 | 120 | 160 240, 820 | 360 [ 400
T o[ [20 [ 80 <% 60| e |
. [T [T NG| I

Fig, 18. Charging a condenser through a circuit having resistance and induc-
tance, Constant potential. Oscillating charge.
(a) In Fig. 13, r = 100 ohms, hence, ¢ = 173 and the current is
7 = 11.55 ¢~ %@ ¢ sin 866 ¢;
the condenser potential is
e, = 1000{1 — ¢~ ¢ (cos 866 ¢ + 0.577 sin 866 1) .
) (0) In Fig. 14, r = 40 ohms, hence, ¢ = 196 and the current
° 4 = 10.2 &= ¢ sin 980 ¢;
the condenser potential is
¢, = 1000 {1 — <7 20¢ (cos 980 t + 0.21 sin 980 £) }.
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41. Since the equations of current and potential difference
(42) to (47) contain trigonometric functions, the phenomena
are periodic or waves, similar to alternating currents. They

T

e
differ from the latter by containing an exponential factor ¢ **,
which steadily decreases with increase of ¢&. That is, the suc-

1600 6= 1000 volts L300 &)
7= 40 ohms Q= nf,
12 ] -
2 \ T~
PE-
> %/ —
5._2—400 7= Degrées
2 o J 180 {160} [0 [ 7520 17460 | abo 610 [ 720_——

Fig. 14. Charging a condenser through a circuit having resistance and induc-
tance. Constant potential. Oscillating charge.

cessive half waves of current and of condenser potential pro-
gressively decrease in amplitude. Such alternating waves of
progressively decreasing amplitucle are called oscillating waves.

Since equations (42) to (47) are periodic, the time ¢ can be
represented by an angle 6, so that one complete period is denoted
by 2 = or one complete revolution,

4 9.
0= ﬁt = 2xft. 48)
4
2 =g
hence, the frequency of oscillation is
- g ¥
S=13 #9)

or, substituting

gives the frequency of oscillation as
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This frequency decreases with increasing resistance #, and
becomes zero for (2 L) o that.is, r* = -C"é’ or the critical
case, where the phenomenon ceases to be oscillating.

If the resistance is small, so that the second term in equa-
tion (50) can be neglected, the frequency of oscillation is

1

= . 51)
22V LC (1)
Substituting # for ¢ by equation (48)
2 o)
1=2%y
q

in equations (42) and (43) gives the general equations,

1y

T
P S (e—eo)—§z0
j=c @ 7,08 0 +

T sinﬁgx (52)

q

r(e— e)— +qzi0
e, =e—¢ K (e — e,) cos 0+ ——————————sin 0 [ ,(53)
0 = 2zft (48)

and

_q _ 1 1 r\? .
/= 4zL 2zYIC (2 L) ’ (50)
42. If the resistance r can be neglected, that is, if 7* is small

4L . .
compared with —=, the following equations are approximately

C )
exact: L
02y o 64)
and ) - 1
B 2z VIC '
or, (55)
1

2 -
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Introducing now z = 2 =fL = inductive reactance and

1
Y : y— ~
¥ =5 70 capacity reactance, and substituting (55), we
have
JE
=Y G
and
,VE,
C
hence, ¥ =z,

that is, the frequency of oscillation of a circuit containing
inductance and capacity, but negligible resistance, is that

frequency f which makes the condensive reactance z’ = 2—73]?
equal the inductive reactance z = 2 zfL:
/L
Y =r=V=.
¥ =x=\ g (56)
Then (54),
g=2x (57)
and the general equations (52) and (53) are
T,
T e A
i=¢ 2= 7,00050—{-——430——— sind | ; (58)

e, =¢ —e'ﬁ’%(e—-eo) cos f +

. =\/§ (56)

r(e—e,)—2 2%, . g
B v sin 0 ¢; (59)

and by (48) and (55):
t

f ="
vIC
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—5t . .
43. Due to the factore >* | successive half waves of oscilla-
tion decrease the more in amplitude, the greater the resistance r.
The ratio of. the amplitude of successive half waves, or the

.
e . A .
decrement of the oscillation, is A = ¢ %", where ¢, = duration

of one half wave or one half cycle, = 2—1f
A
“ T
T k T
08 -
- Ve
0.6] -
04
0.2}
, =

0 01 0z 08 04 05 06 07 08 09 10
Fig. 15. Decrement of Oscillation.

Hence, from (50),

= ——
JL_ _T>2
y LC <2L
and O
\/4_L 1
A=et=e Y07, (60)
Denoting the critical resistance as
r?= 4511 ) (61)
"we have
A=e¢d=¢ (?)_1,
or,

62)
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that is, the decrement of the oscillating wave, or the decay of
the oscillation, is a function only of the ratio of the resistance
of the circuit to its critical resistance, that is, the minimum
resistance which makes the phenomenon non-oscillatory.

In Fig. 15 are shown the numerical values of the decrement A,

for different ratios of actual to critical resistance:—~

1
As seen, for r > 0.21 r, or a resistance of the cireuit of more
than 21 per cent of its critical resistance, the decrement A is
below 50 per cent, or the second half wave less than half the first
one, ete.; that is, very little oscillation is left.
Where resistance is inserted into a circuit to eliminate the
danger from oscillations, one-fifth of the critical resistance, or

r =04 \E, seems sufficient to practically dampen out the

oscillation.



CHAPTER VI.

OSCILLATING CURRENTS,

44. The charge and discharge of a condenser through an
inductive circuit produces periodic currents of a frequency
depending upon the circuit constants.

The range of frequencies which can be produced by electro-
dynamic machinery is rather limited: synchronous machines
or ordinary alternators can give economically and in units of
larger size frequencies from 10 to 125 cycles. Frequencies
below 10 cycles are available by commutating machines with
low frequency excitation. Above 125 cycles the difficulties
rapidly increase, due to the great number of poles, high periph-
eral speed, high power required for field excitation, poor regu-
lation due to the massing of the conductors, which is required
because of the small pitch per pole of the machine, etc., so that
1000 cycles probably is the limit of generation of constant
potential alternating currents of appreciable power and at fair
efficiency. TFor smaller powers, by using capacity for excitation,
inductor alternators have been built and are in commercial
service for wireless telegraphy and telephony, for frequencies up
to 100,000 and even 200,000 cycles per second.

Still, even going to the limits of peripheral speed, and sacri-
ficing everything for high frequency, a limit is reached in the
frequency available by electrodynamic generation.

It becomes of importance, therefore, to investigate whether
by the use of the condenser discharge the range of frequencies
can be extended. )

Since the oscillating current approaches the effect of an
alternating current only if the damping is small, that is, the
resistance low, the condenser discharge can be used as high
frequency generator only by making the circuit of as low resist-
ance as possible.

67
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This, however, means limited power. When generating ospllla:t-
ing currents by condenser discharge, the load put on the c}rcu_lt,
that is, the power consumed in the oscillating-current circuit,
represents an effective resistance, which increases the rapidity
of the decay of the oscillation, and thus limits the power, and,
when approaching the critical value, also lowers the fl.-e(!uen.cy.
This is obvious, since the oscillating current is the dissipation
of the energy stored electrostatically in the eondens.er, a{ul 1‘.130
higher the resistance of the circuit, the more 1'ap}dly is this
energy dissipated, that is, the faster the oscillation dies out.

With a resistance of the circuit sufficiently low to give a fairly
well sustained oscillation, the frequency is, with sufficient
approximation,

f=

9= VIO

45. The constants, capacity, C, inductance, L, and resistance, r,
have no relation to the size or bulk of the apparatus. Ior
instance, a condenser of 1 mf., built to stand continuously a
potential of 10,000 volts, is [ar larger than a 200-volt condenser
of 100 mf. capacity. The energy which the former is able to

store isct—fﬂ= 50 joules, while the latter stores only 2 joules,

and therefore the former is 25 times as large.
A reactive coil of 0.1 henry inductance, designed to carry

-

. L . .
continuously 100 amperes, stores‘)—z = 500 joules; a reactive

coil of 1000 times the inductance, 100 henrys, but of a current-
carrying capacity of 1 ampere, stores 5tjoules only, therefore is
ouly about one-hindredth the size of the former.

A resistor of 1 ohm, carrying continuously 1000 amperes, is a
ponderous mass, dissipating 1000 kw.; a resistor having a
resistance a million times as large, of one megohm, may be a lead
pencil seratch on a piece of porcelain.

Therefore the size or bulk of condensers and reactors depends
not only on € and L but also on the voltage and current which
can be applied continuously, that is, it is approximately pro-

) .

2

. C¢ L
portional to the energy stored, 5 and El , or since in electrical
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engineering energy is a quantity less frequently used than
power, condensers and reactors are usually characterized by
the power or rather apparent power which can be impressed
upon them continuously by referring to a standard frequency,
for which 60 cycles is generally used.

That means that reactors, condensers, and resistors are rated
in kilowatts or kilovolt-amperes, just as other electrical appa-
ratus, and this rating characterizes their size within the limits
of design, while a statement like “a condenser of 10 mf.” or
‘“a reactor of 100 mh.” no more characterizes the size than a
statement like “an alternator of 100 amperes capacity”’ or “a
transformer of 1000 volts.”

A bulk of 1 cu. ft. in condenser can give about 5 to 10
kv-amp. at 60 cycles. Hence, 100 kv-amp. constitutes a very
large size of condenser.

In the oscillating condenser discharge, the frequency of oseil-
lation is such that the inductive reactance equals the condensive
reactance. The same current is in both at the same terminal
voltage. That means that the volt-amperes consumed by the
inductance equal the volt-amperes consumed by the capacity.

The kilovolt-amperes of a condenser as well as of a reactor
are proportional to the frequency. With increasing frequency,
at constant voltage impressed upon the condenser, the current
varies proportionally with the frequency; at constant alter-
nating current through the reactor, the voltage varies propor-
tionally with the frequency.

If then at the frequency of oscillation, reactor and con-
denser have the same kv-amp., they also have the same at
60 cycles.

A 100-kv-amp. condenser requires a 100-kv-amp. reactive
coil for generating oscillating currents. A 100-kv-amp. react-
ive coil has approximately the same size as a 50-kw. trans-
former and can indeed be made from such a transformer, of
ratio 1 :1, by connecting the two coils in series and inserting
into the magnetic circuit an air gap of such length as to give
the rated magnetic density at the rated current.

A very large oscillating-current generator, therefore, would
consist of 100-kv-amp. condenser and 100-kv-amp. reactor.

46. Assuming the condenser to be designed for 10,000 volts
alternating impressed e.m.f. at 60 cycles, the 100 kv-amp. con-
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denser consumes 10 amperes: its condensive reactance is

z, = g = 1000 ohms, and the capacity C'= = 2.65 mf.

1
1 2 =f .
Designing the reactor for different currents, and therewith
different voltages, gives different values of inductance L, and
therefore of frequency of oscillation .
From the equations of the instantaneous values of the con-
denser discharge, (46) and (47), follow their effective values, or

Vmean square,

gl=.iz_;€_§—‘
and 63)
g2 m e [C
q vzVYiL ’
and thus the power,
. el /0 -F¢
plzel'L:Eﬁ\/;e ‘ ’ 4

since for small values of r
q= —_

Herefrom would follow that the energy of each discharge is

i 2
W= fn pudt = —;—";\/(JL'. 65)

Therefore, for 10,000 volts effective at 60 cycles at the con-
denser terminals, the e.m.f. is

¢, = 10,000 V2,
and the condenser voltage is
e, = 10000 2,

Designing now the 100-kv-amp. reactive coil for differént
voltages and currents gives for an oscillation of 10,000 volts:
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Frequency i N 5
act- Oselllating | Oseillating
Reactive Coil. Renct Dudustunce. | of | O | O oven ©
Amp. Volis, & _ @ _ __1 Amp., | Kv-amp.,
iy €. o = Sapy= u P i P
1| 100,000 108 265 6 1 10
10| 10,000 108 2.65 60 10 100
100 1,000 10 2.65%x 10— 600 100 1,000
1,000 100 101 2.65x 10—+ 6,000 1,000 10,000
10,000 10 10-3 2.65x10—° 60,000 10,000 100,000
100,000 1 10-% 2.65% 10—3 | 600,000 | 100,000 (1,000,000
M b
xe 2L ! Xe L ¢

As seen, with the same kilovolt-ampere capacity of con-
denser and of reactive coil, practically any frequency of oscil-
lation can be produced, from low commercial frequencies up to
hundred thousands of eycles.

At frequencies between 500 and 2000 cycles, the use of iron in
the reactive coil has to be restricted to an inner core, and at
frequencies above this iron cannot be used, since hysteresis
and eddy currents would cause excessive damping of the oscil-
lation. The reactive coil then becomes larger in size.

47. Assuming 96 per cent efficiency of the reactive coil and
99 per cent of the condenser,

r=0.05ux
gives
r = 0.05 \/2
since
z = 27fL,
-
27 VLG

and the energy of the discharge, by (05), is
2
W= % VIC = 10 ¢ C volt-ampere-seconds;

thus the power factor is
cos 0, = 0.05.
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Since the energy stored in the capacity is
e C .
W, = OT joules,

the critical resistance is

L
ro=2 5}
hence,
r
o= 0.025, P

1
and the decrement of the oscillation is
A =092
that is, the decay of the wave is very slow at no load. . .
Assuming, however, as load an external effective resistauce

equal to three times the internal resistance, that is, an elec-
trical efficiency of 75 per cent, gives the total resistance as

r+1r =02z )
hence, i
v
rtr_ 01,
I3 !
and the decrement is
A =0.73;

hence a fairly rapid decay of the wave.
At high frequencies, electrostatic, inductive, and radiation
losses greatly increase the resistance, thus giving lower effi-
ciency and more rapid decay of the wave.
48. The frequency of oscillation does not directly depend -
upon the size of apparatus, that is, the kilovolt-ampere capacity
of condenser and reactor. Assuming, for instance, the size, in

. 1
kilovolt-amperes, reduced to e then, if designed for the same

voltage, condenser and reactor, each takes :;—- the current, that
is, the condensive reactance is 7 times as great, and therefore

the capacity of the condenser, C,reduced to 1 , the inductance, L,
) n
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is increased n-fold, so that the product CL, and thereby the
frequency, remains the same; the power output, however, of the

. . 1
oscillating currents is reduced to -

The limit of frequency is given by the mechanical dimensions.

With a bulk of condenser of 10 to 20 cu. ft., the minimum
length of the discharge circuit cannot well be less than 10 ft.;
10 ft. of conductor of large size have an inductance of at least
0.002 mh. = 2 X 10-%, and the frequency of oscillation would
therefore be limited to about 60,000 cycles per second, even
without any reactive coil, in a straight discharge path.

The highest frequency which can be reached may be estimated
about as follows:

The minimum length of discharge circuit is the gap between
the condenser plates. '

The minimum condenser capacity is given by two spheres,
since small plates give a larger capacity, due to the edges.

The minimum diameter of the spheres is 1.5 times their
distance, since a smaller sphere diameter does not give a clean
spark discharge, but a brush discharge precedes the spark.

With e, = 10,000 V2, the spark gap length between spheres
ise= 0.3 in., and the diameter of the spheres therefore 0.45 in.
The oscillating cireuit then consists of two spheres of 0.45 in.,
separated by a gap of 0.3 in.

This gives an approximate length of oscillating cireuit of
98 X107F _ ;195 % 10~ henr

34,000 v

The capacity of the spheres against each other may be
estimated as €' = 50 X 10~° mf.; this gives the frequency of

0.51in., or an inductance L =

oscillation as 1
= — =2X10°
/= ie ’
or, 2 billion cycles.
At ¢, = 10,000 v/2 volts,

-
e, = 10,000 * volts,

e
i=283¢ ¥ amp,

oy
and p,=283¢ “ kv-amp.
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Reducing the size and spacing of the spheres proportionally,
and proportionally lowering the voltage, or increasing the dielec-
trie strength of the gap by increasing the air pressure, gives still
higher frequencies.

As seen, however, the power of the oscillation decreases with
increasing frequency, due to the decrease of size and therewith
of storage ability, of capacity, and of inductance.

With a frequency of billions of cyeles per second, the effective
resistance must be very large, and therefore the damping rapid.

Such an oscillating system of two spheres separated by a gap
would have to be charged by induction, or the spheres charged
separately and then brought near each other, or the spheres
may be made a part of a series of spheres separated by gaps and
connected across a high potential circuit, as in some forms of
lightning arresters.

Herefrom it appears that the highest frequency of oscillation
of appreciable power which can be produced by a condenser
discharge reaches billions of cycles per second, thus is enormously
higher than the highest frequencies which can be produced by
electrodynamic machinery.

At five billion cycles per second, the wave length is about
6 em., that is, the frequency only a few octaves lower than
the lowest frequencies observed as heat radiation or ultra red
light. ’

The average wave length of visible light, 55 X 10~° cm.,
corresponding to a frequency of 5.5 X 104 cycles, would require
spheres 10~° em. in diameter, that is, approaching molecular
dimensions. :

OSCILLATING-CURRENT GENERATOR.

49. A system of constant impressed e.am.f., e, charging a con-
denser C through a cireuit of inductance L and resistance r, with
a discharge circuit of the condenser, C, comprising an air gap
in series with a reactor of inductance L,and a resistor of resist-
ance 7, is a generator of oscillating current if the air gap is set
for such a voltage e, that it discharges before the voltage of the
condenser C"has reached the maximum, and if the resistance r,
is such as to make the condenser discharge oscillatory, that is,

< —"-

C
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In such a system, as shown diagrammatically in Fig. 16, as
soon, during the charge of the condenser, as the terminal voltage
at C and thereby at the spark gap has reached the value e,, the
condenser C' discharges over this spark gap, its potential dif-
ference falls to zero, then it charges again up to potential differ-
ence e, discharges, etc. Thus a series of oscillating discharges

Fig. 16. Oscillating-current generator.

oceur in the circuit, L, 7, at intervals equal to the time required
to charge condenser C over reactor L and resistor r, up to the
potential difference ¢,, with an impressed e.m.f. e.

The resistance, r, obviously should be as low as possible, to
get good efficiency of transformation; the inductance, L, must
be so large that the time required to charge condenser C' to
potential e, is sufficient for the discharge over L,, r, to die out
and also the spark gap e, to open, that is, the conducting products
of the spark in the gap e, to dissipate. This latter takes a con-
siderable time, and an air blast directed against the spark gap e,
by carrying away the products of the discharge, permits a more
rapid recurrence of the discharge. The velocity of the air blast
(and therefore the pressure of the air) must be such as to carry
the ionized air or the metal vapors which the discharge forms
in the gap ¢, out of the discharge path faster than the con-
denser recharges.

Assuming, for instance, the spark gap, ¢, set for 20,000 volts
or about 0.75 in., the motion of the air blast during successive
discharges then should be large compared with 0.75 in., hence
at least 3 to 6 in. With 1000 discharges per second, this would
require an air velocity of v = 250 to 500 feet per second, with
5000 discharges per second an air velocity of » = 1250 to 2500
feet per second, corresponding to an air pressure of approximately
p =147 {1 +°v”10‘7)“ —1} Ib. per’sq. in., or 0.66 to 2.75
1b. in the first, 23 to 230 lb. in the second case.
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While the condenser charge may be oscillatory or logarithmic,
efficiency requires a low value of 7, that is, an oscillatory charge.

With a frequency of discharge in L, r, very high compared
with the frequency of charge, the duration of the discharge is
short compared with the duration of the charge, that is, the
oscillating currents consist of a series of oscillations separated
by relatively long periods of rest. Thus the current in L does
not appreciably change during the time of the discharge, and at
the end of the condenser charge the current in the reactor, L,
is the same as the current in L, with which the next condenser
charge starts. The charging current of the condenser, C, in L
thus changes from ¢, at the beginning of the charge, or{con-
denser e.m.f., e, = 0, to the same value 4, at the end of the
charge, or condenser e.n.f., e, = e,

50. Counting, therefore, the time, ¢, from the moment when
the condenser charge begins, we have the terminal conditions:

t=0,1= v,u, e, = 0 at the beginning of the condenser charge.
t=t, 1=1, e =e, attheend of the condenser charge.

In the condenser discharge, through circuit L, r,, counting
the time ¢ from the moment when the condenser discharge
begins, thatis, ¢ = ¢ — 1, we have

=0, ©=0, e = e, the terminal condition.

e, thus, is that value of the voltage ¢, at which discharge
takes place across the spark gap, and #, is the time elapsing
between ¢, = 0 and ¢, = ¢, or the time required to build up
the voltage e, sufficiently to break down the spark gap.

Under the assumption that the penod of oscillation of the
condenser charge through L, 7, is large compared with thc
period of oscillation of the condensel discharge through L,
the equations are:

(4) Condenser discharge:

. 26 -Sv . g
1=""L¢ 2L gin 20y
' ) 2L, ©5)
—toy
e, =g L' gcosqu"/ ¥+ q— 2q° 14 67)

where —
fAL, _ .
, w=Vg-rh ©8)

—

~f
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(B) Condenser charge:

7.'=e_27‘Lgioeos—g—t—i--—q——sm—tg (69)

re_r" + ¢
r 0
e, =e—¢ 2L' ecosit+—q2—— sin Lt [, (70)

' 2L 2L
where S
1=V~ . (71)

Substituting in (69) and (70) the above discussed terminal
conditions,

b=tl, 1=1y, e =oa,
gives

- 2 —
= ¢ 2z" §1ocoso—L ty + 7 qmﬁto % (72)

and

re—"3 qz%
e =¢—e 3" ecos9—th,,+-§— qu t [ -+ (73)

Denoting, for convenience,

r
b=
7 4 =
o = (74)
and
r
~ =g,
q
and resolving (72) for ¢,, gives
5 = 2e e *sin ¢ 5)

g I cosg +actsing
and substituting (75) in (73) and rearranging,

1—2¢%cos¢p + e 3* .
T—c'cosg +asng ()

e, =e
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The two equations (75), (76) permit the caleulation of two of
the three quantities 7, ¢, t,: the time, #,, of condenser charge
appears in the exponential function, in s, and in the trigonometric
function, in ¢.

Since in an oscillating-current generator of fair efficiency,
that is, when r is as small as possible, s is a small quantity,
& can be resolved into the series

R R an

Substituting (77) in (75), and dropping all terms higher than
§*, gives

&\ .
26 (1—s+§)sm¢
'Lo=? &
1—cos¢+scos,q$~§cosq§+asin¢»—assin¢

Multiplying numerator and denominator by <1 +?>, and
rearranging, gives 2

. 2e, sin ¢
‘L"—?Z-{»s .
r)_s-cos«'/)-l—asuuﬁ
78
_2e sin ¢ a8
q 2s s L P .
2~_S+2smz+asm¢

Substituting (77) in (76), dropping terms higher than s* and

as, multiplying numerator and denominator by <1 + i), and
rearranging, gives 2

79)
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Substituting ¢, in (78) and (79) gives

in L
. %6 sm2 Lt" )
= —
qg 27l q q
- rt+25m4Lt+ 2L£°
and
q iy
2s1n24Lt +8L2
ea=29 97 (81)
0. 3
4L—rt,,+2sm4;Lt 5 Sm2L

as approximate equations giving 7, and e, as functions of ¢,, or the
time of condenser charge.

51. The time, ¢, during which the condenser charges, increases
with increasing e, that is, increasing length of the spark gap in
the discharge circuit, at first almost proportionally, then, as
e, approaches 2 e, more slowly.

Aslongas e, is appreciably below 2 ¢, that is, aboute, < 1.75 ¢,
i, is relatively short, and the charging current ¢, which increases
from 4, to a maximum, and then decreases again to ,, does not
vary much, but is approximately constant, with an average
value very little above 7, so that the power supplied by the
impressed e.m.f., e, to the charging circuit can approximately
be assumed as

Py = € (82)

The condenser discharge is intermittent, consisting of a series
of oscillations, with a period of rest between the oscillations,
which is long compared with the duration of the oscillation,
and during which the condenser charges again.

The discharge current of the condenser is, (66),
2e, ~3ht .
q_jai 2ho” gin 2L ¢, in amp.,
and since such an oscillation recurs at intervals of ¢, seconds,
the effective value, or square root of mean square of the dis-

charge current, is
-VE [ 83)
\/ A *dt. (

1=
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Long before ¢ = t,, % is practically zero, and as upper limit of
the integral can therefore be chosen « instead of ¢,

Substituting (66) in (83), and taking the constant terms out
of the square root, gives the effective value of discharge cur-

rent as
2e, /l‘]m—ﬁ: L4
=—\; o6 sm-gLintdz
I, L—T:' 4 Z
f‘ °dt — f‘ cos=2idty ; 84
-2V Liaf; sy
however,

ey o
f g < [ } L,

h T
and by fractional integration,

- m
R (g
L,

0

Ll)
]
- (ﬁ)[ smLat Py cosL t A
%
_ Laro .
SR
hence, substituting in (84),
i, =e/_ 2L )
! ’ \/tﬂ’rﬂ (Toz + qﬂz) (85)
Since
4L
-

we have, substituting in (85),

7:1 =e, \/—F , (86)

PAX

and, denoting by
1
f 1= i;!
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the frequency of condenser charge, or the number of complete
trains of discharge oscillations per second,

i, = e, Cf‘ 87)

' 27‘0

that is, the effective value of the discharge current is propor-
tional to the condenser potential, e, proportional to the square
root of the capacity, C, and the frequency of charge, f,, and
inversely proportional to the square root of the resistance, r,,
of the discharge cireuit; but it does not depend upon the induc-
tance L, of the discharge circuit, and therefore does not depend
on the frequency of the discharge oscillation.
The power of the discharge is

. e,;C
Py = 7‘127‘0 =/ 0—2“ : (88)

Since e_o;_C’_ is the energy stored in the condenser of capacity C

at potential e, and f, the frequency or number of discharges
of this energy per second, equation (88) is obvious.

Inversely therefore, from equation (88), that is, the total
energy stored in the condenser and discharging per second,
the effective value of discharge current can be directly caleu-
lated as

; Py _ .
"=V T %Yoy,

The ratio of effective discharge current, 7,, to mean charging

current, 4, is

1/1 Cf 2, (89)

[ za "r

and substituting (80) and (81) in (89),

. ZtZ
. — 2 sin ——-—to+
U %_._ﬂ (90)

2
K To sin ﬂ, £
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The magnitude of this qua,ntlty can be approximated by

neglecting r compared Wlth C , that is, substituting ¢ = \/ —

and replacing the sine-function by the arcs. This gives

% 1

i V2rlf ronl
that is, the ratio of currents is inversely proportional to the
square root of the resistance of the discharge circuit, of the
capacity, and of the frequency of charge.

52. Example: Assume an oscillating-current generator, feed-
ing a Tesla transformer for operating X-ray tubes, or directly
supplying an iron arc (that is, a condenser discharge between
iron electrodes) for the production of ultraviolet light.

The constants of the charging circuit are: the impressed
e.m.f., e = 15,000 volts; the resistance, » = 10,000 ohms; the
inductance, L = 250 henrys, and the capacity, C=2 X 10~ *
farads = 0.02 mf.

The constants of the discharge circuit are: (a) operating
Tesla transformer, the estimated resistance, 7, = 20 ohms
(effective) and the estimated inductance, L, = 60X10~*°
henry = 0.06 mh.; (b) operating ultraviolet arc, the esti-
mated resistance, 7, = 5 ohms (effective) and the estimated
inductance, L, = 4 X 107° henry. = 0.004 mh.

Therefore in the charging circuit,

¢ = 223,400 ohms, '

(1)

= 0.0448,

= 446.8,

2L 2

(=]

I

).

= 0.025;

&)
= L\I*QI%

then

[, = 0.1344 sin 446.8 ¢,

)

0 12 E T+ 2sin’ 2234 1,4 0.0448 sin 446.81,
" 0

and
2sin? 2084 ¢, + 20012 92)

€= 30,000
; 12 fo -+ 25022341, + 0.04485in 446.8 1,
T b
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Tig. 17 shows 1, and ¢, as ordinates, with the time of charge
t, as abscissas.

0 N i
s 510000 o
2 0.6240 R
2 20—05 t
>
o 16-5-04 <] ok e
T
S U=
1 20, ™~
L =
S1 L
8—02 L
0.1
0=02 04 0.6 08 1.0 1.2 14 16 1.8 2.0X107%Sec.

TFig. 17. Oscillating-current generator charge.

The frequency of the charging oscillation is

f= 4 _712 cycles per sec.;
4 =L ’
for

1, = 0.365 amp.,
substituting in equations (69) and (70) we have

7=e720¢ {0.365 cos 446.8 1+0.118 sin 446.8 t}, in amp.,

and (93)
€,=15,000{1—¢2" [cos 440.8 ¢—2.67 sin 446.8 (]}, in volts,

the equations of condenser charge.

From these equations the values of 7 and e, are plotted in
Fig. 18, with the time ¢ as abscissas.

As seen, the value ¢ = ¢, = 0.365 amp., is reached again
at the time ¢, = 0.0012, that is, after 30.6 time-degrees or about
£ of a period. At this moment the condenser em.fl is e, =
e, = 22,300 volts; that is, by setting the spark gap for 22,300
volts the duration of the condenser charge is 0.0012 second,
or in other words, every 0.0012 second, or 833 times per second,
discharge oscillations are produced.

With this spark gap, the charging current at the beginning
and at the end of the condenser charge is 0.365 amp., and the
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average charging current is 0.3735 amp. at 15,000 volts, con-

suming 5.6 kva.

Assume that the e.m.f. at the condenser terminals at the end
of the charge is e, = 22,300 volts; then consider two cases,
namely: (a) the condenser discharges into a Tesla transformer,

and (b) the condenser discharges into an iron are.

1/

_Emzm
it /

B]°= 22300 volts

1 v

=

Kilovolts

=02 04 05 08 10 1.2X10"*Sec,

Fig. 18. Oscillating-current generator condenser charge,

(@) The Tesla transformer, that is, an oscillating-current
transformer, has no iron, but a primary coil of very few turns
(20) and a secondary coil of a larger number of turns (360),
both immersed in oil.

While the actual ohmic resistance of the discharge circuit is
only 0.1 ohm, the load on the secondary of the Tesla trans-
former, the dissipation of energy into space by brush discharge,
ete., and the increase of resistance by unequal current distribu-
tion in the conductor, increase the effective resistance to many
times the ohmic resistance. We can, therefore, assign the
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following estimated values: r,= 20 ohms; L;= 60 X 10~° henry,
and € = 2 X 1078 farad.

Then
g, = 108 ohms, To _ .186,
%
o 0,808 x 10°, To 01667 x 10°,
2L, 2 L,

which give
T=+415 ¢01007x10" g (0,898 X 10° ¢, amp.

and
€,=22,300 e~°1907x10° { ¢05 (0,898 X 10° ¢+ 0.186 sin 0.898 X 10° ¢,
volts.
(94)
The frequency of oscillation is
1]
Jo= (i%zé& = 143,000 cycles per sec. 95)

Tig. 19 shows the current 7 and the condenser potential e,
during the discharge, with the time ¢ as abscissas. As seen,
the discharge frequency is very high compared with the fre-

o To[=0olim T T
% A L. {=0.06 a b
omnsdL i 0 |=10.02 |
\ e0=] vdlts
g‘ﬁ RRrAY NE
o o
Zs
5.,5 0 N [
L =,
-5
100 =
-1 200/ 1 1 1 1 1
15 45 5 9 105 12 185
x10°° See.

Fig. 19. Oscillating-current generator condenser discharge.

quency of charge, the duration of discharge very short, and
the damping very great; a decrement of 0.55, so that the oscil-
lation dies out very rapidly. The oscillating current, however,
is enormous compared with the charging current; with a mean
charging current of 0.3735 amp., and a maximum charging
current of 0.378 amp. the maximum discharge current is 315
amp.,or 813 times as large as the charging current.
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The effective value of the discharge current, from equation
(87), is 3, = 14.4 amp., or nearly 40 times the charging current.

53. (b) When discharging the condenser directly, through
an ultraviolet or iron are, in a Straight path, and estimating
r, = 5 ohms and L, = 4 X 10~° henry, we have

¢, = 27.84 ohms, Do~ 0.1795,
‘0
§q£; = 348X 10", 2’20 = 0.625 x 10
then,
1=1600 e~ 0025%19° gin 3.48 X 10°¢, in amp.,
and

e,=22,300 ¢ 0028x10% {005 348X 10° 1+0.1795 sin 3.48X10° ¢},
in volts,
(96)
and the frequency of oscillation is
fy = 562,000 cycles per sec.; 97)

that is, the frequency is still higher, over half a million
cycles; the maximum discharge current over 1000 amperes;
however, the duration of the discharge is still shorter, the
oscillations dying out more rapidly.

The effective value of the discharge current, from (87), is
1, = 28.88 amp., or 77 times the charging current. A hot
wire ammeter in the discharge circuit in this case showed
29 amp.

As seen, with a very small current supply, of 0.3735 amp.,
at ¢ = 15,000 volts, in the discharge circuit a maximum voltage
of __,300 or nearly 50 per cent higher than the impressed
voltage, is found, and a very large current, of an effective value
very many times larger than the supply current.

As a rule, instead of a constant impressed em.f., e, a low
frequency alternating e.m.f. is used, since it is more conven-
iently generated by a step-up transformer. In this case the
condenser discharges occur not at constant intervals of ¢, sec-
onds, but only (lurmg that part of each half wave when the
e.m.f. is sufficient to ]ump the gap e, and at intervals which
are shorter at-the maximum of the em.f. wave than at its
beginning and end.
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TFor instance, using a step-up transformer giving 17,400 volts
effective (by the ratio of turns 1 :150, with 118 volts im-
pressed at 60 cycles), or a maximum of 24,700 volts, then
during each half wave the first discharge oceurs as soon as the
voltage has reached 22,300, sufficient to jump the spark gap,
and then a series of discharges occurs, at intervals decreasing
with the increase of the impressed e.m.f., up to its maximum,
and then with increasing intervals, until on the decreasing
wave the e.m.f. has fallen below that which, during the charg-
ing oscillation, can jump the gap e,, that is, about 13,000 volts.
Then the oscillating discharges stop, and start again during the
next half wave.

Hence the phenomenon is of the same character as investi-
gated above for constant impressed e.m.f., except that it is
intermittent, with gaps during the zero period of impressed
voltage and unequal time intervals ¢, between the successive
discharges.

54. An underground cable system can act as an oscillating-
current generator, with the capacity of the cables as condenser,
the internal inductance of the generators as reactor, and a short-
circuiting arc as clischarge circuit.

In a cable system where this phenomenon was observed
the constants were approximately as follows: capacity of the
cable system, ¢ = 102 mf.; inductance of 30,000-kw. in gen-
erators, L=6.4 mh.; resistance of generators and circuit up to
the short-circuiting arc, r = 0.1 ohm and r = 1.0 ohm respec-
tively; impressed em.f., 11,000 volts effective, and the fre-
quency 25 cycles per second.

The frequency of charging oscillation in this case is

= i ZL = 197 cycles per sec.

g=% éCTL — 7* = 15.8 ohms.

Substituting” these values in the preceding. equations, and’
estimating the constants of the discharge circuit, gives enor-
mous values of discharge current and e.m.f.

since



CHAPTER VIL

RESISTANCE, INDUCTANCE, AND CAPACITY IN SERIES IN
ALTERNATING-CURRENT CIRCUIT.

56. Let, at time ¢ = 0 or 0 = 0, the em.f.,,
e=FEcos (0 —0,), 1)

be impressed upon a circuit containing in series the resistance, r,
the inductance, L, and the capacity, C.

The inductive reactance is z =2nfL

. . 1 @
and the condensive reactance is z, = S .
where f = frequency and = 2 zft. ' @®)

Then the e.m.f. consumed by resistance is r¢;
the e.m.f. consumed by inductance is

di_ di
di - Tdo

and the e.m.f. consumed by capacity is

o= fidt=z fim, @

where ¢ = instantaneous value of the current,

H

. di ,
Hence, e =1+ v + xcfz e, 5)
, di R
or, Ecos(0—00)=m+xa-é+xcfzdﬂ, ®)

and hence, the difference of potential at the condenser terminals
is
. . di
e,=xaf1,d0=Ecos((}—00)—m—-:cd—0- (7)
88
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Equation (6) differentiated gives

AN ®)

- —0 L@
Bsin (0 —0,) + Tom 7

The integral of this equation (8) is of the general form
7= A + Beos (0 — o). 9)
Substituting (9) in (8), and rearranging, gives
Ae®{a*xr—ar+z,} +sin 0 {E cos 0,—1B cos o — B (z—=z,) sin o}
—cos 0 {Esin0, — rBsine + B (z — &) cos o} = 0,
and, since this must be an identity,
ar —ar + 2, =0,
Ecosly—rBcose — B (z — x)sine =0, (10)

Esin0,— rBsine + B (z — x.) cos o = 0.

Substituting
s =V©¥ —4dzx,
2, = VP + (@ — %), 1)
-z,
tany = — )
T

in equations (10) gives

_r + s
T 2z
B
B = ;;1 . (13)
=10+
and A = indefinite,

and the equation of current, (9), thus is

i=Zes 0= 0, -4 AT H AT (9)

s, r+s
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and, substituting (12) in (7), and rearranging, the potential
difference at the condenser terminals is
) I P e =)
o = Esin -0, -l A TR
2, 2

The two integration constants 4, and 4, are given by the
terminal conditions of the problem.
Let, at the moment of start,

0 =0,
i =i, = instantaneous value of current and

(15)

e, = e, = instantaneous value of condenser potential
difference.

Substituting in (13) and (14),

. F
i, =~ cos O+ + 4, + 4,
0

and

r+s r—38
A A

Ex, .
¢ = — Zsin (4, + )~
20
Therefore
A, +4,=0— gcos @+ 7
~o0
and a0

_ _rih+2¢ E .
:11":12_" ‘_—*S +§£{TCOS(ﬂo+'Y)—2x‘,sm(0,)+'y)},
or,
r—s.
s 56, B (res )
=T B +§;2;§TCOS(00+"/)—xcsin ((/o'i"y)g
and
ris, (17
5 thTe, B
A=t _Efrts .
S~ sz,,eTCOS(ﬂo+"/>—%sm(0a+v)§-
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Substituting (17) in (13) and (14) gives the integral cquations
of the problem.
The current is

. KB E( -5 err— .
z=z—cos(0—0u—7)+ST gs, b [T.;fcos (0,4 7v)—z,sin (00+7)J
0 <0 i

.,i:’ r+s .

25 [»ircos 0y +v)—2, sin ((},,+ry)J§

1§ ~520 [r—s . -l

_;§5 2z [—2—1,0+eo:|—s = ,[—~2 1.0+e0]§r (18)

and the potential difference at the condenser terminals is
Exz, .
e‘=~zfsm 0—0,—1)
ZO

13 J‘;‘v[%s -
- e v | ——cos(0,+" —xcsmﬁ+'y]
ZSzn§<r+s) B} y+7) Oy +)

r+s

_(T—s)s— 3z 0 [7# cos (0,+7) —z, sin (00—5—'}')};

1 -Rr=s, ~TFerrts
+'2‘Eg(7+s)5 = [szs%o'*'eo]"(r—sﬁ = [7;;‘_310+60]2,
19)
where
2y = VA F @ = 2
tan v Iz :c‘.) (11
and T

s=vP 4dzz.

The expressions of 7 and e, consist of three terms each:

(1) The permanent term, which is the only one remaining
after some time;

(2) A transient term depending upon the constants of the
circuit, 7, s, z, 2, #, the impressed e.m.f., E, and its phase 0, at
the moment of starting, but independent of the conditions
existing in the circuit before the start; and
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(3) A term depending, besides upon the constants of the
cireuit, upon the instantaneous values of current and potential
difference, %, and e,, at the moment of starting the circuit, and
thereby upon the electrical conditions of the circuit before
impressing the em.f., e. This term disappears if the circuit is
dead before the start.

Equations (18) and (19) contain the term s=Vv7* —4zz,

= \/ -4 é; hence apply only when 7> 4 z z,, but become

indeterminate if =4 z z,, and imaginary if < 4z z,; in the
latter cases they have to be rearranged so as to appear in real
form, in manner similar to that in Chapter V.

56. In the critical case, ©* = 4 zz, and s = 0, equation (18),
rearranged, assumes the form
2

. K E -
t==2cos (0 —0,—%)+—¢
2 2

- : —-—cos(0n+'v)§

; [% cos (0,4 ) —x, sin (00.1_7)]

5 s
£ )

+ 3
o [T e 2T g 2 .
—e 2 57/0+60 ’——g—“"‘% .

However, developing in a series, and canceling all but the
first term as infinitely small, we have

hence the current is

. E E -5-0
T=—cos (0 —0,—7) +—¢ *°
2 &)

g[% cos (0y+ ) — z,sin (0, + 'y)]g — cos (0y+ )

Loy, " 0
+e 7 37’0“ ':57’0 + en:';%: (20)
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and in the same manner the potential difference at condenser
terminals ix

e =~zrism 0—-0,—v) —
0

22

2

. 0 .
g[% cos (8, +v) — xrsin (0, + 7)1; —2z,8in(0+7)
1 -5 ([ 0
+§5 e g[§Zo+T‘30J;:+ZeoE' (21)

Here again three terms exist, namely: a permanent term, a
transient term depending only on % and 6, and a transient
term depending on 7, and e,.

67. In the irigonometric or oscillatory case, 7 < 4z z,, s be-
comes imaginary, and equations (18) and (19) therefore contain
complex imaginary exponents, which have to be eliminated,
since the complex imaginary form of the equation obviously
is only apparent, the phenomenon being real.

Substituting

¢g=Vdzgz, —1 =7js (22)

in equations (13) and (14), and also substituting the trigono-
metric expressions

+igg? % gy in
€ = cosﬂ0+]mnﬂ0
and (23)
~igho .
e =cosl~l%/l—]sm§%0,

and separating the imaginary and the real terms, gives

b3 -
f==cos (0 —0,— ") +¢ 7
ZU

. . q
(4, + 4,) cos Q%o ~ 74, -4, smﬁﬂg
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and

= -

1

S (A4, q s 4 A -4
%—12—~[rcosz$ﬂ ——qs1n2x0:|+]—1——2

2
q in-Logl|l:
[qc052x0+ rsmzrﬁ]g,

then substituting herein the equations (16) and (22) the imagi-
nary disappears, and we have the current,

E E -
= — —f — ) ==
) zucos(t? b= ) zae

3z’

f o @,+ )cos—q—6+[2xcsin(d+ ) Teo @,+ )] i iﬁ%
ch 0T 22 p b+ p S (0,4 sin
g, 26+, g ] >
+ e 210005——2I0 p Sm2105 (€5)]

and the potential difference at the condenser terminals,

N
-0
c "2z

e, =

§ 9o [T 2z . g
psin (00+'y)cosi;—$6+ —sln(00+ry)——cos(€u+'y) Sm2_1:0§

r
~33 g

ce? fe, cos_g+~re,‘+4xu . __q_ag.

DI
2q T @5)

Here the three component terms are seen also.

58. As examples are shown in Figs. 20 and 21, the starting
of the current 17, its permanent term ¢/, and the two transient
terms 7, and ¢,, and their difference, for the constants £ = 1000,
volts = maximum value of impressed e.m.f.; 7 = 200 ohms§
=resistance; = 75 ohms = inductive reactance, and z, = 75
ohms = condensive reactance. We have

4zrx, = 22500

and r* = 40,000;
therefore
> 4Tz,
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that is, the start is logarithmie, and z, = 200, s = 132, and
7 =0.

NeRE R
N 2 = [75lohins
No %o | Tbjohins|
2
A
< V/Te S -
£ 2 ] ===
< (XS
) B
- L
0 20 40 60 8 100 120 140 160 180 200
Degrees

Fig. 20. Starting of an alternating-current circuit, having capacity, inductance
and resistance in series. Logarithmic start.

In Fig. 20 the circuit is closed at the moment 6, = 0, that
is, at the maximum value of the impressed e.m.f., giving from
the equations (18) and (19), since ¢, = 0, ¢, = 0,

1 =5 {cos 0 — 1.26 ¢ 4 (.26 70420}
and
e, = 375 {sin 0 + 0.57 (720 — m0420) |,

v LA ™~ li.lﬂpﬂuls
™~

. [ AR
JA AT N = o dhis
2 ZL
PN 0 ™ 0L |0
s [ i =
) LT I
-

S T Y .~
20 . 4 6 8 100 120 140 160 180 200
. Degrees

Fig. 21. Starting of an alternating-current circuit having capacity, inductance
and resistance in series. Logarithmic start.

In Fig. 21 the cireuit is closed at the moment 0, = 90°, that
is, at the zero value of the impressed e.m.f., giving the equa-
tions

BN
1l

5 {Sin 0 + 0.57 (220 — e=04020)}
and
e, = — 375 {cos @ + 0.26 e2%% — 1.26 e~0429)},
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There exists no value of 0, which does not give rise to a
transient term.

bﬂhny
h
R
oy
=
“g

.e
S

-2

NS —————

L] =l
20 40 60 & 100 120 140 160 180 200 220
Degrees
Tig. 22. Starting of an alternating-current circuit having capacity, inductance
and resistance in series. Critical start.

In Fig. 22 the start of a circuit is shown, with the inductive
reactance increased so as to give the critical condition,

P =4zz,

but othermse the constants are the same as in Figs. 20 and 21,
that is, £ = 1000 volts; r = 200 ohms; z = 133.3 ohms, and
x, = 75 ohms;

therefore z, = 208.3,

58 0
tan v =50 = 0.2915, or v = 16°
assuming that the circuit is started at the moment 6, = 0, or
at the maximum value of impressed e.m.f.
Then (20) and (21) give

7 =478 cos (6 — 16°) + & "9 (2.70 — 4.6)
and
= 358sin (# — 16°) — ¢ "™ (4100 — 99).

Here also no value of 0, exists at which the transient term
disappears.

59. The most important is the oscillating case, r* < 4 z z,,
since it is the most common in electrical circuits, as underground
cable systems and overhead high potential circuits, and also is
practically the only one in which excessive currents or excessive
voltages, and thereby dangerous phenomena, may occur.
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If the condensive reactance x, is high compared with the
resistance r and the inductive reactance x, the equations of
start for the circuit from dead condition, that is, 4, = 0 and
e, = 0, are found by substitution into the general equations
(24) and (25), which give the current as

E -5 %
{= ——Ssin 0—0)+¢ ~° [sm 0, cos \/?fﬁ
2 { z

- \/%cos 0, sin \/% 0] % (26)

and the polential difference at the condenser terminals as
"

-to
e,=E§cos 0—-0)—e =7

Te T xz . T
[cos 0y cos\/;—0 +(2 accos 0,+ \/;;sm 00) sin \/% 0} g , @7

V'
where 0 = 23/ Z0= 3o and ¥ = — 90°. 8)

In this case an oscillating term always exists whatever the
value of 0, that is, the point of the wave, where the circuit is
started.

The frequency of oscillation therefore is

4, z
f [ 2 .’Ef f \/; - 4—?
or, approximately, (29)
Jo = \/éf ’
z

where f = fundamental frequency.
1
Substituting = = 2 afL and z, =50 we have
1 1 g2
[ 2'_'/_[ \ C_L - m:
or, approximately, ' 30)
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60. The oscillating start, or, in general, change of circuit
conditions, is the most important, since in circuits containing
capacity the transient effect is almost always oscillating.

The most common examples of capacity are distributed
capacity in transmission lines, cables, ete., and capacity in the
form of electrostatic condensers for neutr: ahzmg lagging currents,
for constant potential-constant current transformation, ete.

(a) In transmission lines or cables the charging current is a
fraction of full-load current 7, and the e.m.f. of self-inductance
consumed by the line reactance is a fraction of the impressed
em.f. e, Since, however, the charging currentis (approximately)

=;Cﬂ and the e.m.f. of self-inductance = 27, we have

()

-0
Ic
hence, multiplying,

< 1, 2, < €

z
—<landz < .
xﬂ

The resistance r is of the same magnitude as z; thus
4rzx, >0
For instance, with 10 per cent resistance drop, 30 per cent
reactance voltage, and 20 per cent charging current in the line,
assuming half the resistance and reactance as in series with the
capacity (that is, representing the distributed capacity of the
line by one condenser shunted across its center) and denoting

where e, = impressed voltage, 7, = full-load current, we have

z, = £=527’
=0.5X%X03p=015p,
=05X%X01p=0.05p,

and
r+z+z=1+3<+ 100,
and

4z, +r=1200 + 1.
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In this case, to make the start non-oscillating, we must ha.'vve‘“_
1 o . =
z < @T)T’ or z < 0.000125 p, which is not possible; or r > V'3,

which can be done ounly by starting the circuit through a very
large non-inductive resistance (of such size as to cut the starting

current down to less than \}—5 of full-load current). Even in

this case, however, oscillations would appear by a change of
load, etc., after the start of the circuit.

() When using electrostatic condensers for producing watt-
less leading currents, the resistance in series with the condensers
is made as low as possible, for reasons of efficiency.

Even with the extreme value of 10 per cent resistance, or
¢ + 1, = 1 + 10, the non-oscillating condition is z < 4—10 r, or
0.25 per cent, which is not feasible.

In general, if

Z CONSUMES. .. -n..n 1 2 4 9 16 per cent of the con-
denser potential
difference,

7 must consume > 20 28.3 40 60 80 per cent of the con-
denser potential
difference.

That is, a very high non-inductive resistance is required to
avoid oscillations.

The frequency of oscillation is approximately f, =\/%f

that is, is lower than the impressed frequency if z, < z (or the
permanent current lags), and higher than the impressed fre-

" quency if z, > z (or the permanent current leads). In trans-

mission lines and cables the latter is always the case.
Since in a transmission linexgis approximately the charging
. ¢

current, as fraction of full-load current, and %half the line

em.f. of self-inductance, or reactance voltage, as fraction of
impressed voltage, the following is approximately true:

n o«
ERY

¥

i
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The frequency of oscillation of a transmission line is the
impressed frequency divided by the square root of the product
of charging current and of half the reactance voltage of the line,
given respectively as fractions of full-load current and of im-
pressed voltage. For instance, 10 per cent charging current,
20 per cent reactance voltage, gives an oscillation frequency

fie——t— 0y

VOIx01
wfl. }Vr\ N
AU A VO A N A
N T \ 7
i T v

T \ T/
N A 7

v/ d I b
- hd 000 volts | [E. = 1000 ol

[ 10 ohms [0 | ]

Fig. 23. Starting of an alternating-current circuit having capacity, inductance
and resistance in series. Oscillating start of transmission line.

61. In Figs. 23 and 24 is given as example the start
of current in a circuit having the constants, E = 35,000
cos (0 — 0,); r = 5 ohms; z = 10 ohms, and 2, = 1000 ohms.

In Fig. 23 for 6,= 0°, or approximately maximum oscilla-
tion,

= — 35 {sin 0 — 10 &2 9 5in 10 0}

and
e, = 35,000 {cos 6 — e 0% 9 [cos 104 + 0.025 sin 10 0]}.

In Fig. 24 for 6, = 90°, or approximately minimum oscilla~-
tion,
7 =35 {cos 0 — ¢ °*5%cos 10 0}
and
e, = 35,000 {sin 0 + 0.1~ °% 9 sin 10 0}.

As seen, the frequency is 10 times the fundamental, and in
starting the potential difference nearly doubles.
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As further example, Fig. 25 shows the start of a circuit of a
frequency of oscillation of the same magnitude as. the funda-
mental, in resonance condition, x = x,, and of high resistance.

| 2 L 35,000 valts]
60 \ | 2 £ [ 10 olim:
40 = i’ [Zo1= 1000 ohims
20 / L il
) A AAY
-20 ~y
-40
o
_22 =
© S
20 P N
0 < =
Y~ 7
201
-40 [P i

Tig. 24. Starting of an alternating-current circuit having capacity, inductance
and resistance in series. Oscillating start of transmission line.

The circuit constants are E = 1500 volts; r = 30 ohms;
z =20 ohms; z, =20 ohms, and 6, = — v; which give
q = 26.46; 2, = 30; ¥ =0,and , = 0.

"~ G = 1500 Volls
40 - & =1 —130-bh

Q1 @ == [20 bhibs

,—-L— [ Zo ™ his
20 g0
0 T~ [ o g
-20
0
i I P

Fig. 25. Starting of an alternating-current circuit having capacity, inductance
and resistance in series. Oscillating start. High resistance.

Substituting in equations (24) and (25) gives
7 =50 {cos 0 — &= 7 [c0s 0.661 0 — 1.14 sin 0.661 0]}
and
el

I

I

1000 {sin § — 1.51 &~ " ? sin 0.661 6}.
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As example of an oscillation of long wave, Fig. 26 represents
the start of a circuit having the constants £ = 1500 volts;
r = 10 ohms; z = 62.5 ohms; ,= 10 ohms, and 0, = — 9;
which give ¢ = 49; 2z, = 534; v = 79°, and 0, = — 79°.

Substituting in equations (24) and (25) gives

% =28 {eos 0 — &% 9cos 0.39 0 — 0.2 sin 0.39 a3
and
e, = 280 {sin 0 — 2.55 ¢ %% 9sin 0.396 0}.
Such slow oscillations for instance occur in a transmission line
connected to an open circuited transformer.
62. While in the preceding examples, Figs. 23 to 26, con-
stants of transmission lines have been used, as will be shown
in the following chapters, in the case of a transmission line

‘lf-nm Folts
% / \ o B
\ \ do 7

TN N /o i
R HLY T A
. i T

\ ! YA N
el MRV N L\
SRR Vi 7 ! 7
-5 = {x /

Fig. 26. Starting of an alternating-current circuit having capacity, inductance
and resistance in series. Oscillating start of long period.

with distributed capacity and inductance, the oscillation does
not consist of one definite frequency but an infinite series of
frequencies, and the preceding discussion thus approximates
only the fundamental frequency of the system. This, however,
is the frequency which usually predominates in a high power
low frequency surge of the system.

In an underground cable system the preceding discussion
applies more closely, since in such a system capacity and induc-
tance are more nearly localized: the capacity is in the under-
ground cables, which are of low inductance, and the inductance
is in the generating system, which has practically no capacity.

In an underground cable system the tendency therefore is
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either towards a local, very high frequency oscillation, or travel-
ing wave, of very limited power, in a part of the cables, or a low
frequency high power surge, frequently of destructive magnitude,
of the joint capacity of the cables, against the inductance of the
generating system.

63. The physical meaning of the transient terms can best be
understood by reviewing their origin.

In a circuit containing resistance and inductance only, but a
single transient term appears of exponential nature. In such a
circuit at any moment, and thus at the moment of start, the
current should have a certain definite value, depending on
the constants of the circuit. In the moment of start,however,the
current may have a different value, depending on the preceding
condition, as for instance the value zero if the circuit has been
open before. The current thus adjusts itself from the initial
value to the permanent value on an exponential curve, which
disappears if the initial value happens to coincide with the final
value, as for instance if the circuit is closed at the moment of
the e.m.f. wave, when the permanent current should be zero.
The approach of current to the permanent value is retarded by
the inductance, accelerated by the resistance of the circuit.

In a circuit containing inductance and capacity, at any
moment the current has a certain value and the condenser a
certain charge, that is, potential difference. In the moment of
start, current intensity and condenser charge have definite
values, depending on the previous condition, as zero, if the
circuit was open, and thus two transient terms must appear,
depending upon the adjustment of current and of condenser
e.m.f. to their permanent values.

Since at the moment when the current is zero the condenser
e.m.f. is maximum, and inversely, in a circuit containing induc-
tance and capacity, the starting of a circuit always results in the
appearance of a transient term.

If the circuit is closed at the moment when the condenser
e.m.f. should be zero, that is, about the maximum value of cur-
rent, the transient term of current cannot exceed in amplitude its
final value, since its maximum or initial value equals the value
which the current should have at this moment. If, however,
the circuit is closed at the moment where the current should be
zero and the condenser e.m.f. maximum, the condenser being
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without charge acts in the first moment like a short circuit, that
is, the current begins at a value corresponding to the impressed
em.f. divided by the line impedance. Thus if we neglect the
resistance and if the condenser reactance equals n? times line
reactance, the current starts at n* times its final rate; thus it
would, in a half wave, give n* times the full charge of the con-

denser, or in other words, charge the condenser in}b of the time
of a half wave. That is, the period of the starting current is
%and the amplitude n times that of the ﬁnallcurrent. How-
ever, as soon as the condenser is charged, in " of a period of

the impressed e.m.f., the magnetic field of the charging current
produces a return current, discharging the condenser again at
the same rate.

Thus the normal condition of start is an oscillation of such a
frequency as to give the full condenser charge at a rate which
when continued up to full frequency would give an amplitude
equal to the impressed e.m.f. divided by the line reactance.
The effect of the line resistance is to consume e.m.f. and thus
dampen the oscillation, until the resistance consumes during the
conclenser charge as much energy as the magnetic field would
store up, and then the oscillation disappears and the start becomes
exponential.

Analytically the double transient term appears as the result
of the two roots of a quadratic equation, as seen above.



CHAPTER VIIIL
LOW FREQUENCY SURGES IN HIGH POTENTIAL SYSTEMS,

64. In electric circuits of considerable eapacity, that is, in
extended high potential systems, as long distance transmission
lines and underground cable systems, occasionally destructive
high potential low frequency surges occur; that is, oscillations
of the whole system, of the same character as in the case of
localized capacity and inductance discussed in the preceding
chapter.

While a system of distributed capacity has an infinite number
of frequencies, which usually are the odd multiples of a funda-
mental frequency of oscillation, in those cases where the
fundamental frequency predominates and the effect of the
higher frequencies is negligible, the oscillation can be approxi-
mated by the equations of oscillation given in Chapters V and
VII, which are far simpler than the equations of an oscillation
of a system of distributed capacity.

Such low frequency surges take in the total system, not only
the transmission lines but also the step-up transformers, gen-
erators, etc., and in an underground cable system in such an
oscillation the capacity and inductance are indeed localized to
a certain extent, the one in the cables, the other in the generating
system. In an underground cable system, therefore, of the
infinite series of frequencies of oscillations which theoretically
exist, only the fundamental frequency and those very high
harmonics which represent local oscillations of sections of
cables can be pronounced, and the first higher harmonics of the
fundamental frequency must be practically absent. That is,
oscillations of an underground cable system are either

(@) Low frequency high power surges of the whole system,
of a frequency of a few hundred cycles, frequently of destructive
character, or,

(b) Very high frequency low power oscillations, local in
character, so called “static,”” probably of frequencies of hundred

105
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thousands of cycles, rarely directly destructive, but indirectly
harmful in their weakening action on the insulation and the
possibility of their starting a low frequency surge.

The former ones only are considered in the present chapter.
Their causes may be manifold, — changes of circuit conditions, as
starting, opening a short circuit, existence of a flaring arc on the
system, ete.

In the circuit from the generating system to the capacity of
the transmission line or the underground cables, we have always

7 < %; that is, the phenomenon is always oscillatory, and
equations (24) and (25), Chapter VII, apply, and for the current

we have

. E -Lo([. E -
z=z—ocos(«9—0o—'y)+e 2z g]:wo—;ocos(ﬁﬁ’v)}cos%z?

2 o B . .
- l:——%ﬂ + ~<2 7z, sin (0,+7y) —rcos (00+7)>:| sin ——q—ﬁ} , @
q 92, 2z

and for the condenser potential we have

Ex, .y}

Ez, .
csin(f —0,—y)+s 2% g[eﬁ-i“ sxn(0,+y):j cos L0
2, 2z

e =
1
2y

2] 4 Ly | B
[:ﬁ%% + q%f:(r sin (0,+y)—2 = cos (00+y)):| sin%:ﬂ g

(@)

65. These equations (1) and (2) can be essentially simplified
by neglecting terms of secondary magnitude.

7, is in high potential transmission lines or cables always very
large compared with 7 and z.

The full-load resistance and reactance voltage may vary
from less than 5 per cent to about 20 per cent of the impressed
e.m.f., the charging current of the line from 5 per cent to
about 20 per cent of full-load current, at normal voltage and
frequency.

In this case, z, is from 25 to more than 400 times as large as r
or r, and r and « thus negligible compared with z,.
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It is then, in close approximation:

2, = I,

q=2V7za, @
= —90°.

Substituting thesc values in equations (1) and (2) gives the
current as

=—;csm 0—0,) + ¢ 2;"?[’%— }—csmﬂu]cos ;0

2 e+ 11, E ( ﬂ \/"
cos 0, + sm() sin 0
I:Z\/ z 1, 2\/J;x ;

3 and the potential difference at the condenser as

e, = Eoos (0 —0) + ¢ 28 %[Gn — Ecos0,)] cos\/§0

+ [2 ey + 4 TTAy E
4z, 4z,

(27 cos U, + 4z sin 00)75i1x \/{' ()2

-

- These equations consist of three terms:

R
’ } 6)

e, = el/ + el// + 61,”;

E X
! = — —sgin (0 — 0
7 %51 (‘ PR l ©
< e/ = Ecos (0 —0y); I
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N
. B - [\/?
Y om o g 22 =0 — —cos 0
) ° (smﬂ cos\/ 0 p cos 4,
r .
+ v 0,,] sin \/ Zeg ?
. )
e/'= ~ B 7' gcosﬂ cos\/-ﬂ+( 0050
+ \/zsm 0‘,)&11\/;0;,
or, by dropping terms of secondary order,
7= \/E <772 008 0, sin \/7+,
z 2z, . ®)
e = — Be T= cos 0, cos\/—éo;
and: r
i Y 2e, + 11, Z,
VV=¢ 22 )9q cosfﬁ - T e 1n\[—°z92
§ 2V, z §’
-330§ /3? 2re, + 4 xay, /'5 ®
"o 2z ) Zp 0 1~ E b <0 gj Le ;
e, (eLy cosy o +—ﬁ4 = sin {, xﬁg
or, by dropping terms of secondary order,
-y x, e T,
PN F LA W cos\/:”0 - sin\/:;flz
1 T Vi, z §
) E— ) (10)
e/!=¢ 2z geu cos \/;“0 + 1, Vi, sin\/}ﬁ%.
Thus the total current is approximately
. E . —5z0( . z, A
T =——x—cs1n @—0)+¢ > gzocos \/;0
- E
_ cos 0, sin \/é ] !
Vi, z S
and the difference of potential at the condenser is L (A1)

—Lo
e, =FEcos(0—0) + e ** g(ea— E0030°)cos\/%0

+ 4, Vzr, sin \/%0?
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Of the three terms: ¢/, ¢,/; ", ¢,”; 7", ¢/, the first obviously
represents the stationary condition of charging current and con-
denser potential, since the two other terms disappear for ¢ = co.
The second term, 7/, e,”, represents that component of oscilla-
tion which depends upon the phase of impressed e.m.f., or the
point of the impressed e.m.f. wave, at which the Qscillation
begins, while the third term, ', ¢,’”/, represents the component
of oscillation which depends upon the instantancous values of
current and em.f. respectively, at the moment at which the

-550. —_
oscillation begins. ¢ *7 is the decrement of the oscillation.
66. The frequency of oscillation is

Vs

where f is the impressed frequency. That is, the frequency of
oscillation equals the impressed frequency times the square root
of the ratio of condensive reactance and inductive reactance of
the cireuit, or is the impressed frequency divided by the square
root of inductance voltage and capacity current, as fraction of
impressed voltage and full-load current.

Since
T, = —2-—1[6" and z = 27/L,
the frequency of oscillation is
= 1 — *
fi= 2=V CL’

that is, is independent of the frequency of the impressed e.m.f.
Substituting

0 =2xft, x£=—l- and =z =2zfL

2zC
in equations (8), (10), and (11), we have

”—\/UE_"’_TZL 0, sin L
=V Ee cos O, s \/C—L’

.
n__ g 22! €08 0, c0S ———

\/—L
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LI
Y Lot ],
€ ?1 coa —e \ SIH\/CLS
) a3
e/’ = s_ﬁlseucm fh +1a\/z' sin—~tr;)’5
R/ ¢ L)
i =—27fCEsin (0 — 0)+ ¢ r"lgm cos tL
— (eg— Ecos 0,) \/— s1n '
(14)

el=Ecos(0—00)+s__ %(e,, Eeosl)q)cosxt,_
Lt
+ 7, /gv‘“‘“‘\—(/?];

The oscillating terms of these equations are independent of
the impressed frequency. That is, the oscillating currents and
potential differences, caused by a change of circuit conditions
(as starting, change of load, or opening circuit), are independent
of the impressed frequency, and thus also of the wave shape of
the impressed e.m.f., or its higher harmonics (except as regards
terms of secondary order).

The first component of oscillation, equation (12), depends
not only upon the line constants and the impressed e.m.f., but
principally upon the phase, or the point of the impressed e.n.f.
wave, at which the oscillation starts; however, it does not
depend upon the previous condition of the circuit. Therefore
this component of oscillation is the same as the oscillation
produced in starting the transmission line, that is, connecting
it, unexcited, to the generator terminals.

There exists no point of the impressed e.m.f. wave where no
oscillation oceurs (while, when starting a circuit containing
resistance and inductance only, at the point of the impressed
e.m.f. wave where the final current passes zero the- stationary
condition is instantly reached).

With capacity in circuit, any change of circuit conditions
involves an electric oscillation.
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The maximum intensities of the starting oscillation occur
near the value ¢, = 0, and are

. .
—530 .
i = _E . 2¢ sin \/Eﬂ
z

vz,
and (15)

I
e/ = —He ** cos \/ﬁﬂ.
z

Since

-
i

, K .

! = — -x:sm 0 -0,

is the stationary value of charging current, it follows that the
maximum intensity which the oscillating current, produced in

starting .a transmission line, may reach is \/= times the sta-
z

tionary charging current, or the initial current bears to the
stationary value the same ratio as the frequency of oscillation
to the nnprebsed frequency.

The maximum oscillating e.m.f. generated in qtmtmg a trans-
mission line is of the same value as the impressed e.m.f. Thus
the maximum value of potential difference oceurring in a trans-
mission line at starting is less than twice the impressed e.m.f.
and no excessive voltages can be generated in starting a circuit.

The minimum values of the starting oscillation occur near
0, = 90°, and are, from equations (7),

B -5
= — —¢ 2% cos Loy
2, z

c

and (16)

\/ E . " sm\/-O

that is, the oscillating current is of the saime intensity as the
charging current, and the maximum rush of current thus is
less than twice the stationary value. The potential difference
in the circuit rises only little above the impressed e.m.f. -

The second component of the oscillation, equation (13), does
not depend upon the point of the impressed e.m.f. wave at
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which the oscillation starts, 6,, nor upon the impressed e.m.f. as
a whole, E, but, besides upon the constants of the circuit, it
depends only upon the instantaneous values of current and of
potential difference in the circuit at the moment when the
oscillation starts, 4, and e,.

Thus, if 4, =0, ¢, = 0, or in starting a transmission line,
unexcited, by connecting it to the impressed e.m.f., this term
disappears. It is this component which may cause excessive
potential differences. Two cases shall more fully be discussed,
namely:

(a) Opening the circuit of a transmission line under load, and
(b) rupturing a short-circuit on the transmission line.

67. (a) If 7, is the instantaneous value of full-load current,
e, the instantaneous value of difference of potential at the
condenser, 74, is small compared with e,, and vz, 7, is of the
same magnitude as e,.

Writing

tand = —2

W,

and substituting in equations (10), we have

2 _T, .
7 =\i2+ %o T2 gos (\/§0+5>
7, T
and . an
g /o % o 2 REQ - /:E—C o
e =Ney 1, rx ¢ sin \;0—%0;

2
that is, the amplitude of oscillation is\/4;? +;—°xforthecurrent,

and Ve + igxz, for the enf. Thus the generated e.m.f.
can be larger than the impressed e.m.f., but is, as a rule, still of
the same magnitude, except when z, is very large.

In the expressions of the total current and potential difference
at condenser, in equations (11), (¢, — E cos 6,) is the difference
between the potential difference at the condenser and the
impressed e.m.f., at the instant of starting of the oscillation, or
the voltage consumed by the line impedance, and this is small
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if the current is not excessive. Thus, neglecting the terms with
(e, — E cos 0,), equations (11) assume the form

. E . - =
1=——sin (0 — 0,) + 7¢ Ztocos\/ﬁg
z, z

and
s

r —

)
e,=Ecos(0—0,) +i,Vzze ** sin\fsg;
T

that is, the oscillation of current is of the amplitude of full-load
current, and the oscillation of condenser potential difference is
of the amplitude i,Vz z,-

z x, is the ratio of inductance voltage to condenser current, in.
fractions of fullload voltage and current. We have, therefore,

iwrz - ik

Thus in circuits of very high inductance L and relatively low
capacity C, 7,z z, may be much higher than the impressed
e.m.f., and a serious rise of potential occur when opgning the
circuit under load, while in low inductance cables of high capacity
i,Vzz, is moderate; that is, the inductance, by tending to
maintain the current, generates an e.m.f., producing a rise in
potential, while capacity exerts a cushioning effect. - Low
inductance and high capacity thus are of advantage when
breaking full-load current in a circuit.

68. (b) If a transmission line containing resistance, induc-
tance, and capacity is short-circuited, and the short-circuit
suddenly opened at time ¢ = 0, we have, for ¢ <0,

e, =0
. E
and i =—cos @—0,—v),
. - (19)
where 2=Vt

T .
and tany = =
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thus, at time ¢ = 0,

E .
- cos @, + 7). (20)

T, =
Substituting these values of e, and 7, in equations (9) gives

E -0 7, r.
i =Zcos (0,4 y)e 2° ;cos\/;ﬂ— __sm\/: 0;
z .( o) T 2Vzz, z

and

"
CA

E g0
~ 0o O+ y)e ** Azr.sin \/_%0,

or, neglecting terms of secondary magnitude,

) E -5 z,
o = -¢ % cos (f,+ v) cos\/%&
and . (1)

Vi, -5 A
E :z% * cos (6, + ) sxn\/z—”(i;

"
e =

that is, 9/ is of the magnitude of short-circuit current, and
e of higher magnitude than the impressed e.m.f., since z is
small compared with v/zz,,

The total values of current and condenser potential difference,
from equation (11), are

-
'L'=—Esin(0—ﬁo) +Es_2‘”’§c°s(0“+7)
z, 2
Ze, , COSO, . /o,
€os \/—‘0-{-“"5111\/;0;
¢ " Vzz, z
and (22)
)
e, =Hcos (0 —0,)—E 2= gcos 00005\/%0

_ Vg, k), Ve,
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or approximately, since all terms are negligible compared with
2" and 61'“,

B -5 5, 1
i=—e * .cos @+ 7 cos\/%ﬂ

and

BEVzz, —55° .
e, = zzxcs 2 cos (0,+ 7) sm\/%ﬁ.

(23)

These values are a maximum, if the circuit is opened at the
moment 0, = — 7, that is, at the maximum value of the short-
cireuit current, and are then

. B -5 z,
i=—c % cos\/=0
2 x
and @4
zz, . ~d0 . [z,
e, = © Be siny/ = a.

The amplitude of oscillation of the condenser potential dif-
ference is

or, neglecting ‘the line resistance, as rough approximation,

z =2,
2,

o,
z

that is, the potential difference at the condenser is increased
above the impressed e.m.f. in the proportion of the square root
of the ratio of condensive reactance to inductive reactance, or
inversely proportional to the square root of inductance voltage
times capacity current, as fraction of the impressed voltage and
the full-load current. Thus, in this case, the rise of voltage is
excessive.

The minimum intensity of the oscillation due to rupturing
short-circuit occurs if the circuit is broken at the moment
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0, =90° — r, that.is, at the zero value of the short-circuit current.
Then we have

. E E  -g0. . |z
1= ——cos (0 —c 2%g =0
erEco @+7+ Vi in y sin \/ -

and (25)

e=Esin(0+7y) - EsaﬂﬂsianOS\/%-ﬂ;

that is, the potential difference at the condenser is less than twice
the impressed e.m.f.; therefore is moderate. Hence, a short-
cireuit can be opened safely only at or near the zero value of the
short-cireuit current.
The phenomenon ceases to be oscillating, ‘and becomes an
ordinary logarithmic discharge, if V7= 4 zx, is real, or
r>2vzz,

Some examples may illustrate the phenomena discussed in the
preceding paragraphs.

69. Let, in a transmission line carrying 100 amperes at full
load, under an impressed e.m.f. of 20,000 volts, the resistance
drop = 8 per cent, the inductance voltage = 15 per cent of the
impressed voltage, and the charging current =8 per cent of full-
load current. Assuming 1 per cent resistance drop in the
step-up transformers, and a reactance voltage of 2% per cent,
the resistance drop between the constant potential generator
terminals and the middle of the transmission line is then 5 per
cent, or r = 10 ohms, and the inductance voltage is 10 per
cent, or = 20 ohms. The charging current of the line is 8
amperes, thus the condensive reactance z, = 2500 ohms.

Then, assuming a sine wave of impressed e.m.f., we have

E = 20,000 v2 = 28,280 volts;
v =—11.3sin (0 — 0,);
e/ = 28,280 cos (0 — 0,);
7 =-— 113 **’[sin 0, cos 11.2 0 — 11.2 cos 6, sin 11.2 7],
and e’ =—28,280 c=*[cos 0, cos 11.2 0 + (0.0222 cos 0,
+0.0283 sin 6,) sin 11.2 6]
= —28,280 "% cos 0, cos 11.2 0.
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Therefore the oscillations produced in starting the trans-
mission hne are
= — 11.3[sin (0 — 0,) + ¢ **°(sin 6, cos 11.2 4
—~ 11.2 cos 0, sin 11.2 0)]
and e = 28,280 {cos (0— 0,) —™**?[cos O, cos 11.2 0
4 (0.0222 ¢os 0, + 0.0283 sin 0,) sin 11.2 0]}
2= 28,280 [cos (0 — 0,)— 7% cos 0, cos 11.2 0].

E={28,280 volts| |, = 2500 obms
NENNAYS ] I Lol
i o T 7|20 ghm
— 2 ( 1 \
80— 40 7 v \ 7 / X
. / et \ / s
050 T T /
. !
o-gaoly T E Tl ;
L0510 - + T Pkt i
0—H— ! L \ \ T\ | !
] 0 R S T s o N N X
20 —-10 LA T NG i
| ! \ ! VN
-40—-20 L £ 3
0 7 !
T ' ’ A .
0—-30 v 1 ¥ i T A
" 1} i ) v ’
® / A oo
B # N[
1 N ST I
0 ) 20 E) 0 50 60 0 80 %0 10
Degrees
Fig, 27. Starting of a transmission line.
0 p—r == =
% - !
s T = 58,280 volts
20——20 - 22 =10 Ohma.
5 =~ - B 2 =20 ohmp
15— 215 % hi
8735 |7 g4 R
3 vl L 15\ / N 6y 90
J0—E W et Y N
/ [ /
= 7 <
g5 7 NI N e
0—0 N \ ===~
s | L
10- 10 £

0 10 20 0 4“0 50 60 0 80 90 109
Degrees

Fig. 28, Starting of a transmission line.
Hence the maximum values for 6, = 0, are
7 = —11.3 (sing — 11.2 ¢™**° sin 11.2 ()
and e, = 28,280 [cos f—&~"%? (cos 11.2 §+0.0222 sin 11.2 0)]
= 28,280 (cos 0 — ¢™"* ¢os 11.2 0),
and the minimum values, for g, = 90°, are
7 =113 (cos 0 — ™% ¢0511.20)
and e, = 28,280 (sin 6 —0.0283 ¢~"*% sin 11,2 0)
== 28,280 sin 0
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These values are plotted in Figs. 27 and 28, with the current, 1,
in dotted and the potential difference, e,, in drawn line. The
stationary values are plotted also,in thin lines, ¢ and ¢/, respec-

tively.
(a) Opening the circuit under full load, we have
1 =—11.3sin (6 — ;) + 4s"*% cos 11.20
and e, = 28,280 cos (0 — 0,) + 224 %,¢ "*’sin 11.2 0.

w0l L Ty=144 ajop| [% = 20 ohms
1Y < = 1 3 my—i——
50——100 Y Y =410 Shmls 0= 0
3 =
i VAR Fi? Fay
0. 0 f e ) / '\ \ 1N
= i 7
20 20 A “_7L-*‘— \ l A / 3
. + i 1 v
f0—g il [\ : na WA TN [
4 K] i i / i I / —— i T
o et \ - !
-10—-2 4 i - A - =
v
20— -40 b ! A \ ;
! \ ; \ !
-30—-80 L} L I
7 T
0 i i i /
\ [’ A f NS
-0 N T N7
120 A f -
A N
0 10 2 30 40 5 6 1 8 w0 100
Degrees .
Fig. 20. Opening a loaded transmission line.

These values are maximum for §, = 0 and non-inductive
circuit, or 7, = 141.4, and are
i=—113sin0 + 1414 %% c0s 1120
and e, = 28,280 cos + 31,600~ Mv” sin 11.20.
These values are plotted, in Fig. 29, in the same manner a8

Figs. 27 and 28.
(b) Rupturing the line under short-circuit, we have

z =224

1265 cos (0, + 7);

I

and 1y
and therefore
1 =— 113sin (0 — 0,) 4+ 1265 "**[cos (0, + 1)
cos 11.20 + 0.1 cos 0, sin 11.2 6]
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and e, = 28,280 {cos (0 — 0,) — € *®°[cos §, cos 11.2 0
— 10 cos (0, + 7) sin 11.2 6]},
These values are a maximum for 6, = — y = — 63°, thus
i =—113sin (0 + 63°) + 1265 <% (cos 11.2 0
+ 0.044 sin 11.2 0)
and e, = 28,280 cos (f + 63°)— 282,800 ¢ **° (0.044 cos 11.2 0
— sin 11.20);

that is, the potential difference rises about tenfold, to 282,800
volts. These values are plotted in Fig. 30.

\ — T 1285 anlp. | & =20 ghwmb
“1000. o\ ) =26, 280_vOts. Ze=2500 ohme,
00 o \01 [iIR\Ya) =10 dhm ZTs [60% _
a AY "
P A TN A Y AR
400—2-100 [ i ! ‘\. i [ i
o 1 IO )
s w T
0. “. \\ ’i / v 1] / N ) + m
— \ ] \ A I}
-4: Tﬁ ) ,, \‘ ‘, / ' it /
|| PN |/ S RIAL
1} 7 | <[
2000 \
o i - 1
0 0 2 80 40 80 0 ERE 100
Degrees

Fig. 80. Opening a short-circuited transmission line.

70. On an experimental 10,000-volt, 40-cycle line, when a
destructive e.m.f. was produced by a short-circuiting are, the
author observed a drop in generator e.m.f. to about 5000 volts,
due to the limited .machine capacity. The resistance of the
system was very low, about r = 1 ohm, while the inductive
reactance may be estimated as ¢ = 10 ohms, and the condensive
reactance as z, = 20,000 ohms. Therefore tan y = 10, or
approximately, r = 90°.

Herefrom it follows that

¢ =707 ¢ *%%c0s 44,7 0
and
¢, = 316,000 "% sin 44.7 0;
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that is, the oscillation has a frequency of about 1800 cycles per
second and a maximum e.m.f. of nearly one-third million volts,
which fully accounts for its disruptive effects.

71. As conclusion, it follows herefrom:

1. A most important source of destructive high voltage
phenomena in high potential circuits containing inductance and
capacity are the electric oscillations produced by achange of
circuit conditions, as starting, opening circuit, ete.

2. These phenomena are essentially independent of the fre-
quency and the wave shape of the impressed e.m.f., but de-
pend upon the conditions under which the cireuit is changed,
as the manner of change and the point of the impressed e.m.f.
and current wave at which the change occurs.

3. The electric oscillations occurring in connecting a trans-
mission line'to the generator are not of dangerous potential, but
the oscillations produced by opening the transmission circuit
under load may reach destructive voltages, and the oscillations
caused by interrupting a short-circuit are liable to reach voltages
far beyond the strength of any insulation. Thus special pre-
cautions should be taken in opening a high potential circuit
under load. But the most dangerous phenomenon is a low
resistance short-circuit in open space.

4. The voltages produced by the oscillations in open-circuiting
a transmission line under load or under short-circuit are mod-
erate if the opening of the circuit occurs at a certain point of
the e.m.f. wave. This point approximately coincides with the
moment of zero current.



CHAPTER IX.

DIVIDED CIRCUIT.

72. A circuit consisting of two branches or multiple circuits
1 and 2 may be supplied, over a line or circuit 3, with an impressed
ea.f., e,

Let, in such a circuit, shown diagrammatically in Fig 31,
vy Ly, C, and r,, L,, C, = resistance, inductance, and capacity,
respectively, of the two branch circuits 1 and 2; ry, Ly, Co=

0
o

Fig. 81. Divided circuit.

resistance, inductance, and capacity of the undivided part of the
circuit, 3. Furthermore let ¢ = potential difference at terminals
of branch cireuits 1 and 2, 7, and 14, respectively = currents in
branch cireuits 1 and 2, and 7, = current in undivided part of
cireuit, 3.

Then Ty =19 + 1, @

and e.m.f. at the terminals of circuit 1 is

dr, 1
e=rfg, + L=+ [4,.dt @)
171 ldt Cl 1 tl
of circuit 2 is
&, 1
e=rg,+ L2+ = |1, di, ®)
. 272 Bdt CV2 2

121
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and of cireuit 3 is
d. 1 .
e, =€+ 74, +_L‘,d—t“ + 7Jh dt. )
0

Instead of the inductances, L, and capacities, CZ it is usually

preferable, even in direct-current circuits, to introduce the
. 1

reactances, © = 2 zfL = inductive reactance, z, = WC—' = con-

densive reaéta,nce, referred to a standard frequency, such as
f = 60 cycles per second. Instead of the time f, then, an angle

0 =2xft ®)
is introduced, and then we have
di oz dido &

——— =7

di 2efdod T
and ) /‘ : / ©
= Jidi =27 —df = 3
aJi dt fzpfdocll) z, | 1do,
dt
since
do
— = 2zf.
dt 7

Hereby resistance, inductance, and capacity are expressed in
the same units, ohms.

Time is expressed by an angle 0 so that 360 degrees correspond
to 5 of a second, and the time effects thus are directly com-
parable with the phenomena on a 60-cycle circuit.

A better conception of the size or magnitude of inductance
and capacity is secured. Since inductance and capacity arc
mostly observed and of importance in alternating-current cir-
cuits, a reactor having an inductive reactance of z ohms and
© amperes conveys to the engineer a more definite meaning as
regards size: it has a volt-ampere capacity of 7z, that is, the
approximate size of a transformer of half this capacity, or of a

-

iz
—2-—wa.tt transformer. A reactor having an inductance of I,

henrys and ¢ amperes, however, conveys very little meaning to
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the engineer who is mainly familiar with the effect of inductance
in alternating-current circuits.

Substituting therefore (5) and (6) in equations (2), (3), (4),
gives the e.m.f. in circuit 1 as

e=rt + xl% + ‘xﬁfz" dao; 7)
in circuit 2 as )

e=rgi2+xz%+zqfizrl0; ()]
in circuit 3 as )

eo=e+roi3+.vﬂ%+ xcﬂfiudﬂ; 9

hence, the potential differences at the condenser terminals are

e,= 1, [1.'1 d) =e—rg, — =, E: (10)
. d,
eg=1:(=fm,(lﬁ=e— T, — T, ;0’ (11
. . di,
and e,= xc..f% df =e, —e— 1y, — Tgp 12)

Differentiating equations (7), (8), and (9), to eliminate the
integral, gives as differential equations of the divided circuit:

a*, di, . de

1‘dﬂ’+r‘d T =g 13)
. & de
3 2 =— 14
g Tt T g a
&4, du, de, de
and x°d02+r"d3+ xc.ﬂs_ﬁ—gg' 15)

Subtracting (14) from (13) gives

&, di, )
16
(s G+ 7 + ) (”’daf”*df’w 0- (6
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Multiplying (15) by and adchng thereto (13) and (14), gives,
by substltutmv M), 15 =1, + 7y

& .
(2x0+zl) L@, 1) 3 Ly @, + )i, +

d02
den
dﬁ"’ dﬂ

These two differential equations (16) and (17) are integrated
by the functions

(—4 z, + zz) (4 Ty + T) + 2 Ty T+ x(,)Lz = (17)

=i/ + A4,
and (18)
1, =1, + A,
where 7,” and 7, are the permanent values of current, and
= A~ and 1, = A, are the transient current terms.
Substituting (IQ) in (16) and (17) gives
o i) (a5 )
cge Ty T T :
+ A @, —ar, +x,) — A~ (@, —ar,+2,) =0 (19).

and

i, .
(—’50+T) +(~70+T)d‘9 @z, +1::)'L/+(2220+1}2)

rl/)“
21, + T) + @, + )i, + Ae¥{a? (2 z,+1,)

—-a(Zr + 1)+ ( Zﬂccﬂ-{-x“)} + A {0 @z, + x,)
de,

—a@rytr)+ @, +x,)} =2 Eﬁo (20)

738. For (0 = =, the exponential terms eliminate, and there
remain the differential equations of the permanent terms
2,/ and 7/, thus

d.’!'/ d d?_'l !
( ha SR +x“1,> (xz—i’—+r2(?—;+ '61,2) -0 @

e " do dao*
and
di,’ . '
@z, + x,) dﬁ’ + (.dr +r,) l‘ + R, + )1/ +Qx+ )
&, de
et @) s @ot g =20, @)
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The solution of these equations (21) and (22) is the usual
equation of electrical engineering, giving ¢, and i,’ as sine waves
if the em.f., e, is a sine wave; giving ¢ and 4, as constant
quantities 1f e, is constant and z, and elther z,, or z,, or both
vanish, and giving ¢/ and 4," = 0 if either z,, or both 7, and
z,, differ from zero.

Subtxactmg (21) and (22) from (19) and (20) leaves as dif-
ferential equations of the transient terms 7,” and 4,7,

e~ {4, (@, — ar, + z,) — A, (@*z, — ar, + )} =0 (23)
and
e {A @ Cr t ) —a @+ 1) + Qx + )]+ 4,
[ @z, +2) —a@ry+1) + 2z, +2,)]} = 0. (24)

Introducing a new constant B, these equations give, {rom (23),

4, =B (@, —ar, + z,)
and (25)
4, =B (a’z, — ar, + z,);
then substituting (25) in (24) gives
(@’x, — ar, + z,) [ Rz, + 2) —a@ry+ 1) + 22, + z,)]
+ (@2, — ary + 2 )@@ x + 3,) —aCry + 1)+ (2,
+2,)] =0, (26)
while B remains indeterminate as integration constant.

Quartic equation (26) gives four values of a, which may be all
real, or two real and two conjugate imaginary, or two pairs of
conjugate imaginary roots.

Rearranged, equation (26) gives

. a‘“(IuI'x + Z, + 2;1332) —-a {7‘0 (xx + 132) + 7y (‘to + I‘z)

+ 1y (2, + T;)} +a {(anx + 1y ) e, (z, + x,)

+ Le, (Lo‘{' T‘z) + Lo, (’Eu+ xx)} —a {IED(T1+ Tz) + Te, (Ta+ Tz)

+ 3, Oy + 1)} @, F o, + 7,2, = 0. @7)

Let a,, a,, a,, a, be the four roots of this quartic equation (27);
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then
1, =1/ +B, (0,22, — a1, + 1) e+ B, (a,'v,— ay, +1,)
+ By (@20, — a,+ 2,,) ™ + B, (a72,— ar,+ 2,) 40 (28)

and
5, =1+ B, (@%,—ar, +2,) ™% + B, (a2, — ay, +3,) e
+ By (a/r,— aj + 3,) e+ B, (a2, — ag,+ ) e (29)

where the integration constants B,, B,, B, and B, are deter-
mined by the terminal conditions: the currents and condenser
potentials at zero time, 0 = (. .

The quartic equation (27) usually has to be solved by approxi-
mation.

T4. Special Cases: Continuous-current divided circuit, with
resistance and inductance but no capacity, e,= constant.

ry L,

Fig. 32. Divided continuous-current circuit without capacity.

In such a circuit, shown diagrammatically in TFig. 32, equations
(7), (8), and (9) are greatly simplified by the absence of the
integral, and we have

, d,
e=rg + Z‘E@I’ (30)
. di, '
€ =Ty, + 2, —(;’ (31)
. i,
and : & = ¢t riy+ 1,50 @®2)

(30) and (31) combined give

, . ar, de,
Ty = Ty, + zld_ﬂl "%% =0. (33)
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Substituting (1), 7, = 1, + 12, in (32), multiplying it by 2 and
adding thereto (30) and (31), gives

dic
(27*+T)'L+(‘770+r)12 + 2zt )zlll 34)
+(—‘x+772)

Equations (33) and (34) are integrated by
=1/ + A:E_M 1

and o
1, =1 + A%

35

—

Substituting (35) in (33) and (34) gives

(rd) — 1)) + " A (r,— az,) — A,(r, — ax,)i=

and 1

2e,=Cry+r)e/+ Cro+r)i) +e7 A [@r, + 1) ‘
—a@x + )]+ 4,[Cr +r)—a@z, + )}

These equations resolve into the equations of permanent
state, thus

X Ty, =0
and @ry+r)e/ +@ry+r)1 =2e,.
., T,
Hence, W=
(36)
and i) = eyt
2 0 7,2
where ™= Ty T, + Ty (37)

and the transient equations having the coefficients
A (r,—ozx)—A,(r,—az,) =0
and
A [@ry+ 1) —a@am + )]+ 4,[Cr, + 1)
—aQ@z+z)]=0. /
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Herefrom it follows that
Al =B (Tz - axz)

and 38)
4,=B(@r, —axy,

and
@ (T, T LTy g, — alr (z, + @) + 1y (xo + z,)
+ 7y (z, + xl)] + (rgry + 7T + 7172) =0, (39)
B = indefinite. (40)

Substituting the abbre¥iations,
T, F Ty T T, = 2%,
L S +rr, = 7,
and (41)
7o (xy + @) 7y (@ + 1) T (0 ) =T, (ry + 1)
+ o, (g + 7)) T (ro + ) = &,
gives (39)

@ —ast + 1 =0, (42)
hence two roots,
£ —q
&= 22
and “43)
&+ ¢ .
“= T
where ¢ = —4ird. (44)

The two roots of equation (42), a, and a,, are always real, since
in ¢
st > 412 /
as seen by substituting (41) therein.
The final integral equations thus are

. T, _#-gy

1,=¢, T— +(r,—azx,) Be 2%+ (ry—a,y) B,

and (45)
r 2 s24¢

iz=eu'r_;l»+(7'1_a1z1) B1£~ 25 +(T1—azz1) 325— 2
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B, and B, are determined by the terminal conditions, as the
currents 7, and 1, at the start, 0 = 0.
Let, at zero time, or 0 = 0,

and (46)

| = g 0.
Ty =1

then, substituting in (45), we have
ixo =& :_j + (Tz - (lez) B1 + (r, — az%) Bz
and (€

r
€, T_; + (T1 - alml) B1 + (Tl - ale) B2;

x
1

and herefrom calculate B, and B,.

75. For instance, in a continuous-current circuit, let the
impressed e.m.f., ¢, = 120 volts; the resistance of the undivided
part of the circuit, r, = 20 ohms; the reactance, x, = 20 ohms;
the resistance of one of the branches, r, = 20 ohms; the reactance,
z, = 40 ohms, and the resistance of the other branch, r, =
5 ohms, the reactance, z, = 200 ohms.

Thus one of the branches is of low resistance and high react-
ance, the other of high resistance and moderate reactance.

The permanent values of the currents, (* = 600), are

i/ = 1amp. 3
and f
1, = 4 amp.
(a) Assuming now the resistance r, suddenly decreased from
r, = 20 ohms to r, = 15 ohms, we have the permanent values

of current as

1,/ = 1.265 amp.
and

4,/ = 5.06 amp.

The previous values of currents, and thus the values of currents
at the moment of start, 0 =.0, are

4,0 = 1 amp.
and

7,0 = 4 amp.
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therefrom follow the equations of currents, by substitution in
the preceding,

7, = 1.265 + 0455 ¢ ***? — 0.720 &0 }

and
1, = 5,06 — 1.038 &~ *"* ¢ — (.022 &~ 50,

(b) Assuming now the resistance r, suddenly raised again
from 7, = 15 ohms to r, = 20 ohms, leaving everythmg else
the same, we have

2," = 1.265 amp.
and }

7,0 = 5.06 amp.;

and then

7:1 — 1 _ 0‘528 E-—(LOS!WB + 0.793 5—0.5146
and }

1, =4 + 1.018 %70 4 0,042 ¢ OE

(c) Assuming now the resistance r, suddenly raised from
r, = 20 ohms to r, = 25 ohms, gives

7, = 0.828 — 0.374 &% 4 0.546 ¢ ™
and }
1, = 3.312 + 0.649 ¢ "% + (.039 &~ *™°,

(d) Assuming now the resistance r, lowered again from r, =
25 ohims to r, = 20 ohms, gives

=14+ 0.342¢ —0.00070 __ 0.514 ¢—0010
and ]?
7, =4 — 0.660 &% — 0,028 ¢~ ¢, J

76. In Fig. 33 are shown the variations of currents 7, and 7,,
resultant from a sudden variation of the resistance r, from 20
to 15, back to 20, to 25, and back again to 20 ohms. As seen,
the readjustment of current 7,, that is, the current in the induec-
tive branch of the circuit, to its permanent condition, is very
slow and gradual. Current 7,, however, not only changes very
rapidly with a change of 7, but overreaches greatly; that is, a
decrease of r, causes 7, to increase rapidly to a temporary value
far in excess of the permanent increase, and then gradually 7,
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falls back to its normal, and inversely with an increase of T
Hence, any change of the main current is greatly exaggerated
in the temporary component of current ¢,; a permanent change
of about 20 per cent in the total current results in a practically
instantaneous change of the branch cwrrent 7, by about 50 per
cent in the present instance.

Thus, where any effect should be produced by a change of
current, or of voltage, as a control of the circuit effected thereby,
the action is made far more sensitive and quicker by shunting
the operating circuit 4,, of as low inductance as possible, across

|1'0|=]20] 15, 20, 25, 20 ghms
. 1 (L [#o[=|20[olim
e g Y
8 inductivp Branch: [p|=(5 ohms
2 %a|=|200 ohms |.
1 :
.0
g | |
g 1
<15
B
~]
10 = 1 T
U
05 Resistive Branch: |7;|=|20/obm:
o T = muhms
. [l
0=0 20 40 0 2 49 0 2 4 0 20 4

Fig. 83. Cuwrrent in divided continuous-current circuit resulting from sudden
variations in resistance.

a high inductance of as low resistance as possible. The sudden
and temporary excess of the change of current 7, takes care of
the increased friction of rest in setting the operating mechanism
in motion, and gives a quicker reaction than a mechanism
operated directly by the main current.

This arrangement has been proposed for the operation of arc
lamps of high arc voltage from constant potential circuits.
The operating magnet, being in the circuit 7,, more or less
anticipates the change of arc resistance by temporarily over-
reaching.

77. The temporary increase of the voltage, e, across the
branch circuit, 7,, corresponding to the temporary excess current
of this circuit, may, however, result in harmful effects, as de-
struction of measuring instruments by the temporary excess

voltage.
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“Let, for instance, in a circuit of impressed continuous e.m.f.,
e, = 600 volts, as an electric railway circuit, the resistance of
the circuit equal 25 ohms, the inductive reactance 44 ohms.
This gives a permanent current of 7/ = 24 amperes.

Let now a small part of the circuit, of resistance r, = 1 chm,
but including most of the reactance x, = 40 ohms — as a motor
gseries field winding — be shunted by a voltmeter, and r, = 1000
ohms = resistance, z, =40 ohms = reactance of the volt-
meter circuit.

In permanent condition the voltmeter reads s X 600 = 24
volts, but any change of circuit condition, as a sudden decrease
or increase of supply voltage e,, results in the appearance of a
temporary term which may greatly increase the voltage impressed
upon the voltmeter.

In this divided cireuit, the constants are: undivided part of
the circuit, r, = 24 ohms; z, = 4 ohms; first branch, voltmeter
(practically non-inductive), r, = 1000 ohms, =z, =40 ohms;
second branch, motor field, highly induective, r, = 1 ohm, z, =
40 ohms.

(@) Assuming now the impressed e.m.f., e, suddenly dropped
from e, = 600 volts to e, = 540 volts, that is, by 10 per cent,
gives the equations

4, = 0.0216 — 0.0806 ¢~ 2% 1 0.0830 s‘“'“’]
and I
6, = 216 + 2407 50 — 0,007 0,

(b) Assuming now the voltage, e,, suddenly raised again from
e, = 540 volts to ¢, = 600 volts, gives the equations

4, = 0.024 + 0.0806 ¢~°%2% — (.0830 ¢~ 1¢
and
i, = 24 — 2407 7050 4 0,007 B

The voltage, e, across the voltmeter, or on circuit 1, is

o di S
e =i+ 3,50 = 10004 F 7.9 g g2

where i =e—-
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Hence, in case (a), drop of impressed voltage, ¢,, by 10 per cent,
6 =216 — 77.9 0 4 (27277, s

and in (), rise of impressed voltage, S/
e =240+ 7797080 _ g0 .72810
This voltage, ¢, in the two cases, is plotted in Fig. 34. As

seen, during the transition of the voltmeter reading from 21.6
to 24.0 volts, the voltage momentarily rises to 95.7 volts, or

T TTT
po( ] v 1 [
80 | ( _%
70 ’ - ]
0 -1
901 1/sits Towerda from 000[to[5d 7 J:
23] | N }
= P
P?,;, = Volts Taisad from 54010600
2 Totu Oirehit!7o|=25 dhrs] _[@g=44 ohms.
[Tnutife P L 30 ohuis
741000 obls. | ,=10[ohime.
-4 L L_l
ZsoL L/ [T
0=0 1 2 3 4 5 0 1 2 8 4 3

Tig. 84. Voltage across inductive apparatus in series with circuit of high
resistance.

four times its permanent value, and during the decrease of
permanent voltage from 24.0 to 21 6 volts the voltmeter momen-
tarily reverses, going to 50.1 volts in reverse direction.

In a high voltage direct-current circuit, a voltmeter shunted
across a low resistance7 if this resistance is highly inductive, is in
danger of destruction by any sudden change of voltage or current
in the circuit, even if the permanent value of the voltage is well
within the safe range of the voltmeter.

CAPACITY SHUNTING A PART OF A CONTINUOUS-CURRENT
CIRCUIT.

78. A circuit of resistance r, and inductive reactance z, is
shunted by the condensive reactance z,, and supplied over the
resistance r, and the inductive reactance z, by a continuous
impressed e.m.f., &, as shown diagrammatically in Fig. 35.
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In the undivided cireuit,

dv, | di,
e=etm G +i) + o (Gt +3). 48)
In the inductive branch,
i, .
e = 7'1@1 +3 5 40 * (49)
In the condenser branch,
¢ =z, f i, do. (50)
[
l
0,7z,

1 Ly, ‘

Fig. 835. Suppression of pulsations in direct-current circuits by series induc-
tance and shunted capacity.

- Eliminating e gives, from (48) and (49),
= (ry+ 1) i, + (z, + z,) + 7ty + xo:iw (51)
and from (49) and (50),

fzdﬁ—rz +'cli—0 (52)

Differentiating (52), to eliminate the integral,

. di d%,
Ty =7y Ej + dﬂz * (53)
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Substituting (53) in (51), and rearranging,
6= (g + 1) % + ln g (rory + 2,3, + 2,2,) %
+ (rgr, + 7 :z:o) + z, x‘f;; % ; (54)

o differential equation of third order.
This resolves into the permanent term

ey = (r, + 1)1/,

) [
hence, (A i (55)
and a transient term
=AY, (56)
that is,
=4/ 4+ A= = —ab, 57
= P (57)

Equation (57) substituted in (54) gives as equation of a,
Te (To + Tl) —a (Turx + 22, + xcxx) +a (7'031 + Tlmo) - a’axoxl =0,
or
f_¢@+@+a@1+ﬁ+@_aﬂiﬁ=a(@
o Ty Ty Ty Ty Ty

while A remains indefinite as integration constant.

