
T H E  I N E R T I A L  M A S S  D E F I N E D  IN T H E  G E N E R A L  T H E O R Y  O F  

R E L A T I V I T Y  HAS NO P H Y S I C A L  M E A N I N G  

V . I .  D e n i s o v  and A . A .  L o g u n o v  

It is shown that the inertial  mass  introduced in the general  theory of re la t ivi ty  depends on 
the choice of the three-dimensional  coordinate system,  so that it can take a r b i t r a r y  
values.  This means that the inertial mass  in Einstein 's  theory is devoid of any physical 
meaning. In addition, the expression for the inertial mass  in Einstein 's  theory in the 
general  case of an a rb i t r a ry  three-dimensional  coordinate sys tem does not have a 
c lass ica l  Newtonian limit, so that the general  theory of relat ivi ty does not satisfy the 
principle of correspondence  with Newton's theory.  

I n t r o d u c t i o n  

It is cur ren t ly  assumed that in the general  theory of relat ivi ty the gravitational mass  of a sys tem is 
equal to its inertial  mass .  This asser t ion  goes back to the studies of Einstein [1], Eddington [2], Tolman [3], 
and Weyl [4]. Subsequently, this theorem was "proved" with various modifications by a number of other 
authors [5-7]. Never theless ,  we feel it is neces sa ry  to re turn  to this apparently resolved question and make 
a more  detailed investigation. 

1.  T h e  G r a v i t a t i o n a l  M a s s  in t h e  

G e n e r a l  T h e o r y  o f  R e l a t i v i t y  

The gravitat ional  mass  M of an a rb i t r a ry  physical sys tem in res t  as a whole relat ive to a Schwarzs-  
child coordinate sys tem Galilean at infinity was defined by Einstein ([1], p. 660) as the quantity which multiplies 
the t e rm -2G/c2r  in the asymptotic  expression (r -~ oo) for the component g00 of the metr ic  tensor  of 
Riemannian s p a c e - t i m e :  g00 = 1 - (2G/c2r)M. 

A somewhat different definition of the gravitat ional  mass  was given by Tolman [3]: 

r 
M = ~  R,~ (1) 

It follows direct ly  f rom these definitions that the gravitational mass  does not change under t r a n s f o r m a -  
of the three-dimensional  coordinates ,  since both the component R] of the Ricci tensor  and the tions component 

g00 of the metr ic  tensor  t r ans fo rm in this case as sca la r s .  

In the case of static sys tems ,  the definitions of the gravitational mass  given by Einstein and Tolman 
are equivalent. To see this, we wri te  the component 1~ in the form 

0 0 r F ,  - - r  ,+1- roT, , r - r  -'] R0~ t~rx, o, - o~o . ,  -0, . ~ .  - . ~  ~ j .  

After identical t ransformat ions ,  we obtain f rom this 

Ro~ ___... ~[~-egO.ro.ol-go,-~ ~-g Oz az  ~ 2 oz '  0, ~[~-ggo-r0.~ (2) 

Since the last three t e rms  can be ignored for static sys tems ,  it follows f r o m  the expression fl) that 

e j ' e s o ~ - ' : 7 r 1 7 6  (3) 
M = 4r iG 

Since the metr ic  sufficiently far  f rom a static sys tem must be described with given accuracy  by the Schwarzs-  
child metr ic ,  the expression (3) becomes 
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C 2 

8~G ~ ] / -g  ~,x - J ' "  

Since the integrand in (1) is a s c a l a r  under  all  t r ans fo rma t ions  of the th ree -d imengionaI  coordinate  sys t em,  
the gravi ta t ional  m a s s  M will a lso be independent of the choice of the coord ina tes .  In Schwarzschild 
coordinates ,  we obtain f rom the express ion  (4) 

C 2 C ~ 

2G , . ~ t  2G ,~=t 

Thus,  in accordance  with T o l m a n ' s  definition, the gravi ta t ional  m a s s  of a s tat ic  s y s t e m  is the factor  mul t i -  
plying the t e r m  - 2 G / c 2 r  in the asympto t i c  express ion  for the component  g00 of the me t r i c  t ensor  of the 
Riemannian s p a c e - t i m e .  T h e r e f o r e ,  the definitions of the gravi ta t ional  m a s s  given by Einstein and Tolman 
a re  equal for  s ta t ic  s y s t e m s .  

