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Gravity with a Dynamical Spinning Aether

Christopher Kohlerf]

Einstein-aether theory is extended by allowing for spinning degrees of freedom of the aether. In
addition to the acceleration, shear, expansion, and vorticity of the aether velocity field, a spin rota-
tion describing the dynamics of a classical intrinsic angular momentum of the aether is introduced
as a kinematic quantity. The action of Einstein-aether theory is augmented by a term quadratic in
the spin rotation and by coupling terms with the vorticity and the acceleration. Besides breaking
the Lorentz boost invariance, the theory breaks the invariance under spatial rotations in the direc-
tion of the aether velocity. In the weak field limit, there is a linear relationship between the spin
rotation, the vorticity, and the acceleration. Linearized wave solutions correspond to the ones of
Einstein-aether theory where the speeds of the spin 0 and spin 1 mode are modified. The extension
of Einstein-aether theory has a natural formulation in the framework of a teleparallel geometry
where the kinematic quantities become torsion fields.

I. INTRODUCTION

Einstein-aether theory is a theory of gravity where a dynamical unit timelike vector field — the aether — is coupled
to general relativity [1H3]. The vector field can be regarded as a kind of preferred frame violating local Lorentz
invariance of the theory in that the symmetry under local Lorentz boosts is broken while the symmetry under local
spatial rotations is retained. In its original formulation, the interpretation of the vector field as a four-velocity in
Einstein-aether theory is achieved by a unit norm constraint imposed by a Lagrange multiplier in the action functional
thus implying a spontaneous Lorentz boost symmetry breaking. If, however, the vector field in the action is implicitly
assumed to be timelike and of unit norm, the approach represents a semi-tetrad formulation and the symmetry under
Lorentz boosts is explicitly broken.

The timelike vector field can be seen as a fluid existing everywhere in space-time. In this work, we will consider an
extension of Einstein-aether theory that is motivated by the physics of spin-fluids [4, [5]. The description of spin in
this paper is purely classical. It is considered an intrinsic degree of freedom that is not quantized. The mathematical
formulation of the spinning aether makes it necessary to introduce a spatial triad with respect to which the spin is
fixed. In the same way as the aether in Einstein-aether theory is solely given by its four-velocity, the spinning aether
will additionally be described by its triad orthonormal to the velocity. Hence, the spinning aether is described by a
tetrad.

The invariance of the theory under local spatial rotations will be retained as far as possible. For this reason, we
avoid the appearance of derivatives of the triad in the spatial directions in the action functional. Only derivatives of
the triad in the direction of the aether velocity will be allowed which means that only the invariance under spatial
rotations in this direction will be broken. In this way, isotropy of space is preserved since there is no preferred spatial
direction.

In a formulation within Riemannian geometry, the aether is not a pure geometrical object. The geometrical objects
of Riemannian geometry — the metric, the Christoffel symbols, and the curvature tensor — are Lorentz invariant; the
Lorentz invariance breaking aether is an additional degree of freedom. Nevertheless, a pure geometrical formulation
of gravity with an aether is possible using non-Riemannian geometry. A preferred frame defines a distant parallelism
in that vectors with constant components with respect to the frame are considered parallel. This motivates the
formulation of theories of gravity with preferred frames using teleparallel gravity. If the spatial orientation of the
frames are not fixed, the natural geometry corresponds to a partial parallelization of space-time.

This paper is organized as follows. In section II, the extended version of Einstein-aether theory is introduced.
The kinematic quantities of the spinning aether are defined and the action functional is chosen. The field equations
are derived in section IIT and it is shown in which way they can be simplified using constraint equations. Section
IV examines the weak field limit of the field equations. The aether excitations are explored using analogies with
Maxwell’s equations. In section V, the extended Einstein-aether theory is formulated as a (semi-)teleparallel theory
of gravity. The geometry is defined and a procedure to find action functionals is described.

We use the following conventions: Greek indices u, v, p, ... with the range 0, 1,2, 3 denote space-time indices. Latin
indices a, b, ¢, ... with the range 0,1, 2,3 are internal indices. Spatial indices in the range 1,2, 3 are denoted by latin
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indices from the middle of the alphabet, i, j,k,.... The metric signature is (+, —, —, —). Symmetrization is denoted
by round brackets, antisymmetrization by square brackets. The totally antisymmetric pseudotensor is €,,,s. Units
are chosen in which ¢ = 1.

II. ACTION FUNCTIONAL

We assume that the preferred frame is given by a tetrad e,* where the four velocity of the aether is u* = eg#. The
tetrad is assumed to be orthonormal which means that the space-time metric is given by g,, = e* Mebunab where e?,
is the cobasis defined by e,*e®, = §* and n,, = diag(1, —1,—1, —1) is the Minkowksi metric.