Equation (58) has three roots, a,, a,, and a,, which either are
all three real, when the phenomenon is logarithmic, or, one

real and two imaginary, when the phenomenon is oscillating.
The integral equa‘cion for the current in branch 1 is

+ A e‘“" + Ag by 4 5'““ ; (59)

;

! Tu + 1
the current in branch 2 is by (53)
. 1 & i,
b= ( gt d@)
= % {— a, (ry—az) A e_aﬁ —a, (r, — a,2) Azs_uza

— a, (r, — az,) Ag™"’}, . (60)
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and the potential difference at the condenser is

i,
e =, f’l«“dﬁ-—TlLl + 2, W

To + Py =t (r, — a,3,) A+ (o, — azix) Agmene

F (= ayz) A SN G))

In the case of an oscillatory change, equations (59), (60), and
(61) appear in complex imaginary form, and therefore have to
be reduced to trigonometric functions.

The three integration constants, 4,, 4,, and A, are deter-
mined by the three terminal conditions, at 0 =0, 4, = ,°,
T, =10 e =¢.

79. As numerical example may be considered a circuit having
the constants, e, = 110 volts; r, =1 ohm; z, = 10 ohms;
r, = 10 ohms; z, = 100 ohms, and z, = 10 chms.

In other words, a continuous e.m.f. of 110 volts supplies,
over a line of 7, = 1 ohm resistance, a circuit of », = 10 ohms
resistance. An inductive reactance z, = 10 ohms is inserted
into the line, and an inductive reactance z, = 100 ohms in the
load circuit, and the latter shunted by a condensive reactance of
x, = 10 ohins.

Then, substituting in equation (58),

@ —-02a¢+ 111a- 011 =
This cubic equation gives by approximation one root, a, = 0.1,
and, divided by (e — 0.1), leaves the quadratic equation
@ —0la+11=0,
which gives the complex imaginary roots a,.= 0.05 — 1.047 j
and a; = 0.05 + 1.047 j; then from the equation of current,
by substituting trigonometric funetions for the exponential
functions with imaginary exponent, we get the equation for the
load current as
iy, =1 + A + &% (B cos 1.047 0 + B, sin 1.047 6),
the condenser potential as ‘
e= 107/ + <*®*{(5 B, + 104.7 B,) cos 1.047 § — (104.7 B,
— 5 B,) sin 1.047 6},
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and the condenser current as
1, = 10.9 7% { B, cos 1.047 0 + B, sin 1.047 6}.

At e, = 110 volts impressed, the permanent currentis,/ = 10
amp., the permanent condenser potential is ¢/ = 100 volts, and
the permanent condenser current is 7,/ = 0.

Assuming now the voltage, ¢,, suddenly dropped by 10 per
cent, from ¢, = 110 volts to e, = 99 volts, gives the permanent
current as 1,/ = 9 amp. At the moment of drop of voltage,
0 =0, we have, however, 7, =7 = 10 amp.; ¢ = ¢ = 100
volts, and 4, = 0; hence, substituting these numerical values
into the above equations of 7, ¢, 7,, gives the three integration
constants:

4, =1; B, =0, and B, = 0.0955;
therefore the load current is
T, =9+ % 4 0.0955 e ""? sin 1.047 0,
the condenser current is
1, = 1.05 %% gin 1.047 6,
and the condenser, or load, voltage is
e =90 + ¢ %% (10 cos 1.047 0 + 0.48 sin 1.047 ).
Without the condenser, the equation of current would be
1 =9+ "0,

In this combination of circuits with shunted condensive
reactance x,, at the moment of the voltage drop, or § = 0, the
rate of change of the load current is, approximately,

% = [— 016701 4 0.0055 X 1.047¢™"%? cos 1.047 6], = 0,

while without the condenser it would be

%= [— 0.1 = — 0.1,

80. By shunting the circuit with capacity, the current in the
circuit cdloes not instantly begin to change with a change or
fluctuation of impressed c.m.f.
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In Fig. 36 is plotted, with 0 as abscissas, the change of the
current, %,, in per cent, resulting from an instantaneous change
of impressed e.m.f., e,, of 10 per cent, with condenser in shunt
to the load circuit, and without condenser.

As seen, at § = 172° = 3.0 radians, both currents, 7, with the
condenser and ¢ without condenser, have dropped by the same

2.6

1ye]
I
7

24 ]
%y L 10 ohins
227,53 dnd serjes 7
2.0 7= 10 ohins
7y L 100 ohns
1.8 I-Shunted capucity
16 %o == 10 ohins
E14
H LA
512
A &
os kd 5/
: A4y
05
04
0.2

0 ]
6 =04 0.8 12 1.6 2.0 24 28

Fig. 86. Suppression of pulsations in direct-current circuits by series induc- .
tance and shunted capacity. Effect of 10 per cent drop of voltage.

amount, 2.6 per cent. But at § = 57.3° = 1.0 radian, ¢; has
dropped only § per cent., and % nearly 1 per cent, and at § = 24°,
11 has not yet dropped at all, while 7 has dropped by 0.38 per cent.

That is, without condenser, all pulsations of the impressed
e.am.f., ¢, appear in the load circuit as pulsations of the current,
%, of a magnitude reduced the more the shorter the duration of
the pulsation. After 0 = 60°, or t= 0.00275 seconds, the
pulsation of the current has reached 10 per cent of the pulsation
of impressed e.m.f.

With a condenser in shunt to the load circuit, the pulsation
of current in the load circuit is still zero after & = 24°, or after
0.001 seconds, and reaches 1.25 per cent of the pulsation of
impressed e.m.f., e, after & = 60°, or ¢ = 0.00275 seconds.

A pulsation of the impressed e.m.f., &, of a frequency higher
than 250 eyeles, practically cannot penetrate to the load cireuit,
that is, does not appear at all in the load current 1, regardless
of how much a pulsation of the impressed e.m.f., e,, it is, and a
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pulsation of impressed e.m.f., e, of a frequency of 120 cycles re-
appears in the load current 7,, reduced to 1 per cent of its value.

In cases where from a source of e.m.f., e, which contains a
slight high frequency pulsation — as the pulsation corresponding
to the commutator segments of a commutating machine— a
current is desired showing no pulsation whatever, as for instance
for the operation of a telephone exchange, a very high inductive
reactance in series with the circuit, and a condensive reactance
in shunt therewith, entirely eliminates all high frequency pulsa-
tions from the current, passing only harmless low frequency
pulsations at a greatly reduced amplitude.

81. As a further example is shown in Fig. 37 the pulsation
of & non-inductive circuit, z, = 0, of the resistance r, = 4 ohms,
shunted by a condensive reactance z, = 10 ohms, and supplied
over a line of resistance r, = 1 ohm and inductive reactance
z, = 10 ohms, by an impressed e.m.f., ¢, = 110 volts.

Due to z, = 0 equation (58) reduces to

¢ - afZe D)+ 2(1 42 =0,
7l.l xo xﬂ Tl

or, substituting numerical values,
@ —26a+125=0
and a, = 0.637, a, = 1.963;
that is, both roots are real, or the phenomenon is logarithmic.
‘We now have
,L'l —= ,,/'1/ + AIE-—O-&WO_I_ Azs—lnmﬂ’
1, = — 0.255 A0 —0.785 A,
and c=ri, =40 + A+ Ao,
The load current is
4,/ = 22 amp.

A reduction of the impresséd e.m.f., e,, by 10 per cent, or from
110 to 99 volts, gives the integration constants A, =326 and
A, = — 1.06; hence,

i, = 19.8 + 3.26 %7 — 1.06 L
i = —0.83 (‘—o.osvo_*_:—l.me)
" .83 (¢ E )

and e =41,
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Without a condenser, the equation of current would be
=19.8 + 2.2 &0,

In Fig. 37 is shown, with 0 as abscissas, the drop of current
1, and 7, in per cent.

Although here the change is logarithmic, while in the former
paragraph it was trigonometric, the result is the same—a very
great reduction, by the condenser, of the dxop of current imme-
diately after the change of e.am.f. However, in the present case

Supply o =110 yolts 1
2,5 10 dhns P

Toad| |[*1= |4ohms
Shuntefl o %
106k

o

£
o
2.
2|
N

s

Per cent

o

=02 04 06 08 10 12 14 16 18

Fig. 37. Suppression of pulsations in non-inductive direct-current circuits by
series inductance and shunted capacity. Effect of 10 per cent drop of
voltage.

the change of the circuit is far more rapid than in the preceding
case, due to the far lower inductive reactance of the present case.
For instance, after ¢ = 0.1, the drop of current, with condenser,
is 0.045 per cent, without condenser, 0.5 per cent. At 0 = 0.2,
the drop of current is 0.23 and 0.95 per cent respectively. For
longer times or larger values of 0, the difference produced by the
condenser becomes less and less.

This effect of a condenser across a direct-current circuit, ‘of
suppressing high frequency pulsations from reaching the circuit,
requires a very large capacity.



CHAPTER X.

MUTUAL INDUCTANCE.

82. In the preceding chapters, circuits have been considered
containing resistance, self-inductance, and capacity, but no
mutual inductance; that is, the phenomena which take place
in the circuit have been assumed as depending upon the impressed
e.m.f. and the constants of the circuit, but not upon the
phenomena taking place in any other circuit.

Of the magnetic flux produced by the current in a circuit
and interlinked with this circuit, a part may be interlinked with
a second circuit also, and so by its change generate an e.m.f. in
the second circuit, and part of the magnetic flux produced by

Fig. 38. Mutual inductance between circuits.

the current in a second circuit and interlinked with the second
circuit may be interlinked also with the first circuit, and a
change of current in the second circuit, that is, a change of
magnetic flux produced by the current in the second circuit,
then generates an e.m.f. in the first circuit.

Diagrammatically the mutual inductance between two circuits
can be sketched as shown by M in Fig. 38, by two coazial coils,
while the self<inductance is shown by a single coil L, and the
resistance by a zigzag line.

141
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The presence of mutual inductance, with a second circuit,
introduces into the equation of the circuit a term depending
upon the current in the second circuit.

If 7, = the current in the circuit and 7, = the resistance of
the circuit, then r7, = the e.m.f. consumed by the resistance
of the circuit. If L, = the inductance of the circuit, that is,
total number of interlinkages between the cireuit and the number
of lines of magnetic force produced by unit current in the circuit,
we have
di,

L1ﬂ

= e.m.f. consumed by the inductance,

where, ¢ = time.
If instead of time ¢ an angle § = 2 =ft is introduced, where f
is some standard frequency, as 60 cycles,

zl% = e.m.f. consumed by the inductance,
where 2, = 2 zfL, = inductive reactance.

If now M = mutual inductance between the circuit and
another circuit, that is, number of interlinkages of the circuit
with the magnetic flux produced by unit current in the second
cireuit, and 7, = the current in the second circuit, then

di, . .
M —L = e.mn.f. consumed by mutual inductance in the first
circuit,
(4 . .
N ;;" = e.m.f. consumed by mutual inductance in the second

circuit.

Introducing zm = 2afM = mutual reactance between the
two circuits, we have

@i,
x’"@= eam.f. consumed by mutual inductance in the. first

circuit,

di,
o dﬁ = e.m.f. consumed by mutual inductance in the second

circuit.

RN
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If now e, = the e.m.f. impressed upon the first circuit and
e, = the e.m.f. impressed upon the second circuit, the equations
of the circuits are

di, di .
ex=7111+x1d0+”m;1‘0“+2 fz1d0 (€8}
and
. di, di .
e, = T4, + x’dt? + xmgzi + 1, fzzdﬁ, 2

where 7, = the resistance, z, = 2zfL, = the inductive re-

1
actance, and =z, = o the condensive reactance of the
1
first circuit; r, = the resistance, z, = 2 z/L, = the inductive
1 .
reactance, x, = 540, = the condensive reactance of the
2

second cireuit, and zm = 2 nfM = mutual inductive reactance

. between the two circuits.

83. In these equations, x, and z, are the total inductive
reactance, L, and L, the total inductance of the circuit, that is,
the number of magnetic interlinkages of the circuit with the
total flux produced by unit current in the circuit, the self-
inductive flux as well as the mutual inductive flux, and not
merely the self-inductive reactance and inductance respectively.

In induction apparatus, such as transformers and induction
machines,it is usually preferable to separate the total reactancex,
into the self-inductive reactance z,, referring to the magnetic
flux interlinked with the inducing circuit only, but with no
other circuit, and the mutual inductive reactance, ., usually
represented as a susceptance, which refers to the mutual induc-
tive component of the total inductance; in which case
% = 7, + T This is not done in the present case.

Furthermore it is assumed that the circuits are inductively °
related to each other symmetrically, or reduced thereto; that
is, where the mutual inductance is due to coils enclosed in the
first circuit, interlinked magnetically with coils enclosed in the
second circuit, as the primary and the secondary coils of a
transformer, or a shunt and a series field winding of a generator,
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the two coils are assumed as of the same number of turns, or
reduced thereto.
n, No. turns second circuit

If a= == ————————, the currents in the
@ ny No. turns first circuit ’ !

second circuit are multiplied, the e.m.fs. divided by a, the resis-
tances and reactances divided by a’, to reduce the second eircuit
to the first circuit, in the manner customary in dealing with
transformers and especially induction machines.*

If the ratio of the number of turns is introduced in the equa-

tions, thatis, in the first equation ; Lm substituted for 2, in the
1

second equation ;L—lxm for xm, and the equations then are

o = 1, + 3,0 ey di2+1f¢d0 3)
1 1“1 ldﬂ ')7(‘ m d(} y 1
and
. &i, n, di .
e, =Ty, + I, ¥ + ;L—zx,n Vi + %f'bg do. 4) )

Since the solution and further investigation of these equations
(3), (4)are the same as in the case of equations (1) and (2), except
that =, and n, appear as factors, it is preferable to eliminate n,
and n, by reducing one circuit to the other by the ratio of turns

a= %, and then use the simpler equations (1), (2).

1
(A) CIRCUITS CONTAINING RESISTANCE, INDUCTANCE, AND
MUTUAL INDUCTANCE BUT NO CAPACITY.

84. In sucha circuit, shown diagrammatically in Fig.38, we have

. di d
e, =714, + x‘d_ﬂ] + Tm d—’;”- ®)
. & 3
and €, =Ty, + xz’ggz + Tm % . 6)

Differentiating (6) gives
de, di, &, &
@ "t g ®

* See the chapters on induction machines, ete., in “ Theory and Calcula-
tion of Alternating Current Phenomena.”
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from (5) follows
o — i — di,
diz 1 1L1 1 do
I ®

do T ’
and, differentiated,

i, _ %de! di, &,
& "z ld @ M ®
Substituting (8) and (9) in (7) gives
d (t .
re + T, E%l — Tm %l%” =11y + (rr, +7,x) %
o A%
+ (B, — Tu) d—;, (10)
and analogously,
de, de, X ,
Te, + T, - Tm ¥ T, + (i, + T F
. .
+ (@@, — 2’ d”f' an

Equations (10) and (11) are the two differential equations of
- second order, of currents 7, and 7,.

If ¢/, 7/ and e, 7, are the permanent values of impresse
e.m.fs. and of currents in the two circuits, and e, 7, and
e,””, i,” are their transient terms, we have,

e, =e’ +e’ iy =1 + 1,7,
=/ + ¢ 1 =1 + 1,7
Since the permanent terms must fulfill the differential equations
(10) and (11),

de,/ de,! diy
re! + T, =~ R = a0 + (1@, + 1,3) S~ 7
N
+ (g, — o) (12)
and
7
re, +xde xmile——rrz’+(rx + 7,3,) ==
2 lda d0 2"2 172 21 do

+ (z,2, — z,f) W (13)
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subtracting equations (12) and (13) from (10) and (11) gives
the differential equations of the transient terms,

de,” de,” . di,”
re + Jcrd—;— - Jc,,,—EZ— =7t + 2, + 1,T,) 7’[
&, :
+ (2,2, — Tu®) —L—lb;— (14)
and
de  dey : diy
Tlezll + xl'd_; - 'Bm"g;— = 71727‘2'1 + (Trrz + 7‘2‘”1) 72’
X Y dli "
+ (@, — @) - (15)

These differential equations of the transient terms are the
same as the general differential equations (10) and (11) and
the differential equations of the permanent terms (12) and (13).

85. If, as is usually the case, the impressed e.m.fs. contain no
transient term, that is, the transient terms of current do not
react upon the sources of supply of the impressed e.m.fs. and
affect them, we have

e/ =0 and e” =0;

hence, the differential equations of the transient terms are

7
7 10
and are the same for both currents ¢, and 1,”, that is, the
transient terms of currents differ only by their integration
constants, or the terminal conditions.

Equation (16) is integrated by the function
7 = Ae=, 17)
Substituting (17) in (16) gives
Ae=rr, — a (g, + 1,3,) + @ (@2, — T)}=0;

hence,

. LA o &
0 =rpi+ (rz, + T,I,) @ + (@2, — Tn®) o5

A = indefinite, as integration constant, and
2 T + 7,7,

2
T,T, = T

L _
o+ — =0. (18)

P
1Ty = T

@
A
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The exponent a is given by a quadratic equation (18). This
quadratic equation (18) always has two real roots, and in this
respect differs from the quadratic equation appearing in a circuit
containing capacity, which latter may have two imaginary roots
and so give rise to an oscillation.

Mutual induction in the absence of capacity thus always
gives a logarithmic transient term; thus,

- (7‘]132 + szx) + \/(7‘112 - Taxx)x + 4 7‘17&"‘ . (19)
2 (z2, — aw’)

As seen, the term under the radical in (19) is always positive,
that is, the two roots @, and a, always real and always positive,
since the square root is smaller than the term outside of it.

Herefrom then follows the integral equation of one of the
currents, for instance 7, as

G,=1/ + A7 W4 4,7 (20)
and eliminating from the two equations (5) and (6) the term

d 0 gives

7. ——1— T +(xx,—-x,,f)—+'cme — T, %, (21)

oy

leaving the two integration constants A4, and A, to be deter-
mined by the terminal conditions, as 0 = 0,

i, =12 and 7, =12

86. If the impressed e.m.fs. ¢, and e, are constant, we have

de, de, X
i and W =0;
hence, the equations of the permanent terms (12) and (13) give
., e ., e
7/ ="—i ~and 4 —;’: (22)

: . e
thus i =T_1+ A4 Ay

and (23)
.——--I-A'—“‘ﬂ Ar—nze,

where, 4./ and 4, follow from A, and 4, by equation (21).




148 TRANSIENT PHENOMENA

If the mutual inductance between the two circuits is perfect,
that is,

I = TyLoy (24)

equation (18) becomes, by multiplication withﬁgi“—_——gﬁm——2

quation ( ) DY P o T

T
o=t (25)
T, + 7,2,

that is, only one transient term exists.

As example may be considered a circuit having the following
constants: e, = 100 volts; e, = 0; r, = 5 ohms; 7, = 5 ohms;
z, = 100 ohms; x, = 100 ohms, and z, = 80 ohms. This
gives

4, = 20 amp. and 1,” = 0,
and
@ — 0278 a + 0.00695 = 0;

the roots are @, = 0.0278 and a, = 0.251

and
i, =20 + Ale—o.oz7s9+ Azs—o.zsls_

By equation (21),

1, =—25 4+ 1254, + 9%;
hence,
iz = AIE—D.DZHH__ Aze—D‘ZSIO.
TFor 0@ = 0 let 4 = 18 amp., or the current 10 per cent below
the normal, and ¢, = 0;-then substituted, gives:

18=20+4,+4, and 0=4, -4,
hence, . A, =4,=-1,

and we have
7:1 —_ 20 —_ (E—D.Mnﬂ + E~0.2510)

and y =— (=000 _ gmomoy

2
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87. An interesting application of the preceding is the inves-
tigation of the building up of an overcompounded direct-current
generator, with sudden changes of load, or the building up, or
down, of a compound wound direct-current booster.

While it would be desirable that a generator or booster, under
sudden changes of load, should instantly adjust its voltage to the
change so as to avoid a temporary fluctuation of voltage, actually
an appreciable time must elapse.

A (00-kw. 8-pole direct-current gencrator overcompounds
from 500 volts at no load to 600 volts at terminals at full load
of 1000 amperes. The circuit constants are: resistance of
armature winding, r, = 0.01 ohm; resistance of series field
winding, 7,/ = 0.003 ohm; number of turns per pole in shunt
field winding, 7,= 1000, and magnetic flux per pole at 500
volts, @ = 10 megalines. At 600 volts full load terminal vollage
(or voltage from brush to brush) the generated e.n.f. is e + iy
= 610 volts.

From the saturation curve or magnetic characteristics of the’
machine, we have:

At no load and 500 volts:
5000 ampere-turns, 10 megalines and 5 amp. in shunt field
circuit.
At no load and 600 volts:
7000 ampere-turns and 12 megalines.

At no load and 610 volts:

7200 ampere-turns and 12.2 megalines.
At full load and 600 volts:

8500 ampere-turns, 12.2 megalines and 6 amp. in shunt
field.

Hence the demagnetizing force of the armature, due to the
shift of brushes, is 1300 ampere-turns per pole.

At 600 volts and full load the shunt field winding takes
6 amperes, and gives 6000 ampere-turns, so that the series field
winding has to supply 2500 ampere-turns per pole, of which
1300 are consumed by the armature reaction and 1200 magnetize.

At 1000 amyp. full load the series field winding thus has 2.5
turns per pole, of which 1.3 neutralize the armature reaction
and n, = 1.2 turns are effective magnetizing turns.
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The ratio of effective turns in series field winding and in shunt
field winding is @ = % = 1.2 x 107°. This then is the reduc-
7

1
tion factor of the shunt circuit to the series circuit.

It is convenient to recuce the phenomena taking place in the
shunt field winding to the same number of turns as the series
field winding, by the factors a and a? respectively.

If then e = terminal voltage of the armature, or voltage
impressed upon the main circuit consisting of series field winding
and external circuit, the same voltage is impressed upon the
shunt field winding and reduced to the main circuit by factor
a, gives e, =ae=12X10%e

Since at 500 volts impressed the shunt field current is 5
amperes, the field rheostat must be set so as to give to the shunt
. 500
field circuit the total resistance of r,/ = 5 = 100 ohms.
Reduced to the main circuip by the square of the ratio of
turns, this gives the resistance,

r, = a'r/ = 144 X 107° ohms.

An increase of ampere-turns from 5000 to 7000, corresponding
to an increase of current in the shunt field winding by 2 amperes,
increases the generated e.m.f. from 500 to 600 volts, and the
magnetic flux from 10 to 12, or by 2 megalines per pole. In
the induction range covered by the overcompounding from 500
to 600 volts, 1 ampere increase in the shunt field increases the
flux by 1 megaline per pole, and so, with n, = 1000 turns, gives
10° magnetic interlinkages per pole, or 8 X 10° interlinkages
with 8 poles, per ampere, hence 80 X 10° interlinkages per unit
current or 10 amperes, that is, an inductance of 80 henrys.
Reduced to the main circuit this gives an inductance of 1.2* X
107° X 80 = 115.2 X 10~° henrys. This is the inductance due
to the magnetic flux in the field poles, which interlinks with
shunt and series coil, or the mutual inductance, M = 115.2 X
10~* henrys.

Assuming the total inductance L, of the shunt field winding
as 10 per cent higher than the mutual inductance M, that is,
assuming 10 per cent stray flux, we have

L, = L1 M = 126.7 X 10~° henrys.

s e g

e ]
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In the main circuit, full load is 1000 amp. at 600 volts. This
gives the effective resistance of the main circuit as 7 = 0.6 ohm.

The quantities referring to the main circuit may be denoted
without index.

The total inductance of the main cireuit depends upon the
character of the load. Assuming an average railway motor load,
the inductance may be ecstimated as about L = 2000 X 107
henrys.

In the present problem the impressed e.m.fs. are not constant
but depend upon the currents, that is, the sum % + ¢,, where
7, = shunt field current reduced to the main circuit by the
ratio of turns.-

The impressed e.m.f., e, is approximately proportional to the
magnetic flux ®, hence less than proportional to the current, in
consequence of magnetic saturation. Thus we have

¢ = 500 volts for 5000 ampere-turns,
R
ore + 1, = 3{]%0 = 4170 amp. and

e = 600 volts for 7200 ampere-turns,

or 4 +il=@ = 6000 amp.;
1.2
hence, 1830 amp. produce a rise of voltage of 100, or 1 amp.
. 100 1
raises the voltage by 1830 183"
At 6000 amp. the voltage is%o—g = 328 volts higher than at

0 amp., that is, the voltage in the range of saturation between
500 and 600 volts, when assuming the saturation curve in this
range as straight line, is given by the equation
741
18.3

The impressed e.m.f. of the shunt field is the same, hence,
reduced to the main cireuit by the ratio of turns, a = 1.2 X 107%,
is

e =272 +

1+ 4
18.3

e =<272 + ) 1.2 X 107
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Assuming now as standard frequency, / = 60 cycles per sec.,
the constants of the two mutually inductive circuits shown
diagrammatically in Fig. 38 are:

Main Circuit. Shunt TField Cireuit.
Current...........| famp. i, am
Impressed e.m.f...| ¢= 272 + IS 3 volts 272+;g—;‘)1 2X 10~*volts
Resistance........| r= .6 ohms 7, = 0.144X 10~ ohms
Inductance. ......| L = 2000X 10~® henrys | L,= 126.7X 10~° henrys
Reactance, 27/L..| @ = 755X 10~% ohms 1,, = 47.8X 10~ ohms
Mutual inductance, M = 115.2 X 10~% henrys.
Mutual reactance. rm= 43.5 X 10~! ohms

This gives the differential equations of the problerfx as

oo 4 LT ‘[_1 = P 5 fl_b 5 (_Zﬁ
272 4 53 0.67+ 0.755 W + 0.0435 ¥ (26)
and
5 (970 141 ) _ di, & o7
1._(_4_+ ) — o + 4TS 435S, | @D
i
88. Ehmmatmv—l— from equations (26) and (27) gives
di, . o
= 06051 — 0.0712, — 338. (28)
Equation (28) substituted in (26) gives
. & L.
i, = 13.07 pr + 9.957 — 4950. (29)
Equation (29) substituted in (28) gives
M 003 % o054
27 = — 093 5~ 0015 +15. (30)
Equation (29) differentiated, and equated with (30), gives
& &
d0,+ossd79+0001151—110_0 ®1)
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Equation (31) is integrated by
1 =1, + Ae*.
Substituting this in (31) gives
A {a? — 0.828 a + 0.00115} + {0.001154, — 1.15} =0,
hence, 7, = 1000, A is indefinite, as integration constant, and
a* — 0.828 a + 0.00115 = 0;
thus a = 0414 + 0.4126,
and the roots are
a, = 0.0014 and a, = 0.827.
Therefore
7= 1000 + A0+ 4,700 (32)
Substituting (32) in (29) gives
i = 5000 + 9.932 4,04~ 0.85 A, (38)

Substituting in (32) and (33) the terminal conditions ¢ = 0,
i =0, and 7, = 4170, gives

A+ A, = —1000 and 9.9324, - 0.854, = - 830,

that is,
A, = —156 and A, = — 8k
Therefore
= 1000 — 156 600040 — 844 017 34
and
7,'1 = 5000 — 1550 & 0:0040 1 79() &~ 0.3279; (35)

or the shunt field current 7, reduced back to the number of turns
of the shunt field by the factor o = 1.2 X 107 is

ixl =6 — 1.86 E—o.duua +0.86 5_0‘52”, (36)
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and the terminal voltage of the machine is
741,
=2 L
e 272 + 83 )
e = GOO —_ 93.2 S-monus — 6.8 5_0,527ﬁ. (37)
As seen, of the two exponential terms one disappears very
quickly, the other very slowly. )
Introducing now instead of the angle § = 2zft the time, ¢,
gives the main current as
7 = 1000 — 156 ¢t — 844 7,
the shunt field current as
1/ =6 — 1.86¢7"%t 4 0.86 ¢, (38)
and the terminal voltage as
e =000 — 93.2 0% — 6.8
89. Fig. 39 shows these three quantities, with the time, ¢, as
abscissas.

or.

Seconds
£=001 002 003 004 005 006 007 0.08 &
AP 1T — 520
T
i 5 | Z T 500
900 48 ] .
800 4.6 I
W 44 \ I
0 42 i
50 6.
o LA
400 5. = = 0
300 ML‘F 550
200 64 1 540
100 62 520
100 5 i : 500
A -
o e ]
04 LIPS e SIS
00 44l-A— T ML/
60 42 i ) M-r-mm
i TS Tl duron™ [
t=1 2 8 4 5 6 7 8
Seconds

Fig. 80. Building-up of over-compounded direct-current generator from
500 volts no load to 600 volts load.

The upper part of Fig. 39 shows the first part of the curve
with 100 times-the scale of abscissas as the lower part. As.seen,
the transient phenomenon consists of two distinetly different
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periods: first a very rapid change covering a part of the range
of current or e.m.f., and then a very gradual adjustment to the
final condition.

So the main current rises from zero to 800 amp. in 0.01 sec.,
but requires for the next 100 amp., or to rise to a total of 900
amp., about a second, reaching 95 per cent of full value in 2.25
sec. During this time the shunt field current first falls very
rapidly, from 5 amp. at start to 4.2 amp. in 0.01 sec., and then,
after a minimum of 4.16 amp., at ¢ = 0.015, gradually and very
slowly rises, reaching 5 amp., or its starting point, again after
somewhat more than a second. After 2.5 sec. the shunt field
current has completed half of its change, and after 5.5 sec. 90
per cent of its change.

The terminal voltage first rises quickly by a few volts, and
then rises slowly, completing 50 per cent of its change in 1.2
sec., 90 per cent in 4.5 sec., and 95 per cent in 5.5 sec.

Physically, this means that the terminal voltage of the machine
rises very slowly, requiring several seconds to approach station-
ary conditions. First, the main current rises very rapidly, at a
rate depending upon the inductance of the external cireuit, to
the value corresponding to the resistance of the external circuit
and the initial or no load terminal voltage, and during this
period of about 0.01 sec. the magnetizing action of the main
current is neutralized by a rapid drop of the shunt field current.
Then gradually the terminal voltage of the machine builds up,
and the shunt field current recovers to its initial value in 1.15
sec., and then rises, together with the main current, in corre-
spondence with the rising terminal voltage of the machine.

It is interesting to note, however, that a very appreciable
time elapses before approximately constant conditions are
reached.

90. In the preceding example, as well as in the discussion of
the building up of shunt or series generators in Chapter II, the
e.m.fs. and thus currents produced in the iron of the magnetic
field by the change of the field magnetization have not been
considered. The results therefore directly apply to a machine
with laminated field, but only approximately to one with solid
iron poles. '

In machines with solid iron in the magnetic circuit, currents
produced in the iron act as a second electric circuit in inductive

SE A caen
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relation to the field exciting circuit, and the transition period
thus is slower.

As example may be considered the excitation of a series
booster with solid and with laminated poles; that is, a machine
with series field winding, inserted in the main circuit of a feeder,
for the purpose of introducing into the circuit a voltage propor-
tional to the load, and thus to compensate for the increasing
drop of voltage with increase of load.

Due to the production of eddy currents in the solid iron of the
field magnetic circuit, the magnetic flux density is not uniform
throughout the whole field section during a change of the mag-
netic field, since the outer shell of the field iron is magnetized by
the field coil only, while the central part of the iron is acted upon
by the impressed m.m.f. of the field coil and the m.m.f. of the
eddy currents in the outer part of the iron, and the change of
magnetic flux density in the interior thus lags behind that of
the outside of the iron. As result hereof the eddy eurrents in
the different layers of the structure differ in intensity and in
phase.

A complete investigation of the distribution of magnetism in
this case leads to a transient phenom-
enon in space, and is discussed in
Section ITL. For the present purpose,
where the total m.m.f. of the eddy
currents is small compared with that ‘\
of the main field, we can approxi-
mate the effect of eddy currents in
the iron by a closed circuit second-
ary conductor, that is, can assume
uniform intensity and phase of -
secondary currents in an outer layer ~ Tig- 40 Section of a mag.
of the iron, that is, consider the outer netie elreutt.
layer of the iron, up to a certain depth, as a closed circuit
secondary.

Let Fig. 40 represent a section of the magnetic circuit of the
machine, and assume uniform flux density. If ® = the total
magnetic flux, = the radius of the field section, then at a
distance I from the center, the magnetic flux enclosed by a

circle with radius [ is ([i>‘d>, and the e.m.f. generated in the
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2
zone at distance I from the center is proportional to G—) ®, that

. 1\?
is,e=a (T) ®. The current density of the eddy cwrents in
this zone, which has the length 2 #l, is therefore proportional to

L. b . .
5o it = Z—2<I>, This current density acts as a m.m.f. upon

the space enclosed by it, that is, upon (%) of the total fickl

section, and the magnetic reaction of the secondary current at
. 2

distance ! from the center therefore is proportional to ¢ <l£> , or

. S
is& =£Z ®, and therefore the total magnetic reaction of the

I
eddy currents is

. T c
%,__j; fF(ll=E(I).

At the outer periphery of the field iron, the generated e.m.f.

; . . b .
is e, = a®, the current density therefore 7, = T‘I’, and the
v

. . ¢
magnetic reaction ¥, = — &, and therefore

that is, the magnetic reaction of the eddy currents, assuming
uniform flux density in the field poles, is the same as that of the

. - . l
currents produced in a closed circuit of a thickness I’, or one-

fourth the depth of the pole iron, of the material of the field pole
and swrounding the field pole, that is, fully induced and fully
magnetizing.

The eddy currents in the solid material of the field poles thus

- l
can be represented by a closed secondary circuit of depth 1

surrounding the field poles.
The magnitude of the depth of the field copper on the spools
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is probably about one-fourth the depth of the field poles. Assum-
ing then the width of the band of iron which represents the
eddy cwrrent circuit as about twice the width of the field coils
—since eddy currents are produced also in the yoke of the
machine, ete. — and the conductivity of the iron as about 0.1
that of the field copper, the effective resistance of the eddy
current circuit, reduced to the field circuit, approximates five
times that of the field circuit.

Hence, if 7, = resistance of main field winding, r, = 57, =
resistance of the secondary short circuit which represents the
eddy currents.

Since the eddy currents extend beyond the spaceé covered by
the field coils, and considerably down into the iron, the self-
inductance of the eddy current circuit is considerably greater
than its mutual inductance with the main field circuit, and thus
may be assumed as twice the latter.

91. As example, consider a 200-kw. series booster covering
the range of voltage from 0 to 200, that is, giving a full load
value of 1000 amperes at 200 volts. Making the assumptions
set forth in the preceding paragraph, the following constants
are taken: the armature resistance = 0.008 ohms and the
series field winding resistance = 0.004 ohm; hence, the short
circuit — or eddy current resistance —r, = 0.02 chm. Further-
“more let M = 900 X 10~° henry = mutual inductance between
main field and short-circuited secondary; hence, z,, = 0.34¢ ohm
= mutual reactance, and therefore, assuming a leakage flux of
the secondary equal to the main flux, L, = 1800 X 10~° henry
and z, = 0.68 ohm.

The booster is inserted into a constant potentlal circuit of 550
volts, so as to raise the voltage from 550 volts no load to 750
volts at 1000 amperes.

The total resistance of the circuit at full load, including main
circuit and booster, therefore is r = 0.75 ohm.

The inductance of the external circuit may be assumed as
L = 4500 X 107° henrys; hence, the reactance at f = 60 cycles
per sec. is z = 1.7 ohms. The impressed e.m.f. of the circuit is
e =550 + ¢, ¢ being the e.n.f. generated in the booster.
Since at no load, for 7 = 0, ¢’ = 0, and at full load, for ¢ = 1000, -
¢ = 200, assuming a straight line magnetic characteristic or
saturation curve, that is, assuming the effect of magnetic satura-
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tion as negligible within the working range of the booster, we
have
e =550 + 0.2 (@ + 7).

This gives the following constants:

Main Circuit. Eddy Current Circuit.
Current.............. mp. 2, amp.
Impressed e.m .. e=550+0 2 (t+1,) volts. 0'volts,
Resistance. . .| r=0.75 ohm, 7,=0.02 ohm.
Inductance. L=4500X 10~° henrys. L,=1800X 10~ henrys.
Reactance. . x=1.7 ohms. 2,=0.68 ohm.
Mutual induct; M= 900 X 10‘“ henrys.
Mutual reactance. . .. Oy, = 0.34 ohm.
This gives the differential equations of the problem as
i,
R0 — ; g et kst S
550 — 0.5517 + 0.21, 1.7 d 0.34 ] 0 (39)
and
di di,
0.02 17, +034a5+ 06870- (40)
Adding 2 times (39) to (40) gives
&
1100 — 1.17 + 0427, — 3.06# =0, (41)
or Iy = 7.28% + 2.62 7 — 2620, 42)
herefrom: 0.027, = 0.1456% + 0.0524 ¢ — 524, (43)
di, & di
— 44
and 068d 495d0,+178 7’ (44)
'substituting the last two equations into (40),
L dr &y
— — — 10.6 = 45
dﬁz+0458d0+00106'b 10.6 = 0. (45)
If T =1, + A7, (46)
then

Ae=®(a? — 0.458 a + 0.0106) -+ 0.0106 7, — 10.6 = 0.
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As transient and permanent terms must each equal zero,
1, = 1000 and a* — 0.458 a + 0.0106 = 0,
wherefrom a = 0.229 + 0.205;
the roots are a, =0.024 and a, = 0.434;
then we have
1=1000 + A"+ 40 €Y

and
i, = 245 A0 — (.55 A0, 8)

With terminal conditions # = 0,7 = 0, and 7, = 0,
A, =—183 and 4,= - 817.
If 0 = 2 =ft = 377.5, we have
7 = 1000 — 183 &~ 207! — 817 ¢~104¢ )
iy = — 450 {0t - it} (49)

and e = T50 — 127 &—0-07t _ 73~ 104¢

Laminated Poles

i —T=dvial Boles,

Volts

[T 0oE 0.05 0 007 O 0. 0.0
Seconds

Fig. 41. Building up of feeder voltage by series booster.

In the absence of a secondary circuit, or with laminated field
poles, equation (39) would assume the form 4, = 0, or

550 + 0.24 = 0.751 + 1.75—;; (50)
hence d—L = 0.323 (1000 — 1)
’ a
and -1 =1000 (1 — =0y,

or 7 =1000 (1 — e“m)}

and e =750 — 200 s—122¢; (1)
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that is, the e.m.f., e, approaches final conditions at a more rapid
rate.

Fig. 41 shows the curves of the e.m.{., e, for the two conditions,
namely, solid field poles, (49), and laminated field poles, (51).

(B) MUTUAL INDUCTANCE IN CIRCUITS CONTAINING SELF-
INDUCTANCE AND CAPACITY.

92. The general eqations of such a pair of circuits, (1) and
(2), differentiated to eliminate the integral give

de, di, | d,
D g T 62
and
de, i, @i,
W " Tt gyt B A (53)

and the potential differences at the condensers, from (1) and (2),
are
dL, dzz

e/ = zc"/'il dn =e, — 1, — ’dO nn (54)
and

. . di, dy,
e/ =1z, f12d0 =8 = Ty — Ty = Tn dol (55)

If now the impressed e.m.fs., ¢, and e,, contain no transient
term, that is, if the transient values of currents ¢; and i, exert
no appreciable reaction on' the source of e.m.f., and if 7" and 7,”
are the permanent terms of current, then, substituting 7,/ and
7,/ in equations (52) and (53), and subtracting the result of this
substitution from (52) and (53), gives the equations of the
transient terms of the currents ¢, and 1,, thus:

di, & &,
0 = a8, + gy Lo, dﬁ’l + T (56)
and
di, 4, ai,
0 =0, + 7,52 7 24, d;z + :cmd—(]._,‘- (57)

de,
If the impressed e.m.fs., ¢, and e,, are constant, ¥ ! and i
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equal zero, and equations (52) and (53) assume the form (56)
and (57); that is, equations (56) and (57) are the differential
equations of the transient terms, for the general case of any
e.m.fs., e, and e,, which have no transient terms, and are the
general dlfferenmal equations of the case of constant impressed
em.fs., e, and e,.
From (56) it follows that
dZ’L . 7,‘ d*,
map T T R Ty T e
Differentiating equation (57) twice, and substituting therein
(58), gives

(58)

(r2, — + (rz, + . xl) + (Teyy + T, + 7 rz)

=) i ar* T

+(1:“r+zc“) 4 g = 0, NG

This is a differential equation of fourth order, symmetrical in
Z,%, and r,2,z,, which therefore applies to both currents,
4, and 7,

The expressions of the two currents 4, and 7, therefore differ
only by their integration constants, as determined by the ter-
minal conditions.

Equation (59) is integrated by

7= A4 (60)

and substituting (60) in (59) gives for the determination of the
exponent a the quartic equation
(X2, — 2,2 @' — (1,2, + 1,0) @& + (X2, + Ty + 1y1)a’
- (Zc‘Tz + xr-_vrl) a + T2, = 0,
or
ot — 1T + % @ + T Ty + T Ty + 1Ty @
7,2, — I,° T, — T
_ BTyt Ty Tl _ g ©1)

2 4t 3
Ty = T BTy = T

The solution of this quartic equation gives four values of a,
and thus gives
1=A" + A4 A"+ Ao, (62)
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_ The roots, a, may be real, or two real and two imaginary, or
all imaginary, and the solution of the equation by approxima-
tion therefore is difficult.

In the most important case, where the resistance, 7, is small
compared with the reactances x and z, — and which is the only
case where the transient terms are prominent in intensity and
duration, and therefore of interest — as in the transformer and
the induction coil or Ruhmkorff coil, the equation (61) can be
solved by a simple approximation.

In this case, the roots, a, are two pairs of conjugate imaginary
numbers, and the phenomenon oscillatory.

The real components of the roots, a, must be positive, since
the exponential e~* must decrease with increasing 4.

The four roots thus can be written:

a, = a, — jﬁl}
o, = a, + B, (63)
a4 = a, — B,
a, = a, + jB,

where a and £ are positive numbers. -

In the equation (61), the coefficients of a® and @ are small,
since they contain the resistances as factor, and this equation
thus can be approximated by

x,.Z, Z, L, Lo,
o + Zo + r'n;zlaz_}_ e _ () (64)
Tyly = Ty Tyly — Ty
henee,
w= _1fzm + 17«'.-122'1 &+ \/<xmxz + xrg%)z _ dax, 2? i (65)
2 1@ — o, iy = Ty Ty, = Ty, S

that is, @* is negative, having two roots,
b, = — B and b, =— B
This gives the four imaginary roots of a as first approximation:
o=+ 7'/:’1]

+ B 6)
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If a,, a,, a,, a, are the four roots of equation (61), this equation
can be written
S@) =(a—a)(@—a,)@-a)@-—a)=0;
or, substituting (63),
J@) = {@—a) + 82 {(6—a) + 82} =0, (67)
and comparing (67) with (61) gives as coefficients of a® and of g,
9 _ iy + 72y
- (0‘1 + az) 2z, — 1,
and (68)

Loy + 24T,
2 (82 + a,f?) = Lala T Lol
-'( nez ’_’ﬁl) T, — Imz )

and since 8,* and 8,’ are given by (65) and (66) as roots of equa-
tion (64), a,, @, B, B,, and hereby the four roots a,, a,, a,, a, of
equation (61) are approximated by (64), (65), (66), (68).

The integration constants 4,, 4,, 4,, A, now follow from the
terminal conditions.

93. As an example may be considered the operation of an
inductorium, or Ruhmkorff coil, by make and break of a direct-
current battery circuit, with a condenser shunting the break, in
the usual manner.

Let ¢ =10 volts = impressed em.f.; 7 =04 ohm =
resistance of primary circuit, giving a current, at closed circuit
and in stationary condition, of 7,= 25 amp.; r,= 0.2 ohm =
resistance of secondary circuit, reduced to the primary by the
square of the ratio of primary -+ secondary turns; z, = 10 ohms
= primary inductive reactance; z, = 10 ohms = secondary
inductive reactance, reduced to primary; x,, = 8 ohms = mutual
inductive reactance; z, = 4000 ohms = primary condensive
reactance of the condenser shunting the break of the interrupter
in the battery circuit, and z, = 6000 ohms = secondary
condensive reactance, due to the capacity of the terminals and
the high tension winding.

Substituting these values, we have

e, = 10 volts %, = 25 amp.
r,=040hm =z =100hms =z, = 4000 ohms
r,=020hm 1z, =100hms 2, = 6000 ohms

Zm = 8 ohms.

(69)
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Thesc values in equation (61) give
/(@) = a'— 0.167 &® -+ 2780 a* — 89 @ + 667,000 = 0, (70)

and in cquation (64) they give
Ji (@) = a* + 2780 @ + 667,000 =0

and a? = — (1390 =+ 1125)
= —2515,

or = —265;

hence, B = 50.15

and P, = 16.28.

From (68) it follows that
@, + a, = 0.0833

and 2065 a; + 2515 ay = 44.5;
hence, «, = 0.073,
a, = 0.010.

Introducing for the exponentials with imaginary exponents the
trigonometric functions give

1 = e 004, c0850.15 0 + 4, sin 50.15 0}

+e=0( B 00516.28 0 + B, sin 16.280}
. (71)
i, = e~ 9m0{C, 005 50.15 0 + C, sin 50.15 0}
4 e=0000( D), 005 16.28 0 + D, sin 16.28 0},

where the constants C and D depend upon A and B by equations
(56), (57), or (58), thus:
Substituting (71) into (58),

Ty 000, +0.4% 1 1080
S 40005 + 0451 + 107
gives an identity, from which, by equating the cocfficients of
e~ cos bf and ¢~ sin b to zero, result four equations, in the
coefficients

8 =0 (59

A, B.C. D,
Ay By Cy Dy,
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!
from which follows, with sufficient approximation, :
4, = —-095C,
A,= —098C,
* 72
B, = +1.57D, 2
B, = +1.57D,;
hence,
i, = — 0.96 e~ C, cos 50.15 0 + C, sin 50.15 0} 73)
+ 1.5779990| D, 005 16.98 0 + D, sin 16,288} -

and substituting (71) and (73) in the equations of the condenser
potential, (54) and (55), gives
e =10 + 79 <-0m9(C, ¢0s 50.15 0 — C, sin 50.150}
— 385 e70m{ D, cos 16.28 0 — D, sin 16.28 0}
. (74)
e,/ = 118 e *®%{(, cos 50.15 8 ~ C| sin 50.15 6}
+ 367 e~029(D, cos 16.28 0 — D, sin 16.28 0}

94. Substituting now the terminal conditions of the circuit : -
At the moment where the interrupter opens the primary

cireuit the current in this eircuit is 4 === 25 amp. The

condenser in the primary circuit, which is shuntecl across the
break, was short-circuited before the break, hence of zero poten-
tial difference The secondary circuit was dead. This then
gives the conditions 0 = 0; %, = 25,4, =0, ¢/ = 0, and ¢,/ = 0.
Substituting these values in equations (71), (73), (74) gives
25=—-095 C,+ 158D,
= C, + D,
0=10+79C,— 38 D,
0=118C, + 367 D,

!

hence
C,=-10
C,=—-0050
D, =+10

D, = +0.016 0,
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and
iy = 9.6 e7%0 ¢og 50.15 0 + 15.7 ¢7000? cos 16.28 0
1, = —10 ¢ ¢os 50.15 0 + 10 ¢~°% cos 16.28 0

e/ = 10 + 790 =09 sin 50.15 0 + 3850 e=290? sin 16.28 0 [ (')
e = 1180 =000 sin 50.15 0 — 3670 e~ 090? sin 16.28 0

Approximately therefore we have
9y = 9.6 700 cog 50.15 0 + 15.7 ¢~ 0 cos 16.28 0
1, = —10{c70’ cos 50.15 0 = ¢~0” cos 16.28 6 }
e,/ = 3850 ¢=0™0 gin 16.28 0
e/ = —3670 ¢~ 5in 16.28 0.

2

The two frequencies of oscillation arc 3009 and 977 cycles
per sec., hence rather low.

The secondary terminal voltage has a maximum of nearly
4000, reduced to ‘he primary, or 400 times as large as corre-
sponds to the ratio of turns.

In this particular instance, the frequency 3009 is nearly
suppressed, and the main oscillation is of the frequency 977.



CHAPTER XI.

GENERAL SYSTEM OF CIRCUITS,

(A) CIRCUITS CONTAINING RESISTANCE AND INDUCTANCE
ONLY.

95. Let, upon a general system or network of circuits con-
nected with each other directly or inductively, and containing
resistance and inductance, but no capacity, a system of e.m.fs.,
e, be impressed. These e.m.fs. may be of any frequency or
wave shape, or may be continuous or anything else, but are
supposed to be given by their equations. They may be free of
transient terms, or may contain transient terms depending upon
the currents in the system. In the latter case, the dependency
of the e.m.f. upon the currents must obviously be given.

Then, in each branch circuit,

X dr,
e—ﬁ—L%—EM@j:Q )
where e = total impressed e.m.f.; r = resistance; L = induc-
tance, of the cireuit or branch of circuit traversed by current 1,
and M; = mutual inductance of this circuit with any circuit in
inductive relation thereto and traversed by current ;.

The currents in the different branch circuits of the system

depend upon each other by Kirchhoff’s law,

>i=0 @
at every branching point of the system.

By equation (2) many of the currents ¢an be eliminated by
expressing them in terms of the other currents, but a certain
number of independent currents are left.

Let » = the number of independent currents, denoting these
currents by ¢, where x = 1,2,...n. 3)

Usually, from physical considerations, the number of inde-
pendent currents of the system, n, can immediately be given.

168
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For these n currents 7,, n independent differential equations
of form (1) can be written down, between the impressed e.m.fs.
e, or their combinations, and currents which are expressed by
the n independent currents 4,. They are given by applying
equation (1) to a closed circuit or ring in the system.

These equations are of the form

where ¢g=12...m,

()

where the n* coefficients b,2 are of the dimension of resistance ®)
and the #* coeflicients ¢, of the dimension of inductance.

These 7 simultaneous differential equations of n variables 4,
are integrated by the equations

o= i) + D Afem, (6)
1

where 7./ is the stationary value of current ,, reached fort = .

Substituting (6) in (4) gives

S 0 % e e geai L B L0
eq—g‘bm—zl;wqﬂ—lszxguiie +21;~cx
;

S adre =0, @
1
For t = o, this equation becomes
S bais — 3 e 2% 8
eq—;x K@,‘—EI:KCKE#)_ (8)

These n equations (8) determine the stationary components

of the n currents, 7,
Subtracting (8) from (7) gives, for the transient components

of currents 7,,

i = i Afe, ©)
1

the n equations

n m

ix bJg ii Afem ot — 2‘ cd 21‘ GArRe~% =0. (10)
1 | 1 1

1
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Reversing the order of sunmation in (10) gives

m n
SieT WY AF (08 — ae?) = 0. (11)
1 1
The n equations (11) must be identities, that is, the coefficients
of e~% must individually disappear. Each equation (11) thus
gives m equations between the constants a, 4, b, ¢, for ¢ = 1,
2,...m, and since n equations (11) exist, we get altogether mn
equations of the form

D AF b2 —ag?) =0,

1 12

where 12
¢=123...n and 7=1,2,3,...m.

In addition hereto, the n terminal conditions, or values of
current ¢, for ¢t = 0: ¢.°, give by substitution in (9) n further
equations,

0= D Af, (13)
1
There thus exist (mn + n) equations for the determination

of the mn constants A/ and the m constants a;, or altogether
(mn + m) constants. That is, -

m=mn (14)
and fe= 1)+ D0 Af e, (15)
1
where S AF (0 — aed = 0; (16)
1
30 Af =iy an
T .
¢g=12,...m,
k=1,2,...m (18)
and i=1,2...

e
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Each of the n sets of n linear homogeneous equations in
"Af (16) which contains the same index ¢ gives by elimination
of A the same determinant:

bll_a’lclll blz_alclzl blﬂ‘aicl3 s bln_a’zcxn
1 1 2 2 3 3
bl—agc,!, bl —act, bl—age} ... b —ac
[ N— Gl == 1 3 =
[b2—acd =pi—as, br—ac? bi=ags . .. b—aer=0.(19)

1 1p2 28 3
ba'—ag,, bl —ag, b —ae, . . b —ag,!

Thus the n values of a; are the n roots of the equation of nth
degree (19), and determined by solving this equation.

Substituting these n values of @, in the equations (16) gives
n? linear homogeneous equations in 4, of which n (n — 1) are
independent equations, and these n (n — 1) independent equa-
tions together with the n equations (17) give the »? linear
equations required for the determination of the =n* con-
stants 4.

The problem of determining the equations of the phenomena
in starting, or in any other way changing the circuit conditions,
in a general system containing only resistance and inductance,
with n independent currents and such impressed e.m.fs., e,
that the equations of stationary condition,

7 =fe ©),

can be solved, still depends upon the solution of an equation of
nth degree, in the exponents a; of the exponential functions
which represent the transient term.

96. As an example of the application of this method may
be considered the following case, sketched diagrammatically in
Fig. 42:

An alternator of em.f. E cos (0 — 0,) feeds over resistance
7, the primary of a transformer of mutual reactance z,.. The
secondary of this transformer feeds over resistances r, and ry
the primary of a second transformer of mutual reactance Tm,,
and the secondary of this second transformer is closed by resist-
angce, 7. Across the circuit between the two transformers and
the two resistances 7, and 7y, is connected a continuous-current
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e.an.f., e, as a battery, in series with an inductive reactance .
The transformers obviously must be such as not to be saturated
magnetically by the component of continuous current which
traverses them, must for instance be open core transformers.

Fig. 42. Alternating-current circuit containing mutual and self-inductive
reactance, resistance and continuous e.m.f.

Let 4y, 74, Tg, %y %4 = currents in the different circuits; then, at
the dividing point P, by equation (2) we have

By + 1, — 1, = 0;
hence, Ty =Ty — I, (20)

leaving four independent currents 7, 4,, 7, 7,.
This gives four equations (4):

Ecos (0 —0,) — ri, — xm% =0, ]
. di, di, di.

._eu——rzzz—rmd—;‘—)-x(d—?— d%)=0, '
. di, di, di (1)

€y — Tgly — x,,,“ﬁ—:c <dT —E?—> =0,
and
. i)
= T4y — Tmy 2% =0. J

If now i/, ,/, i%, 7,/ are the permanent terms of current, by
substituting these into (21) and subtraction, the equations of
the transient terms rearranged are:
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q: k=1 2 3 4
. di,
1 7, +ng . =0,
di . di diy
2 xmﬁ‘-krzz,-}—m;jf —zz =0,
. . . L22)
di . &L di
3 —-xdf—kmﬁzﬁs +q:,,.d~0‘=0,
dr, .
4 Tm Jz; +r, =0.
J
These equations integrated by
4
9" = Ei Femwl (23)

1

give for the determination of the exponents a; the determinant
(19):

T, — az, 0 0
- ax, r,— ax ax 0 0
=0; 2
0 ax Ty — AT — A, ’ @24)
0 0 — azx,, r

or, resolved,

I = 02’ Tng’ + O (@n’ry + TngT) — @ (@I s+ T,

— axryy (ry + 1) + v, =0, (25)
Assuming now the numerical values,

ro=1 Tn = 10

r, =1 Ty = 10

r= 1 % = 100 26

ry =10

equation (25) gives
f=a"+11d — 0.11 a> — 0.2 ¢ + 0.001 = 0. @n
The sixteen coefficients,
Af, 1=1,2,34, k=1,234,

are now determined by the 16 independent linear equations (12)
and (13).
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(B) CIRCUITS CONTAINING RESISTANCE, SELF-INDUCTANCE,
MUTUAL INDUCTANCE AND CAPACITY.
97. The general method of dealing with such a system is the
same as in (4).
Kirchhoff’s equation (1) is of the form
. di dis 1
— i = L— =8 My— —= [1dt =0.
e —1 dtz e idt = 0. (28)
Eliminating now all the currents which can be expressed
in terms of other currents, by means of equation (2), leaves
n independent currents:
7,

(3}

k=12 ...n

Substituting these currents 7, in equations (28) gives 7 inde-
pendent equations of the form

eq—zlx bli~ 3 lx et E“E g,('/ll di = 0. (29)
Resolving these equations for ‘/1'2; dt gives

el = fz dt = Je+ Jbi+ 20 (30)

as the equations of the potential differences at the condensers.
Differentiating (29) gives

de, n s
T 2 927, —2 pade dt ? 6l dt2=0’ (31)

where g=1,2,..

By the same reasoning as before, the solution of these equa-
tions (31) can be split into two components, a permanent term,

i’ =f @), (32)

and a transient term, which disappears for ¢ = o, and is given
by the n simultaneous differential equations of second order,
thus :

2 di, &,

KS . o
21)2 S R (33)

in
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These equations are integrated by

m
G = X AfeTed, (34)
1
Substituting (34) in (33) gives
n m
D R R )
1 1 S .
where g=12...m
k=12 ...m, (36)
and t=1,2...m.

Reversing in these n equations the order of summation,
m n
e e Af %g‘“ — @Dt + afcl % =0, (37
1 1

and this gives, as identity, the mn equations for the determina-
tion of the constants:
Z" Af g g2 — adl + afct ; =0,
: 39)
where
g=1,2...n and 1=1,2,...m.

In addition to these mn equations (38), two sets of terminal
conditions exist, depending respectively on the instantaneous
current and the instantaneous condenser potential at the moment

of start.
The current is

m
G =1 + D Afeo . (39)
1
and the condenser potential of the circuit ¢ is
n ‘. n . n d’b,, )
e = ;x g,‘qfﬂ,x dt = e, — ?nbﬂ‘ - zl:xc,“ i (40)

hence, fort = 0,
10 =i/ + XA, @)
1
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where e=1,2...n,
n n dio
0 — — a0 _ q _x 2
and 6’ = e, EI:K b4, 2 el = (42)
where, ¢g=12...m

or, substituting (39) in (40), and then putting ¢t = 0,

eq" z[eq - 2" gb,ﬁq’i,(’ —ct %‘%]
1 =0

_ i éi AF(E — acl). (#3)
1 1

As seen, in (41) and (43), the first term is the instantaneous
value of the permanent current ', and condenser potential e,

These two sets of n equations each, given by the terminal
condlitions of the current, 7, = 1,° (42), and condenser potential,
e/ = e (43), together with the mn equations (38), give a total
of (mn + 2n) equations for the determination of the mn con-
stants 4 and the m constants a;, that is, a total of (nn + m)
constants.

From

. mn+2n=mn+ m
it follows that
m =2 n. (44)

We have, then, 2 n constants, a;, giving the coefficients in the
exponents of the 27 exponential transient terms, and 2 n?
coefficients, A, and for their determination 2n* equations,

n

zl;‘ AfF (92 - ab? + afc®) =0, (45)
n equations, .
ii Af =12 (46)
and 7 equations,
ix _Eni AFBI - acd) =k, 47)
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where k= [eq - zl;x g2 J T dtl:u; (48)
or the difference between the condenser potential required by
the permanent term and the actual condenser potential at time
¢t = 0, where

9 ;2

LIS
I

3,...m
)3,y ’ (#9)
, 3, .

[

1
1’
1

o

.20

and 7

)

Eliminating A from the cquations (45) gives for each of the
2 n sets of n equations which have the same a; the determinant:

2
llgg — ad2 + ared] =
2 2 2 2 .
g1l -azbll +a; Cxlr gl', “aibxq'l‘a’izqu: ce !/1u~aibxn +ai2L1n
7. _aib; 'H'HZC;, gzz_aibzz_}_aizczzl . .(/-_v,”‘aibzn")‘aizcz”

gt —ad ! +alc, gt —abl+ale’, ... g —aby"+aie |=0.(50)

1 1 2,1 2 2 2,2 n 2, n
gt —abtFale), gl —ab’ +alel, . . gt —ad +aic

The 2 n values of ¢; thus are the roots of an equation of 2 nth
order.

Substituting these values of a; in equations (45), (46), (47),
leaves 27 (n — 1) independent equations (45) and 27 inde-
pendent equations (46) and (47), or a total of 2 n* linear equa-
tions, for the determination of the 2 7* constants A, which now
can easily be solved.

The roots of equation (50) may either be real or may be com-
plex imaginary, and in the latter case each pair of conjugate
roots gives by elimination of the imaginary form an electric
oscillation.

That is, the solution of the problem of n independent circuits
leads to n transient terms, each of which may be either an
oscillation or a pair of exponential functions.

98. The preceding discussion gives the general method of the
determination of the transient phenomena occurring in any
system or net work of circuits containing resistances, self-induc-
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tances and mutual inductances and capacities, and impressed and
counter e.m.fs. of any frequency or wave shape, alternating or con-
tinuous.

It presupposes, however,

(1) That the solution of the system for the permanent terms
of currents and e.m.fs. is given.

(2) That, if the impressed e.m.fs. contain transient terms
depending upon the currents in the system, these transient
terms of impressed or counter e.m.fs. are given as linear functions
of the currents or of their differential coefficients, that is, the
rate of change of the currents.

(3) That resistance, inductance, and capacity are constant
quantities, and for instance magnetic saturation does not appear.

The determination of the transient terms requires the solution
of an equation of 2 nth degree, which is lowered by one degree
for every independent circuit which contains no capacity.

Thus, for instance, a divided circuit having capacity in either
branch leads to a quartic equation. A transmission line loaded
with inductive or non-inductive load, when representing the
capacity of the line by a condenser shunted across its middle,
leads to a cubic equation.



CHAPTER XII.

MAGNETIC SATURATION AND HYSTERESIS IN ALTERNAT-
ING-CURRENT CIRCUITS.

99. If an alternating e.m.f. is impressed upon a circuit con-
taining resistance and inductance, the current and thereby the
magnetic flux produced by the current assume their final or
permanent values immediately only in case the circuit is closed
at that point of the e.m.f. wave at which the permanent current
is zero. Closing the circuit at any other point of the e.m.f. wave
produces a transient term of current and of magnetic flux. So
for instance, if the circuit is closed when the current 4 should
have its negative maximum value — I, and therefore the
magnetic flux and the magnetic flux density also be at their
negative maximum value — ®, and — ® —that is, in an
inductive circuit, near the zero value of the decreasing e.m.f.
wave — during the first half wave of e.m.f. the magnetic flux,
which generates the counter e.m.f., should vary from — @ to
+ ®,, or by 2 ®; hence, starting with 0, to generate the same
counter e.m.f., it must rise to + 2 @, that is, twice its permanent
value, and so the current 7 also rises, at constant inductance L,
from zero to twice its maximum permanent value, 2 I,. Since
the e.m.f. consumed by the resistance during the variation from
0 to 21 is greater than during the normal variation from — I,
to + I,, less em.f. is to be generated by the change of magnetic
flux, that is, the magnetic flux does not quite rise to 2 @, but
remains below this value the more, the higher the resistance of
the circuit. During the next half wave the e.m.f. has reversed,
but the current is still mostly in the previous direction, and the
generated e.m.f. thus must give the resistance drop, that is, the
total variation of magnetic flux must be greater than 2 @,
the more, the higher the resistance. That is, starting at a value
somewhat below 2 ®,, it decreases below zero, and reaches a
negative value.. During the third half wave the magnetic flux,
starting not at zero as in the first half wave, but at a negative

179
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value, thus reaches a lower positive maximum, and thus grad-
ually, at a rate depending upon the resistance of the cireuit, the
waves of magnetic flux ®, and thereby current 7, approach their
final permanent or symmetrical cycles.

100. In the preceding, the assumption has been made that
the magnetic flux, @, or the flux density, ®, is proportional to
the current, or in other words, that the inductance, L, is con-
stant. If the magnetic circuit interlinked with the electric
circuit contains iron, and especially if it is an iron-clad or closed
magnetic circuit, as that of a transformer, the current is not
proportional to the magnetic flux or magnetic flux density, but
increases for high values of flux density more than proportional,
that is, the flux density in the iron reaches a finite limiting value.
In the case illustrated above, the current corresponding to
double the normal maximum magnetic flux, ®,, or flux density,
®,, may be many times greater than twice the normal maximum
current, J,. For instance, if the maximum permanent current
is I, = 4.5 amperes, the maximum permanent flux density,
®, = 10,000, and the circuit closed, as above, at that point of
the e.m.f. wave where the flux density should have its negative
maximum, — & = — 10,000, but the actual flux density is 0,
during the first half wave of e.m.f., the flux density, when
neglecting the resistance of the electric circuit, should rise from
0 to 2®, = 20,000, and at this high value of saturation the
corresponding current maximum would be, by the magnetic
cycle, Fig. 43, 200 amperes, that is, not twice but 44.5 times
the normal value. With such excessive values of current, the
e.m.f. consumed by resistance would be in general considerable,
and the em.f. consumed by inductance, and therefore the
variation of magnetic flux density, considerably decreased, that
is, the maximum magnetic flux density would not rise to 20,000,
but remain considerably below this value. The maximum
current, however, would be still very much greater than twice
the normal maximum. That is, in an iron-clad circuit, in start-
ing, the transient term of current may rise to values relatively
very much higher than in air magnetic circuits. While in the
latter it is limited to twice the normal value, in the iron-clad cir-
cuit, if the magnetic flux density reaches into the range of mag-
netic saturation, very much higher values of transient current are
found. Due to the far greater effect of the resistance with such



MAGNETIC SATURATION AND HYSTERESIS 181

excessive values of current, the transient term of current during
the first half waves decreases at a more rapid rate; due to the
lack of proportionality between current and magnetic flux
density, the transient term does not follow the exponential law
any more. .

101. In an iron-clad magnetic circuit, the current is not only
not proportional to the magnetic flux density, but the same
magnetic flux density can be produced by different currents, or
with the same current the flux density can have very different
values, depending on the point of the hysteresis cycle. Therefore
the magnetic flux density for zero current may equal zero, or, on
the decreasing branch of the hysteresis cycle, Fig. 43, may be
+ 7600, or, on the increasing branch, — 7600. Thus, when
closing the electric circuit energizing an iron-clad magnetic
circuit, as a transformer, at the moment of zero current, the
magnetic flux density may not be zero, but may still have a high
value, as remanent magnetism. For instance, closing the
circuit at the point of the e.m.f. wave where the permanent
wave of magnetic flux density would have its negative maximum
value, — ®, = — 10,000, the actual density at this moment may
be ®. = + 7600, the remanent magnetism of the cycle. During
the firt half wave of impressed em.f. the variation of flux
density by 2 ®,, as required to generate the counter e.m.f., when
neglecting the resistance, would bring the positive maximum of
flux density up to ®, + 2 ®, = 27,600, requiring 1880 amperes
maximum current, or 420 times the normal current. Obviously,
no such rise could occur, since the resistance of the circuit would
consume a considerable part of the e.m.f., and so lower the flux
density by reducing the e.m.f. consumed by inductance.

It is obvious, however, that excessive values of transient
current may oceur in transformers and other iron-clad magnetic
cireuits.

102. When disconnecting a transformer, its current becomes
zero, that is, the magnetic flux density is left at the value of the
remanent magnetism + ®,, and during the period of rest more
or less decreases spontaneously towards zero. Hence, in con-
necting a transformer into circuit its flux density may be any-
where between + ®, and — ®,. The maximum magnetic flux
density during the first half cycle of impressed e.m.f. therefore is
produced if the circuit is closed at the moment where the per-
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manent value of the flux density should be a maximum, + @,
and the actual density in this moment is the remanent magnetism
in opposite direction, F ®,, and the maximum value of
density which could occur thenis + (®, + 2 ®,). If therefore
the maximum magnetic flux density ®; in the transformer is
such that &, + 2 ®, is still below saturation, the transient term
of current cannot reach abnormal values. At & = 16,000, the
flux density is about at the bend of the saturation curve, and
the current still moderate. Estimating &, = 0.75 ®, as approx-
imate value, ®. 4+ 2 ®, = 16,000 thus gives ® = 5800, or
37,500 lines of magnetic flux per square inch.

Such low maximum density is uneconomical. However, for
B, = 0, which probably more nearly represents the starting
conditions of a transformer, which has been disconnected for
some time, the limit is B, = 8,000 or 51,600 lines per square
inch, and at least, at 60 cycles, in well designed transformers,
the maximum densities do not very much exceed this value.
‘With a large starting current, not only the resistance of the cur-
rent consumes voltage, but the self-inductive or leakage flux of
the transformer, which is essentially an air flux, and as such not
limited by saturation, also consumes voltage. Furthermore,
the terminal voltage usually, more or less, drops by the impedance
between transformer and generating system, and as a result, at
least in 60 eycle circuits, this phenomenon is not serious.

103. Since the relation between the current, 7, and the mag-
netic flux density, ®, is empirically given by the magnetic cycle
of the material,and ecannot be expressed with sufficient accuracy
by a mathematical equation, the problem of determining the
transient starting current of a transformer is investigated by
constructing the curves of current and magnetic flux density.

Let the normal magnetic cycle of a transformer be represented
by the dotted curve in Figs. 43 and 44; the characteristic points
are: the maximum values, + ®, = + 10,000; the remanent
values, + ®, = + 7600, and the maximum exciting current,
im = + 4.5 amp.

At very high values of flux density an appreciable part of the
total magnetic flux ® may be carried through space, outside of
the iron, depending on the construction of the transformer.
The most convenient way of dealing with such a case is to
resolve the magnetic flux density, ®, in the iron into the “metallic
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Fig. 44.
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flux density,” ® = ® — 3¢, which reaches a finite limiting

value, and the density in space, 3¢. The total magnetic flux

then consists of the flux carried by the molecules of the iron,

@ = A'®’, where A’ is the section of the iron circuit, and the

space flux, "/ = A’se, where A” is the total section interlinked

with the electric circuit, including iron as well as other space.
e=0 + o’ = A'¢ + A%

If then A” = kA’, that is, the total space inside of the coil is
I times the space filled by the iron, we have

& = A" (® + ki),
_or the total magnetic flux even in a case where considerable
stray field exists, that is, magnetic flux can pass also outside of
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Fig. 45. Starting current of a transformer. Low stray field.

the iron, can be caleulated by considering only the iron section
as carrying magnetic flux, but using as curve of magnetic flux
density not the usual curve,
® =@+ i,
but a curve derived therefrom,
® =& + kae,
where & = ratio of total section to iron section.
This, for instance, is the usual method of calculating the

m.n.f. consumed in the armature teeth of commutating machines
at very high saturations.
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In investigating the transient transformer starting current,
the magnetic density curve thus is corrected for the stray field.

Figs. 43 and 45 correspond to k = 3, or a total effective air
section equal to three times the iron section, that is, ® = ®’ +
-3 3c.

Figs. 44 and 46 correspond to k& = 25, or a section of stray
field equal to 25 times the iron section, that is, ® = ® + 25 dc.
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Fig. 46. Starting current of a transformer. High stray ﬁ_eIcL

104. At very high values of curreat the resistance consumes
a considerable voltage, and thus reduces the e.m.f. generated
by the magnetic flux, and thereby the maximum magnetic flux
and transient current. The resistance, which comes into con-
sideration here, is the total resistance of the transformer primary
circuit plus leads and supply lines, back to the point where the
voltage is kept constant, as generator, busbars, or supply main.

Assuming then at full load of ¢, = 50 amperes effective in the
transformer, a resistance drop of 8 per cent, or the voltage con-
sumed by the resistance, as e, = 0.08 of the impressed e.m.f.

Let now the remanent magnetic flux density be &, = 4 7600,
and the circuit be closed at the moment § = 0, where the flux
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density should be ® = —®, = — 10,000; then the impressed
eam.f. is given by

R d
e=—Esm0—E@(cosH). (l)‘
It is, however,
® .
e=aB 105 @

where A and C are constants; that is, the impressed e.m.f., e, is

consumed by the self-inductance, or the e.m.f. generated by the
. . co. . ®

changing magnetic density, which is proportional to ZT’ and by

the voltage consumed by the resistance, which is proportional
to the current 7.
Combining (1) and (2) gives

a® deosf
A 7 T Ci=E—— 7 3)
E N
However, at full load, we have — = effective impressed

e.am.f. and 7,, = 50 amperes = effective current; hence
Ci, = 50 C = e.n.f. consumed by resistance,

and since this equals e, = 0.08 of impressed e.m.f.,

Cim = —
«/2’
0. OSE
T 50C =—=
° V3
C__e _ 008 _
. BT Fawa hoyg o M0 “
From (3) follows
E Ci
® = — -z
d 4 dcos § i do ®)

and

[HE

fdos =§£gdcosﬁ—§j;§idﬁ;
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hence, for z = 0, or negligible resistance drop, that is, permanent
condition,

E
& = = 10,000. ©
Multiplying (4) and (6) gives

4 _ By — )
1= T =113 m

and substituting (6) and (7) in (5) gives

G = Bod cos 6 — § wijidg

=10,000d cos 6§ — 11.3 7 dé. (8)

Changing now from differential to difference, that is, replac-
ing, as approximation, d by A, gives

e®

A® = ®oA cos  — iEl,,.\/jAe
= 10,000 A cos 8 — 11.3 2A4. ()]
Assuming now
Af = 10° = 0.175 (10)

gives for the increment of magnetic flux density during 10°
change of angle the value

A® = 10,000 A cos 0 — 27 (11)
and ® =® + A®
= ® + 10,000 A cos 0 — 21. (12)

From equation (12) the instantaneous values of magnetic
flux density ®, and therefrom, by the magnetic cycles, Figs. 43
and 44, respectively, the values of current 7 are calculated, by
starting, for = 0, with the remanent density ® = ®, = 7600,
adding thereto the change of cosine, 10,000 A cos 8, which gives
a value ® = ® + 10,000 A cos 0, taking the corresponding
value of ¢ from the hysteresis cycle, Figs. 43 and 44, subtracting
21 from ®,, and then correcting % for the value corresponding to
®B=0 — 2z .

The quantlty 21 is appreciable only during the range of the
curve where 7 is very large.
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105. The following table is given to illustrate the beginning
of the calculation of the curve for low stray field.

STARTING CURRENT OF

A TRANSFORMER.

( o A®Ry= (3 = . =
e cos® mﬁ'«.\so ®+AR: i 2i X10° [
0 +1.00 |......o.en 7.6 0

10 0.93 +0.2 7.8 1.0
20 0.94 0.4 8.2 1.9
30 0.87 0.7 8.9 2.9
40 0.77 1.0 9.9 3.8
50 0.64 1.3 11.2 5.2
60 0.50 1.4 12.6 7.3 .
70 0.34 1.6 14.2 12.0 .
80 +0.17 1.7 15.9 27 . .. . .
90 0 1.7 17.6 70 0.1 17.5
100 —0.17 1.7 19.2 138 0.3 18.9
110 0.34 1.7 20.6 220 0.45 20.15
120 0.50 1.6 21.75 270 0.55 21.2
130 0.64 1.4 22.6 450 0.9 21.7
140 0.77 1.3 23.0 510 1.0 22.0
150 0.87 1.0 23.0 510 1.0 22.0
160 0.94 0.7 22.7 440 0.9 21.8
170 0.98 0.4 22.2 350 0.7 21.5
180 1.00 +0.2 21.7 250 0.5 21.2
190 0.98 -0.2 21.0 200 0.4 20.6
200 0.94 0.4 20.2 180 0.35 19.85
210 0.87 0.7 19.15 130 0.25 18.9
220 0.77 1.0 17.9 76 0.15 17.75
230 0.64 1.3 16.45 40 0.2 16.25
240 0.50 1.4 14.85 14 0.05 14.8
250 0.34 1.6 13.2 7 .. . . .
260 —-0.17 1.7 11.5 3.2
270 0 1.7 9.8 —1.0
280 +0.17 1.7 8.1 — .4
290 0.34 1.7 6.4 —-1.3
300 0.50 1.6 4.8 -1.9
310 0.64 1.4 3.4 —2.2
320 0.77 1.3 2.1 —2.5
330 0.87 1.0 1.1 —2.6
340 0.94 0.7 4 —2.75
350 0.98 0.4 0 —2.8
360 +1.00 —0.2 —.2 —2.8
370 0.98 +0.2 0 —1.3
380 0.94 0.4 +0.4 —0.5
390 0.87 0.7 1.1 +0.3
400 0.77 1.0 2.1 1.0
410 0.64 1.3 3.5 1.7
420 0.50 1.4 4.9 2.2
430 0.34 1.6 6.5 2.7
440 +0.17 1.7 8.2 3.3
450 0 1.7 9.9 4.3
460 —-0.17 1.7 11.6 6.2
470 —0.34 1.7 13.3 9.5
480 —0.50 1.6 14.9 16.5
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The first column gives angle 6,

The second column gives cos 6,

The third column gives A®, = 10 A cos 6, in kilolines per
s5q. em.,

The fourth column gives ®, = & + Ag,,

The fifth column gives 7,

The sixth column gives D, = 24 X 107, and

The seventh column gives ® = ®, — D,,
7 in the fifth column being chosen, by trial, so as to corre-
spond, on the hysteresis cycles, not to ®,, but to ® = ®,— D,.

These values are recorded as magnetic cycles on Flgs 43 and
44, and as waves of flux density, current, etc., in Figs. 45 and 46.

The maximum values of successive half waves are:

A. Low Stray Field. B. High Stray Field.
k=3 k= 25
o ® T e ® im
0 7.6 0
145° 22.0 510
360° - .2 —2.8
530° 18.6 120
720° —2.2 —2.9
900° 18.0 92
1080° —2.8 -3.0
1260° 17.4 66
1440° —-3.1 —3.0
1620° 16.9 50
Permanent| 4-10.0 +4.5

As seen, the maximum value of current during the first cycle,
510, is more than one hundred times the final value 4.5, and more
than 7 times the maximum value of the full-load current, 50v/2
= 70.7 amperes, and the transient current falls below full-load
current only in the fourth cycle. That is, the excessive value of
transient current in an ironclad circuit lasts for a considerable
number of cyeles.

In the presence of iron in the magnetic field of electric circuits,
transient terms of current may thus occur which are very large
compared with the transient terms in ironless reactors, which do
not follow the exponential curve, can usually not be calculated
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by general equations,. but require numerical investigation by
the use of the magnetic cycles of the iron.

These transient terms lead to excessive current values only if
the normal magnetic flux density exceeds half the saturation
value of the iron, and so are most noticeable in 25-cycle circuits.

A/\AI\I\/\
e

Fig. 47. Starting current of a 25-cycle transformer.

As illustration is shown, in Fig. 47, an oscillogram of the
starting current of a 25-cycle transformer having a resistance
in the supply circuit somewhat smaller than in the above
instance, thus causing a still longer duration of the transient
term of excessive current. .

These starting transients of the ironclad inductance at high
density are unsymmetrical waves, that is, successive half waves
have different shapes, and when resolved into a trigonometric
series, would give even harmonics as well as the odd harmonics.

Thus the first wave of Fig. 45 can, when neglecting the tran-
sient factor, be represented by the series:

t= 4+ 108.3 — 183.8 cos (0 + 28.0°)
+ 1124 cos 2 (0 + 29.8°) — 53.1 cos 3 (0 + 33.3°)
+ 272 cos4 (0 + 39.1°) — 184 cos 5 (0 + 38.1°)
+ 13.6 cos 6 (6 + 33.4°) — 8.1cos 7 (0 + 32.7°)
or, substituting: 0 = # + 150°, gives:
e = Esin (8 + 150°)
1 =108.3 + 183.8 cos (8 — 2.0°) + 112.4 cos 2 (5 — 0.2°)
+53.1cos3 (8 +3.3% +27.2 cos 4 (8 + 9.1°)
+ 184 cos5 (8 + 8.1° + 13.6 cos 6 (B + 3.4°)
+ 8.1cos 7 (3 + 2.7°).
106. An approximate estimate of the initial value of the start-
ing current of the transformer, at least of its magnitude under
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conditions where it is very large, can be made by separately con-
sidering the iron flux, that is the flux B carried by the iron proper,
which reaches a finite saturation value of about S = 21,000 lines
per cm.? and the air flux or space flux, which is proportional to
the current. Also neglecting the remanent magnetism—which
usually is small—that is, assuming the initial magnetic cycle
performed between zero and a maximum of flux density.

Let
¢ = maximum value of current
& = total maximum magnetic flux
n = number of turns of transformer circuit
Zy = r1 + jx; = impedance of transformer circuit, where
x; = reactance of leakage flux
Zy = 1y + jx» = impedance of circuit between trans-
former and source of constant voltage e.
eo = effective value of this constant voltage. .

The voltage consumed by a variation of current between 0
and 1, corresponding to an effective value of
7

2v/2

i

then is:

in the supply lines:
By =1 (rs + jzo)

= 51—\/5 (rs + j2)

in the transformer impedance:
By =14 (1 + )
7 L
= m (r1 + jo1)
by the magnetic flux ®, at frequency f:
wfnd
= j=—>=10"8
P=ik
thus the total supply voltage:
Bo=E+E+E

Sy u)ﬁ; +j|:(xx + xz)i/‘i +%75
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and, absolute:

et = S0y + 7 + [ + 2§+ 2/n®10] ()
If now:
si = magnetic iron section, in em.?

the magnetic flux in the iron proper is:

®; = 5,8 = 21,000
if
82 = section, in em.2,

l, = length, in em.,
of the total magnetic circuit,-including iron and air space, the
magnetic space flux is

®, = 04 r?z‘i?
hence, the total magnetic flux:
® =& + &,
=88 + 0.4 mm';—f @)

Substituting (2) into (1) gives:
e? = é{(m + o) % + [(ﬂn + @ + 0.8 wgfnﬂ%: 10“3) 7+

2nfnsiS | ? } ®)

From equation (3) follows the value of 4, the maximum initial
or starting current. of the transformer or reactor.

107. An approximate calculation, giving an idea of the shape
of the transient of the ironclad magnetic circuit, can be made by
neglecting the difference between the rising and decreasing mag-
netic characteristic, and using the approximation of the magnetic
characteristic given by Fréhlich’s formula:

JC
&= Trae ™
which is usually represented in the form given by Kennelly:
3¢
=g = + o3c; (2)

that is, the reluctivity is a linear function of the field intensity.
It gives a fair approximation for higher magnetic densities.
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This formula is based on the fairly rational assumption that
the permeability of the iron is proportional to its remaining mag-
netizability. That is, the magnetic-flux density ® *consists of a
component JC, the field intensity, which is the flux density in
space, and a component &' = @ — 4C, which is the additional
flux density carried by the iron. ®&' is frequently called the
“metallic-flux density.” With increasing 4¢, ®’ reaches a finite,
limiting value, which in iron is about

®" = 20,000 lines per cm2

At any density ®’, the remaining magnetizability then is
B’ — @, and, assuming the (metallic) permeability as propor-
tional hereto, gives

k=B — &),
and, substituting

(BI
b= 0
gives
o
=11 g
or, substituting
1 1

gives equation (1).

. . & 1 1 .
For ¢ = 0 in equation (1), %= a;for IL=o,®= i that is,
in equation (1), i = initial permeability,; = saturation value

of magnetic density.

If the magnetic circuit contains an air gap, the reluctance of
the iron part is given by equation (2), that of the air part is
constant, and the total reluctance thus is

p =B+ o,
where 8 = « plus the reluctance of the air gap. Equation (1),
therefore, remains applicable, except that the value of « is in-
creased. e

In addition to the metallic flux given by equation (1), a greater
or smaller part of the flux always passes through the air or through
space in general, and then has constant permeance, that is, is
given by

® = c3e.

i
[
S
&

s
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In general, the flux in an ironclad magnetic eircuit can, there-
fore, be represented as function of the current by an expression
of the form *

& = 1+bz+m’ 3)

where %ﬁ' = &' is that part of the flux which passes through

the iron and whatever air space may be in series with the iron,
and ¢f is the part of the flux passing through nonmagnetic
material.

Denoting now

Ly = nc 1078, @
where n = number of turns of the electric circuit, which is inter-
linked with the magnetic circuit, L. is the inductance of the air
part of the magnetic circuit, L, the (virtual) initial inductance,
that is, inductance at very small currents, of the iron part of the

Iy = na 10“8,}

magnetic circuit, andg the saturation value of the flux in the

7
iron. That is, for ¢ = 0,%‘1— =ILj;andfori = o, & = %
If r = resistance, the duration of the component of the tran-
sient resulting from the air flux would be
L 10-8
Ty=2= ””T ) (5)
and the duration of the transient which would result from the
initial inductance of the iron flux would be
—8
T, = Ly _ na10-%
r 7

(6)

108. The differential equation of the transient, is: induced
voltage plus resistance drop equal zero; that is,
—s -
dt 10 + 7 =0.
Substituting (3) and dlﬁeren’ciating gives

na 10— -
aTo dt 4 e 10 sdt+m 0,
and, substituting (5) and (6),

T, di .
{armtnla+i-o

e
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hence, separating the variables,

T.ds Todi
1(1_*4”)2-!-———[-03—0 (7)
The first term is integrated by resolving into partial fractions:
1 1 b b

A0 7 146 AF6)?
and the integration of differential equation (7) then gives

M+t+0—0 (8)

T110g1 +b + Tleé,’L‘i—l I
If, then, for the time ¢ = &, the current is 7 = i, these values
substituted in (8) give the integration constant C:

T110g1+b +Tglogzq+1+ln+tu+0—0 9)

and, subtracting (8) from (9), glves

1o(1 + b9) 1 __1

T Ty T Tloey +T1{1 T 1 +b¢(} )
10

This equation is so complex in ¢ that it is not possible to cal-
culate from the different values of ¢ the corresponding values of 1;
but inversely, for different values of ¢ the corresponding values
of ¢ can be calculated, and the corresponding values of 7 and ¢,
derived in this manner, can be plotted as a curve, which gives
the single-energy transient of the ironclad magnetic circuit.

Such is done in Fig, 48, for the values of the constants:

t —to = T11og -4

r,o=.3,

a = 4% 109,
c =4 X104
b =6,

n = 300.

This gives

Ty = 4,
Ty, = 4.

Assuming 7, = 10 amperes for #, = 0, gives from (10) the equa-
tion:

_ ~ o i vy 4 .
T = 2.92 {9.2110g'1+0'5i+0'92110g ‘+1+0.6i}
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Herein, the logarithms have been reduced to the base 10 by
division with log'% = 0.4343.

TFor comparison is shown, in dotted line, in Fig. 48, the tran-
sient, of a circuit containing no iron, and of such constants as to
give about the same duration:

= 1.085 log'®¢ — 0.507.

As seen, in the ironclad transient the current curve is very
much steeper in the range of high currents, where magnetic sat-

i:
10
9
‘Transient of
\ Ironiclad Tiductive Circait:
t=2.02—fo211g -1 T S B
92 {9 Ug pap+ 92 lgid oy (8

(dotted: t=1.0851g i—.507)

e S|

5 6 seconds

Fig. 48.

uration is reached, but the current is lower in the range of
medium magnetic densities.

Thus, in ironclad transients very high-current values of short
duration may occur, and such transients, as those of the starting
current of alternating-current transformers, may therefore be of
serious importance by their excessive current values.



CHAPTER XIIIL
TRANSIENT TERM OF THE ROTATING FIELD.

109. The resultant of 7, equal m.um.fs. equally displaced
from each other in space angle and in time-phase is constant in
intensity, and revolves at constant synchronous velocity. When
acting upon a magnetic circuit of constant reluctance in all
directions, such a polyphase system of m.m.fs. produces a
revolving magnetic flux, or a rotating field. (“Theory and
Calculation of Alternating Current Phenomena.”) That is, if n,
equal magnetizing coils are arranged under equal space angles of

360 . .
. electrical degrees, and connected to a symmetrical n, phase

¢4
electrical degrees, and connected to a symmetrical n, phase
system, that is, to n, equal e.n.fs. displaced in time-phase by

360 e s
o degrees, the resultant m.m.f. of these 7, coils is a constant
and uniformly revolving m.m.f., of intensity &, = %’”9", where §

is the maximum value (hence \% the effective value) of the

m.m.f. of each coil.

In starting, that is, when connecting such a system of mag-
netizing coils to a polyphase system of e.m.fs., a transient term
appears, ds the resultant magnetic flux first has to rise to its
constant value. This transient term of the rotating field is the
resultant of the transient terms of the currents and therefore
the m.m.fs. of the individual coils.

If, then, & = nl = maximum value of m.m.f. of each coil,
where n = number of turns, and I = maximum value of cur-
vent, and = = space-phase angle of the coil, the instantaneous
value of the m.m.f. of the coil, under permanent conditions, is

f' = Fcos (6 — 1), ¢))
197
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and if the time 0 is counted from the moment of closing the
circuit, the transient term is, by Chapter IV,

== Fe =" cos T, )
where Z =r —qz.

The complete value of m.m.f. of one coil is

fi=f+f"=F{cos(@ -1 - cos }. 3)
In an n,-phase system, successive e.m.fs. and therefore currents

. 1 . 27
are displaced from each other by n—of a period, or an angle ;l—T
and the m.m.f. of coil, ¢, thus is !

fi=€F§cos( o2 ‘)—e—iecosi(r+?;l—zi>v%. @)

’!'Lp {4

The resultant of n, such m.m.fs. acting together in the same
direction would be

np Mp 27:
Eifi=52i cos(&—r———qf)
T p

1
- 7 29%'005(—-{-2ﬂi>~0' 5)
. 1 i) = 0; (

that is, the sum of the instantaneous values of the permanent
terms as well as the transient terms of all the phases of a sym-
metrical polyphase system equals zero.

In the polyphase field, however, these m.m.fs. (4) do not act
in the same direction, but in directions displaced from each

27
other by a space angleT equal to the time angle of their phase
> ;

displacement.
The component of the m.mf., fi, acting in the direction
(80 — 7), thus is
27
fi’ = ficos (Ba -7 = n—7rz>, 6)

P
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and the sum of the components of all the 7, mm.fs, in the
direction (#, — <), that is, the component of the resultant m.m.f.
of the polyphase field, in the direction (4, — 7), is

Transformed, this gives

_ S'SW. 47 ) = )
f= 2—221 cos<(} + 00—2r—7p~%>+21:z cos (0 — 0,)

1

T, TP T

—e Shicos 0, - > cos <00— PP i)g,
T I Ny
.. 4w,
and as the sums contalmngn— 1 equal zero, we have
14
f:%”ﬂf3005(0—00)—5_5ecost90§, ®)
and for 0 = oo, that'is as permanent term, this gives
nﬁ .
Fy =325 cos (0 — 0)); ©

. n, .
hence, a maximum, and equal to 5" ¥, that is, constant, for

0, = 0, that is, uniform synchronous rotation. That is, the
resultant of a polyphase system of m.m.fs., in permanent con-
dition, rotates at constant intensity and constant synchronous
velocity.

Before permanent condition is reached, however, the resultant
m.m.f. in the direction 0, = 0, that is, in the direction of the
synchronously rotating vector, in which in permanent condition
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the m.m.f. is maximum and constant, is given during the transient
period, from equation (8), by

f,,=%’5§1-5_550050§7 (10)
that is, it is not constant but periodically varying.

As example is shown, in Fig. 49, the resultant m.m.f. f; in the
direction of the synchronously revolving vector, 8, = 6, for the

- 1 [
000 {1k €T eds G |
TERTITN -
3 ool N o 5
d
00 NI/
/ I N
I
T ar | [8w] |4m Sl 6pr [ [ 7w [ T 8m
90 180 270 360 450 540 630 720 810 900 990 1080 1170 1260 1350 1440

Fig. 49. Transient term of polyphase magnetomotive force.

constants n, = 3, or a three-phase system; ¥ = 667, and
Z =1 — jz = 0.32 — 47, hence,

fo =1000 (1 — ¢~ ¢os 0),

with € as abscissas, showing the gradual oscillatory approach to
constancy.

110. The direction, 0, = 0, is, however, not the direction in
which the resultant m.m.f. in equation (8) is a maximum, but
the maximum is given by

i
.= an
this gives sin (0 — 0) +¢ = sing, =0, (12)

hence, cot 0, = ; 13
that is, the resultant maximum m.m.f. of the polyphase system
does not revolve synchronously, in the starting condition, but
revolves with a varying velocity, alternately running ahead and
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dropping behind the position of uniform synchronous rotation,
by equation (13), and only for 6 = «, equation (12) becomes
cot 0, = cot 0, or 0, = 0, that is, uniform synchronous rotation.

The speed of rotation of the maximum m.m.f. is given from
equation (12) by differentiation as

@
o, b
N == «EQ;
@,
where Q=sin(0-0)+ ¢ % sin 0,;
Tzl
cos (0 — 0,) - “ sin g,

hence, S = » , (14)
cos (0 —0) —e = cos 0,

or approximately,

,
1-Le75%sing,
8 = 5

_Ty
1—-¢ @ cosd,

For 0 = «, equation (14) becomes S = 1, or uniform syn-
chronous rotation, but during the starting period the speed
alternates between below and above synchronism.

From (13) follows

~Le
cosl —e =
cosd, = —a
and (16)
sin 0
sin 0, = QT ,
where

® = \/(cos 0—¢ —56)2 +sin* 0 = \/1 ~ 972 cos b
an
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The maximum value of the resultant m.m.f., at time-phase 6,
and thus of direction §, as given by equation (13) or (16), (17),
is derived by substituting (16), (17) into (8), as:

=
f,,.—zfoi

=%s Vi —2e7 050+, (18)

hence is not constant, but pulsates periodically, with gradually
decreasing amplitude of pulsation, around the mean value%pﬁ.

For 6 = 0, or at the moment of start, it is, by (13),
T
cosf —¢ =

ety =2 7
oot 0 sin 0

oo

hence, differentiating numerator and denominator,

. -]
—sinfd + —¢ = ,
z
cot 8, = ———— =
cos @ z
) z
and tan00’=;;

that is, the position of maximum resultant m.m.f. starts from
angle 0, ahead of the permanent position, where 6 is the time-
phase angle of the electric magnetizing circuit. The initial
value of the resultant m.m.f., for & = 0, is f. = 0, that is, the
revolving m.m.f. starts from zero.

Substituting (16) in (15) gives the speed as function of time

l—ebzg(cosﬂ—gsinﬂ) -
8= (19)

T

1+ ¢ %°—2:75 coso

for 4 = 0 this_gives the starting speed of the rotating field

So= g, or, indefinite;
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hence, after differentiating numerator and denominator twice,
this value becomes definite.
1
Si=53;
=5 20)
that is, the rotating field starts at half speed.
As illustration are shown, in Fig. 50, the maximum value of
the resultant polyphase m.m.f., fn, and its displacement in

Tnfenhitl,/ L (6,-9)
(o000 Vi{eds €[OO )T L hil2 |
T 40 Va
< 0
-40
N
1600
/I 1IN
1200
P / N\
of
800
/ \ [/
w0l
[
8]=
al am 3 aT om umr
?r?zrgawzhrz b

Fig. 50. Start of rotating field.

position from that of uniform synchronous rotation, 0,— 0, for
the same constants as before, namely: =, = 3; § = 667, and
Z =r — jz =0.32 — 47; hence,

fm = 1000 \/l 0 .- 00sd cos 0 + s—um:a’

with the time-phase angle 6 as abscissas, for the first three cycles.

111. As seen, the resultant maximum m.m.f. of the poly-
phase system, under the assumed condition, starting at zero
in the moment of closing the three-phase circuit, rises rapidly
— within 60 time-degrees —to its normal value, overreaches
and exceeds it by 78 per cent, then drops down again below
normal, by 60 per cent, rises 47 per cent above normal, drops
37 per cent below normal, rises 28 per cent above normal, and
thus by a series of oscillations approaches the normal value.
The maximum value of the resultant m.m.f. starts in position
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85 time-degrees ahead, in the direction of rotation, but has in
half a period dropped back to the normal position, that is, the
position of uniform synchronous rotation, then drops still fur-
ther back to the maximum of 40 deg:, runs ahead to 34 deg.,
drops 23 deg. behind, ete.

It is interesting to note that the transient term of the rotat-
ing field, as given by equations (10), (13), (18), does not contain
the phase angle, that is, does not depend upon the point of the
wave, 0 = 7, at which the circuit is closed, while in all preced-
ing investigations the transient term depended upon the point
of the wave at which the circuit was closed, and that this tran-
sient term is oscillatory. In the preceding chapter, in circuits
containing only resistance and inductance, the transient term
has always been gradual or logarithmic, and oscillatory phenom-
ena occurred only in the presence of capacity in addition to in-
ductance. In the rotating field, or the polyphase m.m.f., we
thus have a case where an oscillatory transient term occurs in
a circuit containing only resistance and inductance but not
capacity, and where this transient term is independent of the
point of the wave at which the circuits were closed, that is, is
always the same, regardless of the moment of start of the phe-
nomenon.

The transient term of the polyphase m.m.f. thus is independ-~
ent of the moment of start, and oscillatory in character, with
an amplitude of oscillation depending only on the reactance

factor, ; of the circuit.



CHAPTER XIV.
SHORT-CIRCUIT CURRENTS OF ALTERNATORS.

112. The short-circuit current of an alternator is limited by
armature reaction and armature self-inductance; that is, the
current in the armature represents a m.m.f. which with lagging
current, as at short circuit, is demagnetizing or opposing the
impressed m.m.f. of field excitation, and by combining therewith
to a resultant m.m.f. reduces the magnetic flux from that corre-
sponding to the field excitation to that corresponding to the
resultant of field excitation and armature reaction, and thus
reduces the generated e.m.f. from the nominal generated e.m.f.,
e, to the virtual generated e.m.f., e, The armature current
also produces a local magnetic flux in the armature iron and pole-
faces which does not interlink with the field coils, but is a true
self-inductive flux, and therefore is represented by a reactance z,.
Combined with the effective resistance, r,, of the armature
winding, this gives the self-inductive impedance Z, = r, — jz,,
or z, = Vr?+ 22 Vectorially subtracted from the virtual
generated e.m.f., e, the voltage consumed by the armature
current in the self-incuctive impedance Z, then gives the ter-
minal voltage, e.

At short circuit, the virtual generated e.m.f., e,, is consumed
by the armature self-inductive impedance, z,. As the effective
armature resistance, r, is very small compared with its self-
inductive reactance, z,, it can be neglected compared thereto,
and the short-circuit current of the alternator, in permanent
condition, thus is

. e
;=2
xl

As shown in Chapter XXII, “Theory and Calculation of
Alternating Current Phenomena,” the armature reaction can be
represented by an equivalent, or effective reactance, z,, and the
self-inductive reactance, z,, and the effective reactance of

205
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armature reaction, z,, combine to form the synchronous react-
ance, z, = z, + z,, and the short-circuit current of the alterna-
tor, in permanent condition, therefore can be expressed by

. e
==,
zD

where e, = nominal generated e.m.f.