(4) 

2.  I n e r t i a l  M a s s  in t h e  G e n e r a l  R e l a t i v i t y  

The concept of the iner t ia l  m a s s  of a physical  s y s t e m  in the genera l  theory  of re la t iv i ty  was in t imately  
re la ted  by Einstein to the concept  of ene rgy  of the s y s t e m  ([1], p. 660): " . . . t h e  quantity that we h a v e  i n t e r -  
pre ted as the energy  a lso  plays the ro le  of i n e r t  i a l  m a s s  in accordance  with the specia l  theory  of r e l a t iv i ty . "  
However ,  in the genera l  theory  of r e l a t iv i ty  it is not poss ib le  to introduce the concept of the energy  of a 
s y s t e m  consis t ing of m a t t e r  and the gravi ta t ional  field, s ince in E ins te in ' s  theory  ma t t e r  and the gravi ta t ional  
field a r e  cha r ac t e r i z ed  by quanti t ies  of different  dimension:  the physical  cha r ac t e r i s t i c  of the gravi ta t ional  
field is the cu rva tu re  t ensor ,  i . e . ,  a t ensor  of fourth rank,  while the ma t t e r  is cha rac te r i zed  by t h e : e n e r g y -  
momentum tensor ,  i . e . ,  a t ensor  of second rank .  Because  of the di f ference between the ra,aks, genera l  
r e l a t iv i ty  does not in pr inciple  contain any conserva t ion  laws (apart f r o m  the Einstein equations themselves)  
linking the ma t t e r  and the gravi ta t ional  field [8]. Thus,  the genera l  theory  of r e l a t iv i ty  was Constructed at 
the pr ice  of giving up the e n e r g y - m o m e n t u m  conserva t ion  laws for the ma t t e r  and the gravi ta t ional  field 
taken toge ther .  

Following the book of Landau and Lifshitz [5], who use more  modern  notation, let us cons ider  the 
manner  in which the concept  of the ene rgy  of a s y s t e m  was introduced in the genera l  theory  of r e l a t iv i ty  by 
Einstein ([1], p. 528) and other  authors  [2-7, 9-11]. 

If E ins te in ' s  equations ([5], .~96) a r e  wri t ten in the f o r m  

Ca ~h =[.. _Te=] 
then the lef t-hand side can be spli t  in a noncovar iant  manner  into two t e r m s :  

~' g[n,~ t g'~Rl =-s h'='+g~'~, (6) 
8 - ~ t  - T  J 0=' 

where  g~=-d ~ is the e n e r g y - m o m e n t u m  pseudotensor  of the gravi ta t ional  field, and h ~ : h ~ = - h  ~'~ is the 

spin pseudotensor :  

h'~' = t 6 ~ d " o = "  [ -g(g'"g"' -g"r  1" (7) 

Substituting (6) in (5), we obtain 

By v i r tue  of the identity O2h~/Ox~Ox~:O , 

- g  [ r,~+r = ~ h ~,. (8) 

the Einstein equations (8) yield the differentia1 conserva t ion  law 

a~ [ - g  (r '~+~ ~) ] : 0 .  (9) 

Integrat ing this re la t ion  over  a suff icient ly la rge  volume and assuming  there  a r e  no "energy vT f luxes  through 
the su r face  bounding the volume of integrat ion,  an integral  " e n e r g y - m o m e n t u m  conservat ion  law for  the 
s y s t e m "  is usual ly  obtained f r o m  the express ion  (9): 

d 
(-  g) [ r'~176 

d--t- 
(10) 
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From this there follow four quantities that do not depend on the t ime: 

= ( _ g )  (11) 
C 

By means of the Einstein equations (8), Eq. (11) can be rewri t ten in the form 

l~=-~-'~h'~ (12) 

In Einstein 's  opinion ([1], p. 652), the four quantities pi  r ep resen t  the energy (i = 0) and momentum 
(i = 1, 2, 3) of the physical sys tem.  It is usually asser ted  (see [5], p.283): "The quantities t )i (the 4-  
momentum of field plus matter)  have a completely definite meaning and are  independent of the choice of the 
re fe rence  sys tem to just the extent that is neces sa ry  on the basis of physical  cons idera t ions ."  

