Coast and Geodetic Suvvey— Transcordinental Triongulation Fromtispiver

PRINCIPAL ARCS OF THE MERIDlAN THE PARALLEL AND OBLIQUE ARCS.
N ARTH"




THE

TRANSCONTINENTAL TRIANGULATION

AND THE

AMERICAN ARC OF THE PARALLEL.

ERRATA.

P. 18. Sentence beginning on the seventh line should read: ‘‘The work in Indiana
- and Illinois cost $11 per square mile, where the average cost per point was $1,725; while
that in the most mountainous part of Colorado, and in Ulah and Nevada, cost about $2,
where the cost of occupying each station was $6,131.”
P. 623, fifth line, subscript . should be 4.
Pp. 655 and 656, omit footnote.
~P. 867, first paragraph, last line, ‘‘oscillatory’’ should be “osculatory.”’



BB | | | ALOLS
_ 71z,

035
no 4
(700

. TREASURY DEPARTMENT
/U. S. COAST AND GEODETIC SURVEY

HENRY S. PRITCHETT,

SUPERINTENDENT.

GEODESY.

THE TRANSCONTINENTAL TRIANGULATION
oo

AND THE

AMERICAN ARC OF THE PARALLEL,

By Assistant CHAS., A, SCHOTT, Chief of the Con;puting Division.

SpPECIAL PUBLICATION NO. 4.

L

LIBRARY -

T

- t———. -

APR 1 0 2006 -

C Nativndl Gooainng &
Atmospheric Administration ’

© WASHINGTON: " _..U:S. Dept. of Commerce

GOVERNMENT PRINTING OFFICE.

r-

I1000.

200184



National Oceanic and Atmospheric Administration

ERRATA NOTICE

One or more conditions of the original document may affect the quality of the image, such
as:

Discolored pages
Faded or light ink
Binding intrudes into the text

This has been a co-operative project between the NOAA Central Library and the Climate
Database Modernization Program, National Climate Data Center (NCDC). To view the
original document, please contact the NOAA Central Library in Silver Spring, MD at
(301) 713-2607 x124 or www.reference@nodc.noaa.gov.

LASON

Imaging Contractor

12200 Kiln Court
Beltsville, MD 20704-1387
January 1, 2006



TrREASURY DEPARTMENT,
Document No. 2173.
Coast and Geodetic Survey,



THE TRANSCONTINENTAL TRIANGULATION AND THE AMERICAN ARC OF

PART L
1I1.
I11.

V.
VI

VII.

THE PARALLEL.

GENERAL DIVISIONS OF THE WORK.

UNIT OF LENGTH, BASE LINES. AND BASE NETS.

DETERMINATION OF HEIGHTS OF STATIONS.

THE MAIN TRIANGULATION AND ITS CONNECTION WITH
THE BASE NETS.

. THE RESULTS OF THE ASTRONOMIC DETERMINATIONS OF

LATITUDE.

THE RESULTS OF THE ASTRONOMIC DETERMINATIONS OF
AZIMUTH.

THE RESULTS OF THE ASTRONOMIC DETERMINATIONS OF
LONGITUDE.

THE GEOGRAPHIC POSITIONS AND COMPARISON OF THE
ASTRONOMIC AND GEODETIC RESULTS. PRELIMINARY
COMBINATION OF AMERICAN ARCS FOR DETERMINING
THE EARTH’'S FIGURE.



Blank page retained for pagination



TABLE OF CONTENTS.

Page.
FOREWORD. . oo vtvieiiiiiiet e ereninnnasannnans e 15
INTRODUCTION ..ttt e eeaieatennneranaeeanenras e e e 17
PRELIMINARY STATEMENT . vunnenrnnnsnsinseaearensns e 23

(1) Location, scope, and purpose of the transcontinental triangulation, with historical
notes as to its inception and progress................. e 23
7 (2) Subdivisions of the chain of triangulation and their distinguishing characteristics. . 25
(3) General statement in regard to the astronomic measures ....................c.e.n. 23

PART 1.
UNIT OF LENGTH, BASE LINES, AND BASE NETS.