113. The effective reactance of armature reaction, z,, differs,
however, essentially from the true self-inductive reactance, =,,
in that w, is instantaneous in its action, while the effective
reactance of armature reaction, z,, requires an appreciable time
to develop: z, represents the change of the magnetic field flux
produced by the armature m.m.f. The field flux, however, can-
not change instantaneously, as it interlinks with the field exciting
coil, and any change of the field flux generates an e.m.f. in the
field coils, changing the field current so as to retard the change
of the field flux. Hence, at the first moment after a change of
armature current, the current change meets only the reactance,
2, but not the reactance z,. Thus, when suddenly short-cir-
cuiting an alternator from open circuit, in the moment before
the short circuit, the field flux is that corresponding to the
impressed m.m.f. of field excitation and the voltage in the arma-
ture, i.c., the nominal generated e.m.f., e, (corrected for mag-
netic saturation). At the moment of short circuit, a counter
m.m.f., that of the armature reaction of the short-circuit
current, is opposed to the impressed m.m.f. of the field excitation,
and the magnetic flux, therefore, begins to decrease at such a
rate that the e.m.f. generated in the field coils by the decrease
of field flux increases the field current and therewith the m.m.f.
so that when combined with the armature reaction it gives a
resultant m.m.f. producing the instantaneous value of field flux.
Immediately after short cireuit, while the field flux still has full
value, that is, before it has appreciably decreased, the field m.m.f.
thus must have increased by a value equal to the counter m.m.f.
of armature reaction. As the field is still practically unchanged,
the generated e.m.f. is the nominal generated voltage, e,, and

the short-cireuit current is

, e,
=2, .
zl
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and from this value gradually dies down, with a decrease of the
field flux and of the generated e.m.f., to
= b,
Tyt Ty
Hence, approximately, when short-circuiting an alternator,
in the first moment the short-circuit current is
ell
oz

ilu =
1
while the field current has 1ncreased from its, normal value %, to
the value
Fleld excitation + Armature reacmon
° Field excitation

gradually the armature current decreases to

. _a_b
xl zo’
and the field current again to the normal value 7,
Therefore, the momentary short-circuit current of an alternator
bears to the permanent short-circuit current the' ratio

that is,
Armature self-inductance + Armature reaction
Armature self-inductance

In machines of high self-inductance and low armature reaction,
as uni-tooth high frequency alternators, this increase of the
momentary short-circuit current over the permanent short-
circuit current is moderate, but may reach enormous values in
machines of low self-inductance and high armature reaction, as
large low frequency turbo alternators.

114. Superimposed upon this transient term, resulting from
the gradual adjustment of the field flux to a change of m.m.f., is
the transient term of armature reaction. In a polyphase
alternator, the resultant m.m.f. of the armature in permanent
conditions is constant in intensity and revolves with regard to
the armature at uniform synchronous speed, hence is stationary
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with regard to the field. In the first moment, however, the
resultant armature m.m.f. is changing in intensity and in velocity,
approaching its constant value by a series of oscillations, as
discussed in Chapter XIII. Hence, with regard to the field, the
transient term of armature reaction is pulsating in intensity and
oscillating in position, and therefore generates in the field coils

Field Current

Armature Current

A AAANAND
VY

Fig. 51. Three-phase short-circuit current of a turbo-alternator.

an emf. and causes a corresponding pulsation in the field
current and field terminal voltage, of the same frequency as
the armature current, as shown by the oscillogram of such a
three-phase short-circuit, in Fig. 51. This pulsation of field
current is independent of the point in the wave, at which the
short-circuit occurs, and dies out gradually, with the dying out
of the transient term of the rotating m.m.f.

In a single-phase alternator, the armature reaction is alter-
nating with regard to the armature, hence pulsating, with double
frequency, with regard to the field, varying between zero and its
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maximum value, and therefore generates in the field coils a
double frequency e.m.f., producing a pulsation of field current
of double frequency. This double-frequency pulsation of the
field current and voltage at single-phase short-cireuit is pro-
portional to the armature current, and does not disappear
with the disappearance of the transient term, but persists also
after the permanent condition of short-circuit has been reached,

Armature
current.

Fleld
ourrent

O I

Fig. 52. Single-phase short-circuit current of a three-phase turbo-alternator.

merely decreasing with the decrease of the armature current.
It is shown in the oscillogram of a single-phase short-circuit on
a three-phase alternator, Fig. 52.

Superimposed on this double frequency pulsation is a single-
frequency pulsation due to the transient term of the armature
current, that is, the same as on polyphase short-circuit. With
single-phase short-circuit, however, this normal frequency pul-
sation of the field depends on the point of the wave at which
the short-circuit occurs, and is zero, if the circuit is closed at
the moment when the short-circuit current is zero, as in Fig. 51,
and a maximum when the short-circuit starts at the maximum
point of the current wave. As this normal frequency pulsation
gradually disappears, it causes the successive waves of the
double frequency pulsation to be unequal in size at the
beginning of the transient term, and gradually become equal,
as shown in the oscillogram, Fig. 53.

The calculation of the transient term of the short-circuit
current of alternators thus involves the transient term of the
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armature and the field current, as determined by the self-
inductance of armature and of field circuit, and the mutual
inductance between the armature circuits and the field circuit,
and the impressed or generated voltage; therefore is rather
complicated; but a simpler approximate calculation can be

o= A A /\ /L_D
Armature
current

502 amp.

Field
current
525 amp. 4
—
0 I O

Fig. 53. Single-phasé short-cirenit current of a three-phase turbo-alternator.

given by considering that the duration of the transient term is
short compared with that of the armature reaction on the field.

(A) Polyphase alternator. )

115. Let m, = number of phases; 0 = 2 nft = time-phase
angle; n,= number of field turns in series per pole; n,= number
of armaiture turns in series per pole; Z,= To— jx,= self-inductive
impedance of field circuit; Z, = r, — jz, = self-inductive impe-
dance of armature circuit; p = permeance of field magnetic cir-
cuit; @ = 2 zfin, 108 = induction coefficient of armature; B,=

exciter voltage; I , = T—" = field exciting current, in permanent
o

condition; 7, = field exciting current at time 9; i = field
exciting current immediately after short-circuit; © = armature
. 2 n, . .
current at time 4, and &, = b % = transformation ratio of field
‘P
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to resultant armature. Counting the time angle 0 from the
moment of short cireuit, ¢ = 0, and letting ¢’ = time-phase
angle of one of the generator circuits at the moment of short
circuit, we have,

F, = ny, = field excitation, in permanent or stationary con-

dition, [¢)]
P, = pF, = pn,l, = magnetic flux corresponding thereto,
and
el = apF, = apnolo. )
= nominal generated voltage, maximum value, at 8 = 0.
Hence, Y %f = “Z’f“ I, ®)

= momentary short-circuit current at time ¢ = 0, and
npapn,nd,

n,
0 =2y " =
¥ 2 M 2z,

@)
= resultant armature reaction thereof.
Assume this armature reaction as opposite to the field excita-
tion,
Fo' = Nl ®)
as is the case at short circuit.
The resultant m.m.f. of the magnetic circuit at the moment
of short-circuit is
FO=F0 — FLO (6)

At this moment, however, the field flux is still ®,, and the result-
ant m.m.f. is given by (1) as

F =F, = n,l, @)
Substituting (4), (5), (7) in (6) gives
mnel
nl, = N — M;lxi—u’ .
z, + n_____pagn !
hence, i = I, ®)

2y
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NaPn.
P’ 1
€, = 21,

Writing ©)

r,+2, I,; (10)

we have i =
1;1

that is, at the moment of short circuit the field exciting current
rises from I, to 7,°, and then gradually dies down again to I, at

0

Zo

a rate depending on the field impedance Z,, that is, by £ ™ as

discussed in preceding chapters. Hence, it can be represented
by
_mg .

RSl LI (an

X,
The resultant armature m.m.f., or armature reaction, is

nn 0
9 3

thus the magnetic flux which would be produced by it is

prn J°
2 k]

and therefore the voltage generated by this flux is

apngn,I°,
2 El

hence,

__ Voltage corresponding to the m.m.f. of armature current
Armature current ’

that is, z, is the equivalent or effective reactance of armature
reaction.

In equations (10) and (11) the external self-inductance of the
field circuit, that is, the reactance of the field cireuit outside of
the machine field winding, has been neglected. This would



SHORT-CIRCUIT CURRENTS OF ALTERNATORS 213

introduce a negative transient termin (11), thus giving equation
(11) the approximate form

12

where z, = self-inductive reactance of the field cireuit outside
of alternator field coils.

The more complete expression requires consideration when
z, is very large, as when an external reactive coil is inserted in
the field cireuit.

In reality, z, is & mutual inductive reactance, and x, can be
represented approximately by a corresponding increase of ;.

116. If I = maximum value of armature current, we have

n,nJ
§,= -5~ = amature man.f,,

.ol .
hence, F=nyi,— ~5~ (13)

= resultant m.am.f.,

and B = apF

]

e.n.f. maximum generated thereby,

and I= E_ P . a8
xl xl

armature current, maximum.

I

Substituting (13) in (14) gives

. mapn
z,l = apngl, — "—21—‘1

and QL LU I L (15)
NHAPN, Tyt Ty
nt T

(16)
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where 2 _ k, = transformation ratio of field turns to
p Ty
resultant armature turns; hence,

Ty

z, +z,

I = kg, (¢}
Substituting (11) in (17) thus gives the mazimum value of the

armature current as
n

T, T,+zIE @
I e 2, ) (18)

the instantaneous value of the armature current as

_n,
1= kl, Z—Z(ZL%E ’ )3005 O —0) — e =" cos 0’%, (19)
z, (T, + z,)

and by equation (10) of Chapter XIII, the armature reaction as

_Thg
. Te * -
f=_n,,21 ox—’—“—Z(.E(;++2;) >§1-—£ zxﬁcosﬂg, (20)
1 2

whete x, + z, = z, is the synchronous reactance of the alter-
nator.

For 6 = o, or in permanent condition, equations (18), (19),
(20) assume the usual form:

I=kl10 _2_2, .
0

i =k, %cos © - ) (1)
0
and f= "PTni K, % .

117. As an example is caleulated, the instantaneous value of
the transient short-circuit current of a three-phase alternator,
with the time angle 6 as abscissas, and for the constants: the
field turns, no = 100; the normal field current, I, = 200 amp.;
the field impedance, Zs = 7o — jzo = 1.28 — 160 j ohms; the
armiature turns, n; = 25, and the armature impedance, Z; =
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71 — joi = 0.4 — 57 ohms. For the phase angle, ¢ = 0, the
transformation ratio then is
np,n, 3

and the equivalent impedance of armature reaction is
n 2
z, = % (—‘) z,

nn
=15,
and we have
I= 400 (1 +3e 000, - as)
T= 400 (1 + 3¢7%%) (cosf — e="00)  (10)
and F=15,000 (1 + 3e"%8%) (1 — =000 co50),  (20)

(B) Single-phase alternator.
118. In a single-phase alternator, orin a polyphase alternator
with one phase only short-circuited, the armature reaction is

pulsating.
The m.m.f. of the armatre current,

i=Tcos(f — 0, (22)
of a single-phase alternator, is, with regard to the field,
Ji=ndcos (0 — 0) cos (8, — 0);
hence, for position angle 0, = time angle 6, or synchronous
rotation,

f,:%1{1+cos2(o-a')}; (23)
that is, of double frequency, with the average value,
. n ’
g, =31, @

pulsating between 0 and twice the average value.

The average value (24) is the same s the value of the poly--
phase machine, for n, = 1.

Usmg the same denotatlons as in (4), we have:

@ F, =n, : 25)
‘”’” "01 of1+cos 207}

@ sr,“=—‘37;”71”21 {1+cos2 (0—0)} =
' (26)
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Denoting the effective reactance of armature reaction thus:
@)
and substituting (27) in (26) we obtain
5o =:—:n010{1 +e0s2(0 - 0)} = %nolo {I+cos26); (28)
henee, by (6),
nl, = ngi — ;c—:n,,lo{l + cos 207}

and
Ii

i = %’Jq 31 + cos 2 wf ) (29)
1

Ty 3

and the field current,

1,
x
LTt

Z2
% 1, gl + mcos 2 (- Hb)g (30)

Zy

119. If I = maximum value of armature current,
ﬂ=%lﬂ+¢m2m—wn 1)

= armature m.m.f.;

hence,
=i, — F, 32)
= resultant m.m.f,

Since, however,

& = p7,
e =ad = qpg,
e a;
1-2-9, @3)

T, gz
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and, by (27),

2
ap = ;xz:
1
we have, by (33)
N Y 34
Sl=5r 39

Substituting (30), (31), and (34) into (32) gives

)
=
ny Tyt T

z, z, ,
= [ = nyl 1+ cos2(0—0)%
s oo + z,

1 1

—BI{1+0s20 -0}

or, substituting,

k, = 2;—"—” = transformation ratio, (35)
1
and rearranging, gives
N z, T, Fze ® 36)
I =1, Py T

as the mazimum value of the armature current.

This is the same expression as found in (18) for the poly-
phase machine, except that now the reactances have different
values. .

Herefrom it follows that the instantaneous value of the armature
current is

_my
. 2, (3, + o @ )3 ) ,% .

= ot R\ T (A 2 0 —0)— & = 0 vé
1=kl 5, @+ 7) cos (! )— e cos , (87)

and, by (31), the armature reaction is

Ty
z, (J:1 + e @

n, ) _ml
™ PRCEE §1+6052(0 o)% 39

9’1=2

&,
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For 6 = «, or permanent condition, equations (30), (36), (37),
and (38) give

: { z, 2w {
= cos 2 (0 — 0) ¢,
) 1021+x‘+xtos ( )

2

z
I=kl,—2,
z, + 2z, (39)
T
= lc,IOJrll ‘:f% cos (0.— 0"),
and F, = n—-—lk‘]‘, Lo {14 cos2 (0 —0)}.

2 z, + 2,

As seen, the field current 4, is pulsating even in permanent
condition, the more so the higher the armature reaction =,
compared with the armature self-inductive reactance z,.

120. Choosing the same example as in Fig. 53, paragraph
117, but assuming only one phase short-circurted, that is, a single-
phase short circuit between two terminals, we have the effective
armature series turns, n, = 25 v/3 = 43.3; the armature impe-
dance, Z, =r, —jz, = 0.8 — 107; 0/ = 0; the transformation
ratio, &, = 4.62, and the effective reactance of armature reaction

T, ~ 3 2, =15; herefrom,

32

T =555 (1 + 1500080y (36)

=555 (1 + L5~ 0) (cog 0 — e=0989),  (37)

and £=12000 (L + L5009 (1 + cos20);  (38)

and the field current is
%y =200 (1 + 1.567°%%) (1 + 0.6 cos 2 6). (30)

In this case, in the open-circuited phase of the machine, a
high third harmonic voltage is generated by the double frequency
pulsation of the field, and to some extent also appears in the
short-circuit current.

121. It must be considered, however, that the effective self-
inductive reactance of the armature under momentary short-



SHORT-CIRCUIT" CURRENTS OF ALTERNATORS 219

circuit conditions is not the same as the self-inductive reactance
under permanent short circuit conditions, and is not constant,
but varying, is a transient reactance.

The armature magnetic circuit is in inductive relation with
the field magnetic circuit. Under permanent conditions, the
resultant m.m.f. of the armature currents with regard to the
field is constant, and the mutual inductance between field and
armature circuits thus exerts no inductive effect. In the moment
of short circuit, however—and to a lesser extent in the moment
of any change of armature condition—the resultant armature
m.m.f. is pulsating in intensity and direction with regard to the
field, as seen in the preceding chapter, and appears as a transient
term of the armature self-inductance.

The relations between armature magnetic circuit, field mag-
netic circuit and mutual magnetic circuit in alternators are simi-
lar as the relations in the alternating current transformer, be-
tween primary leakage flux, secondary leakage flux and mutual
magnetic flux, except that in the transformer the inductive action
of the mutual magnetic flux is permanent, while in the alternator
it exists only in the moment of change of armature condition,
and gradually disappears, thus must be represented by a tran-
sient effective reactance. See the chapters on “Reactance of
Apparatus” in “Theory and Calculation of Electric Circuits.”

For a more complete study, such as required for the predeter-
mination of short circuit currents by the numerical calculation
of the constants from the design of the machine, the reader must
be referred to the literature, *
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PERIODIC TRANSIENTS

CHAPTER I.
INTRODUCTION.

1. Whenever in an electric circuit a sudden change of the
circuit conditions is produced, a transient term appears in the
circuit, that is, at the moment when the change begins,
the circuit quantities, as current, voltage, magnetic flux,etc., cor-
respond to the circuit conditions existing before the change, but
do not, in general, correspond to the circuit conditions brought
about by the change, and therefore must pass from the values
corresponding to the previous condition to the values corre-
sponding to the changed condition. This transient term may be
a gracdual approach to the final condition, or an approach by a
series of oscillations of gradual decreasing intensities.

Gradually — after indefinite time theoretically, after relatively
short time practically — the transient term disappears, and
permanent conditions of current, of voltage, of magnetism, ete.,
‘are established. The numerical values of current, of voltage, ete.,
in thé permanent state réached after the change of circuit con-
ditions, in general, are different from the values of current,
voltage, etc., existing in the permanent state before the change,
since they correspond to a changed condition of the circuit.
They may, however, be the same, or such as can be considered
the same, if the change which gives rise to the transient term
can be considered as not changing the permanent eircuit con-
ditions. For instance, if the connection of one part of a circuit,
with regard to the other part of the circuit, is reversed, a transient
term is produced by this reversal, but the final or permanent
condition after the reversal is the same as before, except that
the current, voltage, ete., in the part of the circuit which has been
reversed, are now in opposite direction. In this latter case,
the same change can be produced again and again after equal

223
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intervals of time #,, and thus the transient term made to recur
periodically. The electric quantities 1, e, etc., of the circuit,
from time t = 0 to ¢ = £,, have the same values as from time
{=tytot = 21¢,fromt = 2¢,tot = 31, etc., and it is sufficient
to investigate one cycle, from ¢ = 0 to ¢ = .

In this case, the starting values of the electrical quantities
during each period are the end values of the preceding period,
or, in other words, the terminal values at the moment of start
of the transient term, t = 0, ¢ = 7, and e = e,, are the same as
the values at the end of the period ¢ = i, ¢ = i’ and ¢ = ¢/;
that is, 1, = + ¥, e, = * ¢, ete.; where, the plus sign applies
for the unchanged, and the minus sign for the reversed part of the
circuit.

2. With such periodically recurrent changes of circuit con-
ditions, the period of recurrence ¢, may be so long, that the
transient term produced by a change has died out, the permanent
conditions reached, before the next change takes place. Or,
at the moment where a change of circuit conditions starts a
transient term, the transient term due to the preceding change
has not yet disappeared, that is, the time, ¢,, of a period is shorter
than the duration of the transient term.

In the first case, the terminal or starting values, that is, the
values at the moment when the change begins, are the same as
the permanent values, and periodic recurrence has no effect on
the character of the transient term, but the phenomenon is cal-
culated as discussed in Section I, as single transient term,
which gradually dies out. .

If, however, at the moment of change, the transient term of
the preceding change has not yet vanished, then the starting or
terminal values of the electric quantities, as 7, and e,, also contain
a transient term, namely, that existing at the end of the preced-
ing period. The same term then exists also at the end of the
period, orat¢ = ¢, Hence in this case, the terminal conditions
are given, not as fixed numerical values, but as an equation
between the electric quantities at time ¢ = 0 and at time ¢ = ¢;
or, at the beginning and at the end of the period, and the inte-
gration constants, thus, are calculated from this equation.

3. In general, the permanent values of electric quantities
after a change are not the same as before, and therefore at least
two changes are required before the initial condition of the
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circuit is restored, and the cycle can be repeated. Periodically
recurring transient phenomena, thus usually consist of two or
more successive changes, at the end of which the original econ-
dition of the circuit is reproduced, and therefore. the series of
changes can be repeated. Forinstance, increasing the resistance
of a circuit brings about a change. Decreasing this resistance
again to its original value brings about a second change, which
restores the condition existing before the first change, and thus
completes the cycle. In this case, then, the starting values of
the electric quantities during the first part of the period equal
the end values during the second part of the period, and the
starting values of the second part of the period equal the end
values of the first part of the period. That is, if a resistor is
inserted at time ¢ = 0, short circuited at time ¢ = ¢,, and inserted
again at time ¢ = ¢,, and e and ¢ are voltage and current respec-
tively during the first, e, and 7, during the second part of the
period, we have

/e/t=0 = /el/z=fn; /@x/z=1, = /e/l=t,y
/_75/t=-0 =it [0S ety = [t e

If during the times ¢, and ¢, — ¢, the transient terms have
already vanished, and permanent conditions established, so that
the transient terms of each part of the period depend only upon
the permanent values during the other part of the period, the
length of time ¢, and ¢, has no effect on the transient term, that
is, each change of circuit conditions takes place and is calculated
independently of the other change, or the periodic recurrence.
A number of such cases have been discussed in Section I, as
for instance, the effect of cutting a resistor in and out of a
divided inductive circuit, paragraph 75, Fig. 33. In this case,
four successive changes are made before the cycle recurs: a
resistor is cut in, in two steps, and cut out again in two
steps, but at each change, sufficient time elapses to reach
practically permanent condition.

In general, and especially in those cases of periodic transxent
phenomena, which are of engineering importance, successive
changes occur before the permanent condition is reached, or
even approximated after the preceding change, so that frequently

and
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the values of the electric quantities are very different throughout
the whole cycle from the permanent values which they would
gradually assume; that is, the transient term preponderates
in the values of current, voltage, etc., and the permanent term
occasionally is very small compared with the transient term.

4. Periodic transient phenomena are of engineering impor-
tance mainly in three cases: (1) in the control of electric circuits;
(2) in the production of high frequency currents, and (3) in the
rectification of alternating currents.

1. In controlling electric circuits, ete., by some operating
mechanism, as a potential magnet increasing and decreasing the
resistance of the circuit, or a cluteh shifting brushes, ete., the
main objections are due to the excess of the friction of rest over
the friction while moving. This results in a lack of sensitiveness,
and an overreaching of the controlling device. To overcome
the friction of rest, the deviation of the circuit from normal
must become greater than necessary to maintain the motion of
the operating mechanism, and when once started, the mechanism
overreaches. This objection is eliminated by never allowing
the operating mechanism to come to rest, but arranging it in
unstable equilibrium, as a “floating system,” so that the con-
dition of the circuit is never normal, but continuously and
periodically varies between the two extremes, and the resultant
effect is the average of the transient terms, which rapidly and
periodically succeed each other. By changing the relative
duration of the successive transient terms, any resultant inter-
mediary between the two extremes can thus be produced. On
this principle, for instance, operated the controlling solenoid of
the Thomson-Houston arc machine, and also numerous auto-
matic potential regulators.

2. Production of high frequency oscillating currents by period-
ically recurring condenser discharges has been discussed under
“oscillating current generator,” in Section I, paragraph 44.

High frequency alternating currents are produced by an are,
when made unstable by shunting it with a condenser, as dis-
cussed before.

The Ruhmkorff coil or inductorium also represents an appli-
cation of periodically recurring transient phenomena, as also
does Prof. E. Thomson’s dynamostatic machine.

3. By reversing the connections between a source of alter-
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nating voltage and the receiver circuit, synchronously with the
alternations of the voltage, the current in the receiver circuit is
made unidirectional (though more or less pulsating) and there-
fore rectified.

In rectifying alternating voltages, either both half waves of
voltage can be taken from the same source, as the same trans-
former coil, and by synchronous reversal of connections sent in
the same direction into the receiver circuit, or two sources of
voltage, as the two secondary coils of a transformer, may be
used, and the one half wave taken from the one source, and sent
into the receiver circuit, the other half wave taken from the
other source, and sent into the receiver circuit in the same
direction as the first half wave. The latter arrangement has
the disadvantage of using the alternating current supply source
less economically, but has the advantage that no reversal, but
only an opening and closing of connections, is required, and is
therefore the method commonly applied in stationary rectify-
ing apparatus.

6. In rectifying alternating voltages, the change of connec-
tions between the alternating supply and the unidirectional
receiving circuit can be carried out as outlined below:

(@) By a synchronously moving commutator or contact
maker, in mechanical rectification. Such mechanical rectifiers
may again be divided, by the character of the alternating supply
voltage, into single phase and polyphase, and by the character
of the electric circuit, into constant potential and constant cur-
rent rectifiers. Mechanical rectification by a commutator
driven by a separate synchronous motor has not yet found any
extensive industrial application. Rectification by a commutator
driven by the generator of the alternating voltage has found
very extended and important industrial use in the excitation of
the field, or a part of the field (the series field) of alternators and
synchronous motors, and especially in the constant-current arc
machine. The Brush arc machine is a quarter-phase alternator
connected to a rectifying commutator on the armature shaft,
and the Thomson-Houston arc machine is a star-connected
three-phase alternator connected to a rectifying commutator on
the armature shaft. The reason for using rectification in these
machines, which are intended to produce constant direct current
at very high voltage, is that the ordinary commutator of the
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continuous-current machine cannot safely commutate, even at
limited current, more than 30 to 50 volts per commutator
segment, while the rectifying commutator of the constant-
current, arc machine can control from 2000 to 3000 volts per
segment, and therefore rectification is superior to commutation
for very high voltages at limited current, as explained by the
character of this phenomenon, discussed in Chapter IIT.

(b) The synchronous change of circuit connection required
by the rectification of alternating e.m.fs. can be brought about
without any mechanical motion in so-called “arc rectifiers,”
by the characteristic properties of the electric are, to be a good
conductor in one, an insulator in the opposite direction. By
thus inserting an arc in the path of the alternating circuit,
current can exist and thus a circuit be established for that half
wave of alternating voltage, which sends the current in the
same direction as the current in the are, while for the reversed
half wave of voltage the arc acts as open circuit. As seen, the
arc cannot reverse, but only open and close the circuit, and so
can rectify only one half wave, that is, two separate sources of
alternating voltage, or two rectifiers with the same source of
voltage, are required to rectify both half waves of alternating
voltage.

(¢) Some electrolytic cells, as those containing aluminum as
one terminal, offer a low resistance to the passage of current in
one direction, but a very high resistance, or practically interrupt
the current, in opposite direction, due to the formation of a non-
conducting film on the aluminum, when it is the positive terminal.
Such electrolytic cells can therefore be used for rectification in
a similar manner as arcs. .

The three main classes of rectifiers thus are: (¢) mechanical
rectifiers; (b) arc rectifiers; (¢) electrolytic rectifiers.

Still other methods of rectification, as by the unidirectional
character of vacuum discharges, of the conduction in some
crystals, etc., are not yet of industrial importance.

8

N



CHAPTER II.

CIRCUIT CONTROL BY PERIODIC TRANSIENT PHENOMENA.

6. Asan example of a system of periodic transient phenomena,
used for the control of electric circuits, may be considered an
automatic potential regulator operating in the field circuit of
the exciter of an alternating current system.

Let, r, =40 ohms = resistance and L = 400 henrys =
inductance of the exciter field circuit.

A resistor, having a resistance, r, = 24 ohms, is inserted in
series to 7, L in the exciter field, and a potential magnet, con-
trolled by the alternating current system, is arranged so as to
short circuit resistance, r,, if the alternating potential is below,
to throw resistance r, into eircuit again, if the potential is
above normal.

With a single resistance step, r,, in the one position of the
regulator, with r, short circuited, and only r, as exciter field
winding resistance, the alternating potential would be above
normal, that is, the regulator cannot remain in this position,
but as soon after short circuiting resistance r, as the potential
has riseri sufficiently, the regulator must change its position
and cut resistance r, into the circuit, increasing the exciter field
circuit resistance to r, 4+ 7,. This resistance now is too high,
would lower the alternating potential too much, and the regula-
tor thus cuts resistance r, out again. That is, the regulator
continuously oscillates between the two positions, corresponding
to the exciter field circuit resistances r, and (r, + r,) respec-
tively, at a period depending on the momentum of the moving
mass, the force of the magnets, ete., that is, approximately
constant. The time of contact in each of the two positions,
however, varies: when requiring a high field excitation, the
regulator remains a longer time in position r,, hence a shorter
time in position (r, 4 r,), before the rising potential throws it
over into the next position; while at light load, requiring low
field excitation, the duration of the period of high resistance,

229
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(r, + ry), is greater, and that of the period of low resistance, r,,
less.

7. Let, t, = the duration of the short circuit of resistance r,;
i, = the tune during which resistance r, is in circuit, and ¢,

t, + 1y

Dunno‘ each period f, the resistance of the exciter field,
therefore, is 7, for the time ¢,, and (r, + 7,) for the time ¢,.

Furthermore, let, i, = the current during time ¢,, and 1, =
the current during time ty.

During each of the two periods, let the time be counted
anew from zero, that is, the transient current ¢, exists during the
time 0 < t < t,, through the resistance r, the transient
current, ©,, during the time 0 < ¢ < {,, through the resistance
(ry +1)-

This gives the terminal conditions:

/”:1/1=m = /7’.2/!=¢,
and ()
Jtof 1m0 = /i1/1=1,i

that is, the starting point of the current, 7,, is the end value of
the current, ¢,, and inversely.
If now, e = voltage impressed upon the exciter field circuit,
the differential equations are:
R di
e=rg, +L [E‘
and @
) i
=(ry +7,) 1% +Ld_t2’

e =
or,
di, 1, Qi
-2 ’
- =
TD
di, =_r,,+'r‘dt @
. e L
?-2

A\
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‘Integrated,
10
R e ~F
f,=—+ce *
7'0
and 4)
¢ _n ;'l'x "
1, = ¢ d
2 7, +T1 + P

Substituting the terminal conditions (1) in equations (4),
gives for the integration constants ¢, and ¢, the equations,

e '“ZTH,
;_; +e¢ = " + 7. +cf
and
e e _y
——— = — L.
TO + T] + cz Tﬂ + 615 ’
herefrom,
ﬂ|+7‘;12
erlgl —¢ E
6= m,_nin,
T(ro+rl){ 1—e 2% L ;
and ®)
T
er, gl _1h ;
&=+ Th, _nim,
To(ro+r,)il—eL L'g
Substituting (5) in (4),
_’rn—lrr,h
. € {1 —c L 'f 0y
zx=7_‘{l— T, _mtn, e L }
° (T+7‘1)§1—5L1 L }
and ©

-2
" Ty
R € rxgl — & } -0y
= L
B = {1 + Tn,_mEm, ¢ . J
e
Ty + 7y T‘,il -e L E }

If, e = 250 volts; £, = 0.2 sec., or
t, = 0.15, and ¢, = 0.05 sec.; then

5 complete cycles per sec.;

i, = 6.25 {1 — 0.1287%¢}

and

0]
i, = 3.91 {1 +0.391 =0t}
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8. The mean value of current in the circuit is

. 1 fh' ./\lzl
z_tl+t2§ nzldt-i- Ozzdtg, ®)

This integrated gives,

e e
i, — + &,
Q= ', ) T, ©
t i, !
and, if
Fr_ f_
] .
and (10)
L€
RS

are the two extreme values of permanent current, corresponding
respectively to the resistances 7, and (r, + r,), we have
- tllill + tzizl tl 4 t2 -1
1= 0" =2 420 n)
i+t A
that is, the current, 7, varies between 7,/ and 4,’ as linear function
of the durations of contact, ¢, and ¢,
The maximum variation of current during the periodic change
is given by the ratio of maximum current and minimum current;
or,

=9 (12)

and is

@ e (=T
7= Ty (L —e ™) 4r e™% (1—e— ")’ as)

where,

and (14)
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Substituting
) z
tEm e (15)

by using only term of first order;

1 -e=g,
gives } 16)
7=1

that is, the primary terms eliminate, and the difference between
1, and 7, is due to terms of secondary order only, hence very

small.
Substituting

I
8

l1—¢ ==z @an)

-5

that is, using also terms of second order, gives

¢ = {ro (s, +8) +r8,} = 3{ro (s, +5) +7.57} )
{ro (s, +s) +r,8,) —F{ro (s, +8)° +1s52 +273;s,]’

(18)
or, approximately,
7,88
B oL - I 19
4 +ro (s, +8,) + 7,8, ! (19)
and, substituting (14),
[RA
=1 —t12 ., 20
LS AR A @0
that is, the percentage variation of current is
AR
-1 =21z . 21
q TG +5) @1
Equation (21) is a maximum for
?
bo=1t,= -29, (22)
and, then, is
q - 4 ’ ( )
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or, in the above example, (r, = 24; L = 400; ¢, = 0.2);
g — 1 = 0.003;

that is, 0.3 per cent.
The time ¢, of a cycle, which gives 1 per cent variation of

current, ¢ — 1 = 0.01, is
4L

bh="" (-1, (24)
1

= % sec.

The pulsation of current, 0.3 per cent respectively 1 per cent,
thus is very small compared with the pulsation of the resistance,
r, = 24 ohms, which is 46 per cent of the average resistance

= 52 ohms.



CHAPTER IIIL

MECHANICAL RECTIFICATION.

9. If an alternating-current circuit is connected, by means
of a synchronously operated circuit breaker or rectifier, with a
second circuit in such a manner, that the connection between
the two circuits is reversed at or near the moment when the
alternating voltage passes zero, then in the second circuit
current and voltage are more or less unidirectional, although
they may not be constant, but pulsating.

If 7 = instantaneous value of alternating current, and 7, =
instantaneous value of rectified current, then we have, before
reversal, ¢, =4, and after reversal, ¢, = — %; that is, durinyg
the reversal of the circuit one of the currents must reverse.
Since, however, due to the self-inductance of the circuits, neither
current can reverse instantly, the reversal occurs gradually,
so that for a while during rectification the instantaneous value
of the alternating and of the rectified current differ from each
other. Thus means have to be provided either to shunt the
difference between the two currents through a non-inductive
bypath, or, the difference of the two currents exists as arc over
the surface of the rectifying commutator.*.

The general phenomenon of smgle—phase rectification thus
is: The alternating and the rectified circuit are in series. Both
circuits are closed upon themselves at the rectifier, by the
resistances, r and r,, respectively. The terminals are reversed.
The shunt-resistance circuits are opened, leaving the circuits
in series in opposite direction.

Special cases hereof are:

1. If r = r, = 0, that is, during rectification both circuits are
short circuited. Such short-circuit rectification is feasible only
in limited-current circuits, as on are lighting machines, or circuits
of high self-inductance, or in cases where the voltage of the recti-

*If the circuit is reversed at the moment when the alternating current
passes zero, due to self-inductance of the rectified circuit its current differs

from zero, and an arg still appears at the rectifier-
235
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fied circuit is only a small part of the total voltage, and thus the
current not controlled thereby, as when rectifying for the supply
of series fields of alternators.

2. r =1, = w, or open circuit rectification. This is feasible
only if the rectified circuit contains practically no self-inductance,
but a constant counter e.m.f., e, (charging storage batteries),
so that in the moment when the alternating impressed e.m.f.
falls to e, and the current disappears, the circuit is opened, and
closed again in opposite direction when after reversal the alter-
nating impressed e.m.f. has reached the value, e.

In polyphase rectification, the rectified circuit may be fed
successively by the successive phases of the system, that is
shifted over from a phase of falling e.m.f. to a phase of rising
e.m.f., by shunting the two phases with each other during the
time the current changes from the one to the next phase. Thus
the Thomson-Houston arc machine is a star-connected three-
phase constant-current alternator with rectifying commutator.
The Brush arc machine is a quarter-phase machine with rectify-
ing commutator.

In rectification frequently the sine wave term of the current
is entirely overshadowed by the transient exponential term,
and thus the current in the rectified circuit is essentially of an
exponential nature.

As examples, three cases will be discussed:

1. Single-phase constant-current rectification; that is, a
rectifier is inserted in an alternating-current circuit, and the
voltage consumed by the rectified circuit is small compared with
the total circuit voltage; the current thus is not noticeably
affected by the rectifier. In other words, a sine wave of current
is sent over a rectifying commutator.

2. Single-phase constant-potential rectification; that is, a
constant-potential alternating e.m.f. is rectified, and the impe-
dance between the alternating voltage and the rectifying com-
mutator is small, so that the rectified circuit determines the
current wave shape.

3. Quarter-phase constant-current rectification as oceurring
in the Brush are machine.
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1. Single-phase constant-current rectification.

237

10. A sine wave of current, ¢,sin 0, derived from an e.m.f.
very large compared with the voltage consumed in the recti-

fied circuit, feeds, after rectification,
a circuit of impedance Z =r — jx.
This circuit is permanently shunted
by a circuit of resistance r,.

Rectification takes place over short-
circuit from the moment = — 0, to
7 + 0,; that is, at = — 6, the rectified
and the alternating circuit are closed
upon themselves at the rectifier, and
this short-circuit opened, after rever-
sal, at = + 0,, as shown by the dia-
grammatic representation of a two-
pole model of such a rectifier in Fig.
54, In this case the space angles
7 + 7, and 7 — 7, and the time angles
7 + 0, and = — 0, are identical.

isting in compound-wound alter-

. . 1 5 i " 1
This represents the conditions ex- Tig: 04 Single-phase carrent
rectifier commutator.

nators, that is, alternators feeding a series field winding

through a rectifier.

Let, during the period from 6, to = — 0,, ¢ = current in

impedance Z, and 4, = current in resistance r,, then:
7+ 1%, = 7,sin 0.
However,
&

Gy = + xd—o

and substituting (1) in (2) gives the differential equation:

i
i(r+7r) +xd—;—zorlsm0=0,

which is integrated by the function:
i=Ae®4+ Bsin (6 — 5).

Substituting (4) in (3) and arranging, gives:

ey

@

©)

@

A +r, —a)e®+[B([r +r]cosd +zsind) — i ]sind
—[(r +7)sind — zcosd] Beosd =0, (5)
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which equation must be an identity, thus:

r 47, —ar=0,
B([r +r]cosd +zsind) —iy, =0¢
and (r+r)sind —zeosd =0,

and herefrom:

“ =T+T‘;
z
tand = z
T r ©
r R
and B =7 ——:1—_='£1
’ Vi )+ z
where
2=V +r)+ 2% ()
hence:
_T+1'19 . IS .
i=Ae 7 +10;‘sm(ﬂ—a). ®)

During the time of short-circuit, from = — 6, to = + 6,, if
¢/ = current in impedance Z, we have

dr’
. @
ir +2 7] 0, )
hence: )
¢=Are (10)

The condition of sparkless rectification is, that no sudden
change of current oceur anywhere in the system. In consequence
hereof we must have:

1 =1 =1, sin 0 at the moment 6 == — 0,

and, at the moment § = = + 6,, 7' must have reached the same
value as ¢ and 7, sin 8 at the moment 6 = 6.



MECHANICAL RECTIFICATION 239

This gives the two double equations:

Ty gy, = Vg, = 1,80 (m — 0,)
and an
g, = 1 0, = T8I0 O; :

or, substituting (8) and (9),

r47y r
et P P TN
Ae +'Lo;sm(6 +0,) = A’ =1, 8in 4, (12)
and
r+mn ° r
- T e
Ae * - v,o-z—lsm ©—-0)=4% *° - B, sinf,.  (13)

These four equations (12) (13) determine four of the five
quantities, 4, 4, 6,, 0,, r,, leaving one indeterminate.

Thus, one of these five quantities can be chosen. The deter-
mination of the four remaining quantities, however, is rather
difficult, due to the complex character of equations (12) (13),
and is feasible only by approximation, in a numerical example.

11. Examrrr: Let an alternating current of effective value
of 100 amp., that is, of maximum value ¢, = 141.4, be rectified
for the supply of a circuit of impedance Z = 0.2 — 2 §, shunted
by a non-inductive circuit of resistance 7,.

Let the series connection of the rectified and alternating
circuits be established 30 time-degrees after the zero value of

alternating current, that is, 6, = 30 deg. = g chosen.

Then, from equation (13), we have

r
, =g+

Ae
bence, substituting r, z, 6,, %,, gives
A’ =102

= 1,8in @,

From equation (12),

A’e

-
—gm=0) . .
z = %, 8in 0,,

and, substituting,
sin 4, = 0.527 e*1%;
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approximately

sin 8, = 0.527 and 6, = 32°;
thus, more closely

sin 0, = 0.527 3-20° = (.558, and 0, = 34°;
thus, more closely
sin 4, = 0.527 &% = 0.559, and 0, = 84°.
From equations (12) and (13) it follows:

47
-laeay LTy .
Ae = + 17, -z—‘ sin (3 4 0,) = ¢,sin @,
“TEhe oy .
Ae = -1, - sin (8 —6,) =1,sind,;

eliminating A gives
E_g(.r_ aﬁe,)e—g(ﬁsrez) _z sin g, — r,sin (0 4 0,) .
zsind, +r;sin (6 — 6,)’

T+,
2 bl

substituting sin 6 = 5’ cos o=

substituting for 7, x, 0,, 0,, gives after some changes:
oone _ L5 — 1047,
11-r 7
calculating by approximation,
assuming r, = 0.5,
0.603 = 0.612;
assuming r, = 0.51,
0.597 = 0.602;

assuming r, = 0.52,
0.591 = 0.592;
hence, r, = 052,
and z = 2124,
& =170°.

2= (r+7r) +2 and
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Substituting these values in (12) or (13) gives
A = 114;
hence, as final equations, we have
§= 112" 4 34.6sin (§ — 70°,

7 =102¢7010,
7, = 1414 sin 0,

and iy =1 — 1;

which gives the following results:

B | e

Quantity. Instantaneous Values. tive Mean

Value. Value

6°= 130 |50 {70 .| 90 [110 |130 {146 | 170 190 | 210
3= [70.8/70.572.6| 74.9(79.0(80.4/79.0|. .

! = “75.8 '73.2 70 s} 75.2 | 75.2

—24.7-70.8'1100.0 |.....

9.0
iy 5in 6==(70.8/108 [133 [141.4133 |108 [79.0 24.7 .
i, 0 (37.5[60.4] 66.5(54.0/27.6 0 ( 51. -485) 0 38.2 | 27.3
. e |(44.9)

ll

Curves of these quantities are plotted in Fig. 55, for 4, =
100 sin 6.

The effective value of the rectified current is 75.2 amp., and
this current is fairly constant, pulsating only between 70.5 and
80.4 amp., or by 6.6 per cent from the mean; that is, due to the
self-inductance, the fluctuations of current are practically
suppressed, and taken up by the non-inductive shunt, and the
arithmetic mean value of this current is therefore equal to its
effective value. The effective value of the shunt current is 38.2
amp., and this current is unidirectional also, but very fluctuating.
Its arithmetic mean value is only 27.3 amp.; that is, in this
circuit a continuous-current ammeter would record 27.3, an
alternating ammeter 38.2 amperes. The effective -value of the
total difference between alternating and rectified current (shunt
plus short-circuit current) is 44.9 amp.

The current divides between the inductive rectified circuit
and its non-inductive shunt, not in proportion to their respective
impedances, but more nearly, though not quite, in proportion
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to the resistances; that is, in a rectified circuit, self-inductance
does not greatly affect the intensity of the current, but only its
character as regards fluctuations.

.t Tsh O | | [ [~ ﬁl

bt TRy

0 frsd 0

60

i
= ~ .

Sgy
i () N\

1

o N
e

20
_al N[ 1/

/ L1 1]

20 # 60 B0 190 160 180 200

100
Degrees ——»
Fig. 55. Single-phase current rectification,

2. Single-phase constant-potential rectification.

12. Let the alternating e.m.f. ¢,sin @ of the alternating cir-
cuit of impedance Z, = 7, — jx, be rectified by connecting it
at the moment 6, with the direct-current receiver circuit of
impedance Z = r — jr and continuous counter e.m.f. e, dis-
connecting it therefrom at the moment = — §,, and closing
during the time from = — @, to = + 0, the altefnating cireuit by
the resistance 7, the direct-current circuit by the resistance r,,
then connecting the circuits again in series in opposite direction,
at = + 0, etc., as shown diagrammatically by Fig. 56, where

. 1
ol 1
. 1
i 1 1

1. Then, during the time from 6, to = — @, if ¢, = current,
the differential equation is

=0, o)

eosind —e — 1, (r +1,) - /x+xo)i%
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which is integrated by
4, = A, + B’ + C sin (0 — 5,) @)

Fig. 56. Single-ph constant-p ial rectifying

Equation (2) substituted in (1) gives
€sinb —e— (r +r)[4, +Be%"+C,sin (0 — 9,)]
) ~@+z)[- axBerag +Cycos (0 — )] =0;

or, transposing,
—[+e+ @ +r) 4] +Be o, (@ + ) — (r +1,)]
+sindle, — (r + 1) C,co88, — (x + x,) C,sind,]
+ C,cos[(r +1)sind, — (z + 2,) cos 6,] = 0;

herefrom it follows that
e+ (r+r)d, =0,
a, (x +2) — (r+71) =0,
e — (r+1)C cos6, — (v + x,) C,sind, =0,

and
(r +rp)sind, — (zr + z,) cos 8, = 0;
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hence
[
el
T+,
_r+rn
JH—J:O
3
sim, ®)

tan ¢, = ——~
r+r°

A =~

1

a,

23

and = —————,
VI +10) + (& +2,)*

and, substituting in (2),

fo g R, _ein@-2) )
Pordrn Vi +r )+ @ + o)
- _° .p, ;:T‘, r,[(1" +7)sin0 — (x +z,) cosl] & (4
T —I—T 41" + @ +z,)?
tan o, = k)
T+,
2. During the time from = — 8, to = + 6,, if 7, = current in

the direct circuit, 7, = current in alternating cireuit, we have
Alternating-current circutt:
egsind — 4, (ry +1,) —

di
Zg =0, ©®

which is integrated the same as in (1), by

1:-——35—%‘9 e,sin (0 — 8,)
3 8 ,\/<T0 + Tl)'l + zaz
-22n o [(r, +7,) sin 0 — z, cos 0]
- B £ 0 0 1 0 i
o + (ro +7)° + 22 ®
tan 8, = To_ .

To+T,
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Direct-current circurt:

. ds
—e—i ) - i =0, )
integrated by
T+
. e -0
@2"‘”‘1.+T2+Bz€ ®

At 0 = = — 0,, however, we must have

iy =, =1,
and 1,at 0 = = + 0, must be equal to
1, at 0 = 0, and opposite to 7, at 0 = = + 0,;

il[ﬁ =H1]=7:z[0=”+01]=—is[0=7[+01]'

(©

These terminal conditions represent four equations, which
suffice for the determination of the three remaining integration
constants, B,, B,, B,, and one further constant, as 0, or 0,, or
r, or r,, or e; that is, with the circuit conditions Z,, Z, v, r,, ¢,, e
chosen, the moment 4, depends on 0, and inversely.

13. Special case:

, =0, 1,=0, e=0; (10)

that is, the alternating e.m.f. ¢, sin 6 is connected to the circuit
of impedance Z = r — jz during time 4, to' = — 0,, and closed
by resistance r,, while the rectified ecircuit is short-circuited,
during time = — 0, to = + 4,.

The equations are:
1. Time 4, to = — 0,:
i,=Bg * + % [rsin 0 — z cos 6]
! P s o
2. Timez — 6,to= +0,:

2 ' 1 . ()
iy=DBg # '
. in 0
iy €, sin g

r

1
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The terminal conditions now assume the following forms
At 0==—20,
=y =1,

~ I z-6y €
s z"
B

,
L. ~Lm—0)
2 _(rsinf, +zcos0,) =Bg *
IS
e .
= -sind,;
Tl
at# = = + 0, and 0, respectively L (12
-ze e o ~ L@ty
: —"+T:+“f(rsmﬂl—-zzcosﬁl)=st Ehie
e, .
=-2sind,.
rl

These four equations suffice for the determination of the two
integration constants B, and B,, and two of the three rectifica-
tion constants, 4,, 6,, r,, so that one of the latter may be chosen.

Choosing 0,, the moment of beginning reversal, the equations
112} transposed and expanded give

; .
e _sin 01’
sin 0,
=
ez

cotd, +<*cotl, = (r + 2 T)(s

) ew _1)’
T z
B, = €, SIn 0,_,54-;("—-5:),

-
1
am

(13)
B, =B, %

1

o

Zr—o0
= (rsind, +zcosd,)es

which give 4,, r,, B, B,: 0, is calculated by approximation.
Assuming, as an example,

€, = 156 sin ¢ (corresponding to 110 volts effective),

Z =10 - 307,
and =
8, = G =307,

(14)

“«

-
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by equations (13) we have:

logsin 0, = — 0.3765 — 0.1448 6,,
and 0, = 21.7°,

r, = 163,
B, = 244, s
and B, = 12.8;
thus
R ¢
i, = 12.8¢ %4 1.56 (sin g — 3 cos 0),
Il ‘
iy = 24473, (16)
and iy = 20.5sin 0,
which gives:
0° . i 4y 0° A iy 4y,
21.7 7.55
30 7.47 0.2
45 7.7 5.3
60 8.02 0
75 8.56 5.3
90 9.18 7.55
105 9.67
120 10.09

The mean value of the rectified current is derived herefrom
as 8.92 amp., while without rectification the effective value of

alternating current would be e 3.48. 110 volts
T + 2

V2 -

2 110 = 99 volts mean, which in

effective corresponds to
T

r = 10 would give the current as 9.9 amp.’

Thus, in a rectified circuit, self-inductance has little effect
besides smoothing out the fluctuations of current, which in this
case varies between 7.47 and 10.27, with 8.92 as mean, while
without self-inductance it would vary between 0 and 15.6, with
9.9 as mean, and without rectification the current would be
4.95 sin (0 — 71.6°).
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As seen, in this case the exponential or transient term of
current largely preponderates over the permanent or sinusoidal
term.

P [ TEE ]
. / s foa ]
Thus:|74=="7.63
by 7 5 oy
/]
o i x
o ! L] \ [\ TN ’
HSERANEE= SN
<y i g \ i
‘ II \\ Il
6
sl AL
S EEENNR
< 4 \ I T=
MY/ RN 7 1
£ N 2 Y/
~d I
20 40 60 120 140 160 180 200

100
Degrees

Fig. 57. Single-phase e.m.f. rectification.

In Fig. 57 is shown the rectified current in drawn line, the
value it would have without self-inductance, and the value the
alternating current would have, in dotted lines.

3. Quarter-phase constant-current rectification.

14. In the quarter-phase constant-current arc machine, as
the Brush machine, two e.m.fs., B, = ¢cos 0 and I, = esin 0,
are connected to a rectifying commutator, so that while the first
B, is in circuit B, is open-circuited. At the moment 0,, B, is
connected in parallel, as shown diagrammatically in Fig. 58,
with E,, and the rising e.m.f. in B, gradually shifts the current
1, away from E, into E,, until at the moment 0, F, is dis-
connected and E, left in circuit.

Assume that, due to the superposition of a number of . .ch
quarter-phase e.m.fs., displaced in time-phase from each other,
and rectified by a corresponding number of commutators offset
against each other, and due to self-inductance in the external
circuit, the rectified current is practically steady and has the
value 7,. Thus up to the moment 0, the current in E, is 1y, in
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E,is 0. From 0, to 0, the current in X, may be ¢; thus in E, it

is4, =1, — 1. After 0,, the current in E, is 0, in E, it is 7,

A change of current occurs only during the time from 6, to 0,
and it is only this time that needs to be considered.

Fig. 58. Quarter-phase constant-current rectifying commutator.

Let Z =r — jz = impedance per phase, where z = 2 =fL;
then at the time ¢ and the corresponding angle 0 = 2 zft the

difference of potential in B, is
ecos — (1, — 1) r —

. . di
«ecosﬁ—(’bo-t)r+xd—0,

the difference of potential in I, is
in0—ir— o9
o °f v

d Gy — 4)
L=

(¢Y)

and, since these two potential differences are connected in

parallel, they are equal

e(sind — cos0) +ir —2ir — 2z

di
E(-?=0.
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The differential equation (2) is integrated by

1=A 4+ B +Ccos (0 —0); ®3)
thus %= — aBe™® — (C'sin (9 — 9),

and substituting in (2),
e(sin@ — cos @) + iy — 2 Ar — 2Bre=® — 2Creos (0 — 6)
+2aBxe=% +2Cxsin (0 —0) =0
or, transposed,
(ty—24)r + 2B~ %(ax — 1) +sinfe — 2 Crsin d
+2Crcosd] —cos e+ 2Crcosd + 2 Czsind] = 0;

thus
iy~ 24 =0,
ar —r =0,
e—2Crsind +2Crcosd =0,
and ‘e +2Czsing +2Crecoso =0, .

.z
and herefrom, letting ~ = tan o, we have
T

e= — 2(zsin (¢ — 9), )
e = —2Czcos (¢ —9), .
i,
A=§;
r
a=-
z
tanc =27, [ (€3]
+r
C=—e—%
V2@ +1)
tan (¢ - 0) =1,
and C=-—
V22
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These values substituted in (3) give

i=2 4B 5 cos (0 — d),

L S

5 =TT
tand = — (5)

At 0 = 0,7 = 0, and we have

~Lo

24 Be @ s (0, — O);
VT

hence,

Lo

Be 2 = cos (0, — 0) —%‘3; ©6)

e

substituting in (5), we have the-equations of current in the two
coils as follows:

.1, e PANSRA
v =7 +<——-——~cos 6, — 0o —-—)s @
2R )72

e
—— 0 — &
Vol cos (0 — 8)

=12_°(1 _ s"%“’"”")

\ @
_ __e—‘___ s _ 5_5@_” 01;
«/z“(x*“ﬁ’)(”"sw 9) = cos (6, =) ) [

and

R A e . 'iu>
=t (o _cos (9, —8) -2
Wt (\/‘_ﬂmcos(‘ )3t

-Le-o

% eos(8—0).
T J




where

By approximation, from
sponding to a given 0 , is derived.
15. Example:

Thus
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At 0 =0, 1 =1; thus
Z

(]

. 1\ —~Li—a)
R (-—e-—'cos @, —9) - é’)s ‘
2 N2+ <

——Lh_‘ cos (0, — 8) = 0;
V22 417

.
.y — =8
or, multiplied by ¢+ and rearranged,

L ~%e , -Ze e (-7
( )4 e

0,
¢ 7 ocos (0,— 0
T | :
— % %0y 0, - o“); =0
and

S T T

3 VI@E !

KN
—_—T

7 cos (02—1?)§.

Rearranged equation (8) gives
7 @,) = [1 2¢ 0, — &)
el s (0, = 0
Bvore: = cos (0, — o ]
Lo 2
= ez __=° 0 — ) — {
) [Wm s (0 =3) 1] o

this equation the value of 0,, corre-

€= 2000, 7, = 10, and Z = 10 — 407

0 =31° = 0.54 radiang

we have the condition
connecting moments 0, and 0,, as follows:

®

5
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= 5 + [34.3 cos (0, — 31°) — 5] &~0BO=D
— 34.3 cos (0 — 31°),

F@0,) = %1 + 6.86 cos (0, — 31°)]

= %0 6,86 cos (0, — 31° ~ 1)

BN

and

5° = %,andb’o" = g

Stbstituting for 0,, 30° = (—:, 45 , Tespec-

tively, gives:

o (0T
05"~ %) _34.5 cos (9-81°)

0= -’(—;,i= 5+20.3¢
.
.’Zf, i= 542836 "D 343 c0s (- 319
R —u.zs(ov'—') o
I i=5+251¢ 3) —34.3 cos (6—31°)
3
and

o =5 =1 0=3

o° Z iy 3 3 7 i e e

2202 |Z12ial.

e,

These values are plotted in Fig. 59, together with e, and
It follows then,
90.2° 88.6° 91.7°

0, =
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The actual curves of an arc machine differ, however, very
greatly from those of Fig. 59. In the arc machine, inherent regu-
lation for constant current is produced by opposing a very high
armature reaction to the field excitation, so that the resultant
m.m.f., or m.m.f. which produces the effective magnetic flux, is

10 20 30 40 5060 M0 8 9 100 10 120
B
18 7
1 =
12 7
" is L = o i
8 = L - [ - —]
61 s oy |
4 1 = ~
f2 a0 =] ZZm
N i 57 ~ i
0>
. - N
" T3 NS
N
-6 = ES) E: K
N
-8 ]
N
10 N
) -
W
20 30 4 6 7 80 80 100 110
Degrees—s-

Fig. 5. Quarter-phase rectification.

small compared with the total field m.m.f. and the armature
reaction, and so greatly varies with a small variation of armature
current. As result, a very great distortion of the field occurs,
and the magnetic flux is concentrated at the pole corner. This
gives an e.m.f. wave which has a very sharp and high peak, with
very long flat zero, and so cannot be approximated by an equiva-
lent sine wave, but the actual e.m.f. curves have to be used in a
more exact investigation.



CHAPTER 1IV.
ARC RECTIFICATION.

I. Tur Arc.

16. The operation of the arc rectifier is based on the charac-
teristic of the electric arc to be a good conductor in one direction
but a non-conductor in the opposite direction, and so to permit
only unidirectional currents.

Inan electric arc the current is carried across the gap between
the terminals by a bridge of conducting vapor consisting of the
material of the negative or the cathode, which is produced and
constantly replenished by the cathode blast, a high velocity
blast issuing from the cathode or negative terminal towards the
anode or positive terminal.

An clectric arc, therefore, cannot spontaneously establish
itself. Before current can exist as an arc across the gap hetween
two terminals, the arc flame or vapor bridge must exist, i.e.,
energy must have been expended in establishing this vapor
bridge. This can be done by bringing the terminals into contact
and so starting the current, and then by gradually withdrawing
the terminals derive the energy of the arc flame by means of the
current, from the electric circuit, as is done in practically all arc
Jamps. Or by increasing the voltage across the gap between the
terminals so high that the electrostatic stress in the gap repre-
sents sufficient energy to establish a path for the current, i.e., by
jumping an electrostatic spark across the gap, this spark is fol-
lowed by the arc flame. An arc can also be established between
two terminals by supplying the arc flame from another are, ete.

The arc therefore must be continuous at the cathode, but may
be shifted from anode to anode. Any interruption of the cathode
blast puts out the are by interrupting the supply of conducting
vapor, and a reversal of the arc stream means stopping the
cathode blast and producing a reverse cathode blast, which, in
general, requires a voltage higher than the electrostatic striking

255
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voltage (at arc temperature) between the electrodes. With an
alternating impressed e.m.f. the arc if established goes out at
the end of the half wave, or if a cathode blast is maintained
continuously by a second arc (excited by direct current or
overlapping sufficiently with the first arc), only alternate half
waves can pass, those for which that terminal is negative from
which the continuous blast issues. The are, with an alternating
impressed voltage, therefore rectifies, and the voltage range of
rectification is the range between the arc voltage and the electro-
static spark voltage through the arc vapor, or the air or residual
gas which may be mixed with it. Hence it is highest with the
mercury arc, due to its low temperature.

The mercury arc is therefore almost exclusively used for arc
rectification. It is enclosed in an evacuated glass vessel, so as
to avoid escape of mereury vapor and entrance of air into the
arc stream. Due to the low temperature of the boiling point of
mercury, enclosure in glass is feasible with the mercury are.

II. MercurRY ARc RECTIFIER.

17. Depending upon the character of the alternating supply,
whether a source of constant alternating potential or constant
alternating current, the direct-current circuit receives from the
rectifier either constant potential or constant current. Depend-
ing on the character of the system, thus constant-potential
rectifiers and constant-current rectifiers can be distinguished.
They differ somewhat from each other in their construction and
that of the auxiliary apparatus, since the constant-potential
rectifier operates at constant voltage but varying current, while
the constant-current rectifier operates at varying voltage. The
general character of the phenomenon of arc rectification is, how-
ever, the same in either case, so that only the constant-current
rectifier will be considered more explicitly in the following
paragraphs. .

The constant-current mercury arc rectifier system, as used
for the operation of constant direct-current arc circuits from an
alternating constant potential supply of any frequency,is sketched
diagrammatically in Fig. 60. It consists of a constant-current
transformer with a tap C brought out from ‘the middle of the
secondary coil AB. The rectifier tube has two graphite anodes
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@, b, and a mercury cathode ¢, and usually two auxiliary mercury
anodes near the cathode ¢ (not shown in diagram, Fig. 60),
which are used for excitation, mainly in starting, by establishing
between the cathode ¢ and the two auxiliary mercury anodes,
from a small low voltage constant-potential transformer, a pair
of low current rectifying arcs. In the constant-potential rectifier,
generally one auxiliary anode only is used, connected through
a resistor 7 with one of the main anodes, and the constant-

Fig. 60. Constant-current Tig. 61. Constant-potential
mercury arc rectifier, mercury arc rectifier.

current transformer is replaced by a constant-potential trans-
former or compensator (auto-transformer) having considerable
inductance between the two half coils I and III, as shown in
Fig. 61. Two reactive coils are inserted between the outside
terminals of the transformer and rectifier tube respectively, for
the purpose of producing an overlap between the two rectifying
arcs, ca and cb, and thereby the required continuity of the arc
stream at ¢. Or instead of separate reactances, the two half coils
IT and IIT may be given sufficient reactance, as in Fig. 61. A
reactive coil is inserted into the rectified or arc circuit, which
connects between transformer neutral ¢ and rectifier neutral ¢,
for the purpose of reducing the fluctuation of the rectified current
to the desired amount.

In the constant-potential rectifier, instead of the transformer
ACB and the reactive coils Aa and Ba, generally a compensator
or auto-transformer is used, as shown in Fig. 61, in which the
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two halves of the coil, AC and BC, are made of considerable
self<inductance against each other, as by their location on
different magnet cores, and the reactive coil at ¢ frequently
omitted. The modification of the equations resulting herefrom is
obvious. Such auto-transformer also may raise or lower the
impressed voltage, as shown in Fig. 61.

The rectified or direct voltage of the constant-current rectifier
is somewhat less than one-half of the alternating voltage supplied
by the transformer secondary AB, the rectified or direct current
somewhat more than double the effective alternating current
supplied by the transformer.

In the constant-potential rectifier, in which the currents are
larger, and so & far smaller angle of overlap 0 is permissible, the
direct-current voltage therefore is very nearly the mean value
of half the alternating voltage, minus the arc voltage, which is
about 13 volts. That is, if e = effective value of alternating
voltage between rectifier terminals ab of compensator (Fig. 61),

242 . .
hence ¢ = mean value, the direct current voltage is
V72
e, =—e —13.
T

IIT. MopE oF OPERATION.

18. Let, in Figs. 62 and 63, the impressed voltage between
the secondary terminals AB of an alternating-current trans-
former be shown by curve I. Let C be the middle or center of
the transformer secondary AB. The voltages from C to A and
from C to B then are given by curves II and III.

If now 4, B, C are connected with the corresponding rectifier
terminals a,b,cand at ¢ a cathode blast maintained, those currents
will exist for which ¢ is negative or cathode, i.e., the current
through the rectifier from @ to ¢ and from b to ¢, under the
impressed e.m.fs. IT and III, are given by curves-IV and V, and
the current derived from c is the sum of IV and V, as shown in
curve VI.

Such a rectifier as shown diagrammaitically in Fig. 62 requires
some outside means for maintaining the cathode blast at ¢, since
the current in the half wave 1 in curve VI goes down to zero at

s
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the zero value of e.m.f. ITIT before the current of the next half
wave 2 starts by the e.m.f. II.

It is therefore necessary to maintain the current of the half
wave 1 beyond the zero value of its propel-
ling impressed e.m.f. IIT until the current of [QMD_I
the next half wave 2 has started, ie., to
overlap the currents of the successive half
waves. This is done by inserting reactances
into the leads from the transformer to the
rectifier, i.e., between A and ¢, B and b respec-
tively, as shown in Fig. 60. The effect of
this reactance is that the current of hall wave %
1, V, continues beyond the zero of its im-
pressed e.m.f. IITi.e., until the e.m.f. IIT has
died out and reversed, and the current of the
half wave 2, IV, started by e.m.f. II; that is,
the two half waves of the current overlap,
and each half wave lasts for more than half i 0% Constant-

N current mercury
a period or 180 degrees. are rectifier.

The current waves then are shown in curve
VII. The current half wave 1 starts at the zero value of its
e.n.f. ITI, but rises more slowly than it would without react-
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Tig. 63. E.m.f and current waves of constant-current mercury arc rectifier.

ance, following essentially the exponential curve of a starting
current wave, and the energy which is thus consumed by the
reactance as counter e.m.f. is returned by maintaining the
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current half wave 1 beyond the e.mn.f. wave, i.e., beyond 180
degrees, by 0, time-degrees, so that it overlaps the next half
wave 2 by 0, time-degrees.

Hereby the rectifier becomes self-exciting, i.e., each half wave
of current, by overlapping with the next, maintains the cathode
blast until the next half wave is started.

The successive current half waves added give the rectified or
unidirectional current curve VIII.

During a certain period of time in each half wave from the zero
value of e.m.f. both ares ca and ¢b exist. During the existence
of both arcs there can be no potential difference between the
rectifier terminals @ and b, and the impressed e.m.f. between the
rectifier terminals ¢ and b therefore has the form shown in eurve
IX, Fig. 63, i.e., remains zero for §, time-degrees, and then with
the breaking of the arc of the preceding half wave jumps up to
its normal value.

The generated e.m.f. of the transformer secondary, however,
must more or Jess completely follow the primary impressed e.m.f.
wave, that is, has a shape as shown in curve I, and the difference
between IX and I must be taken up by the reactance. That is,
during the time when both arcs exist in the rectifier, the a. c.
reactive coils consume the generated e.m.f. of the transformer
secondary, and the voltage across these reactive coils, therefore,
is as shown in curve X. That is, the reactive coil consumes
voltage at the start of the current of each half wave, at z in
curve X, and produces voltage near the end of the current, at y.
Between these times, the reactive coil has practically no effect and
its voltage is low, corresponding to the variation of the rectified
alternating current, as shown in curve XI. That is, during this
intermediary time the alternating reactive coils merely assist the
direct-current reactive coil.

Since the voltage at the alternating terminals of the rectifier,
@, b, has two periods of zero value during each cycle, the rectified
voltage between ¢ and C must also have the same zero periods,
and is indeed the same curve as IX, but reversed, as shown in
curve XII.

Such an em.f. wave eannot satisfactorily operate arcs, sinee
during the zero period of voltage XIT the ares go out. The
voltage on the direct-current line must never fall below the
“counter e.m.f.” of the arcs, and since the resistance of this

A
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circuit is low, frequently less than 10 per cent, it follows that the
total variation of direct-current line voltage must be below
10 per cent, 1.e., the voltage practically constant, as shown by the
straight line in curve XII. Hence a high reactance is inserted
into the direct-current circuit, which consumes the excess voltage
during that part of curve XII wheré the rectified voltage is
above line voltage, and supplies the line voltage during the
period of zero rectified voltage. The voltage across this reactive
coil, therefore, is as shown by curve XIII.

IV. ConsTANT-CURRENT RECTIFIER.

19. The angle of overlap 0, of the two ares is determined by
the desired stability of the system. By the angle 0, and the
impressed e.am.f. is determined the sum total of e.m.fs. which
has to be consumed and retwned by the a. c. reactive coil, and
herefrom the size of the a. c. reactive coil.

From the angle 0, also follows the wave shape of the rectified
voltage, and therefrom the sum total of e.m.f. which has to be
given by the d. c. reactive coil, and hereby the size of the d. c.
reactive coil 1equ1red to ma.mtmn the d. c. cuuent fluctuation
within certain given limits.

The efficiency, power factor, regulation, etc., of such a mercury
arc rectifier system are essentially those of the constant-current
transformer feeding the rectifier tube.

Let f = frequency of the alternating-current supply system,

= mean value of the rectified direct current, and a = the pulsa-
tion of the rectified current from the mean value, i.e., 7, (1 + a)
the maximum and 7, (1 — @) the minimum value of direct cur-
rent. A pulsation from a mean of 20 to 25 per cent is permissible
in an arc circuit. The total variation of the rectified current
then is 2 a1, i.e., the alternating component of the direct current

has the maximum value a3, hence the effective value—=1, (or

\/2
for a = 0.2, 0.141 ¢,) and the frequency 2 . Hysteresis and eddy
losses in the direct-current reactive coil, therefore, correspond
to an alternating current of frequency 2f and effective value
% 1,, or about 0.141 7, i.e., are small even at relatively high

densities.
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In the alternating-current reactive coils the current varies,
unidirectionally, between 0 and ¢, (1 + a), 1. e., its alternating

. 1+a.
component has the maximum value —:— 1, and the effec-

tive value 3 \/‘ ’t‘, (or, for @ = 4+ 0.2, 0.425 7;) and the fre-

quency f. The hysteresis loss, therefore, corresponds to an

. 1 .
alternating current of frequency f and effective value 5 ;.; Lo

or about 0.425 7,

With decreasing load, at constant alternating-current supply,
the rectified direct current slightly increases, due to the increas-
ing overlap of the rectifying arcs, and to give constant direct
current the transformer must therefore be adjusted so as to
regulate for a slight decrease of alternating-current output with
decrease of load.

V. THEORY AND CALCULATION.

20. In the constant-current mercury-arc rectifier shown dia-
grammatically in Fig. 64, let e sin 6 = sine wave of e.m.f. im-
pressed between neutral and outside of
alternating-current supply to the rec-
tifier; thatis, 2 esin 0 = total secondary
generated e.m.f. of the constant-current
transformer; Z, = r, — jz, = imped-
ance of the reactive coil in each anode
circuit of the rectifier (“alternating-
current reactive coil”), inclusive of the
internal self-inductive impedance be-
tween the two halves of the transformer
secondary coil; 7, and 7, = anode cur-
rents, counted in the direction from
anode to cathode; e, = counter e.m.f.
Tig. 64. Constant-current  Of rectifying arc, which is constant; Z,=

mercury are rectifier. T, — jx, = impedance of reactive coil

in rectified circuit (“direct-current re-
active coil”); Z, = r, — jz, = impedance of load or a.rc-la.mp
circuit; e/ = rountel em.f. in rectified ‘circuit, which is con-

.
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stant (equal to the sum of the counter e.m.fs. of the arcs in the
lamp circuit); 0, = angle of overlap of the two rectifying arcs,
or overlap of the currents?, and 4,; 7, = rectified current during
the period, 0 < 0 <0,, where both rectifying arcs exist, and 7/ =
rectified current during the period, 0, < 0 < =, where only one
arc or one anode current %, exists.

Let e, = e,/ + ea = total counter e.m.f. in the rectified cir-
cutand Z =r — jx = (r, + 71, +1,) — j (2, + , + z,) = total
impedance per circuit; then we have

(o) During the period when both rectifying arcs exist,

0<o<ad,
A 1

In the circuit between the e.m.f. 2 ¢ sin 0, the rectifier tube,
and the currents 7, and 1,, according to Kirchhoff’s law, it is,
Fig. 64,

i,

. . . di,
2esinld —ra, %y +W;+%$=0~ 2

In the circuit from the transformer neutral over e.m.f. e sin 6,
current 17,, rectifier arc e, and rectified circuit,s,, back to the
transformer neutral, we have

. . dv . di . dy,
esin 0—rlzlwa:170‘ —ea — Ty — xna—; — Tyl — xzag“ —e’ =0;
or,

. ) &
esin0 —rg, — 11%‘("0 + 1) 1, —(x, +zz)£— e, =0. (3)

(b) During the period when only one rectifying arc exists,
0y, <0< m=,
il = 7:0,;
hence, in this cireuit,

. &) , v/
esinl —rg, — xrd%—- (ry + 1)1 — (7, + 7%)71% —e, =0. (4)
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Substituting (1) in (2) and combining the result (5) of this
substitution with (3) gives the differential equations of the rec-
tifier:

. . d . .
2esind +T1(LD—2L1)+;L‘1E§-(7,u~—27/1)=01 . (5)
2 I — 25— )t ©
-‘eu"'(-’r T:)'Lo ( z 1}) dﬂ gl \())
di,
and esind — e, — i) —x—-—0 (7)

do

In these equations, ¢, and %, apply for the time, 0 < 6 < 0,
1, for the time, 0, < ¢ < =.

21. These differential equations are integrated by the func-
tions

iy — 24, = A= 4 A’sin (0 — f), ®
1y = Be™" + B, (9)
and i =Cem®+ C + C”sin (0 — 7). (10)

Substituting (8), (9), and (10) into (5), (6), and (7) gives
three identities:

2esin 0 +A’ [r,sin (0—8) +x, cos (0—p)]+Ae % (r,—az,) =0.
2e,+B/(2r—r) +B:" " [(27—1) =b (2z—2,)]=0,

and

esinf —e,—C"[rsin (0—7) +x cos(0 —7)]—C'r—Ce=(r—cx) =0;

hence,
ry —ar, =0, A
@r—-r)-bQRx—-2z)=0,
and r—cr=0.
2¢e, + B’ (21‘7— r) =0,
e, + C'r =0, 11)

2e¢ + A’ (r,cos B +r,sinfp) =0,
A’ (r;sinf — z, cos B) =0,
e—C”(rcosy +xsiny) =0,
C" (rsiny —xcosy) =0. )
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Writing

z = V1 +zf,
xT
tan @, ==,
V.l
and 2= Vi + 2,

xr
tan @ =— -
p

12)

(13)

Substituting (12) and (13) gives by solving the 9 equations
(11) the values of the coeflicients a, b, ¢, 4’, B/, C", C”’, B, r:

B =~

o =-%,

C// = + g )
2
and thus the ¢ntegral equations of the rectifier are

2e
. a0 .
Ty — 24, = Ae™ — —sin (0 — @),
zl
2e
N ~bo 0
i = Bemv — 2%
° 27 — 1,

and i =Ce™® — e_; Jr-Zsin 0 - a),

(14)

(15)

(16)

an

(18)
(19)

(20)
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where @, b, ¢ are given by equations (14), a and « by equations
(12) and (13), and 4, B, C are integration constants given by the
telmmal conditions of the problem.
22. These terminal conditions are:
|L.1l9=0 =0,
liof om0 = 1%'lo=m (21)
and [iy]ome, =

That is, at 0 = 0 the anode current 7, = 0. After half a
period, or = = 180°, the rectified current repeats the same
value. At 0 = 0, all three currents <,, 7, ¢, are identical.

The four equations (21) determine four constants, 4, B, C, 0,,.

Substituting these constants in equations (18), (19), (20)
gives the equations of the rectified current 7, 7/, and of the
anode currents ¢, and ¢, = 7, — %,, determined by the constants
of the system, Z, Z,, ¢,, and by the impressed e.m.f., e.

In the constant-current mercury-arc rectifier system of arc
lighting, e, the secondary generated voltage of the constant-
current transformer, varies with the load, by the regulation of
the transformer, and the rectified current, 7,, 7/, is required to
remain constant, or rather its average value.

Let then be given as condition of the problem the average
value 7 of the rectified current, 4 amperes in a magnetite or
mercury arc lamp circuit, 5 or 6.6 or 9.6 amperes in a carbon
arc lamp circuit.

Assume as fair approximation that the pulsating rectified
current ¢,, ¢,” has its mean value 7 at the moment, § = 0. This
then gives the additional equation

[iglo=o =1, (22)
and from the five equations (21) and (22) the five constants
4, B, C, 0, e are determined.

Substituting (22), (18), (19), (20) in equations (21) gives

. 2e .
A———z—-;;smozl,
Beit 2%, 23)

2r -1,

C=s’"5’i+ &——gsina'
{ T 2

e
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2e 2e
— Ae™% — Z_gin (@, — ) = Bs™t — 0
2, (@ ) 2r—r,

— G2 Z sin (@ — 0,). @4

Substituting (23) in (24) gives
2e

2

e=9% gin @, — sin (@, — 0,) = ¢ Je=a% 4 o=t
1 1 0 e +
1

2e

o g 1- s—wng (25)

2r —1,
and

e . . .
- %ec("’”“) sina +sin (@ — 0, 7 %s“("’a"’—s""’"?-
z

-
2e, | &f {
1 — =M S0 ) om—t) _ %
+2r—rlg ¢ S+rls 15’ (26)
and eliminating e from these two equations gives

&% gin o + sin (@ — 0,)
e~ gin o, — sin (e, — 0,)

2e e
c(m—0g) _ —bly ) .=t 0y ctr—60) _
_22%5 £ §+i(27*—r1) 1-¢ §+ir§E lg
2 —at —m% ___2a 3 — = ;
%E e TEr—ryli e

@n

Equation (27) determines angle 0, and by successive substitu-
tion in (26), (23), ¢, 4, B, C are found.

Equation (27) is transcendental, and therefore has to be solved
by approximation, which however is very rapid.

As first approximation, afy = by = ¢fo = 0; & = a; = 90° or

T and substituting these values in (27) gives

2
e
~-1)(1 %)
e 4 cosl, 22 (E * w
1—cosl, 2 2



268 TRANSIENT PHENOMEN A

o)+ 8)-c
_ 2y s

1= B
z—(s”"— 1)(1 + i“)+ 1
Zl r,

This value of 4, substituted in the exponential terms of equa-
tion (27) gives a simple trigonometric equation in 6,, from which
follows the second approximation 6,, and, by interpolation, the
final value,

and

0s 0

@3

0,=10, +

(62__00_1)_2 . (29)

1
23. For instance, let e, = 950, ¢ = 3.8, the constants of the
circuit being Z, = 10 — 1855 and Z = 50 — 1000 j.
Herefrom follows
a = 0.0564, b = 0.050, and ¢ = 0.050, (14)
a, = 86.9°and a = 87.1°. 15)
From equation (28) follows as first approximation, 6, = 47.8°;
as second approximation, 0, = 44.2°.
Hence, by (29),
0 = 44.4°.
Substituting @ in (26) gives e = 2100,
hence, the effective value of transformer secondary voltage,
2e
——= = 2980 volts
V2
and, from (23),
A = - 1894, B = 24.90, C = 24.20.
Therefore, the equations of the currents are
7, = 24.90 ¢~%°? — 21,10,
1= 24.20 &% — 19.00 + 2.11 sin () — 87.1°),
i, = 12.45 %% £ 947 &=%%4¢ _ 10,58 4 11.35 sin () —86.9°),
and

Ty = Ty — Ty
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The effective or equivalent alternating secondary current of
the transformer, which corresponds to the primary load current,

that is, primary current minus exciting current, is
7=, = 1,

From these equations are calculated the numerical values of
rectified current 4, 7, of anode current ¢,, and of alternating
current ¢/, and plotted as curves in Fig. 65.

1
\[ 17
7 \
/
=
/ \\E
u :
\ /T
N N | L

Fig. 65. Current waves of constant-current mercury arc rectifier.

24. As illustrations of the above phenomena are shown in
TFig. 66 the performance curves of a small constant-current rec-
tifier, and in Figs. 67 to 76 oscillograms of this rectifier.

Interesting to note is the high frequency oscillation at the ter-
mination of the jump of the potential difference ¢C' (Fig. 60)
which represents the transient term resulting from the electro-
static capacity of the transformer. At the end of the period of
overlapof thetwo rectifyingares one of theanode currents reaches
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Fig. 66. Results from tests made on a constant-current mercury arc rectifier.

ANVANVANVA
VARVIRVIRVAR

Fig. 67. Supply e.m.f. to constant-current rectifier.

PANEPANEPANEPAN
VARVERVARVER

Fig. 68. Secondary terminal e.m.f. of transformer.

Fig. 69. E.m.f. across a.c. reactive coils.

Fig. 70. Alternating e.m.f. impressed upon rectifier tube.
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Fig. 71. Unidirectional e.m.f. produced between rectifier neutral and
transformer neutral.

fANAAANN
VIV VWV

Fig. 72. E.m.f. across d.c. reactive coils.

Fig. 73. Rectified e.m.f. supplied to arc circuit.

ANANANWAN
NN

Fig. 74. Primary supply current.

JAVAWAWAY

Fig. 75. Current in rectifying arcs,

AVAVAVAVAVAVAVAV

Fig. 76. Rectified current in arc circuit.
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I .
zero and stops, and so its L i-é abruptly changes; that is, a sud-

den change of voltage takes place in the circuit a4CDc or
bBCDc. Since this circuit contains distributed capacity, that
of the transformer coil ACBC respectively, the line, etc., and
inductance, an oscillation results of a frequency depending upon
the capacity and inductance, usually a few thousand cycles per
second, and of a voltave depending upon the impressed e.m.f.;

that is, the L — of the circuit. An increase of inductance L

. d,'
increases the angle of overlap and so decreases the Ez’ hence does
not greatly affect the amplitude, but decreases the frequency of
. L . i .
this oscillation. An increase of % at constant L, as resulting
d

from a decrease of the angle of overlap by delayed starting of
the are, caused by a defective rectifier, however increases the
amplitude of this oscillation, and if the electrostatic capacity is
high, and therefore the damping out of the oscillation slow, the

7

Fig. 77. E.m.f. between rectifier anodes.

oscillation may reach considerable values, as shown in oscillo-
gram, Fig. 77, of the potential difference ab. In such cases, if
the second half wave of the oscillation reaches below the zero
value of the e.an.f. wave ab, the rectifying arc is blown out and
a disruptive discharge may result.



ARC RECTIFICATION 273

VI. EquivarLENT SINE WAVES.

25. The curves of voltage and current, in the mercury-are
rectifier system, as calculated in the preceding from the con-
stants of the circuit, consist of successive sections of exponential
or of exponential and trigonometric character.

In general, such wave structures, built up of successive sections
of different character, are less suited for further calculation.
For most purposes, they can be replaced by their equivalent
sine waves, that is, sine waves of equal effective value and equal
power.

The actual current and e.m.f. waves of the arc rectifier thus
may be replaced by their equivalent sine waves, for general
calculation, except when investigating the phenomena resulting
from the discontinuity in the change of current, as the high
frequency oscillation at the end and to a lesser extent at the
beginning of the period of overlap of the rectifying arcs, and
similar phenomena.

In a constant-current mercury arc rectifier system, of which
the exact equations or rather groups of equations of currents
and of ean.fs. were given in the preceding, let 4, = the mean
value of direct current; e, = the mean value of direct or rectified
voltage; © = the effective value of equivalent sine wave of
secondary current of transformer feeding the rectifier; e = the
effective value of equivalent sine wave of total e.m.f. generated

e
72
equivalent sine wave of generated e.m.f. per secondary trans-
former coil, and 0, = the angle of overlap of rectifying arcs.

The secondary generated e.m.f., e, is then represented by a
sine wave curve I, Fig. 78, with ¢ v/2 as maximum value.

Neglecting the impedance voltage of the secondary circuit
during the time when only one arc exists and the current changes
are very gradual, the terminal voltage between the rectifier
anodes, e,, is given by curve II, Fig. 78, with e /2 as maximum
value. This curve is identical with e, except during the angle
of overlap 0,, when e, is zero. Due to the impedance of the
reactive coils in the anode leads, curve II differs slightly from I,
but the difference is so small that it can be neglected in deriving

in the transformer secondary coils, hence, = = the effective
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the equivalent sine wave, and this impedance considered after-
wards as inserted into the equivalent sine-wave circuit.
The rectified voltage, ¢,, is then given by curve III, Fig. 78,

. . e ¢ .
with a maximum value of ;\/’2 = and zero value during

the angle of overlap 0, or rather a value = e, the em.f. con-
sumed by the rectifying arc (13 to 18 volts).

—
1 ¢
— ™~ ~—t —
I o
(
] ~—]
T ™~ L
[ e B
T~ /]
Iv K2y
P~ i~ T~ s
v D
T - [l -
VI ™~ i,
— ]
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T~ N——"1 —
V! K
D4
—1 |

Fig. 78. E.m.f. and current curves in a mercury arc rectifier system.

The direct voltage ¢,, when neglecting the effective resistance
of the reactive coils, is then the mean value of the rectified
voltage, e,, of curve III, hence is

_ e lf”.
eo_\/fﬂ ansulOdﬂ
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_e(l +cosd,).
V3z

V2

or e=e, — .
’ °1 + cos 0,

If e, = the mercury arc voltage, r, = the effective resistance of
reactive coils and 7, = the direct current, more correctly it is

V2

e = (eo+ea+roin)m.
= Yo

The effective alternating voltage between the rectifier anodes
is the v/mean square of e,, curve IT, hence is

—
el.-:g\/i\/—jasinzﬂdﬂ
—ef\/[ 51n20:|

—0, sin20

= x/§\/” g o

¢ 27 * 4

=e\/1 26, -25i‘n200’
T

and the drop of voltage in the reactive coils in the anode leads,
caused by the overlap of the arcs, thus is

e_gl=e§1— \/1_2&—_25111ﬂo§.

T

26. Let = the maximum variation of direct current from
mean value 17, hence, 7, = %, + 7 = the maximum value of
rectified current, and therefore also the maximum value of
anode current.

The anode current thus has a maximum value 4,, and each
half wave has a duration = + 0, as shown by curve IV, Fig. 78.

The direct current, 4, is then given by the superposition or
addition of the two anode currents shown in curves V, and is
given in curve VL
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din
i i lary
T fective v equivalent alternating secon(
> effective value of tlr.le U ;

--Irlpttnt of the transformer is derived })y thfe subtractlop of .the
v:; ”;nmle currents, or their superposition in re\i‘%se direction,
Hhewn by curves VII, and is given by curve V. 3 . ,
eh imi)u]se of anode current covers an angle z + ' OF

f wave.
<wwhat more than one hall ' o
Denoting, however, each anode wave by h;:, lfhat is, cons;deggng
¥ i rresponds
+ach anole impulse as one half wave (which corresp

z ) then, referred to the anode impulse
7

i

lower frequency

w o X
a= half wave, the angle of overlap is

= 0,
0 =40, "

The lirect current, 4, is the mean value of the anoc}e current
vurves V, VI, and, assuming the latter as equivalent sine waves
+f maximum value 7, = 7, + ¢/, the direct current, 4, is

4 g, fsinofdf;/
(] 2 01 o

and 1, = fy—-1;
P
2 2=+ 0, -
an! the pulsation of the direct current, 7/ = Uy — by, i

. = _

! 1°§ 240y !

The effective value of the secondary current, as equivalent
sine wave in one transformer coil, is the mean square of curves
VII, VIII, or, assuming this current ag existing in both trang-
former secondary coils in series — actually it alternates, one half -
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wave in one, the other in the other transformer coil — is half this
value, or

. . 1 T—6; . 61
= %\/ i § f Sin20'de’ + f [sin ¢/ +sin (@ 0,) ]Zdo’g
L]

8y
sm” o dor + f 2sin @ sin (¢ — 0,) da’f
0

s
gg [0’ cos 0, —sin (2 ¢ — 09]:;
g + 0, cos 0, —smﬂz

\/1
0,

or, substituting

=%°\/(n- -0) gg + 0, cos 0, —sinﬁ,g

2
b T \/(1 - ——)(1 +— coso - —sm 01):
T

T 2ve
or, substituting
' _
l_rr—l-ﬁor
PR 71—\/1_ O, 207 O 2
2 2v2 T+0, (x+0) w40, x40, =+0,

T o o .
where Wi =ratio of effective value to mean value of sine wave.

27. An approximate representation by equivalent sine waves,
if ¢, = the mean value of direct terminal voltage, 7, = the mean
value of direct current, is therefore as follows:

The secondary generated e.m.f. of the transformer is

\/5

€= (6 + e +T2)1 + cos 0,
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27a
the secondary current of the transformer 1s

00

2 by
04— _cos

- sin —~;
_» 2y 3 =+0, (@+0) w+bs b, w0,

2 .
in —2_;

Oy

+he pulsation of the direct current is
£
I ST
SRR EICEAN f

1w anesle voltage of the rectifier is
/ 20, —sin20,
e = e\ 1- '-02—7[’*‘1

. . Ll
ani herefrom follows the apparent efficiency of rectification, #’,

the power factor, the efficiency, ete.

S T T T T IT
ST
Py

e T T A
e T A
S
N 4
NN ZE O
i r I
PP L

11 ol |
J,n“\‘ 21

sl =
- T T
ﬁ>¥<;;ﬁ*—ﬂ~~ B
™ ~_ | 2 —
ST

50° 60° 70° g0
F.3. 7. E.m.f. and current ratio and secondary power factor of constant-
current mercury arc rectifier,

F .""52.1 the equi\'a_lent sine waves, e and 1, of the transformer
o Aum and their phase angle, the primary impressed e.m.f.
and the primary current of the transformer, and thereby the
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power factor, the efficiency, and the apparent efficiency of the
system, are calculated in the usual manner.

In the secondary circuit, the power factor is below unity
essentially due to wave shape distortion, less due to lag of cur-
rent.

As example are shown, in Fig. 79, with the angle of overlap &,

. . e . 27
as abscissas, the ratio of voltages, —; the ratio of currents, — ;
a’g lr) e 7 el 7
=% 0

"
the current pulsation, Z— and the power factor of the secondary
0

circuit.
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TRANSIENTS IN SPACE

CHAPTER I.
INTRODUCTION.

1. The preceding sections deal with transient phenomena in
time, that is, phenomena occurring during the time when a
change or transition takes place between one condition of a cir-
cuit and another. The time, ¢, then is the independent variable,
electric quantities as current, e.m.f., etc., the dependent variables.

Similar transient phenomena also occur in space, that is, with
space, distance, length, etc., as independent variable. Such
transient phenomena then connect the conditions of the electric
quantities at one point in space with the electric quantities at
another point in space, as, for instance, current and potential
difference at the generator end of a transmission line with those
at the receiving end of the line, or current density at the surface
of a solid conductor carrying alternating current, as the rail
return of a single-phase railway, with the current density at the
center or in general inside of the conductor, or the distribution
of alternating magnetism inside of a solid iron, as a lamina of an
alternating-current transformer, ete. In such transient phenom-
ena in space, the electric quantities, which appear as functions
of space or distance, are not the instantaneous values, as in the
preceding chapters, but are alternating currents, e.mn.fs., etc.,
characterized by intensity and phase, that is, they are periodic
functions of time, and the analytical method of dealing with
such phenomena therefore introduces two independent variables,
time ¢ and distance [, that is, the electric quantities are periodic
functions of time and transient functions of space.

The introduction of the complex quantities, as representing the
alternating wave by a constant algebraic number, eliminates

283
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the time ¢ as variable, so that, in the denotation by complex
quantities, the transient phenomena in space are functions of
one independent variable only, distance , and thus lead to the
same equations as the previously discussed phenomena, with
the difference, however, that here, in dealing with space phenom-
ena, the dependent variables, current, can.f., ete., are complex
quantities, while in the previous discussion they appeared as
instantaneous values, that is, real quantitics.

Otherwise the method of treatment and the general form of
the equations are the same as with transient functions of time.

2. Some of the cases in which transiant phenomena in space
are of importance in electrical engineering are:

(a) Circuits containing distributed capacity and self-induc-
tance, as long-distance energy transmission lines, long-listance
telephone circuits, multiple spark-gaps, as used in some forms
of high potential lightning arresters (multi-gap arrester), etc.

(b) The distribution of alternating current in solid conductors
and the increase of effective resistance and decrease of effective
inductance resulting therefrom.

(¢) The distribution of alternating magnetic flux in solid iron,
or the screening effect of eddly currents produced in the iron, and
the apparent decrease of permeability and inerease of power
consumption resulting therefrom. .

(d) The distribution of the electric field of a conductor
through space, resulting from the finite velocity of propagation
of the electric field, and the variation of self-inductance and
mutual inductance and of capacity of a conductor without
return, as function of the frequency, in its effect on wireless
telegraphy.

(e) Conductors conveying very high frequency currents, as
lightning discharges, wireless telegraph and telephonc currents,
ete.

Only the current and voltage distribution in the long distance
transmission line can be discussed more fully in the following,
and the investigation of the other phenomena only indicated in
outline, or the phenomena generally discussed, as lighting con-
ductors.
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CHAPTER II.
LONG-DISTANCE TRANSMISSION LINE.

3. If an electric impulse is sent into a conductor, as a trans-
mission line, this impulse travels along the line at the velocity
of light (approximately), or 188,000 miles (3 X 10%° ecm.) per sec-
ond. If the line is open at the other end, the impulse there is
reflected and returns at the same velocity. If now at the moment
when the impulse arrives at the starting point a second impulse,
of opposite direction, is sent into the line, the return of the first
impulse adds itself, and so increases the second impulse; the
return of this increased second impulse adds itself to the third
impulse, and so on; that is, if alternating impulses succeed each
other at intervals equal to the time required by an impulse to
travel over the line and back, the effects of successive impulses
add themselves, and large currents and high e.m.fs. may be
produced by small impulses, that is, low impressed alternating
e.m.fs., or inversely, when once started, even with zero impressed
e.m.f., such alternating currents traverse the lines for some time,
gradually decreasing in intensity by the energy consumption in
the conductor, and so fading out.

The condition of this phenomenon of electrical resonance
thus is that alternating impulses oceur at time intervals equal
to the time required for the impulse to travel the length of the
line and back; that is, the time of one half wave of impressed
c.an.f. is the time required by light to travel twice the length of
the line, or the time of one complete period is the time light
requires to travel four times the length of the line; in other
words, the number of periods, or frequency of the impressed
alternating ean.fs., in resonance condition, is the velocity of
light divided by four times the length of the line; or, in free
oscillation or resonance condition, the length of the line is one

quarter wave length.
285
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If then [ = length of line, S = speed of light, the frequency of
oscillations or natural period of the line is

s

o= a7 ®
or, with / given in miles, hence S = 188,000 miles per second, it is
fo= @0 cycles. (2)

To get a resonance frequency as low as commercial frequencies,
as 25 or 60 cycles, would require I = 1880 miles for f, = 25
cycles, and ! = 783 miles for f, = 60 cycles.

It follows herefrom that many existing transmission lines are
such small fractions of a quarter-wave length of the impressed
frequency that the change of voltage and current along the line
can be assumed as linear, or at least as parabolic; that is, the line
capacity can be represented by a condenser in the middle of the
line, or by condensers in the middle and at the two ends of the
line, the former of four times the capacity of either of the two
latter (the first approximation giving linear, the second a para-
bolie distribution).

For further investigation of these approximations see “Theory
and Calculation of Alternating-Current Phenomena.”

If, however, the wave of impressed e.m.f. contains appreciable
higher harmonics, some of the latter may approach resonance
frequency and thus cause trouble. For instance, with a line of
150 miles length, the resonance frequency is f, = 313 cycles per
second, or between the 5th harmonic and the 7th harmonic, 300
and 420 cycles of a 60-cycle system; fairly close to the 5th har-
monic.

The study of such a circuit of distributed capacity thus
becomes of importance with reference to the investigation of
the effects of higher harmonies of the generator wave.

In long-distance telephony the important frequencies of
speech probably range from 100 to 2000 cycles. For these fre-
quencies the wave length varies from‘% = 1880 miles down to
94 miles, and a telephone line of 1000 miles length would thus
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contain from about one-half to 11 complete waves of the im-
pressed frequency. For long-distance telephony the phenomena
occurring in the line thus can be investigated only by consider-
ing the complete equation of distributed capacity and inductance
as so-called “wave transmission” and the phenomena thus
essentially differ from those in a short energy transmission line.

4. Therefore in very long circuits, as in lines conveying alter-
nating currents of high value at high potential over extremely
long distances, by overhead conductors or underground cables,
or with very feeble currents at extremely high frequency, such
as telephone currents, the consideration of the line resistance,
which consumes e.m.fs. in phase with the current, and of the
line reactance, which consumes e.m.fs. in quadrature with the
current, is not sufficient for the explanation of the phenomena
taking place in the line, but several other factors have to be taken
into account.

In long lines, especially at high potentials, the electrostatic
capacily of the line is sufficient to consume noticeable currents.
The charging current of the line condenser is proportional to the
difference of potential and is one-fourth period ahead of the
c.m.f. Hence, it either increases or decreases the main current,
according to the relative phase of the main current and the e.m.f.

As a consequence the current changes in intensity, as well as
in phase, in the line from peint to point; and the e.m.fs. con-
sumed by the resistance and inductance, therefore, also change
in phase and intensity from point to point, being dependent
upon the current.

Since no insulator has an infinite resistance, and since at high
"potentials not only leakage over surfaces but even direct escape
of electricity into the air takes place by ‘‘brush discharge,” or
“corona,” we have to recognize the existence of a current ap-
proximately proportional and in phase with the e.m.f. of the line.
This current represents consumption of power, and is therefore
analogous to the e.m.f. consumed by resistance, while the capa-
city current and the e.m.f. of inductance are wattless or rga,ctxve.

Turthermore, the alternating current passing over the line pro-
duces in all neighboring conductors secondary currents, which
react upon the primary current and thereby introduce g.m.fs.
of mutual inductance into the primary circuit. Mutual induc-
tance is neither in phase nor in quadrature with the current,



288 TRANSIENT PITENOMENA

and can therefore be resolved into a power component of mutual
inductance in phase with the current, which Aets as an inerease
of resistance, and into a reactive component in quadrature with
the current, which appears as a self-inductance. o

This mutual inductance is not always negligible, as, for
instance, its disturbing influence in telephone cireuits shows.

The alternating potential of the line induces, by elecirostatic
influence, electric charges in necighboring com_luc‘r.m's outside of
the circuit, which retain corvesponding opposite charges on the
line wires. This electrostatic influence requires the expenditure
of a current proportional to the e.m.f. and consisting of a
power component in phase with the e.m.f. and a reactive com-
ponent in quadrature thereto.

The alternating electromagnetic field of force sct up by the
line current produces in some materials & loss of power by mag-
nelic hysteresis, or an expenditure of e.m.f. in phase with the eur-
rent, which acts as an increase of resistance. This electro-
magnetic hysteresis loss may take place in the conductor proper
if iron wires are used, and may then be very serious at high fre-
quencies such as those of telephone currents.

The effect of eddy currents has already been referred to under
“mutual inductance,” of which it is a power component,.

The alternating electrostatic field of force expends power in
dielectrics by what is called dielectric hysteresis. In concentric
cables, where the electrostatic gradient in the dielectric is com-
paratively large, the dielectric hysteresis may at high potentialy
consume considerable amounts of power. The diclectric hystere-
sis appears in the circuit as consumption of a current whose
component in phase with the e.m.f. is the dielectric power current,
which may be considered as the power component of the charging
current.

Besides this there is the apparent increase of ohmie resistance
due to unequal distribution, of current, which, however, is usually
not large enough to he noticeable at low frequencies.

Also, especially at very high frequency, energy is radiated into
space, due to the finite velocity of the electric field, and can be
represented by power components of current and of voltage
respectively. .

5. This gives, as the most general case and per unit length
of line,
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E.fm.fs. consumed in phase with the current, I, and = rI, repre-
senting consumption of power, and due to resistance, and its
apparent increase by unequal current distribution; to the power
component of mutual inductance: to secondary currents; to the
power component of self-inductance: to electromagnetic hysteresis;
and to electromagnetic radiation.

E.m.fs. consumed in quadrature with the current, I, and = zI,
reactive, and due to self-inductance and mutual inductance.

Currents consumed 1n phase with the em.f., E, and = gE,
representing consumption of power, and due: to leakage through
the insulating material, brush discharge or corona; to the power
component of electrostatic influence; to the power component of
capacity, or dieleciric hysterests, and to electrostatic radiation.

Currents consumed in quadrature with the em.f., E, and = bE,
being reactive, and due to capacity and electrostatic influence.

Hence we get four constants per unit length of line, namely:
Tiffective resistance, r; effective reactance, x; effective conduc-
tance, g, and effective susceptance, b = — b, (b, being the
absolute value of susceptance). These constants represent the
coefficients per unit length of line of the following: em.f.
consumed in phase with the current; e.m.f. consumed in quadra-
ture with the current; current consumed in phase with the e.m.f.,
and current consumed in quadrature with the e.m.f.

6. This line we may assume now as supplying energy to a
receiver circuit of any description, and determine the current and
e.m.f. at any point of the circuit.

That is, an em.f. and current (differing in phase by any
desired angle) may be given at the terminals of the receiving
cireuit. To be determined are the e.m.f. and current at any
point of the line, for instance, at the generator terminals; or
the impedance, Z, = r, + jz,, or admittance, Y, =g, —ib»
of the receiver cireuit, and e.m.f., E,, at generator terminals are
given; the current and e.n.f. at any point of circuit to be deter-
mined, ete. .