On the basis of such a definition of the "energy and momentum" of the sys tem consist ing of mat ter  and 
the gravitat ional  field, the concept of the inert ial  mass  m of the sys tem is introduced in the general  theory of 
relat ivi ty:  

_ i p 0  t 
m -  c = 7  [ o (-g)[T~176176 (13) 

To calculate the inertial  mass  of the system,  the Schwarzschild solution is general ly  used. 

[n isotropic Cartesian coordinates ,  the metr ic  of the Biemannian s p a c e - t i m e  can be written in this 
ease in the form 

+ 
..... 4rJ  ' g~176 1 [  I ~ r J '  (14) 

where r=?x2+g2+z ~, r~=2GM/c z. These coordinates  are  asymptot ical ly  Galilean, since in the limit r ~ 

go~ ; g:,=-5:,[ l+O(rl---)] . (15) 

Using the eovariant  components (14) of the met r ic ,  we obtain f rom the expression (7) 

h~176 [g,,g22go3g=~ ]. 
16riG Ox ~ 

Substituting this expression in (12), noting that 

dS~=.  x~ ~ sin OdOd% (1 6) 
T 

and integrating over an infinitely distant surface,  we obtain 

c 3 f x~ a_a_. 
P~ = lim r ~ [--g.g~2g~g=~]sin OdOd% (17) 

t 6 ~ G ~  J r  Ox ~ 

Thus, the component p0 does not depend on the component  g00 of the metr ic  tensor  of the Riemannian s p a c e -  
t ime. Substituting the express ions  (14) in Eq. (17) and noting that 

a x~ O ](r)=---a--l(r)'rr x=xa:-r', (18) 

we obtain 
P~ 

it was this equality of the "inertial mass"  to the gravitat ional  mass  which led to the asser t ion that they are  
equal in the general  theory of re la t ivi ty  ([5], p. 334): , , . . .  pa  = 0, t )o = Mc, a resul t  which was naturally to 
be expected. It is an expression of the equality of "gravitational" and "inertial" mass ("gravitational" mass 
is the mass that determines the gravitational field produced by the body, the same mass that appears in 
the metric tensor in a gravitational field, or, in particular, in Newton's law; "inertial" mass is the mass 
that determines the ratio of energy 2 and momentum of the body; in particular, the rest energy of the body is 
equal to this mass multiplied by c ). " 

H o w e v e r ,  t h i s  a s s e r t i o n  of E i n s t e i n  ([1], p.660) and o t h e r  a u t h o r s  [2-7, 9-11] 
i s  i n c o r r e c t .  As w i l l  be shown b e l o w ,  the  " e n e r g y "  (11) of the  s y s t e m  and ,  
t h e r e f o r e ,  i t s  " i n e r t i a l  m a s s "  h a v e  no p h y s i c a l  m e a n i n g ,  s i n c e  t h e i r  v a l u e  

(19) 
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d e p e n d s  e v e n  on  t h e  c h o i c e  o f  t h e  t h r e e - d i m e n s i o n a l  c o o r d i n a t e  s y s t e m .  

The genera l  theory  of r e l a t iv i ty  does not in pr inciple  admit  the introduction of a concept  of iner t ia l  
m a s s ,  s ince in E ins te in ' s  theory  the re  a r e  no in tegra ls  of the motion linking the ma t t e r  and the gravi ta t ional  
field (charac ter ized  by the cu rva tu re  t ensor ) .  The only fo rma l  conservat ion  law [8] in the genera l  t heo ry  of 
r e l a t iv i ty  is provided by the Einstein equations t hemse lves ,  which lead to in tegra ls  of the motion identical ly 
equal to zero ,  which prec ludes  the introduction of an iner t ia l  m a s s .  