AL INTRODUCTION ..\t tttettnnt e cien aemts s et et ataansnreseeenenaeeaneenans e 3I
B. UNIT OF LENGTH. . .\ttt ittttn et ot et et aa e e anar e aiaaersnes e 31
(1) History of the committee metre of 1799......................... Lo 3t
(2) Coefficient of expansion................c..ooien e e 32
(3) Length, in terms of the international prototype metre.......... ......... ... .. .. 33
C. TLOCAL OR STATION ADJUSTMENT. .ttt e tunrnraanan. trranascotsnstneseeioanieeannnss 36
(1) General discussion......... ... ..o i e a7
D. REDUCTION OF HORIZONTAL DIRECTIONS TO SEA LEVEL....coiuuvevecncnonnnnsrnnrrnans 47
E. ADJUSTMENT OF BASE NETS OR OTHER TRIANGULATION .tuvuvunennes voanrnninencnnnn. 47
F. REMARKS ON WEIGHT COEFFICIENTS IN THE NET ADJUSTMENT . ........ violenenannnns 50
G. COMPUTATION OF SPHERICAL EXCESS & uccuoununnosonnintontiannsnneeecnns  anunneen. 51
H. ACCOUNT OF THE BASE LINES. ... ....uuceuuuinnneeaenenenenaneenerareanasaineannnnns 54
(1) General statistics............ e e e b 54
(2) Measurement. .. ...t i i . 55
(a) Kent Island base line....... e e e e i, 55
Location, measurement, and length ................. e e 55
Abstract of horizontal directions .......... ... ... i L 55
Figure adjustment. ............. .. .. e 60
Trianglesof thebasemet..... ... ... ... .. ... .. . ... il 62
Probable errors. ................ .ol L 63
Description of stations........... . ... ... o 64
(b) American hottom baseline..................... ... e e 66
Location, measurement, and length. ..............c.. Lo L 66
Abstract of horizontal directions. ..... ... ... ... ... ool Ll 69
Figure adjustment. ... ... o e e 72
Triangles of thebasenet........................ e e e 74
Probable errors. ... ... e e 75
Description of stations.. ... ... ... .. .. . 77
() Olney base line......coouiiein i iiiii i it cire e iaiiasaan 79
Location, measurement, and length....... e e 79
. Abstract of horizontal directions.............. ... ... i iiiiiaiieee, 81
Figure adjustment....... ..o i 84
Trianglesof thebasenet........ ... ...l 93
Probable errors. ...... ... e 97
Description of stations...............o i e 9S


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan



S CONTENTS..

H. ACCOUNT OF THE BASE LINES--Continued. Page.
(2) Measurement—Continued. :

(d) ElPasobase line .........coiviuiiiiiiiiiiiiiieitinsiineeaaranneinnennss . Tor
Location, measurement, and length................ooiiiiiiii i R (o)
Abstract of horizontal directions............ ... o i 108
Figure adjustment. . I...... ... o il e 110
Triangles of the hasenet............. e II2
Probable €rrors. ........coiveiiiinniinn et i 114
Description of stations .. ... it e 114

(€) Yolo Base 1IMe. . . ou ot etee et et ie et e ree et e e aaaaas 116

_ Location, measurement, and length. ........... ... .. o o 116
Abstract of horizontal directions . .............. ..ol e 121
Figure adjustment .........ooniniiniiii i i e 124
Triangles of the base net ............... e e 127

T Probable errors ...l il i et iaaaerana 130
Description of stations . ......... ... Lo o e 130

(f) Holton base line. . ........vii i i e e aad L. 133
Location, measurement, and length............................... PR 133
Abstract of horizontal directions............ ... .. . i ., 139
Figure adjustment............ e e et 142

- Triangles of the basenet ..................... . S e 144
Probable errors. .. ooovvirini s O 146
Description of stations . ... .....oovieiiiiiii i e 147