7. Counting now the distance, I, from a point 0 of the line
which has the e.m.f.

Ex e = jgy,’

]

and the current
-.[ 1= i1 - jix'r
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and counting ! positive in the direction of rising power and
negative in the direction of decreasing power, at any point /, in
the line differential dl the leakage current is

By dl
and the capacity current is
JEb dl;
hence, the total current consumed by the line differential dl is
A -Eg+pa
= BY d,
di

or a= YE. 1

In the line differential dl the e.m.f. consumed by resistance is
Irdl,
the e.m.f. consumed by inductance is
iTwdl;
hence, the total e.m.f. consumed by the line differential df is
dE = I (r+ jz) d
=1Zdl,

or m—=ZI. @)

These fundamental differential equations (1) and (2) are sym-
metrical with respect to / and B.
Differentiating these equations (1) and (2) gives

ol _ydi
ae T dl

. . ®)
i _

and d7=Zdl;
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and substituting (1) and (2) in (3) gives the differential equa-
tions of E and I, thus:

@ = YZF’ “)
. d2 &1
and . T =YZI. ®)

These differential equations ure identical in form, and conse-
quently I and E are functions differing by their integration constants
or by their limiting conditions only.

These equations are of the form

*U
e zyu
and are integrated by
U = 4",

where ¢ is the basis of the natural logarithms, = 2.718283.
Choosing equation (5), which is integrated by

I =4, ©)
and differentiating (6) twice gives
& FI 1
i =V24e",
and substituting (6) in (5), the factor 4¢"? cancels, and we have
V:=7Y,
or o
V = V7Y, @
hence, the general integral,
I= Als+w - Aze—w' 8)
By equation (1),
1dJ
B=ya
and substituting herein equation (8) gives
14
D—IEA,E Vi 47 8, )
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or, substituting (7),

E=Vgé4;+”+4ﬁﬂwg- (10)

The integration constants A, and A, in (8), (9), (10), in
general, are complex quantities. The coeflicient of the expionent,
¥, as square root of the product of two complex quantitics, also
" is a complex quantity, therefore may be written

V=a+iB an
and substituting for ¥, Z and Y gives

(a+ 8 = (r + j2) (y + i),
or
(@ =)+ 27af = (g — ) + 7 (0 + g2),

and this resolves into the two separate equations
o = =Ty —ab
. g _ / i (12)
2aff =1b-+ gz,
since, when two complex quantities are equal, their real terms as
well as their imaginary terms must be equal.
Equations (12) souared and added give

(o + B = (rg — 2B + (1D + 2g)’
-0 D) G+
=2
hence,
o + =z, (13)
and from (12) and (13),

a =iy +rg — xb)l

and 14
8 = Vily — rg + ab). o)
Equations (8) and (10) now assume the form
I = Als-%-(ﬂ+:l'ﬂ)l — A g (atiBl
and ' ) o
15)

B =\/—_IZ;§ At o Aze—(¢+jml %
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Substituting for the exponential function with an imaginary
exponent the trigonometric expression

X = cos Bl §sin A, 16)
equations (15) assume the form

I = Ag™(cos Al + jsin fl) — A,e=(cos fl — § sin A1)
and ‘

E= ég A e+ ¥cos fl+] sin fl) +4,: = (cos fl —j sin F1) < , \

(17)

where 4, and 4, are the constants of integration.

The distribution of current [ and voltage E along the circuit,
therefore, is represented by the sum of two products of expo-
nential and trigonometric functions of the distance I. Of these
terms, the one, with factor 4e*, increases with increasing dis-
tance [, that is, increases towards the generator, while the other,
with factor A,~*, decreases towards the generator and thus
increases with increasing distance from the generator. The
phase angle of the former decreases, that of the latter increases
towards the generator, and the first term thus can be called the
main wave, the second term the reflected wave.

At the point I = 0, by equations (17) we have

I, =4, -4,

I, =\/€—-—,§4l + 4, E:

and the ratio

A—: =m (cos v — 7 sin 7),
where = may be called the angle of reflection, and m the mﬁio of
amplitudes of reflected and main wave at the reflection point.
8. The general integral equations of current and voltage dis-
tribution (17) can be written in numerous different forms.
Substituting — 4, instead of + 4,, the sign between the
terms reverses, and the current appears as the sum, the voltage
as difference of main and reflected wave.
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Rearranging (17) gives

(A — ) cos B+ § (A A sin L
and (18)
E= \/Z g el A=Y cosfl4j (Ag T - 125_"’)qm/ﬂ§

Substituting (7) gives

zZ 7V
\/ FoT TP (19)

and substituting

A4,

“1=R
and 4 '

: A

‘Vz = Bz:
or

A

ifl = C1
and

%—2 = Cz:

changes equations (17) to the forms,

1=V %Bls*‘“’ (cos Bl+7sin fl) — B~ (cos Al —j sin fl)
and (20)
E=2Z {Bls *+e(cos fl+j sin Al) +B,e = (cos Bl —7 sin fI), %
or

I=Y g Cye*e (cos fl+7 sin ) — Ce = (cos Al —j sin Al) %
and ' (21)
E=V §C15+“l(eos Bl+7 sin pl) +C, e~ (cos Bl — § sin ) ;
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Substituting in (17)
A\
——= D and

VY

*‘.’12

= =D
VY

72

gives

I=VY g D+ (cosBl+jsin fl) — D,e = (cosfl—jsin fl) g
and (22)

E=VZ g D e % (cosfl+jsinfl) +D,e = (cosfl—jsin Bl) E .

Reversing the sign of I, that is, counting the distance in the
opposite direction, or positive for decreasing power, from the
generator towards the receiving circuit, and not, as in equations
(17) to (22), from the receiving circuit towards the generator,
exchanges the position of the two terms; that is, the first term,
or the main wave, decreases with increasing distance, and lags;
the second term, or the reflected wave, increases with the dis-
tance, and leads.

Equations (17) thus assume the form
I =A™ (cos fl — jsin fl) — A+ (cos Bl + j sin gl)
and

1 Z .
L= \C—Vi A= (cospl— § sin i) + A (cosl+jsin ) §

and correspondingly equations (18) to (22) modify.

9. The two integration constants contained in equations (17)
to (23) require two conditions for their determination, such as
current and voltage at one point of the circuit, as at the generator
or at the receiving end; or current at one point, voltage at the
other; or voltage at one point, as at the generator, and ratio of
voltage and current at the other end, as the impedance of the
receiving circuit. )

Let the current and voltage (in intensity as well as phase, that
is, as complex quantities) be given at one point of the circuit,
and counting the distance ¢ from this point, the terminal con-
ditions are

(23)

0,
o =% — fis &)

1
B, = ¢, — je,.

N~

|

S

and
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Substituting (24) in (17) gives

I,=4, -4,
and B, = {_‘;<A‘ + ‘{12>;
hence, -
A = % % I, +_1-9"\/§€
and {1z=—é§[n"E“\/§§’

and substituted in (17) gives
1 g \/i; +al ;o
Z=BZ(~I"+E° Z—)e (cos Bl + 7 sin pl)
+<lo_ Eo \/;)5—u1 (008 ﬁl - jﬂill [ﬁ) %
and (25)

1 7\ .. .
E=§§<Eo+ [n\/—?>s”(cosﬁl + i sin Bl)

(8- 1\@1 (cos L — jsin 0 {.

If then I, and E, are the current and voltage respectively at
the réceiving end or load end of a cireuit of length Z,, equations
(25) represent current and voltage at any point of the circuit,
from the receiving end ! = 0 to the generator end | = [,

If I, and E, are the current and voltage at the generator
terminals, since in equations (17) 7 is counted towards rising
power, in the present case the receiving end of the line is repre-
sented by { = — [,; that is, the negative values of I represent
the distance from the generator end, along the line. In this
case it is more convenient to reverse the sign of I, that is, use
equations (22) and the distribution of current and voltage at
distance ! from the generator terminals. I,  are then given by
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1 e-al
I= 5 I o+ L, (cos Bl — g sin pl)

<Io - B \/ ) +el (cos Bl + 7 sin BI)
and (26)

E= %%( + I \/ ) = (cos fl — j sin fl)
+(ED - [u\/;>s+“‘ (cos AL + 7 sin pl) %
10. Assume that the character of the load, that is, the impe-
dance, 17]- =Z,=r+jz, or admlttance,é =Y,= 71 =g,—b,

of the receiving circuit and the voltage F at the generator end’

of the circuit be given.
Let {, = length of circuit, and counting distance ¢ {rom the

generator end, for I = 0 we have
E= By;
this substituted in equation (23) gives

B, = \/*IZ; (Ax + Az) @7

However, forl =1,

substituting (23) herein gives
7 A= (cos fly— jsin Bl) + A et (cos pl,+ 7 sin Bl,)
Y Ae=% (cos fl,— fsin fly) — At (cos fl,+ 7 sin fl,) ’

Z,=

hence, substituting (19) and expanding,
Age=(cos fl,—jsinpl) VZ, +7Z
Ae*0(cosfly+isinfly V4, — 2

I e
1

e (cos 2 fl, — 7sin 2 Bl),
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and denoting the complex factor by
VZ, - Z

C= ms‘“ “lo(cos 2 Bl, — 7 sin Bl,), (28)
which may be called the reflection constant, we have
[.12 =C4,
and by (27), _
B, \JY
T A 7
1+C¢'Z @9
- BT
and LT TE AN

hence, substituted in (17),

I EOC' ; ge"’l (cos fl—jsin BI) — Ce*** (cos fl+4 sin BI) g

I=

and
E= %,- ge“"‘ (cos Al — 7 sin Bl) + Ce*** (cos AL+ sin 1) %
(30)

11. As an example, consider the problem of delivering, in a
three-phase system, 200 amperes per phase, at 90 per cent power
factor lag at 60,000 volts per phase (or between line and neutral)
and 60 cycles, at the end of a transmission line 200 miles in
length, consisting of two separate circuits in multiple, each
consisting of number 00 B. and S. wire with 6 feet distance
between the conductors.

Number 00 B. and . wire has a resistance of 042 ohms per
mile, and at 6 feet distance from the return conductor an
inductance of ‘2.4 mh. and capacity of 0.015 mf. per mile.

The two circuits in multiple give, at 60 cycles, the following
line constants per mile: r = (.21 ohm, I = 1.2 X 10~ henry,
and C = 0.03 X 10~ farad; hence,

© = 27fL = 045,
Z =021 + 045,
z = 0.50,
and, neglecting the conductance (g =0,
b =2fC = 11x10~,
Y =11 x107%,
Ly =11x10",
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and @ = 0.524 X 1077,
B = 2285 X 107,
V = (0.524 + 2.285§) 1077,
14

Y 5
\/Z- 7= (53409710

\/Z Vv N
2 - = (0.208 — +a
and V=7 (0.208 — 0.047 7) 10*°.

299

G2}

Counting the distance [ from the receiving end, and choosing

the receiving voltage as zero vector, we have
1=0,
E = I, =e, = 60,000 volts,

and the current of 200 amperes at 90 per cent power factor,

I =1,="1-+ji/ =180 — 87,
and substituting these values in equations (25) gives

=(226 — L4 ) 7 (cos fl4] sin ) — (64726 ) e~
(cos Bl — jsin Bl), in amperes,
and
=(46.7~13.3 )¢ (cos Bl-+j sin ) + (13.3+13. 3]) e
(cos Bl — g sin Al), in kilovolts,

where « and # are given by above equations (31).

I (32)

Trom equations (32) the following results are obtained.

Receiving end of line, 1=0

] =180 — 877 © = 200 amp. tan 0, = 0.483 0, =26°
I'= 60 X 10° e = 60,000 volts 0,= 0
power factor, 0.90 lag

Middle of line, 1 =100
I=177-187 7 = 178 amp. tan 0, =+0.102 0,= ©°
E= (66.2 4 6.97) 10° e = 66,400 volts tan 0, =—0.104 0, = —6°
. 0, —0,=0 = 12°

power factor, cos 0 = 0.979 lag.

Generator end of line, 1 =200
J=16574 567 7 = 175 amp. tan 0, =—0.338 0, = —19°
E= (69 — 157) 10° e = 70,700 volts tan 0, =—0218 0,= —12°

0,=0,=0 == 7
power factor, cos § = 0.993 lead.
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As seen, the current decreases from the receiving end to the
middle of the line, but from there to the gencrator remains prac-
tically comstant. The voltage increases more in the receiving
half of the line than in the generator half. The power-factor is
practically unity from the middle of the line to the generator.

12. Tt is interesting to compare with above values the values
derived by neglecting the distributed character of resistance,
inductance, and capacity.

From above constants per mile it follows, for the total line of
200 miles length, r, = 42 ohms, x, = 90 ohms, and b, = 2.2
X 10~ ® mho; hence,

Zy=424907
and ¥, =22710-%

(1) Neglecting the line capacity altogether, with I, and %, at,
the receiver terminals, at the generator terminals we have

I, =1,
and
B =B, + Z,0;
hence,
I, =180 —87j 1, = 200 amp. tan 0, = 0.483 0, =+ 20°
B = (754 + 12.67) 10° ¢, = 76,400 volts tan 0, =—0.167 0,=— 9°

+ 30
power factor, cos ) = 0.83 lag.

0,— 0, =10

These values are extremely inaccurate, voltage and current
at generator too high and power factor too low.

(2) Representing the line capacity by a condenser at the
generator end, that is, adding the condenser current at the
generator end,

I=1,+ YnEy.

and
E1 = Eo + Zolu;
hence,
I, =152+ 897 4, = 176 amp. tan 0, =— 0.585 0, = —30°
E\= (754 +12.6/)10° ¢, = 76,400 volts tan 0, = ~0.167 0, = — 9°

Oy =0, =0 =—21°
power factor, cos = 0.93 lead.
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) As seen, _the current is approximately correct, but the voltage
is far too high and the power factor is still low, but now leading.

(3) .Representing the line capacity by a condenser at the
receiving end, that is, adding the condenser current at the load,

I, =1, + Y,k

E =E + 21

4, = 186 amp. tan 0, =— 250 0, = —14°
e, = 66,000 volts tan 0, =— .285 0, = —16°
0—l,= =T B

power factor, cos § = 1.00

In this case the voltage e, is altogether too low, the current
somewhat high, but the power factor fairly correct.
(4) Taking the average of the values of (2) and of (3) gives

166 + 677 7, = 179 amp. tan 0, = — 0403 0, =— 22°
(69.4 +15.37)10° e, = 71,100 volts  tan0, =—0.220 0,=— 12°
6, —0,=0 =—10°

power-factor, cos § = 0.985 lead.

I,
B,

As seen by comparing these average values with the exact
result as derived above, these values are not very different, but
constitute a fair approximation in the present case. Such a
close coincidence of this approximation with the exact result can,
however, not be counted upon in all instances.

13. In the equations (17) to (23) the length

1, =25 (33)

. 27
is a complete wave length, which means that in the distance 7

the phases of the components of current and of e.m.f. repeat, and
that in half this distance they are just opposite.

Hence, the remarkable condition exists that in a very long
line at different points the currents are simultaneously in oppo-
site directions and the e.m.fs. are opposite.
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The difference of space phase © between current I a:nd e.mn.f.
E at any point  of the line is determined by the equation

m(cos T — 7 sint) = %: (34)

where m is a constant.

Hence, = varies from point to point, oscillating around a
medium position, =, which it approaches at infinity.
This difference of phase, t,, towards which current and
e.m.f. tend at infinity, is determined by the expression
m (cos t,— jsin 7)) = [7] ,
I
or, substituting for £ and / their values from equations (23), and
since ¢ = 0, and 4 ¢ (cos Al + j sin Al) cancels,

Ca 7_V_a+jﬂ
m (cos 7, + jsint,) = Y_Y‘g-{—]’b
= (89 ) = (ab— )
+ g ;
_ _+ab—ﬁg -
hence: tan T = W (30)

14. This angle, 7, = 0; that is, current and e.m.f. come
more and more in phase with each other when
ab — fBg = 0; that is,
@+ f =g+ or
a'_' — ﬂ? 92 — b2 .

2ap g 7

substituting (12) gives
gr—br g —-b

gz + br 2gb ;

hence, expanding, rez=g+b; (36)

that is, the ratio of resistance to inductance equals the ratio of
leakage to capacity.
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This angle, 7, = 45°; that is, current and e.m.f. differ by
one-eighth period if + ab — fg = ag + b, or

a_b+yg
B b—yg
which gives rg + 2b = 0, 37

which means that two of the four line-constants, either g and
or g and b, must be zero.

The case where g = 0 = , thatis, a line having only resistance
and distributed capacity but no self-inductance, is approxi-
mately realized in concentric or multiple-conductor cables, and
in these the space-phase angle tends towards 45 degrees lead for
infinite length.

15. As an example are shown the characteristic curves of a
transmission line of the relative constants,

rir:ig:b=8:32:125 X107 :25 X 107 and e = 25,000,
% = 200 at the receiving circuit, for the conditions

(a) Non-inductive load in the receiving circuit, Fig. 80.

(b) Wattless receiving circuit of 90 time-degrees lag, Fig. 81.

(c) Wattless receiving circuit of 90 time-cegrees lead, Fig. 82.

These curves are determined graphically by constructing the
topographic circuit characteristics in polar coérdinates as
explained in “Theory and Calculation of Alternating-Current
Phenomena,” and deriving corresponding values of current,
potential difference, and phase angle therefrom.

As seen from these diagrams, for wattless receiving circuit,
current and e.m.f. oscillate in intensity inversely to each other,
with an amplitude of oscillation gracually decreasing when
passing from the receiving circuit towards the generator, while
the space-phase angle between current and e.m.f. oscillates
between lag and lead with decreasing amplitude. Approximately
maxima and minima of cwrent coincide with minima and
maxima of e.m.f. and zero phase angles.

For such graphical constructions, polar codrdinate paper and
two angles a and & are desirable, the angle « being the angle

z

between current and change of em.f., tan a = = 4, and the
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in a transmission line. Inductive load.
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angle 0 the angle between e.m.f. and change of current, tan ¢ =
b . .
. - = 20 in above instance.

‘With non-inductive load, Fig. 80, these oscillations of intensity
have almost disappeared, and only traces of them are noticeable
in the fluctuations of the space-phase angle and the relative
values of current and e.m.f. along the line.

Towards the generator end of the line, that is, towards rising

" power, the curves can be extended indefinitely, approaching
more and more the conditions of non-inductive circuit. Towards
decreasing power, however, all curves ultimately reach the
conditions of a wattless receiving circuit, as Figs. 81 and 82, at
the point where the total energy input into the line has been
consumed therein, and at this point the two curves for lead and
for lag join each other as shown in Fig. 83, the one being a
prolongation of the other, and the power in the line reverses.
Thus in Fig. 83 energy flows from both sides of the line towards
the point of zero power marked by 0, where the current and e.m.f.
are in quadrature with each other, the current being leading
with regard to the power from the left and lagging with regard
to the power from the right side of the diagram.

16. It is of interest to investigate some special cases of such
circuits of distributed constants.

(A) Open circuit at the end of the line.

Assuming a constant alternating e.m.f. E, impressed upon a
circuit at one end while the other end of the circuit is open.

Counting the distance [ from the open end of the line, and
denoting the length of the line by I, for I = 0,

I=1I,= 0,
and forl = [,
b=5;
hence, substituting in equations (17),

_ . 0= [.11 - Az:
r-VE s i 10 A ™40, =i 1) !

hence, A,=4,=4
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Y
El\/z
et (cos fl, + jsin Bl,) + e~ (cos fl, — j sin Bl
Y
‘.Ex 7
3 “Faly + sﬂxln) 08 ﬁlo T ] (5+¢ln — E“I“) sin ﬁla;
hence, substituting in (17),
P \/f (7 — ™) cos fl+ § ¢+ + ¢~ ) sin I
© Y Z (eF e ™) cos Bl (T — e =) sin gl
and (38)
& (e + e ) cos fl+ e+ — e sin pl
CT T ) cos Bl + 9 (70 — &) sin fl,
At 1 =0, or the open end of the line, by equations (38),
Zo =0

and

4=

and )
. 2 &, )
TO (et e=) cos Bl + § (e — =) sin 8,

(39)
The absolute values of I and E follow from equations (38)
and (39):

\/?; e+ — e cos? fl + (e+ + )2 sin® Al
I = E1 > Faly “alp\2 ) Falp _ _—alp\2 2 )
z (et 4 e o0)? cos? Bl + (e e~ *b)* sin® I,

which expanded gives
-1 \/y et2al 724 9 cos 2 Al
=E,

zet2eh L =20 4 9 cos 2 fl,
and 40)
Feg \/s““l + 2% + 2cos 241
T TtV gH2eb g o =20b 4 9 cos A,

and
. 2B,
O T TR L2 1 2 cos 2 fl,

@1
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As funetion of I, the e.m.f. I or the current [ is a maximum or
minimum for

Eld—z(e”“‘ + 724 4 2 cos 2ﬂl)z 0;

hence,
a (e — 72 = + 2 Asin 2 4L (42)
For I = 0, and since « is a small quantity, the left side of (42)
also is small, and for values of sin 2 § approximating zero, that

is, in the neighborhood of I = or where Al is & multiple

nm
2?7
of a quadrant, equation (42) becomes zero. At gl = 27&3, or
the even quadvants, £ is a maximum, I a minimum, ab
[z’i =@2n -1 g, or the odd quadrants, /# is & minimum, / a

aximum.

The even quadrants, therefore, are nodes of current and wave
crests of e.m.f., and the odd quadrants are nodes of e.n.f. and
crests of current.

A maximum voltage point, or wave crest, oceurs at the open
end of theline at ! = 0, and is given by equation (41). As func-
tion of the length {, of the line this is a maximum for

Al s 2
.—<s+_a1q + s'..nll‘l + 2cos 2 ﬂ[() =0
dzﬂ ) ’
or a (¥ — =2 = 9 pgin 2],

or approximately at
43)

that is, when the line is a quarter wave length or an odd multiple
thereof.
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. . . T,
Substituting in (41), pl, = 5 gives (44)
g 2B
NVetTal [ o-rah — 5
_ 2 K,
e 5)
Since
L aly 27 2 1
eteh =1 ialo+:}a-l;i2x3aﬂzoﬂ+ ...,

for small values of «l, we have

E+aln — b = 2 alu
and
E
By =— (46)

which is the maximum voltage that can occur at the open end
of a line with voltage E, impressed upon it at the other end.
Since, approximately,

f= Vb
= 2=/ VIC,
by (44) we have
1 -
! R ¢

the [requency which at the length of line Z, produces maximum
voltage at the open end.

For the constants in the example discussed in paragraph 11
we have [, = 200 miles, r = 0.21 ohm, L = 1.2 X 10~* henry,
C =0.03 X 10™° farad, g = 0, f =208 cycles per sec., r =
1.57 ohms, z = 1.58 ohms, b = 39 X 10~° mho, a = 0.53 X
10, and E, = 9.3 E,.

B) Line grounded at the end.
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17. Let the circuit be grounded or connected to the return
conductor at one end, I = 0, and supplied by a constant impressed
e.m.f. &, at the other end, I = {,.

Then for [ = 0,

L= E,=0
and for I =1,

E=E,;
hence, substituting in (17),

0=4,+4,
and
E,= %g A g+(cos Al sin BL) + A4, (cos Al,—7 sin Al,) % ;
hence,

4= —4,=4,
and v
PRV
4 =

(e*% — &= cos fl, + § (e T + ¢ 0) sin [,
and, substituting in (17),

-7, \/Y (e + e cos Bl 4 § (+—e~) sin gl
Z (% — e™*h) cos fl, + 7 (eF0 + e~ °b) sin g,

= (F == cos Bl + 7 (¢ + e~ sin 8
7 =B e — =) cos Bl, + 4 (7% + ) sin fl,
At the grounded end, [ = 0,
\/17
. 2ENVzZ (49)
(0 (et — o) cos A, + 7 (70 + e~ ) sin Bl
Substituting (49) in (48) gives
I =3I + e cos Bl + § e+ — =) sin fl}
and (50)

E=1% Iu\/ég (et —e) cos fl+ ]+ 4 =) sinﬂlAg
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In this case nodes of voltage and crests of current appear at

1 = 0 and at the even quadrants, fl =2n g , and nodes of current

and crests of voltage appear at the odd quadrants, fl = 2n — 1) g .

(C) Infinitely long conductor.

18. If an e.m.f. F, is impressed upon an infinitely long con-
duetor, that is, a conductor of such length that of the power
input no appreciable part reaches the end, we have, for I = 0,

E= Ea
and for ! = oo,

E=0and I =0;
hence, substituting in (23) gives

{12= 0

and
Z
E” = \/; 41;

hence,

Y . L.

I =8,V e (cos fl — jsin i)

d (G

and

E = Eg (cos Al — 7sin gl).
From (51) it follows that
m_\JZ,
[~y

that is, an infinitely long conductor acts like an impedance,

Z .
Zs.=\/"1;=7'1+7x11

and the current at every point of the conductor thus has the same
space-phase angle to the voltage,

z
tan a, == -
Ty
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The equivalent impedance of the infinite conductor is

g \VE_V _etip
1TYY Y g+
- ﬁg_'l"_/_ﬂl +q @._Z_D‘b (52)
Y Y
and the space-phase angle is ‘
Bg — ab
tan a, = af} e . (53)

If g = 0 and z = 0, we have

br
a=f= 5
and
tan @, = 1,
or
o, = 45°%

that is, current and e.m.f. differ by one-eighth period.

This is approximately the case in cables, in which the dielectric
losses and the inductance are small.

An infinitely long conductor therefore shows the wave propa-
gation in its simplest and most perspicuous form, since the
reflected wave is absent.

(D) Generator feeding into o closed circuit.

19. Let I = 0 be the center of the circuit; then

E=—-E_; and,=1_
hence, E=0atl=0,

and the equations are the same as those of a line grounded at the
end ¢ = 0, which have been discussed under (B).

(B) Line of quarter wave length.

20. Interesting is the case of a line of quarter wave length.

Let the length I, of the line be one quarter wave of the im-
pressed e.m.f.

bl = (54)

[
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To illustrate the general character of the phenomena, we may
as first approximation neglect the energy losses in the circuit,
that is, assume the resistance r and the conductance g as neg-
ligible compared with z and b,

r=0=g.

These values substituted in (14) give
’ @ =0 and 8= Vb (55)
Counting the distance ! from the end of the line [, we have for

T = 0,

B, = e, — je/
and (56)

Iy =1, — i,

and at the beginning of the line for I =7,

By =e —je/
and (57)
Iy =14, -7,
. and by (54) and (55),
N T
ot . 58
=S (58)
Substituting (56), (57), and (54) in (17) gives

I, =4, -4,

and

z

7
B, = \/? 4, + 4,) = \/'Z; 4, + 4,),

L2

or
:1\ I1=7'(A1+42)(\
¥ \
and

$ N
4 .
\§I E1=_]\/?(41 —4,) =‘+]\/% (4, — 4y);

hence, eliminating 4, and A, gives the relations between the
. electric quantities at the generator end of the quarter-wave line,
il E,, I,, and at the receiving end, E,, I,:
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Az
Bo= — 7\/3 I 1
and (59)
(/b
Io=—] \/;“E I
0
and the absolute values are
z
E,~ \/BAI 1
and 60)
b
I,= \/;E 1

which means that if the supply voltage Z, is constant, the output
current I, is constant and lags 90 space-degrees behind the
input voltage; if the supply current I, is constant, the output
voltage £, ix constant, and lags 90 space-legrees, and inversely.
A quarter-wave line of negligible losses thus converts from
constant potential to constant current, or from constant cur-
rent to constant voltage. (Constant-potential constant-current
transformation.)
Multiplying (60) gives

El,~=1E,
. E I
or Eu = 7 15

0

hence. if I, = 0, that is, the line is open at the end, B, = oo, and
with a finite voltage supply to a line of quarter-wave length, an
infinite (extremely high) voltage is produced at the other end.
$pc}1 a cireuit thus may be used to produce very high voltages.
Since r, = I,r = total reactance and b, = Ib = total sus-
ceptance of the circuit, by (58) we have

Iubo = 12 » 61)
4

or the condition of quarter-wave length.
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Substituting x, = 2 z/L, and b, = 2 =fC,, we have

1
Le, = I(sz ’
1
O: =,
' =1tz

the condition of quarter-wave transmission.

315

(62)

(©3)

21. If the resistance, r, and the conductance, g, of a quarter-
wave circuit are not negligible, substituting (56), (54) and (57)

in (17) we have, for I = 0,
Io=4,-4,

and for I = [,

and

Li=j gAle-H‘lﬁ + Azs—dos
and _
Z
= ]\/'173 “11““(%,“_‘425_'l %

From (64) it follows that

1 Y
4, = 5([0"' \/ZEo)

1 Y
- -Y1-VIn)
and substituting in (65) and rearranging we have

. . ?E+alu + e—ab etalo _ g~
Il:?%Eo\/E 2 +Io D) g
and

7 el 4 g~y +aly _ o~y
El:j%lo\/%E 42—5 +E0€ 25 g’

and

(64)

(65)

(66)

67)
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or,
( T oetel 4 g ! etel _ o—al ;
I, = *]eE;\ e T A R BT e T
1 (68)
am s 2 54,,,1,, + E—u[ﬂ 5+an - E—ﬂlg g
. _ =1,
E.= _]Z [:Vfgm T e 2ek T H1 e o
or, analogous to equation (59),
v § 23E, B, (+eb — ¢~oh)
Io= “\ Z (ﬁ.a—ua, T e ¢ Fah L e
and _ ) ) ((;9)
) /Z§ 24l I, (st — g—aby
L= “\' ? e£+a1., + b ¢ talo + g~ ah S

In these equations the second term is usually small, due to
the factor (%% — s=°) and the first term represents constant
pustential-constant current, transformaition.

22. In a quarter-wave line, at constant impressed e.m.f. 77,
the current output [, is approximately constant and lagging 90
‘legrees behind £, ; it falls off slightly, however, with increasing
liad, that is, increasing I, due to the second term in equation
tin'g the voltage at the end of the line, B, at constant
impressed voltage, is approximately proportional to the load,
but does not reach infinity at open circuit, but a finite, though
high, limiting value. ) .

Inversely, at constant current input the voltage output is
approximately constant and the output cwrent proportional
i the load.

The deviation from constancy, at constant B, of I, or at
ronstant [, of E,, therefore, is due to the second term, with
factor js o ¢~y

Substituting (54),

al, = gz:

B3

hence. al, is usually a very small quantity, and e*eb — :g 3 thus
can be representec by the first terms of the series:
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ﬂ:gg:l am l<an) 1( > .
e :i:ﬁ2+ 52 i9X3/9" + £
a T
=1ifi§’
hence,
et = .
2
and eteh_ c—ab _am
2 —EZ,

and, by (69),

A\ JY Y
Iu——z\/ZEi—gf—;\/;Eo

W /Z arn,/Z
and E°=_7v17""_55\/;l°'

If r and g are small compared with z and b,
- VI =
and a =VE(y +rg — ab);

(70)

substituting, by the binomial theorem,

-vEFEeEn - il + (@)

=zb§1+;<£>z+%<%>z+--- j

gives
=Vl (55 e
-EE)
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The quantity

T .9

G+ = (1)

may be called the time constant of the circuat.
The equations of quarter-wave iransmission thus are

Y. 1774
Io= —\/;§3E1+’§'Eo€

Z .
and E0=—\/;§]li+z—‘2§logl

and the maximum voltage F,, at the open end of the circuit, at
constant impressed e.m.f. &, is

(72)

and Fo= — 2B 73)

and the current input is
\ /Y
I,=j Z‘Eo

_28,\/Y
== V7 @

23. Consider as -an example a high potential coil of a trans-
former with one of its terminals connected to a source of high
potential, for testing its insulation to ground, while the other
terminal is open. !

Assume the following constants per unit length of circuit:
r = 0.1 ohm, L = 0.02 h.,, C = 0.01 X 10-° farad, and g = 0;
then, with a length of .circuit J, = 100, the quarter-wave fre-
quency is, by (47),

where, approximately,

f= W = 177 cycles per sec.,
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or very close to the third harmonic of a G0-cycle impressed
voltage.

If, therefore, the testing frequency is low, 59 cycles, the circuit
is a quarter wave of the third harmonic.

Assuming an impressed e.m.f. of 50,000 volts and 59 cyecles,
containing a third harmonic of 10 per cent, or £, = 5000 volts at
177 cycles, for this harmonic, we have z = 22.2 ohms and
b = 11.1 X 10-° ohm; hence, u = 0.00225
and

2 .,
B, =~ =231,

therefore at E, = 5000 volts, E, = 1,415,000 volts;
that is, infinity, as far as insulation strength is concerned.

Quarter-wave circuits thus may be used, and are used, to pro-
duce extremely high voltages, and if a sufficiently high frequency
is used — 100,000 cycles and more, as in wireless telegraphy, cte.
— the length of the circuit is moderate.

This method of producing high voltages has the disadvantage
that it does not give constant potential, but the high voltage is
due to the tendency of the circuit to regulate for constant current,
which means infinite voltage at infinite resistance or open circuit,
but as soon as current is taken off the high potential point the
voltage falls. The great advantage of the quarter-wave method
of producing high voltage is its simplicity and ease of insula-
tion; as the voltage gradually builds up along the circuit,
the high voltage point or end of circuit may be any distance
away from the power supply, and thus can easily be made
safe.

24. As a quarter-wave circuit converts from constant poten-
tial to constant current, it is not possible, with constant voltage
impressed upon a cireuit of approximately a quarter-wave length,
to get constant voltage at the other or receiving end of the circuit.
Long before the circuit approaches quarter-wave length, and as
soon as it becomes an appreciable part of a quarter wave, this
tendency to constant current regulation makes itself felt by great
variations of voltage with changes of load at the receiving end of
the circuit, constant voltage being impressed upon the generator
end; that is, with increasing length of transmission lines the volt-
age regulation at, the receiving end becomes seriously impaired
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hereby, even if the line resistance is moderate, and the operation
of np})mutus which require approximate constancy of voltage
but do not operate on constant current—as synchronous appar-
atus—becomes more difficult.

Hence, at the end of very long transmission lines the voltage
regulation becomes poor, and synchronous machines tend to
instability and have to be provided with powerful steadying
devices, ;«;iving induction motor features, and with a line ap-
proaching quarter-wave length, voltage regulation at the receiv-
ing end ceases, unless very powerful voltage controlling deviees
are used, such as large synchronous condensers, that is, syn-
chronous machines establishing a fixed voltage and controlling
the line by automatically drawing leading or lagging cwrents, in
correspondence with the line conditions.

In this case of o line of approximately quarter-wave length,
the constant potential-constant current transformation may he
used 10 produce constant or approximately constant voltage at
the load, by supplying constant current to the line; that is, the
transmission line is made a quarter-wave length by modifying
its constants, or choosing the proper frequency, the generators
are designed to regulate for constant current and thus give a
voltage varying with the load, and are connccted in serics (with
constant current generators series connection is stable, parallel
connections unstable) and feed constant current, at variable volt-
age, into the quarter-wave line. At the receiving end of the
line, constant voltage then exists with varying load, or rather a
"Oltlfge. which slightly falls off with the load, due to the power
loss in the line. To maintain constant receiver voltage at all
lo.a.ds,.then, would require a slight increase of generator current
with increase of load, that is, increase of generator voltage,
which can be produced by compounding regulated by the voltage.

while the voltage at the generators increases from nearly nothing

at no load, with i i . v
thereto, with increasing load, approximately proportional

26. There is, however, a serious limitation imposed upon
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quarter-wave transmission by considerations of voltage; to use
the transmission line economically the voltage throughout it
should not differ much, since the insulation of the line depends
on the maximum, the efficiency of transmission, however, on the
average voltage, and a line in which the voltage at the two ends
is very different is uneconomical.

To use line copper and line insulation economically, in a
quarter-wave transmission, the voltages at the two ends should
be approximately equal at maximum load. These voltages are
related to each other and to the current by the line constants, by
equations (72).

By these equations (neglecting the term with u), reduced to
absolute values, we have approximately

and \/; X
e, =Y -1
0 1
Y
and if e; = ey, . y
N T = 2 €o;

hence, the power is . \/; )
Do =6do =V ey,

or P
e =D, \/: ; (76)

Y

hence, the voltage e, required to transmit the power p, without
great potential differences in theline depends on the power p,
and the line constants, and inversely.

26. As an example of a quarter-wave transmission may be
congidered the transmission of 60,000 kilowatts over a distance
of 700 miles, for the supply of a general three-phase distribution
system, of Qo per cent power factor, lag

The design of the transmission line is based on a comprom.\se
between different and conflicting requirements: economy in
first cost requires the highest possible voltage and smallest con-
ductor section, or high power loss in the line; economy of opera-
tion requires high voltage and large conductor section, or low
power loss; reliability of operation of the line requires lowest
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permissible voltage and therefore large conductor section or
high power loss; reliability of operation of the receiving system
requires good voltage regulation and thus low line resistance,
ete., ete.

Assume that the maximum effective voltage between the line
conduetors is limited to 120,000, and that there are two sepa-
rate pole lines, each carrying three wires of 500,000 circular
mils cross section, placed G feet between wires, and provided
with a grounded neutral.

If there were no energy losses in the line and no increase of
capacity due to insulators, etc., the speed of propagation would
be the velocity of light, S = 188,000 miles per second, and the
quarter-wave frequency of a line of [, = 700 miles would be

I= S 67 cycles per sec. ;
41,

hence, fairly close to the standard frequency of 60 cycles.

The loss of power in the line, and thus the increase of induc-
tance by the magnetic field inside of the conductor (which would
not exist in a conductor of perfect conductivity or zero resistance
loss), the increase of capacity by insulators, poles, ete., lowers the
frequency below that corresponding to the velocity of light and
brings it nearer to 60 cycles.

In a line as above assumed the constants per mile of double
conductor are: r = 0.055 ohm; L = 0.001 henry, and C =
0.032 X 107° farad, and, neglecting the conductance, g = 0, the
quarter-wave frequency is

!

1

YRV 7o 63 cycles per see.

Either then the frequency of 63 cycles per second, or slightly
above standard, may be chosen, or the line inductance or line
capacity increased, to bring the frequency down to 60 cycles.

Assuming the inductance increased to L = 0.0011 henry
gives f = 60 cycles per second, and the line constants then are
£, = 700 miles; f = 60 cycles per second; r = 0,055 ohm; L =
0.0011 henry; € =0.032 X 10™ farad, and g = 0; hence,
z = 0415 ohm; z =042 ohm; Z = 0.055 40415 ohm;
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b =121 X 107° mho; y = 12.1 X 10™® mho, and ¥ = j 12.1
X 10~% mho, and

\/ T7;= 186 + 127,

\/f=186,
y

N LA AT

u = (x + b) 0.066,

f o= 2247 X 10-*

a =uf = 0.148 X 10-°.
At 60,000 kilowatts total input, or 20,000 kilowatts per line,
120,000

— = (9,000 volts
v volts per

1
2
2,

and 120,000 volts between lines, or

line, and about 95 per cent power factor, the current input at
full load is 306 amp. per line (of two conductors in multiple).

To get at full load p =20 X 10° watts, approximately the
saine voltage at both ends of the line, by equation (76), we must
have

s (/2
e=pY Y
or e = 61,000 volts.

Assuming therefore at the receiving end the voltage of 110,000
Detween the lines, or, 63,500 volts per line, and choosing the
output current as zero vector, and counting the distance from
the receiving end towards the generator, we have for I = 0,

I=1,=1,

and the voltage, at 95 per cent power factor, or VI — 0.95
= 0.312 inductance factor, is
I = I = ¢ (0.95 + 0.312)

60,300 + 19,800 .
Substituting these values in equations (72) gives

- {= [ — 0.104 (60,300 -+ 19,800 7)}

o= 186 — 127 '

60,300 + 19,800 j = — (186 — 127) {jI, + 0.104 7o};

Il
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hence, — jE, = (186 ~ 12) 40 + (6250 + 2060 j)
and .. _ 60,300 — 19,800 j .
—ih = g 127 + 0.104 4

=317 4 128 j + 0.104 7,
and the absolute values are
e, = V(186 4, + 6250 + (12 4, — 2060)*
and 1, = V(317 + 0.104 2))* + 128

T
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Fig. 84. Long-distance quarter-wave transmission.

herefrom the power output and input, efficiency, power factor,
etc., can be obtained.

In Fig. 84, with the power output per phase as abscissas, are
shown the following quantities: voltage input e, and output e,
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in drawn lines; amperes input 7, and output %, in dotted lines;
power input p, and output p,, in dash-dotted lines, and efficiency
and power factor in dashed lines.

As seen, the power factor at the generator is above 93 per cent
leading, and the efficiency reaches nearly 85 per cent.

At full load input of 20,000 kilowatts per phase, and 95 per
cent power factor, lagging, of the output, the generator voltage
is 58,500, or still 8 per cent below the output voltage of 63,500.
The generator voltage equals the output voltage at 10 per cent
overload, and exceeds it by 14 per cent at 25 per cent overload.

To maintain constant voltage at the output side of the line,
the generator current has to be increased from 342 amperes at
no load to 370 amperes at full load, or by 82 per cent, and
inversely, at constant-current input, the output voltage would
drop off, from no load to full load, by about 8 per cent. This,
with a line of 15 per cent resistance drop, is a far closer voltage
regulation than can be produced by constant potential supply,
except by the use of synchronous machines for phase control.



CHAPTER III
THE NATURAL PERIOD OF THE TRANSMISSION LINE.

27. An interesting application of the equations of the long
distance transmission line given in the preceding chapter can be
made to the determination of the natural period of a transmis-
ston line; that is, the frequency at which such a line discharges
an accumulated charge of atmospheric electricity (lightning), or
oscillates because of a sudden change of load, as a break of circuit,
or in general a change of circuit conditions, as closing the circuit,
ete.

The discharge of a condenser through a circuit containing self-
inductance and resistance is oscillating (provided the resistance
does not exceed a certain critical value depending upon the
capacity and the self-inductance); that is, the discharge current
alternates with constantly decreasing intensity. The frequency
of this oscillating discharge depends upon the capacity C and
the self-inductance L of the circuit, and to a much lesser extent
upon the resistance, so that, if the resistance of the circuit is not
excessive, the frequency of oscillation can, by neglecting the
resistance, be expressed with fair, or even close, approximation
by the formula

1

- 2zVCL

An electric transmission line represents a circuit having
capacity as well as self-inductance; and thus when charged to a
certain potential, for instance, by atmospheric electricity, as by
induction from a thunder-cloud passing over or near the line,
the transmission line discharges by an oscillating current.

Such a transmission line differs, however, from an ordinary
condenser in that with the former the capacity and the self-
inductance are distributed along the circuit.

In determining the frequency of the oscillating discharge of

such a transmission line, a sufficiently close approximation is
326
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obtained by neglecting the resistance of the line, which, at the
relatively high frequency of oscillating discharges, is small com-
pared with the reactance. This assumption means that the
dying out of the discharge current through the influence of the
resistance of the circuit is neglected, and the current assumed
as an alternating current of approximately the same frequency
and the same intensity as the initial waves of the oscillating
discharge current. By this means the problem is essentially
simplified.

28. Let I, = total length of a transmission line; [ = the dis-
tance from the beginning of the line; r = resistance per unit
length; z = reactance per unit length = 2 afL, where L =
inductance per unit length; g = conductance from line o return
(leakage and discharge into the air) per unit length; b = capacity
susceptance per unit length = 2 zfC, where C' = capacity per
unit length.

Neglecting the line resistance and line conductance,

r=20and g =0,

the line constants « and g, by equations (14), Chap‘ser II, then
assume the form

a =0 and g = Vb, ()]
and the line equations (17) of Chapter II become
I= (4 —4A)cosfl+i(4, +4)sinfl
and

E = \/%g (A1 + Az)éosﬂl+j(‘f11 —Az) Sillﬂl%,

or writing
A —A4,=C and 4, +4,=C,y

and substituting . —
Z z L
4 _\/T _\E 2)
VE-Vi-Va 2
I =C,cospl +iC,sinfl
\/Z S @
B=Vg g C, cos gl + §C, smﬁl% .

we have

and
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A free oscillation of a circuit implies that energy is neither
Supplied to the cireuit nor abstracted from it. This means that
at both ends of the circuit,! = 0 and ! = ,, the power equals zero.

If this is the case, the following conditions may exist:

(1) The current is zero at one end, the voltage zero at the
other end.

(2) Either the current is zero at both ends or the voltage is
4er0 at both ends.

(3) The circuit has no end but is closed upon itself.

(4) The current is in quadrature with the voltage. This case
does not represent a free oscillation, since the frequency depends
fﬂso on the connected circuit, but rather represents a line supply-
Ing a wattless or reactive load.

In free oscillation the circuit thus must be either open or
grounded at its ends or closed upon itself.

(1) Circuit open at one end, grounded at other end.

29. Assuming the circuit grounded at I = 0, open at I = I,
we have for I = 0,

E=E,=0

and for I = I,

' I=1I,=0;
hence, substituting in equations (3), at I = 0,

C,=0;
hence,
and I=Cioosfl .
\/Z . O
=] 501 sin A,

and at ! =17,
C, cos fl, = 0,

and since €', cannot be zero without the oscillation disappearing

altogether,
cos Bl, = 0; (5)

hence,
fly = @n - DF, ®)
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where n = 1, 2, 3 ... or any integer and

fl=@2n-1) 2”71. )

Substituting (1) in (6) gives

8 - =(2n—1)7r,

21, ®

or substituting for z and b, = 2 zfL and b = 2 zfC, gives

e 2n =D,
or
@2n-1

9
41\/LC @

f=

is the frequency of oscillation of the circuit.
The lowest frequency or fundamental frequency of oscillation

is, for n =1,
1

T 1= 4 Za /TC’
and besides this fundamental frequency, all its odd multiples or
higher harmonics may exist in the oscillation

: f=@n-1fs an
Writing L, = I,L = total inductance, and C, = [,C' = total
capacity of the circuit, equation (9) assumes the form
1
4vIC,’

(10)

(12

fi=

g

The fundamental frequency of oscillation of a transmission
line open at one end and grounded at the other, and having a
total inductance L, and a total capacity C,, is, neglecting energy
losses,

1

% TavIg,
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while the frequency of oscillation of a localized inductance L,
and localized capacity C,, that is, the frequency of discharge of
a condenser C, through an inductance L, is
7 1
2L,

The difference is due to the distributed character of L, and C,
in the transmission line and the resultant phase displacement
between the elements of the line, which causes the inductance
and capacity of the line elements, in their effect on the frequency,
not to add but to combine to a resultant, which is the projection

13)

. 2 .
of the elements of a quadrant, on the diameter, or - times the
sum, just as, for instance, the resultant m.m.f. of a distributed
Lo . . . 2 .
armature winding of n turns of ¢ amperes is not ns but - .

Hence, the effective inductance of a transmission line in free
oscillation is

2
L/ = ;l,,L
and the effective capacity is (14)
2
c/ = - 1,C,

and using the effective values L,’ and C/, the fundamental
frequency, equation (11), then appears in the form
1
he e

that is, the same value as found for the condenser discharge.

In comparing with localized inductances and capacities, the
distributed capacity and inductance, in free oscillation, thus are
represented by their effective values (13) and (14).

30. Substituting in equations (4),

¢, = ¢y + ey (16)

(15)

gives
I=(c, + ic,) cos fl

and a7

=V g ey e sin .

Ko
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By the definition of the complex quantity as vector represen-
tation of an alternating wave the cosine component of the wave
is represented by the real, the sine component by the imaginary
term; that is, a wave of the form ¢, cos 2 #/l -+ ¢, sin 2 =/t is
represented by ¢, + je,, and inversely, the equations (17), in
their analytic expression, are

7 = (¢, cos 2 zfl + ¢, sin 2 =f1) cos Bl

L 1s)
and e = \/g (¢, €08 2 2ft — ¢, sin 2 =/1) sin gl.
Substituting (7) and (11) in (18), and writing
=l N
0 =2zt and v = 5T (19y

0

gives

7= {e,cos @n— 1)0 + ¢, sin (2n— 1)0} cos 20 —1) =
=ccos(2n—1) (0 —y)cos 2n — 1)z~

and

e = \/gécz cos (2 n—1)0—c, sin(2 n—l)ﬂ}sin @2n-1)r (20)

L . .
= - \/505111 2n~1)0 -7y sin@2n — 1,
where
tan 2n — 1) r =%§ and ¢ =Ve?®+ ok 1)
1
In the denotation (19), 0 represents the tme angle, with the
complete cycle of the fundamental frequency of oscillation as
one revolution or 360 degrees, and t represents the distance
angle, with the length of the line as a quadrant or 90 degrees.
That is, distances are represented by angles, and the whole line
Is a quarter wave of the fundamental frequency of oscillation.
"This formn of free oscillation may be called quarter-wave oscillation.
The fundamental or lowest discharge wave or oscillation of
the circuit then is
iy =ccos (0 —7)cost

L (22)
and e, = — \/—gc sin (0 — 7,) sin 7.

I

I
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With this wave the voltage is a maximum at the open end of
_the line, I = [, and gradually decreases to zero at the other end
or beginning of the line, I = 0.

The current is zero at the open end of the line, and gradually
increases to a maximum at I = 0, or the grounded end of the
line.

Thus the relative intensities of current and potential along
the line are as represented by Fig. 85, where the current is shown
as [, the voltage as E.

T -
EL— ™~
/[' =0 I~
!

Fig. 85. Discharge of current and e.m.f. along a transmission line open at
one end. Fundamental discharge frequency.

The next higher discharge frequency, for n = 2, gives
Gy = cyc083 (0 — r,) cos3 T
i (©23)
and e, = — ¢ /éi, sin3 (¥ — 7,)sin3 .

Here the voltage is again a maximum at the open end of the

. T
line, I = I, or v = = = 90°, and gradually decreases, hut reaches
) 0 9 b k=3 t
2

21 v
zero at two-thirds of the line, I = ~§“, ort = ;——-60", then

.

increases again in the opposite direction, reaches a sccond but
. . . . 2 g
opposite maximum at one-third of the line, [ = »g,orr = (Z = 30°,
)
and decreases to zero at the beginning of the line. There is thus
a node of voltage at a point situated at a distance of two-thirds
of the length of the line.

The current is zero at the end of the line, [ = 7, rises to a .
maximum at a distance of two-thirds of the length of the line,
decreases to zero at a distance of one-third of the length of the
line, and rises again to a second but opposite maximum at the
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beginning of the line, = 0. The current thus has a node at a
point situated at a distance of one-third of the length of the line.

N TN

E

ngl

Fig. 86. Discharge of current and e.m.f. along a transmission
line open at one end.

The discharge waves, n = 2, are shown in Fig. 86, those with
n = 3, with two nodal points, in Fig. 87.

T ® \(

/
| \/ /Ml

Fig. 87. Discharge of current and e.m.f. along a transmission
. line open at one end.

31. In case of a lightning discharge the capacity C, is the
capacity of the line against ground, and thus has no direct
relation to the capacity of the line conductor against its return.
The same applies to the inductance L.

If d = diameter of line conductor, [, = height of conductor
above ground, and I, = length of conductor, the capacity is

-6
0, = 1.11 X 10 l“,in k.
410,
2 lD{] Tl
the self-inductance is @)
4

L, =2 x107°%, lagT, in mh.
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The fundamental frequency of oscillation, by substituting (24)
in (10), is
1 7.5 X 10°,

= = 25
4TI, 1 @)

A
0
that is, the frequency of oscillation of a line discharging to ground
is independent of the size of line wire and its distance from the
ground, and merely depends upon the length, [, of the line, being
inversely proportional thereto.

‘We thus get the numerical values,
Length of line

_ 10 20 30 40 50 60 80 100 miles
T 1 1.6 3.2 48 6.4 8 9.6 12.8 16 X 10°cm.

hence frequency,
fi= 4700 2350 1570 1175 940 783 587 470 cycles per sec.

As seen, these frequencies are comparatively low, and especially
with very long lines almost approach alternator frequencies.

The higher harmonics of the oscillation are the odd multiples
of these frequencies.

Obviously all these waves of different frequencies represented
in equation (20) can occur simultaneously in the oscillating dis-
charge of a transmission line, and, in general, the oscillating
discharge of a transmission line is thus of the form

1= Ync,co82n—1) (0 — yu)cos @n —1)7,

! (26)

e=- \/gi:;“ﬁi“@n 1)@ —-pr)sin@n—1)z

A simple harmonic oscillation as a line discharge would require
a sinoidal distribution of potential on the transmission line at the
“instant of discharge, which is not probable, so that probably all
lightning discharges of transmission lines or oscillations produced
by sudden changes of circuit conditions are complex waves of
many harmonics, which in their relative magnitude depend upen
the initial charge and its distribution — that is, in the case of the
lightning discharge, upon the atmospheric electrostatic field of
force.
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The fundamental frequency of the oscillating discharge of a
transmission line is relatively low, and of not much higher mag-
nitude than frequencies in commercial use in alternating-current
circuits. Obviously, the more nearly sinoidal the distribution
of potential before the discharge, the more the low harmonics
predominate, while a very unequal distribution of potential,
that is a very rapid change along the line, causes the higher har-
monics to predominate.

32. Asan example the discharge of a transmission line may be
investigated, the line having the following constants per mile:
r =0.21 ohm; L = 1.2 X 10™ henry; C' = 0.03 X 107 farad,
and of the length I, = 200; hence, by equations (10), (19),
J, = 208 cycles per sec.; § = 1315 ¢, and = = 0.00785 [, when
charged to a uniform voltage of e, = 60,000 volts but with no
current in the line before the discharge, and the line then
grounded at one end, I = 0, while open at the other end, [ = /.

Then, fort = 0or 0 = 0,¢ = 0 for all values of v except ¢ = 0;
hence, by (26),

cos n—1)7, =0,

and thus

T
2n -1, = 5 (27)

and

cos 2n —1) (0 — ) =sin @n —1)0,

sin@n =1 (@0 —p)=—-cos@n—1)0;
hence,

1= uEn c,sin (2n —1)0cos 2n — 1) ¢

1

and (28)

¢ = \/gzncn cos 2n — 1) 0sin 2n — 1)
1

Alsofort = 0,0r8 = 0, e = ¢, for all values of = except = = 0;
hence, by (28),

ey= \/ 2" cpsin (2 n—l) T (29)
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From equation (29), the coefficients ¢, are determined in the
usual manner of evaluating a Fourier series, that is, by multiply-
ing with sin (2m — 1)t (or cos (2m — 1)7) and integrating:

-
f e sin (2m — 1) vdr =
0

L3 S L
\/gZI}nc" \/0 sin (27 — D) zsin 2m— 1) v dv.

Since

fsin @2n—1)csin (2m — 1) vdr
o

T eos2(m —m)t —cos2(n+m— 1)t
~J, 2 d,
which is zero for m % m, while for m = n the term
f"cosZ(n—m)rd__ dr =
0 2 o2 2
and
™ < (© —_ L 20
feosin(En—1)1df=—eu[cos(zn 1)7:[=-l— Zh
o on—1 Jo 2n-—1
we have
2e, B E\/ﬁ
2n—1 "2YC
and
de, \/(7
= v \/Z. 30
“Ten-102VI’ ©0)
hence,
_ 4 C& sin(@n—1)0cos(2n— 1)t
i=ZaV 2 2n -1
_4 c . sin30cos3t sinblcoshe
—”eo Lgsml)cosr—k 3 -+ 5 +§
31
q 3 x4 5
=382§Sinocosr+s1n30300331+s11100rcosor_I__“g,
5

in amperes,
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and
4 & cos@n-—-1)0sin@n—-1<
eMﬂeD; 2n —1
4 . cos30sin3t cosbfsinbdr
="—e¢, ycos fsin v + + + .
3 3 5
(32)
7 ’v'ﬂv. 5
=76,400gcosﬁsinr+COS303S1n3T+COSL);m‘)r-f_,.. ,

in volts.

33. As further example, assume now that this line is short-
circuited at one end, I = 0, while supplied with 25-cycle alter-
nating power at the other end, I = ,, and that the generator
voltage drops, by the short circuit, to 30,000, and then the line
cuts off from the generating system at about the maximum value
of the short-circuit current, that is, at the moment of zero value
of the impressed e.m.f.

At & frequency of f, = 25 cycles, the reactance per unit length
of line or per mile is

z = 2xf,L = 0.188 ohm
and the impedance is
2z = V71 + 2* = (0.283 chm,
or, for the total line,
2, = Iz = 56.6 ohms;
hence, the approximate short-circuit current
_ e _ 30,000
Tz, 566
and its maximum value is
1, = 530 X V2 = 750 amp.

Therefore, in equations (26), at time ¢ =0, or = 0,¢=0

= 530 amp.,

for all values of = except v = g— ; hence,
sin @n — 1)y, =0,

or, Yu =0,
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and thus

7= incn cos 2n —1)fcos(2n —1) ¢
1
and (33)

€= —\/gi;:ucnsin @2n—-1)0sin@2n — 1)

However, at ¢t = 0, or ¢ = 0, for all values of = except r = g,
1= 7:0;
hence, substituting in (33),
i, = En c,cos 2n — 1)z (34)
1

From equation (34), the coefficients ¢, are determined in the
same manner as in the preceding example, by multiplying with
cos (2n — 1) 7 and integrating, as

n 4i @ [
== (- Dy 85)
hence,
_ 4, ,c08 (2n —1)fcos(2n —1)t
= —23u(=1) oy
_+% cosﬂcosz'—COS3HCOS3T+COS'50COS5T—+--~
7 3 5
(36)
=956%0030(:0ST—008303“)531+00550580357—+~-~%,
in amperes, ’
and
_ \/_E( LSin (2n —1)fsin n—1)7
2n —1
_ 45, /L. . sin30sin3c sind0sinbr
=— \/;Zsmﬁsmr— 3 + 5 -
@7
=191,200gsinﬁsin-: s1n333sm3-r+sm5z955m57:_+”.g’

in volts.
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. . . z .
The maximum voltage is reached at time ¢ = -, and is

2
4, [L( . sin3z  sinbdz
oty e B
and since the series
Sinr+sin37+sin5z+ _ =
3 5 2’

the maximum voltage is
L
e=%5Y5= 300,000 volts.

As seen, very high voltages may be produced by the interrup-
tion of the short-circuit current.

(2a) Circuat grounded at both ends.

34. The method of investigation is the same as in paragraph
29; the terminal conditions are, for 7 = 0,

E=0,

and for I = [,
E=0.

Substituting I = 0 into equations (3) gives

C,=0;
hence,
I =0, cosfl,
38
E= jc,\ﬁ;i,sin Al. @8

Substituting I = I, in (38) gives
. L .
E,=0=jC, \/%.smﬂlo;

hence,
sin gl, = 0, or 8 = nm, 39)
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and, in the same manner as in (1),

Bl = n[z = nt; (40)
0 i

that is, the length of the line, I, represents one half wave, or
© = =z, or a multiple thereof.

7= n__ o n
2NIC 2VLC, U

and the fundamental frequency of oscillation is

1
= 42
s 21,VIC 2
and

F=nf; (43)

that is, the line can oscillate at a fundamental frequency f,, for
which the length, /,, of the line is a half wave, and at all multiples
or higher harmonics thereof, the even ones as well as the odd ones.

This kind of oscillation may be called a half~wave oscillation.

356. Unlike the quarter-wave oscillation, which contains only
the odd higher harmonics of the fundamental wave, the half-
wave oscillation also containg the even harmonics of the funda-
mental frequency of oscillation.

Substituting €', = ¢, + je, into (38) gives

I =G, +ic) cos fl

and @)

B=(~ ) \/2 sin g,

and replacing the complex imaginary by the analytic expression,
that is, the real term by cos 2 =ft, the imaginary term by sin 2 =ft,
gives

1 = {¢, cos 2afl + ¢,sin 2 xft} cos Al
and

¢ = \/g {c, cos 2 zfl — ¢, sin 2 =t} sin Bl,
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and substituting

2aft =10,
we have

2 zft = no;
then (44) gives, by (40):
% = (¢, cos nd) + ¢, sin nd) cos nt
and
T . .
e = G (¢, cos nl) —c, sin n0) sin nz;

or writing
¢, =ccosny }

and
¢, = csinny
gives
i =ccosn (0 — ) cos nr
and

L . .
e=—c\/5 sin n (0 — y) sin nr,

341

(45)

(46)

C)

(48)

and herefrom the generar equations of this holf-wuve oséillation are

an
7= Encn cos n (0 — 7,) cos nt
1
and

T e . .
¢ =— \/agncn sinn (0 — y,) sin nt

(2b) Ctrcuit open at both ends.
36. For [ = 0 we have

I =0
hence,
¢,=0
and
I =jC,sin gl
and

I = \/g C, cos Al
while for } = Z,, I = 0;

(49)

(50)
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hence,
sin fl, = 0, or fl, = n=; (51)

that is, the circuit performs a half~wave oscillation of funda-

mental frequency,
1

henivie ©2)

and all its higher harmonics, the even ones as well as the odd ones
have a frequency

f = 77zfu (53)

and the final equations are

== iucnsinn @ — 7) sinnr

1

and (54)

e= \/gi;ncn cosn (0 — 7) cos n,
where 0=2xft and © = Zﬁz. (55)

: 0

(3) Circuit closed upon itself.

37. If a circuit of length I, is closed upon itself, then the frec
oscillation of such a circuit is characterized by the condition that
current and voltage at { = 4, are thesame asat! = 0, since = [,
and [ = 0 are the same point of the circuit.

Substituting this condition in equations (3) gives

I =(C,=C,cosfl, + jC,sin gl,
and

o (30)
\/f_l E=¢C,=C,cos pl, + jC, sin fl,;
herefrom follows
C, (1 —cosfl) =+ jC,sin pl, (57)
C, (1 —cos fl) =+ jC,sin Al,,
hence, (I —cospl) =—  sin?fBl,

or cos B, = 1; (58)
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hence,
Bly = 2nx; (59)

thatis, the circuit must be a complete wave or a multiple
thereof.

The free oscillation of a circuit which is closed upon itself is a
Jull-wave oscillation, containing a fundamental wave of frequency

1
= , 60,
h= ke )
and all the higher harmonics thereof, the even ones as well as the
odd ones,
S =nf (61)
Substituting in (3),
Cy=c/ +je”
and }
Cz = cz’ + ]’62"
gives
: I = (e + je,”) cos Bl + (¢, — je,)sin fl
and
T (62)
B =\E ] + o/ con L+ 67— o) sin 1.
Substituting the analytic expression,
¢/ +je/ = ¢/ cos 2 zft + ¢/ sin 2 =ft, ete.,
also
2rft=10, % 63)
2 wft = nl,
2mn
and Al = 7 ! = nr,
N 0
27 64
where T =1
lD

that is, the length of the circuit, I = I,, is represented by the
angle © = 2, or a complete cycle, this gives
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I = (¢ cosnl + ¢ sin nl) cos nr
+ (¢’ cos n0 —c,/ sinnl) sin nr
and 7 (65)
K= \/F { (e, cosn + ¢,”” sin n0) cos

+ (¢, cos ) — ¢ sin nf) sin nt},

or writing ¢/ = acosny
¢,” = asinny
¢, =Dbcosny
¢,/ = bsinny

gives
i=acosn (0 —y)cosnt —bsinn (0 — y) sin nt
and l

7 (66)
¢ = \/6, {beosn (0 — 1) cos nz — a sinn (0 — ) sinnz}.

Thus in its most general form the full-wave oscillation gives
the equations

< .
i = 2" {ancosn (0 —7,) cosnt — by sinn (0 —x,) sin nt}
1

¢ = \/g ?Zn {Ducos (0 —z,) cos T — aysinm (0 — 7,) sinnt},

(67)
where
0 =2xf,
1
LI ©9)
27
T = T ,

and &y, r, and by, 1, are groups of four integration constants.
388. With a short cireuit at the end of a transmission line, the
drop of potential along the line varies fairly gradually and
uniformly, and the instantaneous rupture of a short circuit —
a3 by a short-circuiting arc blowing itself out explosively —
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causes an oscillation in which the lower frequencies predominate,
that is, a low-frequency high-power surge. A spark discharge
from the line, a sudden high voltage charge entering the line
locally, as directly by a lightning stroke, or indirectly by indue-
tion during a lightning discharge elsewhere, gives a distribution
of potential which momentarily is very non-uniform, changes
very abruptly along the line, and thus gives rise mainly to very
high harmonies, but as a rule does not contain to any appre-
ciable extent the lower frequencies; that is, it causes a high-
frequency oscillation, more or less.local in extent, and while of
high voltage, of rather limited power, and therefore less destruc-
tive than a low-frequency surge.

At the frequencies of the high-frequency oscillation neither
capacity nor inductance of the transmission line is perfectly
constant: the inductance varies with the frequency, by the
increasing screening effect or unequal current distribution in
the conductor; the capacity increases by brush discharge over the
insulator surface, by the increase of the effective conductor
diameter due to corona effect, ete. The frequencies of the very
high harmonics are therefore not definite but to some extent
variable, and since they are close to each other they overlap;
that is, at very high frequencies the transmission line has no
definite frequency of oscillation, but can oscillate with any
frequency.

A long-distance transmission line has a definite natural period
of oscillation, of a relatively low fundamental frequency and its
overtones, but can also oscillate with any frequency whatever,
provided that this frequency is very high.

This is analogous to waves formed in a body of water of
regular shape: large standing waves have a definite wave length,
depending upon the dimensions of the body of water, but very
short waves, ripples in the water, can have any wave length, and

. do not depend on the size of the body of water.

A further investigation of oscillations in conductors with
distributed capacity, inductance, and resistance requires, how-
ever, the consideration of the resistance, and so leads to the
investigation of phenomena transient in space as well as in time,
which are discussed in Section IV.

39. In the equations discussed in the preceding, of the free
oscillations of a circuit containing uniformly distributed resist-
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ance, inductance, capacity, and conductance, the energy losses
in the circuit have been neglected, and voltage and current
therefore appear alternating instead of oscillating. That is,
these equations represent only the initial or maximum values of
the phenomenon, but to represent it completely an exponential
function of time enters as factor, which, as will be seen in Section
1V, is of the form

e (69)

where u = é (% + %) may be called the “time constant’” of the
circuit.

While quarter-wave oscillations occasionally occur, and are of
serious importance, the occurrence of half-wave oscillations and
especially of full-wave oscillations of the character discussed
before, that is, of a uniform circuit, is less frequent.

When in a circuit, as a transmission line, a disturbance or
oscillation occurs while this circuit is connected to other cir-
cuits — as the generating system and the receiving apparatus —
as is usually the case, the disturbance generally penetrates into
the circuits connected to the circuit in which the disturbance
originated, that is, the entire system oscillates, and this oscilla-
tion usually is a full-wave oscillation; that is, the oscillation of
a cireuit closed upon itself; occasionally a half-wave oscillation.
For instance, if in a transmission system comprising generators,
step-up transformers, high-potential lines, step-down trans-
formers, and load, a short circuit occurs in the line, the circuit
comprising the load, the step-down transformers, and the lines
from the step-down transformers to the short circuit is left
closed upon itself without power supply, and its stored energy is,
therefore, dissipated as a full-wave oscillation. Or, if in this
system an excessive load, as the dropping out of step of a syn-
chronous converter, causes the circuit to open at the generating
station, the dissipation of the stored energy — in this case that
of the excessive current in the system — occurs as a full-wave
oscillation, if the line cuts off from the generating station on the
low-tension side of the step-up transformers, and the oscillating
circuit comprises the high-tension coils of the step-up trans-
formers, the transmission line, step-down transformers, and load.
If the line disconnects from the generating system on the high-
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potential side of the step-up transformers, the oscillation is a
half-wave oscillation, with the two ends of the oscillating circuit
open.

Such oscillating circuits, however,— representing the most
frequent and most important case of high-potential disturbances
in transmission systems,—cannot be represented by the preced-
ing equations since they are not circuits of uniformly distributed
constants but compound circuits comprising several sections of
different constants, and therefore of different ratios of energy

consumption and energy storage, %and%- During the free

oscillation of such ecircuits an energy transfer takes place be-
tween the different sections of the circuit, and energy flows from
those sections in which the energy consumption is small com-
pared with the energy storage, as transformer coils and highly
induetive loads, to those sections in which the energy consump-
tion is large compared with the energy storage, as the more
non-inductive parts of the system. This introduces into the equa-
tions exponential functions of the distance as well as the time,
and requires a study of the phenomenon as one transient in
distance as well as in time. The investigation of the oscillation
of a compound circuit, comprising sections of different constants,
is treated in Section IV.



CHAPTER IV.

DISTRIBUTED CAPACITY OF HIGH-POTENTIAL
TRANSFORMERS.

40. In the high-potential coils of transformers designed for
very high voltages phenomena resulting from distributed
capacity occur.

In transformers for very high voltages — 100,000 volts and
more, or even considerably less in small transformers — the high-
potential coil contains a large number of turns, a great length of
conductor, and therefore its electrostatic capacity is appreciable,
and such a coil thus represents a circuit of distributed resistance,
inductance, and capacity somewhat similar to a transmission
line.

The same applies to reactive coils, etc., wound for very high
voltages, and even in smaller reactive coils at very high frequency.

This capacity effect is more marked in smaller transformers,
where the size of the iron core and therewith the voltage per
turn is less, and therefore the number of turns greater than in
very large transformers, and at the same time the exciting cur-
rent and the full-load current are less; that is, the charging
current of the conductor more comparable with the load current
of the transformer or reactive coil.

It is, however, much more serious in large transformers, since
in such the resistance is smaller compared to the inductance and
capacity, and therefore the damping of any high frequency oscil-
lation less, the possibility of the formation of sustained and cum-
ulative oscillations greater.

However, even in large transformers and at moderately high
voltages, capacity effects occur in transformers, if the frequency
is sufficiently high, as is the case with the currents produced in
overhead lines by lightning discharges, or by arcing grounds
resulting from spark discharges between conductor and ground,

or in starting or disconnecting the transformer. With such’

frequencies, of many thousand cycles, the internal capacity of
the transformer becomes very marked in its effect on the dis-
tribution of voltage and current, and may produce dangerous
high-voltage points in the transformer.
The distributed capacity of the transformer, however, is differ-
ent from that of a transmission line.
348

“4
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In a transmission line the distributed capacity is shunted
capacity, that is, can be represented diagrammatically by con-
densers shunted across the circuit from line to line, or, what
amounts to the same thing, from line to ground and from ground
to return line, as shown diagrammatically in Fig. 88.
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Fig. 88. Distributed capacity of a transmission line.

it~

The high-potential coil of the transformer also contains shunted
capacity, or capacity from the conductor to ground, and so each
coil element consumes a charging current proportional to its
potential difference against ground. Assuming the circuit as insu-
lated, and the middle of the transformer coil at ground potential,
the charge conswmned by unit length of the coil increases from
zero at the center to a maximum at the ends. If one terminal
of the circuit is grounded, the charge consumed by the coil
increases from zero at the grounded terminal to a maximum at
the ungrounded terminal.

In addition thereto, however, the transformer coil also con-
tains a capacity between successive turns and between successive
layers. Starting from one point of the conductor, after a certain

n i i it 11
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Fig. 80, Distributed capacity of a high- ial transformer coil.

length, the length of one turn, the conductor rcapproaches the
first point in the next adjacent turn. It again approaches the
first point at a different and greater distance in the next adjacent
layer.
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first point at a different and greater distance in the next adjacent -
layer.

A transformer high-potential coil can be represented dia-
grammatically as a conductor, Fig. 89. C, represents the capacity
against ground, C, represents the capacity between adjacent
turns, and C, the capacity between adjacent layers of the coil.

The capacities C, and C, are not uniformly distributed but
more or less irregularly, depending upon the number and arrange-
ment of the transformer coils and the number and arrangement,
of turns in the coil. As approximation, however, the capacities
C, and C, can be assumed as uniformly distributed capacity
between successive conductor elements. If [ = length of con-
ductor, they may be assumed as a capacity between ! and [ + dI,
or as a capacity across the conductor element dl.

This approximation is permissible in investigating the general
effect of the distributed capacity, but omits the effect of the
irregular distribution of €', and C,, which leads to local oscilla-
tions of higher frequencies, extending over sections of the circuit,
such as individual transformer coils, and may cause destructive
voltage across individual transformer coils, without the appear-
ance of excessive voltages across the main terminals of the trans-
former.

41. Let then, in the high-potential coil of a high-voltage trans-
former, ¢ = the e.m.f. generated per unit length of conductor,
as, for instance, per twrn; Z = r + jz = the impedance per unit
length; ¥ = g 4 jb = the capacity admittance against ground
per unit length of conductor, and Y’ = pY = the capacity
effective admittance representing the capacity between successive
turns, successive layers, and successive coils, as represented by
the condensers C, and C, in Fig. 89.

The charging current of a conductor element dl, due to the
admittance ¥, is made up of the charging currents against the
next following and that against the preceding conductor element.

Let I, = length of conductor; ! = distance along conductor;
B = potential at point /, or conductor element dl, and [ = cur-
rent in conductor element dl; then

i
dl = i dl = the potential difference between successive

conductor elements or turns.
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Y %E—} dl = the charging current between one conductor ele-
ment and the next conductor element or turn.
L d (B — dE)
d
ductor element and the preceding conductor element or turn,
hence,
Y’% dl = the charging current of one conductor element due

dl = the charging current between one con-

to capacity between adjacent conductors or turns.

If now the distance  is counted from the point of the con-
ductor, which is at ground potential, YEdl = the charging cur-
rent of one conductor element against ground, and

E
dl =§YE+ Y’ciﬂ, ;dl=Y§E+p(§fEdl

is the total current consumed by a conductor element.
However, the e.m.f. consumed by impedance equals the e.m.f.
consumed per conductor element; thus

dE, = Z1dL
This gives the two differential equations:
@B
= 4 —_—
! gﬂ i % @
dE
and e——=124I. (2)

Differentiating (2) and substituting in (1) gives

&8 ,% ) (Z“E'g
¥ =ZYSE+p S’
transposing, . R
¥h_ -~ B
¢ 1’ ©)
P-7y
or B = - B, )

dr



352 TRANSIENT PITENOMENA

1
where @* = " )
Py
If ZLY is small comparé(l with p, we have, approximately,
1
@ == 6)
7 (
and E = Acosal + Bsind, )

and since, for I = 0, & = 0, if the distance ¢ is counted from the
point of zero potential, we have

E = Bsinal, )
and the current is given by equation (2) as
1 dB )
- _ =20 (4
I de &y )
substituting (8) in (9) gives
; 1 0
[—Z{e—alj’whals. (10)

If now [, = the current at the transformer terminals, [ = 1,
we have, from (10),
ZI,=e— aBcosal,

e —ZI
1 = —1;
anc B = edl, (11)
substituting in (8) and (10),
B=(— 77y S0
: "M acos al,
1 cos al 12
1 - _g — gryamae ; .
anc d zZ (=21, cosal, f
for I, = 0, or open circuit of the transformer, this gives
Tee sin al
i @ cos al,
¢ (cos al a3
and I =._< - )
© Z\cosal,
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The e.n.f., 5, thus is a maximum at the terminals,
e
E, =-tan al
<1 a 07

the current a maximum at the zero point of potential, I = 0,

where
e 1
L= Z(aos a, 1>' 14

42. Of all industrial circuits containing distributed capacity
and inductance, the high potential coils of large high voltage
power transformers probably have the lowest attenuation con-
stant of oscillations, that is the lowest ratio of r to 4/LC, and
high frequency oscillations occurring in such circuits thus die out
at a slower rate, hence are more dangerous than in most other
industrial circuits. Nearest to them in this respect are the
armature circuits of large high voltage generators, and similar
considerations apply to them.

As the result hereof, the possibility of the formation of con-
tinual and cumulative oscillations, in case of the presence of a
source of high frequency power, as an arc or a spark discharge
in the system, is greater in high potential transformer coils than
in most other circuits. Regarding such cumulative oscillations
and their cause and origin, see the chapters on “Instability of
Electric Circuits,” in “Theory and Caleulation of Electric
Circuits.”

The frequency of oscillation of the high potential circuit of
large high voltage power transformers usually is of the magnitude
of 10,000 to 30,000 cycles; the frequency of oscillation of indi-
vidual transformer coils of this circuit is usually of the magnitude
of 30,000 to 100,000 cycles. There then are the danger fre-
quencies of large high voltage transformers.



CHAPTER V.
DISTRIBUTED SERIES CAPACITY.

43. The capacity of a transmission line, cable, or high-poten-
tial transformer coil is shunted capacity, that is, capacity from
conductor to ground, or from conductor to return conductor, or
shunting across a section of the conductor, as from turn to turn
or layer to layer of a transformer coil.

In some circuits, in addition to this shunted capacity, dis-
tributed series capacity also exists, that is, the circuit is broken
at frequent and regular intervals by gaps filled with a dielectric
or insulator, as air, and the two faces of the conductor ends thus
constitute a condenser in series with the cirecuit. Where the
elements of the circuit are short enough so as to be represented,
approximately, as conductor differentials, the circuit constitutes
a circuit with distributed series capacity.

An illustration of such a cireuit is afforded by the so-called
“multi-gap lightning arrester,” as shown diagrammatically in
Fig. 90, which consists of a large number of metal cylinders p, ¢

., with small spark gaps between the cylinders, connected
between line L and ground @. This arrangement, Fig. 90, can
be represented diagrammatically by Fig. 91. Each cylinder has
a capacity C, against ground, a capacity C against the adja-~
cent cylinder, a resistance r,— usually very small,—and an
inductance L.

The series of insulator discs of a high voltage suspension —or
strain —insulator also forms such a circuit.

If such a series of n equal capacities or spark gaps is connected
across a constant supply voltage e, each gap has a voltage ¢ = %:_
If, however, the supply voltage is alternating, the voltage does
not divide uniformly between the gaps, but the potential differ-
ence is the greater, that is, the potential gradient steeper the
nearer the gap is to the line L, and this distribution of potential
becomes the more non-uniform the higher the frequency; that is,
the greater the charging current of the capacity of the cylinder
against the ground. The charging currents against ground, of all

354
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the eylinders from ¢ to the ground @, Figs. 90 and 91, must pass

the gap between the adjacent cylinders p and ¢; that is, the
charging current of the condenser represented by two adjacent

OO0OOCO®OHOOOOO

Tig. 90. Multi-gap lightning arrester.

cylinders p and ¢ is the sum of all the charging currents from
¢ to @; and as the potential difference between the two cylinders
p and ¢ is proportional to the charging current of the condenser

<
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Fig. 91. Equivalent circuit of a multi-gap lightning arrester.

formed by these two cylinders, C, this potential difference
increases towards L, being, at each point proportional to the
vector sum of all the charging currents, against ground, of all
the cylinders between this point and ground.

The higher the frequency, the more non-uniform is the poten-
tial gradient along the circuit and the lower is the total supply
voltage required to bring the maximum potential gradient, near
the line 7, above the disruptive voltage, that is, to initiate the
discharge. Thus such a multigap structure is discriminating
regarding frequency; that is, the discharge voltage with increas-
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ing frequency, does not remain constant, but decreases with
increase of frequency, when the frequency becomes sufficiently
high to give appreciable charging currents. Hence high fre-
(uency oscillations discharge over such a structure at lower
voltage than machine frequencies.

For a further discussion of the feature which makes such a
multigap structure useful for lightning protection, see A. I. I. L.
Transactions, 1906, pp. 431, 448, 1907, p. 425, ete.

44. Such circuits with distributed series capacity are of great
interest in that it is probable that lightning flashes in the clouds
are discharges in such circuits. From the distance traversed by
lightning Aashes in the clouds, their character, and the disruptive
strength of air, it appears certain that no potential difference
can exist in the clouds of such magnitude as to cause a disruptive
discharge across a mile or more of space. It is probable that
as the result of condensation of moisture, and the lack of uni-
formity of such condensation, due to the gusty nature of air
currents, a non-uniform distribution of potential is produced

* between the rain drops in the cloud; and when the potential
gradient somewhere in space exceeds the disruptive value, an
oscillatory discharge starts between the rain drops, and grad-
ually, in a number of successive discharges, traverses the cloud
and equalizes the potential gradient. A study of circuits
containing distributed series capacity thus leads to an under-
standing of the phenomena occurring in the thunder cloud during
the lightning discharge.*

Only a general outline can be given in the following.

45. Ina circuit containing distributed resistance, conductance,
inductance, shunt, and series capacity, as the multigap lightning
arrester, Fig. 90, represented electrically as a circuit in Fig. 91,
let 7 = the effective resistance per unit length of circuit, or per
circuit element, that is, per arrester cylinder; ¢ = the shunt
conductance per unit length, representing leakage, brush dis-
charge, electrical radiation, ete.; L = the inductance per unit
length of cireuit; C' = the series capacity per unit length of cir-
cuit, or circuit element, that is, capacity betweenadjacent arrester
cylinders, and €, = the shunt capacity per unit length of cireuit,
or eircuit element, that is, capacity between arrester cylinder and

* See paper, ‘Lightning and Lightning Protection,” N.E.I.A., 1007
I;e;;x‘;mted and enlarged in ¢ General Lectures on Blectrical Engineering,” by
uthor.

P
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ground. If then f = the [requency of impressed eanf.,

series impedance per unit length of circuit is
Z=r+j-z);
the shunt admittance per unit length of cireuit is

Y =g+,
where
z = 2afL,
1
%= 5ot
= 2xfC;

or the absolute values are
N
and ’
y =g + .

357

the
®

)

©)

@

If the distance along the circuit from line L towards ground
@ is denoted by !, the potential difference between point ¢ and -
ground by %, and the current at point I by I, the differential

equations of the circuit are *

dl
and .
ar
7= YE.
Differentiating (5) and substituting (6) therein gives
@B
= YZE.
Equation (7) is integrated by
E = Ale—ul + AZE-H‘Z,
where
a=VNYZ =a+ B
«=VIGE T =5 G- &)
and

B=~3{yz —gr + b (@ — 2}
* Section III, Chapter II, paragraph 7.

®)

)

®
)

(10)
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Substituting (10) in (8) and eliminating the imaginary expo-
nents by the substitution of trigonometric functions,

E =As (cos fl ~ jsin pl) + A (cos fl + § sin fl). (11)

46. However, if n = the total length of circuit from line L to
ground @, or total number of arrester cylinders between line and
ground, for I =n,

E =0, (12)
and for [ = 0,
E = e, = the impressed e.m.f. (13)

Substituting (12) and (13) into (11) gives

0 =A™ (cos fn — jsin fn) + A" (cos fn + 7 sin fn)

and
e =A, + A4,
hence,
€
Ax - — i )
1 — ¢ (cos 2 fn — jsin 2 fin) (14
Ay =~ 47" (cos 2 fn — jsin 2 fn),

and the potential difference against ground is

E =g,

e~ (cos A+ sin fl) — =@~V cos B (2n—1)—7 sin B2 n—1)]
1 — <2 (cos 2 fin — 7 sin 2 fn)

(15)
From equation (5), substituting (15) and (9), we have
I=- 7 %
e~ (cos fl—7jsin pl)+e=*C*=Dcos B (2n—1) —jsin B (2n—1)]
1 — e 2 (cos 2 An — {sin 2 fn) '

(16)
Reduced to absolute terms this gives the potential difference
against ground as

\/;—zal + E—Za(&n—l}_ P 2an cos 2,3 (’/b _ Z)
e=¢
° 14 74— 272 6032 Ain,

) an)
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the current as

- P AR T U N e L) )
1=¢ \/li \/ . “Zan _ o ,-Zan o ) (18)
z 1+e —2e¢ cos 2 fn

and the potential gradient, or potential difference between adja-
cent cylinders, is
~— —Zal —Za @R —1) O .—2amn B

il _y_\/e +e +2¢ cos2 B (n—1)
€ =Tl =eyT, \/z The ™ —2c % cos 2 fn . (19)

For an infinite length of line, n = «, that is, for a very large
number of ligh*ning arrester cylinders, where ¢ ~2* is negligible,
as in the case where the discharge passes from the line into the
arrester without reaching the ground, equations (17), (18), (19)
simplify to

e=es, (20)

= e,,\/g =, @)
and

¢ = e, \/g— e 22

that is, are simple exponential curves.
Substituting (4) and (3) in (21) and (22) gives

2 (9
I ¢+ (%) o
" C*H[1 — (2af)*CLT + (2=/Cr)*} -
and
1 = 2zfC¢; (24)

or, approximately, if » and g are negligible, we have

) oo C,
¢ = Ve T e ron; @)

¢
and
CC,
1-Q#)?CL’
47. Assume, as example, a lightning arrester having the fol-
lowing constants: L =2 X 10™® henry; C, = 107 farads;

(26)

1 = 2xfee™
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C =4 X 10™ farads;r = 1 ohm; g = 4 X 10-®mho; [ = 10° =
100 million cycles per second; n = 300 cylinders, and ¢, = 30,000
volts; then from equation (3), z = 12.6 ohms, z,= 39.7 ohms, and
b = 62.8 X 10-° mhos;

from equation (1),
Z =1 — 27.1§ ohms;
from equation (2),
Y = (4 + 62.84) 10~° mho;
from equation (4),
z = 27.1 ohms and y = 62.9 X 10~° mho;
from equation (10),
a = 0.0021 and 8 = 0.0412;
from equation (17),

e = 85,500 v/e 0BT (.08 eF0RT (568 cos (24.72 —0.0824 1) ;

from equation (18),

T = 54 Ve "L 10,08 T 40568 cos (24.72 — 0.0824 1),
and from equation (19),

¢ = 2140 Ve (.08 eFPET 4 (568 cos (24.72 — 0.0824 [).

Hence, at I =0, ¢ = 30,000 volts, © = 64.6 ampercs, and
¢’ = 2560 volts; and at [ = 300, ¢ = 0, © = 57.5 amperes, and
¢ = 2280 volts.

With voltages per gap varying from 2280 to 2560, 300 gaps
would, by addition, give a total voltage of about 730,000, while
the actual voltage is only about one-twenty-fourth thereof; that
is, the sum of the voltages of many spark-gaps in series may be
many times the resultant voltage, and a lightning flash may pass
possibly for miles through clouds with a total potential of only
a few hundred million volts. In the above example the 300
cylinders include 7.86 complete wave-lengths of the discharge.




CHAPTER VI
ALTERNATING MAGNETIC FLUX DISTRIBUTION.

48. As carrier of magnetic flux iron is used, as far as possible,
since it has the highest permeability or magnetic conductivity.
If the magnetic flux is alternating or otherwise changing rapidly,
an e.m.f. is generated by the change of magnetic flux in the iron,
and to avoid energy losses and demagnetization by the currents
produced by these e.m.fs. the iron has to be subdivided in the
direction in which the currents would exist, that is, at right
angles to the lines of magnetic force. Hence, alternating
magnetic fields and magnetic structures desired to respond very
quickly to changes of m.m.f. are built of thin wires or thin iron
sheets, that is, are laminated. '

Since the generated e.m.fs. are proportional to the frequency
of the alternating magnetism, the laminations must be finer
the higher the frequency.

To fully utilize the magnetic permeability of the iron, it there-
fore has to be laminated so as to give, at the impressed frequency,
practically uniform magnetic induction throughout its section,
that is, negligible secondary currents. This, however, is no
longer the case, even with the thinnest possible laminations,
at extremely high frequencies, as oscillating currents, lightning
discharges, ete., and under these conditions the magnetic flux
distribution in the iron is not uniform, but the magnetic flux
density, ®, decreases rapidly, and lags in phase, with increasing
depth below the surface of the lamination, so that ultimately
hardly any magnetic flux exists in the inside of the laminations,
but practically only a surface layer carries magnetic flux. The
apparent permeability of the iron thus decreases at very high
frequency, and this has led to the opinion that at very high fre-
quencies iron cannot follow a magnetic cycle. There is, however,
no evidence of such a ““viscous hysteresis.” Magnetic investi-
gations at 100,000 to 200,000 cycles per second have given the
same magnetic cycles as at low frequencies. It therefore is prob-
able that iron follows magnetically even at the highest frequen-
cies, traversing practically the same hysteresis cycle irrespective of

3061
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the frequency, if the true m.m.f., that is, the resultant of the
impressed m.m.f. and the m.m.f. of the secondary currents in
the iron, is considered. Since with increasing frequency, at
constant impressed m.n.f., the resultant m.m.f. decreases, due
to the increase of the demagnetizing secondary currents, this
simulates the effect of a viscous hysteresis.

Frequently also, for mechanical reasons, iron sheets of greater
thickness than would give uniform flux density have to be used
in an alternating field.

Sinee rapidly varying magnetic fields usually are alternating,
and the subdivision of the iron is usually by lamination, it will
be sufficient to consider as illustration of the method the dis-
tribution of alternating magnetic flux in iron laminations.

49. Let Fig. 92 represent the section of a lamination. The
alternating magnetic flux is assumed to pass in a direction
perpendicular to the plane of the paper.

Let s = the magnetic permeability, A = the

electric conductivity, I = the distance of a layer

dl from the center line of the lamination, and

I 21, = the total thickness of the lamination. If

then [ = the current density in the layer d,

and & = the e.m.f. per unit length generated in

i@  the zone dl by the alternating magnetic flux, we
have

I I =B M

et

The magnetic flux density @, at the surface
l =1, of the lamination corresponds to the
Bl [g.t.92. Alter- jrypressed or external m.m.f.  The density ®
giﬁiﬂ:ﬁ:&:ﬁ in the zone dl corresponds to the impressed
insolidiron. ... plus the sum of all the m.m.fs. in the
zones outside of dl, or from I to I,.
The current in the zone dl is

Idl = B dl @

and produces the m.m.f.

=04 7B dl, ®3)
which in turn would produce the magnetic flux density

d® = 0.4 =ApE dl; “)
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that is, the magnetic flux density @ at the two sides of the zone
dl differs by the magnetic flux density d@ (equation (4)) pro-
duced by the m.n.f. in zone dl, and this gives the differential
equation between @, E, and [,
s
dl
The e.n.f. generated at distance ! from the center of the
lamination is due to the magnetic flux in the space from I to /.
Thus the e.m.fs. at the two sides of the zone dl differ from each
other by the e.m.f. generated by the magnetic flux ®&dl in this
zone.
Considering now &, &, and [ as complex quantities, the e.m.f.
dE, that is, the difference between the e.m.fs. at the two sides of
the zone dl, is in quadrature ahead of ®dl, and thus denoted by

A = j 2 nf® 10 dI, ()

where f = the frequency of alternating magnetism.
This gives the second differential equation

= 04 7Apkl. (5)

‘%_ j 2@ 108 ! (7)

50. Differentiating (5) in respect to /, and substituting (7)
therein, gives

&6
T 0.8 jr2fu 108 ®, 8)
or, writing
¢ =jfa? =04 2fAp 1078, 9)
a* =04 n*Ap 1078, (10)
we have .
& '® .
TE " 2 jo'®. 11)

This differential equation is integrated by
® = e~ 12)
this equation substituted in (11) gives
v? = 2 je*; (13)
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hence,
v=+ 1 +c (14)
and )
® = AIEHI-H'WL_}_ A25+(1—])01'

Since ® must have the same value for — { as for + I, being
symmetrical at both sides of the center line of the lamination,

4, =4,=4,
hence,
® = A{E-I—u-{—j)al + E--(l+j)cl}’. (15)
or, substituting
etJl= cos ¢l + §sin el (16)

gives
® = A{E*+ e Y coscl + (TP~ e~ Y sincl}.  (17)
51. Denoting the flux density in the center of the lainination,
forl = 0, by ®&, from (17) we have
® = 24;
hence,
4 = E(Bu (18)

and
et cl —el

+el —cl
® =@, g' -{; *  coscl+ 7 5 sin cl§ 1Y)
Denoting the flux density at the outside of the lamination,
for [ =1, that is, the density produced by the external m.m.f.,
by ®,, substituted in (19), we have
E+cla + E—cl., s'”l“ - e_d"

3 cos cly+ j 3

and substituting (20) in (19),
e + e cosel + 7 (e* — e~ sincl
Heth+ em) cos cly+ § (eTh — &%) sin cl‘,.

5 -, | sdind,f, @0)

® =0

(21)
The mean or apparent value of the flux density, i.e., the average

throughout the lamination, is

1 fzu
AL (22)
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.Using equation (15) as the more convenient for integration
gives

A
= — +@+pel _ —(A+DNel] b
&= T pa” 7
A (et AHDeh =@t el

I A =

and substituting herein (16), (18) and (20), gives

3 ®, §5+clu_5~elu . e+l E-cz,,' )
Bm= T pal 3 cos cly+g —y—sin do%

24)

_ 0'3‘ (E-H:Iu —5_”l") cos Clo_‘_]'(E-%—cln_l__e-—clo) sin Clo
A7) cl, (¢ * e DY cos cly4j e+ —e ) sin cl,,

The absolute values of the flux densities are derived as square
root of the sum of the squares of real and imaginary terms in
equations (19), (20), (21), and (24), as

®,

® =2 Vertd 4 o7+ 2eos 2l (25)
®, =%9 et 4 ¢=2¢b 4 2 cos 2 cl,, (26)
\/s‘*“l + &2 4 2 cos 2l
B =&, e+2el 4 2% 1 2 cos 2 Clo, @
and :

®, = 8, = V2l ¢=2¢h_9 cos 2 ¢l

2 cl,V2 °
(28)

__ & \/e”c‘“ + 2% —2 cos 2 cl,
e, V2 Y et e72%h 42 cos 2 ¢,

52. Where the thickness of lamination, 2 ,, or the frequency f,
is so great as to give ¢, a value sufficiently high to make e=ch
or the reflected wave, negligible compared with the main wave
e+b the equations can be simplified by dropping e~ In this
case the flux density, ®, is very small or practically nothing in
the interior, and reaches appreciable values only near the surface.
Tt then is preferable to count the distance from the surface of the
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lamination into the interior, that is, substitute the independent
variable

s=1,-1 (29)
Dropping <= and ¢~% in equation (21) gives

& (cos ¢l + §sin cl)

6 =Gz (cos ¢l + jsin cly)
=@, e @ Dfcosc (f,— 1) — jsine (,— D};

hence,
® = ®, % (coscs — jsincs); (30)

and the absolute value is
® =® % (31)
and at the center of the lamination,

®, = ®, ¢ ~®(cos ¢l, + sin clu),g 32)
®, = B e,

From equation (24) the mean value of flux density follows
when dropping ¢~ as negligible, thus:

®  _(1-j)

=Ty~ e 33)
or the absolute value is
®
®m = . 34
V2 (34)

53. As seen, the preceding equations of the distribution of
alternating magnetic flux in a laminated conductor are of the
same form as the equations of distribution of current and voltage
in a transmission line, but more special in form, that is, the
attenuation constant @ and the wave length constant 8 have
the same value, ¢. As result, the distribution of the alternating
magnetic flux in the lamina tepends upon one constant only, cl,.

The wave length is given by

cly =27;
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hence ly = 27”
and by (9)
I=22
avf
10,000
N0 @9

and the attenuation during one wave length, or decrease of
intensity of magnetism, per wave length, is
e~ 27 = (.0019,
per half-wave length it is
e~" = 0.043.
and per quarter-wave length

€ 2= 0.207.
At the depth % below the surface, the magnetic flux lags 90 de-

grees and has decreased to about 20 per cent; at the depth % it lags

180 degrees, that is, is opposite in direction to the flux at the
surface of the lamination, but is very small, the intensity being
less than 5 per cent of that at the surface, and at the depth 7,
the flux is again in phase with the surface flux, but its intensity
is practically nil, less than 0.2 per cent of the surface intensity;
that is, the penetration of alternating flux into the laminated
iron is inappreciable at the depth of one wave length.

By equations (33) and (34), the total magnetic flux per unit
width of lamination is
26, _ U =)

2 1®m =

1+5c¢ ¢
. 2®,;
the absolute value is 2 [,®, = —=;
V2

that is, the same as would be produced at uniform density in a
thickness of lamination

-2 _(1=J
e Fa
or absolute value, ]
21, = _\@;
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which means that the resultant alternating magnetism in the

lamination lags 45 degrees, or one-eighth wave behind the im-

pressed m.n.f., and is equal to a uniform magnetic density
penetrating to a depth

o L.

V2

l,, therefore, can be called the depth of penetration of the
alternating magnetism into the solid iron.

Since the only constant entering into the equation is ¢/, the
distribution of alternating magnetism for all cases can be repre-
sented as function of cl,.

If cl, is small, and therefore the density in the center of the
lamination ®, comparable with the density &, at the outside,
the equations (19), (20), and (24) respectively (25), (26), and (28)
have to be used; if ¢l is large, and the flux density ®, in the
center of the lamination is negligible, the simpler equations (30)
to (34) can be used.

54. Asan example, let 2 = 1000 and 4 = 10°; then a = 1.98,
and for f = 60 cycles per second, ¢ = aVv/f = 15.3; hence, the
thickness of effective layer of penetration is

(36)

1
L, = v 0.046 c;m = 0.018 inches.

In Fig. 93 is shown, with ¢l as abscissas, the cffective value of
the magnetic flux, which from equation (25) is

®,
® = ?“ eIl 4 e~ 2 3 6os 2 dl,
and also the space-phase angle hetween G and ®,, which from
equation (19) is

el _ el
tan ¢, = e tan ¢l. ®37)

In Fig. 94 is shown, with cs as abscissas, the effective value
of the magnetic flux, which from equation (31) is

® =@,
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and also the space-phase angle between ® and ®,, which from
equation (30) is
tan 7, = tan cs. - (38)

The thickness of the equivalent layer is marked in Fig. 94.

o

\ < 7,
£

&

a
\ VAN

0

I~ 1o L
40
20
el
2.0 18 12 0.8 0.4 0.4 0.8 12 10 2.0

. Tig. 98. Alternating magnetic flux distribution in solid iron.

As further illustrations are shown in Fig. 95 the absolute
values of magnetic flux density ® throughout a layer of 14 mils
thickness, that is, of J, = 0.007 inches = 0.018 cm. thickness.

For 60 eycles, by Curve I, c= 153 cl, = 0.275
For 1000 cycles, by Curve II, ¢ = 62.5 cl, = 1.125
For 10,000 cycles, by Curve III, ¢ = 198  ¢l, = 3.55

It is seen that the density in Curve I is perfectly uniform,
while in Curve III practically no flux penetrates to the center.

55. The effective penetration of the alternating magnetism
into the iron, or the thickness 7, of surface layer which at con-
stant induction ®, would give the same total magnetic flux as
exists in the lamination, is

11— .
b= 0T T % @9
or the absolute value is
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Fig. 94.  Alternating magnetic flux distribution in solid iron.
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Fig. 95, Alternating magnetic flux distribution in solid iron.
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hence, substituting for ¢ from equation (9),
L - 10¢ _ 8570
AR
that is, the penetration of an alternating magnetic flux into a
solid eonductor is inversely proportional to the square root of
the electric conductivity, the magnetic permeability, and the
frequency.

The values of penetration, Z,, in centimeters for various
materials and frequencies are given below.

(40)

Trequency. 25 60 1000 | 10,000 10° 10°

|
Soft iron, s = 1000, A = 105........ 0.0714| 0.0460, 0.0113| 0.0036{0.00113/0.00036
Castiron, 4 = 200, N = 10¢ .| 0.504 | 0.325 | 0.080 | 0.0252/0.0080 |0.0025
Copper, s = 1, A = 6 X 106........[ 0.922 | 0.595 | 0.144 | 0.0461|0.0144 |0.0046
Resistance alloys, x = 1, = 104....| 7.14 | 4.60 | 1.13 | 0.357 [0.113 [0.036

As seen, even at frequencies as low as 25 cycles alternating
magnetism does not penetrate far into solid wrought iron, but
penetrates to considerable depth into cast iron. It also is
interesting to note that little difference exists in the penetration
into copper and into cast iron, the high conductivity of the
former compensating for the higher permeability of the latter.