3 .  T h e  C o n c e p t  o f  I n e r t i a l  M a s s  i s  

M e a n i n g l e s s  i n  t h e  G e n e r a l  T h e o r y  o f  B e l a t i v i t y  

An e l e m e n t a r y  r e q u i r e m e n t  which a definition of inert ial  m a s s  must  sa t i s fy  is the condition that i~s 
value should be independent of the choice of the th ree -d imens iona l  coordinate  sys t em,  which is the case  in 
any physical  theory .  However ,  in the genera l  theory  of re la t iv i ty  the definition (13) of the iner t ia l  m a s s  does 
not sa t i s fy  this r e q u i r e m e n t .  

We show, for example ,  that in the case  of the Schwarzschi ld  solution the iner t ia l  m a s s  (13) may take 
all values  depending on the choice of the s y s t e m  of spat ia l  coord ina tes .  For  this ,  we go over  f r o m  the t h r e e ,  

to o ther  coord ina tes  x~, which a re  re la ted  to the old coord ina tes  by dimensional  Car tes ian  coord ina tes  Xc 

z2=x~'[t+!(r~) ], (20) 

where  r~=]/x.2+y.2+z. *, ](r.) is an a r b i t r a r y  nonsingular  function sat isfying the conditions 

a 
l(r~)>~O, l iml(r~)=0,  limr.~r.l(r~)-----O. (21) 

It is r ead i ly  seen that the t r ans fo rma t ion  (20) co r r e sponds  to a change in the a r i thmet iza t ion  of the points of ~ 
th ree -d imens iona l  space  along the rad ius :  rr If the t r ans fo rma t ion  (20) is to have an inverse  
and be a one- to -one  t r ans fo rma t ion ,  it is n e c e s s a r y  and sufficient that the condition arr 
where  ]'=al(r.)/Sr., hold. Then the Jacobian  of the t r ans fo rma t ion  is nonvanishing: 

II {~Xa I I  (TT:~ 

In pa r t i cu la r ,  all  the imposed r e q u i r e m e n t s  a r e  sa t is f ied by the function 

where  and s a r e  a r b i t r a r y  nonvanishing number s .  

(22) 

Since in the given case  

8rr _i.t_c~2-1/SGM [__~_i_ (e2r ___~ ) exp(_s2r.) ] 
'~rH'-- f c2ru 

](r.) is a monotonic function of r s .  It is r ead i ly  seen that ](r~) is a non-negat ive  nonsingular  function in the 
whole of space .  The Jacobian  of the t r ans fo rma t ion  in this case  is s t r i c t ly  g r e a t e r  than unity: ]=(i+])~aro[ 
Or.>t. There fo re ,  the t r ans fo rma t ion  (20) with the function ](r,) defined by the express ion  (22) has  an 

inve r se  and is one - to -one .  

It is obvious that under  the t r ans fo rma t ion  (20) the value of the gravi ta t ional  m a s s  (1) does not change.  

We now calcula te  the value of the "inert ial  m a s s "  (13) in the new coordina tes  x~. Using the t r a n s -  
format ion  law of the m e t r i c  t ensor ,  

Oxc~ OxJ~ ~ x (23) g ,~==-- . :~_  ~ g,.. (o (x . ) ) ,  
aXR ~ ~X~ 

we find the components  of the Schwarzschi ld  me t r i c  in the new coord ina tes .  As a resu l t ,  we obtain 

g~176 t"  5r.(tq-,) ' ]  / [_ t-F4r.(~_l_]------~] ; g ~ = [ i - [  4 r . ( t + , ) ]  {--6~(i+])~--x='x~,[.(,). +~-~-, ( t + f ) ] } .  (24) 

The de te rminant  of the me t r i c  t ensor  (24) has the f o r m  
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g=-eoo r | i + ,  rg ~ I ' : ( i+])  ~[ (i+])~+r.2(f)Z+2r.f (i+]) ]. (25) 
[ 4r.(iq-]) J " 

It should be noted espec ia l ly  that the me t r i c  (24) is a sympto t ica l ly  Galilean: 

lira g00=i; lira g~=-6:~ .  