(g) St. Albans base lime. . ... vvomn i i e e e 150
Location, measurement, and length. . ....... ... ... . .. ..., 150
Abstract of horizontal directions........... e e, e 154
Figure adjustment ..........cooiiieniiiaa., P 157
Trianglesof thebasenet ...t iiiieene s 166
Probable Errors . .. .ottt e it e e 170
Description of stations .................. e e e iaaas 171

(h) Salina base line ........oiieiiiiiiiiii il i 174
Location, measurement, and length.......... ... ... il 174
Abstract of horizontal directions ..... e e e e i, 182
Figure adjustment................ ... ... e e 184
Triangles of the base MEt .. . .o.ivtut ittt iete e ea et eieananananns T 186
Probableerrors.................. e e e 187
Description of stations .. .....ooi it e 188

(1) Salt Lake base LE « ..o oueen e eeetir e e e aas e 190
Location, measurement, andlength....................ooooiiin L, 190
Abstract of horizontal directions ... ....... ..o iiiit i " 202
Figure adjustment .. ... ..ot iiiiai i i e Zoy
Triangles of the base net ... ..ottt eas, e 215
Probable Err0rS ..ottt e e et i et e e era e, 218
Description of stations ...t 219

(§) Versailles base 1ine . .....ovvenieimia i 222

' Location, measurement, andlength............ ... L, 222
Abstract of harizontal directions . .......... ... coiiiiiis Lo 232
Figure adjustment . . ... ..ottt e e i e 23,
Triangles of the base met . v. . ovveeiiii i e . 240
Probable errors ... .ot i i i i e e e o244
Description of stations ..ot e 245

(3) Synopsis of factsand results.........c.oaiaiaiiien X |



CONTENTS.. - 9

PART II.
DETERMINATION OF HEIGHTS OF STATIONS. Page
A. GENERAL REMARES ..t vttteouaaanianneacssotsataaiatsessatasrinetsntassrnssssssens 253
(1) Hourly values of the coefficient of atmospheric refraction ................. s 255
(2) Diurnal variation of the coefficient of refraction ............. ..o 255
R. DETERMINATION OF HEIGHTS IN EASTERN COLORADO......iuveceeeniaonarannsesconeenn 256
(1) Abstract of zenith distances........ooitiiiiiiiii it e 257
(2) Determination of coefficient of refraction.................covevieiiiii 261
(3) Determination of differences of height ...........ooiuiiiiieriiniiinn 263
C. DETERMINATION OF HEIGHTS IN CENTRAL CALIFORNIA. ... tuuttueronnenaemnnsssoen 267
(1) Introduction. .......... .. .iieiiiiiiiii i AT 267
(2) Abstract of zenith distances ......... ... .cc......ooens e e 269
(3) Computation of coefficient of refraction...... e e e ae e 276
(4) Computation and adjustment of differences of height...... .................. .. 277
D. HOURLY OBSERVATIONS OF ZENITH DISTANCES FOR ATMOSPHERIC. REFRACTION, JACKSON
BUTTE AND ROUND TOP ..., ittt iaiietttauaananas sty sasnianaens 280
(1) Introductory remarks ... ... ... ceuiiiaeee et aee ittt 250
_ (2) Observations at Round Top.......co.vuiiiiiii i 2%
{3) Observations at JACKSOn Butte -« .« ittt iiire i riaiaiia it ae s 281
(4) Resulting zenith distances at Round Top...... ..ot it . 282
(5) Diurnal variation of zenith-distances...«.......... ... ... ccceiiiiiiiiieto. 283 -
(6) Resulting hourly means, Round Top ........ooiiieiiiii i s 284
(7) Resulting zenith distances, Jackson Butte... ... .....oiiiiiiiiiiiiiiie e 254
(8) Resulting hourly means, Jackson Butte............ccviiiiiiiiieiiiiiieiineaee.n 285
(9) Meteorological record in connection with zenith distances ........................ 287
E. DETERMINATION OF HEIGHTS SOUTH OF LATITUDE 38%...........cciiniiiiiniinnnnnn, 299
(1) Introduction ..o vt e e 299
(2) Abstract of reduced zenith distances ...... .. ... ... .. il 300
(3) Coefficient of refraction . ....... ..o i 302
(4) Computation and adjustment of differences of heights ........................... 303
F. DETERMINATION OF HEIGHTS, SACRAMENTO AND SAN JO‘\QUIN VALLEVS.....ccvvvuu.us 304
(1) Introduction. .. .un et i e e e e 304