56. The wave length, 7, f , substituting for ¢, from equa-
tion (9), is
L = 31,600; @
Anf

that is, the wave length of the oscillatory transmission of alter-
nating magnetism in solid iron is inversely proportional to the
square root of the electric conductivity, the magnetic permea-
bility, and the frequency.

Comparing this equation (41) of the wave length 7, with equa-
tion (40) of the depth of penetration ,, it follows that the depth
of penetration is about one-ninth of the wave length, or 40 degrees,
or, more accurately, since

I, =

and [, = E:
¢

1
o3
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we have l_,, o ]7 _ R , “42)
v 2v2z 89
or 40.5 degrees. '
The speed of propagation is
8 =/l
= ?L@_O_ﬁ . (43)
o

that is, the speed of propagation is inversely proportional to the
scuare root of the electric conductivity and of the magnetie per-
meability, but directly proportional to the square root of the
frequency. This gives a curious instance of a speed which
increases with the frequency. Numerical values are given below.

: D00
Frequency. 25 Cyeles, (“\’M‘lf;
Soft iron, p=1000, 1=10° . S=15.8cm. 316 em.

111 em.| 2230 cm.
204 cm.| 4080 cm,

Cast iron, p= 200, =1
Copper,  R= 1,4=6X

It is secn that these speeds are extremely low compared with
the usual speeds of electromagnetic waves.

57. Since instead of @,, corresponding to the impressed m.m.f.
and permeability s, the mean flux density in the lamina is G,
the effect is the same as if the permeability of the material were
changed from g to

/= G 44
K=t (44)
and g can be called the effective permeability, which is a function
of the thickness of the lamination and of the frequency, that is, a
function of ¢l,; 4/ appears in complex form thus,
Ho= = s
that is, the permeability is reduced and also made lagging.
For high values of ¢/, that is, thin laminations or high fre-
quencies, from (33), we have
"
(L +79).cly
L N 5
2, 134, “5)

or, absolute , “
o=
cly

W=

S
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58. As illustration, for iron of 14 mils thickness, or [, = 0.018
centimeters, and the constants z = 1000 and 2 = 10°, that is
a = 1.98, the absolute value of the cffective permeability is

and &

hence,
P
al, V2f
_ 19,800
VT
that is, the effective or apparent permeability at very high
frequencies decrcascs inversely proportional to the square root
of the frequency. In the above instance the apparent per-
meability is:
At low frequency, g = 1000;
at 10,000 cycles, o= 198;
at 1,000,000 eycles, 1/ = 19.8;
at 100 million cycles, 1/ = 1.98, and
at 392 million eyeles, 1/ = 1,

(46)

or the same as air, and at still higher frequencies the presence
of iron reduces the magnetic flux.

It is interesting to note that with such a coarse lamination
as a 14-mil sheet, even at the highest frequencies of millions of
cycles, an appreciable apparent permeability is still left; that is,
the magnetic flux is increased by the presence of iron; and the
effect of iron in increasing the magnetic flux disappears only at
400 million eycles, and beyond this frequency iron lowers the
magnetic flux. However, even at these frequencics, the presence
of iron still exerts a great effect in the rapid damping of the
oscillations by the lag of the mean magnetic flux by 45 degrees.

Obviously, in large solid pieces of iron, the permeability s/
falls below that of air even at [ar lower frequencies.

Where the penetration of the magnetic flux 7, is small com-
pared with the dimensions of the iron, its shape becomes im-
material, since ouly the surface requires consideration, and so



374 TRANSIENT PHENOMEN A

in this case any solid structure, no matter what shape, can be
considered magnetically as its outer shell of thickness Z, when
dealing with rapidly alternating magnetic fluxes.

At very high frequencies, when dealing with alternating
magnetic cireuits, the outer surface and not the section is, there-
fore, the dominating feature.

The lag of the apparent permeability represents an energy-
component of the e.m.f. of self-induction due to the magnetic
flux, which increases with increasing frequency, and ultimately
hecomes equal to the reactive component.



CHAPTER VIIL

DISTRIBUTION OF ALTERNATING-CURRENT DENSITY IN
CONDUCTOR.

59. If the frequency of an alternating or oscillating current
is high, or the section of the conductor which carries the current
is very large, or its electric conductivity or its magnetic per-
meability high, the current density is not uniform throughout
the conductor section, but decreases towards the interior of the
conductor, due to the higher e.m.f. of self-inductance in the
interior of the conductor, caused by the magnetic flux inside of
the conductor. The phase of the current inside of the conductor
also differs from that on the surface and lags behind it.

In consequence of this unequal current distribution in a large
conductor traversed by alternating currents, the effective resist-
ance of the conductor may be far higher than the ohmic resist-
ance, and the conductor also contains internal inductance.

In the extreme case, where the current density in the interior
of the conductor is very much lower than on the surface, or even
negligible, due to this “screening effect,” as it has been called,
the current can be assumed to exist only in a thin surface layer
of the conductor, of thickness Z,; that is, in this case the effective
resistance of the conductor for alternating currents equals the
ohmic resistance of a conductor section equal to the periphery
of the conductor times the “depth of penetration.”

‘Where this unequal current distribution throughout the con-
ductor section is considerable, the conductor section is not fully
utilized, but the material in the interior of the conductor is more
or less wasted. It is of importance, therefore, in alternating-
current cireuits, especially in dealing with very large currents, or
with high frequency, or materials of very high permeability, as
iron, to investigate this phenomenon.

An approximate determination of this effect for the purpose
of deciding whether the unequal current distribution is so small

as to be negligible in its effect on the resistance of the conductor,
375
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or whether it is sufficiently large to require caleulation and
methods of avoiding it, is given in ‘‘Alternating-Current Phe-
nomena,” Chapter XIII, paragraph 113.

An appreciable increase of the effective resistance over the
ohmie resistance may be expected in the following cases:

(1) In the low-tension distribution of heavy alternating cur-
rents by large conductors.

(2) When using iron as conductor, as for instance iron wires
in high potential transmissions for branch lines of smaller power,
or steel cables for long spans in transmission lines.

(3) In the rail return of single-phase railways.

() When carrying very high frequencies, such as lightning

"discharges, high frequency oscillations, wireless tclegraph cur-

rents, ete.

In the last two cases, which probably are of the greatest impor-
tance, the unequal current distribution usually is such that
Dractically no current exists at the conductor center, and the
effective resistance of the track rail even for 25-cyele alternatin g
current thus is several times greater than the ohmic resistance,
and conduetors of low ohmic resistance may offer a very high
effective resistance to a lightning stroke.

By subdividing the conductor into a number of smaller
conductors, separated by some distance from cacl other, or by
the use of a hollow conductor, or a flat conductor, as a bar or
ribbon, the effect is reduced, and for high-frequency discharges,
as lightning arrester connections, flat copper ribbon offers a very
tuch smaller effective resistance than a round wire. Strand-
ing the conductor, however, has no dircet effect on this phenom-
enon, since it is due to the magnetic action of the current, and
the magnetic field in the stranded conductor is the same as in
a solid conductor, other things being equal.  That is, while eddy
currents in the conductor, due to external magnetic fields, are
eliminated by stranding the conductor, this is not the case with
the increase of the effective resistance by unequal eurrent (lis-
tribution. Stranding the conductor, however, may reduce
unequal current distribution indirectly, especially with iron as
conductor material, by reducing the effective or mean per-
meability of the conductor, due to the break in the magnetic
cireuit between the iron strands, and also by the reduction of
the mean conductivity of the conductor section, For instance,
if in a stranded conductor 60 per cent of the conductor section
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is copper, 40 per cent space between the strands, the mean
conductivity is 60 per cent of that of copper. If by the sub-
division of an iron conductor into strands the reluctance of the
magnetic cireuit is inereased tenfold, this represents a reduction
of the mean permeability to one-tenth. Hence, if for the con-
ductor material proper z = 1000, 2 = 10°, and the conductor
section is reduced by stranding to 60 per cent, the permeability
to one-tenth, the mean values would be

#y, =100 and 1, = 0.6 X 107,

and the factor V7, in the equation of current distribution, is
reduced from vz = 10,000 to V2, = 2450, or to 24.5 per
cent of its previous value. In this case, however, with iron as
conductor material, an investigation must be made on the cur-
rent distribution in each individual conductor strand.

Since the simplest way of reducing the effect of unequal current
distribution is the use of flat concluctors, the most important case
is the investigation of the alternating-current distribution
throughout the section of the flat conductor. This also gives
the solution for conductors of any shape when the conductor
section is so large that the current penetrates only the surface -
layer, as is the case with a steel rail of a single-phase railway.
Where the alternating current penetrates a short distance only
into the conductor, compared with the depth of penetration the
curvature of the conductor surface can be neglected, that is, the
conductor surface considered as a flat surface penetrated to
the same depth all over. Actually on sharp convex surfaces the
current penetrates somewhat deeper, somewhat less on sharp
concave surfaces, so that the error is more or less compensated.

60. In asection of a flat conductor, as shown diagrammatically
in Fig. 92, page 3506, let 2 = the electric conductivity of conductor
material; # = the magnetic permeability of conductor material;
! = the distance counted from the center line of the conductor,
and 27, = the thickness of conductor.

Furthermore, let &, = the impressed e.m.f. per unit length of
conductor, that is, the voltage consumed per unit length in the
conductor after subtracting the e.n.f. consumed by the self-
inductance of the external magnetic field of the conductor; thus,
if B, = the total supply »oltage per unit length of conductor
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and E, = the external reactance voltage, or voltage consumed
by the magnetic field outside of the conductor, between the con-
ductors, we have

Let

I =i, — ji, = current density in conductor element dl,

® = b, — jb, = magnetic density in conductor element di,

E=e ‘n.f. consumed in the tonductor element df by the self-
inductance due to the magnetic field inside of the conductor;
then the current Idl in the conductor element represents the
wm.m.f. or field intensity,

die = 0.4 =Idl, o

which causes an increase of the magnetic density ® between the
two sides of the conductor element dl by
de = pdae
= 04 zpldl. 2

The e.m.f. consumed by self-inductance is proportional to the

.magnetic flux and to the frequency, and is 90 timne-degrees ahea(l

of the magnetic flux.

The increase of magnetic flux @ dl, in the conductor element dl,
therefore, causes an increase in the e.m.f. consumed by sclf-
inductance between the two sides of the conductor element by

df = — 2 jzf® 10~ dl, 3)

where f = the frequency of the impressed e.m.f.

Since the impressed e.m.f. B, equals the sum of the e.m.l. con~
sumed by self-inductance £ and the e.m.f. consumed by the
resistance of the conductor element,

B-E+1. @)
Differentiating (4) gives
1
d = - 7dl, ®
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and substituting (5) in (3) gives
4] = 2 jm\® 108 dl. (6)
The two differential equations (6) and (2) contain ®, I, and 1,
and by eliminating ®, give the differential equation between
T and I: differentiating (6) and substituting (2) therein gives

af .
TE= Q-8J7r2f 10-8el; ™,
or writing
¢ =a’f = 047107 Ay, ®
where
a* = 0.4 7° 1078 A, (9)
gives .
[ SN
TS 271, (10)
This differential equation (10) is integrated by
I =47 (11
and substituting (11) in (10) gives
v = 27,
v =%cl+9); (12)
hence,
I = Attt 4 g emohnt (13)
Since [ gives the same value for 47 and for —/,
A =4, = 4 {14)
hence,
I - ‘4 §E+c(1+‘i>l + E—c(l+j)l}. (15)
Substituting
e*leb = coscl + fsincl (16)
gives :

T AfEr + e Neosel + 7+ ~e~Dsinel}, (17)

and for [ =, or at the conductor surface,
I, = A{(E*% + e=%) cos cl, +§ ¢+ — e~%) sin cl}. (18)

* (10) is the same differential equation, and ¢ has the same value as in
the equation of alternating magnetic flux distribution (11) on page 363, and
the alternating current distribution in a solid conductor thus is the same as
the alternating magnetic flux distribution in the same conductor.
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At the conductor swrlace, however, no e.nwf. o sell-inductance
due to the internal field exists, and

Iy =2, (19)
Substituting (19) in (18) give.s‘ the integration constant A, and

this substituted in (17) gives the distribution of current density

throughout the conductor section as
* 4 e cos ol +j (et — ey sin el

¥ ey cos cly 47 (€70 — & “b) sin ¢l

(20)

I =18,

The absolute value is given as the square root of the sum of
squares of real and imaginary terms,

et2el =2l Ly cos 2 cl
= AE Vo 21
I /1]7’0\/8 Zeh =Tl {9 e )([ @1

The cwrrent ensity in the conductor center, [ = 0, is
228,

L= o w2
: (e ++ e~y cos cly + 7 (TN — ) win o,
or the absolute value is
21,
I, (23)

T e s""" + 2 cos .2(/

61. It is seen that the distribution of alternating-current
density throughout a solid flat concluctor gives the same equa-
tion as the distribution of alternating magnetic density through
an iron rail, equations of the same character as the equation of
the long dmance transmission line, but more special in form.

The mean value of current dcnsmy throughout the conductor
section,

1
Im =+ j Idl, (24)
’ lydy

which is derived in the same manner as in Chapter V§ § 51, is
B, {(e* —e=eh) cos el 4+ § (e +%h + ¢=¢h) sin ] o)
(1 + ]) cly {7+ e=M) cos cly + § (¥~ e ) gin el ]’
(25)

im
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and the absolute value is

I AB, | [etEl 4 e — 208 2l )
" c, V2 et 4 e=2¢h 4 3 cog 2¢l, 2

Therefore, the increase of the effective resistance B of the
conductor over the ohmic resistance R, is
R _ L
R~ I @n
and by (19):
R _ . (et 4 e=h) cos clo + j (7 — k) sin cly
5= (L +J) clo (0 — o) ¢os cly + J (70 - o) sin clo
(28)

or the absolute value is

R ~ +2¢l, —2cl,
= do/2 \/e_lj' e 2 + 2 cos 2 clp. (29)
0

et2ly 4 ¢=2¢h — 2 cos 2 ¢l

62. If cly is so large that eo can be neglected compared with
etelo, then in the center of the conductor ] is negligible, and for
values of I near to lo, or near the surface of the conductor, from
equation (20) we have

e+l (cos ¢l + g sin cl)

T'= Mo i (cos oo = 7 sin olg)

= MEgeetti {cos ¢ (I — lo) +7sine (@ — L)}

Substituting

s=1l—1 (30)’

where s is the depth below the conductor suiface, we have
T = NG (cos ¢s — 7 sin cs), (31)

and the absolute value is

I = NEe™; (32)
the mean value of current density is, from (25)

M _ (L= j))‘Eo

In= (33)

T+ 2o
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and the absolute value is

B 5

I, = do/3"
hence, the resistance ratio—or rather impedance ratio, as I lags
behind FEy—is, since the current density at the surface, or density

in the absence of a screening effect, is J1 = Miy:
e Lo gy

ro TIn

= clo + jclo, (35)
where 7, = olmic resistance, Z = effective impedance of the con-

ductor, and the absolute value is
o= oV (36)
that is, the effective impedance Z of the conductor, as given by
equation (28), and, for very thick conductors, from equation (35),
appears in the form

Z = ro(my =+ jins), 37)
which for very thick conductors gives for 2, and m the values
Z = 1y (clo + jelo). (38)

63. As the result of the unequal current distribution in the
conductor, the effective resistance is inereased from the ohmic
resistance 7o to the value

= Ty,
r = cloro,
and in addition thereto an effective reactance
T = Toms,
or
T = cloro,
is produced in the conductor.

In the extreme case, where the current does not penctrate
much below the surface of the conductor, the effective resistance
and the effective reactance of the conductor are equal and are

r =2 = cloro .

where 7, is the ohmic resistance of the conductor.

i
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It follows herefrom that only S of the conductor section is

¢l
effective; that is, the depth of the gffective layer is
L _1,
b=

or, in other words, the effective resistance of a large conductor
carrying an alternating current is the resistance of a surface
layer of the depth

I, =

7

) (39)

o F

and in addition thereto an effective reactance equal to the
effective resistance results from the internal magnetic field of
the conductor.
Substituting (8) in (39) gives
10¢

=LAy
or (40)
_ 5030
4 \/W

Tt follows from the above equations that in such a conductor
carrying an alternating current the thickness of the conducting
layer, or the depth of penetration of the current into the con-
ductor, is directly proportional, and the effective resistance and
effective internal inductance inversely proportional, to the square
root of the electric conductivity, of the magnetic permeability,
and of the frequency.

From equation (40) it follows that with a change of conduc-
tivity A of the material the apparent conductance, and therewith
the apparent resistance of the conductor, varies proportionally
to the square root of the true conduectivity or resistivity.

Curves of distribution of current density throughout the sec-
tion of the conductor are identical with the curves of distribution
of magnetic flux, as shown by Figs. 93, 94, 95 of Chapter VI.

64. TFrom the “depth of penetration,” the actual or effective
resistance of the conductor then is given by circumference of the
conductor times depth of penetration. This method, of calcu-
lating the depth of penetration, has the advantage that it applies

» =
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to all sizes and shapes of conductors, solid round conductors or
hollow tubes, flat ribbon and even such complex shapes as the
railway rail, provided only that the depth of penetration is
materially less than the depth of the conductor material.

The effective resistance of the conductor then is, per unit

length:
1

r= VA (41)
Thus, substituting (40): )
A (T
= zl\/ x 0
\/ﬁ (42)

= 50307, ohms per cm. )

where:
I, = circumference of conductor (actual, that is, following all
indentations, etc.).
As the true ohmic resista.nee of the conductor is:
To = )\S ohms per em. (43)
where:
S = conductor section,
the “resistance ratio,” or ratio of the effective resistance of un-
equal current distribution, to the true ohmic resistance, is:

= \/04 Mt
o (44)
50301 270

The internal reactance of unequal current distribution equals
the resistance, in the range considered:

Ty =7 (45)
while at low frequency, where the current distribution is still
uniform, the internal reactance is, per unit length of conductor:

210 = wfu 10~° henry per cm. } (46)
= 7f 10~ for air (u =I%)
65. It is interesting to calculate the depth of penetration of
alternating current, for different frequencies, in different materials,
to indicate what thickness of conductor may be employed.
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Such values may be given for 25 cycles and 60 cycles as the
machine frequencies, and for 10,000 cycles and 1,000,000 cycles
as ’f,he limits of frequency, between which most high frequency
oscillations, lightning discharges, ete., are found, and also for
1,000,000,000 cycles as about the highest frequencies which
can be .produced. The depth of penetration of alternating
current in centimeters is given below.

Penetration in em. at
Material " A
25 60 10,000 100 100
Cyecles. |Cyecles. | Cycles. Cyeles. Cycles.

Very soft iron, LIX10° | 0.08 0.044 34X 10-3 0.34 x10-3| 0.011X 10-3
Stool rail 107 0.101 0.065 50X10-5 0.5 X10-3 0.016% 10-3
Cast iron 011 046 0.0355 3.55 X109 X30-3
Copper . 128 0.82 0.064 64 X10-9| 0.203 X 10-%
Aluminun 1 1.6 1.07 0.082 8.2 X10-9| 0.263 %10 ¢
German silver 1 5.53 3.57 0276 27.6 X103 0.88 X10-*
Graphite 1{900 335 21.7 1.67 0167 ! 53 X108
Silicon . 1| 80 112.5 72.7 5.63 0.563 179 X10-%
Salt soli., 1| 0. 2.95 3108 1.45 X 109112 11.2 0.36

Pure viver water| 1| 1074 100.6 X10°65 X108 (5030 503 6

It is interesting to note from this table that even at low
machine frequencies the depth of penetration in iron is so little
as to give a considerable increase of effective resistance, except
when using thin iron sheets, while at lightning frequencies the
depth of penetration into iron is far less than the thickness
of sheets which can be mechanically produced. With copper
and aluminum at machine frequencies this screening effect be-
comes noticeable only with larger conductors, approaching one
inch in thickness, but with lightning frequencies the effect is
such as to require the use of copper ribbons as conductor, and
the thickness of the ribbon is immaterial; that is, increasing its
thickness beyond that required for mechanical strength does not
docrease the resistance, but merely wastes material. In general,
all metallic conductors, at lightning frequencies give such small
penetration as to give more or less increase of effective resistance,
and their use for lightning protection therefore is less desirable,
since they offer a greater resistance for higher frequencies, while
the reverse is desirable.

Only pure river water does not show an appreciable increase
of resistance even at the highest obtainable frequencies, and
electrolytic conductors, as salt solution, give no screening effect
within the range of lightning frequencies, while cast silicon can
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even at one willion cycles be used in a thickness up to one-half
inch without increase of effective resistance.

The maximum diameter of conductor which can be used with
alternating currents without giving a serious increase of the
effective resistance hy unequal current distribution is given
below.

At 25 cycles:

Steel wire......................... 0.30 cm. or 0.12 inch
COpPeT.. oo 26 cm. or 1inch
Aluminum . ... o oo 3.3 cm. or 1.3 inches

At 60 cycles:

Steel wire............ ... .. .. ... 0.20 cm. or 0.08 inch
Copper. ... 1.6 cm. or 0.63 inch
Aluminum. ............o oL 2.1 cm. or 0.83 inch

At lightning frequencies, up to one million cycles:

COpper. ..o vv i 0.013 em. or 0.005 inch
Aluminum. ....................... 0.016 cm. or 0.0065 inch
German silver. .................... 0.055 em. or 0.022 inch
Cast silicon........................ 1.1 cm. or 0.44 inch
Salt solution...................... 22 cm. or 8.7 inches
Riverwater...................... All sizes.

APPENDIX

Transient Unequal Current Distribution.

66. The distribution of a continuous current in a large con-
ductor is uniform, as the magnetic field of the current inside
of the conductor has no effect on the current distribution, being
constant. In the moment of starting, stopping, or in any way
changing a direct current in a solid conductor, the correspond-
ing change of its internal magnetic field produces an unequal
current distribution, which, however, is transient.

As in this case the distribution of current is transient in time
as well as in space, the problem properly belongs in Section IV,
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but may be discussed here, due to its close relation to the
permanent alternating-current distribution in a solid conductor.

Choosing the same denotation as in the preceding paragraphs,
but denoting current and e.m.{. by small letters as instantaneous
values, equations (1), (2), and (4) of paragraph 61 remain the
same:

43 =04 ridl, @

d® =0.4rprdl, 2)
I3

e, =e+i, 4)

where e, = voltage impressed upon the conductor (exclusive

of its external magnetic field) per unit length, e = voltage con-

sumed by the change of internal magnetic field, ¢ = current

density in conductor element dl at distance ! from center line

of flat conductor, # = the magnetic permeability of the con-

ductor, and 1 = the electric conductivity of the conductor.
Equation (3), however,

dE =—2jzfB107% dl,
changes to

a®
R —— —8
de & 107t dl 3)

when introducing the instantaneous values; that is, the integral
or effective value of the em.f. E consumed by the magnetic
flux density ® is proportional and lags 90 time-degrees behind
®, while the instantaneous value ¢ is proportional to the rate of
change of ®, that is, to its differential quotient.

Differentiating (3) with respect to dl gives

de d e\
7= ala) ™ ©

and substituting herein equation (2) gives

d’e &,
W—~—0.4n/.ecﬁlo . 6)

Differentiating (4) twice with respect to dl gives
) .

_de + 1d% 1)

de " aap’
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and substituting (7) into (6) gives
& = 4 0.4 zpd 10“3@3

8
dr dt ®

as the differential equation of the current density % in the con-
ductor.

Substituting
¢ =0.47p21078 9)
gives
&, di
=T (10)

This equation (10) is integrated by
1 =4 + Bem -0, (11)

and substituting (11) in (10) gives the relation

2.2

0= — ¥
hence,
b = % jea, (12)

and substituting (12) in (11), and introducing the trigonometric
expressions for the exponential functions with complex imagi-
nary exponents,

1 =4+ (C, cos cal + C, sin cal), (13)

where
C,=B,+ B, andC, =j (B, — B,).

Assuming the current distribution as symmetrical with the
axis of the conductor, that is, ¢ the same for + and for — [,
gives

C,=0;
hence,
1 =A + Ce™ cos cal (13)

as the equation of the current distribution in the conductor.
It is, however, for ¢ = o, or for uniform eurrent distribution,

T =euh;
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hence, substituting in (1.3),
4 =e
and
1 = e, + Ce™% cos cal. (14)

At the surface of the conductor, or for 7= 1,, no induction by
the internal magnetic field exists, but the current has from the
beginning the final value corresponding to the impressed e.m.f.
e,, that is, for I =1,

T =y,
and substituting this value in (14) gives

ek = e)h + Ce™ cos caly;

hence,
cos cal,= 0
and
cal, = @e-D= , (15)
2
or
Kk —
e Br-Dr (16)

2cl,

where « is any integer.

There exists thus an infinite series of transient terms, exponen-
tial in the time, ¢, and trigonometric in the distance, I, one of
fundamental frequency, and with it all the odd harmonies, and
the equation of current density, from (14), thus is

®
T = + _ZKOKE(““)!“‘" cos 2x — 1) cal

3 %% — 1) al an
= god + (e B Dait o5 @e—1)nl
! 20,
where ‘
. _ i .
AT A | 18)

The values of the integration constants C, are determined
by the terminal conditions, that is, by the distribution of current
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density at the moment of start of the transient phenomenon,
ort =0.

For t=0,

@r—1)al
_”_ﬂ_” (19)

Assuming that the current density 7, was uniform throughout
the conductor section before the change of the circuit con-
ditions which led to the transient phenomena — as would be
expected in a direct-current circuit, — from (19) we have

L =l
>y C, cos (_”IL — (e, — 1,) = constant,  (20)
0

1 2

©
Iy =ed + ZKC’, cos
x

and the coefficients C, of this Fourier series are derived in the
usual manner of such series, thus:
2r—-1) z‘l]lz’"

C.=2 avgl:— (€4 — %) cos 77
“ %

1=0
4 .
= (=1~ (ed = 7o), @n
where avg [F(x)]:jﬁ denotes the average value of the function
F(x) between the limits z=z, and z=xz,
and equation (17) then assumes the form

1) o~ @x—17a @2x =1zl

=g+ = (e/l—z,,)zz QOST' (22)

This then is the final equa‘uion of the distribution of the
cwrrent density in the conductor.

If now I, = width of the conductor, then the total current in
the conductor, of thickness 2 7, is

+l i
rouf
o= @x=D12a

=Qeo/llol‘— 1(@1—10)2 RerEr

or

I=21le2 % 1- -—( 90") 2 (2,‘ — 1)2 o= @rc=12a g )
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For the starting of current, that is, if the current is zero,
2, =0, in the conductor before the transient phenomenon, this
gives

I=211eA 1 — 8_ix _ 1 -ec-war) (24)
o =4 (26— 1)

While the true ohmic resistance, r,, per unit length of the

conductor is

1

0T 3103’ @5)
0“1

T,

the apparent or effective resistance per unit length of the con-
ductor during the transient phenomenon is

¢y Ty

8 1 ’ (26)
LS —(@k-Dra
-5 Gyt

and in the first moment, for ¢ = 0, is

T = o0,

since the sum is
in_l_ -z
T (k-1 8
The effective resistance of the conductor thus decreases from

o0 at the first moment, with very great rapidity — due to the
rapid convergence of the series — to its normal value.

67. As an example may be considered the apparent resist-
ance of the rail retum of a direct-current railway during the
passage of a car over the track.

Assume the car moving in the direction away from the
station, and the current returning through the rail, then the
part of the rail behind the car carries the full current, that ahead
of the car carries no current, and at the moment where the car
wheel touches the rail the transient. phenomenon starts in this
part of the rail. The successive rail sections from the wheel
contact backwards thus represent all the successive stages of
the transient phenomenon from its start at the wheel contact
to permanent conditions some distance back from the car.
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Assume the rail section as equivalent to a conductor of
8 cm. width and 8 cm. height, or I,=8, {,=4, and the car
speed as 40 miles per hour, or 1800 cm. per second.

Assume a steel rail and let the permeability x = 1000 and
the electric conductivity 4 = 10°.

Then ¢ =V0d 7 107 = V12560 = 1.121,
k4
o =5 = 035,
a? =0.122.

Since 7,= 0, the current distribution in the conductor, by
(22), is

i =e, %1 + ; 0 (= D —oxmee-1rt g 0,303 @2k —1) l}

‘7

%1
1
=e,h {1— 1.27 [ 05 0.393 1 —F e~ 1% cos 1.18] + £ ¢~3%5¢
cos 1961 —+ ... ]},
the ohmic resistance per unit length of rail is
— 1 — Y —
Y 0.156 X 107° ohms per cim.

and the effective resistance per unit length of rail, by (20), is
0.156x 107¢
r= T=0.81 [~ 02 L.~ 00F o 3T | O L ]

At a velocity of 1800 cm. per second, the distance from the
wheel contact to any point p of the rail, 7, is given as function
of the time ¢ elapsed since the starting of the transient phenom-
enon at point p by the passage of the car wheel over it, by the
expression ¢ = 1800 ¢, and substituting this in the equation of
the effective resistance r gives this resistance as function of the
distance from the car, after passage,

_ 0.156 X 10~°
= 1 — 0.81 [~ 107 T e omx07 e U L N
ohms per cm.

As illustration is plotted in Fig. 96 the ratio of the effective

resistance of the rail to the true ohmic resistance, ;—, and with
0
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the distance from the car wheel, in meters, as abscissas, from the
equation
T 1 7

70—1—0.81 [e—u.oocsl'_l_%s—o.omu'+2}§E—o.l7l'+11§ 0BT ]

As seen from the curve, Fig. 96, the effective resistance of the
rail appreciably exceeds the true resistance even at a consider-
able distance behind the car wheel. Integrating the excess of
the effective resistance over the ohmic resistance shows that

ol

l}.():\i
\
\
\

1 |
[V S

400

Distanco from Cur, Moters
Fig. 96. Transient resistance of a direct-current railway rail return.
Car speed 18 meters per second.

the excess of the effective or transient resistance over the ohmic
resistance is equal to the resistance of a length of rail of about
300 meters, under the assumption made in this instance, and at
a car speed of 40 miles per hour. This excess of the transient
rail resistance is proportional to the car speed, thus less at lower
speeds.



CHAPTER VIII.
VELOCITY OF PROPAGATION OF ELECTRIC FIELD.

68. In the theoretical investigation of electric circuits the
velocity of propagation of the electric field through space is
usually not considered, but the electric field assumed as instan-
taneous throughout space; that is, the electromagnetic com-
ponent of the field is considered as in phase with the current, the
electrostatic component as in phase with the voltage. In reality,
however, the electric field starts at the conductor and propa-
gates from there through space with a finite though very high
velocity, the velocity of light; that is, at any point in space
the electric field at any moment corresponds not to the condi-
tion of the electric energy flow at that moment but to that at a
moment earlier by the time of propagation from the conductor
to the point under consideration, or,in other words, the electric
field lags the more, the greater the distance from the conductor.

Since the velocity of propagationis very high — about 3 X 10%°
centimeters per second — the wave of an alternating or oscillating
current even of high frequency is of considerable length; at 60
cycles the wave length is 0.5 X 10° centimeters, and even at a
hundred thousand cycles the wave length is 3 kilometers, that
is, very great compared with the distance to which electric fields
usually extend.

The important part of the electric field of a conductor extends
to the return conductor, which usually is only a few feet distant;
beyond this, the field is the differential field of conductor and
return conductor. Hence, the intensity of the electric field has
usually already become inappreciable at a distance very small
compared with the wave length, so that within the range in
which an appreciable field exists this field is practically in phase
with the flow of energy in the conductor, that is, the velocity of
propagation has no appreciable effect, unless the return conductor
is very far distant or entirely absent, or the frequency is so high,
that the distance of the return conductor is an appreciable part
of the wave length.

394

g
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69. Consider, for instance, a circuit representing average trans-
mission line conditions with 6 ft. = 182 cm., between conductors,
traversed by a current of f = 10°% or one million cycles, such as
may be produced by a nearby lightning discharge. The wave
length of this current and thus of its 1rmgnetic field then would

8 3 x1ov

be 7= "1 T 30,000 cm. and the distance of 182 cm. be-

. 182
tween the line conductors would be 30,000 or 768 of a wave

length or % = 2.2°. That is, the magnetic field of the current,
when it reaches the return conductor, would not be in phase

with the current, but 15 of a wave length or 2.2° behind the

16
current. The voltage induced by the magnetic field would not
be in quadrature with the current, or wattless, but lag 90 + 2.2 =
92.2° behind the current, thus have an encrgy component equal
to cos 92.2° = 3.8 per cent, giving rise to an effective resistance
73, equal to 3.8 per cent of the reactance z. Even if at normal
frequencies of 60 cycles the reactance is only equal to the ohmie
resistance re—usually it is larger—the reactance z to 10 cycles
would be 6—%, = 16,700 times the ohmic resistance, and the effec-
tive resistance of magnetic radiation, r, being 3.8 per cent of
this reactance, thus would be 630 times the ohmic resistance;
r3 = 630 7. Thus, the ohmic resistance would be entirely
negligible compared with the effective resistance resulting from
the finite velocity of the magnetic field.

Considering, however, a high frequency oscillation of 10° ¢ycles,
not between the line conductors, but between line conductor and
ground, and assume, under average transmission line conditions,
30 ft. as the average height of the conductor above ground. The
magnetic field of the conductor then can be represented as that
between the conductor and its image conductor, 30 ft. below
ground, and the distance between conductor and retuwrn conduc-
tor would be 2 X 30 ft. = 1820 em. The lag of the magnetic
field, due to the finite velocity of propagation, then becomes 22°,
thus quite appreciable, and the energy component of the voltage
induced by the magnetic field is cos (90 4 22°) = 37 per cent.
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This would give rise to an effective or radiation resistance rs =
0.37 7. As in this case, the 60-cycle reactance usually is much
larger than the ohmic resistance, assuming it as twice would
make the radiation resistance 73 = 12,600 7o, or more than ten
thousand times the true ohmic resistance. It is true, that at
these high frequencies, the ohmic resistance would be very greatly
increased by unequal current distribution in the conductor. But
the effective resistance of unequal current distribution increases
only proportional to the square root of the frequency, and, as-
suming as instance conductor No. 00 B. & S. G., the effective
resistance of unequal current distribution, 71, would at 10° cycles
be about 36 times the low frequency ohmic resistance ro. Thus
12,600

36

the effective resistance of magnetic radiation would still be 3

= 350 times the effective resistance of unequal current distribu-
tion;rs = 350 71, and the latter, therefore, be negligible compared
with the former.

It is interesting to note, that the effective resistance of radia-
tion, 73, does not represent energy dissipation in the conductor
by conversion into heat, but energy dissipation by radiation into
space, and in distinction from the ‘“‘radiation resistance,” which
dissipates energy into space, the effective resistance of unequal
current distribution may be called a “thermal resistance,” as it
converts electric energy into heat. )

Thus in this instance of a 10° cycle high frequency discharge
betweén transmission line conductor and ground, the heating of
the conductor would be increased 36 fold over that produced by
a low frequency current of*the same amperage, by the increase
of resistance by unequal current distribution in the conductor;
but the total energy dissipation by the conductor would be in-
creased by magnetic radiation still 350 times more, so that the
total energy dissipation by the 10° cycle current would be 12,600
times greater than it would be with a low frequency current of
the same value, and the attenuation or rate of decay of the cur-
rent thus would be increased many thousand times, over that
calculated on the assumption of constant resistance at all fre-
quencies.

70. The finite velocity of the electric field thus requires con-
sideration, and may even become the dominating factor in the
electrical phenomena:
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(a) In the conduction of very high frequency currents. of
hundred thousands of cycles.

(8) In the action, propagation and dissipation of bLigh fre-
quency disturbances in electric circuits.

(¢) In flattening steep wave fronts and rounding the wave
shape of complex waves and sudden impulses.

(d) In circuits having no return circuit or no well-defined
return circuit, such as the lightning stroke, the discharge path
and ground ecivcuit of the lightning arrester, the wireless antenna,
cte.

(¢) Where the electric field at considerable distance from the
conductor is of importance, as in radio-telegraphy and telephony.

As illustrations of the effect of the finite velocity of the electric
field may be considered in the following:

(A) The inductance of a finite length of an infinitely long con-
ductor without return conductor, self-inductance as well as
mutual inductance.

Such cireuit is more or less approximately represented by the
lightning rod, by the ground circuit of the lightning arrester, u
section of wireless antenna, efe.

(B) The inductance of a finite length of an infinitely long con-
ductor with return conductor, self-inductance, as well as mutual
inductance.

Such for instance is the circuit of a transmission line, or the
circuit between transmission line and ground.

(C) The capacity of a finite section of an infinitely long
conductor, without return conductor as well as with return
conductor.

(D) The mutual inductance between two finite conductors at
considerable distance from each other.

Sending and receiving antennz of radio-communieation repre-
sent such pair of conductors.

(E) The capacity of a sphere in space.
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A. INDUCTANCE OF A LENGTH [, OF AN INFINITELY LONG
CONDUCTOR WITHOUT RETURN CONDUCTOR.
71. Such for instance is represented by a section of a lightning
stroke. )
The inductance of the length I, of a straight conductor is
usually given by the equation

'
L =2l 1og§— X 10-%, (1)

where I’ = the distance of return conductor ,l, = the radius of
the conductor, and the total length of the conductor is assumed
as infinitely great compared with l, and I’. This is approxi-
mately the case with the conductors of a long distance transmis-
sion line.

For infinite distance I’ of the return conductor, that is, a con-
ductor without return conductor, equation (1) gives L = o;
that is, a finite length of an infinitely long conductor without
return conductor would have an infinite inductance L and in-
versely, zero capacity C.

In equation (1) the magnetic field is assumed as instantaneous,
that is, the velocity of propagation of the magnetic field is

neglected. Considering, however, the finite velocity of the mag-

netic field, the magnetic field at a distance ! from the conductor
and at time ¢ corresponds to the current in the conductor at the
time ¢ — ¢/, where ¢’ is the time required for the electric field to

travel the distance [, that is, ¢ = é, where S = 3 X 1010 = the
speed of light; or, the magnetic field at distance I and time £ cor-
responds to the current in the conductor at the time ¢ — é

71. Representing the time ¢ by angle 0 = 2 zjft, where f=
the frequency of the alternating current in the conductor, and
cenoting

@

where

dy= - = the wave length of electric field,

-
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the field at distance ! and time angle § corresponds to time
angle 6 — al, that is, lags in time behind the current in the
conductor by the phase angle al.
Let
i = I cos § = current, absolute units. 3)

The magnetic induction at distance I then is

® = ?ZI cos (6 — al); (4)

hence, the total magnetic flux surrounding the conductor of
length Iy, from distance ! to infinity is

D = Zoﬁ 2l_[ cos (0 — al) dl

=211(,gcosofl cosuldl+sin0f sin al dl%. )

i l

s al . PP
f Co; dl cannot be integrated in finite form, but represents

a new function which in its properties is intermediate between
the sine funetion

[cos aldl = 1 sin al
@
and the logarithmie function

f—lzdl= log L

and thus may be represented by a new symbol,

sine — logarithm = sil.

In the same manner, f s_lnl_al dl is related to icos al and
to log 1.
Introducing therefore for these two new functions the symbols
© i
silal = fz ==, ®
“ gin ol
colal = j; Smla dl, @]
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gives
® = 21, {cos fsil al + sin 0 col al}. (8)

The e.m.f. consumed by this magnetic flux, or e.m.f. of indue-
tance, then is

a® ad
- _9 =
c=wT My
hence,
e =4 aflly {cos 0 col al — sin Osil al}; 9)
and since the current is
1 = [cosd,

the e.m.f. consumed by the magnetic field beyond distance I, or
e.mf. of inductance, contains a component in phase with the

current, or power component,
e, = 4 zfIl, col al cos 0, (10)

and a component in quadrature with the current, or reactive com-

ponent,
e, = — 4 afll,sil alsin 0, (1

which latter leads the current by a quarter period.

The reactive component e, is a true self~induction, that is, rep-
resents a surging of energy between the conductor and its electric
field, but no power consumption. The effective component e,,
however, represents a power consumption

p= 617:
= 4 zfI*l, col al cos®0 (12)

by the magnetic field of the conductor, due to its finite velocity;
that is, it represents the power radiated into space by the conductor.
The energy component e, gives rise to an efective resistance,

r= % = 4 =fl, col al, (13)

and the reactive component gives rise to a reactance,

z = {%]= 4 xfly il al, (14)
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When considering the finite velocity of propagation of the
electric field, self-inductance thus is not wattless, but contains
an energy component, and so can be represented by an impe-
dance,

Z =r+jz
= 4 xfly (col al + jsil al) 10~? ohms. (15)
The inductance would be given by
= 21 {silal — j col al} 10~° henrys, (16)
and the power radiated by the conductor is
p =1,
72. The functions
sil al = f Tl . ®
and l
col al = fﬂ"l—‘ildz o)

can in general not be expressed in finite form, and so have to be
recorded in tables.* Close approximations can, however, be
derived for the two cases where [ is very small and where  is
very large compared with the wave length I, of the electric field,
and these two cases are of special interest, since the former rep-
resents the total magnetic field of the conductor, that is, its self-
inductance for: I = 1,, and the latter the magnetic field inter-
linked with a distant conductor, such as the mutual inductance
between sending and receiving conductor of radio telegraphy, or
the induction of a lightning stroke on a transmission line.
It is

sil0 = o0,

col 0 =g’ an)
sil co = 0,
col 0 = 0.

* Tables of these and related functions are given in the appendix.
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And it can be shown that for small values of al, that is, when
1 is only a small fraction of a wave length, the approximations
hold:

silal = logi — 0.5772

al
= log $2012 (18)
colal = 72r —al
while for large values of al, the approximations hold:
. sin al
silal = — S
(19)
col al = % al
al

As seen, for larger values of al, col al has the same sign as cos
al; sil al has the opposite sign of sin al.

73. As Z in (15) is the impedance and L in (16) the inductance
resulting from the magnetic field of the conductor I, beyond the
distance I, Z in (15) represents the mutually inductive impedance
and L in (16) the mutual inductance of a conductor Iy without
return conductor, upon a second conductor at distance I.

In this case, if [ is large compared with the wave length, we
get, by substltutmg (19) m‘no (15) and (16):
the tually ind

Z = —Z&{cosalﬁ—jsinal}w“”

= 2 flo{ cos al — jsin al} 10~° ohms

or, absolute

= 2—le 10~* ohms

(20)

and, the mutual inductance:
M= %%{smal — jeosal } 10—

=§l- sinal — jcosal \ 10~ heny
il J €os a } Senrys
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or, absolute:

m = Sho 10~ henrys

afl
_ 301 @0
Tl
Making, in (15) and (16):
! = I, = radius of the conductor,
L becomes the self-inductance, and Z the self-inductive imped-
ance of the conductor.
Since al, always is a small quantity, equations (18) apply, and
it is, substituting (2)

henrys

colal, = ;r

sil al, = log Qa?j
0.56 S
2 7l

1)

= log

where [, is the circumference of the conductor.
Substituting (21) into (15), gives the self<inductive radiation
tmpedance of the conductor without return conductor:

Z =r+jx

= 4afly { T+ ilog O‘??c 8 } 10-9 ohms (22)
comprising the effective radiation resistance:
r = 27, 10~° ohms (23)
and the effective radiation reactance:
@ = 4 nflo log O?f 5 101 ohms (24)

corresponding to the true self-inductance of the conductor without
return conduetor:

T

L= 3
= 21ylog 2585

T 10-° henrys (25)
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As seen, the effective radiation resistance of a conductor with-
out return econductor is proportional to the frequency f; the in-
ductance L decreases with inereasing frequency, but logarithmic-
ally, that is, much slower than the frequency, and the reactance
x thus increases somewhat slower than the frequency.

Thus per meter of conduetor, or o = 100 em., with a conductor
of No. 00 B. & 8. G, of I, = 2.93 em., it is, at

f = 100,000 cycles /= 1,000,000 cycles
= 0.195 ohms r = 1.95 ohms
L =219 X 10~®hemry L = 1.73 X 10~¢ henry
z = 1.38 ohms z = 10.9 ochms

I‘or comparison, the true ohmie resistance of the conductor is
= (.00026 ohms, thus thousands of times less than the radia-
tmn resistance at these frequencies.
The power radiated by the conductor then is:

I

I

P =i
= 2 71y 1079 watts (26)
hence, at 100 amperes, per meter length of conductor, at
/= 100,000 cycles : p = 1.95 kilowatts
f = 1,000,000 cycles : p = 19.5 kilowatts

B. INDUCTANCE OF A LENGTH [, OF AN INFINITELY LONG
CONDUCTOR, WITH RETURN CONDUCTOR AT DISTANCE !

74. Such for instance is represented by a section of a trans-
mission line, cte. Let again

2 = I cos § = current, absolute units. 27)
The magnetic induction, at distance I then is
® = ZZ—I cos (6 — al) (28)

hence, the total magnetic flux surrounding the conductor of
length Iy, from its surface at distance I, (the radius of the con-
ductor) up to the return conductor at distance I/, is

"
P = lcf ?ll cos (0 — al) dl
1

f N
21l { cos 0 f L P + sin f stg al } 29)

I

+
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It is, however,

v o o

f cosaly f cosal gy _ f cosal iy _ sl o, — sil at|
[ ol vl l
: [

.
f = A3l = col al, — col alf |
15

Hence:

@ = 2 Ily{cos 6(sil al, — sil al’) + sin 6(col al, — col al’)} (81)

(30)

The voltage induced by this magnetic flux in the conductor is

— 92 00 = 2.7 % g
e=u 10-¢ = 2’rfﬁ 10—* volts
=4 wfIl, {cos 6 (col al, — col al’) — sin @ (sin al, — sin al’) } 102

(32)
and the effective self-inductive radiation tmpedance of the con-
ductor is

; = 4 mfly{cos 8 (col al, — col al’) — sin 8 (sil al, —sil al’)} 10~¢ ohms
or, in symbolic expression,
Z=1r+jz

= 4 xflof(colal, — col al’) + j(sil al, — silal’)}10~%ohms (33)
and, the effective radiation resistance:
r = 4 7fly (col al, — col al’)10~¢ ohms (34)
effective radiation self-inductance:
L = 2, (sil al, — sil al’) henrys (35)
Since even at a billion cycles, the wave length [, = 30 cm. is
large compared with the conductor radius I, of a transmission
line, al, is very small, and we can therefore substitute (18), and
get:
r= 47rf10{ T~ colal ‘( 10~ ohms (36)

— a1, [ 10g 056
L =21l 1 log al,

75. Under transmission line conditions, for all except the high-

— il al'} 10-9 henrys (37)
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est frequencies al’ is so small as to permit the approximations (18).

This gives
r = 4 7floal’ 10~° ohms (38)
L =2] Jlov L 10g-~1- 109 henrys
° % d, al’
’
=21 logg— 109 henrys (39)

Equation (39) is the usual inductance formula, derived without
considering the finite velocity of the eleetric field.
Substituting (2) into (38) gives

24277
r= 55—71—%]10*y ohms
Ag'
= 2.63 2'ly 10~1% ohms (40)

The effective radiation resistance r thus is proportional to the
square of the frequency, and proportional to the distance from
the return conductor, for all frequencies of a wave length large
compared with the distance from the return conductor. For
such frequencies, the finite velocity of the field has no appreciable
effect yet on the inductance of the conductor.

At al = 0.1 the error of approximations (18) is still less than
0.01 per cent.

and
al’ < 0.1
gives, by (2):
S
S
I < sav
hence:
4770 X 10°

At l' = 6 ft. = 182 cm., or 6 ft. distance between transmission
line conductors, equations (39) and (40) thus are applicable up
to frequencies of

= -~ = 26.2 million cycles,

thus for all frequencies which come into engincering consideration.
In a high-frequency oscillation between line and ground, as

4
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due for instance to lightning, assuming the average height of the
line as 30 ft., it is: I’ = 2 X 30 ft. = 1820 cm., hence,
J = 2.62 million cycles.

However, even far beyond these frequencies, equations (39)
and (40) are still approximately applicable.

T6. As an instance may be calculated the effective radiation
resistance per kilometer of long distance transmission conductor
of No. 00 B. & S. G.,

(a) Against the return conductor, at 6 ft. = 182 cm. distance;

(b) Against the ground, at elevation of 30 ft. = 910 cm.

The true ohmic resistance is

ro = 0.257
The radiation resistance is, by (40),
r = 2.63 f2' 10~'8 ohms per cm.
= 0.263 f3’ 10~1? ohms per km.
hence for
f= % 60 100
(a) I' = 182; » = 3.0 X 10~¢ 17.3 X 10-¢ 48 X 10-¢
() 1! = 1820; 7 = 30 X 10-° 173 X 10~° 480 X 10~°

104 108 10° 107 108 eycles
0.0048 0.48 48 4800 225,000 ohms*
0.048 4.8 480  22,500*  194,000* ohms.

By (40), the radiation resistance r is proportional to the

square of the frequency, that is, ;—; is constant, up to those fre-
'
quencies, where al’ = ?MTﬂ becomes appreciable compared with

the quarter wave length g, that is, as long as f is well below the

value
S
fo=g
or, as long as the distance of the return conductor, V, is well
below

V=
4f
that is, o quarter wave length.

* In these values, the more complete equation (36) had to be used.
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If the return conductor is at a distance equal to a quarter
wave length,

S
o
V= i
then in equation (36), col al’ = 0, and this equation becomes
r = 27l 10~°

= 19.7 fl, 109 ohms

which is the equation of the radiation resistance of a conductor
without return conductor (23). That is,

The radiation resistance of a conductor with rotum conductor
at quarter wave length distance, is the same as that of a conductor
without return conductor.

The radiation resistance of a conductor is a maximum with
the return conductor at such distance ¥/, which makes col al’ in
(36) a negative maximum. This is for al’ = , hence,

S
-
V= o
r = 23.2 fl, 10~ ohms
That is,

The radiation resistance of a conductor is a maximum with

the return conductor at half a wave length distance.

C. CAPACITY OF A LENGTH [/, OF AN INFINITELY LONG
CONDUCTOR.

77. Such for instance is represented by a section of a transmis-
sion line, ote.
Let
e = Fcosd
= voltage impressed upon conductor of radius .. (41)
Then

G ==
= dielectric gradient at distance I from conductor (42)
-
T 4rS?

1 de
S LS (43)

K
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= dielectric field intensity, and

D =kK
k de

L (44)
= dielectric density

¥ =27ll,D
_ kil de
=35 g (45)
= dielectric flux, where

2 7lly = section traversed by flux.
Thus, .
de 28?2
a= m\p (46)

= dielectric gradient, and

v
de
e = ﬁ Eldl

282 (Vv
=% ﬁ Td (47)

= voltage impressed upon conductor, where:
I’ = distance of return conductor.

It is, however, by definition (see ““Electric Discharges, Waves
and Impulses,” Chapter X),
¥ = Ce (48)
where
C' = capacity
The dielectric flux ¥, at distance [, lags behind the voltage
impressed upon the conductor (41), by the phase angle al, thus is:
¥ = CE cos (6 — al) (49)
Substituting (41) and (49) into (47), and cancelling by E, give
2520 ¥ cos (6 — al) dl

cosf =

"o )i I
,
= 28C o5 g sil al + sin 0 col ai} 50)
kly 1 I
thus,
1

28 (il al, — sil al 8 (colal, — colal)}10- (51
E=-’c~l;[(sxa,——s.la)+’ofm (col al, — colal’) (51)

where the tan 6 represents the quadrature component of capacity,
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or effective dielectric radiation resistance, and the 10~? reduces
from absolute units to farads.

It then is, in complex expression:

1_ 282 . . . _ , -
¢ = F L1 (sil al, — sil al’) + j(col al, — col al )}10 (52)

78. The dielectric radiation impedance then is

_—J_ 8 B N _ il al. — sil a]
Z= orfC — Wfkl‘,{[(ml al, — col al’) — j(sil al, — sil al )J
) 10-9 ohms (53)

Since by (33) the magnetic radiation impedance is

7' = 2afLj = txfly{(col al, — col al’) + j(sil al, — sil al’)}
109 ohmns  (33)

it is, for the absolute values,

7 gepro = ARG
= 4n*f2LC 5 (54)
or, in air, for k = 1,
Lok 5
=% (65)
and, per unit length, or Iy = 1,
e=4% (56)

where L and C are the radiation inductance and radiation capac-
ity, including the wattless or reactive components, the true in-
ductance and capacity, as well as the energy components, the
effective magnetic and dielectric radiation resistances.

Equations (55) and (56) are the same equations which apply
to the values of L and C calculated without considering the finite
velocity of the field. Thus the capacity can be calculated from
the inductance, and inversely, even in the general case.

It is, by (18),

sil al, = log 9('11@
' (57)
col al, = g

since al, is very small.

LY
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Substituting (57) into (53) gives, as the diclectric radiation
impedance,
_ 8y , . 0.56 o o\ 1.0 .
_rfklo{(2 colal) j (log . Sllﬂl)i]O ohms (58)
T9. If I is small compared with a quarter wave length, it is,
hy (18),

silal’ = logof,e'\
o =T —ar | o
wlat =5 —at |
hence
1280 V) iome
T klo{IOg T j10
and, substituting (2),
128, I 2wty
¢ =, o8+ 5|10 (60
_ 2S2 4 4rﬂS -
e
If

=,
that is, in a conductor without return conductor, such as the vertical
discharge path of a lightning arrester, it is, substituting (57)
and (2) into (52):
128 0.56 o o
ol kzu{l"g oufl, T3 5j10 62)
The capacity reactance, or dielectric radiation impedance of the
conductor without return conductor, then is,

Cg - =i
% = g
0.56 ).y
rfklo{ — jlog 5= el ]10 (63)
while the dielectric radiation imped of the conductor with

return conductor at distance ', is, by (60):
£ 1’ ’
3 {2’“———ﬂ —j 10g§—}10'“

= Tkl
280 . 8 . Uy
= {5 - I i o8 g 110 ! (64)

Thus comprising an effective dielectric radiation resistance:
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C‘onductor with return conductor,
= 28 100 ohms (65)
kly

Conductor without return conductor,

L SR (66)
r= s 10~ ohms
and an effective dielectric radiation (capacity-) reactance:
Conductor with return conductor,
= 8 l: —9 67)
z= 7W)Iog i 10-° ohms (
Conductor without return conductor,
S? 0.56.8 .,
r = —— log =—=~ 10~* oh: 68
x wfklolog % Tl 10—° ohms (68)
An effective capacity:
1
= 69
¢ e (69
Conductor with return conductor:
° 9
¢ = 10 7 farads (70)
28%log I
Conductor without return conductor:
k100
C= ——556g farads (71)

282log oL

It is interesting to note that the values, (70)'and (67) of the
capacity and the capacity reactance of a conductor with return
conductor at distance 7, is the same as derived without consider-
ing the velocity of propagation of the electric field. That is,
the finite velocity of the electric field does not change the equa~-
tion of the capacity (nor that of the inductance), as long as the
return conductor is well within a quarter-wave distance.

As value of the att 171 tant of dielectric radiation then
follows:

=9 A2y _ 2nfr

=g =T
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and by (65) to (68) conductor with return conductor: -
_ A4rYU'k
- !

Slog v
b

(72)

Uy

Conductor without return conductor:

S
Up = o 0.56 (73)
&Sl
While the atienuation constant of magnetic radiation is, from
(38) and (39), conductor with return conductor:

=T 4 72
A T 7
L S log? (74)
and, from (23) and (25), conductor without return conduector:
R S v
YL, 0868 (75)
€3 afly

that is, the same values as the attenuation constant of dielectric
radiation, as was to be expected.

It is interesting to note, that the effective dielectric capacity
resistance, of the conductor with return conductor (65) is again
proportional to the distance of the return conductor, I, like the
offective resistance of magnetic radiation. As the dielectric
capacity reactance (68) is inverse proportional to the frequency,
the capacity current is (approximately) proportional to the fre-
quency, and the power consumption by dielectric radiation, 4%,
thus (approximately) proportional to the square of the frequency,
just like the power consumption by magnetic radiation, in B.

Numerical values are given in the next chapter, and in section
Iv.

It is interesting to note, that the expressions of inductance L
and capacity C, (39) and (70), are the same as the values of L
and C, calculated without considering the finite velocity of the
electric field, that is, are the “low frequency values” of external
inductance and capacity. Thus,

As long as the distance of the return conductor is small com-
pared with a quarter wave length, electric radiation due to the
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finite velocity of the electric field, does not affect or change the
values of external inductance L and of capacity C, but causes
energy dissipation by clectromagnetic and by dielectric or electro-
static radiation, which is represented by effective resistances.
The electromagnetic radiation resistance is represented by a series
resistance, proportional to the square of the frequency; the elec-
trostatic resistance by a shunted resistance in series with the
capacity. It is independent of the frequency and the power
consumed by either resistance thus is proportional to the square
of the frequency.

D. MUTUAL INDUCTANCE OF TWO CONDUCTORS OF FINITE
LENGTH AT CONSIDERABLE DISTANCE FROM
EACH OTHER.

80. Such for instance are sending and receiving antenns of
radio-communication. Or lightning stroke and transmission line.

The electric field of an infinitely long conductor without re-
turn conductor decreases inversely proportional to the distance
1, and therefore is represented by

v=% (76)

where @ is the intensity of the field at unit distance from the
conductor.

The electric field of a conductor of finite length I, decreases
inversely proportional to the distance I and also proportionally
to the angle ¢ subtended by the conductor I, from the distance I,

o ¥
R )
Since this angle ¢, for great distances [, is given by
l
e = ZO (78)

the electric field of a conductor without return conductor, of
finite length ly, at great distances I, is represented by

LY

v= @9)

Since the electric field of the return conductor is opposite to

that of the conductor, it féllows that the electric field of an in-
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(initely long conductor, with the return conductor at distance 0,
is, by (76),
. ¥ )4
VRIS T T (80)
where I = I, cos 7 is the projection of the distance l; between
the conductors upon the direction 1, that is, I is the difference
in the distance of the two conductors from the point L.
Tor large distances I, equation (80), becomes
'y
=g (81
In the same manner, from equation (79) it follows that the
decrease of the clectric field of the conductor of finite length 1,
with its return conductor at the distance I, that is, of a rectangu-
lar circuit of the dimensions of I, and Iy, is:

_ N Lol
= 7~"~77 2 T T Ny
-
Lience,
_ 21w
V= = (82)

81. Let I, and l» be the lengths of two conductors without re-
turn conductors, at distance Iy from each other.

By cquation (79), the electric field of a conductor of length 1,
without return conductor, at distance I, is given by:

LY

=2 (79)
With the curreni
i =1cos @ (83)
in the conductor l;, the magnetic field at unit distance is
¥ =24 (84)

and the electromagnetic component of the field at distance I
thus is
_2li
s
T (85)
where the al represents the finite velocity of propagation from
the conductor I; to the distance .
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The magnetic flux intercepted by the receiving conductor of
length I, at distance lo, then is:

. 2 Lilo cos (6 — al)dl
& wl?
= <gin al
2L B c°5”“ldz+siuaf L;dl}‘ (86)
kL P w1

These integrals can not be integrated in finite form, but repre-
sent new functions, and as such may be denoted by

acollal = f ° o e (87)
1

asil al = f ° 21132—“1 al (88)
1

These functions are further discussed in the appendix. ’
82. Substituting (87) and (88) into (86), gives:

_ 2alll
™

@ {cos 6 coll aly + sin 6 sill alo} (89)

and the mutual inductance,
P

=7 (90)
thus is given, in symbolic representation:
M= %“z,zggcou alo — j sill alo} 10~ henry. (o1)

By partial integration, coll and sill can be reduced to sil and
col, thusly:

acoll al = fm Eo—;il dl = —fmcos ald(%) = ﬂ;}—l —acolal (92)
! f

asilal = f - 5’;&1 dl—— f i ald<ll> - SL“Z—"—Z +asilal. (93)
1 1
For large values of I, by equations (20), col al approximates
l . . i .
592111 and sil al approximates — El—?zlil, that is, coll al and sill al
approximate zero, with increasing I, at a higher rate than do
sil ol and col.al, as was to be expected.
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E. CAPACITY OI' A SPHERE IN SPACI.

Iy = radius of the sphere.
eo = E cos § = voltage of the sphere.
e = voltage at distance [ from centre of sphere.

The voltage gradient at distance ! then is:

de .
=% 100
_ =0 (1om
and the electrostatic field, in electromagnetic units:
- @
T 4rSe

1 de
= - 01
47S% dl (on

K

thus the dielectric flux:
¥ = 472K

= S“ ‘fg (102)

Let C' = capacity of the sphere. The dielectrie flux then is
T = Ce (103)

and lags by angle al behind the voltage, due to the finite velocity
of the field (more correctly, by a(l — ), but {y may he neglected
against ).

Thus the flux at distance 1 is

¥ = CF cos (§ — al) (104) —
Substituting (94) into (92), and resolving, gives:
de _ CES? cos

dl i

and, integrated from Iy to o :

¢ =Hcosg = cz«:saff‘??(j;?“l)dz a6
1

(105)
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Substituting (82) and (83) into (81) gives

M = glllg {<ﬂlal—° — acol ala> <Sm alo + asil alo> 1, 10—
ks

0

henry (94)
From the mutual inductance M follows the mutual impedance
Z = 4jnfM
" = 4 aflilo{sill aly + j coll alo}10~?
o = 4 fLl, {(sm alo | g sil dlu>+ j <°°? e _ geolaly) | 10~
! ohms (95)

or, absolute,

2 = 4 aflilo/silI® aly -+ coll® al, 10-°

B 2
-4 fl]lz\/ (S—‘%%’ + asilal) + (%‘fl—“ ~ acol aly) “10-9

ohms (96)
) For large values of aly, it is:
e . _ _sinal .
sill alo = (@)? (97)
_ cosalg
coll aly = @) (98)
thus, substituted into (86):
z=4 f llﬁ 10~
= 280k 465 ohms, (99)

wlo?

porns

- Thus, for instance:
Iy = I, = 50ft. = 1515 cm.
lo = 10 miles = 1.61 X 10° cm.
f = 500,000 cycles
2z = 53 X 107¢
and, if 4; = 10 amps.
ey = z1; = 0.53 millivolts.
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hence,

1

cos al ;inal
dl + tan —dl
¢ \f w T f E

1_ [ 10-0  (107)

where the 10~° reduces the farads.

The integrals are the same found in the case of mutual induc-
tance, D, equations (87), (88), and reduce to sil and col by equa-
tions (92) and (93).

Writing them symbolically, (107)becomes:

L _ S‘i <E9%l—° — acol alo> -7 (sm oo + asil aln>}10—9 (108)

0

If, as usual, lo is small compared with the wave length, it is:

cosalp = 1
col alp = 12r
sin aly = 0 (109)
. 0.56
sil aly = log e
thus, \
1 _glfl_am\ _ g, 1og¥ 109 ‘(110
4 o 2

and, substituting (2):

1 /1w _ .2nf, 0568,
= = TI) — i 2 10g =2 1100 (111
¢ =" {(zo s) 178 8 g, ()
For a = O, or infinite velocity of the electric field, (110) be-
comes
=k (112)
s

which is the usual expression of the capacity of a sphere in space.




CHAPTER IX.

HIGH-FREQUENCY CONDUCTORS.

84. As the result of the phenomena diseussed in the preceding. .

chapters, conductors intended to convey currents of very high
frequency, as lightning discharges, high frequency oscillations of
transmission lines, the currents used in wireless telegraphy, ete.,
cannot be caleulated by the use of the constants derived at low
frequency, but effective resistance and inductance, and therewith
the power consumed by the conductor, and the voltage drop,
may he of an entirely different magnitude from the values which
would be found by using the usual values of resistance and induc-
tance. In conductors such as are used in the connections and
the discharge path of lightning arresters and surge protectors, the
unequal current distribution in the conductor (Chapter VII) and
the power and voltage consumed by electric radiation, due to the
finite velocity of the electric field (Chapter VIII), require con-
sideration.

The true ohmic resistance in high frequency conductors is
usually entirely negligible compared with the effective resistance
resulting from the unequal eurrent distribution, and still greater
may be, at very high frequency, the effective resistance repre-
senting the power radiated into space by the conductor. The
total effective resistance, or resistance representing the power
consumed by the current in the conductor, thus comprises the
true ohmic resistance, the effective resistance of unequal current
distribution, and the effective resistance of radiation.

The power consumed by the effective resistance of unequal
current distribution in the conductor is converted into heat in
the conductor, and this resistance thus may be called the
“thermal resistance” of the conductor, to distinguish it from the
radiation resistance. The power consumed by the radiation
resistance is not converted into heat in the conductor, but is
dissipated in the space surrounding the conductor, or in any
other condluctor on which the electric wave impinges. That is,

420

o
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at very high frequency, the total power consumed by the effective
resistance of the conductor does not appear as heating of the
conductor, but a large part of it may be sent out into space as
electric radiation, which accounts for the power exerted upon
bodies near the path of a lightning stroke, as “side discharge.”

It demonstrates that safety from lighting is not given by merely
affording a discharge path, but while discharging through such
path, most of the energy of the lightning may be communicated
by radiation to other bodies.

The inductance is reduced by the unequal current distribution
in the conductor, which, by deflecting most of the current into
the outer layer of the conductor, reduces or practically eliminates
the magnetic field inside of the conductor. The lag of the mag-
netic field in space, behind the current in the conductor, due to
the finite velocity of radiation, also reduces the inductance to
less than that from the conductor surface to a distance of one-
half wave. An exact determination of the inductance is, how-
ever, not possible; the inductance is represented by the electro-
magnetic field of the conductor, and this depends upon the
presence and location of other conductors, ete., in space, on the
length of the conductor, and the distance from the return con-
ductor. Sinee very high frequency currents, as lightning dis-
charges, frequently have no return conductor, but the capacity
at the end of the discharge path returns the current as “dis-
placement current,” the extent and distribution of the magnetic
field is indeterminate. If, however, the conductor under con-
sideration is a small part of the total discharge —- as the ground
connection of a lightning arrester, a small part of the discharge
path from cloud to ground — and the frequency very high, so
that the wave length is relatively short, and the space covered by
the first half wave thus is known to be free of effective return
conductors, the magnitude of the inductance can be calculated
with fair approximation by assuming the conductor as a finite
section of a conductor without return conductor.

86. In long distance transmission lines and other electric power
circuits, disturbances leading to the appearance of high fre-
quency currents may be either between the lines—such as caused
by switching, sudden changes of load, spark discharges or short
circuits between conductors, etc. Or they may be between line
and ground, such as caused by lightning, by arcing grounds,
short circuits to ground, with grounded neutral, ete.
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In the former case, high [requency currents between the line
conductors, the clectric field is essentially contained between the
line conductors, in a space which is usually practically free of
other conductors. The effect of the finite velocity of the field
on the inductance or rather the impedance of the conductor, the
radiation resistance, etc., can be well approximated by the equa-
tions of a finite section of an infinitely long conductor, having
its return conductor at a distance equal to the distance between
the transmission conductors (Chapter VIII).

In the case of a high frequency disturbance between line and
ground, all the line conductors may share in the conduction,
that is carry current simultaneously in the same direction, as fre-
quently the case with lightning discharges, ete. The impedance
then is the  joint impedance of all the line conductors (about one-
third that of one conductor, with a three-wire line); the field is
between the line and the ground, and usually fairly free of con-
ducting bodies. Thus the radiation resistance, etc., can be cal-
culated under the assumption of the image conductor as return
conductor, that is a return conductor at a distance equal to twice
the height of the line.

If the high frequency disturbance originates between one line
conductor and the ground, as usual with arcing grounds, and
occasionally with lightning discharges, etc., the high frequency
field is between this conductor and the ground as return conduc-
tor, but the other line conductors (and other parallel circuits, as
telephone lines, etc.) are within the high frequency field, and
currents are induced in them by mutual induction. These cur-
rents, being essentially in reverse direction to the inducing
current, act as partial return current, and the constants, as
radiation resistance, etc., are intermediate between those of the
two cases previously discussed.

With regards to unequal current distribution in the conductor,
obviously the existence and location of the return conductor is
of no moment.

In many cases therefore, for the two extremes—low frequency,
where unequal current distribution and radiation are negligible,
and very high frequency, where the current traverses only the
outer layer and the total effect, contained within one wave
length, is within a moderate distance of the conductor—the con-
stants can be calculated; but for the intermediary case, of mod-

M
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erately high frequency, the conductor constanis may be any-
where between the two limits, i.e., the low frequency values and
the values corresponding to an infinitely long conductor without
return conductor.

Since, however, the magnitude of the conductor constants,
as derived from the approximate equations of unequal current
distribution and of radiation, are usually very different from the
low frequency values, their determination is of interest even in
the case of intermediate frequency, as indicating an upper limit
of the conductor constants.

86. Using the following symbols, namely,

! = the length of conductor,
A = the sectional area,

1, = the circumference at conductor surface, that is, following
all the indentations of the conductor,

1, = the shortest circumference of the conductor, that is, cir-
cumference without following its indentations,

1, = the radius of the conductor,

I’ = the distance from the return conductor,

= the conductivity of conductor material,

# = the permeability of conductor material,

f = the frequency,

S = the speed of light = 3 X 10 cm., and

a= g;’st = 2.09f 10~ = the wave length constant, (€))]

I

At low frequency, the current density throughout the condue-
tor section is uniformn, and its resistance is the true ohmic resist-
ance:

T = X.ll—l ohms. (1)

The external reactance, that is, reactance due to the magnetic
field outside of the conductor, is at low frequency, where the finite
velocity of the magnetic field can be neglected, given by:

U
zo = 4 wfl log %10’“ ohms (2)
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or, reducing to common logarithms, by multiplying with log 10 =
2.3026:

2 = 9.21 nfl lg% 10-* ohms @)

where lg may denote the common, log the natural logarithm.

In addition to the external reactance, there exists an internal
reactance, due to the magnetic flux inside of the conductor. At
low frequency, where the current density in the conductor is
uniform, this is:

zo’ = wful 10~® ohms 4)
and the total low frequency impedance thus is:
Zo = 1o+ j(@ "r ')

{ + wa(4 lg ;- + w) 107 | ) "
{ +]1rf allgl;-i-p) 10—9}0hms }

and the low frequency inductance:
Zo 'l' Io
Lo==37
l(’)logl +4) 107
. ®
=1 (4.6 lg L + §> 10-° henry

The magnetic field of the current swrounds this current and
fills all the space outside thereof, up to the return current. Some
of the magnetic field due to the current in the interior and the
center of a conductor carrying current, thus is inside of the con-
ductor, while all the magnetic field of the current in the outer
layer of the conductor is outside of it. Therefore, more magnetic
field surrounds the current in the interior of the conductor than
the current in its outer layer, and the inductance therefore in-
creases from the outer layer of the conductor towards its interior,
by the “internal magnetic field.” In the interior of the conduc-
tor, the reactance voltage thus is higher than on the outside.
At low frequency, with moderate size of conductor, this differ-
ence is inappreciable in its effect. At higher frequencies, how-
ever, the higher reactance in the interior of the conductor, due
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to this internal magnetic field, causes the current density to
decrease towards the interior of the conductor, and the current
to lag, until finally the current flows practically only through a
thin layer of the conductor surface.

As the result hereof, the effective resistance of the conductor
is increased, due to the uneconomical use of the conductor mate-
rial caused by the lower current density in the interior, and
due to the phase displacement between the currents in the suc-
cessive layers of the conductor, which results in the sum of the
currents in the successive layers of the conductor being larger
than the resultant current. Due to this unequal current dis-
tribution, the internal reactance of the conductor is decreased,
a8 less current penetrates to the interior of the conductor, and
thus produces less magnetic field inside of the conductor.

The equivalent depth of penctration of the current into the con-
ductor, from Chapter VII, (40), is

- 10 5080,
Tmv0AN VN

hence, the effective resistance of unequal current distribution, or
thermal resistance of the conductor, is, approximately,

)

_ U _ I oauf ., 1980 [uf 10
Ty = N T 5 10-% = TV 10—* ohms, 8
The effective reactance of the internal fluz, at high frequency,
approaches the value:
Ty =11 = 1981 Juf 10—* ohms. 9)
I, N
87. The effective resistance resulting from the finite velocity
of the electric field, or radiation resistance, by assuming the con-
ductor as a section of an infinitely long conductor without return
conductor, from Chapter VIII, (23), is

7o = 2 ln?f 10~ = 1.97 If 10~8 ohms, (10

and the effective reactance of the external field of a finite section
of an infinitely long round conductor without return conductor,
from Chapter VIII, (25), is

o2 = 4dnfl <log il - 0.5772> 109 ohms. an)
alby
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and, substituting (7),
- s o
2y = dafl (1og o 0.5772) 10~ ohms )
= 4xfl (21.72 — log Lf) 10~ ohms
or, substituting the common logarithm: log = 2.303 Ig, gives:
22 = 2.89f1(9.45 — Ig Lf) 10~ ohms (13)

Assuming now that the external magnetic field of a conductor
of any shape is equal to that of a round conductor having the
same minimum circumference, as is approximately the case, that
is, substituting:

ly = 27l,
in equations (12) and (13), gives

—— (logf—f — 0.5772) 10-* ohms

= 2.89f1 (10.25— lg lof) 10~# ohms

While the case of a conductor without return conductor may
be approximated under some conditions, such as lightning dis-
charges, under other conditions, such as high frequency disturb-
ances in transmission lines, the case of a conductor with return
conductor at finite distance I’ is more representative.

The effective radiation resistance and reactance of a section of
an infinitely long conductor with return conductor at distance U,
are, by Chapter VIII (42), and by (45) (44):

Radiation resistance,

= T_ 7} 10-9
1y = dufl (2 col al )10 ohms
or, substituting (1),
™
ro = 4nfl (% -
and, if the distance of the return conductor, ¥, is small compared
to the wave length, this becomes

(14)

Y
col ZLSﬂ) 10~° ohms (15)

B
r3 = —5—— 107° ohms
(16)
= 2.63 f2'l 10~'8 ohms
Radzation reactance,
1

23 = 4nfl (log a

~0.5772 — sil az') 1079 ohms  (17)
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or, substituting (7),
@ = dnfl (10g S _ 05772 — sl 2 [) 10~ ohms

onfly
2rfl"

(18)
= 4xfl(21.72 — log L.f — sil =5—) 10~° ohms
s

and, if the distance of the retuwrn conductor, I, is small compared
to the wave length, (17) becomes the ordinary low frequency
reactance formula:

25 = 4afl log & 10~ ohms = 4xfl log Ji 1079 ohms  (19)
i

88. The total impedance of o conductor for high frequencies is

therefore:
Conductor without retwrn conduclor:

= (r1 4 72) + j (21 + 22)
_ [ \/0 A 1 0i 1 g 10- 9]+ 7[[ \/04;410 ‘y
1
dnf <lug l;f - 0.5772) 10‘"] } ohms

=ZH'1"128 W 10—4+1.97f10—”]+ j[@? W 10-1 4
1 A Ly A .

2.89f (10.25 — 1g bsf) 10"{” ohms  (20)

Condugctor with veturn condudtor ab distance I':

=(ri+r) +7J (131 + $3)
T N (X BN L ‘-I\/%T[ -
_z{[l‘\/ 10~ + 2L 10 f’]-&—][l! 10+

‘ dnf log ;l 10“"”
= t[l 98\/"f 1074 + 2,63/ 10-18}+J[1 98, 4 10~ +

2.89f g i 10"‘] Jl ohms  (21)
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or, if I’ is of the same or higher magnitude as the wave length,
Z = (ri+ ra) +J (@1 + 23)

- l{ &\/@If 1074 + daf (3 — ol ?-’gi')‘m-ﬂ] +
[z \/0 ‘i"f 1074 + 41rf<log 5o — 05772 ~
si ?’gl)m—v]}
155 s o ]
][17?_8 %10—4 +4f (2172 — log 1f —
¢il 20 ) 10— ] }ohms (22)

The inductance L =

2rf f
Conductor without return conductor,
0.1p ., 8 _ .
L= 1“ S0 +2<10g o 05772) 10 } henry (23)

Conductor with return conductor at distance I’

1\/0 L2 g0 +2 log% 10‘“} henry (24)

0in. 3
L= z{ f104+2<10g—2-;ﬁ—-—0.5772—

sl 21r.ﬂ ) 10-9 } henry
[0.316 =
= {222 2 q0- - -
= l{ o \oF 104 + 2(21.72 log L.f
27er ) 10— 9} henry

89. As an instance may be considered the high frequency im-
pedance of a copper wire No. 00 B. & S. G., that is of the radius,

I = 0.1825 in. = 0.463 cm.

under the three conditions:



HIGH-FREQUENCY CONDUCTORS 429

(a) Return conductor at ¥ = 6 ft. = 182 em. distance, cor-
responding to transmission line conductors oscillating against
each other.

(b) With the ground as return conductor, at 30 ft. distance,
that is, ' = 2 X 30 ft. = 1820 cm., corresponding to a trans-
mission line conductor oscillating against ground.

(¢) No return conductor, corresponding to the vertical dis-
charge path of a lightning stroke.

With copper as conductor material, it is:

A= 06.2 X 10°
=1

It is then, by the preceding equations, per meter length of
conductor, or
1o = 100 cm.
Low frequency values:
true ohmic resistance, (1),
100

s = 0-24 X 107 ohms

To =
external reactance, (2):

/
%o = 0.4 7f log i 10~ ohms

hence,
(a) U = 182: xp = 7.5107% ohms
) = 1820: zo = 10.4 £ 10~° ohms
(6) = o: Ty = ®

internal reactance, (4):
2o’ = 0.17f10~% = 0.314 f 10~° ohms

High frequency ualues:_
thermal resistance, (8):

y = 100 ”\/%’if 104 = @\/(l‘*—"—f 104 = 8.65+/F 10~% ohms
A N [A A
internal reactance, (9):

2 = 1 = 8.654/7 10-° ohms
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radiation resistance,
(@) and (b) (16):

a2y
s = Q§1;,f,£ 100 = 263 2 10~'8 ohms
(@ I =182: = 0.048 2 10-12 ghms
(b) U = 1820: r; = 0.48 f2 1072 ohms
() U= o (10):

ra = 0.2 7% 10-% = 1.97 f 10~°% ohms
radzation reactance,
(a) and (b) (19): :
3 = 0.4 7f log—g 100 = 3¢y
(a) U =182: z3 = 7.5 f107° ohms
() U = 1820: 2y = 10.4 f 10~° ohms
() U'= o (14):

22 = 04 f (log lg;“ — 0.5772)10-° = £(28.5 — 2.891g/)10~* ohms

For r; and =, for f = 108, I/ = 182, and for f = 107 and 108,
I’ = 1820, the more complete equations (15) and (18) must be
used, as I’ exceeds a quarter wave length.

Table I gives numerical values, from 1 cycle to 108 eycles, of
r, x, Z, cos a and the resistance ratios. These values are plotted
in Fig. 97, in logarithmic scale.

90. The low frequency values of resistance 7o and external and
internal reactance o + 2./, have no existence at the higher fre-
quencies. But as they are the values calculated by the usual
formulas, they are given in Table I for comparison with the
true effective high frequency values. The values 7, and o,
though given for all frequencies, have a meaning only for the
very high frequencies, 10* and higher, since at lower frequencies
the condition of a conductor without return conductor can hardly
be realized, as any conductor within a quarter wave length would
act more or less as effective return conductor.

As seen from the equations, and illustrated in Table I, the
thermal resistance of the conductor, that is, the resistance which
converts electric energy into heat in the conductor, is the true
ohmic resistance at low frequencies, but with increasing frequency

e

Ak,

A

¥
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begins to rise due to unequal current distribution in the conductor
at about 1000 cycles in copper wire number 00 B. & S. G., and
approaches proportionality with the square root of the frequency,
hence reaches values many times the ohmic resistance, at very
high frequencies.

The radiation resistance of the conductor without return con-
ductor, re, is proportional to the frequency, but the radiation
resistance of the conductor with return conductor, r3, is propor-
tional to the square of the frequency, hence very small until high
frequencies are reached—10,000 to 100,000 cycles. The radia-
tion resistance r; of the conductor with return conductor then
increases very rapidly and reaches values many thousand times
the ohmic resistance. At the very highest frequencies, many
millions of cycles, its rate of increase becomes less again, and it
approaches proportionality with the first power of the frequency,
and approaches the value of radiation resistance rs, of the conduc-
tor without return conductor, at frequencies of a wave length
comparable with the distance of the return conductor. The radi-
ation resistance 3 of the conductor with return conductor is the
larger, the greater the distance of the return conductor, and is
proportional to this distance, within the range in which it is pro-
portional to the square of the frequency. The radiation resist-
ance of the conductor without return conductor, at the very
highest frequencies, is the same as that of the conductor with
return conductor, but, being proportional to the frequency, with
decreasing frequency, it decreases at a lesser rate, and would even
at commercial machine frequencies still be appreciable, if at such
frequencies the conditions of a conductor without return con-
ductor could be realized.

The total effective resistance of a conductor under transmission
line conditions, that is, with return conductor at finite distance,
is at low frequencies constant and is the true ohmic resistance.
With increasing frequency, it begins to increase first slowly—at
about 1000 cycles under transmission line conditions—and ap-
proaches proportionality to the square root of the frequency, as
the result of the screening effect of the unequal current distribu-
tion in the conductor. Then the increase becomes more rapid,
due to the appearance of the radiation resistance—at about
100,000 cycles under transmission line conditions—and reaches
proportionality with the square of the frequency, at values many

N\
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thousand times the ohmic resistance. Finally, at the very high-
est frequencies—10 million cycles—the rate of increase becomes
less again, and approaches proportionality with the frequency.

91. It is interesting to note that the external reactance of the
conductor with return conductor, or radiation reactance x3, has
up to very high frequencies, millions of cycles, the same value o
as calculated by the low frequency formula, that is, by neglecting
the finite velocity of the field, hence is proportional to. the fre-
quency. The internal reactance z; is = #y/, and proportional
to the frequency at low frequencies, but drops behind z,’ due to
unequal current distribution in the conductor, and approaches
proportionality with the square root of the frequency. As, how-
ever, the internal reactance is a small part of the total reactance,
it follows, that the total reactance of the conductor and thus also
the absolute value of the impedance (for all higher frequencies,
where the reactance preponderates) can be calculated by the
usual low frequency reactance formula, which neglects the finite
velocity of the field. Hence, the inductance L of the conductor
can be assumed as constant for all frequencies up to millions of
cycles; it decreases only very slowly by the decreasing internal
reactance of unequal current distribution. Only at the very
highest frequencies, where the wave length is comparable with
the distance of the return conductor, the inductance L decreases,
and the reactance z, +- x5 increases less then proportional to the
frequency.

In a conductor without return conductor, the reactance at the
very highest frequencies is approximately the same as in a con-
ductor with return conductor. With decreasing frequency, how-
ever, &1 + «» decreases less than proportional to the frequency,
that is, the inductance L increases—and becomes infinity for
zero frequency, if such were possible.

Without considering unequal current distribution in the con-
ductor and the finite velocity of electric field, the power factor
cos w would steadily decrease, from unity at very low frequencies,
to zero at infinite frequency. Due to the increase of the effective
resistance, the power factor cos « first decreases, from unity at
low frequency, down to a minimum at some high frequency, and
then increases again to high values at very high frequencies.
The minimum value of the power faetor is the lower and occurs
at the higher frequencies, the shorter the distance of the return
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conductor is. Thus with the return conductor at 6 ft. distance,
the power factor is 0.43 per cent at 100,000 cycles; with the re-
turn conductor at 60 ft. distance, it is 0.72 per cent; in the con-
ductor without return conductor the power factor is 11.2 per
cent at 1000 cycles.

92. It is of interest to determine the effect of size, shape and
material on the high-frequency constants of a conductor.

These high-frequency constants are, per unit length of con-
ductor:

Internal constants: Thermal resistance and internal reactance:

=T = z—r \/0;1\—”]c 10—* ohms per cm. 8 9
1
External constants: Radiation resistance:
"2
ry = 81rfl 10~ ohms per cm. (16)

External reactance:

2l
23 = 4 7f log - 10—* ohms per cm. (19)
These approximations hold for all but the very highest, and
very low frequencies, that is, are correct within the frequency
range with lower limit of about 1000 to 10,000 cycles, and upper
limit of about 10 million cycles. Thus they apply for all those
high frequencies which are of importance in the disturbances oc-
curring in industrial circuits, with the exception of the lowest
harmonics of low-frequency surges.
The constants of the conductor material enter the equations

only as the ratio (X) permea.bxhty to conductivity, in the in-

ternal constants 7y and z;. Thus higher permeability has the
same effect in increasing the thermal resistance as lower conduc-
tivity, and for instance, a cast silicon rod of permeability p = 1,
and conductivity N = 55, has the same high-frequency resistance
and reactance, as a rod of the same size, of wrought iron, of per-
meability p = 2000 and conductivity N = 1.1 X 105, that is, of

the same’—; = (.0182, though the latter has 2000 times the con-

ductivity of the former.
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Provided, however, that size of conductor and frequency are
such as to fulfill the conditions under which equations (8) and
(9) are applicable, which is, that the conductor is large compared
with the depth of penetration of the current into the conductor:

_ 10t
P EN0A N

Thus an iron rod of 2 inches (5 em.) diameter has at one million
cycles the same thermal resistance as a silicon rod of the same
size: 0.17 ohms per meter, since the depth of penetration is I, =
0.00034 cm. for iron, 0.68 cm. for silicon, thus in either case small
compared with the radius of the conductor I = 2.5 cm.

At 10,000 cycles, however, the iron rod has the thermal resist-
ance and internal reactance 11 = z1 = 0.017 ohms per meter, the
penetration being I, = 0.0034 cm., thus small. For the silicon
rod, however, at 10,000 cycles the penetration is l, = 6.8 cm.,
thus at the radius [, = 2.5 cm. formulas (8) and (9) do not apply
any more, but it is approximately (that is neglecting unequal
current distribution): 1 = 0.093 ohms per meter, or 5.5 times the
resistance of the iron rod, while the internal reactance is z; =
0.031 ohms per meter, hence 80 per cent. higher than that of the
iron rod of the same size.

93. In the equations of the external constants, the radiation
resistance and reactance, the material constants of the conductor
do not enter, and the radiation resistance and the external react-
ance thus are independent of the conductor material.

The dimensional constants of the conductor, size and shape,
enter the equation only as the circumference of the conductor
Iy, 1y, that is, only the circumference of the conductor counts in
high-frequency conduction, and all conductors of the same mate-
rial, regardless of size and shape, have the same high-frequency
resistances and reactances as long as they have the same con-
ductor circumference. Thus a solid copper rod or a thin copper
cylinder of the same outer diameter as the rod, or a flat copper
ribbon of a circumference equal to that of the rod, are equally
good high-frequency conductors, though the hollow cylinder or
the ribbon may contain only a small part of the material con-
tained in the solid copper rod. Provided, however, that the
thickness or depth of the conductor (the thickness of wall of the
hollow cylinder, half the thickness of the copper ribbon) is larger
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than the depth of penetration of current into the conductor, which
is

_tof
? T w04 Nyl

In the expression of the radiation resistance, rs, neither the
material nor the dimensions of the conductor enter, that is, the
radiation resistance of a conductor is independent of size, shape
or material of the conductor and depends only on frequency and
distance of the return conductor.

Thus a thin steel wire or a wet string have the same radiation
resistance as a large copper bar. Obviously, the thermal resist-
ance of the former is much larger and the total effective resist-
ance thus would be larger except at those very high frequencies,
at which the radiation resistance dominates.

94. As illustration may be calculated, for frequencies from
10 thousand to-10 million eycles and for 60 cycles, the resistances
and reactances and thus the total impedance, the power factor,
the voltage drop per meter at 100 amperes, of various conductors,
for the three conditions:

1

(a) High frequency between conductors 6 ft. apart:
I = 182 em.

(b) High frequency between conductor and ground 30 ft. he-
low conductor:
I = 1820 cm.

(¢) High-frequency discharge through vertical conductor with-
out return conductor:
I!'= o

For the conductors:

(1) Copper wire No. 00 B. & 8. G.

I, = 0463 cm. A = 6.2 X 10°
(2) Iron wire of the same size as (1): x = 2000
A= 1.1 X 10°
(3) Copper ribbon of thickness equal to twice the depth

of penetration at 10,000 cycles, and the same amount
of material as (1)
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(4) Iron ribbon of the same size as (3).
(5) Two inch iron pipe, 3§ inch thick.

This gives the depth of penetration at f = 10* cycles:

6.4
for copper, l,=—= = 0.064 cm.
VT
. 0.34
for iron, lp=—= = 0.0034 cm.
RV
It thus is:

(1) and (2) copper wire: I; = Iy = 27, = 2.91 cm.

(8) The area of the copper wire is A = 7,2 = 0.672 cm.?
Twice the depth of penetration is: 2 [, = 0.128 c¢m., hence
the thickness of the copper ribbon of equal weight with
the wire is 0.128 cm. = 0.05 inches, the width is I3 = 5.25
em. or about two inches. The circumference then is:

1 =l = 10.75 cm. or 3.7 times that of the wire.

(4) The same dimensions as (3).
(5) I, = 1inch = 2.54 cm.
Iy =1, = 16 cm.

A = 4.6 cm.2 = 6.85 that of (1) to (4).

Table II gives the values of ro, r1, 73, 72, To, T1, Ta, To, 71+ 73,
71+ 7o, T1 + @s, T + To, 2, €OS w, € and I, for f = 108 cycles.

Table IIT gives the values of ry + 75 or 71 + 74, 2, cos w and
e, for f = 60, 104, 105, 105, 107 cycles for the five kinds of conduc-
tors.

95. It is interesting to compare in Table III, the constants
of the first four conductors, as they have the same section, repre-
senting about average section of transmission conductors, but
represent two shapes, round wire and thin flat ribbon, and two
kinds of material, copper—high conductivity and non-magnetic.
—and iron—magnetic material of medium conductivity.

As seen, the effect of conductor shape and conductor material
is very great at machine frequencies, 60 cycles, but becomes
small and almost negligible at extremely high frequeacies. This
is rather against the usual assumption,




TRANSIENT PHENOMENA

438

| 14
suyo 6’8 S <6 * T 11 @11 ©) = s-01 (5280 — s s0p) fey0 = i
suyo 1870 8¢ 18°¢ 701 701 (@) - o
smqQ 3z 16°2 16'c ; [ 39 (») v +-0T ;?x /250 =
| ¥
. - 200" <6 . - 1
surqQ 291°0 8¥3°0 £8300°0 _ @60 208000 =0T s\ gt =
suryo 16'T 261 |1 26T 26°1 26°T @) =000 /s2g0 = o
surqQ 8%:0 870 870 870 870 @ v =l
swyQ 870°0 §10°0 850°0 850°0 §50°0 O] -0l hrgo
. . 00 . . n
m_.:_i 291°0 q 8720 £6200°0 | 36°0 99800°0 Toor= ¢
swqo 8 0.1 869 801 @ - ]
suo | _ 8 £11 ot 8L ® v 0175, + g E_. % gor) f2 370 = o
| . . . W
| L67000°0 9€100°0 30000 €€100°0 ¥2000°0 il
odig “uoqqry “uoqqry 2y " oam
uodf wop 1addogy w0l saddo)
Q) [€2) €) @ [¢3)

1090NPU0d WINAI O N (9)
TOoUBISIP WO OZ8T = "} 0€ X 3 9B 1039NPUCd wANGeY @
“OOUBYSIP ‘W ZYT = "3} § 1% 109ONPU0Dd Winjeyy ()

"HOIDAANOD J0 HIONTT WELAJ 44 ‘SHIOX) NOXTIN ENQ = o0T = f HOL SINVISNOD) LINOUI)—T] aav],



439

HIGH-FREQUENCY CONDUCTORS

...
Wy | $8000°0 | 8000°0 $900°0 | ¥£000°0 $900°0 A a7
101
soA | 086 0001 026 P %11 o
so0A | ges 919 03¢ 0pTL 0501 @ = 2001 = 2
| SoA | 993 €28 96z 978 05L ® )
[ ue s 0°8g 228 §°02 €8z g1 ©) .
*JUD I3 g 91T 811 z'8 £l 4 sw =— = ™00
| 4ue g 18 76 i1 611 92°0 [© . +
| sugQ 26 01 16 s¥gl poII ©) :
| sargo R 91°9 o8¢ - T1 5101 @ = A =2
| smyQ 99°g R 16°2 97°8 193 O
| saryQ 206 P 05" 6 3151 g 11 o —wtiw=a
swyQ Feog 219 156 28Tt 101 @
swqo 92 ki3 46°2 ZF'8 <L () =tz 41z =2
sugQ F1°Z 2%°% 61 | 68°2 861 2) [EETIE—
sayo [ £39°0 86470 7850 051 68'0 )
| smio| iz 962°0 £060°0 16°0 £950°0 0) ==

o




TRANSIENT PHENOMENA

440

|

WINJRY JNOYIIM 1030NPUOD

*PUNOIY) AOQY 1 OF 1030NPUOY)

“Hudy 34 9 s10%9npuo;)

000% | 0€6 L6 0L | ooLy | 89¢ 09 gL 15°0 | 009z | <9z oe ¥ <6170 T rodyd woag (g)
00%2 | 000T | 901 | 231 |"**"|00Ig | 919 29 L8 08" 001g | €38 98 09 82°0 *uoqqu U0y ()
0022 | 046 L6 L6 "7 loosy | 689 69 6'¢ €F0°0 | 0008 | 62 og 0'e £0°0 ['*"ruoqqu sddo) (g)
0088 | a¥eT | 61 | e'ez |""*' o00e8 | OFIT | 6T 812 | 90'T | 008L | 938 801 161 20’1 |'vrrtouM woxy (g)
0098 | OPIT | FIL | €I [**"°|00I8 | TFOT | 0T ¢°0T | 69070 | 00gL | 1oL sL 9°L | 2900 *rrenm soddoy (1)
tjewm

1od 8)[0A U1 ‘2 ‘93uy0A
003 | 0°¢g $gg | ""lo6y | 91T | 86 | 888 | 0@ |¥05| T'S | ¥LT | g8 | 299 |'c0c*rodud woiy (g)
143 | %20 €Fe | I8°eb [ 81T | ¥'BT| 9°88 | €89 |0°ST| @6 1°98 | €'T% | 0'89 |'°'''uwoqqu uoy (3)
€13 | €09 €08 |"""|0°9% | 5’8 | €6°0 | SF'0 S8 | 09T | 21 70 80 0'08 | ruoqqu xoddogy (g)
165 | €'gg| 0'8% [*"cloog (€61 | 918 | &'&F | 0°80 |66 | €I |10 | z'8h €69 {*ccrefromm woy (g)
z'gs | gLl LU | ri8tLe | LY | BL0 | 2870 8°F¢ | ¥'90 | 92°0 | 69°0 | FIT g'¢p |0 omm seddoy (1)
“3u0d Jad

Ul ‘® 800 '10308B) 19MOJ
04 | €6| 2600 |@Ir°0 || ¢ [8¢'¢|86¢0| 22070 | 1200°0 | 93 | ©9°G| ©0£°0 | 9¥F0"0 [96L00°0 | " ' *adid wogy (g)
$2 | 001 90°T | 210718 |91°9| 2970 | 280°0| 0800°0 | 1& | €2°€| SIL'0| 09070 | 8200°0 |***** *woqqu woxy (3)
g, | L°6| 2670 [ 26070 ["""7| 6F | 08°¢ (88970 | 69070 |€F000°0 ( OF | £6°Z | 86z'0 | 0£00 (08000°0 | ‘uwoqqut seddoyy (g)
88 | gF'all 6’1 g8 | ¥°II| L8°T | SI5°0 | 9010°0| 84 | 9%'8| €80°T | TI6L'0 | 0100 | """ -oxm woiy (z)
e8 | FIT VT 18 | TF°OT| €F0°T | ¢OT°0 [69000°0 | €4 | 1¢°2| €220 | 920°0 [£9000°0 * oM seddo)) (1)
*133ew Jod

smqo ut ‘z ‘oouvpadury
S 0% | P12 | 09370 [FUE0°0 £19°0 | 8450 £910°0 | £100°0 2910°0 | €100°0 se e adid woap (g)
¢'08 | 663 | 99570 |¢€T0°0 85.°0 | €80°0 | 8200 | 6100°0 8¥20°0 | 6100°0 *+uoqqu oy (3)
L°GT | 26T | 861°0 |G6T0°O 2850 [S800°0 [85000°0 [¥5000°0 2000°0 |F2000° 0 |****uoqqu saddogy (g)
0703 | 68°2 | 68%°0 | GIT°0 OF' T | 46670 | G60°0 | GLO0'0 860°0 | §200°0 [ ox woxy (g)
L76T | 86°T | 0020 |90G0°0 6870 (520070 |T6000°0 [FG000"0 £8000°0 [FG000°0 |******o1tm soddogy (1)
L1jow ed

BUIO I ‘4 ‘0)umysisay]

[ ;_\[l R B I . -

01 90T =0T _ 01 09 | 01 | 90T 50T 0T 09 01 90T 01 101 09 891940 ‘Kouanbouy|

“1opnpu0>

TIT @tavy,




HIGH-FREQUENCY CONDUCTORS 441

The reason is, at machine frequencies, the unequal current
distribution, or the screening effect of the internal magnetic field,
is still practically absent in copper conductors, even in round
wires of medium size, and it is practically complete in iron con-
ductors, even in ribbon of 24 inch thickness, while at very high
frequencies the effect of radiation preponderates, which is inde-
pendent of the material, and the radiation resistance even inde-
pendent of the shape of the conductor.

Thus under transmission line conditions, first and second of
Table III, at 60 cycles the impedance, and hence the voltage
drop in the iron conductor is from 7 to 20 times that of the copper
conductor; at 10,000 cycles the voltage drop in the iron conductor
is only from 1.5 to 2.5 times that in the copper conductor; the
difference has decreased to from 14 per cent. to 44 per cent. at
100,000 cycles, 5 per cent. to 12.5 per cent. at one million cyecles,
while at 10 million cycles the voltage drop in the iron conductor
is only 3 to 5 per cent. higher, thus practically the same and the
only difference is that due to the conductor shape.

The effective resistance, and thus the power consumption in
the iron conductor at 60 cycles is from 8 to 30 times that of the
copper conductor, but with increasing frequency the difference
in the effective resistance increases to from 88 to 106 times at
10,000 cycles, reaches a mazimum and then decreases again, and
is from 15 to 65 times that of the copper conductor at 100,000
cycles, only 124 to 17 times at a million cycles, while at 10 million
cycles and above all the differences in the effective resistance
practically disappear.

As the result, the power factor of the conductor—being the
same, 100 per cent., at extremely low frequency and not much
different, and fairly high at machine frequency—decreases with
increasing frequency, reaches a minimum and then increases
again to considerable values at extremely high frequency—where
the high radiation resistance comes into play. The difference
between iron and copper, however, is that the minimum value
of the power factor, at medium high frequencies, is very low in
copper, a fraction of 1 per cent., while in the iron conductor the
power factor always retains considerable values, the minimum
being 10 or more times that of the copper conductor. Thus an
oscillation in an iron conductor must die out at a much faster
rate than in a copper conductor and the liability of the formation
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of a continual or cumulative oscillation may exist in copper
conductors but hardly in iron conductors.

The effect of the shape of the conductor on the impedance or
voltage drop is fairly uniform throughout the entire frequency
range, the voltage drop being the smaller, the larger the circum-
ference.

With regard to the effective resistance, however, the effect
of the eonductor shape is considerable already at very low fre-
quencies in iron conductors, but still absent with copper con-
ductors, due to the absence of the screening effect in copper at
low frequency. With increasing frequency, the difference appears
in the effective resistance of the copper conductor also, with
the appearance- of unequal current distribution, and the ratio of
the resistance of the round conductor to that of the flat con-
ductor approaches the same value in copper as in iron. With
the approach of very high frequency, however; the difference
decreases again, with the appearance of radiation effect, and
finally vanishes.