The spatial projection tensor determined by the tetrad is given by

Rt = 61 — utu, = etel,. (1)

The covariant derivative corresponding to the metric g,,, will be denoted by D,,. Using the covariant derivative, we
can compute the space-time components of the Ricci rotation coeflicients [6],

C,uup = ea,queaVa (2)

which measure the deviation of the tetrad from being inertial.
Given the velocity field, kinematic quantities can be defined which are projections of C),,,. The acceleration a* is
given by

a* = Dyut = uPDyut = —CH, u”u’. (3)
The expansion 6 is defined as
0 = D,u” = C, u’hM. (4)

The shear tensor o, being the trace-free part of the deformation tensor is given by

i 1 1
O = I hy Dpigy — ghwe = D uyy — uuay) — ghuue
[ed T 1 oT
= Cporu” < (uhv) = 3l > : (5)

The vorticity tensor wy,, is defined as
Wy = W h] Dipuo) = O)tiy) — uuay)

= —Cportu”hf,h7). (6)

The kinematic quantities associated with the four velocity u* can be combined in the tensor D,u, which can be
irreducibly decomposed according to

1
Dyuy, = upay + 0 + wpw + ghWG = Cppuu’. (7)
As an additional kinematic quantity, associated with the spatial triad e;*, we define the spin rotation x,, by
. F
Kuv = €'y Du€ip (8)
F . . . . . . .
where D, denotes the Fermi derivative in the direction of u* given by
F
Du X" = D, X" + X?a,u” — X u,a” (9)
for a vector field X*. The spin rotation can then be written as
Ky = eil,DueW +uya, = —Cngh@hz]up. (10)

If the aether spin vector is assumed to be fixed with respect to the triad, the spin rotation measures the deviation (a
spatial rotation) of the spin from a Fermi-Walker transported spin in the direction of the aether velocity.



In order to understand the role of the spin rotation x,, as a kinematic quantity, we note that the tensor C,,,, can
be decomposed according to

C,ul/p = Q,uvp + S,uvp (11)
into its spatial projection
Quup = Wk B, Crgr = hJhTe'  Dreig (12)

and its time-space components S,,,,. Equation (II)) can be solved for S,,,, yielding
Suvp = U Doty — upy Doty — Kty
2
= 2u[,a, U, + gu[uhulpe + 2u, 00, — 2UpWi)p — Kt (13)

The tensor Sy, can be seen as the generalization of the expression D, u, in Equation (7). Equation (I3)) corresponds
to its irreducible decomposition where the spin rotation x,, naturally appears as an irreducible part.
The vorticity tensor and the spin rotation can be represented by spatial vectors w, and &, defined by

1 174
Wy = S Eupt P (14)
and a similar equation for x,. Here, the totally antisymmetric spatial pseudotensor €,,,,, is given by €., = €0 pou?.
We will also introduce an antisymmetric acceleration tensor a,, defined by

Qv = —Epwpal. (15)

In Einstein-Aether theory, the action functional is quadratic in the expansion, shear, vorticity, and acceleration. We
will add to this action a term quadratic in the spin rotation, k% = k,, k", and a term that couples the spin rotation
and the vorticity, w - £ = w,, ", We will also include a parity violating term that couples the spin rotation and the
acceleration, - a = Ky,a". A similar term w - @ that couples the vorticity and the acceleration is a total derivative
(see Equation (B3) below). We will thus consider the following action functional:

1
aH = d4 - e 1
Slea’] = 1grg | deVTaRS L) (16)
where R is the Ricci scalar and
1
Lo = =90 + co0? + cpw? + 20w + K + Cuk? + 2Cnak - @ — Cqa® (17)
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with 0? = o,,0", w? = wuwt”, and a® = a,,a”” and where cg, Co, Cuy Cors Cry Cras and ¢, are dimensionless
coupling constants. Further action terms involving matter and other fields can be added to the action ([I8) which we

will not do in this paper. Using the tensor S,,,,, L. can be written in the form

Lo = K"MPYS, 0 Srp (18)

where the supermetric K"*#¥? depends algebraically on e,*. Since we implicitly assume that e,* is orthonormal,
the form of K" #¥? is not unique. We here choose

KMo — gk A (clg“pgw + cohtVhP? + c3h*7 hPY + C4u“u"gw)

+ Con (Wu”h"["h”]A + u*u”h”[’”h"]”) — et uP RN + 2¢qut ule (19)
where
Co + Cu
o=t (20)
cop — Co
o = "T (21)
c3 = % (22)
cqy = 2¢q — Co + Cu (23)




Due to the presence of the aether velocity field u#, the action (I6]) is not invariant under local Lorentz boosts.
Under local spatial rotations of the tetrad field, that is, e, — A’;e?,, where A’} is a rotation matrix, the kinematic
quantities a,, Wuv, ou, and 0 are invariant since they do not depend on et u- However, the spin rotation transforms
according to

Buy — By — ei#ejl,AkiauAkj. (24)

From this equation follows that if terms of the form k2, w - Kk or k - a are present in the action ([6), there is only

invariance under spatial rotations if 9,A’; = 0. This means that the presence of the spin rotation breaks the invariance
under spatial rotations in the direction of the aether velocity field.