In the spec ia l  case  when the function [(r.) is defined by (22) and r H --) oo, the. met r ic  of the Biemannian 
s p a c e - t i m e  will have the asympto t ic  behavior  

For  the con t rava r i an t  components  of the me t r i c  (24), we have 

g~176 g~a=-5~A+x.~x.~B, (27) 

where  we have introduced the notation 

rg ] - ~  
A=(lq- / )  -~ l-~ 4r . ( i+ / )  

B=[r.(f')2+2]" ( t + [ ) ] { r .  [ t  + r, ]"  (1§ [ (l+])2+rZ(l,)~+2r.] , (t+1)] }j-'. 
4r~ (1+[) J 

Substituting the exp res s ions  (27) and (25) in (12), we obtain 

C3 1 8 p,= limrz~X:~" O ~__5~(1_4_])2[iq - rg [ (l+/)2+r.Z(/')2+2r.]'(l+]) ]+ 

x~x'----~ [ l+ / ]  2 [ l q- r, ' 
r~, ~ " 4r . ( l+/ )  ] [r~(f)z-t:2r~]'(t+])]}" 

By vi r tue  of the re la t ions  (I8), 

C ~ a re  
P ~  {r.Z(]')~(l+])z [t + rg ] q-rg(l-~-/)z(lq--/--~r~ff) [ t-~ 4 r . ( l + / ) ] } .  (28) 

2G ,- , , .  4r~ (t-~]) 

Using the asympto t ic  express ion  (21) for  f, we finally obtain 

C a 
P'  = ----  lira {r,+r: (1,)2}.  (29) 

2G ~|  

Thus,  the "inert ial  m a s s "  depends on the r a t e  at which f '  tends to ze ro  as rrl ~ ~ .  In pa r t i cu la r ,  choosing 
the function f(r.) in the fo rm (22), we obtain for  the "inert ial  m a s s "  f rom the express ion  (29) 

m = M ( t + ~ ' ) .  (30) 

I t  f o l l o w s  t h a t  f o r  t h e  " i n e r t i a l  m a s s "  (13) o f  t h e  s y s t e m  c o n s i s t i n g  o f  
m a t t e r  a n d  t h e  g r a v i t a t i o n a l  f i e l d  in  t h e  g e n e r a l  t h e o r y  o f  r e l a t i v i t y  w e  c a n ,  
b e c a u s e  t h e  v a l u e  o f  ~ i s  a r b i t r a r y ,  o b t a i n  a n y  p r e a s s i g n e d  n u m b e r  m >-M 
d e p e n d i n g  on  t h e  c h o i c e  o f  t h e  s p a t i a l  c o o r d i n a t e s ,  although the gravi ta t ional  m a s s  M (1) 
of this s y s t e m  and, the re fo re ,  all th ree  effects  in genera l  r e l a t iv i ty  r ema in  unchanged. We note also that 
under  more  genera l  t r ans fo rma t ions  of the spat ia l  coordinates  that leave the met r ic  asympto t ica l ly  Galilean 
the " iner t ia l  m a s s "  (13) of the s y s t e m  may  take all p reass igned  values ,  both posi t ive and negat ive.  