96. Thus to convey currents of extremely high'frequency, an
iron conductor is almost as good as a copper conductor of the
same shape and cross section. As iron is very much cheaper
than copper, it follows that in high-frequency conduction an
iron conductor under the conditions of Table III, should be better
than a copper conductor of the same cost and the same general
shape, due to the larger size or rather circumference of the iron
conductor.

There is, however, a material advantage at extremely high
frequencies as well as at moderately high frequencies, in lower
voltage drop at the same current resulting from such a shape
conductor as gives maximum circumference, such as ribbon or
hollow conductor. This advantage of ribbon or hollow tube,
over the solid round conductor, exists also in the resistance and
thus power consumption at medium high frequencies, but not at
extremely high frequencies, but at the latter, in power consump-
tion all conductors, regardless of size, shape or material, are prac-
tically equal.

With the thickness of ribbon conductor considered in Table
III, of about 14, inch, which is about the smallest mechanically
permissible under usual conditions, the screening effect even in
copper conductors is practically complete already at 10,000 cycles,
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that is, the depth of penctration less than one-half the thickness
of the conductor. Herefrom follows, that in the design of a high
frequency conductor, the thickness of the ribbon or hollow cylin-
der is essentially determined by mechanical and not by electrical
considerations; in other words, the thinnest mechanically per-
missible conductor usually is thicker than necessary for carrying
the current. As iron usually cannot be employed in as thin rib-
bon as copper, due to its rusting, an iron conductor would have a
larger section than a copper conductor of the same voltage drop
and power consumption. Thereby a part of the advantage
gained by the employment of the cheaper material would be lost.

97. The last section of Table III gives the constants of the
conductor without return conductor, such as would be repre-
sented by the discharge circuit of a lightning arrester, by a wire-
less telegraph antenna, etc.; while the first two sections eorre-
spond to transmission line conditions, high-frequency currents
between line conductors and between line and ground.

In the third section of Table III, the 60-cycle values are not
given, and the values given for the lower high frequencies, 10*
and even 10° cycles, usually have little meaning, are rarely
realizable; they would correspond to a vertical conductor, as
lightning arrester ground circuit, under conditions where no
other conductor is within quarter-wave distance. Even at 105
cycles, however, the quarter-wave length is still 750 m. Thus
there will practically always be other conductors within the field
of the discharge conductor, acting as partial return conductor,
and the actual values of impedance and resistance, that is, of
voltage drop and power consumption in the conductor, thus will
be intermediate between those given in the third section, for a
conductor without return conductor, and those given in the first
sections, for conductors with return conductors. Except at ex-
tremely high frequencies, at which the wave length gets so short
that the condition of a conductor without return conductor be-
comes realizable. It is interesting to note, therefore, that at
extremely high frequencies, the constants of the conductor with-
out return conductor approach those of the conductor with return
conductor. At lower high frequencies, impedance and resist-
ance, and thus voltage drop and power consumption, of the return
less conductor are much higher than those of the conductor with
return, the more so, the lower the frequency. This is due to

J
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the considerable effect exerted already at low frequencies by
electrical radiation.

However, while the case of the conductor without return con-
ductor is not realizable at low and medium high frequencies in
industrial circuits, it probably is more or less realized by the
lightning discharge between ground and cloud, and the constants
given in the third section of Table III would probably approxi-
mately represent the conditions met in the conductors of light-
ning rods such as used for the protection of buildings against
lightning.

It is interesting to note that with such a conductor without
return conductor, the power factor is always fairly high, even
with copper as conductor material. The impedance and thus
the voltage drop does not differ much from those of the conductor
with return conductor. The resistance, however, and thus the
power consumption are much higher, sometimes, in copper con-
ductors, more than a hundred times as large, showing the large
amount of energy radiated by the conductor—which reappears
more or less destructively as “induced lightning stroke” in ob-
jects in the neighborhood of the lightning stroke.






SECTION IV
TRANSIENTS IN TIME AND SPACE






TRANSIENTS IN TIME AND SPACE

CHAPTER I

GENERAL EQUATIONS.

1. Considering the flow of electric power in a circuit. Elec-
tric power p can be resolved in two components, one component,
proportional to the magnetic effects, called the current 7, and
one component, proportional to the dielectric effects, called the
voltage e:

p=e

There may be energy dissipation, and energy storage in the
electric circuit, and either may depend on the voltage, or on the
current, giving four constants r, ¢, L and C, representing respec-
tively the energy dissipation and the energy storage depending
on current and on voltage respectively.

The rate of energy storage can not be proportional to the

current i or voltage e, but only to their rate of change, % and

Z E if the rate of energy storage depended on the current 7 itself,
then at constant current 7, energy storage would constantly take
place, and the amount of stored energy continuously increase,
at constant condition of the ecircuit, which obvlously is
impossible.

Energy dissipation however, in its simplest form, would be
proportional to the current itself, respectively the voltage.
Thus we have:

Energy dissipation: i
ge

di

Energy storage: L T
Cat

The energy relation of an electric circuit thus can be charac~
terized by four constants, namely:
449
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r = effective resistance, representing the power or rate of
energy consumption depending upon the current, #r; or the
power component of the e.m.f. consumed in the circuit, that is,
with an alternating current, the voltage, r, in phase with the
current.

L = effective inductance, representing the energy storage

2L .
depending upon the current, %, as electromagnetic component,
of the electric field; or the voltage generated due to the change
of the current, L% that is, with an alternating current, the
reactive voltage consumed in the circuit jui, where z = 2 xfL
and f = frequency.

g = effective (shunted) conductance, representing the power
or rate of energy consumption depending upon the voltage, €’g;
or the power component of the current consumed in the circuit,
that is, with an alternating voltage, the current, eg, in phase with
the voltage.

C = effective capacity, representing the energy storage

depending upon the voltage, - 2 , as electrostatic component of
the electric field; or the current consumed by a change of the
voltage, C %, that is, with an alternating voltage, the (leading)

reactive current consumed in the circuit, jbe, where b = 2 nfC
and f = frequency.
In the investigation of electric circuits, these four constants,
r, L, g, C, usually are assumed as located separately from each
other, or localized. Although this assumption can never be per-
fectly correct, — for instance, every resistor has some inductance
and every reactor has some resistance, — nevertheless in most
cases it is permissible and necessary, and only in some classes of
phenomena, and in some kinds of circuits, such as high-frequency
phenomena, voltage and current distribution in long-distance,
high-potential circuits, cables, telephone circuits, etc., this
. assumption is not permissible, but r, L, g, C must be treated as
distributed throughout the circuit.
In the case of a circuit with distributed resistance, inductance,
conductance, and capacity, as r, L, g, C, are denoted the effec-
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tive resistance, inductance, conductance, and capacity, respec-
tively, per unit length of circuit. Theunit of length of the circuit
may be chosen as is convenient, thus: the centimeter in the high-
frequency oscillation over the multigap lightning arrester circuit,
or a mile or kilometer in a long-distance transmission circuit or
high-potential cable, or the distance of the velocity of light,
300,000 km., as most convenient in studying the laws of electric
waves, ete.

The permanent values of c¢urrent and e.m.f. in such circuits
of distributed constants have, for alternating-current circuits,
been investigated in Section III, where it was shown that they
can be treated as transient phenomena in space, of the complex
variables, current I and e.m.f. %.

Transient phenomena in circuits with distributed constants,
and, therefore, the general investigation of such circuits, leads to
transient phenomena of two independent variables, time ¢ and
space or distance /; that is, these phenomena are transient in
time and in space.

The difficulty met in studying such phenomena is that they
are not alternating functions of time, and therefore can no longer
be represented by the complex quantity.

It is possible, however, to derive from the constants of the
cireuit, r, L, g, C, and without any assumption whatever regard-
ing current, voltage, etc., general equations of the electric cir-
cuits, and to derive some results and conclusions from such
equations.

These general equations of the electric circuit are based on the
single assumption that the constants r, L, g, C' remain constant
with the time ¢ and distance /, that is, are the same for every unit
length of the circuit or of the section of the circuit to which the
equations apply ‘Where the circuit constants change, as where
another circuit joins the circuit in question, the mtegratmn con-
stants in the equations also change correspondingly.

Special cases of these general equations then are all the phe-
nomena of direct currents, alternating currents, discharges of
reactive coils, high-frequency oscillations, ete., and the difference
between these different circuits is due merely to different values
of the integration constants.

2. In a circuit or a section of a circuit containing distributed
resistance, inductance, conductance, and capacity, as a trans-
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mission line, cable, high-potential coil of a transformer, telephone
or telegraph circuit, ete., let 7 = the effective resistance per unit
length of circuit; L = the effective inductance per unit length
of circuit; g = the effective shunted conductance per unit
length of circuit; G = the effective capacity per unit length of
circuit; ¢ = the time, I = the distance, from some starting
point; e = the voltage, and 7 = the current at any point ! and
at any time ¢; then e and 7 are functions of the time ¢ and the dis-
tance [.

In an element dl of the circuit, the voltage e changes, by de,
by the voltage consumed by the resistance of the circuit element,
7% dl, and by the voltage consumed by the inductance of the cir-

cuit element, L Z—%dl. Hence,

—=ri—:—L—:. (1)

In this circuit element dl the current i changes, by di, by the
current consumed by the conductance of the circuit element,
gedl, and by the current consumed by the capacity of the circuit
element, ' %jdl. Hence,

di de
& e+ (= 2]
a= TG @

Differentiating (1) with respect to ¢ and (2) with respect to l
and substituting then (1) into (2), gives

a . . di dt

a—l—z—rgL-i—(.r(, TgL)E—rLC’E: 3)
and in the same manner,

&e de &e

BF—Tge-F(TC'—}—gL)%-l—LC’E?‘ 4)

These differential equations, of the second order, of current 7
and voltage e are identical; that is, in an electric circuit current
and e.m.f. are represented by the same equations, which differ
by the integration constants only; which are derived from the
terminal conclitions of the problem.

These differential equations are linear functions in the depend-

t variable and its derivates, and as the general exponential

nction is the only integral of such a differential equation, that
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is, is the only function linearly related to its derivates, these
cequations are integrated by the exponential function. That is:
Equation (3) is integrated by terms of the form
1= A= (5)
Substituting (5) in (3) gives the identity
@ =rg— (rC + gL) b + LCV?
= (L — 1) (C — g). ©)
In the terms of the form (5) the relation (6) thus must exist

between che coefficients of 7 and ¢.
Substituting (5) into (1) gives

f—l; = (r — bL) Ae—-¥, @

and, integrated,
L —
0= LT feman, ®
Or, substituting (5) in (8), and then substituting:
a=~/(bL—=1)(C — g)
gives: _bW—r_ PpL-—7r
FT T TN =g ®
as what may be called the “surge impedance,” or “natural im-
pedance” of the circuit, and
bL — 1
oC — g
or: e =z (11)
The integration constant of (8) would be a function of ¢, and
since it must fulfill equation (4), must also have the form (5)

Ae—al-bt (10)

e =

for the special value a = 0, hence, by (6), b = %or b= Egand

therefore can be dropped.
In their most general form the equations of the eleciric circuit are

i = Eﬂ{Anﬁ_a"l_M}, (12)
bl =Ty atotmt {
eszngTAns t “S, (13)

@t = (bul = 1) (0aC — ) =0, (14)
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where A, and a, and b, are integration constants, the last two
being related to each other by the equation (14).

3. These pairs of integration constants, 4, and (a., b,), are
determinated by the terminal conditions of the problem.

Some such terminal conditions, for instance, are:

Current ¢ and voltage e given as a function of time at one
point I, of the circuit —at the generating station feeding into
the circuit or at the receiving end of the transmission line.

Current ¢ given at one point, voltage e at another point—
as voltage at the generator end, current at the receiving end of
the line. .

Voltage given at one point and the impedance, that is, the

lts .
amperes’ at another point, as voltage at the gen-

erator end, load at the receiving end of the circuit.

Current and voltage given at one time ¢, as function of the
distance I, as distribution of voltage and current in the circuit
at the starting moment of an oscillation, ete.

Other frequent terminal conditions are:

Current zero at all times at one point Iy, as the open end of the
circuit.

Voltage zero at all times at one point l,, as the grounded or
the short-circuited end of the circuit.

Current and voltage at all times at one point I, of the circuit,
equal to current and voltage at one point of another circuit, as
the connecting point of one circuit with another one.

As illustration, some of these cases will be discussed below.

The quantities < and e must always be real; but since a, and
b, appear in the exponent of the exponential function, @, and
b, may be complex quantities, in which case the integration
constants A, must be such complex quantities that by com-
bining the different exponential terms of the same index n, that
is, corresponding to the different pairs of @ and b derived from
the same equation (13), the imaginary terms in A4, and

b,L —7r
—~— A4, cancel.
(2%

complex ratio

In the exponential function

e—al—bt,
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writing
a="h+ijk-and b=p+ig (15)

we have
gal=b E—"‘—Iate—:i(kl+qt)7

and the latter term resolves into trigonometric functions of the
angle

kL + gt.

kl + gt = constant (16)

therefore gives the relation between I and ¢ for constant phase
of the oscillation or alternation of the current or voltage.

 and p thus are the coefficients of the transient, &k and ¢ the
coefficients of the periodic term.

With change of time ¢ the phase thus changes in position ¢
in the circuit, that is, moves along the circuit.

Differentiating (16) With respect to ¢ gives

dl
kgt' +q= 0,
or
di
G n

that is, the phase of the oscillation or alternation moves along

the circuit with the speed — %, or, in other words,

g=-1 (18)

is the speed of propagation of the electric phenomenon in the cir-
cuit, and the phenomenon may be considered a wave motion.

(If no energy losses occur, 7 =0, ¢ =0, in a straight con-
ductor in a medium of unit magnetic and dielectric constant,
that is, unit permeability and unit inductive capacity, S is the
velocity of light.)

4. Since (14) is a quadratic equation, several pairs or corre-
sponding values of @ and b exist, which, in the most general case,
are complex imaginary. The terms with conjugate complex
imaginary values of @ and b then have to be combined for the
elimination of their imaginary form, and thereby trigonometric
functions appear; that is, several terms in the equations (12) and
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(13), which correspond to the same equation (14), and thus can
be said to form a group, can be combined with each other.

Such a group of terms, of the same index n, is defined by the
equation (14),

a,? = (oL — 1) (0.0 — g).

For convenience the index n may be dropped in the investiga-
tion of a group of terms of current and voltage, thus:

@ = 0L — 1) (C — ¢), (19)
and the following substitutions may be made: '
a = a, VIC, (20)
a=h + ik
a, = h, + jk,, (21)
b=p+ig |

from which

h = h,VLC and
b =k, VIC. (22)

Substituting (18) in (19),
to+iey =[w+io-7][e+io-Z @

Carrying out and separating the real and the imaginary terms,
equation (23) resolves into the two equations thus:

3 . u g 5

and b= kP = (P - Z) (7) - -é,) -7 s
24

ko =g(2p-L_9

11 Q(-’ Y4 C

Substituting
_iryg

=3z +9) )

3-8
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into (24) gives

or

and

or
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p=s+u

Z—ki=5—-¢ —m
hxl"l_‘\(b

- =h—k+
sq = hyk,.

@n

(28)

(29)

Adding four times the square of the second equation to the square
of the first equation of (28) and (29) respectively, gives

and

S +q

e+ k= VEF WP T I

= V(& + ¢ —m) + 4@
=R

il

(hE— k2 +m)? +4hlk?
(h + k2 + m?)? — 4k m®
~R2?

0

and substituting (22), gives, by (28), (29) and (30), (31)

or

7] 1
h = LO\/E{Rf + 8 = ¢ —m2},

i mVé{Rf—fﬂ’Hf},

R} = V(& + ¢ — m?)? + 4 ¢m,

{R}+ I* — I + LCm?},

= —_—\/;){Rzz — 2+ R — Lom?},

R} =~V (* + k* + LCm*)* — 4 LCK*m?.

(30)

(31)

(32)

(33)
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If, however (4 & + jk) and (u + s + jg) satisfy equation (19),
then any other one of the expressions
(£ h + jk) and (i + s + jg)
also satisfies equation (19), providing also the second equation
of (28) or (29) is satisfied,
hk = LC sq; (34)
thatis, if s and ¢ have the same sign, & and & must have the same
sign, and inversely, if s and ¢ have opposite signs, & and £ must

have opposite signs.
This then gives the corresponding values of ¢ and b:

(1) a=+h+jk b=u-s~—7q
+h =gk u — s+ jq
2 a=—-L—-7gk b=u—s—1jq
— b+ gk u—s-}-j]:q (35)
®) a=—L+ik b=u+s—iq
—h—gk u+ s+ jq
4) a=+h—7gk b=u+s—1gg
+h+ gk u+ s+ jq |

or eight pairs of corresponding values of @ and b.

p is called the attenuation constant, since it represents the de-
crease of the electrical effect with the time. -

u is called the dissipation constant, since it represents the dissi-
pation of electrical energy in resistance and conductance.

m is called the distortion constant, since on it depends the dis-
tortion of the electric circuit, that is, the displacement between
current and voltage, as will be seen hereafter.

s is called the energy transfer constant, since it represents the
energy transfer, as will be seen hereafter.

5. Substituting the values (1) of (35) into one group of terms
of equations (12) and (13),

g = Aem b

and
(36)
- bL — TAE—al—bz
7 3

e
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gives
iy = A= Grl-Gsint o A femtmib = us kit

—hl=(u— — kL +j ik~ o\
= —l=u “”{Als 7"“""1‘+Al’s+’” )

and substituting for the exponential functions with imaginary
exponents their trigonometric expressions by the equation
et = cosz + jsinz
gives
1, = e Mw=9t{4 [eos (¢t — kl)+ jsin (¢t — &l)]
+ A/ [eos (gt — ki) — 7 sin (¢ — kD)]}
=eTMmw=atl(4 +A)) cos (¢t —kl)+7 (4, —A/)sin (g¢t—kD)};
hence, 4, and 4,” must be conjugate complex imaginary quau—
tities, and Wntmg
C,=4,+4/
and (37)
C/ =74, -4))
gives
1, = e M@= cos (¢t — k) + C/sin (¢ — kD). (38)
Substituting in the same manner in the equation of ¢, in (36),
gives
uw—s—g9) L —r
h + ik
w—s+j9L A 1o~ (h=ik) = (u—s +ig) ¢
h — gk
chiment Jl6 =8 —jg) L — 1] (b — jk) i -
=g h- )t{ BT Ale+7 (gt—kl)
[(u —s+i) L =1 (h + k)
W»+ R
hence expanding, and substituting the trigonometric expressions
o=~ H==t g([(u—-s) L—r]h—qgkL _j[(lt-—s) L-r1] k+th)

= — (h+7k) L— (e —s—ig) ¢
e = Ale

41'5—1'(11t~lrll} ;

[ PR
A eos (gt — k) +f sin (gt — )]+ ([(“_”i——-——;l/]ﬂﬂ
[(w—s) L—7) k+qkL

+7 T ) A Teos (@t —H) —j sin (ql-—kl)]g, 39)
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and introducing the denotations
GkL 4+ h[r = (v — S)L]=qk+h(m+s)L

b PR Pt o
,_Ic[r—(u-s)L]—th_lc(m-Fs)~qh )
T w+ R B B+ E ’

and substituting (40) in (39), gives
e = M@= (¢ +jc’) A, [cos (gt —kD)+ jsin (¢ — k)]
+(—¢, —je,/) A/ [eos (gt — k) — jsin (¢ — ED1}
=M= ¢ (A 4+ AL+ je/ (A, — A)] cos (gt — kD)
= je, (4, — A= ¢/ (A, + AN]sin (@ — kD)}. (41)
Substituting the denotations (37) into (41) gives
= ¢7H-w=at{ (0" — ¢,C,) cos (gt~ kD
—(c,C) + ¢,/C)sin (gt — KD} (42)
The second group of values of a and bin equation (35) differs
from the first one merely by the reversal of the signs of i and %,
and the values 7, and e, thus are derived from those of 4, and e,
by reversing the signs of & and .
Leaving then the same denotations ¢, and ¢,/ would reverse
the sign of ¢,, or, by reversing the sign of the integration con-
stants C, that is, substituting

C,=— (4, +4)) }

€

and (43)

0/ =~j4, - 4))
the sign of 7, reverses; that is,
g, = — e MW= cos (gt + k) +C/sin (¢t +hD)}  (44)
and
e, = E+7Ll—(u”5)t{(cl'cz' — 0102) cos (qt + ]Cl)
— (e,C) +¢/C)) sin (gt + kD) }. (45)
The third group in equation (35) differs from the first one by
the reversal of the signs of i and s, and its values 7, and e, there-
fore are derived from 7, and e, by reversing the signs of  and s.
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Introducing the denotations

gk — h (m — s)
¢, =*—7—7—1L,
2 h2 + kl (46)
,_k(m—s) +th
BRI
and
= A/
G =4t 7
Ca’ =1 (An_ As )
gives

1y = e M=+ @ cos (gf — k) + Cy'sin (gt — k)] (48)
and
= gHtM=wrat L0 — ¢,C,) cos (gt — Xl)

— (Cy +¢,/Cy sin (gt — kD) }. (49)

The fourth group in (35) follows from the third group by the
reversal of the signs 7 and %, and retaining the denotations c,
and ¢,’, but introducing the integration constants,

04 =- (Aa + 4)) }
CAI = 7 (A4 - Ad’):

and " (50)

gives
1y = — eTH-EHIO cos (gt + ) + C/sin (gt + D)} (51)
and

e, = e~M-wrat {(c 'C) — ¢,0,) cos (gt + ki)
— L/ + ¢/CYsin (¢t + k) }. (52)

6. This then gives as the general expression of the eguations of
the electric circual:

2[5*” w=9t{C, cos (gt — kl) + O,/ sin (¢t — kD) } ()

— ==, cos (gt + KI) + C/ sin (gt + kI)} ('Lz) (53)

+ e M= @HIC cos (gt — kI) + Cff sin (gt — kD) } (@
M-I, cos (gt + kl) + C/ sin (gt + kl) }] (v.,)
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and

e = X[ (/G — ¢,C)) cos (gt ~ KD
- (61’01 + 61011) sin (¢ - M)} (61)

e tH=9tf (10— ¢,C,) cos (gt + kD)

— (¢/C, + ¢,C,)sin (gt + kD)} (ey)

+ 5+I.I-—(u+s)t{(62/03/ — 6203) cos (qt — kl)

= (¢,/Cy + ¢,CY) sin (¢t — D)} (ey)

e M=t C — ¢,C,) cos (gt + k)

= (&/Ci+¢,Cf) sin (gt + B} (ey),

(54)

where C, €/, C,, C/, Cy, G/, C,, C and two of the four values
s, ¢, h, k are integration constants, depending on the terminal

conditions, and
P _Gk+h(m+s)
1 »+ R ’
k(m+s) — qh
’ = e— =
& R L
gk =l (m—5)
- »4+ R

k(m —s) + qh
r_tl
&= o+ & L

< L,

and

and &, & and s, ¢ are related by the equations

h=vILCVEIRF+§ — ¢ — 2},
k=vICVI[RT =5 + ¢ + nfJ,

and
R =V(& + ¢ —m’)’ + L@m?;
hence, B+ k¥ = LCR2,

(55)

(56)

(67

(58)

\
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or
1
s = —L_a,\/v‘_; {BF+ W =+ LCw?},
-_1 : 59
(J*—L——C\/;} {IB:—h’-ﬁ-k‘—LCm”}, (59)
and
R} =V + k¥ + LOn*) — £ LCKm?;
hence,
R 2
2y g2 = L, ;
e+ =75 (60)
Writing
D (gt + ki) = O cos (gt + kl) + (' sin (¢ + k) (61)
and

H (gt + k) = (¢'C" — ¢C) cos (gt + k)
— (¢C + cC”) sin (gt + ki), (62)

equations (50) and (51) can be written thus:

i =3 [emHm w9t D, (gt —k) —e MmO Dy(gttkD) (@) )
+ €+hl—(u+s)t D3 (qt,]cl)_s—hl—(u—i—s)t D‘(qH-lcl)] (7;//)

and

0 = Jfe M-I Hy (=) +e == H (gt + k) (¢) o
+ E+hl—-(u+5)le (qt-—kl)-}-s"‘l'("“”H‘(qH-IcZ)] (6")



CHAPTER II

DISCUSSION OF SPECIAL CASES

7. The general equations of the electric circuit, (12) and (13)
of Chapter I, consist of groups of terms of the form:

i = Aeal -t (1)
¢ = 0L —» Ae—al-bt -
a
= bL —r —al—bt (2)
~ Nl — gAe
=z
where
bL — r
= 3
z =g (3)

is the “surge impedance,” or “natural impedance’’ of the circuit
and a and b are related by the equation (14) of Chapter I:

a® = bLC — b (gL + rC) +rg
= (0L — 1) (C — g)

These equations must represent every existing electric circuit
and every circuit which can be imagined, from the lightning
stroke to the house bell and from the underground cable or
transmission line to the incandescent lamp, under the only con-
dition, that r, L, ¢ and C are constant, or can be assumed as
such with sufficient approximation.

The difference between all existing circuits thus consists
meérely in the difference in value of the constants 4, and the con-
stants o and b, the latter being related to each other by the equa-
tion (4).

To illustrate this, some special cases may be considered.

In general, 4, ¢ and b are general numbers, that is, complex
imaginary quantities, but as such must be of such form that in
the final form of 7 and e the imaginary terms eliminate. Thus,
whenever a term of the form X - jY exists, another term must
exist of the form X — ;Y.

4)

464
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I. Semcisn Case b = 0: PERMANENTS

8. b = 0 means, that the electrical phenomenon is not a func-
tion of time, that is, is not transient, periodic or varying, but is
constant or permanent.

By (4) it is:

a=+/rg (5)

That is, two values of a exist, either of which gives a term
equation (1), (2), and any combination of these terms thus also
satisfies the differential equations.

In this case, by (3):
-
TN ®)

hence, the general equation of a permanent is:

i = Ase VU4 Ay TV
¢ = \/:j {Ale‘l‘/ﬁ — A TV

These equations do not contain L and C, that is, inductance
and capacity have no effect in a permanent, that is, on an elec-
trical phenomenon, which does not vary in time,

Equations (7) are the equations of a direct current circuit
having distributed leakage, such as a metallic conductor sub-
merged in water, or the current flow in the armor of a cable laid
in the ground, or the current flow in the rail return of a direct
current railway, ete.

r is the series resistance per unit length, ¢ the shunted or leak-
age conductance per unit length of circuit.

Where the leakage conductance is not uniformly distributed,
but varies, the numerical values in (7) change wherever the cir-
cuit constants change, just as would be the case if the resistance
7 of the conductor changed. If the leakage conductance ¢ is not
uniformly distributed, but localized periodically in space—as at
the ties of the railroad track—when dealing with a sufficient cir-
cuit length, the assumption of uniformity would be justified as
approximation.

9. (a) If the conductor is of infinite length—that is, of such
great length, that the current which reaches the end of the con-

O
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ductor, is negligible compared with the current entering the con-
ductor—it is:
A, =0
since otherwise the second term of equation (18) would become
infinite for I = .
This gives:
= Ae-Vn
—inr 8
e=4 ge Wro ®

e=\/§i 9)

that is, a conductor of infinite length (or very great length) of
series resistance » and shunted conductance g, has the effective

or,

. T
resistance ro = \/é

It is interesting to note, that at a change of r or of g the effec-
tive resistance 7o, and thus the current flowing into the conductor
at constant impressed voltage, or the voltage consumed at con-
stant current, changes much less than r or g.

(b) If the circuit is open at I = I, it is:

i=A1e~tVi 4 Ay e TV = 0

hence, if
A=A~V = — Ayt

it is
i=AfetG=DVi _ ¢~ =DV}

e = A\/E{g+ Ga=DVrg 4 ¢~ (z.,-zn/rg}
[
(¢) If the circuit is closed upon itself at I = Iy, it is,

e = \/2{‘4“—11;\/7” — dyetiViu) =0

hence, if
A = A=V = Ay +bVig -

(10)

it is
i=A{eT@-0VH | ¢~ -0V}

e=A\/1{E+a«—t)\/ﬁ_€—aa—l>\/r7} an
g
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If, in (11), I = 0, that is, the circuit is closed at the starting
point, it is
i=A{e" W 4 etV

e =A,\/;:{e'l'\/;l; — et}

or, counting the distance in opposite direction, that is, changing
the sign of I:
i=Alet V4 -1V}

e=A\/§{e+W_E—W}

Assuming now [ to be infinitely small,
120

(12)

we get, by
=1t s+
=24

e = 2A\/;- IN/rg = 24rl = rl§

rl = 7o is, however, the total resistance of the circuit, and the
equations (23), for infinitely small I, thus assume the form:

e =g (13)
that is, the equation of the direct current circuit with massed
constants, which so appears as special case of the general direct
current circuit.

10. (d) If the circuit, at I = lo, is closed by a resistance 7o, it
is:

=17
l=1

¢
%

hence, B _
Ae = 0V — Apet BV o

A~ lov/rg 4+ Ase +WVrg \/77

g
N
Aze+ /g _ g 0

e
Ay Vo \/:I‘a«_*_ra
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or,

.
i

- ‘
Ade—tvi— —— Y @ -
7o + .

\/F l
7o — |~
NI - en-nvim

Ty

70 + z I
4

(14)

e=A\/§le*’\/7"+

These equations (12) and (14) can be written in various differ-
ent forms. They are interesting in showing in a direct current
circuit features which usually are considered as characteristic of
alternating currents, that is, of wave motion.

The first term of (12) or (14) is the outflowing or main current
respectively voltage, the second term is the reflected one.

At the end of the circuit with distributed constants, reflection
occurs at the resistance ro.

If 7o > \/g, the coefficient of the second term is positive, and

partial reflection of current occurs, while the return voltages add
itself to the incoming voltage.

If ro < \/g, reflection of voltage occurs, while the return cur-
rent adds itself to the incoming current.
If ro = \[ the second term vanishes, and the equations (14)

become those of (8), of an infinitely long conductor That is:
A resistance ro, equal to the effective resistance (surge imped-

ance) \/g of a direct current circuit of distributed constants,

passes current and voltage without reflection. A higher resist-
ance 7, partially reflects the voltage—completely so for o = oo,
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or open circuit. A lower resistance 7o partially reflects the cur-
rent—completely so for 7o = 0, or short circuit.

\/i thus takes in direct current circuits the same position as

the surge impedance in alternating current or transient circuits.

II. SpeciaL CASE: ¢ = 0
11. By equation (4), this gives two solutions:
b=randb=24

L C
(a) _r
b=y
substituted in (1) and (2) gives:
. -t
7= 46 L 1 (15)
e=20 J

that is, the inductive discharge of a circuit closed upon itself.
(b) Substituting in equations (1) and (2):

pbtL=r,
a
hence,
. a —al—bt
t= By
e = Be—al-bt
and then substituting,
a=0;b= %
gives i o (16)
-
¢=Be ¢

that is, if the condenser C is shunted by the conductance g, at
voltage ¢ on the condenser and thus also on the conductance g,
the current in the external or supply circuit is zero, that is,
the current in the conductance g is equal and opposxte to that in
the condenser:

_s
% = ge = ¢Be ¢t an
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(16) and (17) thus are the equations of the condenser discharge
through the conductance g.

III. SeeciaL Case: [ &2 0: Massep CONSTANTS

12. In most electrical circuits, the length of the circuit is so
short, that at the rate of change of the electrical phenomena,
no appreciable difference exists between the different parts of
the circuit as the result of the finite velocity of propagation. Or
in other words, the current is the same throughout the entire
circuit or circuit section.

In general, therefore, the electrical constants, resistance, in-
ductance, capacity, conductance, can be assumed as massed
together locally, and not as distributed along the circuit.

The case of distributed constants mainly requires consideration
only in case of circuits of such length, that the length of the cir-
cuit is an appreciable part of the wave length of the current, or
the length of the impulse, ete. This is the case:

1. In circuits of great length, such as transmission -lines.

2. When dealing with transients of very short duration, or
very high frequency, such as high frequency oscillations, switch-
ing impulses, ete.

The equations of the circuit of massed constants—the usual
alternating or direct current circuit—should thus be derived
from the equations (1) and (2) by the condition.

=0

In any electric circuit, there must be a point of zero potential
difference. Before substituting [ = 0, into equations (12) and
(13), that is, considering only an infinitely short part of the cir-
cuit at [ = 0, these equations must be so modified as to bring
the zero point of potential difference within this part of the circuit.

Thus, we first have to substitute in (1) and (2):

e=0atl=0
by equations (4) it is:
a=+V(L =7) BC — g) 18)

that is, to every value of b correspond two values of a, equal
numerically, but of opposite signs.
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Substituting these in equations (1) and (2), gives
i = Aemelbt - Agetal-bt
_B—r J 19)

av {Ale—al—bi — A25+a1‘bt}

8

and fore = 0atl = 0:
Ay =4,=4

thus,

i = Aed(e 4 etel)

— 2

e = b_LTT Aebi(eat — gtal) (20)

substituting now, for infinitely small I,
eta =1 +al

gives, as the general equation of the circuit with massed constants:

7= Be— U } @1)
e = (ro — bLo)Be — ¥
where
B =24
ro = Ir = total resistance of circuit
L, = bL = total inductance of circuit.
The equations of voltage, in (21), may also be written:
e = roBe ~ 1 — LohBe
(22)

) di
= 7ot — L"(Tt

which is the equation of the inductive circuit with massed con-

stants.
Or .

¢ = (ro — bLo)i (23)

(a) D. C.: Direct Currents.

13. b = 0, that is, the electric effect is a permanent, does not

vary with the time. Substituted in equations (21) gives:
i=2RB
e =18 @9

the equations of the direct current circuit.



472 TRANSIENT PHENOMENA

®) I.C.: Impulse Currents.
b = real
that is, as function of time, the electrical effect is not periodie,

but is transient, or is an impulse.
Solving equation (4) for b, gives:

b=u+s (25)
where
JEw -
§ = o m )
and

“-3G+9)

3G9 |

Substituting these values into the general equation of massed
constants, (21), gives:

{ = B0t  Boe—tutot

@n

or:
4 = ¢ { Biet"t 4 Boet} (28)
e = Bi[r — (u — s) Lle=® ¢ 4 Bofr — (u + s) L]+t
or:
e = e{(r — uL)(Biet* + Bae=t) + sL (Biett — Bae—!)} (29)
Assuming 7 = 0 for ¢ = 0, that is, counting the time from the
zero value of current, gives:

By=—By=B
hence,
i = Bevi(etot — 5t)
e = Be“t{(r — uL)(ett — e7t) + sL(et + 1)} 80)
In this case, by (25) and (26), it must be:
u? 2 s2 2 m? 31)
14. (ba) In the Special Case, that
Cs=u
it is, by (28) and (29),
1 = By - Bae 2t
¢ =By + By (r — 2ul)et } 62
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or, substituting for u, gives:
v,

B + Bze‘i‘eﬂ‘—"l
Py (33)

rB: + %Bge_zte_bt

7

I

©
I

This is the general equation of a direct current circuit having
inductance, resistance, capacity and conductance, including per-
manent as well as transient term.

Ifi=0att=0itis
By=—B;=B

hence,
1.'=B{1—5_Lle g‘} ]
. . (34)
- _0L - ‘
e = rB{l € Ite"C } ]

These are the general equations of a direct current with starting
transient.

For g=0

that is, no losses in the condenser circuit, equations (34) assume
the usual form of the direct current starting transient:

i=B(l—e_£‘) i (35)
e=1rB

(c) A. C.: Alternating Currents.
b= +jq

16. That is, as function of time, the electrical effect is periodic
(since the exponential function with imaginary exponent is the
trigonometric function), or alternating.

Substituted in equations (21), this gives:

1 = Bietiat 4 Byeiat
= (r + jgL) Bie*t* + (r — jgL) Baeiet

and, substituting,

(36)

Y

et = cos gt + jsin gt
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into (36), gives

i = A;cos gt + Assin gt l @1
e = (rA: + ¢LAs>) cos gt + (rA: — qLA;) sin gt
where
A, = By + B:
(38)
Ay =j(B1— By)
substituting,
g =29
q =2 (39)
27nfL =z
gives
7= Aicos ¢ + Azsin ¢
e = (rd, + zd.,) cos ¢ + (4, — A1) sin ¢ (40)

= r(A,c08 ¢ + Assin ¢) + z (A2 cos ¢ — Aysin ¢)

(d) 0. C.: Oscillating Currents.
16. b=p+jg

In the general case of the circuit of massed constants, where b
is a general number or complex quantity, it is, substituting in (21)

1 = ¢P{ Bttt 4 Bye it}

e = e?{r — pL + jqL)Betit* 4 (r — pL — jqL)Bae et}
and, substituting again the trigonometric function for the imag-
inary exponential function in (41), gives, in the same manner as
in (¢)

i = e P {4 cos gt + A, sin gt}
ei{[(r — pL)Ay + qLAs] cos ¢t + [(r — pL)A

— gLA]sin qt} (42)
e?t{(r — pL)(A, cos ¢t + A,sin gt) + i
gL (A cos gt — Aysingt)}

(41)

e

These are the equations of the oscillating currents and voltages,
in a circuit of massed constants, consisting of the transient term
«7, and the alternating or periodic term. The latter is the same
as with the alternating currents, equations (37) or (40), except
that in (42), in the equations of voltage (r — pL) takes the place
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of the resistance r in (37). That is, the effective resistance, with
oscillating currents, is lowered by the negative resistance of

energy return, pL.
Substituting p = 0 in (42) gives (37).
IV. SeeciaL Case: IMpuLsE CURRENTS.
= real.
17. By the equation (4)
a* = bLC — b (rC + gL) + rg,
to every value of b, correspond two values of g, equal numerically

but opposite in sign:
+ a

To every value of a correspond two values of b:

b=wuxs (43)
where .
§= \/’"Z + 1o
L,
w=5( +0) (#4)

1/ g

m=3z -3
As b is assumed to be real, it must be positive, as otherwise the
time exponential ¢ would be increasing indefinitely. Thus it is,

from (43):
s? £ y?

Since % and b are real, s must be real. That is, by (44)
a2
m? + 7]

must be real and positive.
As m? is real, a? must be real, and must either be positive, or,

2
if negative, — g—c— must be less than m2

However, a can never be complex imaginary, without also
making b complex imaginary, and impulse currents thus are
characterized by the condition, that a is either real, or purely
imaginary.
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We thus get two cases of impulse currents:

b=uFs
(1) a? positive ] (2) a? negative
a=+h a= +jk
2 n 2 “*k‘i
m +LC ws) S=N™ e | (46)
‘\/LG(‘S'2 m2) k= ‘\/LCLm2 — §?)
uzgsﬂgmz 52 < m?
k? < m*LC
non-periodic in space. periodic in space.
a. b: a: b:
+ h u— 8 + jk u—s
—h uU— 8 — ik uU—s
oo(47
—h u+s “n + 7k u 4 s “8)
+ & w4 s — jk u -+ s

(1) Nox-rErIODIC IMPULSE CURRENTS.

18. Substituting (47) into (1) and (2) gives

,L' = e-—ul{ Al e—hH—M + Ag£+hl+” + ASE—I-M‘-BI + A4€+hl—ul} (49)
(w—s)L —

' h

e=cu A4 Temitbet _ 4, W=D =7 g _

A (mii—

T ethi—st + Ay Mﬁ#

e—hl—al} (50)
It is, however,
(u?s)L—r_u.L—-risé
h B h
and, substituting for 4 from (45), and substituting for

1/r , g _
(uI—s)L—T=§(E+_)L_T+SL_ — mL F sL

h VLC (s* — m?) T VIO (s — m?)

__\/E\/sim
= tTNeVsEm
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ETRE @
(u—s)L—r__\c\/Z
h [

(u+s)L—r= 1\/24
h +c c

or, substituting,

it is

and, substituting these values into (50), gives
7 [
6= — \/E el g Ay eMst — ¢ Ay ethitst L 1 Ay etii—st
¢ | c
_1 A, e""‘“} (52)
¢

The equations (49) and (52), of current and voltage respec-
tively, of the non-periodic impulse, are the same as derived as
equation (9) in Chapter III, as special case of the general circuit
equation.

The constants 4,, 4., 4;, A, of (60) are denoted by Ci, — Cs,
Cs, — Cyin (9) of Chapter III, and the further discussion of the
equations given there.

(2) Prriopic IMPULSE CURRENTS.

19. Substituting (48) into (1) gives:
D= eut{ert(Ay e A Ay eHM) el Ay M 4 Ay et}
and, substituting the trigonometric expressions, this gives
7 = e~ut{ets(Dy cos kl — Dy sinkl) + 4Dy cos kl — Dysin kl)}

(53)

where D, =A4,+ 4,
D, = .7 (A-l — 4,) (54)

D; = Az + 4,

Dy=7(ds — Ay

The expression
bL — 7
a
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in equation (2) assumes the form, by substituting (46) and (48):

W—r_@FgL-r_  —mxslL
a + gk + jVLC (m* — %)
L fm £
=+ ]\/C’ m F s
and, substituting, )
_ mts
€= m— s (55)
gives
bL — 1 . L . j\/z
=z _76\/6, respectively + A (56)

Substituting now (48) and (56) into (2) gives.
e = \/%, e“”{jce*'“(file‘i“ — Age ) + %e’“(Age"“ — Aetitt }
and, substituting the trigonometric expression:
e = \/%—, e“‘”{ce*“‘(l}g cos kl + D sin kl) +
%e_‘” (Dscos bl + Dssin k)| (57)
The equations (53) and (57), of current and voltage repec-
tively, of the periodic impulse, are the equations (24) of Chapter

II1, derived by specialization from the general circuit equations;
and their further discussion is given there.

V. SeeciaL Cask: ALTERNATING CURRENTS

b= imaginary.
20. If
b= +jg
by equation (4), it is

I

a=+V( Fjo) (g F igC) (58)

+ (b + jk)

That is, a, as square root of a complex quantity, also becomes
complex imaginary.
For b=+ jg
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it is
a* = (r — jgL) (g — jqC)
= (rg — ¢*L) — jq ("C + ¢L)

that is, the sign of the imaginary term of a? is negative, and the
sign of the imaginary term of a must be negative, that is, a =
+ (h— jk), and inversely.

The corresponding values of b and a thus are:

b: a:
, + Jgq + b —jk
—Ja + h + jk
-9 —h—jk
+ jq —h+jk

Substituting these values into (1) gives:
= e M Ayeti=a) 4 A et} et { 4 etiteitan | A ei+an)
Thus, in trigonometric expression:
i = e™{B;cos (kl — qt) + Basin (kl — gt)}
+ €tMBjy cos (kl + gt)+ Basin (kI + ¢t)}  (59)

where
By = A+ 4, By =A;+ A,

B, = j(4: — A») By =j(As — Ay)
Resolving in equation (59) the trigonometric function, and
re-arranging, gives:
7 = ¢™{(Bycos gt — By sin gt) cos kl + (Bs cos gt +
, B sin gt) sin kl}
+ et {(Bj cos qt + By sin gt) cos kl + (B4 cos gt —
By sin gf) sin kl}  (60)
21. The equations (60) can be written in symbolic expression,
by representing the terms with cos g¢ by the real, the terms with
sin ¢f by the imaginary vector, that is, substituting,

By cos gt — Bysin gt = By + jB; = 4,

hence
By cos gt + Bysingt = By — jBy = — j4,
Bjcos gt + Bysingt = By — jBy = — 4.
Bicos gt — Bssingt = By + jB; = — jA.
hence

T = A (cos bl — jsinkl) — Aset™ (cos kl + jsinkl) (61)
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This is the equation (23) on page 295 in Section III, derived
there as the current in a general alternating-current circuit of
distributed constants.

Analogous, by substituting into equation (2), the equation of
the voltage is derived:

E= %{Ale—"‘(cos kl — jsinkl) + Aset™(coskl + jsinkl)} (62)

Where
Z =1+ joL
Y =g+ joC
and
¢=2nf

Alternating currents, representing the special case, where b is
purely imaginary, and impulse currents, representing the case,
where b is real, thus represent two analogous special cases of the
general circuit equations.

These two classes are industrially the most important types
of current, though their relation to the operation of electric sys-
tems is materially different:

The alternating currents are the useful currents in our large
electric power systems.

The impulse currents are the harmful currents in our large
electric power systems. .

The alternating currents have been extensively studied, and
the most of the preceding Section III is devoted to the general
alternating-current circuit.

Very little work has been done in the study of impulse current,
and the next Chapter thus shall be devoted to an outline of their
theory.



CHAPTER III

IMPULSE CURRENTS

22. The terms of the general equations of the electric circuit
(53) and (54) contain the constants:

The eight values, C and C”.

The four values, ¢ and ¢’.

And the exponential constants w, m, b, k, s, g.

Of these, the values ¢ and ¢’ are expressions of L and of the
exponential constants, by equation (55), thus are not independent
constants.

w and m are circuit constants, and as such are the same for all
terms of the general equation.

Of the four terms &, k, s, ¢, two are dependent upon the other
two by the equations (57) and (59).

Thus there remains ten independent constants, which are to
be determined by the terminal conditions:

Two of the four exponential terms h, k, s, ¢, and the eight
coefficients €' and C'.

h and s are attenuation constants, in length or space and in
time respectively, and k& and ¢ are wave constants, in space and
in time respectively.

In a non-periodic electrical effect, & and ¢ thus would be zero,
while & = 0 but ¢ 5 0 gives a phenomenon periodic in time, but
non-periodic in space, and inversely, ¢ = 0, but k = 0 give a
phenomenon, periodic in space, but non-periodic in time.

If of the four constants: s, g, k, &, one equals zero, another one
also must be zero; if

s=0
it is, by equations (58) and (57): '
R? = ¢* + m?
h=0
k= \/LC(q2+m2)

g=0
481
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it, is, either
Ry? = s% — m?

h = VITw =)

L=
or,
Ri2 =m?— §*
h=0
b = /IO =
if,

h=20
it is, either
R = k* — LCm?

s=0

p— kz_ 2
Q—\}LVC m

or
Re? = LCm? — k*
Tk
s = '\/m2 ~Iic
¢g=20
if
k=0
it is
Ro? = h? 4 LCm?
pa—y h‘2 2
§ = A ’L_C + m
g=0
and this gives the three sets of values:
s q h k
k? [
0 ol m? 0 VLC (& + m?)

)z
\/"”2—‘ e 0 0 VIC (m? = %)

YR
N+ me 0 VICE=my 0
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s = 0 and & = 0 gives an electrical effect which is periodic in
time and in space, and is transient in time. This case leads to
the equation of the stationary oscillation of the circuit of dis-
tributed resistance, inductance, capacity and conductance, such
as the transmission line, more fully discussed in Section III, and
in Chapters V and VII of Section IV.

¢ = 0 gives a non-periodic transient.

Such a non-periodic transient is called an ¢mpulse, and cur-
rents, voltages and power of this character then are denoted as
impulse currents, impulse voltages, and tmpulse power.

Impulse currents thus are non-periodic transients, while alter-
nating currents are periodic non-transients or permanents.

23. An impulse thus is characterized by the condition:

g=0.
Substituting this in equation (57) gives:

Ry, = s* — m? or Ry =m?—s*
h=~LC(s*—m?) or h=0 (2)
k=0 or k= \/LCTm2 — 8%
and inversely, by equation (59):
R: = h? 4+ LCm? or R, = LCm? — k*
s = \/}f + m? or s= \/'rrﬁ - B (3)
LC LC
¢=0 or ¢=20
and
7n2—s2+—]ﬁ=0 mz—s?——k2 =0 (4)
LC LC

That is, either k& = 0, that is, the impulse is non-periodic in
space also, or i = 0, that is, the impulse is periodic in space, has
no attenuation with the distance.

By the character of the space distribution, we thus distinguish
non-periodic and periodic impulses. One of the two constants,
h or k, must always be zero, if ¢ = 0, that is, the space distribu-
tion of an impulse can not be oscillatory, but is either exponential
or trigonometric.

It

s2 > m?, the impulse is non-periodic; and A2 > LCs?

§? < m?, the impulse is periodic, and k* < LCm?
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We thus distinguish two classes of impulses:

Non-periodic impulses and periodic impulses. The “ periodic”’
here refers to the distribution in space, as in time the impulse
always must be exponential or transient.

A. Non-pERIODIC IMPULSES.

24. A non-periodic impulse is an electrical effect, in which the
electrical distribution is non-periodic, or exponential, in time as
well as in space. Its condition is:

¢=0
5?2 > m?
henece:
k=0 - )
b= A/LC (s* — m?
T,
or § = \/R, + m
Substituting these values in equations (55) gives
ISETN N =
a=L ;?’”‘\/c s—m - NC )
s—m L |s—m 1L
Cﬂ‘L—r'\[‘c s¥m = Ne ©
¢’ =0
¢’ =0

where

c=(iEm. @

Substituting (5), (6) and (7) into equations (53) and (54), the
sin terms vanish, and with them the integration constants C’,
and only the integration constants C' remain; the cos terms be-
come unity, and these equations assume the form:

i = S{Cie =)t — (Cyetil—(u—s)t 4 Cethi=(uta)t —
045‘)'1-("')"')’]

e = — E\/%{c(’le—hl—(u-ﬂ)! + CCoethi=(u=nt L }C“Mz— what ) (8)
c

+ lcde-—hl— u+a)t}
c
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or, considering only one group of the series, and separating e—v:

i é—ul[C‘e—hH-xl —_ Cgé"'"H’“ -+ C35+M—n _ C.;E_"l‘“’}

I

e

I

— \/g e_’"{cole””*" + cCoethitat L %Cge"’"""‘ + (9)
1 st
¢ Cet J

26. The equations (9) can be simplified by shifting the zero
points of time and distance, by the substitution:

C) = Dyethii—t 1 Cy = Daeli—st1 1 0
Cy = + Dxe"'"*”“] Cy = 4 Doethirtsns | )
hence, o
Dy =+£CC, Dy =+/+C.C, (11)
=2t = gt ermhtasn = 4 g;
et = 4 QL(‘E\
= 0yCs
c.c (12)
eHtsn — 4 234
= CiCy |
or
1 C,Cy
Iy = -log (+
4 »2C'

_ 1 C3Cy
b= gplos (£ ) |

where the + denotes the positive value of the C' product.

Making also the further substitution:

¢ = ettt i = ¢th (14)
hence,
_loge 1. s+m
o= == =g;logs— (15)

(10) and (14) substituted in (9) gives:

i = et { Dy (e M+t 4 eHli=s(i=t)) _ Dy(ethi+o(ti=t9
£ M r-t)})
L Wittt 4 cHhil—st! it (16)
e = — 6,5‘“‘[1)1(6“‘ el g g tImstl) o Dy(ethiFet &

e—m/-n/) ]
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where
V=t—titt |
17
h=1-1, an
By the substitution:
et it ¢+ = 2 cosh x
etr — ¢ = 2sinh 2
Equations (16) can be written in hyperbolic form thus:
© = e~ #{ Dy cosh[Ml' — s(t' —1s)]— D-' cosh [hl'+s(t' —1t0)]}
L (17b)

e = — \/g et{D,’ cosh [k’ — st'] + D’ cosh [Al’ + st']}

Or the corresponding sinh function, in ease of the minus sign
in equations (16).
26. The impulse thus is the combination of two single impulses
of the form
e—"!(e—hH‘tl i e'H\l—sl)

which move in opposite direction, the D, impulse toward rising I:
{—(g> 0, and the D, impulse toward decreasing I: g—i< 0

The voltage impulse differs from the current impulse by the
factor \jg (the ““surge impedance”), and by a time displacement

to. That is, in the general impulse, voltage e and current 7 are
displaced in time.

to thus may be called the time displacement, or time lag of
the current impulse behind the voltage impulse.

to is positive, that is, the current lags behind the voltage im-
pulse, if in equation (15) the log is positive, that is, m is positive,
or: E > —Cg” that is, the resistance-inductance term preponderates.

Inversely, t, is negative, and the current leads, or the voltage
impulse lags behind the current impulse, if m is negative, that is,
IT: < Zgwor the capacity term preponderates.

If g =0, that is, no shunted conductance, the current impulse
always lags behind the voltage impulse.
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If m = 0, that is,—E = g; oré =lé, to = 0, that is, the voltage
impulse and the current impulse are in phase with each other,
that is, there is no time displacement, and current and voltage
impulses have at any time or at any space the same shape: dis-
tortionless circurt. m therefore is called the distortion constant
of the circuit.

27. If

s=m (18)
it is
h=0 (19)
hence, substituting into equations (16)
i = Aévuz(d-m(z‘vm + e~ m{t’ —to)

e = B\/Z,‘ e—ul(é—rmz’ + e—mt’) (20)
4
where
A =Dy — D,
B = D1 + Dz
that is, a simple impulse.
Or, substituting for « and m their values
i = Alﬁ_é," + A, 6—1er
7, (21)

e = E{Ble'gl iBae_it }
. Thus, the capacity effect, as first term, and the inductance
effect, as second term, appear separate.

28. In the individual impulse:

é-nt(e—hl+ut + e'”‘""‘) = é—llle-—(u—a)L + ethle—(uta)t (18)

the term e is the attenuation of the impulse by the energy dis-
sipation in the cireuit, that is, represents the rate at which the
impulse would die out by its energy dissipation.

The first term, e'("_”)‘, dies out at a slower rate than given by
the energy dissipation, that is, in this term, at any point I, energy
is supplied, is left behind by the passing impulse, and as the result,
this term decreases with increasing distance I, by the factor e
inversely, the second term, ¢~ “*9*, dies out more rapidly with the
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time, than corresponds to the energy losses, that is, at any point
I, this term abstracts energy and shifts it along the cireuit, and
thereby gives an increase of energy in the direction of propaga-
tion, by €. In other words, of the two terms of the impulse,
the one drops energy while moving along the line, and the other
picks it up and carries it along.

The terms et thus represent the dropping and picking up of
energy with the time, the terms e the dropping and picking
up of energy in space along the line. In distinction to w, which
may be called the energy dissipation constant, s (and its corre-
sponding &) thus may be called the energy transfer constant of the
impulse. The higher s is, the greater then is the rate of energy
transfer, that is, the steeper the wave front, and s thus may also
be called the wave front constant of the impulse.

The transformation from the four constants C to the two con-
stants D obviously merely represents the shifting of the zero
value of time and distance to the center of the impulse.

Also, in equations (16), in the energy dissipation term e, ob-
viously also the new time # may beused: e/ = ¢ “¢~# and
this would merely mean a change of the constants D, and D,
by the constant factor e~ *.

Substituting in equations (16): I = 0, gives the equation of the
impulse in a circuit with massed constants

i = Aeut(etst £ ot

e

I

B ée—ut(e+n)t—t“) + esl-tY)

where
A=D,—D,

B=D1+D2

29. The equations (9) can be brought into a different form by
the substitution,
Cy = Bethiigmstr
Cy = + Behlrtng—n
Cs = + Behirtogtann
C4 = + Bethligmsna

(22)

where the + sign applies, if Cq, etc., is of the same sign with Cj,
the — sign, if it is of opposite sign.

.
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Substituting also equations (14), this transforms equations (9)
into the form

i = Bemuf(e=M+st/—t) [ ¢=M'=st'=t0) _ (¢—hllo=)+s(t'~to)
F e~ M= =st'—t))} ’
e = — \/g Be‘“‘{(e"‘”*‘“" + é—hl'—xi') + (E—Wu—l'H-sl’ (23)
+ e=Mlo——at'y}
where
V=1—-1 o4
V' =t—ti+to (24)
or, re-arranging equations (23)
i= BE—ut{ W D) [t 4 e (e—tg)]
e= -G L g R e (25)
Or substituting
L
B=Ac¢€2
and (26)
1=v-h
gives
1= Aewt{ehl — et} (errtl—t( F gmat'=ty)}
L @n

e = \/%‘" Ae—-ul{e—hl + e"‘“}{e"’“' + s_“'}

30. These equations show the non-periodic impulse as con-
sisting of the product of a time impulse
é+.!l i E—at

and a space impulse
E_M + 6+M

Or, the impulse of current and of voltage consists of a main
impulse, decaying along the line by the factor

é—-hl’
and a reflected impulse, or impulse traveling in the opposite

S . b .
direction, from the reflection point —20, and dying out at the rate
1=l

and, by shifting the starting point of distance I to the reflection

. . . . .
point §°, the simplest form of impulse equations (27) are derived.
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As seen from equations (27), and also from (25):

In the voltage impulse, the main and the reflected impulse
add, in the current impulse they subtract.

The current impulse lags behind the voltage impulse by time
0.

to may be positive, or negative, that is, the current lag or lead,
depending whether the resistance—inductance term, or the capac-
ity term preponderates in the line constants, as discussed before.

Equations (27) may also be written in the form of hyperbolic
function, as

i = Agetsinh Al sinh s(t’ — to)
e = \/%' Agevt cosh Al cosh st

or (28)
i= At sinh hl cosh s(t' — to)

e = \/% Aot cosh hl sinh st/

31. Still another form of equations (9) is given by the substitu-
tion,

Cy = Betlen
Cy = Betigst
Cs = BehrHogtets (29)
(4 = Bethtrtlogrst
c = ¢ttt

this gives

i = Beut{er(ti—to) (el . ghl) — mo(U=ta) (k=10 L
H—10y}

L s b . (G 30)
6= — E'Be_w{e-m (5+h1 + M ) + et (e"’ (‘—a) +
=)}
where
V'=1—-10
1
t=t—t+ 1% } 31
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Equations (30) can be written in hyperbolic functions in the
form

i = Bemut{er—ty cosh Al — et cosh & (I — l5)} ,

e=—B ge—w{ew' sinh Al + = sinh b (' — lo)}

or (32)
1 = Be*!{ete #~4 sinh hl — (=% sinh b (I' — Ip)} ]

6= — B\/ICJ’ eut{etst cosh hl’ + e~ cosh 7 (I' — 1y)}

B. Perionic IMPULSES

32. A periodic impulse is an electrical effect, in which the elec-
trical distribution is periodic in space, or can be represented by
a periodic function, such as a trigonometric series. In time,
however, it is non-periodic.

As any function can be represented within limits by a trigo-
nometric series, it follows, that any electrical distribution can
be represented by a trigonometric series with the complete cir-
cuit as one fundamental wave, or a fraction thereof, and thus
every electrical impulse can be considered as periodic within
the limits of its circuit. .

As seen in the preceding (page 483), the periodic impulse is
characterized by

st < m?
¢=0
h=0
R 33
k = VLC (m? = s%) @3
o) § = 4[m? —_ k?
g a LC
Substituting these values in equations (55) gives
¢ =0
=0
popmre_ BEE_
o =L =N Nm—s ~ No ®4)

ISR N =Y
&= E ~ NCNm+s ¢cNC



492 TRANSIENT PHENOMENA

where

m + s =

m— s 35)
Substituting (33), (34) and (35) into equations (53) and (54),

and substituting,

Cc =

Ci— Cy =D,
Y+ C =D,
03 - 04 = Da (36)
Cy + Cf =D,
gives
1 = S{e (4D, cos kl — D, sin kl) +
e+ 4(D; cos kl — Dy sin kl))} ‘
6= 2\% {crw—nf(pg cos kl + Dy sin ki) + (37

%;—(uﬂw(m cos K + Dasin k1))

or, considering only one group of the series, separating e, and
substituting,

¢ = et (38)
hence, )
_ oge _ 1 m—+ s
b=+ —ZSIOgm—s (39)
gives
i = e *{e+*{(Dycos kl — Dssin kl) + e*¢(Djs cos kl —
) Dy sin kl)}
= \/5(; ewt{er+10(Dy cos KL -+ D sin ) + 40
e+t (Dy cos kl + Ds sin kl)}
33. Substituting,
D, = 4,coskly Ds = Ascosk (I, — 1y @1
Dy = A, sin &l Dy = Assink (b — L)
and
A, = de
Ay = + Aetty } (42)
gives
1= Aemt{et =t cosk (I + 1) + et cosk I+ 11 —lo)}
e = A\/ge"“‘{e“)’-‘ﬁ“‘o’ sin &l (1 4 1)) + ettty (43)

sink(l + b — o)}
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substituting the new codrdinates of time and distance, that is,
changing the zero point of time and of distance, by the expression:

V=i—t+t |

V=140 | (44)
gives
i = Aeut{er('—to) cos kI’ + =) cos k (I — o)}
e=4 %e—w{ew sin kbl + e sink (U — L)) (45)
or, substituting,
A = B etuly—tp (46)
gives
i = Bew'{ets'=t) cos kl' + =4 cos b (' — o)} ;
e=B \/%e‘“"[e““ sinkl’ + e sink (I — L)} 1 47
J

where the + sign applies, if 4; and 4, are of the same, the —
sign, if A, and A, are of different sign.
Substituting, instead of the equations (41), the equations

Dy = Ay sin kly Dy = Apsink (lh — L)

Dy = Ay cos kly Dy = Azcosk (s — L) J “8)
gives
{ = Be—w'{eta¢~t) gin k' £ =@~ sink (I' — Io)}
e=—2B %g—nt'{eﬂn cos kI’ + ef“’ cosk (I — lo)} } (49)

The equations (47) and (49) of the periodic impulse, are of the
same form as the equations (32) of the non-periodic impulse, ex-
cept that in the latter the hyperbolic functions take the place of
the trigonometric functions in (47) and (49).

34. From these equations (37), (40), (43), (45), (47) and (49)
it follows:

In the periodic impulse, (37), current and voltage each consist
of two components, which are periodic functions of distance, but
exponential functions of time. The second component dies out
at a fadter rate than the first component. Since the attenuation
‘due to the energy dissipation by resistance and by conductance
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follows the exponential term e, it follows, that the first com-
ponent of current and voltage respectively dies out with the
time at a slower rate, the second component at a faster rate than
corresponds to the energy dissipation in the circuit. That is,
the first component receives energy, the second gives off energy,
and the second component thus continuously transfers energy to
the first component.

The coefficient % thus may be called the energy dissipation
constant, the coefficient s the energy transfer constant, while u — s
and w + s respectively are the atfenuation constants of the two
respective components.

By energy transfer, the first component thus increases in
energy by et the second decreases by ¢, while both simulta-
neously decrease by e, by energy dissipation, as seen from (40).

From (43), (45) and (47) it follows, that current and voltage
are in quadrature with each other in their distribution in space,
in either of the two components of the periodic impulse. That
is, in each of the two components maximum current coincides
with zero voltage, and inversely.

From (45) and (47) it, follows, that the two components of the
periodic impulse differ in the phase of their space distribution by
the distance Iy, the second component lagging behind the first
component by the distance Zo.

In each of the two components of the periodic impulse, the
current lags behind the voltage by the time .

Current and voltage thus are in quadrature with each other
in space, and displaced from each other in time, by the ‘““time
displacement” #o.

From equations (39) it follows, that {, is positive, that is, the
current lags behind the voltage by time &, if m is positive, and
1o is negative, that is, the current leads the voltage, if m is nega-
tive.

Since m = 14 (% - g): it follows:

The current lags behind the voltage, if 7 > J, that is, if the
inductance effect preporiderates, and

The current leads the voltage, if —Cg > %, that is, if the capacity

effect preponderates.
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35. From (47) it follows:
The voltage equals the current times the surge impedance z =
\/%: but is in quadrature with it in space, and the current is lag-

ging by & in time.
By the conditions of existence of the periodic impulse, s must
numerically be smaller than m.

s = 0 gives
By (39) sty =0
By (33) k = m+/LC

and by (49)
7 = Bet{ cos kl' & cosk (I — lo)} ]

e= B\/% et {sin k' + sin k (I — 1o)} (50)

hence, current and voltage are in phase in time, but in quadrature
in space.
s = m gives
k=0
Hence, from (40)

i = ew(Detnt + Dyemt)
I; —ul Am(t+ig) —m(t+tg)
e=+lg¢ (Dee 0 + Dye )

hence, substituting for « and m,

. v "
1 = Die"¢! 4+ Dzt

R (51)
¢ = \/% {Dzle_z",wm 4 DL )

where
Dy = Dyetty

52
Dy = Dyetlo ® )

In this impulse, the capacity terms and the inductance terms
are separate, and current and voltage are uniform throughout
the entire circuit. )

36. The constants D or 4 or B are determined, as integration
constants, by the terminal conditions of the problem.
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For instance,

if at the starting moment of the impulse, that is,
at time ¢ =

0, the distribution of current and of voltage through-
out the circuit are given, it s, by (37), for ¢t = 0,
7

Z{(D1 + Dy) cos kL — (D, + D,) sin Kl}
\/g )3 {(cbﬂ + %)cos K+ <cD1 + %) sinkz)

The development of the given distribution of current and vol-
tage into a Fourier series thus gives in the coefficients of this
series the equations determining the constants Dy, Ds, Ds, D,.

e

I

(53)




CHAPTER 1IV.
DISCUSSION OF GENERAL EQUATIONS.

387. In Chapter I the general equations of current and voltage
were derived for a circuit or section of a circuit having uniformly
distributed and constant values of r, L, g, C. These equations
appear as a sum of groups of four terms each, characterized by
the feature that the four terms of each group have the same values
of s, g, b k. '

Of the four terms of each group, 1, s, 23, 74 Or €1, e, €5, €
regpectively (equations (53) and (54) of Chapter I), two contain
the angles (gt — kl): 41, e and 45, es; and two contain the angles
(gt + kI): %2, €2 and 74, €4

In the terms 7, ¢, and 4, e, the speed of propagation of the
phenomena follows from the equation

gt — kI = constant,
thus:
dl q
A
hence is positive, that is, the propagation is from lower to higher

values of , or towards increasing I
In the terms 4, e, and 1,, e,, the speed of propagation from

gt + kI = constant

d ¢

a k
hence is negative, that is, the propagation is from higher to
lower values of I, or towards decreasing .

Considering therefore <, e, and ¢, e, as direct or main
waves, 1,, €, and %, e, are their return waves, or reflected waves,
and 4,, e, is the reflected wave of 7, e,; 1,, ¢, is the reflected wave
of 4, e

497
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Obviously, 73, e: and 44, e, may be considered as main waves,
and then 1, e; and 4, e; are reflected waves. Substituting (=10
for (+ 1) in equations (53) and (54) of Chapter I, that is, looking
at the circuit in the opposite direction, terms 4, €2 and 41, e; and
terms 44, e, and 7;, es merely change places, but otherwise the
equations remain the same, except that the sign of ¢ is reversed,
that is, the current is now considered in the opposite direction.

Each group thus consists of two waves and their reflected
waves: 7, — 1, and e, + e, is the first wave and its reflected
wave, and ¢, — ¢, and e, + ¢, is the second wave and its
reflected wave.

In general, each wave and its reflected wave may be con-
sidered as one unit, that is, we can say: ¢/ =4, — 4, and ¢ =
e, + e, is the first wave, and ¢/ =i, — 7, and ¢’ = ¢, + ¢, is
the second wave.

In the first wave, 7/, ¢/, the amplitude decreases in the direction
of propagation, ¢~ for rising, ¢** for decreasing I, and the
wave dies out with increasing time ¢ by e =9t = 7w ¢+,

In the second wave, 7/, ¢”’, the amplitude increases in the
direction of propagation, e*™ for rising, e ™™ for decreasing I,
but the wave dies out with the increasing time ¢ by e~ ®+9¢
= ¢~ ¥ ¢~ that is, faster than the first wave.

If the amplitude of the wave remained constant throughout
the circuit —as would be the case in a free oscillation of the
circuit, in which the stored energy of the circuit is dissipated,
but no power supplied one way or the other — that is, if A = 0,
from equation (59) of Chapter I, s = 0; that is, both waves coin-
cide and form one, which dies out with the time by the decrement
et

It thus follows: In general, two waves, with their reflected
waves, traverse the circuit, of which the one, 77, ¢/, increases in
amplitude in the direction of propagation, but dies out corre-
spondingly more rapidly in time, that is, faster than a wave of
constant amplitude, while the other, ¥/, ¢/, decreases in amplitude
but lasts a longer time, that is, dies out slower than a wave of
constant amplitude. In the one wave, ¢, ¢”, an increase of
amplitude takes place at a sacrifice of duration in time, while in
the other wave, 7/, ¢/, a slower dying out of the wave with the
time is produced at the expense of a decrease of amplitude during
its propagation, or, in 7", ¢ duration in time is sacrificed to
duration in distance, and inversely in ¥/, ¢’
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It is interesting to note that in a circuit having resistance,
inductance, and capacity, the mathematical expressions of the
two cases of energy flow; that is, the gradual or exponential
and the oscillatory or trigonometric, are both special cases of
the equations (63) and (64) of Chapter I, corresponding respec-
tively tog =0,k =0andto 2 = 0, s = 0.

38. In the equations (53) and (54) of Chapter I

gt =2=
. gives the time of a complete cycle, that is, the period of the wave,
27
bm
and the frequency of the wave is ’
r=L
/= 27
=2
gives the distance of a complete cycle, that is, the wave length,
¥ 27
k =7

w—s)t=1 and (w+s8t=1
give the time,

1 1
fe 1 /= —
iy T b

during which the wave decreases to% = 0.3679 of its value, and

. M=1
X
gives the distance,
1
l, = "
over which the wave decreases to 51 = 0.3679 of its value;
that is, ¢ is the frequency constant of the wave,
2
* r=L w==5 @

2z’

q
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k is the wave length constant,

2x
lp = T 5 2)
(u — s)and (4 + s) are the {ime attenuation constants ot the wave,
1
t) = )
U~ 8
®)
1= 1
Y u s’
and h is the distance attenuation constant of the wave,
1
I, =-. 4
=3 @

39. If the frequency of the current and em.f. is very high,
thousands of cycles and more, as with traveling waves, lightning
disturbances, high-frequency oscillations, ete., ¢ is a very large
quantity compared with s, u, m, h, k, and % is a large quantity
compared with h, then by dropping in equations (53) to (64) of
Chapter I the terms of secondary order the equations can be
simplified.

From (57) of Chapter I,

R =V (E+ =) +4@m =V (F +m?)+ 2 (¢ —mb)

98 (0° — mA)) %
= (¢ +m {l-l- ally m)}

@ +
) L LM
=¢+m+s g

=¢ +m+ &
=¢
h=VICVI BRI+ & = ¢ —m’} =sVIT,
k=VICVI R =+ g+ P} = LC(Q3+772‘2)=Q\/ZTJ—,}(5)
B+ =(+¢) LC = ¢LC,

and
_ghthim+s), L

L T
“ W+ R L—?=\/%'
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_gk=hm—s), _qL _ L

G JE kv
c,_k(m+s)——th=q\/R’(m+s)~qs\/E'L_m\/Z
TR ¢LC A
o= k (n - s) + th: gVLC (m — s) + gs \/LCL= T\ é;
W+ g ¢LC qgYC
that is,
T
€L =6 = Il
and (9)
m, /L
c/=c¢c/= (1—\/6
Writing
o =VLC,

c=\/§ )
ok

where ¢ is the reciprocal of the speed of propagation (velocity
of light), we have
h = os,
o ®

©)

and introducing the new independent variable, as distance,

A =dl, (10)
we have :
kl'= qA
and } (11)
W = sk;
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hence, the wave length is given by

qgh=2=
as
27z
'10 = _&‘ ) (12)
and since the period is
2z . ‘
ty = ?J

it follows that by the iniroduction of the denotation (10) distances-
are measured with the velocity of propagation as unit length, and
wave length 7, and period # thus have the same numerical
values.

The use of the velocity of propagation as unit of length of
electric circuits such as transmission lines offers many ad-
vantages in dealing with transients, and therefore is generally
advisable.

Substituting now in equations (63) and (64) of Chapter I
gives

i = e Z N D, [g (= D)= D, [g 4+ D] @)
+ &N D gt — D] -7 ¢+ D, [q 1+ NI} E) (13)
and
o= U (TN H [g (1= D]+ B[+ 2)] (¢)
+ e ENH [g (= D] Y H[g (¢4 D]}, (07) (14)
where
Dlgt £ D]=Ccosq(t+ )+ C'sing (¢t + )

and
m

VEf (e

= =) (— — 3 ))

Hlg (t+ N] C’;(qc C’)cosq(tj:/l,

- (];—LC’ + C”>sinq t+ 2 % (15)
40. As seen from equations (13) and (14), the waves are

products of e and a function of (¢t =) for the main wave,

.
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(¢t + 2) for the reflected wave, thus:
A N e A ()] }

Gy iy = e, (s
hence, for constant (¢ — 1) on the main waves, and for constant
(¢ + 2) on the reflected waves, we have

%, + 1, = Be™¥
and an
i+ 1, = B )
that is, during its passage along the circuit the wave decreases
by the decrement ¢~%, or at a constant rate, independent of
frequency, wave length, etc., and depending merely on the
circuit constants 7, L, g, C. The decrement of the traveling
wave in the direction of its motion is

l(i KA
et = T2 e

and (16)

and therefore is independent of the character of the wave, for
instance its frequency, ete.

41, The physical meaning of the two waves ¢’ and ¢ can best
be appreciated by observing the effect of the wave when travers-
ing a fixed point A of the circuit.

Consider as example the main wave only, 7/ = ¢, + 7, and
neglect the reflected waves, for which the same applies.

From equation (74),

§ = @D, [g (= D] + ¢*A@HND [ (¢ — D]; (18)
or the absolute value is-

I = D1€—.\’)«—(u-s)l + D35+x7\—('u+x)l, (19)
where D, and D, have to be combined vectorially.

Assuming then that at the time ¢{ = 0, I = 0, for constant A
we have

I=D <€—(u—a)! — E—(u-(»s)t)’ (20)
the amplitude of I at point 2.

Since (81) is the difference of two exponential functions of

different decrement, it follows that as function of the time ¢, 7



504 TRANSIENT PHENOMENA

rises from 0 to a maximum and then decreases again to zero, as
shown in Fig. 98, where

I, = De~ =9t
13 —_ Ds_(’”'s)’,
I=1-1,

and the actual current 7 is the oscillatory wave with I as envelope.
The combination of two waves thus represents the passage of

a wave across a given point, the amplitude rising during the

arrival and decreasing again after the passage of the wave.

Fig. 98. Amplitude of electric traveling wave.

42, If 7 and so also s equal zero, ¥/, ¢ and 7, ¢” coincide in
equations (13) and (14), and C, and C, thus can be combined
into one constant B,, C, and C, into one constant B,, thus:

Cx + Cs =B Y ]
Cz + 04 = Bzy
C/+¢C/ =B/
¢/ + ¢/ =By,

(21)

and (13), (14) then assume the form
t=e"">{[B,cosqgt — ) + B/sing t — 2]
~[Bycosq (t + 2) + B/sing (¢t + D]}, (22)
!l

e = \/g s““’z{[(ﬂB,’ - B1>cos qt—=2— <§B‘+B,’>

q
sing (t — Z):,-I»[(%BZ’ —Bz)cosq t+2 - (%BZ+B2’>§inq t+ A)]} i
(23)
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These equations contain the distance N only in the trigono-
metric but not in the exponential function; that is, ¢ and e
vary in phase throughout the circuit, but not in amplitude; or,
in other words, the oscillation is of uniform intensity throughout
the circuit, dying out uniformly with the time from an initial
maximum value; however, the wave does not travel along the
circuit, but is a stationary or standing wave. It is an oscillatory
discharge of a circuit containing a distributed r, L, g, C, and
therefore is analogous to the oscillating condenser discharge
through an inductive circuit, except that, due to the distributed
capacity, the phase changes along the circuit. The free oscilla-
tions of a circuit such as a transmission line are of this character.

For A = 0, that is, assuming the wave length of the oscillation
as so great, hence the circuit as such a small fraction of the wave
length, that the phase of 4 and ¢ can be assumed as uniform
throughout the circuit, the equations (22) and (23) assume the
form

1 =ce""{B cos ¢t + By sin gt}
and (24)

¢ = \/ge_"l{(%’—/B, —B) cos gt — (%B +B’> sin qt};

these are the usual equations of the condenser discharge through
an inductive circuit, which here appear as a special case of a
special case of the general circuit equations.

If ¢ equals zero, the functions D and H in equations (13) and
(14) become constant, and these equations so assume the form

g = eu 2{[015“("')‘) + Ose—s(t—)‘)]

— [025+8(1+A) + Cle‘s(”')‘)]}
and (25)

e = \/gs—uz {[Ble-ﬁ-.\-(tAA) + Bas‘”“"”]
+ [st-f-s(t-f—)\) + B;""““)]},
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where

B=%C’—C’. (26)

This gives expressions of current and e.m.f. which are no
longer oscillatory but exponential, thus representing a gradual
change of 7 and e as functions of time and distance, corresponding
to the gradual or logarithmic condenser discharge. For 2 = 0,
these equations change to the equations of the logarithmic con-
denser discharge.

These equations (25) are only approximate, however, since in
them the quantities s, u, & have been neglected compared with
¢, assuming the latter as very large, while now it is assumed as
Z€r0.

43. If, however,

L A
m~2<L C)— 0, 27
that is,
T—gl
I=c (28)
or
r+g=L~+C,

or, in words, the power coefficients of the circuit are proportional
to the energy storage coefficients, or the time constant of the
r

VT equals the time constant

electromagnetic field of the circuit,

of the electrostatic field of the circuit, % , then
u = % = % = time constant of the circuit, (29)

and from equation (57) of Chapter I
R = s+ ¢,
b = sv/LC = o, (30)
k= ¢VLIC = oy, J‘
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and from equation (55) of Chapter 1

L L
a=5=Vz=o

¢ =0,
31
C_L_\/Z . (31)
2 - T VAT
and i ¢
¢,/ =0;

hence, substituting in equations (53) and (54) of Chapter I,
i = T DD [g (¢~ D]~ eI D[ ¢ + 4]
+ e N D (¢~ D]~ eI D[ ¢+ D]} (3
and
o = —\/ETE e en D g - D] 4 WD, g+ )
+ e VD g (=) + 7N D [g (¢ + NI}
(33)
These equations are similar to (13) and (14), but are derived
here for the case m = 0, without assumptions regarding the
relative magnitude of ¢ and the other quantities: “distortionless
circuit.”

These equations (32) and (33) therefore also apply for ¢ = 0,
and then assume the form

.
G=e I' {[Ce+e et =D]—[C e+t C+N 4 0 =5 0]} (34)

+ [Ce oD 4 O s N} (35)

These equations (34) and (35) are the same as (25), but in the
present -case, where m = 0, apply irrespective of the relative
values of the quantities s, ete.

Therefore in a circuit in which m = 0 a transient term may
appear which is not oscillatory in time nor in space, but
changing gradually.




508 TRANSIENT PHENOMENA

If the constant /2 in equations (53) and (54) differs from zero,
the oscillation (using the term oscillation here in the most general
sense, that is, including also alfernation, as an oscillation of zero
attenuation) travels along the circuit, but it becomes stationary,
as a standing wave, for & = 0; that is, the distance attenuation
constant i may also be called the propagation constant of the
wave.

h =0 thus represents a wave which does not propagate or
move along the circuit, but stands still, that is, a stationary or
standing wave.

If the constant  in equations (53) and (54) of Chapter I differs
from zero, the oscillation (using the term oscillation here in the most
general sense, that is, including also alternation, as an oscillation
of zero attenuation) travels along the circuit, but it becomes
stationary, as a standing wave, for h = 0; that is, the distance
attenuation constant 2 may also be called the propagation con-
stant of the wave.

h = 0 thus represents a wave which does not propagate or
move along the circuit, but stands still, that is, a stationary
or standing wave.



CHAPTER V.
STANDING WAVES.
44, If the propagation constant of the wave vanishes,
. h =0,

the wave becomes a stationary or standing wave, and the equa~-
tions of the standing wave are thus derived from the general
equations (53) to (64) of Chapter I, by substituting therein 4 = 0,

which gives
R2 =V — LCM); €}
hence, if ¥ > LCm?,
R} =1 — LCn?;
and if k< LCm?,
= LCm* —

Therefore, two different cases exist, depending upon the rela-
tive values of 4* and LCm?, and in addition thereto the inter-
mediary or critical case, in which &> = LCm?®

These three cases require separate consideration.

zomt =10 {3(5 -9 - {3 (\/C ol

is a circuit constant, while % is the wave length constant, that is,
the higher & the shorter the wave length.
A. Short waves,

I > LCw?, 3)
hence,
R} =k — LCwW (4)
and
s =0,

[& )
qg= ST me, (5)
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or approximately, for very large k,

k
C U ®
Herefrom then follows
qL
¢, = ? = ¢
o ="E s,
oL @
c, = ? = ¢
mL
and , ¢,/ = 5 = ¢

Substituting now 4 = 0 and (5), (6) in equations (53), (54), of
Chapter I, the two waves 7/, ¢ and ", ¢’ coincide, and all the
exponential terms reduce to €; hence, substituting

B, =C, +C,
B,=c,+c,
DS ®
Bl’ = Cx’ + Ca’:
and B/ =C/+C/,
gives
T =e " {[B, cos (¢t — kl) + B/sin (¢t — kl)]
— [By cos (gt + k) + B,/ sin (gt + k0)1} (9)
and :

e= %s—"t {[(mB,'— ¢B,) cos (gt —kl)— (mB,+¢B)) sin (gt~ k1))

+ [(mB)—~gB,) cos (qi+k) ~ (mB,+4B,) sin (gt-+/D)]}. (10)

Equations (9) and (10) represent a stationary electrical oscil-
lation or standing wave on the circuit.

B. Long waves,
k? < LCm?; (11)

5
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hence,
R} = LCm* — I, (12)
and
]cz
s=Vm - —,
LC (13)
g=0,

or approximately, for very small values of %,

o = L 9.

s=m = ‘§<Z - (7)’ (14)
herefrom then follows

¢, =c¢, =0,

cl’ = Q}ii_ﬂ)_L

I
and (15)
of = (m —/ L

Substituting now & = 0 and (13), (15) into (53) and (54) of

Chapter I, the two waves ¢/, ¢’ and 1/, ¢’ remain separate, having -

different exponential terms, e~ “~ % and ¢~ ®“*9 but in each of
the two waves the main wave and the reflected wave coincide,
due to the vanishing of ¢.

Substituting then

B, =0, -0,
B [ 0/ + C’y
1 1 2 (16)
B,=0C,—C,
and B/ =C/+C/

gives
i = emw{(B e+ + B~ cos kl— (B,/e** + B, ¢=*) sin A}
(17)
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and
£ %E_M{[(m + ) B/e*st + (m — ) B/e~ "] cos kL
+[(m + 5) Byet + (m—s) Bye~*]siu ki}
- %rm [(B/e*t + B/«™) coskl

+ (Bye** + B,e~*) sinkl] (18)
+ s[(B/e*s — B,s=%) cos kl
+ (Bys*e — By~ sin kl]}

Equations (17) and (18) represent a gradual or exponential
circuit discharge, and the distribution still is a trigonometric
function of the distance, that is, a wave distribution, but dies out
gradually with the time, without oscillation.

C. Critical case,

kP = LCm?; (19)
hence,
R} =0,
s=0, (20)
q="u
and

B , mL </L , (21)
O =6 == 5=C: .

and all the main waves and their reflected waves coincide when
substituting 2 = 0, (20), (21) in (53) and (54) of Chapter I
Hence, writing
B=C —-C, +C,—-C,
and (22)
B =C/ +C/ +Cf+0C/
gives
1 =¢"% {Bcos kl — B’ sin kl} (23
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and

o= \/ge‘“‘ {B' cos ki + B sin kl). 24)

In the critical case (23) and (24), the wave is distributed as
a trigonometric function of the distance, but dies out as a
simple exponential function of the time.

45. An electrical standing wave thus can have two different
forms: it can be either oscillatory in time or exponential in time,
that is, gradually changing. It is interesting to investigate the
conditions under which these two different cases oceur.

The transition from gradual to oscillatory takes place at

ky? = m*LC; (25)

for larger values of % the phenomenon is oscillatory ; for smaller,
exponential or gradual.

Since & is the wave length constant, the wave length, at which
the phenomenon ceases to be oscillatory in time and becomes a
gradual dying out, is given by (2) of Chapter IV as

2
lwo ’:E
(26)

27

=m\/LC R

In an undamped wave, that is, in a circuit of zero r and zero g,
in which no energy losses occur, the speed of propagation is

[
» vVIC

@7

and if the medium has unit permeability and unit inductivity, it
is the speed of light,
S, = 3 X 10". (28)

In an undamped circuit, this wave length [, would correspond

to the frequency,
o ky .
bV ™
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hence, from (1) of Chapter IV,
7
fo= 51 =
The frequency at the wave length 7, is zero, since at
this wave length the phenomenon ceases to be oscillatory ; that is,
due to the energy losses in the circuit, by the effective resistance r
and effective conductance g, the frequency f of the wave 1s
reduced below the value corresponding to the wave length Z.,
the more, the greater the wave length, until at the wave length
l,, the frequency becomes zero and the phenomenon thereby
non-oscillatory. This means that with increasing wave length
the velocity of propagation of the phenomenon decreases, and

becomes zero at wave length Z,.

If m*LC = 0,

ky =0and , = o;
that is, the standing wave is always oscillatory.
It mLC = o,

ky = o and l, = 0;

=

(29)

A
[avl

T

that is, the standing wave is always non-oscillatory, or gradually
dying out.

In the former case, m’LC = 0, or oscillatory phenomenon,
substituting for m?, we have

1/r gV _
ig-gw-o

r\/—%——g\/—g=0,

and

(S
I
Qlt~

or
rC — gL = 0 (distortionless circuit).

In the latter case, m’LC’ = o, or non-oscillatory or exponen-
tial standing wave, we have
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and since neither r, g, L, nor C' can be equal infinity it fol-
lows that either L = QorC = 0.

Therefore, the standing wave in a circuit is always oscillatory,
regardless of its wave length, if

¢ — gL = 0, (30)

or

L
= 55 (81)

I3

that is, the ratio of the energy coefficients is equal to the ratio
of the reactive coefficients of the circuit.

The standing wave can never be oscillatory, but is always
exponential, or gradually dying out, if either the inductance L or
the capacity ¢ vanishes; that is, the circuit contains no capacity
or contains no inductance.

In all other cases the standing wave is oscillatory for waves
2z

ko
; . 1 \ﬁ EF
2 = 2 = - _-— e B
ks = m*LC 4{7 ARAY: (32)

and is exponential or gradual for standing waves longer than the
critical wave length [, ; or for & < k, the standing wave is
exponential, for & > £, it is oscillatory.

The value &, = m V/LC thus takes a similar part in the theory
of standing waves as the value r;’ = 4 L,C, in the condenser
discharge through an inductive circuit; that is, it separates
the exponential or gradual from trigonometric or oscillatory
conditions.

The difference is that the condenser discharge through an
inductive circuit is gradual, or oscillatory, depending on the
circuit constants, while in a general circuit, with the same circuit
constants, usually gradual as well as oscillatory standing waves
exist, the former with greater wave length, or

mVIC >k, (33)

shorter than the critical value l,,,u = =—, where

the latter with shorter wave length, or
mVIC < k. (34)
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An idea of the quantity k,, and therewith the wave length [,
at which the frequency of the standing wave becomes zero, or
the wave non-oscillatory, and of the frequency f,, which, in an
undamped circuit, will correspond to this critical wave length Z,,,
can best be derived by considering some representative numerical
examples.

As such may be considered:

(1) A high-power high-potential overhead transmission line.

(2) A high-potential underground power cable.

(3) A submarine telegraph cable.

(4) A long-distance overhead telephone circuit.

(1) High-power high-potential overhead transmzssion hine.

46. Assume energy to be transmitted 120 miles, at 40,000
volts between line and ground, by a three-phase system with
grounded neutral. The line consists of copper conductors, wire
No. 00 B. and S. gage, with 5 feet between conductors.

Choosing the mile as unit length,

r = 0.41 ohm per mile.

The inductance of a conductor is given by
l .
L=1 (2 log. l—j + g) 107", in henrys, (35)

where [ = the length of conductor, in em.; I, = the radius of
conductor; [; = the distance from return conductor, and x =
the permeability of conductor material. For copper, x = 1.

As one mile equals 1.61 X 10° em., substituting this, and
reducing the natural logarithm to the common logarithm, by the
factor 2.3026, gives

]
L= (0.7415 log £+ 0.0805), in mh. per mile.  (36)

For I, = 0.1825 inch and I; = 60 inches,
L = 1.95 mh. per mile.

The capacity of a conductor is given by

=1 ( J-’L—i-l) 10°, in farads, @7

287 lug.lﬁ
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where S, = 3 X 10© = the speed of light, and ¢ = the allow-
ance for capacity of insulation, tie wires, supports, etc., assumed
as 5 per cent.

Substituting S, and reducing to one mile and common loga-
rithm, gives

¢ = O'M?S,in mf.; (38)
Zogz‘-:
hence, in this instance,
C = 0.0162 mf.

Estimating the loss in the static field of the line as 400 watts
per mile of conductor gives an effective conductance,
400

= = (0.25 —6
g 10,000° 0.25 X 107" mho,

which gives the line constants per mile asr = 0.41 ohm; L =
1.95X107® henry; g =0.25 X 10~® mho, and C' = 0.0162 X 10~°
farad.

Herefrom then follows

_im 91 55) =
U = 2(L+ G)—2(210 + 15.5) = 113,
1/r 9\ _
m“é(i_ﬁ)'w’

o =+~IC = V316 X 107° = 562 x 107,
ky = m~I0 = 545 X 10~;

hence, the critical wave length is

27

l,

“ = T

11,500 miles,

and in an undamped circuit this wave length would correspond
to the frequency of oscillation,
m

Jo= 5= 15.7 cycles per sec.
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Since the shortest wave at which the phenomenon ceases to be
oscillatory is 11,500 miles in length, and the longest wave which
can originate in the circuit is four times the length of the circuit,
or 480 miles, it follows that whatever waves may originate in this
cireuit are by necessity oscillatory, and non-oscillatory currents
or voltages can exist in this circuit only when impressed upon it
by some outside source, and then are of such great wave length
that the circuit is only an insignificant fraction of the wave, and
great differences of voltage and current of non-oscillatory nature
cannot exist, as standing waves.

Since the difference in length between the shortest non-
oscillatory wave and the longest wave which can originate in the
circuit is so very great, it follows that in high-potential long-
distance transmission circuits all phenomena which may result
in considerable potential differences and differences of current
throughout the circuit are oscillatory in nature, and the solution
case (4) is the one the study of which is of the greatest
importance in long-distance transmissions.

With a length of circuit of 120 miles, the longest standing wave
which ean originate in the circuit has the wave length

by, = 480 miles,

and herefrom follows
2%

k= = 0.0134
w
and
B 0.013¢ 57 "
I~ 3o x 0@~ ST X105
hence, in the expression of ¢ in equation (101),
RN, 3
VE
1=V —m?

—
= V3T X 10° = 0.00041 X 105,

m® is negligible compared with —- : that is
o’ ¢l

k 0.0134
= —= 1

VILC 5.62 X 10

= 2380; (39)
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or

=

= 380 cycles per sec.

f=

jiv)

T

Hence, even for the longest standing wave which may origi-
nate in this transmission line, ¢ = 2380 is such a large quantity
compared with m = 97 that m can be neglected compared with
g, and for shorter waves, the overtones of the fundamental wave,
this is still more the case; that is, in equation (9) and (10) the
terms with m may be dropped. In equation (10) —]cq thus be-
come common factors, and since from equation (39)

Lg _ i”
2=z (40)
by substituting m = 0 and (40) in (9) and (10) we get the
general equations of standing waves in long-distance transmission
lines, thus:
1 =&~ {[B, cos (¢t — k&) + B/ sin (¢t — kl)]
— [B, cos (gt + k) + B, sin (¢t + K]}, @)

e =— \/és‘“‘{[B‘ cos (qt — k) + B/ sin (gt — k)]
+ (B, cos (gt + k) + By sin (gi+kD)]}, (42)

or
e =c""{[A, cos (gt + k) + A/sin (¢ + k)]
+ (4, cos (gt — k) + A, sin (¢t — ¥}, (43)
i= \/% e~ {[4, cos (gt + k) + A/ sin (gt + D))
= [dycos (gt — kD) + A,/ sin (gt — kD)]}, (44)
where

L i
4, =~— \/632, A =~ \/OB, ete.

(2) High-potential underground power cable.
47. Choose as example an underground power cable of 20
miles length, transmitting energy at 7000 volts between con-
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ductor and ground or cable armor, that is, a three-phase three-
conductor 12,000-volt cable.

Assume the conductor as stranded and of a section equiva-
lent to No. 00 B. and S. G.
the expression for the capacity, equation (23), multiplies with
the expression for the capacity, equation (119), multiplies with
the dielectric constant or specific capacity of the cable insula-
tion, and that é—“‘ is very small, about three or less; or taking the
values of the circuit constants from tests of the cable, we get
values of the magnitude, per mile of single conductor, r = 0.41
ohm; L = 0.4 X 1072 henry; ¢ = 10~° mho, corresponding to a
power factor of the cable-charging current, at 25 cycles, of
1 per cent; C' = .6 X 10~° farad.

Herefrom the following values are obtained: u = 513, m = 512,
o = VIC =155 X 1078, k, = m VIC = 7.95 X 107, and the
critical wave length is [, = 790 miles, and the frequency of an
undamped oscillation, corresponding to 7, is f, = 81.5 cycles
per second.

As seen, in an underground high-potential cable the critical
wave length is very much shorter than in the overhead long-
distance transmission line. At the same time, however, the
length of an underground cable ecircuit is very much shorter than
that of a long-distance transmission line, so that the critical wave
length still is very large compared with the greatest wave length
of an oscillation originating in the cable, at least ten times as
great. Which means that the discussion of the possible phe-
nomena in any overhead line, under (1), applies also to the under-
ground high-potential cable circuit.

In the present example the longest standing wave which may
originate in the cable has the wave length

I, = 80 miles,

which gives

k= 0.0785
and ’
_‘_ = !"070
vie
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or about ten times as large as m, so that m can still be neglected
in equation (26) of Chapter IV, and we have

k
="—— = 5070
1=tc ’
or J = 810 cycles per second,

and the general equations of the phenomenon in long-distance
transmission lines, (27) to (29), also apply as the general equa-
tions of standing waves in high-potential underground cable
circuits.

(3) Submarine telegraph cable.

48. Choosing the following values: length of cable, single
stranded-conductor, ground return, = 4000 miles; constants per
mile of conductor: r = 3 ohms, L = 10~ henry, g = 10~ mho,
and C' = 0.1 X 107° farad, we get u=1500; m = 1500; ¢ = VLC
=10 X 107, and k, = m VLC = 15 X 10, from which the
critical wave length is Z,, = 418 miles, and the corresponding
frequency fo = 239 cycles per second.

From the above it is seen that in a submarine cable the critical
wave length 7, is relatively short, so that in long submarine
cables standing waves may appear which are not oscillatory in
time but die out gradually, that is, are shown by the equation
of case B. In such cables, due to their relatively high resist-
ance, the damping effect is very great; » = 1500, and standing
waves, therefore, rapidly die out.

In the investigation of the submarine cable, the complete
equations must therefore be used, and ¢ cannot always be
assumed as large compared with m and u, except when dealing
with local oscillations.

(4) Long-distance overhead telephone circuit.

49. Consider a telephone circuit of 1000 miles length, metallic
return, consisting of two wires No. 4 B. and 8. G., 24 inches
distant from each other.

Calculating in the same way as discussed under (1), the follow-

ing constants per mile of conductor are obtained: r = 1.31 ohms,

L =1.84 X 107 henry, and C = .0172 X 107° farad.
As conductance, g, we may assume
(@) g = 0; that is, very perfect insulation, as in dry weather.
() g = 2.5 X 107 that is, slightly leaky line.
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(¢) ¢ = 12 X 107%; that is, poor insulation, or a leaky line.

(d) g =40 X 107%; that is, extremely poor insulation, as
during heavy rain.

The condition may also be investigated where the line is
loaded with inductance coils spaced so close together that in
their effect we can consider this additional inductance as uni-
formly distributed. Let the total inductance per unit length
be increased by the loading coils to

L, =9 X 107*h,
or about five times the normal value.

Denoting then the constants of the loaded line by the index 1,
we have:

Quantity (@ ® () (@
u = 856 429 706 1,518
w = Kt 146 423 1,236
m = 356 283 G — 806
my= w3 0 —or7 —1,090
¢ =vic = 5.0310-¢
o =VILC = 12.45 X106
ko =mVIC = 2%10-8 1.6X10-5 | 33.7 X10-6 | 4.56 %103
ky=mVL,C= | 910X10-0 0 3.45 X10-3 | 18,5 X10-%
Lg= "’A_: - 3,140 3,0% 187,000 1,380
luy,= ?—E = 6,000 £ 1,820 404
o= % = 55.6 '] 0.9 128
Fu=gt = 1.6 0 4“ 173

In a long-distance telephone line, distributed leakage up to a
certain amount increases the critical wave length and thus
makes even the long wave oscillatory. Beyond this amount
leakage again decreases the wave length. Distributed induc-
tance, as by loading the line, increases the critical wave length
if the leakage is small, but in a very leaky line it decreases the
critical wave length, and the amount of leakage up to which an
increase of the critical wave length occurs is lessin a loaded line,
that is, in a line of higher inductance.
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In other words, a moderate amount of distributed leakage
improves a long-distance telephone line, an excessive amount of
leakage spoils it. An increase of inductance, by loading the line,
improves the line if the leakage is small, but may spoil the line
if the leakage is considerable. The amount of leakage up to
which improvement in the telephone line occurs is less in a
loaded than in an unloaded line; that is, a loaded telephone line
requires a far better insulation than an unloaded line.



CHAPTER VL
TRAVELING WAVES.

50. As scen in Chapter V, especially in electric power cir-
cuits, overhead or underground, the longest existing standing
wave has a wave length which is so small compared with the
critical wave length — where the frequency becomes zero — that
the effect of the damping constant on the frequency and the
wave length is negligible. The same obviously applies also to
traveling waves, generally to a still greater extent, since the
lengths of traveling waves are commonly only a small part of the
length of the circuit. Usually, therefore, in the discussion of
traveling waves, the effect of the damping constants on the fre-
quency constant ¢ and the wave length constant k& can be
neglected, that is, frequency and wave length assumed as inde-
pendent of the energy loss in the circuit.

Usually, therefore, the equations (13) and (14) of Chapter v
can be applied in dealing with the traveling wave.

In these equations the distance traveled by the wave per
sccond is used as unit length by the substitution

A = dl,

where ¢ = /LG,
as this brings ¢ and \ into direct comparison and eliminates 4 and
I from the equations by the equation (11) of Chapter IV.

With this unit length the critical value of &, ko = m+/LC, by
substituting (8) and (7) of Chapter IV, gives go = m, and the
condition of the applicability of equations (13) and (14) of
Chapter IV, therefore, is that ¢ be a large quantity compared
with ¢ = m.