III. FIELD EQUATIONS

The field equations following from the action (I]) are obtained by variation of the action with respect to e,*. After
contraction with e,, and taking the symmetric and antisymmetric part, the field equations read

1 T o o 1 afBApoT
G = S9mLe = Dy (I () = Ju)”) = (777 u = Ju™) Suyor = (7 Qlpotv) = N7 (u)SaorSprps (25

o o o 1 afApoT
Dpdi’v) — (Jp = Ju p) Svipe = J 10" Qlpoin) + §N e (] SacrSprp =0 (26)

where G, is the Einstein tensor,

JEHY — KK)\'LLPVUS)\UP, (27)
and
5Ko¢ﬁ)\pa"r
Naﬁ)\PO'T#V — 667”6,11,. (28)

The “momentum” JP** is explicitly given by
1
JPHY = §Cg’u,ph'mj9 + couP ™ + c,uP W + e (WM 4+ utw?P) + cut kTP
Fepqut (a¥P — 2uPKY) + 2cqufuta”. (29)

Equations (28]) represent the Einstein field equations with the aether stress-energy tensor on the right hand side.
Equations ([26]) are the field equations of the aether field. In the case ¢ = cwrx = ke = 0, Equations (23] and (28]
are equivalent with the field equations of Einstein-aether theory.

If we are working at the level of the kinematic quantities — and not at the level of the tetrad — the field equations
have to be supplemented by the constraint and evolution equations for the kinematic quantities which follow from
the Ricci identity

D,D,e*, — D,D,e, = R? ;€% (30)

where Ry, is the Riemann curvature tensor (see also [7]). This equation can be solved for Ry, in terms of the
tensor Cy,, yielding

Royvp = DpCopy — DyCopp + CorpC 1y — CoryC 1. (31)
The first Bianchi identity then leads to the following 16 constraint equations for C,,,.
CTo = """ (DyCopw + CorpC ) = 0. (32)

Only the projections C7,u? contain solely the kinematic quantities. These four equations are the constraint and
evolution equations for the vorticity,

D,w’ =w-a, (33)

1 2
D,wP = §Dga‘7” +wlo,” — §9w”. (34)



Furthermore, from Equation (3I)), we can compute the time-time and time-space projections of the Ricci tensor
R, = R?,,, which can be expressed by the kinematic quantities,

1
Ry’ = —0,0 — 20° + Dy —0® + w7, (35)
2 2
Ruthy, = Dyo? , + up02 +0p00” — Dow?, — upw2 — Wpea® — ga,,e + gup&ﬁ. (36)

By projecting the field equations (23 onto the aether velocity and its orthogonal spatial directions using u*
and h#, they can be split into three groups of equations consisting of a temporal-temporal equation [Eyy| obtained
by contraction with u#u”, temporal-spatial equations [Ep;] obtained by contraction with uthy, and spatial-spatial
equations [E;;] as a result of a contraction with hfhy. We first note that by taking the trace of Equation ([23), the
curvature scalar is given by

2
R=cy (GUH + 592) — Cp0% — Ccpw? — 200w - K — K + 2k (Dpk” — K- a) —cq (2Dpap — a2) . (37)

The temporal part of Equation ([25]), which contains G, utu” = R, ulu” — %R, can then be expressed solely in terms
of the kinematic quantities by using Equations (B8] and (B7). The result is

1
[Eoo] (1 + %") (aue + 592> (1= ) 0% — (1 — Cy + 2000) w? — C (K2 + 2w - )

—Cra [Dp (W + KP) + (w+ k) -a] — (1 —cq) Dpa” = 0. (38)

In a similar way, the temporal-spatial part of the Ricci tensor R, u/h; can be eliminated from [Ep;] using Equation
[B0)) resulting again in equations containing only the kinematic quantities. The Ricci tensor is only present in the
spatial-spatial part [F;;] in the form R, hih;. The long equations [Eo;] and [E;;] are given in Appendix A.

The antisymmetric aether field equations ([26)) can be analogously split in two groups [A;] and [A;;] by projections
using u* and h¥. The spatial-spatial equations, which are empty in Einstein-aether theory, can be written in the form

1 1
[A:] Cr (Dum“ + OkH — §’u“,‘£ . a) + Con (Duw” — KM pw’ + Gt — §u“w . a)
1
+Cra (Dua“ — kM pa? + Oat — §u“a2) =0. (39)

These equations relate the time evolution of ,, a,, and w,. The long equations [Ay;]| are given in Appendix A.

Due to the constraint (35]), only the spatial part R, h*" of the curvature scalar appears in the gravitational action
besides the kinematic quantities. This can be made more transparent by expressing R by C,.., using Equation BIJ).
To this end, the spatial projection @, of C,., can be decomposed in the following way. Since @, has only spatial
components, we can define a second order tensor Q.. by

1

Quv = 55;470@/”1/- (40)
This tensor can be irreducibly decomposed into its antisymmetric part €),,,, its trace © which is the totally antisym-
metric part of Q,u.,, and its symmetric trace-free part ¥,
1 log
Q,Lw = Q[uu] = 55;)0[”@/) v]s (41)
1 17
0=Q% = §EWPQH ? (42)
1 1 o1
S = Quv) — ghWG = 55130(#@ v) © gh;w@- (43)
Defining the vector
1 po L .
Q= 55;4709 = §QMJ ) (44)
the irreducible decomposition of @), reads
o 1
Quuvp =291 — €oX’p — 5€up©- (45)
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Using Equation (31]), the Ricci scalar is then given by
2 2
R= f§®2+22—92+29~a+ 592 — 0%+ w? + 2wk — 2D, (2Q° +u”f — a”) (46)

where ¥? = 3,5, 0% = Q,, 0", and Q- a = Q,,a"”. Inserting this equation into the Lagrangian £ = R+ L., we
obtain

2 2
L= f§®2+22792+29~a+§ (1 + %0) 02— (1 — o) 0%+ (1 + o) W +2 (1 + Cop) WK+ Coh® +2Chak-a—cqa® (47)

where total derivatives have been omitted. While the quantities €2, ¥,,,, and © appear together with the kinematic
quantities in the decomposition of C),,,, they have a different status than the kinematic quantities since they depend
on the arbitrary orientation of the triad in space. The kinematic quantities can be seen as field strengths with the
tetrad as potentials.