T h u s ,  w e  s e e  t h a t  in  t h e  g e n e r a l  t h e o r y  o f  r e l a t i v i t y  t h e  " i n e r t i a l  m a s s , "  
w h i c h  w a s  f i r s t  i n t r o d u c e d  b y  E i n s t e i n  a n d  s u b s e q u e n t l y  t a k e n  o v e r  b y  m a n y  
a u t h o r s  [2-7, 9-11], d e p e n d s  on  t h e  c h o i c e  o f  t h e  t h r e e - d i m e n s i o n a l  c o o r d i n a t e  
s y s t e m ,  a n d  i t  t h e r e f o r e  h a s  no  p h y s i c a l  m e a n i n g .  There fo re ,  the a s se r t ion  that the 
iner t ia l  and gravi ta t ional  m a s s e s  a r e  equal in E ins te in ' s  theory  is also devoid of physical  meaning.  Such 
equali ty holds only in a smal l  c l ass  of t h ree -d imens iona l  coordinate  sy s t ems ,  and since the " iner t ia l"  (13) 
and gravi ta t ional  (1) m a s s e s  have different  t r ans fo rma t ion  laws, they a r e  no longer equal a f te r  t ransi t ion to 
different  t h r e e - d i m e n s i o n a l c o o r d i n a t e  s y s t e m s .  In a d d i t i o n ,  t h e  d e f i n i t i o n  (13) o f  t h e  i n e r t i a l  
m a s s  in t h e  g e n e r a l  t h e o r y  o f  r e l a t i v i t y  d o e s  n o t  s a t i s f y  t h e  p r i n c i p l e  o f  c o r r e -  
s p o n d e n c e  w i t h  N e w t o n ' s  t h e o r y .  I n d e e d ,  s i n c e  t h e  i n e r t i a l  m a s s  m in E i n s t e i n ' s  
t h e o r y  d e p e n d s  on  t h e  c h o i c e  o f  t h e  t h r e e - d i m e n s i o n a l  c o o r d i n a t e  s y s t e m ,  i t s  
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e x p r e s s i o n  in t h e  g e n e r a l  c a s e  o f  a n  a r b i t r a r y  t h r e e - d i m e n s i o n a l  c o o r d i n a t e  
s y s t e m  d o e s  n o t  g o  o v e r  i n t o  t h e  c o r r e s p o n d i n g  e x p r e s s i o n  o f  N e w t o n ' s  t h e o r y ~  
in  w h i c h  t h e  i n e r t i a l  m a s s  d o e s  n o t  d e p e n d  on  t h e  c h o i c e  o f  t h e  s p a t i a l  c o o r d i -  
n a t e s .  T h u s ,  in  t h e  g e n e r a l  t h e o r y  o f  r e l a t i v i t y  t h e r e  i s  no  c l a s s i c a l  N e w t o n i a n  
l i m i t  a n d ,  t h e r e f o r e ,  i t  d o e s  n o t  s a t i s f y  t h e  c o r r e s p o n d e n c e  p r i n c i p l e .  

This  leads us to ask  why the mean ing le s snes s  of the definition (11) of the "energy and m o m e n t u m "  
of a s y s t e m  and its " iner t ia l"  m a s s  in the genera l  theory  of re la t iv i ty  has r ema ined  obscured  until now~ 

This  can only be explained by the fact  that usual ly  all  calculat ions of the "energy,  momentum,  and 
iner t ia l  m a s s "  have been made in a smal l  c l a s s  of th ree -d imens iona l  coordinate  s y s t e m s  in which the 
" iner t ia l"  and the grav i ta t iona l  m a s s  a r e  equal.  * 

In the s a m e  c l a s s  of  coordinate  s y s t e m s ,  the express ion  (13) for the iner t ia l  m a s s  in the Newtonian 
approximat ion  is equal to the co r respond ing  express ion  in Newton's  theory,  which c rea ted  the illusion that 
the genera l  theory  of r e l a t iv i ty  has a c l a s s i ca l  Newtonian l imit .  It was then apparent ly  r ega rded  as s u p e r -  
fluous to cons ider  the physica l  meaning of the iner t ia l  m a s s  (13) introduced in the genera l  theory of r e la t iv i ty .  

We a re  ve ry  gra teful  to A. A. Vlasov,  S. S. Gershte in ,  and A. N. Tavkhel idze for  d iscuss ing  the 
work.  
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