In this case % is a small quantity, and thus can usually be

neglected in equations (15) and (14) of Chapter 1V, except when

¢ and ¢ are very different in magnitude.
524
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This gives, under the limiting conditions discussed above, the
general equations of the traveling wave, thus:

T= U N[0 cosg (¢ — D+ C/sing (¢ — )]
— et N cos g (¢ + D+ C)sing (¢ + )]
+ 7N [0 cosg (t — D+ Cysing (¢ — A)
— e N [0 cos g (t+ D+ C/sing (¢ + D]} @)
and
\/Z —ut { +s(t—=A) ’
e=—\ze {e [Cieosq(t — D+ C/sing ¢ — 2)]
+ etV cosg (¢ + D+ C,/sing (¢ + )]
+ eV [Ccos g ¢ — A+ CJsing (¢ — )]
+ e N [Ccosq t + D+ C/sing € + D]},

2
or
e=e W {cHHN4 cosg (¢t + D+ A/ sing (¢ + )]
+ etV 4 cosqt — N+ 4,/ sing (¢ — )]
+ e U4 cos gt + N+ A sing (¢ + )]
+ e N4, cosq(t — N+ A/ sing (¢ — D]} 3)
and
: 5 —ul +s(t+A) 7oy
i=\re {e [4,cosg (t+ D+ A/ sing (¢ + )]
— et =N TA,cosg (t — N+ 4 sing ¢ — 2]
+ e N (A cosq (t + N+ A sing (¢ + A)]
— e VA, cosqt — N+ A/ sing ¢ — D]},
@
where
1048
AV
A =dl, ®
and
o = VLC.

In these equations (1) to (4) the sign of X\ may be reversed,
which merely means counting the distance in opposite direction.
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This gives the following equations:

[ = | N [B cosqg(t — D+ B/sing (t — )]
Z erowrn (B cosq (¢ + )+ B sing (¢ + 4]
+e7$4-N[B cosq (t — N+ By sing (t = ]
— e +N (B cos g (¢ + N+ B sing (¢ + N}, (6)

and

e = \/[Es‘“‘{s““‘” [B,cosq(t — )+ B/sing (¢ — 4]
+ e*UHN B cos g (¢ + A+ By sing (¢ + 7))
4+ e~5=N[B cosq (t — N+ B sing ¢t ~ N)]
+ e=s+N[B,cos g (¢ + N+ B/ sing ¢ + N},
™
or
o= e {e* D[ cos g (t = D+ A/ sing (¢ — D]
+ etV [4 cosg (L + A+ A/ sing (¢ + 2]
L= U=NT4 cosq (t — )+ A sing ¢ — A)]
+ e 4 cosq (¢ + N+ A/ sing ¢+ D]} ®)

[

i = \/—_5_"’{5‘”(")‘) [4,co8q (t — D+ A/ sing (¢ — 2]
— T[4, cosg (t+ N+ 4y sing (¢ + D)
+ e N4 cosq (¢t — ) + A/ sing (¢ — )]
O [4 cosg b+ D) + A/sing (¢ + D]}
(©)]

In these equations (1) to (9) the values 4, B, C, etc., are
integration constants, which are determined by the terminal
conditions of the problem.

The terms with ({ — 1) may be considered as the main wave,

the terms with (¢ + 1) as the reflected wave, or inversely, depend-
ing on the direction of propagation of the wave.
' Bl. As the traveling wave, equations (1) to (9), consists
of a main wave with variable (! — 1) and a reflected wave of the
same character but moving in opposite direction, thus with the
variable (¢ + 2), these waves may be studied separately, and
afterwards the effect of their combination investigated.

el
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Thus, considering at first one of the waves only, that with the
variable (£ — A), from equations (8) and (9)-we have

e=e""{et N4 cosq(t — N+ A/sing (¢ — ]
+ e N4 cosq (¢ — A) + 4/ sing ¢ — D]}
AT+ AT ) cosg (¢ - A)
+ (A1/5+s(t—~>\) + Aale—s(t—-a\)) sin q (t — 1)}
(10)

'£=\/ge; 1)

that is, in a single traveling wave current and voltage are in
phase with each other, and proportional to each other with an
effective impedance, the surge impedance or natural smpedance of

the circuit
¢_ L. 2
2=z \/;, (12)

This proportionality between e and 7 and coincidence of phase
obviously no longer exist in the combination of main waves
and reflected waves, since in reflection the current reverses with
the reversal of the direction of propagation, while the.voltage
remains in the same direction, as seen by (8) and (9).

In equation (10) the time ¢ appears only in the term (¢ — \)
except in the factor e =%, while the distance 2 appears only in the
term (¢ — 4). Substituting therefore

and

G=1t—2

hence
t=t+ 2

thatis, counting the time differently at any point 2, and counting
it at every point of the circuit from the same point in the phase of
the wave from which the time ¢ is counted at the starting point
of the wave, A = 0, or, in other words, shifting the starting point
of the counting of time with the distance A, and substituting in
(150), we have
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e=e" {c¥e (4, cos g+ A, sin gt)
+ 7% (4, cos ghy+ A/ sin gt)}
="Mt (4, cos gty + A,/ sin gty)
+ &7 (4, cos g+ A, sin ab)}
=eTM T (A, et 4 Ay =) cos gy
+ A e 4 A4S e sin gt}

(13)

The latter form of the equation is best suited to represent the
variation of the wave, at a fixed point 1 in space, as function of
the local time ¢,

Thus the wave is the product of a term e~* which decreases
with increasing distance 1, and a term

€y =" {5 (4, cos gty + A/ sin qt)
+ 7% (A cos gty + A sin gt}
=M {(Ae*h + A, e cos g
+ (Axl e+5h + Aa’ 5—53:) Sin Qtz}:
(14
which latter term is independent of the distance, but merely a
function of the time#, when counting the time at any point of the
line from the moment of the passage of the same phase of the
wave.

Since the coefficient in the exponent of the distance decrement
¢™** contains only the circuit constant,

-39

but does not contain s and ¢ or the other integration constants,
resubstituting from equations (10) to (7) of Chapter IV,
A =0l =IVIC,
we have
ul = uVICI

VG ovE}s

where [ is measured in any desired length.
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Therefore the attenuation constant of a traveling wave is

I | \/5 \/J_JL
un—u«/LC—§{r Z—i—g ¢ (15)
and hence the distance decrement of the wave,

emuh = o —aVIC,

depends upon the circuit constants r, L, g, C only, but does not
depend upon the wave length, frequency, voltage, or current;
hence, all traveling waves in the same circuit die out at the same
rate, regardless of their frequency and therefore of their wave
shape, or, in other words, a complex traveling wave retains its
wave shape when traversing a circuit, and merely decreases in
amplitude by the distance decrement ¢~**. The wave attenua-
tion thus is a constant of the eircuit.

The above statement, obviously applies only for waves of con-
stant velocity, that is, such waves in which ¢ is large compared
with s, u, and m, and therefore does not strictly apply to ex-
tremely long waves, as discussed in 13.

52. By changing the line constants, as by inserting inductance
L in such a manner as to give the effect of uniform distribution
(loading the line), the attenuation of the wave can be reduced,
that is, the wave caused to travel a greater distance I with the
same decrease of amplitude.

As function of the inductance L, the attenuation constant (155)
is a minimum for

a =Y
hence,
rC — gL =0,
or
L r (16)
¢ g

and if the conductance g = 0 we have L = o ; hence, in a per-
fectly insulated circuit, or rather a circuit having no energy losses
depending on the voltage, the attenuation decreases with increase
of the inductance, that is, by “loading the line,” and the more
inductance is inserted the better the telephonic transmission.
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In a leaky telephone line increase of inductance decreases the
attenuation, and thus improves the telephonic transmission, up
to the value of inductance, .

rC
= -

g

and beyond this value inductance is harmful by again increasing
the attenuation.

For instance, if a long-distance telephone circuit has the
following constants per mile: r=1.31 ohms, L = 1.84 X 10~*
henry, g = 1.0 X 10~® mho, and C' = 0.0172 X 10-° farad, the
attenuation of a traveling wave or impulse is

u, = 0.00217;

L @17)

hence, for a distance or length of line of /, = 2000 miles,
emwh = =3¢ = (,0129;

that is, the wave is reduced to 1.29 per cent of its original value.
The best value of inductance, according to (17), is

L= 30 = 0.0225 henry,

and in this case the attenuation constant becomes

u, = 0.00114,
and thus
e — =22 — 0,105,

or 10.55 per cent of the original value of the wave; which means
that in this telephone circuit, by adding an additional inductance
of 22.5 — 1.84 = 20.7 mh. per mile, the intensity of the arriving
wave is increased from 1.29 per cent to 10.55 per cent, or more
than eight times.

If, however, in wet weather the leakage increases to the value
g = 5 X 10~ we have in the unloaded line

u, = 0.00282 and e~ = 0.0035,
while in the loaded line we have
u, = 0.00341 and e~% = 0.0011,

i
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and while with the unloaded line the arriving wave is still 0.35
per cent of the outgoing wave, in the loaded line it is only 0.11
per cent; that is, in this case, loading the line with inductance
has badly spoiled telephonic communication, increasing the
decay of the wave more than threefold. A loaded telephone line,
therefore, is much more sensitive to changes of leakage g, that is,
to meteorological conditions, than an unloaded line.
53. The equation of the traveling wave (13),

€= ¢ T U (¥4 (4, cos gl + A, sin gy
+ e~ (A cos gty + A singh)},
can be reduced to the form

e = e "B (+h — ¢~ ) gin gt

+ B~ (e — ¢~ %) cos gty }, (18)
where
hy=t—y, =t—2-1,
and (19)
=4 —v,=t— 24—y,

By substituting (19) in (18), expanding, and equating (18)
with (13), we get the identities
Ee=cos gy, — B~ singy, = 4,,
Eensin gy, + B~ cosqy, = 4/,

, (20)
Eetncos gy, — Bt singy, =— 4,

Eetotgin gy, + Bt cos gy, =—4,,

and these four equations determine the four constants E,, E,,

Yo Vo
Any traveling wave can be resolved into, and considered as

consisting of, a combination of two waves:
the traveling sine wave,

= Ele—-uh S—ut;,(s-&-xf.;, — s_"h) sin qtl,y (21)

and the traveling cosine wave,
e, = B e (¥ — =) cos gl (22)




532 TRANSIENT PHENOMENA

Since ¢ is a large quantity compared with » and s, the two
component traveling waves, (21) and (22), differ appreciably
from each other in appearance only for very small values of ¢,
that is, near , = 0 and 4, = 0. The traveling sine wave rises
in the first half ¢ycle very slightly, while the traveling cosine wave
rises rapidly; that is, the tangent of the angle which the wave
makes with the horizontal, org—te , equals 0 with the sine wave and
has a definite value with the cosine wave.

All traveling waves in an electric circuit can be resolved into
constituent elements, traveling sine waves and traveling cosine
waves, and the general traveling wave consists of four component
waves, a sine wave, its reflected wave, a cosine wave and its
reflected wave.

The elements of the traveling wave, the traveling sine wave e,,
and the traveling cosine wave e, contain four constants: the
intensity constant, E; the attenuation constant, u, and u,
respectively; the frequency constant, ¢, and the constant, s.

The wave starts from zero, builds up to a maximum, and then
gradually dies out to zero at infinite time.

The absolute term of the wave, that is, the term which repre-
sents the values between which the wave oscillates, is

e = EE—uAE—ut, (5+3t; — 5—351)_ (23)

The term e, may be called the amplitude of the wave. Itis a
maximum for the value of ¢, given by

ey _

T

which gives

— (u - S) s—(u—s} ty + (u + S) E—(1b+u) ty — 0;

hence,
20, _ Y + s
u—s
and .
1 u+ s
=5 log ——, (24)

2
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and substituting this value into the equation of the absolute
term of the wave, (163), gives

_ 2s u+ sy 2
ey = FBe=* ——— <,_)
Vi \u_s . ((25)
The rate of building up of the wave, or the steepness of the wave

front, is given by
de,
¢ =[]
o [dtl u=0

Ee‘")‘[— (lb _ S) s—(u—e‘)i, + (u + S) 5—(u+svu]0
= 2 sEe™", ((26)

as
G,

I

that is, the constant s, which above had no interpretation,
represents the rapidity of the rise of the wave.
Referring, however, the rise of the wave to the maximum
value ¢, of the wave, and combining (165) with (166), we have
ks
(u + s) 2

u—s

2s

Gy = en (@

(=)
The rapidity of the rise of the wave is a maximum, that is,
t, a minimum, for the value of s, in equation (164), given by
d,
F
which gives
wu+s  2us’
w—s -8’

log

hence, s = 0, or the standing wave, which rises infinitely fast,
that is, appears instantly.

The smaller therefore s is, the more rapidly is the rise of the
traveling wave, and therefore s may be called the acceleration
constant of the traveling wave.

54. In the components of the traveling wave, equations (21)
and (22), the traveling sine wave,

e = Be™e ™ (e — ) sin gt (21),
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and the traveling cosine wave (22),

e, = Ee~"heh (e ¥ — ¢ =) cos gfy

with the amplitude,

ey = e the et (s+st; _ E—-st;)y (28)
we have
e, = g, sin ¢l
and (29)
e, = ¢, ¢0s ¢l

If ¢, = 0, e, = 0; that is, #; is the time counted from the
beginning of the wave.

It is

h=t—-2-7,

or, if we change the zero point of distance, that is, count the
distance A from that point of the line at which the wave starts
at time ¢ = 0, or, in other words, count time ¢ and distance 1
from the origin of the wave,

L=t—=12
and the traveling wave thus may be represented by the amplitude,
e, = Es—ut (E+at‘ _ E—st;);

the sine wave,
e, = Be™™ (7% — ¢~ sin qf) = e, sin gl; (30)

the cosine wave,
6, = B (e — ¢ cos gl) = e, cos qly;

and # =¢— A can be considered as the distance, counting
backwards from the wave front, or the temporary distance; that
is, distance counted with the point A, which the wave has just
reached, as zero point, and in opposite direction to 1.

Equation (30) represents the distribution of the wave along
the line at the moment ¢.

As seen, the wave maintains its shape, but progresses along
the line, and at the same time dies out, by the time decrement

e,
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Resubstituting,
h=t—2
the equation of the amplitude of the wave is
€y = I (e300 _ g=s (=N (31)

As function of the distance 2, the amplitude of the traveling
wave, (171), is a maximum for

de,
a=b
which gives
A=0;

that is, the amplitude of the traveling wave is a maximum at all
times at its origin, and from there decreases with the distance.
This obviously applies only to the single wave, but not to a
combination of several waves, as a complex traveling wave.
For A=0,

e, = et (EHL_ &),

and as function of the time ¢ this amplitude is a maximum,
according to equations (23) to (25), at

1 U+ s
t“ZE_SIOgu—s}
and is “ (32)
2s  fu+ 8\ ¢
3, = B (A 25)
z, ’x/'u"——s’<u—3 J

At any other point 2 of the circuit, the amplitude therefore
is a maximum, according to equation (24), at the time

b =l + 2

and is u
28 fy 4 8\ % 33)
VuF = ¢ (u - S> .

em =
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55. As an example may be considered a traveling wave having
the constants u = 115, s = 45, ¢ = 2620, and E = 100, hence,
e = 100 e—115¢ (5+¢51,__ €—451;)’
= 100 g—115A (5—7‘”1 _ E—xcol,)’

where §={—2.
In Fig. 99 is shown the amplitude ¢, as function of the dis-
tance 4, for the different values of time,

t=24,8, 12, 16, 20, 24, and 32 X 102,

N
at[Z=2,4, B, 12, 16, 20, 24, 32 % 103 Sec]
i< 115
N RN
\
v
\
L ~ [
\ ~ N |
RAER o M~ Distinde
\ TN
2 |\ 2 q —
[ I~ ;
109X2 8 10 12 14 1 18 20 22 2

Fig. 99. Spread of amplitude of electric traveling wave.

with the maximum amplitude e, in dotted line, as envelope of
the curve of e,

As seen, the amplitude of the wave gradually rises, and at the
same time spreadsover the line, reaching the greatest value at the
starting point 2 = 0 at the time ¢, = 9.2 X 10~ sec., and then
decreases again while continuing to spread over the line, until it
gradually dies out.

It is interesting to note that the distribution curves of the
amplitude are nearly straight lines, but also that in the present
instance even in the longest power transmission line the wave has
reached the end of the line, and reflection occurs before the
maximum of the curve is reached. The unit of length 2 is the
distance traveled by the wave per second, or 188,000 miles, and
during the rise of the wave, at the origin, from its start to the
maximum, or 9.2 X 10~* sec., the wave thus has traveled 1760
miles, and the reflected wave would have returned to the origin
before the maximum of the wave is reached, providing the cir-
cuit is shorter than 880 miles.
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~ Fig. 100. Passage of traveling wave at a given point of a transmission line.
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With s = 1 it would be ¢, = 8.7 X 107® sec., or nearly the
same, and with s = 0.01 it would be ¢, = 3.75 X 107° sec., or,
in other words, the rapidity of the rise of the wave increases very
little with a very great decrease of s.

Fig. 100 shows the passage of the traveling wave, e, =¢, sin gt,
across a point A of the line, with the local time ¢ as abscissas
and the instantaneous values of ¢, as ordinates. The values are
given for 2 = 0, where §;, = ¢; for any other point of the line 2
the wave shape is the same, but all the ordinates reduced by the
factor e~#%* in the proportion as shown in the dotted curve in
Fig. 99.

Fig. 101 shows the beginning of the passage of the traveling
wave across a point 2 = 0 of the line, that is, the starting of a
wave, or its first one and one-half cycles, for the trigonometric
functions differing successively by 45 degrees, that is,

= ¢, sin gt
e +e . 7
‘752 = ¢, sin (qtl + Z)’

, = €, 08 ¢f; = e, sin <qt, + g>,

[

e . 3
'\/—2’ = ¢, o8 (gt, + £)= e, sin (qtl + 7[)

The first curve of Fig. 101 therefore is the beginning of Fig. 100.

In waves traveling over a water surface shapes like Fig. 101
can be observed.

For the purpose of 1llustrat10n, however, in Figs. 100 and 101
the oscillations are shown far longer than they usually occur;
the value ¢ = 2620 corresponds to a frequency f = 418 cycles,
while traveling waves of frequencies of 100 to 10,000 times as
high are more common.

Fig. 102 shows the beginning of a wave having ten times the
attenuation of that of Fig. 101, that is, a wave of such rapid
decay that only a few half waves are appreciable, for values of
the phase differing by 30 degrees.

b56. A specially interesting traveling wave is the wave@
which %

s =, (34)

¥

-
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since in this wave the time decrement of the first main wave and
its reflected wave vanishes,

et 1;

(35)

that is, the first main wave and its reflected wave are not tran-
sient but permanent or alternating waves, and the equations of

7] T [ 7 2 28 ' BXI0*
= Tindo [—
€ in g 1
o] cosl(g 7j+
- / T~ ]
Tsin|( gL 0°) —
—
o sin (91, |+ 60°)
™~
L |
T~
Co in (1 F80°)
=cdcosqy)
LT T
N~
¢, dos (41, I 90P), [
—~(
€0 Fos (2 [+ 50’ N~

__T

= 1160 q 5210

— 8= w‘) = m‘ﬁ

Fig. 102. Passage of a traveling wave at a given point of a line.

the first main wave give the equations of the alternating-current
circuit with distributed r, L, g, C, which thus appear as a special
case of a traveling wave.

Since in this case the frequency, and therewith the value of ¢,
are low and comparable with  and s, the approximations made
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in the previous discussion of the traveling wave are not per-
missible, but the general equations (53) and (54) of Chapter I

have to be used.

Substituting therefore in (53) and (54) of Chapter I,

s =,
gives
i=[e"{C, cos (¢t — k) + C/sin (gt — )}
— e*tM {0, cos (gt + M) + Csin (¢t + kD) )1
— e [~ M {0, cos (gt + kD) + C/ sin (gt + kD))
— et {0 cos (g = k) + Cff sin (gt — i)}
and

e=[c""{(c/C/—~¢C,) cos (gt — kI)
— (¢,/C, + ¢,C/) sin (¢t — k)}
et {(c/C, — ¢,C,) cos (gt + kil)
- (¢, C:, + ¢,0)) sin (¢t + k)}]
+ e M {(e,/Cy — ¢,C)) cos (gb + kD)
= (e/Cy + ¢,C)) sin (gt + k) }
e {(e/C) — ¢,C)) cos (gt — ki)
— (e/Cy + ¢,CY) sin (¢t — K)}].

(36)

@37

In these equations of current ¢ and ean.f. ¢ the first term
represents the usual equations of the distribution of alterngting
current and voltage in a long-distance transmission line, and can
by the substitution of complex quantities be recuced to a form

given in Section ITI.

The second term is a transient term of the same [requency;

that is, in a long-distance transmission line or other circuit of -

distributed », L, g, C, when carrying alternating current under an
alternating impressed e.m.f., at a change of circuit conditions, a
transient term of fundamental frequency may appear which has

the time decrement, that is, dies out at the rate
el — 5"(:.",‘"'%) e

In this decrement the factor
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is the usual decrement of a circuit of resistance 7 and inductance
L, while the other factor,
: gz
0, =¢ € ‘
may be attributed to the conductance and capacity of the circuit,
and the total decrement is the product,
5 =10,
A further discussion of the equations (36) and (37) and the
meaning of their transient term requires the consideration of the

terminal conditions of the circuit.
b57. The alternating components of (36) and (37),

1y = e M{C, cos (gt — kI) + C/sin (¢¢ — k) }
— &M, cos (g + &) + C, sin (¢ + kD)) (38)
ancl
e,= e {(c/C/ — ¢,C,) cos (gt—kl) — (¢,/C,+¢,C/) sin (gt —kD)}
+ ML (e /0 — ¢,C,) cos (g+ kD) — (¢,/Co4c,C,) sin (¢t +AD) |,
. (39)
are reduced to their usual form in complex quantities by resolv-
ing the trigonometric function into functions of single angles,
¢t and %I, then dropping cos ¢t, and replacing sin ¢t by the imagi-
nary unit 7. This gives
1y =M {(C, cos kl — C/ sin kl) cos ¢¢
+ (C) cos kI + C, sin kl) sin ¢t}
— MO, cos kI 4 C sinkl) cos gt
+ (C, cos kl — C, sinkl)singt};
henece, in complex expression,
=00, ~jC)coskl — (C/ + jC,) sin kl}
— (e, = jC,)) cos Kl + (Cy) + jC,) sin ki}, (40)
and in the same manner,
B = s M {[e) (C/+1C) — , (Cy— §C)] cos K
Lo/ (€, = §C/) + ¢, (€ + )] sin &1}
+ et {[01, €/ +iC) — ¢, (Cy — §C,)] cos
—[e/ (€, — C)) + ¢, (C/+ jC)]sin kt}. (41)
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However, from equation (55) of Chapter I,

_qk-l—h(1n+s) ‘o lc(m—!-s)—th
=R L and ¢ o
since
¢ =24,
= u=i(T Q)
s=u 2<1J"'c’
J(z-z) “2)
m=3\L"¢/
and
r
s+m=zy

we have
2 afLk+rh  xk 4+ rh

“T Ty e TRETR
and (43)
, _th = 2afLh 1k — xh
CTTETRE AR
where z = 2 zfL = reactance per unit length. . (44)

From equation (54),
Rlz = \/(sz + qz — m‘x)z + 4 qzmz;

hence, substituting (42) and (44) and also
b = 2xfC, (15)
we have
1
2 T ) pr) z 2
R, LC\/(T + 27 (F + )
_ A
ek
where

z = V1 + 2* = impedance per unit length
and (406)
y = V¢ + b* = admittance per unit length.
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From the above it follows that

h=vICVI [RF+&—¢ = m
and =V} (zy + rg — ab) ((47)

k =V"I@y —rg + b).
If we now substitute
C,—jC/ =B,VY
and ((48)
¢, —iC, = - BV,

or
C/ +iC, = +jBNVY

and ((49)
02’ + j02 = - jB1 \/?:

where

Z =71+
and ((50)
) Y =g+;

in (40) and (41) we have
I=N'F {B*" (cos kl4{ sin kl) + B~ (cos kl—7sin k) } ((51)
and
B = (¢, — je,y VT {Be*" (cos kI + §sin &])
— Bg M (cos bl — jsin kD)), ((52)
and substituting (48) gives
h(r—jz) =k @—gr)  (r+52) (h— k) r+jz
B+ i TR T hA

((53)

cx—jcxl=
However,
htjk=~"(h+ik)’ = VF = F) + 2 7k
=V (rg — @) ¥ V) ~ (g = ab”
= \/(rg-—xb)+j N (P +2%) (P +b%) — (rg —ah)?
=V(rg — 2b) + VPP t 2@ T 2 rgab
= V{rg =) F j (b + 9)
=V({+iz) G+ );
or h+jk = VZY (194)
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substituted in (33) gives

C1 — j61l = \/év (55)

and (55) substituted in (52) gives

E=+/7 {Ble“’ (cos kl + j sin kl) — Boe™ (cos kl — j sin ki) b
(56)
where B, and B are the complex imaginary integration constants.
Writing
h=aandk = B,
By = Diand By = — D»

the equations (51) and (56) become identical with the cqua-
tions of the long-distance transmission line derived in Section III,
equations (22) of paragraph 8.

Tt is interesting to note that here the general equations of
alternating-current long-distance transmission appear as a special
case of the equations of the traveling wave, and indeed can be
considered as a section of a traveling wave, in which the accelera~
tion constant s equals the exponential decrement u.



CHAPTER VII.

FREE OSCILLATIONS

58. The general equations of the electric circuit, (53) and (54)
of Chapter I, contain eight terms: four waves: two main waves
and their reflected waves, and each wave consists of a sine term
and a cosine term.

The equations contain five constants, namely: the frequency
constant, ¢; the wave length constant, k; the time attenuation
constant, u; the distance attenuation constant, z, and the time
acceleration constant, s; among these, the time attenuation, u, is
a constant of the circuit,independent of the character of the wave.

By the value of the acceleration constant, s, waves may be sub-
divided into three classes, namely: s = 0, standing waves, as
discussed in Chapter V; w > s > 0, traveling waves, as dis-
cussed in Chapter VI; s = wu, alternating-current and e.m.f.
waves, as discussed in Section IIL

The general equations contain eight integration constants C'
and €/, which have to be determined by the terminal condi-
tions of the problem. )

Upon the values of these.integration constants C' and C”
largely depends the difference between the phenomena oceurring
in electric circuits, as those due to direct currents or pulsating
currents, alternating currents, oscillating currents, inductive dis-
charges, etc., and the study of the terminal conditions thus is of
the foremost importance.

59. By free oscillations are understood the transient phe-
nomena oceurring in an electric circuit or part of the circuit to
which neither electric energy is supplied by some outside source
nor from which electric energy is abstracted.

Free oscillations thus are the transient phenomena resulting
from the dissipation of the energy stored in the electric field of
the circuit, or inversely, the accumulation of the energy of the
electric field; and their appearance therefore presupposes the
possibility of energy storage in more than one form so as to allow

545
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an interchange or surge of energy between its different forms,
electromagnetic and electrostatic energy. Free oscillations occur
only in circuits containing both capacity C and inductance, L.

The absence of energy supply or abstraction defines the free
oscillations by the condition that the power p = ei at the two
ends of the cireuit or section of the circuit must be zero at all
times, or the circuit must be closed upon itself.

The latter condition, of a circuit closed upon itself, leads to a
full-wave oscillation, that is, an oscillation in which the length of
the circuit is a complete wave or a multiple thereof. With a cir-
cuit of uniform constants as discussed here such a full-wave
oscillation is hardly of any industrial importance. While the
most important and serious case of an oscillation is that of a
closed circuit, such a closed circuit never consists of a uniform
conductor, but comprises sections of different constants; generat-
ing system, transmission line and load, thus is a complex circuit
comprising transition points between the sections, at which par-
tial reflection oceurs.

The full-wave oscillation thus is that of a complex circuit,
which will be discussed in the following chapters.

Considering then the free oscillations of a circuit having two
ends at which the power is zero, and representing the two ends
of the electric circuit by I = 0 and I = [, that'is, counting the
distance from one end of the circuit, the conditions of a free
oscillation are

1=0, p=0.
=1, p=0.

Since p = et, this means that at I = 0 and [ = [, either ¢ or ©
must be zero, which gives four sets of terminal conditions:

L e=0atl=0; v =0atl=1.
2)1=0atl=0; e=0atl=1.
@ e=0atl=0; e=0atl=1, )
@i=0atl=0; i=0atl =1,

Case (2) represents the same conditions as (1), merely with the
distance I counting from the other end of the circuit — a line
open at one end and grounded at the other end. Case (3) repre-
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sents a circuit grounded at both ends, and case (4 ) a circuit open

at both ends.

60. In either of the different cases, at the end of the circuit

I =0, eithere = 0, or 7 = 0.

Substituting ! = 0 into the equations (53) and (54) of Chapter

I gives
ey = eI () + C) = ¢, (C, + C)leos gt
= [e/ (€, + Cy) + ¢ (C + C)]sin gt}
+ W[ €+ CF) = ¢, (Cy + C)] cos gt
—[e) €3+ Co) + ¢, (C) + C)]sin ¢t}
and

Gy = e~ WTI{(C = C) cos gb+ (C — C)f) sin gt}

+ e, = ) cos gt + (Cy — C) sin gt}

If neither ¢ nor s equals zero,

for ¢, = 0,

¢/ C/+C))y—c, (C, +C) =0
and ¢/ (C,+C)+c, C/+C)=0
hence,

Ih-

¢, =-¢,, Q=—Q}

Y7’
-qy,

¢/ =-cf O/
and for 7, = 0,
c, =C,, ¢, =C,
c/=cy, m=q}
Substituting in (563) and (54) of Chapter I,
7= e M eos (gt — k) & et cos (gt + k)]
+ O/ [eMsin (gb — k) £ < sin (gt + D]}
4 gm0 [t M cos (gt — KD & s Meos (gt + k1))
+ CJ [+ sin (gt — kl) £ <M sin (¢ + kD1}

(2

3)

)

(5

(6)
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e =c" @90/~ ¢ C) [ cos (gt —hl)
T et cos (gf + k)]
— (¢/Cy + ¢,0) [ sin (¢t — Kl)
e*Min (gt + k)]
F e W (10— 0,0) [+ cos (gt — kD)
F e M eos (gt+ k)]
—~(C/C, + ¢,C) [ sin (gt —kl)
F e Msin (gt + kD)1, @)

where the upper sign refers to ¢ = 0, the lower sign to 7 = 0 for

l=0.

61. In a free oscillation, either e or 7 must be zero at the other
end of the oscillating circuit, or at I = lo.

Substituting, therefore, I = lp in equations (6) and (7), and
resolving and arranging the terms by functions of ¢, the respec-
tive coefficients of

W= 9teos gt, e "DPsingl, e~ @+ cosgt, and e sin gt

must equal zero, either in equation (6), if 7 = 0 at I = I,, or in
equation (7), if ¢ = 0 at I = lo, provided that, as assumed

above, neither s nor ¢ vanishes.
This gives, for 1 = 0 at ! = [, from equation (202),
C, (e £ e+Mhy cos kl, — C/(s~™ F M) sin ki, = 0,
8
C, (™M F o) gin il, + C/ (=™ + e~M) cos kI, = 0, )
and analogously for C,; and C/.

In equations (8), either Ci, Cy/, Cy, Cy vanish, and then the -
whole oscillation vanishes, or, by eliminating C; and C,’ from L]
equations (8), we get

(=M 4 M) cog? kil + (™Mo F M) sin? L, = 0; (9)

hence,
(=™ 4 &) cos kl, = 0
and (=™ F ¢ M) sin &, = 0;

&
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hence, for the upper sign, orif ¢ = 0 for [ = 0,
=0 and cos K, = 0,
thus: @n+1)= (10)
kla =

and for the lower sign, orif ¢ = 0 for [ = 0,

h=0 and sinkl, = O,}

thus: (11)

kly, = nm.
In the same manner it follows, for e = 0 at [ = 7,, from equa-
tion (7),if e = 0forl = 0, (6),
h=0, sinkl, =0
thus: W= nm, } (12)

andif ¢ = 0 forl = 0,
h =0 and coskl, =0,

thus: @n+1) = (13)
My = ==

From equations (10) to (13) it thus follows that 2 = 0, that
is, the free oscillation of a uniform circuit is a standing wave.

Also
Cn+ D=
kly, = — (14)
if e = 0 at one, 7 = 0 at the other end of the cireuit, and

kl, = nz (15)

if either e = 0 at both ends of the circuit or ¢ = 0 at both ends of

the circuit.
62. From (14) it follows that

Iy = 725,

or an odd multiple thercof; that is, the longest wave which can
exist in the circuit is that which makes the circuit a quarter-
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wave length. Besides this fundamental wave, all its odd multi-
ples can exist. Such an oscillation may be called a quarter-wave
oscillation.

The oscillation of a circuit which is open at one end, grounded
at the other end, is a quarter-wave oscillation, which can contain
only the odd harmonics of the fundamental wave of oscillation.

From (15) it follows that

kly = =,

or a multiple thereof; that is, the longest wave which can exist
in such a circuit is that wave which makes the circuit a half-
wave length. Besides this fundamental wave, all its multiples,
odd as well as even, can exist. Such an oscillation may be called
a half~wave oscillation.

The oscillation of a circuit which is open at both ends, or
grounded at both ends, is a half-wave oscillation, and a half-wave
oscillation can also contain the even harmonics of the funda-
mental wave of oscillation, and therefore also a constant term
forn = 0in (15).

It is interesting to note that in the half-wave oscillation of a
circuit we have a case of a circuit in which higher even harmonics
exist, and the e.m.f. and current wave, therefore, are not sym-
metrical.

From h = 0 follows, by equation (59) of Chapter I,

s =0, if ¥ >LCm,
and (16)

¢g=0, if k< LCm:.
The smallest value of % which can exist from equation (14) is
T

17

0

k=

1)

and, as discussed in paragraph 15, this value in high-potential
high-power circuits usually is very much larger than LCm?, so
that the case ¢ = 0 is realized only in extremely long circuits,
as long-distance telephone or submarine cable, but not in trans-
mission lines, and the first case, s = 0, therefore, is of most
importance.

rd

o1
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Substituting, therefore, & = 0 and s = 0 into the equation
(55) of Chapter I, gives

and @)

m
! = = — = ¢
% —cz—kL—o,

and substituting into equations (6) and (7) of the free oscilla-
tion gives
1 =¢""{A, [cos (¢t — k) £ cos (gt + k)]
+ 4, [sin (¢t — &) + sin (¢ + kd)]} (18)
and
¢ = %s“”‘ {(mA,— qd,) [cos (gt—Fl) F cos (¢t + k)]
— (nd,+ ¢4,) [sin (¢t—kl) F sin (gt + 1. (19)

where: A =C, +Cyand 4, =C/ + C/.
Since % and therefore g are large quantities, 7 can be neglected
compared with ¢, and

k= VICq;

Lq \/L

and the equation (19) assumes, with sufficient approximation,
the form

hence

e = —-\/ge‘“‘ {4, [cos (gt ~ Tl) F cos (¢t + kl)]

+ Aslsin (gt — kI) F sin (gt + k0)]}, (20)

where the upper sign in (18) and (20) corresponds toe =0 at

1 = 0, the lower sign to ¢ = 0 at [ = 0, as is obvious from the
equations.
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Substituting
A=A cosyand Ay = A4 sin y (21)

into (18) and (20) gives the equations of the free oscillation,
thus:

1= Ae="{cos (@—kl—7) Fcos (gt + Kl — 1)}

and
T (22)
e=—A \/gs“"‘{cos (gt—Rl—y) Feos (gt + & — 1)}.
With the upper sign, or for ¢ = 0 at [ = 0, this gives
7 =2 As ¥ cos kl cos (¢t — 7)
and
(23)
o= —24 \/ge-m sin & sin (gt — 7).
With the lower sign, or for ¢ = 0 at [ = 0, this gives
4 =2As"%sinklsin (¢t — 7) N
and
(29

e=—24 \/_ge‘“‘ cos kl cos (¢t — 7).

63. While the free oscillation of a circuit is a standing wave,
the general standing wave, as represented by equations (43) and
(44) of Chapter V with four integration constants 41, A1, 4», 4./,
is not necessarily a free oscillation.

To be a free oscillation, the power e, that is, either e or 4, must
be zero at two points of the circuit, the ends of the circuit or
section of circuit which oscillates.

At a point I; of the circuit at which e = 0, the coefficients of .

cos ¢t and sin ¢t in equation (43) of Chapter V must vanish. This
gives
(A, + 4,) cos kl, + (4 — 4,)) sin ki, = O]
and A ysinkl, + (A + A coskl, = 0. |
Eliminating sin &/, and cos I, from these two equations gives
(Alz - Azz) + (A‘rz - Azlz) =0,

or (26)
A'l + A,/Z = AZZ + Azﬂ’

(25)

R

7
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as the condition which must be fulfilled between the integration
constants.
The value , then follows {rom (25) as

r ’
tan kl, =i‘l fiz = —j: i j"/,
1 2

@7

At a point [, of the circuit at which < = 0 the coefficients of
cos ¢t and sin ¢f in equation (44) of Chapter V must vanish.
This gives, in the same manner as above,

(AF =42 + (42 - 47 =0,
that is, the same conditions as (221), and gives for [, the value
A/ -4) A -4,

il, = = — 2, .
tankl, = Z gt =~ @8)
From (223) and (224) it follows that
tan &l, = L (29)

"~ tan i, '

That is, the angles 4, and kI, differ by one quarter-wave
length or an odd multiple thereof.

Herefrom it then follows that if the integration constants of a
standing wave fulfill the conditions

A7+ A7 =42+ 47 = B, 0)

the circuit of this wave contains points 7, distant from each other
by a half-wave length, at which e = 0, and points /,, distant from
each other by a half-wave length, at which ¢ = 0, and the points
I, are intermediate between the points /,, that is, distant there-
from by one quarter-wave length. Any section of the circuit,
from a point /, or 7, to any other point Z, or I,, then is a freely
oscillating cireuit.

In the free oscillation of the circuit the circuit is bounded by
one point [, and one point ‘Z,; that is, the e.m.f. is zero at one end
and the current zero at the other end of the circuit, case (1) or (2)
of equation (1), and the circuit is then a quarter-wave or an
odd multiple thereof, or the circuit is bounded by two points ;
or by two points I, and then the voltage is zero at both ends of
the circuit in the former case, number (3) in equation (1), or
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the current is zero at both ends of the circuit in the latter case,
number (4) in equation (1), and in either case the circuit is one
half-wave or a multiple thereof.

Choosing one of the points I; or I, as starting point of the dis-
tance, that is, substituting I — I or I — l» respectively, instead
of I, in the equations (48) and (44) of Chapter V, with some trans-
formation these equations convert into the equations (23) or (24).
In other words, the equation (30), as relation between the inte-
gration constants of a standing wave, is the necessary and suffi-
cient condition that this standing wave be a free oscillation.

64. A single term of a free oscillation of a circuit, with the dis-
tance counted from one end of the circuit, that is, one point of
zero power, thus is represented by equations (23) or (24), re-
spectively.

Reversing the sign of [, that is, counting the distance in the

L

opposite direction, and substituting B = + 2 4 o these
equations assume a more convenient form, thus:
for e=0atl=0,
e = Be™“gin klsin (¢t — y)
and
. 31
7= B\/gs“"’ cos Kl cos (gt — ), @1
and for i =0atl =0,
e = Be~* cos kl cos (¢t — v)
and . o . . (32)
1 =08 Zs‘"’ sin &l sin (gt — 7).

Introducing again the velocity of propagation as unit distance,

A= ol
o = VIT, (33)

from equation (5) of Chapter IV and (33) we get:
kl=2Vg +m?

- a1 +<’§>2;
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hence, if m is small compared with g,

Il = g, (34)
and substituting (33) in (34) gives
k =0q =qg\VLC, (35)
and from (14) and (15), for a quarter-wave oscillation, we have
o @nt =
T2
and C@n+t 1=, (36)
21, VIO’
for a half-wave oscillation,
k=15
A
(37
. g
. 1, VIC

Denoting the length of the circuit in a quarter-wave oscillation
by .
Ay = dl, (38)

and the length of the circuit in a half-wave oscillation by

A, = ol (39)

the wave length of the fundamental or lowest frequency of
oscillation is
Ao=44 =224; (40)
or the length of the fundamental wave, with the velocity of prop-
agation as distance unit, in a quarter-wave oscillation is
), = 41,VIC,
and in a half-wave oscillation is (41)
A =21, VIC.
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Substituting (41) into (36) and (37) for a quarter-wave oscil-
lation gives
2zVLC
k=Q2n+1) ~TL9
’ (42)

and 9
¢g=0@n+1)=5
AO

and for a half-wave oscillation gives

2z VIC
k= n—~/1
0
. 43
and _ o (43)
q= 1
Writing now
2
0=27, ]
4o
2 2z VIC “4)
T=-—d= ——1
A Ay

that is, representing a complete cycle of the fundamental fre-
quency, or complete wave in time, by 6 = 27, and a complete
wave in space by r = 2, from (43) and (44) we have

kl = nt
and gt =, (45)

where n may be any integer number with a half-wave oscillation,
but only an odd number with a quarter-wave oscillation.

66. Substituting (45) into (31) and (32) gives as the complete
expression of a free oscillation the following equation

A. Quarter-wave oscillation.

(@) e=0atl=0(rz=0)

e=e"SaB,sin @n + 1) csin[@n + 1) 0 — 7,]
wd ’ (48)
1= \/%s_“l ;"Bn cos 2n+1)zcos[2n+1)0 —17,];

7K

Fd
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®) t=0atl=0(rz=0)

e=c¢""SnB,cos @n + 1) teos[@n+ 1) 0— 1,
0

and (47)

. C _u< . .
g = \/Ze ; B,sin @n+1)rsin[(2n+1)0—7,).

B. Half-wave oscillation.
(@) e=0atl =20 (orz=0)

w
e =" Zn B, sinnzsin (n0 — )

0

and — w “8)
G = \/%5—“‘ Ean cos nrcos (nd — 1,);
0

(®) i=0atl =20 (rz=0)

¢ =" YnBy cos nrcos (0 — 7,)

and . ‘ (49)
. C _. . .
1= \/]:le‘ ¢ %“Bn sinntsin (n0 — 7r,),
where
9
0 =="4,
AO
— 44
2= VIC . (44
T = T )
2 =41, VLC ina quarter-wave 41
= 21, VLC in a half-wave oscillation,
and w _und
e =¢7 T (50)

. 1
A, is the wave length, and thus l—the frequency, of the funda-

0
mental wave, with the velocity of propagation as distance unit.
It is interesting to note that the time decrement of the free
oscillation, e =%, is the same for all frequencies and wave lengths,
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and that the relative intensity of the different harmonic compo-
nents of the oscillation, and thereby the wave shape of the
oscillation, remains unchanged during the decay of the oscillation.

This result, analogous to that found in the chapter on traveling
waves, obviously is based on the assumption that the constants
of the circuit do not change with the frequency. This, however,
is not perfectly true. At very high frequencies 7 increases, due
to unequal current distribution in the conductor and the appear-
ance of the radiation resistance, as discussed in Section III, L
slightly decreases hereby, ¢ increases by the energy losses result-
ing from brush discharges and from electrostatic radiation, etc.,

so that, in general, at very high frequency an increase of % and

%: and therewith of », may be expected; that is, very high har-

monies would die out with greater rapidity, which would result
in smoot ing out the wave shape with increasing decay, making
it more nearly approach the fundamental and its lower har-
monics, as discussed in the Chapters on “Variation of Contents.”

66. The equations of a free oscillation of a circuit, as quarter-
wave or half-wave, (46) to (49), still contain the pairs of inte-
gration constants B, and 7, representing, respectively, the
intensity and the phase of the nth harmonic.

These pairs of integration constants are determined by the ter-
minal condlitions of time; that is, they depend upon the amount
and the distribution of the stored energy of the circuit at the
starting moment of the oscillation, or, in other words, on the
distribution of current and e.m.f. at ¢ = 0.

The em.f., e, and the current, 4, at time ¢ = 0, can be ex-
pressed as an infinite series of trigonometric functions of the
distance /; that is, the distance angle , or a Fourier series of such
character as also to fulfill the terminal conditions in space, as dis-
cussed above, that is, ¢ = 0, and 7 = 0, respectively, at the
ends of the circuit.

The voltage and current distribution in the circuit, at the
starting moment of the oscillation, ¢ = 0, or, 6 =0, can be
represented by the Fourier series, thus:

% =3 n(an cos nr + a,’sin n7)

M

and (51)

3 = dn (bn cOsnt + b,/ sin ne),

=Ms o
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where
2w

a, = 2—71-[: edt = avg[e,]",
1 2T

= 2 -/o' ¢, cos nr dr=2avg[e, cos ntl’ ", (52)
1 27 :

o = - f e, sinntdr=2avg[e, sinncl?",
7 )

and analogously for b.

The expression avg [F]% denotes the average value of the
function F between the limits @, and a,.

Since these integrals extend over the complete wave 2 7, the
wave thus has to be extended by utilizing the terminal conditions
regarding 7, but the wave is symmetrical with regard to I = 0
and with regard to I = [, and this “sature in the case of a quarter-
wave oscillation excludes the existence of even values of n in
equations (51) and (52).

67. Substituting in equations (46) to (49),

t=0, 0=0,
and then equating with (51), gives, from (46),
€ = En Busin 2n + 1) zsiny, = 2 n[a, cos @n + 1)z
0 . 0
+a,/sin (2n + 1) 7]
and
C' 0 o
iy = \/;En B,cos 2n + 1) vcosy, = dpnlbycos @n+ 1)«
0 [
+ b,/ sin 2n + 1) ©];
hence,

a, =0, b’ =0,

C
B,siny, = a,/ and \/;—Bn €08 7, = bn.
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Equation (46) gives the constants
ay =0; by =0,

/ L
- 2 g2
B,=\/a, +Cb"’

) 53
tan r, = @’ \/ZI @
Tn = bn )
in the same manner equation (243) gives the constants
ay’ =0; b, =0,
(54)

b/ /¢
tan y, = V-
n

Equation (48) gives the same values as (46), and (49) the
same values as (47).

Examples.

68. As first example may be considered the discharge of a
transmission line: A circuit of length [ is charged to a uniform
voltage F, while there is no current in the circuit. This circuit
then is grounded at one end, while the other end remains
insulated.

Let the distance be counted from the grounded end, and the
time from the moment of grounding, and introducing the deno-
tations (39).

The terminal conditions then are:

(@ 7=0 e=0,
f=§ i=0.
®) at0 =0

e=0for t=0; e=Efort0,
1 =0 for 7 0; ¢ = indefinite for = = 0.
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The distribution of e.m.f., e, and current, 7o, in the circuit, at
the starting moment ¢ = 0, can be expressed by the Fourier
series (51), and from (52),

4

ay’ =2avg[Esin 2x+ 1)7] = m
T

(55)

and

by =0,
and from (249),

417
n = mﬂ.lld tan y, = oo}
hence, 7[ (56)
m = 5’

&

and substituting (56) into (46),

48 _ < sin(@n + 1) ccos 2n + 1)6
and’ (657)
; =4_E\[g's_m i" cos 2n + 1) tsin 270 + 1)0
= YL 4 2n+1 J

Trom (44) it follows that
_ 2, VIC 0

k4

13

0 = 2= gives the period,
t, = 4UVIC)

and the frequency,
1

fi=g L, VIC
and © = 2 7 gives the wave length,
l, =41,

of the fundamental wave, or oscillation of lowest frequency and
greatest wave length.
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Choosing the same line constants as in paragraph 16, namely:
l, = 120 miles; r = 0.41 ohm per mile; L = 1.95X 10~ henry
per mile; ¢ = .25 X 107° mho per mile, and € = 0.0162 X 10~°
farad per mile, we have
u = 113,
_21,VIC
T

ut ul = 0.0485 0,

and the fundamental frequency of oscillation is
f, = 371 cycles per second.
If now the e.m.f. to which the line is charged is
E = 40,000 volts,
substituting these values in equations (57) gives
e = 51,000 <" {sin v cos 0 + L sin3 rcos 3 0

+ %sin5zcos50 4+ ...}, in volts
and . . (69)
7= 147 7% {cos vsin 0 + $cos 3 7sin 3 0

+%tcos57sin50 4 ...}, in amp.
The maximum value of ¢ is
e = I = 40,000 volts,
and the maximum current of 7 is
1= I =115.5 amp.
Since

insin @2n-1)acos 2n—1)b
1 2n -1

=Qﬁb—g<a<h

or b+g<a<b+n,

and r (59)

T . T
=-+§, if b<a<b+§

T . T
——5,1f b <a<b—§,

{

£H
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applying (59) to (58) we have at any point  of the line, at the
time 6 given by
0<0<m: e=Ee",  §=0.

T<o<r+g: e=0; =L,

‘:+§<ﬂ<1+z: e=—Fe", ¢ =0.
2

3 .
-:+71<I7<T+A—)r: e =0; T =— I,

3 .
r+7ﬁ<0<f+2n; e=FEe~v; 1 =0, ete.

At any moment of time 0 one part of the line has voltage
e = Fe~* and zero current, and the other part of the line has
current 7z = Je =" and zero voltage, and the dividing line between

the two sections of the line is at =0 j:n2—ﬂ, hence moves

along the line at the rate = = 0.

69. As second example may be considered the discharge of a
live line into a dead line: A circuit of length I, charged to
a uniform voltage B, but carrying no current, is connected to a
circuit of the same constants, but of length [,, and having neither
voltage nor current, otherwise both circuits are insulated.

Let the total length of the circuit be denoted by

2l=1,+1,
and let the time be counted from the moment where the circuits
1, and I, are connected together, the distance from the beginning
of the live circuit Z,, whose other end is connected to the dead
circuit 7,.

Introduce again the denotations (44), and represent the total
length of the line 27 = I, + I, by = = =, then write

__h
EYA

As the voltage is E from ¢ = 0 to = = 7,, and 0 from = = =, to
© = 7, the mean value of voltage, or the voltage which will be left
on the line after the transient phenomenon has passed, is

T
e =—F,
7

.
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and the terminal conditions of voltage and current are

0=0
e=F—¢ for0< <1,
e=—¢ forr <7<m7,
v =0.

Proceeding then in the same manner as in paragraph 34, in the
present case the equations (49) and (52) apply, and

2( '“
an=___§Jo (E—el,)cosnﬂdﬁ—fT eocosnﬂdﬂg

2 Esinnt,
=

2F (< &, sinnr
e =220 u En———‘cos nT cos nﬂz,
T 2 n S
! (60)
. 2E JC _, & sinng
=224/ Z:n—
“ n

T

sin n sin n0.

Choosing the same line constants as in paragraph 35, and
assuming
I,= 120 miles and I,= 80 miles,
we have
I = 100 miles and z,= 0.6 7.

Let E = 40,000 volts, ut = 0.0404 6, and the fundamental
frequency of oscillation, f,,= 445 cycles per second; then
€ =24,000+ 25,500 e=0044¢ {5in 108° cos = cos 0+% sin 216°
€08 2 7 cos 2 0+ sin 348° cos 3 v cos 3 0+ - -} volts
and (61)
1="73.5 e~ {sin 108°sin sin § + } sin 216°sin 2 =
sin 2 6+ 3 sin 348°sin 3 rsin3 0 +- - -} amp.



CHAPTER VIIL
TRANSITION POINTS AND THE COMPOUND CIRCUIT.

70. The discussions of standing waves and free oscillations in
Chapters V and VII, and traveling waves in Chapter VI, apply
directly only to simple circuits, that is, eircuits comprising a con-
ductor of uniformly distributed constants r, L, g, and C. Indus-
trial electric circuits, however, never are simple circuits, but are
always complex circuits comprising sections of different con-
stants, — generator, transformer, transmission lines, and load, —
and a simple circuit is realized only by a section of a circuit, as
a transmission line or a high-potential transformer coil, which is
cut off at both ends from the rest of the circuit, either by open-
circuiting, 7 = 0, or by short-circuiting, e = 0. Approximaitely,
the simple circuit is realized by a section of a complex or com-
pound circuit, connecting to other sections of very different con-
stants, so that the ends of the circuit can, approximately, be con-
sidered as reflection points. For instance, an underground cable
of low L and high C, when connected to a large reactive coil of
high L and low C, may approximately, at its ends be considered as
having reflection points ¢ = 0. ‘A high-potential transformer
coil of high L and low C, when connected to a cable of low L
and high C, may at its ends be considered as having reflection
points e = 0. In other words, in the first case the reactive coil
may be considered as stopping the current, in the latter case the
cable considered as short-circuiting the transformer. This
approximation, however, while frequently relied upon in engi-
neering practice, and often permissible for the circuit section in
which the transient phenomenon originates, is not permissible in
considering the effect of the phenomenon on the adjacent sections
of the circuit. For instance, in the first case above mentioned,
a transient phenomenon in an underground cable connected to
a high reactance, the current and e.m.f. in the cable may approx-
imately be represented by considering the reactive coil as a
reflection point, that is, an open circuit, since only a small current

565
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exists in the reactive coil. Such a small current in the reactive
coil may, however, give a very high and destructive voltage in the
reactive coil, due to its high I, and thus in the circuit beyond the
reactive coil. In the investigation of the effect of a transient
phenomenon originating in one section of a compound circuit, as
an oscillating arc on an underground cable, on other sections of
the circuit, as the generating station, even a very great change
of circuit constants cannot be considered as a reflection point.
Since this is the most important case met in industrial practice,
as disturbances originating in one section of a compound circuit
usually develop their destructive effects in other sections of the
circuit, the investigation of the general problem of a compound
circuit comprising sections of different constants thus becomes
necessary. This requires the investigation of the changes occur-
ring in an electric wave, and its equations, when passing over a
transition point from one circuit or section of a circuit into an-
other section of different constants. ~

71. The equations (53) to (60) of Chapter I, while most general,
are less convenient for studying the transition of a wave from one
circuit to another circuit of different constants, and since in in-
dustrial high-voltage circuits, at least for waves originating in the
circuits, ¢ and %k are very large compared with s and A, as dis-
cussed in paragraph 16, s and h may be neglected compared with
g and k. This gives, as discussed in paragraph 9,

h = os,
k = oy,
61“62=\/_g=c: ¢y
m [L
01’ =cz’ ='q' 6= ]
where .
o =VIC, @)
and substituting
A =gl 3)

that is,

kl = qi
4
M = sk, } @
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gives
§=e % {0 [Ceos g (A — 1) + C/sin g (2 — 1]
— et [0 cos g (A + 1) + €, sing (2 + 8)]
+ U= [0 cos g (A — 1) + Cf sing (2 — 8)]
— A0 [0 cos g A+ 1)+C/sing A+ )]} (5)
and »
6= \/gs‘“’{s‘”d“” [C,eosq (A —1) + C/sing (X —1)]
+ e A0 (0, cos g (A + 1) + C) sing (A + 0]
+ et A=01C cosg (A — 1) + Oy sing (A — 1))
+ et A0 [0, cos g (A + 8) + Clsing (A + )]},

(6)
Substituting now
012 + 01/2 = Az]
022 + 02/2 - Ba’
P r 7y
2402 =0
C‘L' + 04/2 p— Dﬁ,
’
91_ = tan «,
‘1
7
& _ tan g,
02
, ®
c, .
- tan 7,
3
’
%‘—» = tan 4,
4

gives
i = e[ Ae=*A9 cos[q (A—1) —a]—Be @+ ¢os [ (A1) — ]

+ Cet3=9 cos [q (A—1) —7]—De A9 cos [g (A+1) —51}
©
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e = \/gs‘“‘{Ae“‘d“)cos[q (A—t) — a4+ Be +* o5 [q(24-1) — ]

+Ce*4=0 o5 [g(A—t) — 7]+ De=s 4D cos [g(A+1) =3}
(10)

72. In these equations (9) and (10) M is the distance cotrdinate,
using the velocity of propagation as unit distance, and at a tran-
sition point from one circuit to another, where the eircuit con-
stants change, the velocity of propagation also changes, and thus ¢
for the same time constants s and ¢, h and & also change, and
therewith %I, but transformed to the distance variable N, g\ re-
mains the same; that is, by introducing the distance variable A,
the distance can be measured throughout the entire circuit, and -
across transition points, at which the circuit constants change,
and the same equations (9) and (10) apply throughout the en-
tire circuit. In this case, however, in any section of the circuit,

A=0qa] % an
=IVLG,

where L; and C; are the inductance and the capacity, respect-
ively, of the section ¢ of the circuit, per unit length, for instance,
per mile, in a line, per turn in a transformer coil, ete.

In a compound circuit the time variable ¢ is the same through-
out the entire circuit, or, in other words, the frequency of oscilla-
tion, as represented by ¢, and the rate of decay of the oscillation,
as represented by the exponential function of time, must be the
same throughout the entire circuit. Not so, however, with the
distance variable I; the.-wave length of the oscillation and its rate
of building up or down along the circuit need not be the same,
and usually are not, but in some sections of the circuit the wave
length may be far shorter, as in coiled circuits as transformers,
due to the higher L, or in cables due to the higher C. To extend
the same equations over the entire compound circuit, it therefore
becomes necessary to substitute for the distance variable [ another
distance variable X of such character that the wave length has the
same value in all sections of the compound circuit. As the wave,

length of the section 7 is _l__: this is done by changing the

unit distance by the factor o, = VL, (;. The distance unit of
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the new distance variable 4 then is the distance traversed by the
wave in unit time, hence different in linear measure for the
different sections of the circuit, but offers the advantage of
carrying the distance measurements across the entire circuit
and over transition points by the same distance variable .

This means that the length I; of any section 7 of the compound,
circuit is expressed by the length A = o/,

The introduction of the distance variable 2 also has the advan-
tage that in the determination of the constants 7, L, g, C' of the
different sections of the circuit different linear distance measure-
ments  may be used. For instance, in the transmission line,
the constants may be given per mile, that is, the mile used as
unit length, while in the high-potential coil of a transformer the
turn, or the coil, or the total transformer may be used as unit of
length [, so that the actual linear length of conductor may be
unknown. For instance, choosing the total length of conductor
in the high-potential transformer as unit length, then the length
of the transformer winding in the velocity measure 2is 1, =
VL, where L, = total inductance, C, = total capacity of
transformer.

The introduction of the distance variable 1 thus permits the
representation in the circuit of apparatus as reactive coils, ete.,
in which one of the constants is very small compared with the
other and therefore is usually neglected and the apparatus
considered as “massed inductance,” ete., and allows the investi-
gation of the effect of the distributed capacity of reactive coils
and similar matters, by representing the reactive coil as a finite
(frequently quite long) section 4, of the circuit.

73. Let Ay, 2y, Ay, - -+ Ay be a number of transition points at
which the circuit constants change and the quantities may be
denoted by index 1 in the section from 2, to 4;, by index 2 in the
section from 4, to 4,, ete.

At 2 = A, it then must be ¢, = 4,, e, = e,; thus substituting
A = 2, into equations (9) and (10) gives

e (u'_a‘)‘{Als_sd’cos[Q1(Ax'_'t) —d1]_Bxe +'8J‘COS[Q1(21+t) _ﬂx]}
e ket (1 eoihoos[g, (4 —t)—7,) —De= " cos[g, (1 +1)—0,]}
=s—(u’—sm{Azs'sullcos[qz(h_t)'_azl _stﬂ’l’ cos [%("1"”5)_:82]}
et O o+ shieos g, (A,~1) —7,] =Dy~ cos [q,(2,+) —3,]}.

' (12)
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Herefrom it follows that
4 =4 ) 13
that is, the frequency must be the same throughout the entire
circuit as is obvious, and
U, & 8y = U, £ 8. 14
Since u, # u,, only one of the two waves can exist, the 4 B,
or the C D, and since these two waves differ from each other
only by the sign of s, by assuming now that s may be either
positive or negative we can select one of the two waves, for
instance, the second wave, but use 4, B, , f as denotations of
the integration constants.
74. The equations (9) and (10) now assume the form
i = "{A:H A0 cos[g (A — 1) — ]
— Be=s@+0 cos[q (A + 8) — 1}

and . (15)
= \/gvs‘"‘ [Aets@=Dcos[g (A — 1) — a]

+ B cos [q (2 + )= B},
or
7= e~wHI getsdoos[g (A — 1) — a]
—Be=**cos[g (A + 1) — A1}

and
(16)

e = \/Tés“'“'s” {As"’“cos [g(A=t)—a]

+ Be~*oos [g (A + 1) —=B1};
or, using equations (5) and (6) instead of (9) and (10), the cor-
responding equations are of the form
g =eu [T 4 cosg (A — 1) + Bsing (A — )]
— @0 [Ceos g (A + 1) + Dsing A + )]}
and _ an
e = \/gs"“ {et* @14 cosq (A — )+Bsing A—1)]

+ &7 @0 [ cos.q (A + O)+Dsing (A+1)]},
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or

4= 0k fe+5h[ 4 cos g (2 — 1) + Bsin ¢ (A—1)]
—e*[Ceosq (X +t) + Dsing (A + )]}

and . : a8)
=\/;5‘(“+‘9” {s*“" [A cosq (A — )+ Bsing (A-1)]
+ e [C cos ¢ (2 + ) +Dsin g (A+0)]},

where s may be positive or negative.
From equation (12) it then follows that

Uy F 8, = Uy 8y =UyF Sy = = Un S = U, (19)

where w,, u,, u,, ete., u, are the time constants of the individual
. .

sections of the complex cireuit, E(Z + %), and u, may be called

the resultant time decrement of the complex circuil.
76. Equation (12), by canceling equal terms on both sides,
then assumes the form
Aetnhcos[g (A, — 1) — a] — Be~whcos[g (4 + ) — 8] =
Ag*eticos[g (A — 1) — @] = Be "M cos[g (4 + &) — fi),
and, resolved for cos ¢t and sin ¢f, this gives the identities
Agtuhcos (gA, — a) — Be~%Heos (gh, — B) =
Agthicos (g, — @) — B M cos (gd, — By,
Agtohogin (g, — @) + B~ owin (g4, - 8) =
Agethsin (gd, — ;) + Be~"h sin (gd, — By). (20)
These identities resulted by equating ¢, = 7, from equation

(15). In the same manner, by equating e; and e; from equation
(15) there result the two further identities

L
\/;‘ {A ek cos (gA, — o)) + Be"hcos (g2, — B} =

1

\/gz {Azs“ﬁ‘l cos (g4, — a,) + Bye~h cos (g, — B},

2
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m

m%

Hdgtehsin (@) — o) — By#hsin (g2, — B,)}.

™

HAgrahsin (@A, — @) — o hsin (g, — B,) =

(21)

Equations (20) and (21) determine the constants of any
section of the cireuit, 4,, B,, a, B, from the constants of the

next section of the circuit, 4,, By, «,, 8,.

Let
Ae+sh oog (g} — a) =
Aetodigin (g2, — a) = A
Be= ki gos (gA, — B) =
Be~hsin (g4, — ) = BY;

Then
262‘42/ = (‘:1 + 62) A‘ll -+ (ci - 52) B1’:
2¢,B) = (¢, +¢,) B/ + (¢, —e) 4/,
2¢,4,) = (¢, +¢) A" — (¢, —¢,) B,
2¢,B) = (¢, +¢)B" — (¢, —¢c,) A/,

and since by (22):
A + A" = Azetrsh cte.,

substituting herein (24),

4epA b = (o 4 c) AP0 A (o, — c,) Bem1oh

2 (A/B; — AB/") (¢t —c}?)

(22)

(23)

(24)

(25)

(26)

IY %
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V} and
F .
AN & 2o, S0 (g4, —B)
_ c e, A, sin (gA, —«,) _
tan (g/ll—ozz)ﬁH‘ 5=, &FZM c0s (¢h,— B,) tan (gll @)
e te, A, cos (gl —ay)

1_G=6 ‘ileﬂnlhsm (g2, —a,)

e, Fe .y
tan (gA,— g,) = ete, B, sin (g4, £,) tan (g4, —4,).
o c,—c, A .2, €08 (gA, —a,)
‘ 14 2 It 20k 1 1
cl+cz Bl €os ({l/h ‘ﬂx)

@7

In the same manner, equating, for N = \,, in equations (18)
the current ¢;, corresponding to the section from A, to A1, with
the current 75, corresponding to the section from A, to Az, and also
the e.m.fs., e; = e, gives the constants in equations (18) and
(17), of one section, A, to Ao, expressed by those of the next
adjoining section, 1, to 1, as
Ay=e=h{aetnh 4 4hemuh (Cyeo82q2,+D,sin 2 q2,)}
By=e"h{geteh By~ (Cysin 2 g2, =D, cos 2 ¢2,)}

(28)
C, =s+“‘=’1‘{a15‘“1’11 CyFbetoh (4, cos 22, —B, sin 2 )}
Dy=e*th{ge=oh D 43 toh (4 5in 2 94 —B, cos 291}

where
¢, +ec
T . o= 12 c, g
‘ (29)
b, = ¢ —¢
1 2 (:3 J
Ll
1= a:
—_ 30
I (30)
-~ ¢, =\/=2
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76. The general equation of current and eam.f. in a complex
circuit thus also consists of two terms, the main wave 4 in
equations (15), (16), and its reflected wave B.

The factor e~ @9t = ¢~*¢ in equations (16) and (18) repre-
sents the time decrement, or the decrease of the intensity of
the wave with the time, and as such is the same throughout the
entire circuit. In an isolated section, of time constant w, the
time decrement, from Chapters V and VII, is, however, e~#; that
is, with the decrement e ~* the wave dies out in the isolated sec-
tion at the rate at which its stored energy is dissipated by the
power lost in resistance and conductance. In a section of the
circuit connected, to other sections the time decrement e ~** does
not correspond to the power dissipation in the section; that is,
the wave does not die out in each section at the rate as given by
the power consumed in this section, or, in other words, power
transfer occurs from section to section during the oscillation of
a compound circuit

If s is negative, uo is less than u, and the wave dies out in that
particular section at a lesser rate than corresponds to the power
consumed in the section, or, in other words, in this section of the
compound circuit more power is consumed by r and g than is sup-
plied by the decrease of the stored energy, and this section,
therefore, must receive energy from adjoining sections. Inversely,
if s is positive, %, > u, the wave dies out more rapidly in that
section than its stored energy is consumed by r and g; that is,
a part of the stored energy of this section is transferred to the
adjoining sections, and only a part — occasionally a very small
part — dissipated in the section, and this section acts as a store
of energy for supplying the other sections of the system.

The constant s of the circuit, therefore, may be called energy
transfer constant, and positive s means transfer of energy from the
section to the rest of the circuit, and negative s means reception
of energy from other sections. This explains the vanishing of s
in a standing wave of a uniform circuit, due to the absence of
energy transfer, and the presence of s in the equations of the
traveling wave, due to the transfer of energy along the circuit,
and in the general equations of alternating-current circuits.

It immediately follows herefrom that in a componnd circuit
some of the s of the different sections must always be positive,
some negative.
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In addition to the time decrement ¢~ @+ = ¢ =™ the waves in

equations (16) and (18) also contain the distance decrement
¢ for the main wave, e for the reflected wave. Negative s
therefore means a decrease of the main wave for increasing 4, or
in the direction of propagation, and a decrease of the reflected
wave for decreasing 4, that is, also in the direction of propagation;
while positive s means increase of main wave as well as reflected
wave in the direction of propagation along the circuit. In
other words, if s is negative and the section consumes more
power than is given by its stored energy, and therefore receives
power from the adjoining sections, the electric wave decreases
in the direction of its propagation, or builds down, showing
the gradual dissipation of the power received from adjoining
sections. Inversely, if s is positive and the section thus supplies
power to adjoining sections, the electric wave increases in this
section in the direction of its propagation, or builds up.

In other words, in a compound circuit, in sections of low
power dissipation, the wave increases and transfers power to
sections of high power dissipation, in which the wave decrcases.

This ean still better be seen from equations (15) and (17).
Here the time decrement « =" represents the dissipation of stored
energy by the power consumed in the section by r and g. The
time distance decrement, ¢***~9 for the main wave, ¢ ~*@*+9 for
the reflected wave, represents the decrement of the wave for con-
stant (1 — ) or (1 + 1) respectively; that is, shows the change
of wave intensity during its propagation. Thus for instance,
following a wave crest, the wave decreases for negative s and
increases for positive s, in addition to the wniform decrease by
the time constant e~*; or, in other words, for positive s the
wave gathers intensity during its progress, for negative s it loses
intensity in addition to the loss of intensity by the time con-
stant of this particular section of the circuit.

77, Introducing the resultant time decrement uo of the com-
pound circuit, the equations of any section, (16) and (18), can
also be expressed by the resultant time decrement of the entire
compound circuit, uo, and the energy transfer constant of the
individual section; thus

s = Uy — U (31)
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=" {Ae 92 005 [q (A—1) —a] =B~ eos [g (2+1) — 3]}

and 62
e=\/gs‘“°”{As+“cos[q(A——t)-a]+Bs‘*"cos[q(/l-|—t)——ﬂ]},

or
§ ="t A cosg (A — 1)+ Bsing (A — 0]
— e [Ceos g (A+1) + Dsing (A + )]}
I (33)
e = 55‘““’{5*““ [Acos g (A — )+ Bsing (A — )]
+ ¢ [Ccos g (A + B+ Dsing A + O]}

and

The constants 4, B, C, D are the integration constants, and
are such as given by the terminal conditions of the problem, as
by the distribution of current and e.m.f. in the circuit at the
starting moment, for ¢ = 0, or at one particular point, as 1 = 0.

78. The constants w, and ¢ depend upon the circuit conditions.
If the circuitis closed upon itself — as usually is the case with an
electrical transmission or distribution cireuit — and A is the total
length of the closed circuit, the equations must give for 1 = A
the same values as for 2 = 0, and therefore ¢ must be a complete
cycle or a multiple thereof, 2 nr; that is,

(_2m: (34
¢=—3 (34)

and the least value of ¢, or the fundamental frequency of osecilla-
tion, is
2

9 = I (35)
and
q = nq, (36)

If the compound circuit is open at both ends, or grounded at
both ends, and thus performs a half-wave oscillation, and Ay =
total length of the circuit,

@ = 1 and ¢ = ngs, @7
1
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and if the circuit is open at one end, grounded at the other end,
thus performing a quarter-wave oscillation, and A,= total length
of eireuit, it is

¢ = 2L/L and ¢=@2n—1)q, (38)

while, if the length of the compound circuit is very great compared
with the frequency of the oscillation, ¢, may have any value;
that is, if the wave length of the oscillation is very short com-
pared with the length of the cireuit, any wave length, and there-
fore any frequency, may oceur. With uniform circuits, as trans-
mission lines, this latter case, that is, the response of the line to
any frequency, can occur only in the range of very high fre-
quencies. Even in a transmission line of several hundred miles’
length the lowest frequency of free oscillation is fairly high, and
frequencies which are so high compared with the fundamental
frequency of the cireuit that, considered as higher harmonics
thereof, they overlap (as discussed in the above), must be
extremely high—of the magnitude of million cycles. In a com-
pound circuit, however, the fundamental frequency may be very
much lower, and below machine frequencies, as the velocity of
propagation '\7117—6 may bg quite low in some sections of the cir-
cuit, as in the high-potential coils of large transformers, and the
presence of iron increases the inconstancy of L for high frequen-
cies, so that in such a compound circuit, even at fairly moderate
frequencies, of the magnitude of 10,000 cycles, the circuit may
respond to any frequency.

79. The constant w is also determined by the circuit constants.
Upon u, depends the energy transfer constant of the eireuit sec-
tion, and therewith the rate of building up in a section of low
power consumption, or building down in a section of high power
consumption. In a closed circuit, however, passing around the
entire circuit, the same values of ¢ and ¢ must again be reached,
and the rates of building up and building down of the wave in the
different sections must therefore be such as to neutralize each
other when carried through the entire circuit; that is, the total
building up through the entire compound circuit must be zero.
This gives an equation from which %, is determined.
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.
In a complex cireuit having n scctions ol different constants
and therefore » transition points, at the distances

Ay dy oo dy ((39)

where Ay = A4 + A, and A = the total length of the cireuit,
the equations of 7 and e of any section ¢ are given by equations
(33) containing the constants 4, B;, Cy, D;.

The constants 4, B, C, D of any section are determined by
the constants of the preceding section by equations (28) to
(30). The constants of the second section thus are determined
by those of the first section, the constants of the third section
by those of the second section, and thereby, by substituting for
the latter, by the constants of the first section, and in this manner,
by successive substitutions, the constants of any section 7 can be
expressed by the constants of the first section as linear func-
tions thereof.

Ultimately thereby the constants of section (n + 1) are
expressed as linear funetions of the constants of the first section:

Ay = A, + «'B, + o/'C, + /"D,
By = VA, + VB, + "C, + V"D,
Chgr = A, + ¢'B, + ¢"'C, + "D,
Dyyy = d'A, + d’B, + d"C, + d"'D,,

((40)

where o, a//, o', o/, b, b, ete., are functions of s; and A;.
The (n + 1)st section, however, is again the first section, and
it is thereby, by equations (33) and (39),

—5A
Aoy = A7
—5A

Bopy = B4,
A

Chgy = Cig™4,

- 814
Duyy = D™,

((41)

and substituting (41) into (40) gives four symmetrical linear
equations in A, By, Cy, Dj, from which these four constants
can be eliminated, as n symmetrical linear equations with
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n variables are dependent equations, containing an identity,
thus:
(a/ — E—SXA‘) Al + a/lBl + a’”Cl + aI/I/Dl - O),

b,A1 + (b” _ e—x,‘\) Bl + 0/”01 + Z)////D1 = 0;

42
CA 4+ "By + (¢ = et O, + D, = 0; (2
d/Al + dl/B1 + dlI/Cl + (d/l!l — €+s‘\.\) D1 = O,
and herefrom
(ll/ — e_s‘A) a’ o’’’ '’
b/ (b” — E—SIA) bl/l b/’/’
= 0. ((43)
o o (C'” - e+s,A) &
dl dll d/ll ([lllll — E")'.Y;A)

Substituting in this determinant equation for s; the values

from (19))
S = Uy — U; ((44)

gives an exponential equation in wu,, thus:
r (7/'0, Uiy Ai} Ci) = OJ ((45)

from which the value u,, or the resultant time decrement of the
circuit, is determined.

In general, this equation (45) can be solved only by approxi-
mation, except in special cases.



CHAPTER IX.
POWER AND ENERGY OF THE COMPOUND CIRCUIT.

80. The free oscillation of a compound circuit differs from that
of the uniform circuit in that the former contains exponential
functions of the distance N which represent the shifting or trans-
fer of power between the sections of the circuit.

Thus the general expression of one term or frequency of cur-
rent and voltage in a section of a compound circuit is given by
equations (33) of Chapter VIII;

T =c% {c* M A cosg (2 — 1) + Bsing (2 — 8]
— e [Ceosq(A+1) + Dsing (A + 1)1}
and

e = \/(_j “ {4 cos g (A—0)+Bsin g (1-1)]
+ ¢ cos ¢ (A+1)+Dsing (A+1)]},

9
where ¢ = ng,, g, = =, A = total length of circuit, expressed

n
A
in the distance codrdinate A = o, I being the distance codrdinate
of the circuit section in any measure, as miles, turns, ete., and
r, L, g, C the circuit constants per unit length of I,

- Y
2
\/Z
=V
1/r
U == ——I— o= time constant of circuit section,

2\L

uo = u + 8 = resultant time decrement of compound circuit,

s = uo — u = energy transfer constant of circuit section.
580
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The insiantaneous value of power at any point A of the circuit
at any time ¢ is

p=er
L
_ \/afzz.": {£+2.ul [Acosq(A—1) + Bsing (A — OF
o — e [Ceosqg (2 + 1) + Dsing (A + £)F}
5 EE—Zunt {[e+2xl Az + B — ¢—2sA € + DY)

+[e 2 (A2~ B) cos 2¢ (A—t) =29 (C*~D* cos 2 q (A+1)]
+2[ABe**5in2q (A=) —CDe > sin 2 ¢ (A+0)]}; (1)

that is, the instantaneous value of power consists of a constant
term and terms of double frequency in (A — ¢) and (A + £) or
in distance 4 and time ¢.

Integrating (1) over a complete period in time gives the
effective or mean value of power at any pownt A as
P =% éz—zwt {E+2.s-/1 (42 + B’) — E—Qx/\ (C“ + D’)}; ©)
that is, the effective power at any point of the circuit is the
difference hetween the effective power of the main wave and
that of the reflected wave, and also, the instantaneous power
at any time and any point of the cireuit is the difference between
the instantaneous power of the main wave and that of the
reflected wave.

The cffective power at any point of the circuit gradually
decreases in any section with the resultant time decrement of
the total circuit, e, and varies gradually or exponentially
with the distance 4, the one wave increasing, the other decreasing,
s0 that at one point of the circuit or circuit section the effective
power is zero; which point of the circuit is a power node, or point
across which no energy Aows. It is given by

etsd (4% + BY) = el (m -+ D"’),
or

w O+ D
oy

3
1 '+ D @

mnlerTE
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The difference of power between two points of the cireuit, A,
and A,, that is, the power which is supplied or received (depend-
ing upon its sign) by a section = 4, — 4, of the circuit, is given
by equation (2) as

P, = %\/ge—wol {(EHW_ etesk)y (42 4 B?)
— R oy e+ D)) @

If P,is > 0, this represents the power which is supplied by the
section A’ to the adjoining section of the circuit; if Py< 0, this is
the power received by the section from the rest of the complex
circuit.

If s2, and s, are small quantities, the exponential function
can be resolved into an infinite series, and all but the first term
dropped, as of higher orders, or negligible, and this gives the
approximate value

ek B0k = 4 252~ A) = + 2s0; (5)
hence,
P, = sl’\/%e‘““’ {4+ B+ ¢ + D*}; (6)

that is, the power transferred from a section of length A’ to the
rest of the circuit, or received by the section from the rest of the
circuit, is proportional to the length of the section, ¥, to its trans-
fer constant, s, and to the sum of the power of main wave and
reflected wave.

81. The energy stored by the inductance L of a circuit element,
d2, that is, in the magnetic field of the circuit, is

1,2
dw, = %’f— da,

where I/ = inductance per unit length of circuit expressed by
the distance codrdinate A.

Since L = the inductance per unit length of circuit, of distance
cobrdinate 7, and 2 = o'/,
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hence,

1, /L.
dw, =3 \/ v )

In general, the circuit constants r, L, g, C, per unit length,
I = 1 give, per unit length, A = 1, the circuit constants

or (8)
v L _ Lo g . C _ \/Q .
VIO VIO C’ vIG' ~VIC L
Substituting (290) in equation (309) gives

‘%ﬁ =% ge““"‘{a*"“ [Acosq (A —1t) + Bsing (A — 5P

+e 2 [Ccosg(X+1t) + Dsing (A + 1)
—2[Acosq(A—1) + Bsing (A —1)]
[Ccosq(A+1) + Dsing (2 + 1]}
) ’.
=% C__YE—Z'IIuL {[$+2SA (AZ + BZ) + s—'?n!A (02 + Dl)]
+ [e+2%4 (42 — ) cos 2¢ (1 — 1)
+ e (P = DY eos2q (A + 1)]
+ 2[ABe**¥sin 2 (A — #) + CDe=***sin 2¢ (A + #)]
— 2[(AC — BD) cos 2 g4 + (AD + BC)sin 2 ¢4]
— 2[(AC + BD) cos 2 ¢t + (AD — BC) sin 2 ¢i]}.
9
Integrating over a complete period in time gives the effective
energy stored in the magnetic field at point 2 as
aw, 1 (" dw, '
o ow),
=*II g g2l {[5+2sl (Az +Bz)+5—zsl (C" + Dz)]
— 2[(AC — BD) cos 2 qA + (AD+BC)sin 2 ¢i]}, (10)
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and integrating over one complete period of distance 4, or one
complete wave length, this gives

awe _ 1 edw, T _, (e
L2 _t u sk (42 2
@ ", @ ? \/ (=i + B)

+ e+ DY) (11)
The energy stored by the inductance L, or in the magnetic
field of the conductor, thus consists of a constant part,
% = 1\/z —2u,.t 428k 42 + BZ) + E~zsl (Cz + Dz), (12)
a part which is a function of (A — ¢) and (4 + ),

‘W \/L.-w {[#2 (42 — BY) cos2¢ (A — 1)

+ e (02— DY cos 2¢ (A + B)]
+ 2[AB:**5in 2¢ (1 — 1)

+ D= sin2¢ (A + 0}, 13)

a part which is a function of the distance A only but not of time ¢,
"

- ‘% = % /g’,f'-’"nf{ (AC — BD) cos 2 + (AD + BC)sin 2 ¢,

(14)

and a part which is a function of time ¢ only but not of the
distance 2,

d I 1
v \/Z =2ut{ (AC+ BD) cos 2 qt +(AD-BC)sin 2 i},
(15)
and the total energy of the electromagnetic field of circuit element
d2 at time ¢ is
oy _dw, | I dw 1
a~ata T T (16)
82. The energy stored in the electrostatic field of the conductor
or by the capacity C is given by
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or, substituting (8),

wg 1 /Z' X
= 1
VL an
and substituting in (17) the value of ¢ from equation (33) of
Chapter VIII gives the same expression as (9) except that the
sign of the last two terms is reversed; that is, the total energy of
the electrostatic field of circuit element d\ at time ¢ is
dw?  dw, | dw' | dw” | dw”’
Datata T as)
and adding (16) and (18) gives the total stored energy of the
electric field of the conductor,
dw  dw, dw, dw dw'

— I ——— = 0 —
T o tTaT ot ta a9

and integrated over a complete period of time this gives

aw dw, 1 L 2y -
W 2 d_;.__ 5 2 ot{s-}—?‘ﬁl (AZ B2)+6 ZBA(CVZ_I_DZ)} (20)
dw’ dw'”"
The last two terms, — 0 and I thus represent the energy

which is transferred, or pulsates, between the electromagnetic

v
and the electrostatic field of the circuit; and the term ddit repre-
sents the alternating (or rather oscillating) component of stored
energy.
83. The energy stored by the electric field in a circuit section

X, between 4, and 4,, is given by integrating %’E{ between A, and 2,

as
=& ge—m:d {(E+2al, _ E+2a/1,) (A’ + Bz)
= (72 — e~k (C* DY)}, (21)

or, substituting herein the approximation (307),

W= x' \/ T B4+ DY (22)
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Differentiating (22) with respect to ¢ gives the power sup-
plied by the electric field of the circuit as
aw

L .
pon sifBts o5 0, o

or, more generally,

_ U L —2ud f(+2sh _ +2sh) (42 2

=5:Vee {( et2%h) (42 + B?)
— (7%h — %Ry (C* + DY), (24)
84. The power dissipated in the resistance 7’dA = rd/l_c of a

conductor element dA is
dp’ = r'i?dA (25)
2
= _Lr dwﬁ

hence, substituting herein equation (16) gives the power con-
sumed by resistance of the circuit element dA as

dp’ 2r(dw,  dw dw’ duw”

TR T T T TU
and the power consumed by the conductance ¢’dA = \/i_c di
of a conductor element dA is
dp” = ¢'é*dA 27)
= 2ngw2 ;

hence the power consumed by conductance of circuit element d2
is

dp” gdw dw | dw” | dw” E
T wrtatay @8)
and the tofal power dissipated in the circuit element d4 is
dp; _ dp’ | dp” _ dw, = dw" dw”  dw'”"
w-ata ot ( +Fi>~47 <~+717)’ @9)

(26)
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u—~Q ) l

where, as before,

and (30)
m=z ~ -
and integrating over a complete period
aP, . dw, dw"
i 4 d —4dm— 7 (31)

the power dissipated in the circuit thus contains a constant term,

4u 0; T and a term which is a periodic function of the distance 2,

4 mdd—/l’ of double frequency.

Averaged over a half-wave of the circuit, or a multiple thereof,
the second term disappears, and
dP° 4u dw, .
[ e

or, substituting (12),
dP“ _ u\/L _Zunt c+28d (42 + BY) + 29k € + D) }, (32)

thus the power dissipated in a section / = A, — 2, of the circuit
is, by integrating between limits 4, and 2,,

Pp __ é" ~2ugt {(5+2s1, — E+mx) (A’ + BY)
"+ (¥R (C* 4 DY}, (33)
or, approximately,
pomur\fEem g4 B 1 0 4 ), (34)

86. Writing, therefore,
/L
BP=A+B+C+DY) \/@; (35)
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the energy stored in the electric field of the circuit section of length X' is
1 y
W= éArHls—lth; ((36)

the power supply to the conductor by the decay of the electric field of
the circuit is
P = u N H%=?" (87

the power dissipated in the circuit section ' by its effective resist-
ance and conductance is

Pxn — ul’st‘z““', ( (38)

and the power transferred from the circuit section X' to the rest of
the circuit is
Po = SAIH','EAMO{; (39)

that is,g— = ratio of power dissipated in the section to that
0

supplied to the section by its stored energy of the electric field.

5 = fraction of power supplied to the section by its electric

0
field, which is transferred from the section to adjoining sections
(or, if s < 0, received from them).

s . .
= = ratio of power transferred to other sections to power
%

dissipated in the section.

u, + u + s thus is the ratio of the power supplied to the sec-
tion by its electric field, dissipated in the section, and transferred
from the section to adjoining sections.

These relations obviously are approximate only, and applicable
to the case where the wave length is short.

86. Equation (4), of the power transferred from a section
to the adjoining section, can be arranged in the form

P, = %\[ge-w {[e+2% (47 + B?) — e™2h (C* + D?)]
_ E5+2'"1‘ (Az + Ba) _ 5—23/1, (Cz + D"')]}; ((40)
that is, it consists of two parts, thus:

L 0da (A2 4 BY) _ =
Pol = %\/55—21@ {€+-Mz (A‘ + B‘) — ¢ 28dy (Cm + DZ)}, (_(41)
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which is the power transferred from the section to the next fol-
lowing section, and

Po” =+ %Vge—led {E+231, Az + Bz)_qe—ﬂs/l, (Cz + Dz)}] (42)

which is the power received from the preceding section, and the
difference between the two values,

P, =P/ - Py, (43)

therefore, is the excess of the power given out over that received,
or the resultant power supplied by the section to the rest of the
circuit.

An approximate idea of the value of the power transfer con-
stant can now be derived by assuming H? as constant throughout
the entire compound circuit, which is approximately the case.

In this case, as the total power transferred between the sections
must be zero, thus:

SP, =0;

hence, substituting (341),
Sl =0, (44)

and, since
Sp= Uy — Uy

uA = Zwili’ ; (45)

that is, the resultant circuit decrement multiplied by the total
length of the circuit equals the sum of the time constants of the
sections multiplied with the respective length of the section, or, if

£, &, ... £ = length of the circuit section, as fraction of the
total circuit length A,

U, = Eé]u1 (46)

Whether this expression (46) is more general is still unknown.

87. As an example assume a transmission line having the
following constants per wire:r, = 52; L, = 0.21;g, = 40 X 107°,
and C; = 1.6 X 10-°.

Further assume this line to be connected to step-up and step-
down transformers having the following constants per trans-
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former high-potential circuit: v, = 5, L, = 3; g, = 0.1 X 107,
and C, = 0.3 X 107°; then
A =0, =VILC0, =058x%x107% 1 =0, =0.95%X 107,
= 136, u, =1
The circuit consists of four sections of the lengths
2/ =0.58X107%, ,/=0.95X 1079, 2,/ =0.58 X 107%, 2,/ =0.95X 10~*;
hence a total length
A =306 x 1073,
and the resultant circuit decrement is
u:gl/&,u +"Xu—516+009 52.2;
hence, s, = — 838 and s, = + 51.2.
If now the current in the circuit is ¢, = 100 amperes, the e.m.f.
e, = 40,000 volts, the total stored energy is
W=id (L, + L) + ¢ (C, + C)
= 32,000 + 3000 = 35,000 joules,
and from equation (36) then follows, for ¢ = 0, )
1+ AH? = 35,000,

o 70,000 _
A
which gives u, = 52.2,
H? =228 X 10,
7" = 35,000.

Step-down

Line.
Transformer.

N Step-up
T Line: | rransformer.

Length of section, A'={0.58x107%|0.95 ><IO"n 0.58%107| 0.95x107%
Time constant, u= 136 136

Transfer constant, s= —83.8 +5l 2 —~83.8 +51.2
Energy of clectric

field, = 6.650 10.850 6.650/10.850kilojoules
Power supplied by

electric field, P= 690 1132 690 1132 kilowatts
Power drssnpmted Po=| 1800 22 1800 22 kilowatts

Power transferred, Po — 1110 1110 — 1110 1110 kilowatts
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Thus, of the total power produced in the transformers by the
decrease of their electric field, only 22 kw. are dissipated as heat
in the transformer, and 1110 kw. transferred to the transmission
line. While the power available by the decrease of the electric
field of the transmission line is only 690 kw., the line dissipates
energy at the rate of 1800 kw., receiving 1110 kw. from the
transformers.



CHAPTER X.
REFLECTION AND REFRACTION AT TRANSITION POINT.

88. The general equation of the current and voltage in a sec-
tion of a compound circuit, from equations (33) of Chapter VIII,
is

1=¢"% {4 cosg (2 — 1) + Bsing (A — 1)]
— ¢ *[Ccosg(A+1t) + Dsing (A + 1)1}

e=cs % {e* [A cos g (A — 1) + Bsing (A — 1))
+ e % [Ccosq(2+1t)+ Dsing 2 +1)]},

9]

where

>~
[

= ol = distance variable with velocity as unit;

o =VIC;

e = \/Z;
o
u,= u + s = resultant time decrement;

u = g) = time constant, and

1 ( r A
2\L " C
s = energy transfer constant of section.
At a transition point A, between section 1 and section 2 the
constants change by equations (28) and (29) of Chapter VIII

A _e—%{asﬂmu +be™*h (€ cos 2 gl +D, sin 2 )}

e#h[aetihB +b, emsih (C,sin2 g2, —D, cos 2 q/ll)} @
=ctuh{g e“"l’(}1 +betoh (4, cos2 gl + B, sin2al)}
—etuhfge=shD +h et (4, sin 2 g —B, cos 2¢A) },
where
ate g b =" %. 3)

a, =
! 2¢, 2¢,

592
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Choosing now the transition point as zero point of \, so that
A< 0 is section 1, A >0 is section 2, equations (2) assume the

form A, =ad, + b0,

Cz - alel + b1 it (4)
Dz = a1D1 - blBl
From equations (4) and (3) it follows that
6, (47 = C) =c, (47 - C)
and } (6]
¢, (B = D) = ¢, (B — D).

If now a wave in section 1, 4 B, travels towards transition
point A = 0, at this point a part is reflected, giving rise to the
reflected wave C' D in section 1, while a part is transmitted and
appears as main wave 4 B in section 2. The wave C D in sec-
tion 2 thus would not exist, as it would be a wave coming towards
A =0 from section 2, so not a part of the wave coming from
section 1. In other words, we can consider the circuit as com-
prising two waves moving in opposite clirection:

(1) A main wave A B,, giving a transmitted wave 4,B, and

reflected wave C,D,.
(2) A main wave C,D,, giving a transmitted wave C,/D,’ and
reflected wave 4,’B,/.

The waves moving towards the transition point are single main
waves, 4,B, and C,D,, and the waves moving away from the
transition point are combinations of waves reflected in the sec-
tion and waves transmitted from the other section.

89. Considering first the main wave moving towards rising A:
in this Cy = 0 = D,, hence, from (4)

al, +b4,=0
and } (6)
a,D, - bB,= 0,
and herefrom
R
Cx_ a‘l Al"+ ¢, + ¢ 1
and Q]
— bl _ ¢ —C .
D=+ a, B, =+ oWt CZB,,
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which substituted in (349) gives

b? a? — b2 2¢c
A=gd, 2 A =% "% 4 _ 2% 4
2 144y a, 1 a, 1 ¢ et
and ®
b . af-b? . 2¢
Bz“ 0‘1B1—a': Bl“ a, Bx_ o+ czBl‘

Then for the main wave in section 1,
=W et (4 cosqg (A —1) + B,sing (A — 9)})
and )l
e, =c e s+ {4 cosg (A=) + B sing (A— )}

When reaching a transition point 2 = 0, the wave resolves into
the reflected wave, turned back on section 1, thus:

i == us’"“te’slz{Alcosq(,{-H) —B,sing(A+1)}
€t 6y
and (10)
e/ =+c¢, ?T._Z‘s"‘“’e‘sll{A,cosq(H—t) —B,sing(A+1)}.
2 1

The transmitted wave, which by passing over the transition
point enters section 2, is given by

5 .
i = c‘;_:—'c;s“‘°£s+”‘ {4,c05¢ (2 = ) +B,sing (i—1)}
and (11)
9
e, =c, = et {4, cos q(A—1)+B,sing (A—1)}.
2 e, + ¢,
. ., B, .
The reflection angle, tan (7,) = — ool supplementary to the
1 .
impact angle, tan (i,) = + A_t’ and transmission angle, tan (,)
1

= + Bl
S T4

1
Reversing the sign of X in the equation (10) of the reflected
wave, that is, counting the distance for the reflected wave also in
the direction of its propagation, and so in opposite direction as
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in the main wave and the transmitted wave, equations (10)
become

1=+ %e“‘“‘ et {4 cos g (¥ —1)+ B, sing (A—1) },
2 1
(12)
e/ =+c, +c‘ e e+l 4 cosq(¥—1)+Bsing (¥—1) },
2
and then
iz + 7.'1” = 7:1:
or
1t = (13)

c

1 4

—e, +e¢" " =e,
CZ

e, +e =e,

(1) In a single electric wave, current and e.m.f. are in phase
with each other. Phase displacements between current and
. e.m.f. thus can occur only in resultant waves, that is, in the com-
bination of the main and the reflected wave, and then are a
function of the distance A, as the two waves travel in opposite
direction.

(2) When reaching a transition point, a wave splits up into a
reflected wave and a transmitted wave, the former returning in
opposite direction over the same section, the latter entering the
adjoining section of the circuit.

(3) Reflection and transmission occur without change of the
phase angle; that is, the phase of the current and of the voltage
in the reflected wave and in the transmitted wave, at the transi-
tion point, is the same as the phase of the main wave or incoming
wave. Reflection and transmission with a change of phase angle
can occur only by the combination of two waves traveling in
opposite direction over a circuit; that is, in a resultant wave,
but not in a single wave.

(4) The sum of the transmitted- and the reflected current
equals the main current, when considering these currents in their
respective direction of propagation.
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The sum of the voltage of the main wave and the reflected
wave equals the voltage of the transmitted wave.

The sum of the voltage of the reflected wave and the voltage
of the transmitted wave reduced to the first section by the ratio

of voltage transformamon -2 equalsthe voltage of the main wave.
(5) Therefore a xoltage transformation by the factor ﬁ
1

\/ —toccurs at the transition point; that is, the trans-
mltted V\ave of voltage equals the difference between main wave
and reﬂected wave multiplied by the transformation latio%'

e (e —e,). As result thereof, in passing from one sectmn

2 =

of a c1rcult to another section, the voltage of the wave may
cdecrease or may increase. If -2 > 1, that is, when passing from

a section of low inductance and high capacity into a section of
high inductance and low capacity, as from a transmission line
into a transformer or a reactive coil, the voltage of the wave is

increased; if % < 1, that is, when passing from a section of high
1
inductance and low capacity into a section of low inductance

and high capacity, as from a transformer to a transmission line,
the voltage of the wave is decreased.

This explains the frequent increase to destructive voltages,
when entering a station from the transmission line or cable, of an
impulse or a wave which in the transmission line is of relatively
harmless voltage.

The ratio of the transmitted to the reflected wave is given by

i, _ 2¢ 2VLC, _ 2
o = VLC -VIC, L,C, _,
L,C,
and (14)
e 2¢ 2VIC, 2

6=¢, VLG, - VLT, ;_ LT, |
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90. Example:
Transmission line Transformer
= 1.95 X 10~ L, =1
C, =0.0162 X 107 C, =04 x107°
¢, = 346 ¢ = 1580
Lo & _y
o 0.56 o 2.56
And in the opposite direction
7, e
77127, = — 2.56 ‘3_17; = — 0.56.

. e . L, L .
The ratio % becomes a maximum, = o, for C_'l =2 but in
. el . . 1 02
this case e,” = 0; that is, no reflection occurs, and the reflected
wave equals zero, the transmitted wave equals the incoming
wave.
7, 2¢, |
2 te,’
hence, becomes a maximum for ¢, = 0, or ¢, = « and (15)
then = 2; in which case e, = 0.

e, 2c¢,

e, ¢, +e’
hence, becomes a maximum fore¢, = 0, or¢, = «» and then = 2;
in which case ¢, = 0. From the above it is seen that the maxi-
mum value to which the voltage can build up at a single transi-
tion point is twice the voltage of the incoming wave, and this
oceurs at the open end of the circuit, or, approximately, at a
point where the ratio of inductance to capacity very greatly
increases.

o
W%,

2.l CZ + 61 ’
hence, becomes a maximum, and equal to 1, for ¢, = 0, (16)
orc, = o,

e/ ¢, —c
e, ¢ te

has the same value as the current-ratio.
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91. Consider now a wave traversing the circuit in opposite
direction; that is; CsD, is the main wave, A,B, the reflected
wave, C1D; the transmitted wave, and 4; = 0 = B;. Inequa-
tion (4) this gives

Az = bxcx;

B, ==b,D;

Cz = a’lCu
and D,= aD;
hence,

Q2
I

©
]

S 8
S
I

._‘ﬂ

+ «

Nﬁ

an

=
o
"
I
o
S

2N
1
o
£
I

and
GimCp GG
cl+62 : 62+cl

D.;

that is, the same relations as expressed by equations (7) and
(8) for the wave traveling in opposite direction.

The equations of the components of the wave then are:
Main wave:

—emwemmd [Ccosg (A + ) + Dysing (A + 1)} } s

Transmitted wave:

§ = = 28wt med{(, cos g (M+1)+ D, sing (40}

[ N (19)
- 2 .
e,=+c¢, —gz—s“"!‘s""l{C,cos ¢ A+ +D,sing A+0) };

CI+CZ

Reflected wave:
Fro G el (0 os q (A—1) —D, sing (A—t)
T re (Cseosq (= =Dysing =0} 20)
o= e, % +9d (O cos g (A—1) — D, sing A1) };

2
c,+e,
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or, in the direction of propagation, that is, reversing the sign of 2:

i =— cl_'_—j’s‘“ﬂ‘ 3 {C, cos g (X +1)+D,sin g (¥ +1) } ]

- +2: emm =¥ {0, cos ¢ (N +)+D,sin g (X +0) }. J)

5.,” =c,
(21)

92. The compound wave, that is, the resultant of waves pass-
ing the transition point in both directions, then is

7’ =1 +1:1/+i1
elo=el+ell+el
i20=i2+i2+izl}

el =e, +e + e

(22)

In the neighborhood of the transition point, that is, for values
2 which are sufficiently small, so that « ¥4 and ¢ =54 can be dropped
as being approximately equal to 1, by substituting equations
(9) to (11) and (18) to (21) into (22) we have

i =% [{d,cosq(A— 1)+ Bsing(A-D})

¢, — ¢ .
_Cj_;T‘{Alcosq(lql-t) —B,singA+10)}
02+ {C,cosq (A + 1)+ D,sing A+1)}];

60 =ce % [{Ad,cosqg(A—1)+ B,sing(d -1}

+z+ {A,cosq(A+ )= B,sing (A + 1)}

: —+ {C,cos ¢ (A + 1)+ D,sin ¢ (A+10) Jib (23
10 =— ¢ [{C,eosq (A+ 1)+ Dysing (A + 1)}
Z+ {Cyeos g (1 — 1) — Dysing (A= 1)}

2
—-c:—f— {4, cosq (1 — 1)+ Bysing A—1)}7;
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e = ¢ [{Cheosq (A4 1) + Dysing (A + 0}

¢ — € .
+E‘+02{Czcosq(k—t)—Dzsmq(l—t)}

1

2
429 {4 cosq(d— 1)+ Bysing (A -}
[P N J
In these equations the first term is the main wave, the second
term its reflected wave, and the third term the wave transmitted
from the adjoining section over the transition point.
Expanding and rearranging equations (23) gives
Q ¢t .
io = P [{(cd, — c,C,) cosgA + ¢, (B,— Dy sin g} cos gt
1 ’3
—{(e,B, + ¢,D,) cos gt — ¢, (4, + C,) sin g2} sin ¢t];

60 = ZZ:—‘C:“‘"‘[{CZ (4,+0C,) cos gA+ (c,B,+¢,D,)sin g2} cos gt
—{c, (B,—D,) cos g2~ (c,A, —¢,C';)sin gd}sin gt];

- @4)

i = ; T 02[{ (e, 4, — ¢,C,) cos gh + ¢, (B, — D,)sin g2} cos ¢
—{(e;B, + €,D,) cos g2 — ¢, (4, + C;) sin gA} sin gt];

2 .
el =~ fﬁc e~ {c,(A,+C)) cos gA+ (¢,B,+¢,D,) sin gA}cosqt
1 2

93. This gives the distance phase angle of the waves:
tam 00 — 52 (B, — D,) cosgt + (4, + C,) singt}
T 4, — o0y cos gl — (B + ¢,D,) sin gt

tan 1,0 = cl{<Bx — D, cos gt + 4, +C) sin qt} . 25
AR = A, — 0, cos gt — (¢,B, + ¢,Dy) singt’
hence, ’
tani ¢, /LC,,
tanis ¢, VIO, (26)
tan 0.0 (¢,B, + ¢,D,) cos gt + (¢, 4, — ¢,C))sin gt
T e, {(4, + C,)cos gt — (B, — Dy singt} ’ o
27

tan 0.0 = (¢,B, + ¢,D,) cos gt + (¢, 4, — ¢,C,) sin gt
T [, +C)cosgt —c, (B, — Dy)sin g}’

—{e,(B,—D,) cos gA— (¢, 4, —¢,C,) sin g2} sin ¢1] .