Note that while the quantities €2,,, ¥,,,,, and © are not invariant under space dependent spatial rotations, the special
combination —202 + ¥2 — O + 2Q - a is invariant under such transformations up to a total derivative. By adding
general terms quadratic in £2,, 3,,, and © as well as cross terms with the kinematic quantities to the Lagrangian,
the invariance under the full Lorentz group could be broken which we will not do in this paper.

IV. WEAK FIELDS

In this section, we will study the linearized version of the field equations (23] and (26). In the weak field approx-
imation, the vectors e,* and e?, can be expanded around Minkowski space-time up to first order terms according
to

ea = 8+ xa", (48)
R R (19)

where indices of x.* and 9, are raised and lowered with the Minkowski metric. In the following, we will therefore
not differentiate between internal and spacetime indices of first order fields. The condition 6% = e,*e®, leads to the
relation x,, = —1,, which allows to use only 1, in the following. 1,, can be decomposed into its symmetric and
antisymmetric part according to

1
Q/Jul/ = E'Yuu + sz/ (50)

where v, = ¥ + ¥y, and (u = 1Py,). The metric tensor is then given up to first order by
Guv = Myw + V- (51)
Under infinitesimal coordinate transformations =# — z* 4 £, the tetrad transforms as
de" = Leeg" =& Dyes” —el” Dy = —0,8". (52)
This leads to the following gauge transformations of v, and (..

’yul/ — ’y;,u/ + augu + ayé—p; (53)
g;w - Cul/ - a[“fy]. (54)

In order to simplify the notation, in the following all fields will be first order quantities in this section. The tensor
Cvp in first order approximation is

Chvp = 9pCuv + O Vu)p- (55)

It can be checked that C),,, is gauge invariant implying that all kinematic quantities in first order approximation are
gauge invariant.
The field equations 23] and (28] in first order are given by
Gy = OpJ ()’ = 0p " (o, (56)
OpJ 1) = 0. (57)



Since the first order approximation of the kinematic quantities as well as the first order curvature tensor are gauge
invariant, it is convenient to write the first order field equations in terms of the kinematic quantities. The first order
approximations of the aether field equations [A;;] and [Ag;] are

[4i;] Con® + Crk + Crga = 0, (58)
1
[Aoi] §CQV9 — ¢, V-0 —c,VXw—cy,.V XK~—2¢c,k~+2c,a=0. (59)
Here and in the following, we use vector notation. For example (a@); = a;, (V X w); = €;x0;wr = 0jwji, V + k& = Oiky,

é = (909, (0’)” = 0Oij, (R)z] = Rij; (1)” = 5” (eijk is the totally antisymmetric Symbol with €123 = 1) The first
order approximations of the field equations [Eqg] and [Ey;] lead to

[Io] C,gaV‘K;‘i‘(l_ca)V'a:_(1+C§9)éa (60)
Co Co
(73] (cw+(1+cw)1_ca)V><w+<cw+cn1_ca>v><n
. Cor . 2¢c, + co
2¢Cka raT———V —2c0 = 0 61
+ 2¢ak + ¢ T X a CaQ 3(1760)V (61)

where in Equation (GII) the field equation [Ag;] has been substituted in order to eliminate V - o. Finally, the weak
field version of the field equation [E;;] is

1 .
;] R= *66919*Cat'7+cmlv-nfcalvoa. (62)

Since we are working at the level of the kinematic quantities, we have to take the corresponding constraint equations
into account. The linear approximations of the constraint equations (B3]) and ([B4) are

[Ho) V.w=0, (63)

[H;] V Xa+2w=0. (64)

The spin rotation & can be eliminated from the weak field equations using Equation (B8]). For this, we can split the
fields into time independent and time varying parts. The static part corresponds to the zero frequency Fourier mode

of the fields while the dynamic part represents the finite frequency contribution. We here consider only the dynamic
case. Equation (B8) can then be integrated resulting in

ko= Sy Crag, (65)

1+
[1o] V'a:_l—;ae’ (66)
1 c o+ %
I; — | c, 7 VXw—-—a=-—2_V0, 67
[ ] 2611 (c +1_CU> v “ Séa(l_ca) ( )
o 1ley 3 (1+%) )
(i) =733~ -z 10 — c,o (68)
where
2
c
Co = Cw — wn, 69
C C . (69)
2
aa:ca+ccﬂ. (70)

Furthermore, combining Equations (B9) and (67) yields

[AOz] wa:§(1+%€)V9+(1—cg)Voa (71)



Comparing Equations (60)-(68]) with the limiting case ¢, = cwx = cxa = 0 of Equations (G0)-(62)), that is, Einstein-
aether theory, we conclude that the introduction of the spin rotation amounts in the dynamic case to the substitutions
Co — €y and ¢q — Cq.

Equations (63)), [©4), (66, and (67) have a close resemblance with Maxwell’s equations where a and 2w play the
role of electric and magnetic fields, respectively, and where the electric charge density p and current j are given by

14+,
S 6 2
p=-1—¢2" (72)
. G+ TG
Jj= 3Ea(1—cg)ve' (73)

A further useful equation involving the kinematic quantities follows from the first order limit of the contracted
second Bianchi identity and the field equation [I;;] (see Appendix B for a derivation):

Ao — (1 — Cg)a' - 2(V (v : U))sym

1 1 co 3¢, \ ., 1 L
~ 5180+ 3 (1 + 3) (1 - = Ca) 16— SV + (Va),,, =0 (T4)

where the suffix sym denotes symmetrization.

The linearized wave solutions of Einstein-aether theory were given in [8]. Since the weak field equations of the
extended theory are effectively the same as in Einstein-aether theory, the wave solutions are the same but with
different wave speeds and field content. The analogy of the weak field equations with Maxwell’s equations suggests
the existence of spin 1 acceleration-vorticity waves similar to electromagnetic waves. Indeed, in the case § = 0
Equations (64]) and (67) lead to the wave equations

i—s2 Aa=0, O —s2, Aw=0 (75)

with the wave speed s, given by

1 c
2 _ — (o8
S5, = e, (cw + 1o Ca’> . (76)

From Equations ([63), (66]), and (64) follows that a and w are transverse and perpendicular to each other. Equation
(65) with Equations (73] leads to a wave equation for k with a polarization determined by the coupling constants
Cwry Cray and Cx.

Furthermore, the conservation equation p+ V - j = 0 for the charge density ({2 and the current (73]) corresponds
to a wave equation for spin 0 expansion waves,

f— 5200 =0 (77)
where the wave speed sp is given by
1—-¢ L c
2 a 2 o
= S . 78
% T3, (1+°79+1cg) (78)

From Equation (G6) follows that these waves are accompanied by longitudinal acceleration waves. Equation (64) then
shows that for these solutions w = 0. From Equation (G3]) follows that the spin rotation waves are also longitudinal.

Finally, in the case § =0, a = w = k = 0 it follows from Equation (7I)) that V - o = 0 and Equation (74) leads to
a wave equation for spin 2 transverse shear waves,

F—52Ac =0 (79)
with the wave speed squared

9 1
SO'

= . 80
T (80)
The plane wave solutions for the three cases are given in Appendix C.

If the weak field equations are expressed by the tetrad variables, we have to take the gauge transformations (B3]
and (B4) into account. In order to identify the independent wave modes, a gauge fixing has to be applied. In the
present case, we use the gauge fixing conditions

0 = 0, (81)
O;vo; = 0. (82)



Given a field configuration 1), these conditions can be reached by applying the gauge transformation

3 ../
€= / g, (83)

dr|x — o'
&= */dtli/fio. (84)

In terms of the decomposition (B0), the gauge fixing reads

1
gzO - - ’710; (85)
0iCoi =0, 51'701' =0. (86)
In the following, we will again use vector notation to simplify equations. We define (A); = 2o = —vi0, ()i =

féeijkgjk, v = %'ykk, (V)ij = %%—j - %5”-7, o= %’Yoo- The gauge fixing conditions can then be written as a kind of
Coulomb gauge,

V-A=0. (87)

Taking the gauge fixing into account, the kinematic quantities in terms of the tetrad variables are

a=-A—-Vg, (88)
w = %v < A, (89)
Hz—g"—%vXA, (90)

=7, (91)
0 =—7. (92)

The tetrads for plane waves are given in Appendix C.

V. GEOMETRICAL CONSIDERATIONS

In this section, we resume the discussion of the nonlinear theory of the spinning aether in sections II and III. The
formulation given there is entirely within Riemannian geometry, that is, gravity is described by the metric part of
the tetrad. The aether, in contrast, is described by the full tetrad. Moreover, the symmetries of the aether — the
broken Lorentz invariance — are imposed at the dynamical level through the action functional. In the following, we
will argue for a pure geometrical formulation of the aether which implements the gravitational nature of the aether
and its symmetries already at the kinematical level.

For a start, we observe that we can define a covariant derivative D, by

DuX" = D, X" + S8 ,, X" (93)
where X* is a vector field and Sul/p is given by Equation (I3). Slnce Suwp is antisymmetric in the first two indices,

the connection corresponding to Du is metric compatible, that is, D#gl,p = 0. With the help of Equations (7)), (I0),
and ([I3]), we can show that for a preferred frame e,*
Dy =0, (94)
Duei = 0. (95)

These equations may be viewed as trivial rearrangements of Equations () and (I0). However, they can also be
interpreted as defining a non-Riemannian geometry in which the aether velocity u* is a parallel vector field and the
triad e;# is parallel in the direction of v*. In this geometry, S, is the contortion tensor with the torsion tensor

Tyuvp = Sppv — Spvp- (96)