4
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tane ¢,  /LC,
tane? ¢, VLC,’ 28

1~2

hence,

that is, at a transition point the distance phase angle of the wave
changes so that the ratio of the tangent functions of the phase
angle is constant, and the ratio of the-tangent functions of the
phase angle of the voltages is proportional, of the currents

inversely proportional to the circuit constants ¢ = i

In other words, the transition of an electric wave or impulse
from one section of a circuit to another takes place at a constant
ratio of the tangent functions of the phase angle, which ratio is a
constant of the circuit sections between which the transition
oceurs. .

This law is analogous to the law of refraction in-optics, except
that in the electric wave it is the ratio of the tangent functions,
while in opties it is the ratio of the sine functions, which is con-
stant and a characteristic of the media between which the tran-
sition oceurs.

Therefore this law may be called the law of refraction of a wave
at the boundary between two circuits, or at a transition point.

The law of refraction of an electric wave at the boundary
between two media, that is, at a transition point between two
circuit sections, is given by the constancy of the ratio of the
tangent functions of the incoming and refracted wave.



CHAPTER XL
INDUCTIVE DISCHARGES.

94. The discharge of an inductance into a transmission line
may be considered as an illustration of the phenomena in a com-
pound circuit comprising sections of very different constants;
that is, a combination of a circuit section of high inductance and
small resistance and negligible capacity and conductance, as a
generating station, with a circuit of distributed capacity and
inductance, as a transmission line. The extreme case of such a
discharge would occur if a short circuit at the busbars of a gen-
erating station opens while the transmission line is connected
to the generating station.

Let r = the total resistance and L = the total inductance of
the inductive section of the circuit; also let g = 0,C'= 0, and
L, = inductance, C, = capacity, r, = resistance, g, = conduc-
tance of the total transmission line connected to the inductive
circuit.

In either of the two circuit sections the total length of the
section is chosen as unit distance, and, translated to the velocity
measure, the length of the transmission line is

Ao =0="Y LaCoJ
and the length of the inductive circuit is
A =0, =VLC =0; 1)

that is, the inductive section of zero capacity has zero length
when denoted by the velocity measure A, or is a “massed induc-
tance.”

It follows herefrom that throughout the entire inductive
section =0, and current 7, therefore is constant throughout this
section.

Choosing now the transition point between the inductance and
the transmission line as zero of distance, 2 = 0, the inductance

602
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is massed at point A = 0, and the transmission line extends from
A=0t0 A =2,

Denoting the constants of the inductive section by index 1,
those of the transmission line by index 2, the equations of the two
circuit sections, from (33) of Chapter VIII, are

i, = e {(4, — C)cos gt — (B, + D)) sin g}, @
e, =c,e " {(4, + C)) cos gt — (B,—D,) singt};
iy =e W {e* 4[4, cos g (A — 1) + B,sing (A — 1)]
— e [C,cosq (A 4+ 1) + Dysing 1 + 01},
€, = cye " {[e ™ [A, cos ¢ (A — 1) + B,sing (A = )]
+ ¢, cos ¢ (A + ) + D,sing (A + 1)1},

and the constants of the second section are related on those of
the first section by the equations (28) to (30) of Chapter VIII:

@)

4,=ad, +bC, C, =aC, +0bA4, } @
B, =aB, -bD, D,=a,D, —bB,
where
0=,
) )
and )

¢ =\/[_‘ (6)

956. In the inductive section having the constants L and r,
that is, at the point 2 = 0 of the circuit, current 7, and voltage
¢, must be related by the equation of inductance,

e =71, — L—-- )

Substituting (2) in (7), and expanding, gives
¢, {(4, + C,) cosgt — (B, — D,) sin ¢t}
=+ u,L) {(4, — C) cos gt — (B, + D,) sin gt}
+ gL {(4, — C)singt + (B, + D,) cos gt},
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and herefrom the identities
e (A, +C) =0 +ul) A, - C)+qL (B, + D‘),} ©
(B, -D) = (r+wul) (B, + D) —gL(A,-C).
Writing '

A -C =M
and 9)
B, +D, =N
gives
¢, (A, +C) = (r+ul)M + ¢LN
and (10)
¢, (B, — D) = (r +uL)N — gLM,
which substituted in (4) of Chapter X gives
1
4, = ;)—l-c {(c + 7+ w,L) M + ¢LN} ;'5(]11 + pN),
1 1
B, = =5 {c+r+ul)N—qLM} =§(N — pM),
1 11)
C, = )i {¢LN—(c—r—-m]L)M}= 5 (N — M),
1
D, = )i {aLM + (¢ = r—mL) N} = (oM + N),

where in the second expression terms of secondary order have
been dropped.
L, oL -
Cc = \/Co: p= . .

Then substituting in (2) gives the equations of massed induec-
tance:
4, =<""{ M cos gt — N sin gt}
e, =" {[(r+u,L) M +¢LN]cos gt —[(r-+u,L) N — gLM] sin qt} }
(12)
Ifatt = 0, e, = 0, that is, if at the begmmng of the transient

discharge the voltage at the inductance is zero, as fer instance
the inductance had been short-circuited, then, substltutlng in
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(12), and denoting by 14, the current at the moment ¢ = 0, or at
the moment of start, we have
t=0,1,=1(,e=0; hence,

M=,
13)
N =— T+ uoL 'lj‘,, (
qlL
and
T, = g «{uus g+ T +[1[c”L sin ¢t },
4
R o
1 qL D .1 -
In this case
4, = 72 3
B, =~ —={(qL? + (r + u,L)* + ¢ (r + u,L)
: >ch{ ¢ )+ el + uwl)}; )
1!)
C, =- 5
= 2 2
D, ‘)CQL{(QL) + (@ + uL)* —c(r + u,L)}.

96. In the case that the transmission line is open at its end,

at point 2 = 4,
A =2,

i, =0;

hence, this substituted in (3), expanded and rearranged as
function of cos ¢¢ and sin ¢t, gives the two identities
e*™%h (4, cos gA,+ B, sin gA,) = =% (C, cos qA,+D,sin ¢A,)
and (16)
e+ (4, singl, — B, cos gA) = —e=*h (C, sin qAy—D,sin gA,).
Squared and added these two equations (16) give

e+2sk (Azz + Bzz) — 28k (sz + Dzz)‘ (17)
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Divided by each other and expanded equations (16) give
(A3Cy — BsDs) sin 2 gho = (A3D; + BaBs) cos 2 gho.  (18)
Substituting (381) into equations (17) and (18) gives
(L)1 (o ual)?) = 2 (@) (e — 7 — wol)? (19)
{(aL)? + (r + weL)? — c2} sin 2 qho = 2 cgLi cos 2 gho.  (20)
Since 2 s\ is a small quantity, in equation (19) we can sub-
stitute
eF2M = 1 4 28hp;
hence, rearranging (19) and substituting
§=1Uy— U
gives
¢ r+ wl) — (u = ) M {(gL)* + (r + uol)? + 2} = 0. (21)
Since (r + wueL) is a small quantity compared with ¢* (¢L)2, it
can be neglected, and equation (20) and (21) assume the form
{(gL)? — ¢} sin 2 gho = 2 cgL cos 2 gho (22)
¢ (r + uoL) — (w — uo) Ao {(¢L)? + ¢} =0, (23)

and, transformed, equation (22) assumes the form

2 cqL
tan 2 gd, = (q_L)J__c ;
or
¢
q¢=- E tan qlo: (24)
or
c
q=+ i cot gA,,

hence tan 2 gk, is positzve if gL > ¢, as is usually the case.
Expanded for u,, equation (23) assumes the form

RN L ey
A D+ )+ ol

»
U _ C<L+1_o>
w "G+ 4, [(qLY + &}
s= — (u—u,).

(25)
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From equations (24) ¢ is calculated by approximation, and
then from (25) uo and s.

As seen, in all these expressions of ¢, u,, s, etc., the integration
constants M and N eliminate; that is, the frequency, time atten-
uation constant, power transfer, etc., depend on the circuit con-
stants only, but not on the distribution of current and voltage
in the circuit.

97. At any point X of the circuit, the voltage is given by equa-
tion (3), which, transposed, gives

e = c7%'{¢ %} [(4, cos g4 + B, sin ¢A) cos gt
+ (4,sin g2 — B, cos ¢4) sin ¢l]
+ e7**[(C, cos g2 + D, sin g2) cos gt
— (C,sin gl — D, cos gd) sin ¢},
or approximately,
e =ce™" {[(4, + C,) cos g + (B, + D,)sin g/] cos ¢t
+[(4, — C,) sin g2 — (B, — D,) cos gA] sin ¢¢}.

Similarly to equation (381),

4,+ C, = pN;
A, - C, =M;
(26)
Bz + Dz = N;
B, - D, = —pM,
where
L
p= %‘ )
then
¢, = ¢ (gL cos gA+csin gd) (N cos ¢t + M sin gt),
L gL . 27
4y = &7 (cos g — = sin qA) (M cos gt — N sin gl); ]
e, = qLe™ (N cos ¢t + M sin ¢t),
1= ¢ ¢+ i %) 8
9, = 7% (M cos gt — N sin gt).
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If e, =0 for t=0,

N =0;
hence,

1, = 1,e " cos ¢,

e, = qLig™" sin gf;

29
1, = 1" (cos ¢4 — %Sin qA) cos g, (29)
e, = 1,67 (gL cos ¢A + csin gA) singl.
Writing
NTAE+N) =1, (30)
the effective values of the quantities are
I, = Ig™,
B, = qLIg™*
31
I, = Ie (cos qA — q—fsin qk), @D
E,=1g"" (qL cos gA+ csin gA).
Herefrom it follows that
I, = Ofor A = 2, by the equation
cos gi, — q%sin qA, =0,
or
c
q= Z(’Ot 9y (32)
while g= - %tan qhy (33)
gives
gL cos gA, + csingh, = 0;
that is,

E,=0atx=12,
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At the open end of the line A = A the voltage E, by substi-

tuting (32) into (31) is
B — qL
* cosgh,

At the grounded end of the line 2 = 2, the current 7,, by sub-

stituting (403) into (401), is
I gud
o _ Lo .
* 7 cos gh,

An inductance discharging into the transmission line thus
gives an oscillatory distribution of voltage and current along the
line.

98. As example may be considered the three-phase high-
potential circuit, comprising a generating system of » = 2 ohms
and L = 0.5 henry per phase and connected to a long-distance
transmission line of ry= 0.4 ohm, L, = 0.002 henry, g,= 0.2 X
10~* mho, Cy= 0.016 X 10~° farad per mile of conduetor or
phase, and of Z; = 80 miles length.

= \/go — 354, ¢ =125,300;

0
g,=VLC, = 5066 X107
Ay = L7, = 0.453 X 107%;
i 9_o>_ .
" ‘2(L0+00 = 106;
c
~ =708
I 708,

4

Tt ‘(34)

((35)

and herefrom, substituting in equations (34) and (35),
g =— 708 tan (0.0259 ¢)° (zero voltage)
= 708 cot (0.0259 ¢)°  (zero current),
T . S
u  0.618 107" + 1.28

k= 100.35° | 185.64° | 273.83° |362.89° 452.32° | 541.94°
g= 3875 | 7168 | 10,572 |14,010 | 17,463 | 20,920
Uy

0.0946/  0.0302| 0.0142] 0.00816| 0.0047| 0.0037

95.8 102.8 104.5  [105.1 105.5 105.6
10.2 3.2 1.5 0. 0.5 0.4

B
[

1
3
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By equation (31) the cffective values of the first six har-
monics are given as

(1) Quarter-wave: 100.35°.

q, = 3875;

u, = 95.8;

I =4 (cos gA — 548 sin ¢d),

E = 1939 7~ (cos g4 + 0.182 sin g4).
(2) Half-wave: 185.64°.

¢, = 7168;

u, = 102.8;

I = 47" (cos g2 — 10.14 sin ¢2);

I = 356854, (cos g2 + 0.098 sin ga).

(8) Three-quarter wave: 273.83°.
¢, = 10,572;
u, = 104.5;
I = 4e™"" (cos g4 — 14.90 sin qA);
E = 5287 4™ (cos g4 + 0.067 sin g2).
(4) Full wave: 362.89°.
0 = 14,010;
u, = 105.1;
I =" (cos gh — 19.8 sin g2);
E = 7005 7,6~ (cos gA + 0.050 sin gA).
(5) Five-quarter wave: 452.32°,
g = 17,463;
u, = 105.5;
I =47 (cos g2 — 24.65sin q2);
B = 873217 (cos g + 0.040 sin g4),
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(6) Three-half wave: 541.94°,
g = 20,920;
u, = 105.6;
I =g (cos gA — 29.6 sin A);

B = 10,460 i, (cos g4 + 0.033 sin gA).

611
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CHAPTER 1.

VARIATION OF CIRCUIT CONSTANTS.

1. In the preceding investigations on transients, the usual
assumption is made, that the circuit constants: resistance r, in-
ductance L, capacity C and shunted conductance g, are constant.
While this is true, with sufficient approximation, for the usual
machine frequencies and for moderatcly high frequencies, ex-
perience shows that it is not even approximately true for very
high frequencies and for very sudden circuit changes, as steep
wave front impulses, ete.

If », L, C and ¢ are assumed as constant, it follows that the
attenuation is independent of the frequency, that is, waves of all
frequencies decay at the same rate, and as the result, a complex
wave or an impulse traversing a circuit dies out without changing
its wave shape or the steepness of its wave front.

Experience, however, shows that steep wave fronts are danger-
ous only near their origin, and rapidly lose their destructivencss
by the flattening of the wave front when running along the circuit.
Expcrimentally, small inductances shunted by a spark gap, in-
serted in transmission lines for testing for high frequencies or
steep wave fronts, show appreciable spark lengths, that is, high
voltage gradients, only near the origin of the disturbance.

The rectangular wave of starting a transmission line by con-
necting it to a source of voltage, which is given by the theory
under the assumption of constant 7, L, C' and g, is not shown by
oscillograms of transmission lines.

If r and L are constant, the power factor of the line conductor,

”
W: should with increasing frequency continuously
ko
decrease, and reach extremely low values, at very high frequen-
cies, so that at these, an oscillatory disturbance should be sus-
tained over very many cycles, and show with increasing frequency
615
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an increasing liability to become a sustained or cumulative oscil-
lation. Experience, however, shows that high frequency oscilla-
tions die out much more rapidly than accounted for by the stand-
ard theory, and show at very high frequency practically no
tendency to become cumulative.

Therefore, when dealing with transients containing very high
frequencies or steep wave fronts, the previous theory, which is
based on the assumption of constant r, L, C' and g, correctly
represents the transient only in its initial stage and near its origin,
but less so its course after its iritial stage and at some distance
from the origin, especially with high frequency transients or
steep wave fronts.

It therefore, is of importance to investigate the factors which
cause a change of the line constants r, I, C'and g, with increasing
frequency or steepness of wave front, and the effect produced
on the course of the transient as regard to duration and wave
shape, by the variation of the line constants.

The two most important factors in the variation of the circuit
constants r, L, C and g seem to be the unequal current dustribuiion
in the conductor and the finite velocity of the eleciric field.

UNEQUAL CURRENT DISTRIBUTION IN THE CONDUCTOR.

2. The magnetic field of the current surrounds this current
and fills all the space outside thereof, up to the return current.
Some of the magnetic field due to the current in the interior and
in the center of a conductor carrying current thus is inside of
the conductor, while all the magnetic field of the current in the
outer layer of the conductor is outside of it. Therefore, more
magnetic field surrounds the current in the interior of the con-
ductor than the current in its outer layer, and the inductance
therefore increases from the outer layer of the conductor toward
its interior, by the “internal magnetic field.” In the interior of
the conductor, the reactance voltage thus is higher than on the
outside.

At low frequency, with moderate size of conductor, this differ-
ence is inappreciable in its effect. At higher frequencies, how-
ever, the higher reactance in the interior of the conductor, due
to this internal magnetic ficld, causes the current density to de-
crease toward the interior of the conductor, and the current to
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lag, until finally the current flows practically only through a
thin layer of the conductor surface.

As the result thereof, the effective resistance of the conductor
is increased, due to the uneconomical use of the conductor mate-
rial caused by the lower current density in the interior, and due
to the phase displacement, which results in the sum of the cur-
rents in the successive layers of the conductor being larger than
the resultant current. Due to this unequal current distribution,
the internal reactance of the conductor is decreased, as less cur-
rent penetrates to the interior of the conductor, and thus pro-
duces less magnetic field inside of the conductor.

The derivation of the equations of the effective resistance of
unequal current distribution in the conductor, 1, and of the in-
ternal reactance z; under these conditions is give . in Section II1,
Chapter VII. It is interesting to note that effective resistance
and internal reactance, with increasing frequency, approach the
same limit, and become proportional to the square root of the
frequency, the square root of the permeability, and the square
root of the resistivity of the conductor material, while at low
frequencies the resistance is independent of the frequency and
directly proportional to the resistivity, and the internal reactance
is independent of the resistivity and directly proportional to the
frequency.

FINITE VELOCITY OF THE ELECTRIC FIELD.

3. The derivation of the equations of the effective resistance
of magnetic radiation, and in general of the effects of the finite
velocity of the electric field on the line constants, are given in
Section III, Chapter VIIL.

The magnetic radiation resistance is proportional to the square
of the frequency (except at extremely high frequencies). It
therefore is negligible at low and medium frequencies, but be-
comes the dominating factor at high frequencies. It is propor-
tional to the distance of the return conductor, but entirely inde-
pendent of size, shape, or material of the conductor, as is to be
expected, since it represents the energy dissipated into space.
Only at extremely high frequencies the rise of radiation resist-
ance becomes less than proportional to the square of the fre-
quency. It becomes practically independent of the distance of
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the return conductor, when the latter becomes of the magnitude
of the quarter wave length.

The same applies to the capacity. Due to the finite velocity
of propagation, the dielectric or electrostatic field lags behind
the voltage which produces it, by the same angle by which the
magnetic field lags behind the current, and the capacity current
or charging current thus is not in quadrature with the voltage,
or reactive, but displaced in phase by more than 90°, thus con-
tains a—negative—energy component, which gives rise to a
shunted conductance of dielectric radiation g. This gives rise
to an energy dissipation by the conductor, at high frequencies,
by dielectric radiation into space, of the same magnitude as the
energy dissipation by magnetic radiation, above considered.

The term ““shunted conductance’ g has been introduced into
the general equations of the electrie circuit largely from theo-
retical reasons, as representing the power consumption propor-
tional to the voltage. Most theoretical investigations of trans-
mission circuits consider only r, L and C as the circuit constants,
and omit g, since under average transmission line conditions, at
low and moderate frequencies, g usually is negligible. In com-
munication cireuits, as telegraph and telephone, there is a ““leak-
age,” which would be represented by a shunted conductance, and
in underground cables there is a considerable energy consump-
tion by dielectric losses in the insulation, as the investigations
of the last years have shown, which gives a shunted conductance.
In overhead power lines, however, energy losses depending on
the voltage—and leading to a term g—have been known only at
such high voltages where corona appears.

It is interesting, therefore, to note that at high frequencies
“shunted conductance’” g may reach very formidable values even
in transmission lines, due to electrostatic radiation.

In investigating the effect of the finite velocity of the electric
field on the inductance L and the capacity C, it is seen that the
equations of external inductance and of capacity are not affected,
but remain the same as the usual values derived by neglecting
the velocity of the electric field, except at extremely high fre-
quencies, when the distance of the return conductor approaches
quarter wave length.



VARIATION OF CIRCUIT CONSTANTS 619

EQUATIONS OF ELECTRICAL CONSTANTS, AND NUMERICAL
VALUES.

4. In the following are given, compiled from Scction III,
Chapters VII to IX, the equations of the components of the
electrical constants, as functions of the frequency, for conductors
with return conductor, and also for conductors without return
conductor (as approximated by lightning strokes or wireless
antenng) :

Resistance: True ohmic resistance or effective resistance of
unequal current distribution, and magnetic radiation resistance.

Reactance: Low frequency internal reactance or internal re-
actance of unequal current distribution, and external reactance.

Inductance: Low frequency internal inductance or internal
inductance of unequal current distribution, and external in-
ductance.

Shunted conductance and capacity are not so satisfactorily
represented, and therefore, instead of representing energy storage
and power dissipation depending on the voltage by a conductance
g and a capacity C or suseeptance b, in shunt with each other, it
is more convenient to represent them by an effective resistance,
the dielectric radiation resistance ., and a capacity reactance z.,
in series with each other.

EquaTtioNs or ELmcTrRICAL CONSTANTS.

Let = length of conductor, cm.

I, = radius of conductor, cm.

I = circumference of conductor, cm.

l, = shortest circumference of conductor, cm.

I = distance of return conductor

f = frequency, cycles per second

\ = electrical conductivity, mhos per ¢m.?

w = magnetic permeability

8§ =8 X 101 = velocity of radiation in empty space;
it is, then, log denoting the natural logarithm.

Resistances:
True ohmic resistance (thermal):

; ohms,

e 1
* 7 Nal?
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Effective resistance of unequal current distribution (thermal):

9')\ ) 10~* ohms.

Effective magnetic radiation resistance:
(a) Return conductor at distance I':
227"

= SWTJF” 10~? ohms;

at extremely high frequencies:
2fl’)
ry =4 ofl {— — ¢o! gf 10-9 ohms.
(b) Conductor without return conductor:
= 27311079 ohms.
Effective dielectric radiation (shunted) resistance:*
(a) Return conduetor at distance I':
21 S
i

Te =

at extremely high frequencies:

oS a2 g
re = = { 5 col —3— 5 } 10~? ohms.
(b) Conductor without return conductor:
p =2 9
=g fl 10~ ohms.

Reactances:
Low frequency internal reactance:
10 = mflp 107° ohms.

Internal reactance of unequal current distribution:
z = 7"—7\/041 4 104 ohms = .
ll X .

*As shunted resistance and reactance, 7. and . are inverse proportional
to the length of the conductor [, that is, the longer the conductor, the more
cucrent is shunted across, and the lower therefore are 7, and z,. For this
1eason, the shunt constants usually are given as conductance g and suscep-
tance b. In the present case, however, 7 and # give simpler expressions.
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External reactance:
(a) Return conductor at distance I’

2o = 4 mfl 10g~ 107 = 4 nfllog = }» 10~° ohms;

at extremely high frequencms.

ay = 4mfl {logz—ﬁ — 0.5772 — sil = wa 1079 ohms.
(b) Conductor without l’eturn conductm"
=47 B |
T2 4,‘fl{log o afl. 05772} 10~ ohms.

Shunted capacity reactance:
(a) Return conductor at distance I':

S? 1og ; S?log 2‘ i
= " 10"? = _2 10" .
2. g 10 i 10~° ohms;
at extremely high frequencies:

S2
fl { log 547 fl
(b) Conductor without return conductor:
SZ
Te =2 afl
Inductances:
Low frequency internal inductance:

T = — 0.5772 — sil gl]; ] 10~? ohms.

[mgz g~ 05772 107 ohms.

Ly = L 109 henrys.

Internal inductance of unequal current distribution:

_l 01” —4 .
L, = LNST 10~* henrys.

External inductance:
(a) Return conductor at distance I’:

7 !
Lo = 2llog§— 10~ = 21log Q—Z’rl— 10-° henrys;
T 2

at extremely high frequencies:

Ly=21 {logz——ﬂ— — 0.5772 —stlQWﬂ } 10~ henrys.
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(b) Conductor without return conductor:

[ S "
e =21 5 — 0 0 ] X
L, =21 l 10g27rfl,- 0.5772 } 10—* henrys
Capacity:

(a) Return conductor at distance I’:

0
Co = _ 10 ; farads;
2 S2log I

at extremely high frequencies:

Cy = farads.

o _ 2 7er'
28 { log -27 0.5772 — sil 254 j
(b) Conductor without return conductor:

9
Cy = 10 farads.

28 {Jog E“ﬁ - 05772}

5. Herefrom then folloyv the Cireuit Constants:
At Low Frequencies (Machine Frequencies up to 10° cyecles,
approx.):

=7y
T =21+ 2o
L = Ly + Lo
C=0Cq
g=20
At Medium Frequencies (10° to 10° cycles, approx.):
=1
T = T+ To
L=L+1L
C=20C,
g=20

At High Frequencies (10° to 107 cycles, approx.):
r =7+ 73 (with return conductor)
=ry =47y (without return conductor)
2 = 21 -+ 20 (with return conductor)
= %1 + ¥ (without return conductor)
L = Ly + L, (with return conductor)
=L, + L, (without return conductor)
C=0, (with return eonductor)
=C, (without return conductor)
(approximately, or represented by z, and r.).
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¢ represcnted by 7. and x.:

e Ze

=T _.p=_Tc 9.,

0= s b= g = 2000

at extremely high frequencies (above 107 cycles, opprox.):

r =1 + 7, (with return conductor)
ri + 1 (without return conductor)
21 + 4 (with return conductor)
= 2; -+ x; (without return conductor)

[

8
[

C and ¢ represented by 7. and 2., thus:

- T .
V=i
= xt .
T 20f(r + )
From these follow the derived circuit constants:
Magnetic attenuation:

(o}

=
“=aT
Dielectric attenuation:
Usually zero at low and medium frequencies,

{ Te

at high and very high frequencies.,

Attenuation constant:
u=ul+uz=%(£—|——g)
Series power factor:

»
cos w = 75—_?———1‘2
Shunt power factor:
Zero at low and medium frequencies,
e
eV e

at high and very high frequencies.
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Duration of oscillation:*

to = 1 seconds
U
I
Ny = 2 cycles.

6. As seen, four successive stages may be distinguished in
the expressions of the circuit constants as functions of the fre-
quency.

1. Low frequencies, such as the machine frequencies of 25 and
60 cycles. The resistance is the true ohmic resistance, the in-
ternal reactance and inductance that corresponding to uniform
current density throughout the conductor, with conductors of
moderate size, and of non-magnetic material.

2. Medium frequencies, of the magnitude of a thousand to
ten thousand cycles. Resistance and internal reactance or in-
ductance are those due to unequal current distribution in the
conductor, that is, the resistance is rapidly increasing, and the
internal inductance decreasing. The conductance ¢ is still
negligible, radiation effects still absent, and all the energy loss
that of thermal resistance.

3. High frequencies, of the magnitude of one hundred thou-
sand to one million eycles. The radiation resistance is appreci-
able and becomes the dominating factor in the energy dissipation.
The internal inductance has practically disappeared, due to the
current penetrating only a thin surface layer. A considerable
shunted conductance exists due to the dielectric radiation.

4. Extremely high frequencies, of the magnitude of many
millions of cycles, when the quarter wave length has become of
the same magnitude or less than the distance of the return con-
ductor. Radiation effects entirely dominate, and the usual ex-
pressions of inductance and of capacity have ceased to apply.

This last case is of little industrial importance, as such ex-
tremely high frequencies propagate only over short distances.

* Under ‘“‘ Duration” of a transient is understood the time (or the number

of cycles), which the transient would last, that is, the time in which it would
expend its energy, if continuing at its initial intensity. With a simple ex-

ponential transient, this is the time during which it decreases to ~or 36.8

per cent. of its initial value. It decreases to one-tenth of its initial value in
2.3 times this time.
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It would come into consideration only in caleulating the flatten-
ing of the wave front of a rectangular impulse in the immediate
neighborhood of its origin, and similar problems.

Thus far, a general investigation does not seem feasible. Sub-
stituting the equations of the circuit constants, as functions of
the frequency, into the general equations of the electric circuit,
leads to expressions too complex for general utility, and the in-
vestigation thus must largely be made by numerical calculations.

Only when the frequencies which are of importance in the
problem lie fairly well in one of the four ranges above discussed
—as is the case in the investigation of the fattening of a steep
wave front in moderate distances from its origin—a more general
theoretical investigation becomes possible at present.



CHAPTER IL
WAVE DECAY IN TRANSMISSION LINES.

7. From the equations given in Chapter I, numerical values
of the line constants are calculated and given in Table IV,
for average transmission line conditions, that is, a copper wire
No. 00, with 6 ft. = 182 cm. between the conductors, and an
average height of 30 ft. = 910 em. above ground, for the two
conditions:

(a) A high frequency oscillation between two line conductors.

(b) A high frequency oscillation between one line conductor
and the ground.

The table gives:

The thermal resistance 7;, the radiation resistance ry, and the
total resistance r = ry + 7.

The internal reactance =z, the external reactance zj, and the
total reactance z = x; + 3.

T

The magnetic attenuation u; = ii’ the diclectric attenuation

Up = 2%: and the total attenuation u = u; 4 ..

The table also gives the duration of a transient in micro-seconds
t and in cycles N, that is, the time which a high frequency oscilla~
tion of the frequency f would last, if continuing with its initial
intensity and the number of eycles which it would perform. It
also gives the power factor, in per cent, of the series circuit, as
determined by resistance and inductance, and of the shunt cir-
cuit, as determined by shunted conductance and capacity.
" As seen, the attenuation constant % is constant up to nearly
one thousand cycles. Thus in this range, all the frequencies die
out at the same rate. From about one thousand cycles up to
about 100,000 cycles, the attenuation constant gradually in-
creases, and thus oscillations die out the more rapidly, the higher
the frequency, as seen by the gradual decrease of the duration (.
However, as the increase of the attenuation constant and thus
the increase of the rapidity of the decay of the disturbance, in
this range, is smaller than the increase of frequency, the number
of cycles performed by the oscillation increases. Thus, at 25 or
60 cycles, the stored energy, which supplies the oscillating power,

626
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would be expended in less than one cycle, that is, a real oscillation
would hardly materialize (except by other sources of energy, as
the stored magnetic energy of a transformer connected to the
line). At 1000 cyecles, the oscillation would already last 9 to 12
cycles, and at still higher frequencies reach a maximum of 41.4

[ I [ [
INNERN |

1T
R | g
ATTENUATION CON -
WIRE 00 B.& S.G., COPPER 400
u=%% —+ <
(2) 6-Ft,Distunce hu\men Cunductors |
(3) Cunductor 30-Ft, sbove Ground

380

T T

I
| [l

1

|

)‘/ 360
/1

-

|

I

|

T 300

240

220

200

180

g

10 1] 12 [18 1§ 15
3 }4 5} ¢ ],Kl]c%l'cles | i I
1 ) 5 K 1 13 n 17 19,
Harmonic _

Tre. 103.

‘cycles at 20,000 cycles frequency, in the oscillation against
ground; 64.9 cycles at 100,000 cycles, in the oscillation between
line conductors. This represents already a fairly well sustained
oscillation, in which the cumulative effect of successive cycles
may be considerable. Above 100,000 cycles the attenuation
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constant begins to rise rapidly, and reaches enormous values,
due to the rapidly increasing energy dissipation’byradiation. As

0° 10t 10® 10 Cyeles
1] ATTENUATION CONSTANT
=1 ( Ll
Log ||| * %(LFCU w
g (1) No.00 B.& §.G. Copper 18 Dist. o
6.0/ () » o man g 10
(3) ey 30°Above Ground]
(4) » » m o Ion onow " -
Ll i(5) g oo Gopper v m e
5.5] 1/
5.0 10°
3)/(5),
/1
45 o/
J/a
. y4
40 10t
L
35
7
3.0 & 108
10°
0
30 85 9 45 50 55 6.0 65
Log'f

Tre. 104.

the result, the duration of the oscillation very rapidly decreases,
and the number of cycles performed by the oscillation decreases,
until, beyond a million cycles, the energy dissipation is so rapid
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that practically no oscillation can occur; the oscillation dying out
in a cycle or less, thus being practically harmless.

The attenuation constant is plotted, up to 15,000 cycles,
in Fig. 103, with the frequency as abscissee, and is plotted in Fig.
104 in logarithmic scale, as (2) and (3).

Noteworthy is the great difference between the oscillation
against ground, and the oscillation between line conductors;the
oscillation against ground is more persistent at low frequencies,
due to the greater amount of stored energy in the electric field of
the conductor, which reaches all the distance to the ground.
When reaching into very high frequencies, however, the energy
dissipation by radiation becomes appreciable at lower frequencies
in the oscillation against ground than in the oscillation between
line conductors, and reaches much higher values, with the result
that the decay of an oscillation between line and ground is much
more rapid at high frequencies than the decay of an oscillation
between line conductors. For instance, at 100,000 cycles, the
latter performs 65 cycles before dying out, while the former has
dissipated its energy in 27 cycles, that is, less than half the time.

8. To further investigate this, in Tables V and VI the nu-.
merical values of effective resistance, power factor, attenuation
constant and duration of a transient oscillation, in cycles, are
given for six typical conductors and circuits, for frequencies from
10 cyecles to five million cycles, and plotted in Figs. 104, 105 and
106 in logarithmic scale.

1, 2 and 3 are lines of high power; copper conductor No. 00
B. & 8. G.,in 1 with 18 in. = 45.5 em. between conductors, cor-
responding about to average distribution conductors; in 2 with
6 ft. = 182 cm., between conductors, corresponding to about
average transmission line conductors with the oscillation between
two lines, and in 8 with 60 ft. = 1830 cm. between conductor
and return conductor, corresponding to an oscillation between
line and ground, under average transmission line conditions, with
the conductor 30 ft. above ground. 4, 5 and 6 give the same
condition of an oscillation between line and ground, but in 4 an
iron wire of the size of No. 00 B. & S. G., such as has been pro-
posed for the station end of transmission lines, to opposc the
approach of high frequency disturbances. In 5 a copper wire
No. 4 B. & 8. G., that is, a low power transmission line, is repre-
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sented, and in 6 a stranded aluminum conductor of the same con-
ductivity as copper wire No. 00 B. & S. G.
The equations of the constants for these six circuits are given in

[T TTTR ] \\TH L]
A HHIllHHH
\\ POWER FACTOR OF T
- r
0 \ SERIES CONSTANTS COS W—\/WE
\ (1) No. nnB az 8.G. Copper, 18 Dist,
@) e g
L1 d@) e g'above Ground |
\ (ym wmunn Ton mow I:
\ G) 7 4 copper wow o n T[]
[ | 1
HH
S X 35 10 5 50 55 50
\ Log %
1
13
5 \
T 12
\ i
\ \ i
\ @) 0
\ e
\ AW/ A
\ ; .
\
i, =
\ /- 5
\ /l
2NN 5)/ & ;7/4
LN |(:K 4 8
(2), N
™~
RS~ 5 . 0
‘ } I - = > 1
[
10° 104 108 100
Fie. 105.

Table V. This table also gives the limiting frequencies, between
which the various formulas apply with sufficient accuracy for
practical purposes, and the lower limits, where the effects become
appreciable, in the various conductors.
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- In Fig. 104 the attenuation constants are plotted, in Fig. 105
the power factors and in Fig. 106 the duration, in cycles.
As such a transient oscillation dies out exponentially, theoret-
! S T I I 1T
T T [
' [ | || DURATION OF OSCILLATION 1
; Lt IN CYCLES I
‘ [ 11 (1) No.00 B.& s.c.Copper 16"Dist
' 2y wow mmn g
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e S Y
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£
70 I / \ 0
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0 / 0
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B 5 \ 50
/ 2)\
/ / \
ry - 7 \ \ "
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\ \ A\
20 j =Ly 30
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‘ 0 Y ADAY4 \ S
7 A\
| W
| = 1037* I~ | 10
| H | )
1] 1 T (3)
H = 1 I i e (14}
109 10° f 10 10° )
Fre. 106.

i ically it has no definite duration, but lasts forever, though prac-
tically it -may have ceased in a few micro-seconds. Thus as
DS duration is defined the time, or the number of cycles, which the
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oscillation would last if maintaining its initial intensity. In
. 1
reality, in this time the duration has decreased to < or 37 per

cent. of its initial value. Physically, at 37 per cent. of its initial
value, or 0.37% = 0.135 of its initial energy, it has become prac-
tically harmless, so that this measure of duration probably is the
most representative.

From Tables V and VI it is scen, that there is no marked dif-
ference between the stranded aluminum conductor (6), and the
solid copper wire of the same conductivity (3) and the values of
(6) are not plotted in the figures, but may be represented by (3).

9. The attenuation constant w, in TFig. 104, is plotted in
logarithmic scale, with /f as absciss@. In such scale, a difference
of one unit means ten limes larger or smaller, and a straight linc
means proportionally to some power of the frequency. This
figure well shows the three ranges: the initial horizontal range at
low frequency, where the attenuation is constant; the approxi-
mately straight moderate slope of medium frequency,jy where the
attenuation constant is proportional to the square root of the
frequency, the unequal current distribution in the conductor pre-
dominating, and the steep slope at high frequencies, where the
radiation resistance predominates, which is proportional to the
square of the frequency.

It is interesting to note that at high frequencies the distance
of the return conductor is the dominating factor, while the effect
of conductor size and material vanishes; in copper wire No. 00
the rate of decay is practically the same as in copper wire No. 4,
though the latter has more than three times the resistance; or in
the iron wire, which has nearly six times the resistance and 200
times the permeability. The permeability of the iron wire has
been assumed as p = 200, representing load conditions, where
by the passage of the low frequency power current the iron is
magnetically near saturation, and its permeability thus lowered.
However, the decay of the oscillation between conductor and
ground is 6 to 7 times more rapid than that between conductors
6 ft. apart, and that between conductors 18 in. apart about 3
times less.

This shows, that to produce quicker damping of high frequency
waves, such as are instrumental in steep wave fronts, the most
effective way is to separate the conductors as far as possible, per-
haps cven lead them to the station by separate single conductor
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lines; ‘but the: use of high resistance conductors, or of magnetic
material, as iron, offers little or practically no advantage in
damping very high frequencies or flattening steep wave fronts.

At medium and low frequencies, however, the relation reverses
and the decay of the wave is the smaller, the greater the distance;
of the return conductor. The reason is, that in this range the
effective resistance is still independent of the conductor distance,
while the inductance increases with increasing distance. At
medium and low frequencies, the iron conductor offers an enor-
mously increased attenuation: from 10 to 20 times that of non-
magnetic conductors.

10. The power factor of the conductor is plotted in Fig. 105.
As seen, it decreases, from unity at very low frequencies, to' a
minimum at medium high frequencies, and then increases again
to very high values at very high frequencies. The minimum
value is a fraction of one per cent. except with the iron conductor,
where the minimum is very much higher. The power factor is
of importance as it indicates the percentage of the oscillating
energy, which is dissipated per wave of oscillation. This is repre-
sented still better by Fig. 106, the duration of the oscillation in
cycles, that is, the number of cycles which an oscillation lasts
before dissipating the stored energy which causes it.

At medium high frequencies, the oscillation is the more per-
sistent the lower the ohmic resistance of the conductor and the
further away the return conductor, while at very high frequencies
the reverse is the case, and the oscillation is the more persistent,
the shorter the distance of the return conductor, while the size
and material of the conductor ceases to have any effect.

The maximum number of cycles is reached at medium high
frequencies, in the range between 20,000 and 100,000 cycles—
depending on conductor size and distance of return conductor.
Tt thus is in this range of frequencies, where an oscillation caused
by some disturbance lasts the greatest number of cycles, that the
possibility, by some energy supply by means of an are, etc., to
form a stationary oscillation or even a cumulative oscillation,
thus to become continuous or “undamped,” is greatest.

1t would thus appear, that this range of frequencies, of 20,000
+0 100,000, represents what may be called the “danger frequen-
cies” of transmission systems. It is interesting to note, that
experimental investigations have shown, that the natural fre-
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quency of oscillation of the high voltage windings of large power
transformers usually is within this range of danger frequencies.
The possibility of the formation of destructive cumulative oscilla-
tions or stationary waves in the high voltage windings of large
power transformers thus is greater than probably with any other
class of circuits, so that such high potential transformer windings
require specially high disruptive strength and protection. This
accounts for the not infrequent disastrous experience with such
transformers, before this matter was realized.

11. Figure 106 also shows, that the duration of an oscillation in
iron wire, in cycles, is very low at all frequencies. Thus the
formation of a stationary oscillation in an iron conductor is prac-
tically excluded, but such conductors would act as a dead resist-
ance, damping any oscillation by rapid energy dissipation.

The duration of high frequency oscillation, in cycles, increases
with increasing frequency, to a maximum at medium frequencies.
This obviously does not mean that the time during which the
oscillation lasts increases; the time, in micro-seconds, naturally
decreases with increasing frequency, due to the increasing atten-
uation constant. Thus in conductor (2) for instance, the oscilla-
tion lasts 65 cycles at a frequency of 100,000 cycles, but only 9
cycles at 1000-cycle frequency. However, the 65 cycles arc
traversed in 650 micro-seconds, while the 9 cycles last 9000 micro-
seconds, or 14 times as long. It is not the total time of oscilla~
tion, but the cumulative effect due to the numerous and only
slowly decreasing successive waves, which increases as represented
in Fig. 106.

An oscillation between copper wires No. 4 B. & 8. G., 6 ft.
apart, would give a duration curve, which at moderate frequen-
cies follows (5) of Fig. 106, but at high frequencies follows (2).
Thus the average duration and average rate of decay would be
about the same as (3), an oscillation between copper wire No. 00
and ground. However, the oscillation would be more persistent
in such a conducto: at high, and less persistent at low frequencies.
A complex wave, containing all the harmonics from low to very
high ones, such as a steep wave front impulse or an approximately
rectangular wave, as may be produced by a spark discharge, etc.;
such a wave would have about the same average rate of decay in
a copper wire No. 4 with return at 6 ft., as in a copper wire No.
00 with ground return. The wave front would flatten, and the
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wave round off, approach more and more sine shape, due to the
more rapid disappearance of the higher frequencies, while at the
same time decreasing in amplitude. The wave thus would pass
through many intermediate shapes. But thes¢ intermediate
shapes would be materially different with wire No. 4 and return
at 6 ft., as with No. 00 and ground return; in the latter, the
flattening of the steep wave front, and rounding of the wave,
would be much more rapid at the beginning, due to the shorter
duration of the transient, and while such wave would last about
the same time, that is, pass over the lines to about the same dis-
tance, it would carry steep wave fronts to a much lesser distances,
that is, its danger zone would be materially less than that of the
wave in copper wire No. 4 with return at 6 ft.

It therefore, is of great interest to further investigate the effect
of the changing attenuation constant on complex waves, and
more particularly those with steep wave fronts, as the rectangular
waves of starting or disconnecting lines, ete.



CHAPTER III.

ATTENUATION OF RECTANGULAR WAVES.

12. The destructiveness of high frequencies or step wave
fronts in industrial circuits is rarely due to over-voltage between
the circuit conductors or between conductor and ground, but is
due to the piling up of the voltage locally, in inductive parts of
the circuit, such as end turns of transformers or gencrators, cur-
rent transformers, potential regulators, ete., or inside of inductive
windings as the high potential coils of power transformers, by
the formation of nodes and wave crests. Such cffects may be
produced by high frequency oscillations sustained over a numher
of cycles, as discussed in Chapter 11, by oscillations lasting only
a very few cycles or a fraction of a cycle, or due to non-oscil-
lating transients, as single impulscs, ete. As the high rate of
change of voltage with the time, and the correspondingly high
voltage gradients along the conductor are the source of danger,
to calculate and compare oscillatory and non-oscillatory cffects
in this respect, it has become customary in the last years, to
speak of an “equivalent frequency” of impulses, wave fronts or
other non-oscillatory transients. .

As “effective” or “equivalent” frequency of an impulse, wave
front, etc., is understood the frequency of an oscillation, which
has the same maximum amplitude, ¢ or 7, and the same maximuin
gradient Z?e or % Thus assuming an impulse which reaches a
maximum voltage ¢ = 60,000, and has a maximum rate of in-

crease of voltage of %i = 10%, that is, a maximum voltage risc at
the rate of 10! volts per second, or 10,000 volts per micro-second.
As the average voltage rise of a sine wave is ;Zr times the maximum,
the average rise of an oscillation of the same maximum gradient

as the impulse, would be 72r Z_: - 20000 volts per micro-second

T
641
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and the total voltage rise of e = 60,000 thus would occur in

;—d_e = %6?88; = 0.4 micro-seconds. A complete cycle of this

T di

oscillation thus would last 4 X 9.4 = 37.6 micro-seconds, and
.Q8

the equivalent frequency of the impulse would be f = 376 =

26,600 cycles or 26.6 kilo cycles. The equivalent frequency of a
perfectly rectangular wave front, if such could cxist, obviously
would be infinity.

QUARTER WAVE CHARGING OR DISCHARGING OSCILLATION OF
A LINE.

13. Considering first the theoretically rectangular wave of
connecting a transmission line to a circuit, or disconnecting it
from the circuit.

Suppose a transmission line, open at the distant end, is con-
nected to a voltage B. At this moment, the voltage of the line
is zero. It should be, in permanent conditions, E. Thus the
circuit voltage consists of a permanent voltage I (which is the
instantaneous value of the alternating supply voltage at this
moment, B, sin ¢) and the transient voltage — E.  We thus have
a transient voltage, which is uniformly = — E all along the line
except at the switching point I = 0, where the transient voltage
is zero.

Or, suppose a transmission line, open at the far end, is con-
nected to a source of voltage, and at the moment where, this
voltage is E, the line short circuits at some point, by a spark dis-
charge, flash-over, ete. Thus at this moment, the voltage = 0
at the point of short circuit, and is = F everywhere between this
point and the end of the line. Thus we get a line discharge lead-
ing to the same transient, a theoretically rectangular wave. In
the part of the line between generator and short circuit, we have
a different transient, a circuit of voltage e = 0 at one end, e = ¥
throughout the entire length at time ¢ = 0, and e = E continu-
ously at the other end, where the generator maintains the voltage.
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However, this again leads to the same transient, of a theoretically
rectangular wave.

Assuming thus, as an instance, a transmission line of 100 km.
length, of copper wire No. 00 B. & 8. G., 30 ft. above ground,
open circuited at the other end { = 100 km., and connected to a
source of voltage I7 at the beginning, [ = 0.

Then the beginning of the line, I = 0, is grounded, at the time
t = 0, thus giving a quarter wave oscillation, with the terminal
conditions:

Voltage along the line constant = E, at time ¢ = 0, except at
the beginning of the line, I = 0, where the voltage is 0.

Current along the line = 0 at ¢ = 0, except at I = 0, where the
current is indefinite.

14. The equation of the quarter wave oscillation of the line
conductor against ground, then is (Chapter VII (57)):

o = 4B e—“‘zn sin (2n + 1) 7 cos (2n + 1)& o)

T S n-41

where:

¢ is the time angle of the fundamental wave of oscillation, of
frequency:

=S 3XI0N e ele

fo = A= 4100 X108 750 cycles. (2)

7 is the distance angle, for [y = 100 k. = 90° = ;r, that is,

¢ = 2l

- ®3)
A

Equation (1), however, assumes that 1, and thus », L, ¢ and ¢
are constant for all frequencies.  As this is not the case, but i
a function of the frequency, and thus of n: u,, e can not be
taken out of the summation sign. Equation (1) thus must be
written:

e = H S, e sin 2n + 1) 7 cos (2r + 1) & 4
T 2n+ 1 ¢

0

where u, is the value of u for the frequency: f = (27 + 1) fo.
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From (4) follows, as the voltage gradient along the line:

de _4E & '
E? =2 et cos (2n +‘1) 7 cos (2n + 1) & (5)
: 0

2 [ &
= ;E— { 2 et cos (2n 4+ 1)(r + o)

0

+ in eticos n — 1) (r— ) (6)
)

The maximum voltage gradient occurs at the wave front, that
is, for ¢ = 7. Substituting this, and substituting further, from

(3):

m
L dr = o, dl 7
gives, as the maximum voltage gradient,

de E[2 =
G=a§=n{§ne—'z»tcos(2n+1)27+§uew} ®)

It is, however,
w
2" cos (2n +1)27 =0 (9)
0
for all values of 7 except 7 = 0 and = = =, that is, the beginning
of the line, I = 0.
Thus, approximately, as u, varies gradually:
)
2“ e~unt cos (2r + 1) 2r = 0 (10)
0
except for values of 7 = 0 or very near thereto.
Substituting (10) into (8) gives

)

E U nl
G = 7 e (11)

0

as the approximate expression of the maximum voltage gradient,
that is, the steepness of the wave front, at time ¢, that is, at dis-
tance from the origin of the wave.

I=8t=38X100¢ (12)
If ¢ differs materially from 7, the term with (r — ) in equa-
tion (6) also vanishes, and % = 0, that is, there is no voltage

gradient except at and near the wave front.
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From (11) are now calculated numerical values of the steepness
of the wave front @, for various times ¢ after its origin, and thus
(by 12), various distances I from the origin. These numerical
values are given in table VII, for £ = 60,000 volts.

At a fundamental frequency of fo = 750 cycles, successive har-
monies differ from each other by 1500 cyecles, and for every value
of ¢, values of e thus have to be calculated for the frequencies:

n= 0 1 2 3 4 5 6 cte.
f= 750 2250 3750 5250 6750 8250 9750 cycles, cte.,

until the further terms add no further appreciable amount to
S, In caleulating, it is found that for instance for ¢ = 5
micro-seconds, or | = 1.5 km., this occurs at f = 5 X 10° cycles,
thus beyond the 5 x 100

750
of the series would have to be calculated to get this one pointof
the wave gradient: more terms for shorter, less terms for longer
distances I of wave travel. This obviously is impossible, and
some simpler approximation, of sufficient occuracy, thus is
required.

This may be done as follows:

In the range from 5 X 10° to 10° cycles for instance, there are
108 — 5 X 10%
1500
e for each of these harmonics, caleulate ¢ for the average

value of these 333 harmonies, and multiply by 333.

Thus, dividing the entire frequency range (beyond the lowest
harmonics, which are calculated separately), into groups, and
calculating one average value for each group, the calculation of
¢ becomes feasible.

Since ¢ is calculated through lge™ = — utlge, as values of

= 6670th harmonic. Thus 6670 terms

= 333 harmonics. Instead of caleulating % and

t, multiples of i;—é have been chosen, to still further simplify the

calculation, in deriving a curve of gradients G.

16. Table VII gives the values of the muximum voltage
gradient of the wave front, in volts per meter at 60,000 volts
maximum initial line voltage, the equivalent frequency of the
wave front, in kilocycles, and the length of the wave front, in
meters, for various times of wave travel, from .03 micro-seconds
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up, and corresponding distances of wave travel, from 10 meters
from the origin as rectangular wave, up to thousands of km.,
for copper wire No. 00 B. & S. G., 30ft. = 910 cm. above ground,
with the ground as return.

TapLe VIL—ATTENUATION OF WAVE FRONT OF QUARTER-WAVE OSCILLA-
TIoN, oF 100 K. Ling, 60,000 Vorrs.

Distanee ! Voltage Gradient. ‘ Wave Front.
'l\‘i[r_ne & — 1 )’_V'here i
Micro- pk
seconds. - . Vanishes. 1 de. | G, Volts |Equivalent| Length,
Km. | Miles. Edt | por Meter.Kilo-cycles.| Meters.

1 TFrom origin of wave.
' (3) Copper wire No. 00 B. & S. G., 30 ft. = 910 cm. above ground.
0 4]

0 0 i PP » 60,000 o
1 0.03 0.01 | 0.0062, ....... 5,800 | 5,500 8,800 6
L 0.575 | 0.1725| 0.107 | 10 X 10° | 1,370 1,290 2,060 73
¢ 1.15 0.345 | 0.215 | 8 X 10°| 1,025 967 1,540 98
‘ 2.3 0.69 | 0.43 6 X 10° | 670 630 1,000 150
{11.5 3.45 | 2.15 4 X 10°| 300 280 450 330
‘ 23 6.9 4.3 2 X 10 | 218 205 330 460
! 92 127.6 [17.2 108 104 98 156 960
230 69 43 0.7 X 108 62 58 92 | 1,630
2,300 690 430 0.2 X 108 13 12 19 | 7,900
23,000 6,900 | 4,300 50,000 1.3 1.2 1.9 {79,000

(1) Copper wire No. 00 B. & S. G., return conductor at 18 in. = 45.5

cm. distance.
20 X 10° | 3,450 | 3,240 5,160 29
10 X 10° | 1,020 960 1,530 98

2.3 0.69 | 0.43
23 6.9 4.3

230 69 43 4 X 108 | 250 234 370 400
(5)  Copper wire No. 4 B. & 8. G., 30 ft. = 910 cm. above ground.
23 6.9 | 4.3 ) 2 X 108 ' 227 } 213 340 | 440

230 69 43 /0.7 X 10° 64 60 94 | 1,570
(4)  Iron wire No. 00 B. & S. G., 30 ft. = 910 cm. above ground.
23 6.9 4.3 2 X 10° 143 135 215 700

230 69 43 0.3 X 108 11 10 16 | 9,400

For comparison are given some data of the same conductor,
with the return conductor at 18 in. = 45.5 em., and also for a
copper wire No. 4, and an iron wire No. 00, with the ground as
return.

These data are plotted in Fig. 107, showing the wave front, as
it gradually flattens out in its travel over the line, from the very
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steep wave at 170 meters from the origin, to the wave with a
front of 1630 meters, 69 km. away.

I T ]
| JI [
// / ‘[
/i
U1 [ 0/2[0/5] 0.4(0'5[u6]0l7]| 08|00 QEE\:_xig FIE] .H‘iiism TR
I =
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|
|
I
| [ Cv [ wr )| 68| 60| 70| AL Kin. | #0] %3] 27,2 218 | 21 | 275 | 916 | 14 | 27,8 10| 90 |7 |24
I L
e
T
[G8.0] | _[082 TR “"TZHJ.Q.E': 09,0 601 | [69.6] | (608 | [70.0]
T [T | [ LT T

TFra. 107,

A comparison of the data of the four cireuit conditions is given
in Table VIII, and plotted in T'ig. 108.

TaBLE VIIL—ATTENUATION OF WAVE FRONT OF QUARTER-WAVE OSCILLA-

TI0N, oF 100 Km. Line, 60,000 Vorzs.

Conductor 3) (¢5] (5) (4)
Size No . 00 00 4 00
Madterial. . Copper Copper  Copper Iron
Distance of return conductor,
<3 1820 45.5 1820 1820
Aflter 23 microseconds, 6.9 km.:
Gradient, volts per meter. ... . 205 960 213 135
Length of wéve front, meters.. 460 98 440 700
Equivalent kilocyeles 330 1530 340 215
Alter 230 microseconds, 69 km :
Gradient, volts per meter. 58 234 60 10
Length of wave front, mete: 1630 400 1570 9400
Equivalent kilocyeles......... 92 370 94 16

Tt is interesting to note, that there is practically no difference
in the flattening of the wave front on a low resistance conductor,
No. 00, and a high resistance conductor, No. 4. There is, how-
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ever, an enormous difference due to the effect of the closeness of
the return conductor: with the return conductor at 18 in. dis-
tance, the wave front is still materially steeper at 6.9 km. dis-
tance, than it is in the conductor with ground return at 0.69 km.
distance. That is, the flattening of the wave front in the con-
ductor with ground return, is more than ten times as rapid, than
in the same conductor with the return conductor closely adjacent.
Or in other words, the danger zone of steep wave front, extends

P T - T T T
© = w o@ @ 2 5 = 3 d T ®
S 8 & ¢ & = & 2 8 8 8 8 g 8 8

T . | 1 REN
| [ [
Vs . =
| 1
I = )
/ ]
— et Copper-30 | F:
)
/ 7.
/ 07 B G.Copper 18 Dist 1
[}
T =
i i
i
1 =1 |_{Nb.{-B.& §.G.Copper(30 F
T T |
I L]
T T (|
=
= ———
- = 47
L No.bo!n]&] s|alxion] 30 Fe.abdve Groboa |
(! T L

1 ¥
64 65 66 07 08 63 T MW 2 W U
Fre. 108.

in a conductor with the return conductor closely adjacent,to
more than ten times the distance than in the conductor with
ground return.

This means, where it is desired to transmit a high-frequency
impulse or steep wave front to the greatest possible distance, it
is essential to arrange conductor and return conductor as closely
adjacent as possible. But where it is essential to limit the harm-
ful effect of very high frequency or steep wave front as much as
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: possible to the immediate neighborhood of its origin, the return

conductor should be separated as far as possible.
The data on iron wire are very disappointing: there is an enor-
mous increase in the flattening of the wave front at great dis-

8

°

i

9

=
L
—
~—
—
S~

1

12

[

1B

14———-\—1—
Pl
1 /’_——-

HAC::

o

o

AL
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tances, by the use of iron as conductor material, so much so that
the wave front of the iron conductor at 69 km. distance had to
be shown (dotted) at one-tenth the scale as for the other con-
ductors, in Fig. 108. But at moderate distances, 6.9 km. from
the origin, the flattening of the wave front in the iron conductor
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is only little greater than in a copper conductor of the same size:
215 kilocyecles against 330 kilocyeles. At short distances, the dif-
ference almost entirely ceases, and within 1 km. from the origin,
the wave front in an iron conductor is nearly as steep as in a
copper conductor of the same size. Thus a short length of iron
wire between station and line would exert practically no protec-
tion against very high-frequency oscillations or steep wave fronts,
such as may be produced by lightning strokes in the neighbor-
hood of the station.

This was to be expected from the shape of the curve of the
attenuation constant, shown in Fig. 104.

16. From the data in Table VII then are constructed and
shown in Fig. 109, the successive curves of voltage distribution
in the line, as it is discharging (or charging), by the originally
rectangular wave running over the line, reflecting at the end of
the line and running back, then reflecting again at the beginning
of the line and once more traversing it, etc., until gradually the
transient energy is dissipated and the line voltage reaches its
average, zero in discharge, or the supply voltage in charge. The
direction of the wave travel in the successive positions is shown
by the arrows in the center of the wave front; the existence and
direction of current flow in the line by the arrows in the (nearly)
horizontal part of the diagram. As seen, after four to five
reflections, the voltage distribution in the line is practically
sinoidal.

However, in these diagrams, Figs. 107 to 109, the wave front
has been constructed from the maximum voltage gradient derived
by the calculation, assuming as approximation the shape of the
wave front as sinoid. This usually is a sufficient approximation,
since the important feature is the maximum gradient, that is,
the steepest part of the wave front, which was given by the cal-
culation; but it is not strictly correct, and the wave front differs
from sine shape. It thus is of interest to investigate the exact
shape of the wave front, in its successful stages of flattening.

RECTANGULAR TRAVELING WAVE.

17. For this purpose may be investigated as further instance
the gradual destruction of wave shape and decay of a 60,000~
cycle rectangular traveling wave, during its passage over a trans-
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mission line, changing from the original rectangular wave shape
produced at its origin by lightning stroke, spark discharge, ete.,
into practically a sine wave.
For this purpose, for the elementary symmetrical traveling
wave, the equation is
e = LB netstsin (2n + 1) (13)
0

™
where ¢ = ¢ = 7 is the running time coordinate, in angular
expression.
Values of ¢ are calculated, for various times ¢, from 1 micro-

second to 360 microseconds, for all the angles ¢, where ¢ has not
yet become constant and equal to E.

TasBLe IX.—ATTENUATION OF 60,000-CYcLE RECTANGULAR WAVE, IN LINE
or No. 00 B. & S. G., Corper, 30 Fr. saBovE GROUND.

Time, t = 0 1 2 5 10 | 20 40 | 100 | 360 | ms.
Wave travel, I = 0 0.3(0.6]|1.5 3 6 12 30 | 108 | km.
@ = 0 degrees 0.785] 0O [ 0 0 [} 0 o 0
@ = 1degree +....{0.250/0.170/0.106/0.074|0.052|0.347|0.022/0.010)
¢ = 5 degrees N
@ = 10 degrees .582{0.2170.100
¢ = 20 degrees .709)/0.405/0.193
¢ = 30 degrees .740(0.547|0. 282;
¢ = 40 degrees .758]0.639|0. 360,
@ = 50 degrees .765|0.691/0.426
@ = 60 degrees 0.722|0.470|
0.730/0.513
0.
0.

¢ = 90 degrees 0.785(0.785(0.785(0.783(0.780(0.7750. 765|0. 730,

Degrees.
Meters.

0 10 16 26 44 70 90 | 140 | 180
0 140 | 220 | 340 | 620 | 980 |1250 {1940 {2500

Wave
Front | wito. | Max. | @ [1120 | 750 | 470 | 325 | 230 | 165 | 108 | 63
oycles. | Avg. | « (1080 | 670 | 420 | 208 | 165 | 120 | 77 | 60

Highest apprec. harmonic.| © | 61| 45| 83| 15| 9| 7| 3| 1

Decrease of wave max....| 0 |.....foeieufoenns 0.6 | 1.3

Maximum gradient, volts
per meter. . . ...| @ | 690|470 | 205 | 205 | 140 | 100 | 65 | 40
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In Table IX are given numerical values, and plotted in Fig.
110, of

o

= 2" etlgin (270 + 1),

0

} 3

%

&

from 0 to 90°, and from 1 to 360 microseconds, and derived there-
from the values of the length of wave front, in degrees and
in meters, and the equivalent frequency, in kilocycles. Two
values are given, the maximum kilocycles, derived from the
steepest part of the wave front, and the average kilocycles, de-
rived from the total wave front. The difference indicates the
deviation of the shape of the wave front from a sinoid.

18. As seen, due to the high fundamental frequency, 60,000
cycles, the number of significant harmonics is very greatly re-
duced, until frequencies are reached, where the attenuation is so
enormous, that the destruction of the wave by its energy dissi-
pation occurs in a few meters.

Thus already after 1 microsecond or 300-meter wave travel, the
calculation needs to extend only to the 61st harmonic; after 2
microseconds, to the 45th harmonic, etc., while after 100 micro-
seconds, or 30-km. travel, only the third harmonic is still appreci~
able, and after 360 microseconds, or 108-km. travel, even this has
disappeared, and the wave is essentially a sine wave.

In 30-km. travel, the wave maximum has decreased 7 per cent;
in 108 km., it has decreased 31.2 per cent.

It is important to note, however, that waves of relatively high
frequency, within the range of the danger frequencies between
20 and 100 kilocycles, can travel considerable distances, if no
other causes of rapid attenuation are at work, but those consid-
ered here, and still retain a large part of their energy. Thus the
60,000-cycle wave, after traversing 100 km. of line, still retains
about 70 per cent of its amplitude, that is, about one-half of its
energy. Thus the danger from resonance of power transformer
windings with such frequencies is not local but rather extends
over a large part of the system.

The lower part of Fig. 110 shows the shape of the wave front
at various distances from the origin; the upper part shows the
gradual change of the wave from rectangular to flat top to sine
wave.



654 TRANSIENT PHENOMENA

Plotting for the 750-cycle quarter-wave oscillation and the
60,000-cycle traveling wave, the logarithm of the length of the
wave front, and of the equivalent frequency of the wave front,
against the logarithm of the distance of wave travel, gives prac-
tically straight lines (except for very great distances of wave
travel, where the lower harmonics predominate), and from the
slope of these lines follows that:

The length of wave front is approximately proportional, and
the equivalent frequency of the wave front approximately inverse
proportional to the square root of the distance of wave travel:

Ir=a1 (14)
=0 (15)

This would give a wave front constant ¢; and an equivalent
frequency constant c. of the circuit.



CHAPTER IV.

FLATTENING OF STEEP WAVE FRONTS.

19. A rectangular wave is represented by the equation

_4BQ  _ sin (2n + 1)r cos (2n + 1)9 1

E— % ¢ 2n + 1 @
where
¢ = 27fl = time angle, (2)
7 =2r Z} = distance angle, (3)
0
fo = fundamental frequency,
lo = ]‘S = wave length, (4)
0

S = 3 X 10' = velocity of propagation,
E = maximum voltage of wave.

The voltage gradient ist

do _ dodr
dl ~ drdl
= 4_f g; n e_‘“ cos (2n + 1)r cos (2n + 1)J. (5)

Substituting for — dl T from (3), and resolving the cos-product,
gives
de _4E(3 . A . ]
T= l—o{ zﬂ:n et eos (2n+1)(r—o) + zu;ne cos(2n-+1)(r+v)
. (©
2" e cos (2n + 1) (r + &) approaches zero for 7 + ¢ = 0, (7)
0

thus,

2= LIS emoos 2n + D — 9). @®)

655
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The maximum voltage gradient occurs for ¢ = 7, and thus is

de _4E&
=g =7 2 @

This can be written in the form
G————zlefoé —ut (10)
It is, however, by (4),

Jolo=8 (€89)
thus,
Q= ZSE anfn eut (12)

0

The values of e are taken for all values of frequency, differing

from each other by 2 fo, and, at and near the wave front, the
"

value of 2" 2 fo e thus approaches the value of f —utdf,

Substltutmg this into (10), gives as the equation of the maxi-
mum steepness of wave front

¢=2=22 ugy (12)

As seen, in this expression (12), wave length and frequency
have disappeared. Equation (12) thus applies to any wave,
whether of finite length or not. That is, it represents broadly
(though only approximately) the maximum gradient of any steep
wave front or impulse, at the time ¢ after its origin as rectangular
wave front or impulse.

As u is not a simple function of f, the integration of fe—"‘ df
0

in its general form meets with difficulties, and the integral may
be evaluated thusly:
Equation (12) can be written in the form

+w
¢ = 2—SE f Jeut d log . (185

Plotting then fe—* as ordinates, with logf as abscissz, gives
a curve, and the area of this curve gives the integral.
20. Instead of using logf as absciss®, it is more convenient
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to use the common logarithm’)f, and divide the measured area
by'le = 0.4343.

Numerically, the integration is done by calculating fe= for
(approximately) constant intervals of ]/, adding all the values,

TaBLE X.—ATTENUATION OF WAVE FroNT oF RECTANGULAR IMPULSE.
Copper Wire No. 00 B. & S. G., 30 Ft. above Ground, Ground Return.

I u tf;a‘_, 1074 l 1075 1070 107
1 70 1 -1
2 70 2 2
5 70 5 5
10 70 9 10 l
20 700 19 20 88
50 0] 47 50 | |
102 70| 93 99 100
2 X 102 70| 186 198 200
5 X 10* 70 468 496 500
100 80| 923 992 | 1,000 8,888
2 X 10° 115 | 1,760 | 1,970 | 2,000
5 X 10 190 | 4,150 | 4,920 | 5,000
104 287 | 7,500 | 2720 | 9,999 | 10,000 | | oo
2 X 10 482 /10,200 | 19,000 | 19,900 | 20,000 g
5 X 100 1,300 |10,800 | 44,000 | 49,400 | 50,000
108 3,710 | 2,450 | 69,000 | 96,400 99,500 | 100,000
2 X 108 12,600 1| 56,100 | 176,000 | 197,000 | 200,000
5 X 108 74,200 0 240 | 190,000 466,000 498,000
108 291,500 0| 54300 | 748,000 | 970,000
2 X 100 | 1,160,000 |.. 625,000 | 1,780,000
5 X 108 | 7,230,000 |.. 3,660 | 1,860,000
107 28,800,000 |. . 1 562,000
2 % 107 (115,000,000 0 200
> = 88,660 | 206,800 | 605,000 | 2,230,000 | 6,060,000
+ 3 X 0.4343 = 20,700 | 158,700 | 464,000 | 1,710,000 | 4,650,000
Q= %E— X = 0.119 0.635 1.86 6.84 18.6
L=| 300 30 3| 0.3 |0.3km]

and multiplying the sum by the (average) differcnce between
successive /f.

As an instance is given, in Table X, the calculation for circuit
(3) of the preceding, that is, copper wire No. 00 B. & 8. G., 30
ft. above ground, with the ground as return conductor, for the
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times £ = 0.1, 1, 10, 100 and 1000 microseconds, corresponding
to the distance of travel of the wave front of 0.03, 0.3, 3, 30 and
300 km. As frequency intervals are selected: 1, 2, 5, 10, 20, 50,
100, 200, ete., giving the logarithms: 0, 0.3, 0.6, 1, 1.3, ete.

Zf—ut
ATTENUATION OF RECTANGULAR €
WAVE FRONT OF IMPULSE 7.0

65
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These curves are plotted, in logarithmic scale, in Fig. 111.
As seen, all these curves rise as straight lines under 45 degrees,
and then very abruptly drop to negligible values.
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In Table X, the values of fe= are added, then divided by 3,
since there are three intervals for cach unit of]f, and multiplied

by ¢ to reduce to natural logarithms ~Multiplying byg then

gives the gradient G.
For medium and high frequencies, the attenuation constant
is given by the preceding equations as
.t g '
Y= sk T30 (14)
Neglecting the internal inductance L, as small compared with
the external inductance, this gives

l (15)
|

=mi VI + maf?

where

™ \/ 2.5 ‘X‘
My = ———= 104 (16)
1, log i
277
m =270 an
Slog I

Tor the conductor (31) in Table X, it is
my = 2.6
ms = 0.20 X 10-¢ a8
This expression (15) of 4 holds for all frequencies except very
low frequencies—below 1000 cycles—and extremely high fre-
quencies—many millions of cycles. The latter are of little im-
portance, as they are wiped out in the immediate neighborhood
of the origin of the rectangular impulse. At the low frequencies,
the attenuation is so small, within the distances which come into
consideration in the wave travel, and these low frequencies give
such a small part of the wave front gradient, that the error made
by the use of (15) is negligible. For instance, in the case of
Table X, even at ¢ = 100 microseconds, or 10 km. wave travel,
the error made in the voltage gradient by altogether neglecting
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the attenuation of the frequencies up to 1000 cycles, would be
only 0.01 per cent.

Thus the equation (15) of the attenuation constant can safely
be used for all practical purposes.

As the first term in equation (15) is proportional to +/7, the
second term to f%, the second term is negligible at low and
medium frequencies, while the first term is negligible at high
frequencies.

Both terms are equal at

M1\ 3¢
1= (G 19)
That is, in the above instance, at
f = 43,000 cycles.

21. Thus, for high frequencies, that is, within moderate dis-
tances from the origin of the rectangular impulse—up to some
kilometers—the first term can be neglected and the attenuation
constant expressed by

U = Myf? (20)
The integral in equation (12) then becomes
F = fe‘*"z‘ 72 df. (21)
0
Substituting,
22 = matf?
gives
p dx
=
and
F=—— [ena
= ma J
It is, however,
fe_"z dx = 1 RV (22)
o 2
thus,
1 T
F = 5 ’m_zt (23)
and
E
g=EVr (24)

Sv/mat
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or, since
1= St (25)
Bz (26)

V'ms S Sl

Substituting (17) into (26), gives, in em. and volts per cm.
B [10g"
G = 7 gl

il

The maximum gradient, or steepness of the wave front of a
rectangular impulse, in the neighborhood and at moderate dis-
tances from its origin, decreases inverse proportional with the
square root of the distance or time of wave travel.

It decreases with increasing distance I of the return conductor,
nearly inverse proportional to the square root of 1.

22. For the six types of circuits considered in the previous
instances, it is:

@n

Thus, approximately:

¢ = ﬂcv5=

1
(1) Copper wire 00 B. & 8. C., 18 in. = 45,5 cm. from return conductor: Vl X 1700 3.230
(2) Copper wire 00 B. & 8. G., 6ft. = 182 cm. from return conductor: 968 2,086
(3) Copper wire 00 B. & 8. G., 60 ft. = 1820 cm, from return conductor: 360 2.5606
(4) Iron  wire 00 B. & 8. G., 60 ft. = 1820 cm. from return conductor: 360 2.5560
(5) Cuppar wire 4 B. &8. G., 60 ft. = 13"0 em, from return conductor: 373 2.572
(6) Al stranded, same ivity and as (3): 353 2.548

where @ is given in volts per meter, at £ = 60,000 volts, and [
in kilometers:

¢ =80 % 10“°E'\/—1—10gl—i
e,

1 !

= 3 A
135 X 10~ EJZ,J r

A7
= 8100‘ll—,ﬂi—r

From Tables X, IX, and VII are collected the values of wave
gradients &, and given in Table X1, together with their logarithms
and the G, calculated from equation (28), for comparison of the

(28)
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different methods of calculation. Table XI then gives the differ-
ence A, and its value in per cent.

The values of G are plotted in Fig. 112. The drawn line gives
the values caleulated by equation (28); the three-cornered stars
the values from Table X, the crosses the values from Table IX,
and the circles the values from Table VII.

TasLe XI.—CarcuLaTioN OoF WaAVE FrownT.
Copper Wire No. 00 B. & S. G., 30 Ft. above Ground.

Dist. Gradient, Volts per meter at £ = 60,000 V.
]
mole | e e | s | -a
Impulse, fo = 0 (Table X).
0.03 1860 3.269 3.317 | +0.048 “+11.7
0.3 684 2.835 2.817 ~0.018 — 4.3
3 186 2.269 2.317 +0.048 +11.7
30 63.5 1.803 1.817 +0.014 + 3.3
300 11.9 1.075 1.317 (40.242)
Traveling Wave, fo = 60,000 (Table IX).
0.3 690 2.839 2.817 —0.022 -5.2
0.6 470 2.672 2.667 —0.005" -1.1
1.5 295 2.470 2.468 ~0.002 -0.5
3 205 2.312 2.317 +0.005 +1.1
6 140 2.146 2.167 -+0.021 +5.0
12 100 2.000 2.016 +0.016 +3.7
30 65 1.813 1.817 -+0.004 +0.9
108 40 1.602 1.539 (~0.063)
Quarter Wave, fo = 750 (Table VII).
0.01 5500 3.740 3.556 —0.184
0.1725 1290 3.111 2.938 -0.173
0.345 967 2.985 2.787 ~0.198
0.69 630 2.799 2.637 +0.162
3.45 280 2.447 2.287 —0.160
6.9 205%* 2.312 2.137 —0.175
27.6 98 1.991 1.836 —0.155
69 58 1.763 1.637 (=0.125)
690 12 1.079 1.137 (+0.058)
6900 1.2 0.079 0.637 (+40.558)
Same, 18 in. = 45.5 em. between conductors.
0.69 3240 3.510 3.311 ~0.199
. 6.9 960 2.982 2.811 —0.171 |
69.0 ] 234 2.369 g 2.311 (—0.058) i

* Calculated by equation (28).
** 131 to 293
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23. As seen from Tuble XI and Fig. 112, the agrecment of
the equations (27) and (28) is satisfactory with the values of the
wave front gradient taken from Tables X and IX.

The values of ¢ from Table X differ erratically. This table
was calculated by graphical integration, and it is probable that
the intervals have been chosen too large, in that range where
the curve drops very abruptly, as scen in Fig. 111.

The agreement with the values from Table IX is very close.
In this table, representing the course of 60.000-cycle rectangular
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—
T, 112.

traveling wave, the individual harmonics have been calculated,
as they were relatively few, due to the high frequency of the
fundamental. This agreement is important as it justifies equa-
tion (27). In deriving (27), we have substituted integration for
summation, that is, have replaced the discontinuous values of
the individual harmonics by a continuous curve. Any error
resulting from this should be greatest where the number of dis-
continuous harmonics is the least. Table XTI and Tig. 112, how-
ever, show that the agreement of the gradient of the 60,000-cycle
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traveling wave with equation (27), is good even at I = 30 km.,
where only two significant harmonics are left, the fundamental
and the third harmoniec.

Thus the method of deriving an equation for G by integration
is justified.

Unsatisfactory, however, is the agreement of equation (27)
with the values of the gradient of the quarter-wave oscillation,
taken from Table VII. These values lay on a straight line in
Fig. II, given as dotted line, showing proportionality with the
square root of the distance, but there is a constant error, and the
gradients given in Table VII are about 50 per cent greater than
those given by equation (27).

The cause of the discrepancy probably is in the method used in
calculating the gradients of the quarter-wave oscillation given in
Table VII. Due to the impossibility of calculating individually
thousands of harmonics, the number of harmonics in successive
intervals of frequency, has been multiplied with the average
attenuation e in this frequency range, and as the average has
been used the mean value of the ¢~ for the two extremes of the
frequency range. However, e* drops exponentially and with
great rapidity, so that the true average value is much lower than
the average of maximum and minimum. Thus for instance in
the range from 5 X 105 to 10 X 10°% cycles, containing 334 har-
monies, e forf = 5 X 103 [att = 23 X 10~®seconds], is 1.22 X
103 and for f = 10 X 105, it is 181 X 1073, giving an average
of 91.1 X 1073. However, for f = 7.5 X 105, ¢v¢is 22.5 X 1073,
thus less than a quarter of the average.

To check this, one value, at ¢ = 23 X 107% or [ = 6.9 km., has
been re-calculated, by using not the average, but the maximum
and the minimum of ¢ in each interval, and the two gradients
derived therefrom: G = 293 and 131, are marked with dotted
circles in Fig. 112.  As seen, the use of the minimum value of e~
agrees nearer with equation (27), as was to be expected.

It appears probable that the equation (27) gives more reliable
values of wave front gradient, within the range of its applicability,
than the method of calculation used in Table VII, and as it is
much simpler, it is preferable.

As seen from Table XI and Fig. 112, the parabolic law of wave
front flattening, given by equation (27) and (28), holds good up
to about 30 km. distance of wave travel, and with fair approxi-
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mation even to 100 km. In the range beyond this—which is of
lesser importance, as the flattening of the wave front has greatly
reduced its danger at these distances—the values of the gradient
G decrease with increasing rapidity, with distance and time, due
to the medium high harmonics showing in the attenuation.

24. At great distances from the origin of the rectangular
wave, when the very high harmonics have practically died out
and the wave attenuation is determined by the medium fre-
quency harmonics, the second term of  in equation (15) becomes
negligible, and % can be approximated by

= m\f 37)
The integral in equation (12) then becomes
r= f VI g . (38)
[
Substituting,
mitN/f =
gives ,
2 wdx
U=
and
= 2 “ -3
F = Eﬁgﬁ ex” “dr
It is, however,
f s iz = 1 (39)
0
thus,
F=_2 40)
myH?
and
45
¢ = Smeie (1)
or,
_48E “2)
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Substituting (16) gives

" s
1.6 SN2 (log —lA) ?
=t g

weul?

That is, at great distances (or considerable time) from the
origin, the flattening of the wave front approaches inverse pro-
portionality with the square of the distance (or time) of the wave
travel. .

However, this range is of little importance.

(43)
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VELOCITY FUNCTIONS OF THE ELECTRIC FIELD

1. In the study of the propagation of the electric field through
space (wireless telegraphy and telephony, lightning discharges
and other very high-frequency phenomena), a number of new
functions appear (Section III, Chapter VIII).

By the following equations these functions are defined, and
related to the “Sine-Integral”” Siz, the “Cosine-Integral” Ci z,
and the “Exponential Integral,” Eiz, of which tables were
calculated by J. W. L. Glaisher (Philosophical Transactions of
the Royal Society of London, 1870, Vol. 160):

[l7 here denotes 1 X 2 X 3 X . . . X nl
S
colmsf Y g
o w
(et
=) Lu BB N
00

o fp Ll 1w 1a /
TSR BTER I T

3 x5 7
RN T AT ST

2 3ETEB T[T
N R
=08 T z ICS 2 ﬁ
+sinz L—g+|~£—1—l-i——
’ 22 gt 20 28 T
T .
=§—Q1x

sin %
=5 f v~—du

Herefrom follows:
f sin ay —— du = col ax
P

667
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sil x= wsu
w
* w2 ut ub du
-t 1S
— gy L Lt 1w /"
= /logu 2E+4|i 6|E+——.../£
1 122 1a2* 1x5 128
- il I R Wit i
{T+41°g‘”} { I IET66 8]
1 BB I
cosm{ﬁ " ﬁ-l—
1 2,405
—51nx{5—§+55——?+—
=—Ci (z)
ﬁ_f'cosudu;
. U
where

y=0.5772156 . . .
herefrom follows:

f €05 AU gy = sil a
. U
q U ©
Expl '.r.=f = = _du
e U
ud ot du
f{1+u+12 +i7+"'}7
1u? 14w 1wt /9
/logu+u+2|2 3|3+4‘4+

] 1221 12t
=— {T+~1og x4+x+——+§§+4—g+. . .}

)
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where
¢ is given by: expl ¢ = 0 as: ¢ = 0.37249680 . . .

‘lelm
ﬁ w du = expl ax
@ —u
Expl (—-x)=-f —u—du

* u? W u4 du
wf {1 u+ |3 —l—}-u*

herefrom follows:

- Jog u— Lu__l_@ Lut /”
Jlogu—utap=3gtag =,
o1, 122 17:" 1t
—_ iy 4 —— ———
{r+4logx}+{x 2‘,) 3‘5 4“+ }
(11 I2 4
: {; 273 W“‘ }

=—Ti (—x)

o g
=—[ —du
L,

herefrom follows:
we_"“ .
j; T du = expl (— az)

Tables of these four functions, redured from the Glaisher
tables, are given in the following for 6 decimals, and their
first part plotted in Fig. 113.

2. As seen from the preceding equations, these functions have
the following properties:

colO=g col =0
sil Q== +o00 sil o =0
w expl 0= +o0 Cexpl (+®0)=—»

expl ¢=0 expl (—w)=0
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o
\ colx-—;\/‘s‘“u" du

1 Cos u
i x=f
sl 4 = au

Qe
explxig—ﬁ- du

S0
explexzf £ au

sil x

/

8
ls
T
gl

/

B B N B B e e e —
—
L —

L
4
{

BT
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R O N = R O S R}

L
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col 2 has maxima at the even, sil @ at the odd quaarants,
and these maxima are alternately positive and negative; that is,
T

col 52.9 =max.

s=integer number.

o T
sil -2—(23—1) =max.

TFor large values of s, the numerical values of these maxima

approach the values:
col ;i 25  =(-—1 )s 1

ST 2
sil 5(28—1)=(—1) oy

for: s>40, the approximation is correct to the 6th decimal.
From the series expressions of these functions follows
col (—2) =m—colx
sil (—2) =silz
expl (jz) =silz+j col x—j%
expl (—jz)=sil z—3 col x—l—j%
col (jz) = i%{expl z—expl (—2)} +jz

sil (4g2z) =%{expl z+expl (—x)}
Tor small values of z, the approximations hold:
: 2
sile = 1og1 — 0.5772156 + %

1
- 10g 23018 4 &

colx=72£—-aa
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These approximations are accurate within one per cent for
values of z up to 0.67.
For very small values of z, the approximations hold:

sl g = log - — 05772156

0.5615
< z

These are accurate within one per cent for values of = up to
0.016.
For moderately large values of # the approximations hold:

sin® , cos »

+

z x?

silz = —

cosw , Sinzm
col v = —~
E) + a?
These are accurate within one per cent for values of z down

to 8.
For large values of #, the approximations hold:

. sin @
gilg = ——=
z
cos @
col 3 = —
or:
. sin v
sileg = ——
z
cos v
col g = —
T
where:

z=2ru+v

and » < 2m, that is, u is the largest multiple of 27, contained in .
These approximations are accurate within one per cent for
values of z down to 12.
In some problems on the velocity of propagation of the electric
field through space, such as the mutual inductance of two finite
conductors at considerable distance from each other, or the capac-
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ity of a spherc in space, two further functions wppear, coll z and
sill », which by partial integration can be reduced to the func-

tions col z and sil a.
@
COS U
. — du
e W

It is:
00
= —-f cosud(l)
N u

T
=—=-—ciua
x

“sin w
sill v = e du
Lul

®
= — f sin u d<1>
X U,

sin @ .
=T+51lrc

coll ©

[

Herefrom follows:

ay
5— du = a coll ax

cos a .
=——" —gsilaz
z
o -
sin aw R
f —— du = asill av
w
£
sin ax .
=—= 4 qgsilaz
T
Tt is:
collo = o coll ® =0
sillo = w . gill o =0

With increasing values of z, coll z and sill z decrease far more
rapidly than col z and sil z.
For moderately large values of z, the approximations hold:
_sinz_ 2cosx
z? 3

coll

cosxT , 2sinw

sill o = —~ + 5

I

These approximations are accurate within one per cent for
values of @ up to respectively
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For large values of x, the approximations hold:

sin @
collz = — 5
@
. cos x
sil e = —;
Pl

These are accurate within one per cent for values of z up to
respectively 12.

For low and medium values of 2, coll z and sill z are prefer-
ably reduced to col z and sil z by above given equations.
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Col x and sil & from 0.00 to 1.00
4 sil 4
R T Essaved ms o
w R w "
- - 10°0: CRLOITOS0 | s
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08 1.490 825 4 058
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12 1.450 802 0 o7d L
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TABLE I—Continued

sil @

J

1.020 461
1.010 ‘)ba

650 092
.641 602
143

i3

l'

@»
g
15}
=1

.160 453

079 986

.05+ 758

(177 784

143 554
127 071
.110 990

17 778

17 331

005 300 |——

2065 037
2050 441
036 190

— .017 582
30 26

.066 591
.078 158

121 S;"l
1132 203
142 296
152 164
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171 240
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.189 470

—0.337 40&

9 868
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© TABLE II
Lxpl e and expl (—x) from 0.00 to 1,00

i expl @ | 4
expl (—u
4w [ (=) J J
+4.017 929 @ ‘00 ...............
3.314 707 703 223 +4.037 930 @
415 501 3.354 708 684 222
- 207 850 2.959 119 305 589
233 372 2.681 264 277 855
105 608 |—2-d67 88| 213 366 _
164 483 2.295 307 172 591
1.886 884 143 910 2.150 838 144 469
1.738 66+ 128 220 2.026 941 123 897
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1516 059 105 858 |—ieDi2 U2 95 821
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k 70 750 |—1:524 140
TI0 T TEBEE 0t 462
1.017 71 497 1.400 187 55 275
. 68 087 1.357 781 51 406
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- T.22 g5l | 42207
57 676 1.182 902 30 740 1
55 666 1.145 380 37 522 |
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52153 | 1070235 33 648
TR BT e 28 81952
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46 662 957 308 27 625 |
302 600 45 533 930 018 26 890 i
s ase | 82 oo |- 2L i
.214 683 43 503 .881 506 24 171 |
172 095 42 588 .858 335 23 171 |
.130 363 41 732 .836 101 ?’2 234
— s |10 920 .SLE 746 ;1 355
7040 258 T (R A 20 531
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— .029 011 38 801 755 441 19 021
— .0067 185 38 173 737 112 18 329
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TABLE 11— Continued

r expl.x expl (—x) 4
13 315
.50 | —0.454 22 12315
5 0.454 220 e
e 11 602
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TABLE III
Col  and sil z from 0.0 to 5.0

r.ni'

oW oo w
olom~o

|
|

SIS

__colx

.570 7 ) 796
470 852
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1387 838

314 570_|

T s e
+0.020 865

+82 602
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88 457
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TABLE 1V
expl 2 and expl (—2) from 0.0 to 5.0
z expl & oS -_J expl (—a) q .
P I S - T
1 |+ 1.622813 TF1.8227924
2|+ 82176l 1.222 651
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TABLE V

z, and expl (—2) from 0 to 15
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|
z col x sil ¢ expl z l expl (—2) | « 2°
0 |+1.570796 3} © » 0 0
14+ 624713 |- .337404 |— 1 .895118!—*— 219384 1 | 57.2958
2 |— .034617 |— .422081 |— 4.954234| .048901 2 |114.5916
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TABLE VI

col & and sil x

|
@ | co ¥ ‘ sil x 1 col & silz
0l +1.570 796 » 150 |+.004 650 |+.004 706
51 + .020 865 |4+ .190 093 160 |—.006 089 |—.
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1 000 000 |+.000 001 |+.000 000
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TABLE VIT

Maxnra axp Minna or eol
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INDEX

A

Acceleration constant of traveling
wave, 533
Air blast, action in oscillating-cur-
rent generator, 75
pressure required in oscillating-
current generator, 75
Alternating-current  circuit  and
transient term of funda-
mental frequency, 540
distribution in conductor, 375
as special case of general circuit
equations, 473, 478, 480
transformer operating oscillat-
ing-current generator, 87
transmission, equations of trav-
cling wave, 544

wave as traveling wave without

attenuation, 539
Alternator control by periodic trans-
ient term of field excitation,
229
Aluminum cell rectifier, 228
effective penetration of alter-
nating current, 385
Amplitude of traveling wave, 532
of wave, 504
Arc and spark, 255
continuity at cathode, 255
lamp, control by inductive
shunt to operating mech-
. anism, 131
machine, 236
ag rectifier, 227
current control, 226
properties, 255
rectification, 255
228
resistivities, 9
starting, 263

Arcing ground on lines and cables,
as periodic transient phe-
nomenon, 23, 421

Armature reactance, reaction and
short-cireuit current of al-
ternator, 205

Attenuation of alternating magnetic
flux in iron, 367

constant, 458, 487, 494, 500
as function of frequency, 623,
636, 631, 634
of dielectric radiation, 412
of magnetic radiation, 413
of traveling wave, and loading,
529
of rectangular waves, 641

B

Booster, response to change of load,
158

Brush arc machine, 227, 236, 248,
254 .

Building up of direct-current gen-
erator, 32

of overcompounded direct-

current machine, 49

[¢]

Cable, high-potential underground,
standing waves, 519
opening under load, 112, 118
short-circuit oscillation, 113,
118
starting, 111, 117
transient terms and oscillations,
98, 102
Capacity, also see Condenser.
and inductance, equations, 48
distributed series, 354



686
Capacity, effective, of dielectric
radiation, 411
of sphere in space, 418
energy of complex cireuit, 584
in mutual inductive eircuit, 161
of electric circuit, 112
range in electrie cireuit, 13
representing electrostatic com-
ponent of electric field, 5
of section of infinitely long con-
ductor, 408
shunting direct-current circuit,
133
specific, numerical values, 11
of sphere in space, 418
suppressing pulsations in direct-
current circuit, 134
Cast iron, effective penetration of
alternating current, 385
Cathode of ares, 255
Charge of condenser, 51
of magnetic field, 27
Circuit, complex, see Complex cir-
cuit.
control by periodic transient
phenomena, 226, 229
electric, general equations, 461
speed of propagation in, 455
Closed eircuit transmission line,
312
Col function, 399
equations, 667
relations, 669
numerical values, 671
Coll function, 416
equations, 673
Commutation and rectification, 228
as transient phenomena, 40
Commutator, rectifying, 235
Complex circuit, of waves, 565
power and energy, 580
resultant time decrement, 571
traveling wave, 545
Compound wave at transition point,
500 '
Condenser, also sce Capacity.
charge, inductive, 18
noninductive, 18

INDEX

Condenser, circuit of negligible in-
ductance, 55

discharge, as special cuse of
general circuit equations,
470

equations, 48

oscillation, effective value of
voltage, cusrent and power,
70

efficiency, decrement and out-

put, 72

frequency, 62
general equations, 60
size and rating, 69
starting on alternating voltage,
94
voltage in inductive circuit,
49
Conductance, shunted, effective, 12
Constant-current mereury arc recti-
fier, 256
rectification, 227, 236
potential-constant-c ur ren t
transformation by quarter-
wave line, 314
mercury arc rectifier, 257
rectification, 227, 236
Control of circuits by periodic trans-
ient phenomena, 226
Conversion by quarter-wave cir-
cuits, 319
Copper conductor at high frequency,
436
effective penetration of alter-
nating currents, 385
ribbon, effective high frequency
impedance, 434
wire, effective high frequency
impedance, 434
Cosine wave, traveling, 500
Critical case of condenser charge and
discharge, 53
resistance of condenser and os-
cillation, 66
start of condenser on
nating voltage, 95
Current density, in allernating-cur-
rent conductor, 378

alter-



INDEX

effective, of oscillating-
cwrrent generator, 81
transformation at  transition
point of wave, 596

Current,

D

Damping of condenser osecillation,
66, 72
Danger frequencies of apparatus,

Deeay of continuous cwrrent in in-
duetive cireuit, 17
of wave of condenser oscillation,
72
in transmission lines, 626
Deerement of condenser oscillation,
65, 72
resultant time, of complex cir-
cuit, 571
of traveling wave, 503
Destructive voltages in cables and
transmission lines, 120
Dielcetrie attenuation as function of
frequency, 623
constant, numerical values, 11
strength, numerical values, 11
Diclectric, also see Electrostatic.
Direct-current eircuit  with
tributed leakage, 465
generator, self-excitation, 32
railway, transient effective re-
sistance, 386
as special case of general ciceuit
equations, 471
Disappearance of transient term in
alternating-current eircuit,
43

dis-

Discharge ol eondenser, 51
. Geissler tube, 9
inductive and condenser, as
speeial case of general cir-
cuit equations, 469
inductive, as wave, (02
into iransmission line, G09
of motor field, 29
Displacement current, 421

687

Disruptive strength, numerical val-
ues, 11
voltage in opening direct-cur-
rent cireuit, 26
Dissipation constant, 458
Distance attenuation constant, 500
in velocity measure, 501
Distortion constant, 458, 488
Distortionless eircuit, 487, 507, 514
Distributed series capacity, 354
Distribution of alternating-current
density in conductor, 375
of alternating magnetic flux in
iron, 361
Divided circuit, general equations,
122
continuous-current circuit with-
out capacity, 1206
Duration of oscillation, as function
of frequency, 624, 626, 631,
€39
Dynamostatic machine, 226

E

Liffective curent of condenser dis-
charge, 70
voltage and power oscillating-
current generator, 81
layer of alternating-current con-
ductor, 385
penetration of alternating cur-
rent in conductor, 382, 385
power of complex cireuit, 581
of condenser oscillation, 70
reactance of armature reaction,
200
Effective resistance of alternating-
current distribution in con-
ductor, 376, 382
voltage of condenser oscillation,
70
Efficiency of condenser oscillation,
2,
Llectric cireuit, goneral equations,
461
Tlectrolytes, resistivities, 8
Llectrolytic rectifiers, 228
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Iilectromagnetic, also see Magnetic.
axis of electric field, 4
Idleetrostatic, also sec Diclectrie.
axis of clectrie field, 4
energy of complex circuit, 584
field, energy of, 7
limination of pulsations in direct-
current cireuit by capacity,
134
Lnergy of complex cireuit, 580
of condenser discharge, 70
dissipation constant, 458, 488,
494
of eleetric ficld, 4, 7
transfer in complex cireuit, 574,
588
constant, 458, 488, 494
constant of complex circuit,
574
Equations, general, of electric cir-
cuif, 461
of circuit constants, affected by
frequency, 619
Iiven hamionics of ball wave oscilla-
tions, 550
Iixcitation of motor field, 27
Expl function, equations, 668
relations, 669
approximations, 671
Iixponential curve of starting cur-
rent, 45
Iixtremely high frequencies, 624
T
Ilicld current at armature short-
cireuit, 208 .
clectric, of conductor, 3, 414
energy of, 4
velocity of propagation, 394
oxcitation, trangient term, 27
exciting current, risc and dccay,
17
regulation of generator by per-
iodic transient terms, 229
resultant polyph
Tinite velocity of el
affeeting  circuit
tions, 617

, 300
condi-

INDEX

Tlat conductor, unequal current dis-
tribution, 377
Flattening of wave front, 646, 655
Floating system of control, 226
Fluctuations of current in divided
circuit, 129
voltage of direct-current gen-
erator with load, 149
Tree oscillations, 498, 545
and standing waves, 549
Frequency, absence of effect on cir-
cuit oscillation, 10
affecting circuit constants, 615
and starting current, trans-
former, 182
and conductor constants, 420
constant of wave, 499
limit of condenscr oscillation, 73
of condenser oscillation, 62, 68
equivalent, of wave front, 641
of field cmrrent at armature
short-cireuit, 209
of oscillation of condenser,
transmission line, cable, 99,
344
of recurrence of discharge in
oscillating-current genera-
tor, 81
of wave, 499
range of condenser oscillation,
71
clectromagnetie induction, 67
Froehlich’s formula of magnetism,
192
Full-wave oscillation of complex
cireuit, 575
transmission line, 342
TFundamental frequency of oscilla-
tion, cables and trans-
mission lines, 103, 105
e .
Cas pipe, effective high frequency
impedance, 434
Geeneral circuits with inductance and
capacity, 174
without capacity, 168
equations of clectric circuit, 461
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Generator, direct-current overcom-
pounded, building up, 149
sclf-excitation, 32
oscillating current, 74
CGerman silver, effective penetration
of alternating current, 385
Cradient of wave, flattening, 661,
55

Gradual approach to permanent
value, 21
or logarithmic condenser charge
and discharge, 53
term, also Logarithmic.
Graphite, effective penetration of
alternating current, 385
Grounded transmission line, 309

0

Half-wave oscillation, 550, 557
of complex cireuit, 576
transmission line, 339
rectification, 227
Harmonies, even, of half-wave os-
cillation, 550
High frequency alternators, mo-
mentary short-circuit cur-
rent, 207
conductor, 376, 420
constants, 622, 624
of conductor, 427
oscillating currents by per-
iodic transient terms, 226
oscillations of cables and
transmission lines, 103, 105
power surge of low frequency,
105

stray ficld and starting current
of transformer, 189

1

-

Impact angle at transition point of
wave, 594
Impedance, effective, of high {re-
quency conductor, 427, 441
of magnetic radiation, 401,
405
44

Impedance, of diclectric radiation,
410
of traveling wave, 527
mutual, 402, 416
ratio of unequal current dis-
tribution, 382
Impulse, see Impulse current.
currents, 481
lag, 486, 494
lead, 486, 494
nonperiodic and periodic, 476,
477
nonperiodic, equations, 485,
486, 490
periodie, equations, 492, 496
as special case of general
circuit equations, 472, 475,
480
time displacement, 486, 494
time impulse and space im-
pulse, 489
power, 483
voltages, 483
Inductance and shunted capacity
suppressing pulsations in
direct-current circuit, 134
effective, of magnetic radiation,
401, 405
of high frequency conductor,
428
energy of complex circuit, 582
as function of frequency, 621
in telephone lines, 522, 529
massed, in circuit, 614
of conductor without return, 398
clectric circuit, 12
section of infinitely long con-
ductor, 398, 404
range in eleetric cireuit, 13
representing magnetic compo-
nent of clectric field, 5
Induction, magnetic, and starting
current of transformer, 180
motor circuit, starting, 44
Inductive discharges into trans-
mission lines, 609
shunt to non-inductive circuit,
129