Thus, in this geometry, the kinematic quantities are torsion fields which realizes mathematically the interpretation of
the kinematic quantities as field strengths.
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In order to gain insight into the geometry of D,, we can compute the corresponding spin connection. The spin

connection :J“bu is related to the connection coefficients I'*,, of the derivative D, by

:Jabu = eauauebu + e, FV)\Heb)\ =e%, Dy ep”. (97)
This equation corresponds to a local linear transformation of the connection coefficients from a holonomic (coordinate)
basis to an anholonomic basis given by the tetrad. In the case of the derivative ([@3), it can be shown that

@l =0, (98)
wjuf =0, (99)
w'johfy = w'jphf). (100)

where w®,, is the torsion-free Levi-Civita connection. Equations (@8)-(I00) can be summarized as

*

O (o

where Q%, = e%,e,°Q”»,. Equation ([@8) means that the connection J)ab# is a SO(3) connection. Equation ([@9)
means additionally that Jlab# is a trivial 1 connection along u*. According to Equation (I00), the spatial geometry is
Riemannian. The connection (O8)) was used in |9] to formulate a version of Einstein-aether theory employing Weinberg’s
quasi-Riemannian gravity. The full connection (@8)-(I00) was derived from the symmetries of the spinning aether
in |[10]. The corresponding geometry was referred to as semi-teleparallel since only the temporal part of space-time is
parallelized.

From Equation ([@8)) follows that the time-space components of the curvature tensor Rab v = 28[#w“bl,] + 2wac[#wd’y]
vanish,

R™pp =20, 00 + 207, 570, = 0. (102)
Using space-time indices, Equation (I02]) means

uuﬁ“”pa =0. (103)

From the Ricci identity for the derivative (@3),

% % o * ok @ - * o * . a

DpDye®y— DuDpe® + T pu Do€® ) =R jwpe® o, (104)
follows a relation between the curvature tensors of the derivatives D, and D,,,

RU;,u/p = Ro’pl/p - DPSGHV + Dusaup - SO’)\pS)\HlI + SG'AVSA;,L/J- (105)

Using Equations (I03) and (I05)), the relations (B5) and (B6) can be derived which can be seen to be a direct
consequence of the semi-teleparallel geometry. Moreover, the first Bianchi identity for the semi-teleparallel connection
is equivalent with the constraint equations (32)).

The action functional ([I6]) can be directly interpreted in terms of the semi-teleparallel geometry. A more general
action, which is not equivalent with (I€]), can be obtained if we relax the implicit assumption that the spatial geometry
is Riemannian, that is, has vanishing torsion. In this case, however, we go beyond the formulation of Einstein-aether
theory within Riemannian geometry in that we start with a Riemann-Cartan geometry. In this geometry, we use a
general Lorentz connection

D%y = Wy + K%, (106)
where K Tpp = e“peb”f( P,u is the contortion tensor. In order to formulate a theory of gravity with a spinning aether

using Riemann-Cartan geometry, the action ([G) has to be extended to an Einstein-Cartan theory. The natural way
is to define the kinematic quantities with respect to the connection W, and to use the curvature scalar belonging to
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©%,, in the Lagrangian. The kinematic quantities corresponding to the derivative D,, are (see also [11])

a, = a, + f(ﬂpgu”u", (107)
Wy = Wy + f(p[w] Up — u[#f(l/]paupug’ (108)
0=0—Kyu, (109)
Gy = O — f(p(w,)up + u(uf(u)paupu" + %hwf(pup, (110)
Ruv = K + IN(Wpu” + 2u[#f(l,]pgupu‘7 (111)

where K" = KF° p is the trace of the contortion tensor. Furthermore, the curvature scalar corresponding to Du is
R=R+2D,K" — K,K" + Ky, K. (112)

The generalization of the action (If) to an Einstein-Cartan-aether theory thus is

~a 1 4 i o [ PAC
Sled", 0%, = 160G /d zV*g(R* K,K” + Kox, K
1 -
+ 55992 + CpG” + Co®® + 280k @ * o + CuR® + 280 - @ — Eqa°) (113)

up to a surface term.

In order to get an action functional for a semi-teleparallel geometry, simply replacing the Lorentz connection in
the action for Einstein-Cartan theory (I13) by a semi-teleparallel connection is not suitable since the corresponding
kinematic quantities (I0T)-(I1I]) are zero in this case and the scalar curvature contains only the spatial part of the
curvature tensor. A method to obtain an action functional for a semi-teleparallel geometry was proposed in [10]. Tt
was shown there that starting from a general Lorentz connection &%, there is a unique decomposition

@abu = Jjabu + Hab;,a (114)

where éab# is a semi-teleparallel connection with respect to a tetrad e,* and where H%,, is a tensor field satisfying
Hupy = —Hpay and which has vanishing spatial components, H;;,ht = 0. Actually, H%,, is the difference between

the contortion tensors of W%, and éab#,
Hlu‘up = K#up_ K#up- (115)
The basic idea in constructing an action for the semi-teleparallel geometry is the following;:

1. Start with an action functional Sleq.”, %] that depends on the tetrad and an arbitrary Lorentz connection

w“b#.
2. Insert the decomposition (IT4) to obtain an action functional S[ea“,:f‘lbu, H%,].

3. Find a stationary point of this action with respect to H%,, resulting in an action functional S ea", cff“bu] that

is defined for a semi-teleparallel connection we by

In the present case, we start with the action (I13). Insertion of the decomposition (IT4) and variation with respect
to Hy,, leads to algebraic equations for H,,,,. Solving these equations and inserting H,,,, back into the action (I13)
results in a new action of the form

* 1 1
S'leq",w ] = e /d4:13 [R + 50992 + o0 4 Ccpw? + 200w - K+ CpK?
+ (20, + cozwy + Cuzkp) Z”—i—cZZpZ”—i—ZU)\pr)“T (116)

where

ZMP = hihYRE KT (117)
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is the spatial part of the contortion tensor of the semi-teleparallel geometry and Z# = Z#* , is its trace. The coupling
constants ¢, and cg in ([I6) are given by

éo

.=, 118

=77 (118)
29

= : 119

“=5"= (119)

The remaining coupling constants ¢y, Cux, Ck, Cwz, Cxz, and cz are functions of the coupling constants ¢,,, Cux, Crx,
Cka>s Ca-

The action (II6]) differs from the original action (I6) in the presence of terms quadratic in the spatial torsion and
coupling terms of the acceleration, vorticity, and spin rotation with the trace of the spatial torsion. Furthermore,
there are no terms of the form c.qk - @ and c,a? in the action. Nevertheless, in the source-free case, the dynamics
following from action (II6]) is effectively the same as the one following from the action (IG]). To see this, we first note
that — analogously to the tensor @, in Equation (@3]) — the spatial contortion tensor Z,,, can be decomposed
into irreducible parts according to

.1
Zyo = Ziphu)p — €uva 27 5~ eunZ. (120)

where Z is a scalar and Z,, a symmetric trace-free tensor. Variation of the action (II6) with respect to the semi-

teleparallel connection ctab# leads to the field equations

Z=0, Z,= (20, + Cozwp + Cuzky)s  Zu =0. (121)

142y
Inserting these field equation back into the action (I10) leads to an action of the form ().

Although the coupling constants in the action (II6]) are by construction not independent, the action can be used as
a starting point for a semi-teleparallel theory of gravity with independent coupling constants. Moreover, it is possible
to add terms of the form 62 and o,, Z"", which couple the spatial torsion with the expansion and the shear, as well

N
as a further term quadratic in the spatial torsion of the form Z7,,,2#"?. Since K uvp = Zuvp + Suvp, the general
action has the form

1

= [ d'a (R+ ke g K Mp) (122)

with a suitable choice of the supermetric KCrFAPV7

VI. CONCLUSIONS

In this paper, an extension of Einstein-aether theory has been proposed which incorporates internal rotational
degrees of freedom of the aether. The main objectives of the paper are

(1) The introduction of the spin rotation «,, as an additional kinematic quantity. The fact that this tensor naturally
appears besides the acceleration, vorticity, shear, and expansion in the time-space decomposition of the Ricci rotation
coefficients gives this approach a certain completeness.

(2) The formulation of a theory of gravitation that incorporates couplings of the spin rotation with the vorticity
and the acceleration.

(3) The study of the theory in the weak field limit. In the case of dynamical fields, the spin rotation, the vorticity,
and the acceleration are linearly related which allows to eliminate one of them from the field equations. The field
equations acquire the simplest form if the spin rotation is eliminated. In that case, the linearized theory has the form
of Einstein-aether theory with rescaled coupling constants.

(4) The formulation of the theory as a (semi-)teleparallel theory of gravitation. The geometry in this approach
is adapted to the symmetries of the spinning aether. As a result, the kinematic quantities are part of the torsion
tensor. In the matter-free case, the spatial torsion is algebraically related to the kinematic quantities which makes
the approach effectively equivalent to the Riemannian formulation. However, if matter fields are present, the semi-
teleparallel formulation may be different from the Riemannian one.

There are many open questions connected with the Einstein-spin-aether theory which concern the physical implica-
tions of the spin rotation. These could be elucidated by studying exact solutions of the nonlinear theory such as black



13

hole solutions and cosmological solutions. It is to be expected that the simple relation between the kinematic quan-
tities found in the linearized theory will no longer hold in solutions of the nonlinear theory. Further open questions
concern the coupling to matter, in particular to spinning matter, where a semi-teleparallel formulation may lead to
different interactions than the Riemannian formulation, the Hamiltonian formulation of the extended Einstein-aether
theory, and the study of the observational constraints on the coupling constants.

Appendix A: Field Equations
In this appendix we will list the projections [Ey;], [E;;], and [Ag;] of the field equations ([25)), (26) not given in
Section III.

1/1 1 1
[EOi] g (509 + 2) (6H9 — Uuaue) + (500- - 1) (DPUPM + UMO’Q + Uupap) — (§Cw — 1) (Dpwpp + UHWQ + wupap)
1D P P 1 1 p L po D kP 1 po
+ Coon 3 » (2w, — K H)+§uuw-(2w—m)—§f<¢upa +§nguw + ¢y o H—l—uuw-fﬁ—l—?prﬁ
2 o 1 o 1 po
+ Cia | Du 2wy + kp) + 59 Qwy + k) —ouf 2w, + k) + 5 Un (2w — k) - a4 3wy,pk? + §ng#a

1 2
—cq <Dua“ — §u#a2 — 0upa” + 3wypa’” + galﬁ) =0 (A1)

- 1
[Ez]] hZhVRpa = ECOh,uU (au9 + 92) — Co (Duo—,uy + 2114(”0'1,)’)(1/) + O—,uue + 2O'(Mpwl,)p) — 2cwwp#wpl,
+ 2¢un (Wp(u0" ) + Wouw’y = Wo(uhs)) + 20k (Kp(uo”u) + Kpuw”s))

1
+ 2¢ra {ithP (W? +K”) +aq, (wu) + Iil,)) + Jp(ua",,)} —¢q (hyuwDpa? + 2a,a,) (A2)
A 1 1 P 2 P 1 P 2 P
[Aoi] 50 (0,0 — u,0.0) + 5Co (Dpo”y + uuo® + o,p0”) + G (Dpw” s + upw® + wypa)
1 lea 1 lea
+ g Cwr (Dpk” 4+ upw - £+ Kpa” — 2w,p0” + Qpopw”) — ¢ <H“Pap - §Qﬂfw'f”p )

2 1
— Cra (Duliu — §U;ﬂ€ ca— Okl — wypk? + gfﬁ,ﬂ — §pra’”>

1

2
—u,a* — 00" — wypa’ + g%9> =0 (A3)

+ ¢cq (Duau —3

Appendix B: Derivation of Equation (74)

Starting with the second Bianchi identity,

Dy Ryspr + DyRyory + DrRugpp =0, (B1)
contracting with ¢g°7 leads to
DuRyp+ DyR%,p, — DyRy = 0. (B2)
For weak fields, it follows
Rijo0 = Roij + Riojo,0 — Rjoik,k (B3)

where commas denote partial derivatives. The terms on the right hand side can be obtained from the Ricci identity
B0) in the following way. Using the first order form of Equation (B6) yields

2
Ryij = —=

39,ij — Okijk + Whi jk- (B4)



14

Furthermore, from Equation (BIJ), we obtain

1
Riojo,0 = §5ij9,00 — 045,00 + Wij,00 + Qi jo, (B5)
1 1
Rioik, e = _ge,ij + g(sijekkakj,ik — 04 kk + Whjik — Wij kk- (B6)
Inserting Equations (B4) - (Bf]) into Equation (B3] and taking the symmetric part yields

R=(Va),, —2(V(V-0))yn

1 1 -
+A0 -6 - ZVVh- 31 (Ae—e) (B7)
where vector notation has been used. The time derivative of R can also be obtained from the field equation (G8])
resulting in

10 — ¢, 5. (B8)

o 1e 3G (1+%)
R3[2 1—2,

Equating (B7) and (BS) yields Equation (74).

Appendix C: Linearized plane wave solutions

We assume that the kinematic quantities and the tetrad in first order approximation are given by plane waves,

SHVP = AHVPeideU’ (Cl)

7/’#1/ = "Z)uueikgmd (02)

where k,, is the wavevector with (k); = k; and k = nk. The spatial vector n is the normal of the wave front and
s = ko/k is its speed. In the following, we will give the solutions to the field equations which are obtained by insertion
of (CI) and (C2)) into the field equations and Equation (74).

1. Spin 0 expansion waves

We assume that the expansion is given by 6 = fet*=*" | The other kinematic quantities are then given by

1+ %

— 6
a Sel—éa n, (C3)
w =0, (C4)

ra +C_9
K= sgo 2 g, (C5)

e 1—2¢,

1+ % 1

alcUQ(nngl). (C6)

Using the tetrad, the spatial trace of the first order metric is given by v = 4e***”. The other components of Yy
in the gauge (87) then are

A=0, (C7)
1+
(b**gl_g’)’, (C8>
Cra 1+ 2
(=5t (o)

142 1
~ = + 27<nn§1). (C10)
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2. Spin 1 acceleration-vorticity waves

If the acceleration is given by a = ae’*=*" with the transversality condition n - @ = 0, the kinematic quantities are

=0, (C11)
1
= —QSawn X a, (C12)
CK/(I CLA)K,
K= fga + 2Stwcﬁn X a, (C13)
1
o=——~(na),,. (C14)

Saw (1 — ¢4)

Analogously to electromagnetic waves, the condition of transversality reduces the number of independent modes to
two. In terms of the tetrad, the potential A is given by A = Ae***®” with the gauge condition n - A = 0. The other
components of the first order tetrad are then given by

¢ =0, (C15)
1 Cuk Cka
C = 25aw (Z — 1) n X A — ZA, (016)
1
7= 7Saw (1 - CO’) (nA)Sym ’ (017)
v =0. (C18)

3. Spin 2 shear waves

The shear waves are given by o = e’ =*” with the transversality condition n - ¢ = 0 and all other kinematic
quantities vanishing, @ = w = k = 0, § = 0. Since o has five independent components and the transversality
condition consists of three equations, there are two independent shear modes. If the tetrad is used, the solutions are
the gravitational waves of Einstein gravity with v = 4e*<*” and n -4 = 0. All other components of the first order
tetrad are zero, p =v=0, A= =0.
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