(2) Abstract of reduced zenith distances ..ot 306
(3) Coefficient of refraction ..........ooveiri i e 309
(4) Differences of heights, and their adJustment ..................................... 309
G. DETERMINATION OF HEIGHTS BETWEEN PIKES PEAK AND RoUND TOP, CALIFORNIA.... 312
(1) Abstract of reduced zenith distances

(2) Coefficient of refraction . ... ... ... o 2:;
(3) Adjustment of heights ....... ... ... 335
(4) Table of differences of heights ... i i 340

PART III.
i eeares i e 347
‘B. DISTRIBUTION OF BASE LINES........... e e e 348
.................................................... 248
D. PRECISION OF ADJUSTED TRIANGUELATTION . ... \eveu ottt teineiaaia e e aainn s 349
_ ....................................... 350
I EEEET T LT PP TP ET TP EPPPPI PP PRI RRE R PP 351
........................................................... 351
........... e 35T
(b) Abstract of horizontal directions ............coi ittt iie e 353
.......... I L.
........................ . -7 1
................................................................ 365

)


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan



10 : . CONTENTS.

F. THE TRIANGULATION—Continued. ' Page.
(2) Allegheny series........... N . e iieaaes 368
(8) Introduction., ... ..o it it e st ae et it 368
(b) Abstract of horizontal directions: : ' S
Eastern part....... U, e era e et ettt 370
Western part .., ..oooovvnnn... R R PR, e, 378
(c) Figure adjustment: S '
Eastern part...i...... coviiiiiiiiiineenanan e e 374
Westernpart ........ooiiniiiiiiiiiaiaaran, e e 353
(d) Adjusted triangles .................. e v e e 35S
(€) Precision ..... ..ot ittt i it e e 394
(3) Ohioseries. .. .. ..o i aad i 395
{a) Introduction....................... e, e e e 395
(b) Abstract of horizontal directions............ e . 396
(¢) Figureadjustment................................ e N 404
(d) Adjusted triangles ......... .. i e 411
{e) Precision.................. ..... e ol e L. 416
(4) Indiana series ............. ... .. e e e 417
(a) Introduction............co i, e T 417
(b} Ahstract of horizontal directions... ... ... ..ot i 418
(e) Figureadjustment ........... ... 424
(d) Adjusted trlangles ........... ... ... e e . 430
(&) Precision .........ovove viiin it S 433
(5) IMlinois series..................... e e e 434
’ (8) Introduction. .. oo e 434
(b) Ahstract of horizontal directions, ............................. e 435,
(c) Figure adjustment ................ ... R 440
(d) Adjusted triangles.... ..... A, e e e .. 446
(@) Precision. ... ..o e A, 450
(6) Missouriseries ......... ... . 0 il e e 451
(a) Introduction. .. ..o e e 451
(b) Abstract of horizontal directions................ ... ... ... s 453
{¢) Figure adjustment . ... .o ... i e e 461
(d) Adjusted triangles ...........co i A & 3
(e) Precision.......... T, e e e s 4S80
(7) Missouri-Kansas series ......................... e e . 481
{a) Introduction......coviiiiiiii it i e 481
(b) Abstract of horizontal directions,............: e, e PR 481
(¢) Figure adjustment......... e e e 493
(d) Adjusted triangles ......... .. .. .. e e el ... 505
(B Precision ... coouuinii i e e e P 513
(8) Kansas-Coloradoseries ... ...... ... ... ... ool e 514
(A) INtroduetion. ... vu ettt e e e e .. 514
(b) Abstract of horizontal directions.............. ... ..coiiianlL, e " 515
{c) Figure adjustment ..................... et i s 526
(d) Adjusted triangles................... e e e T 539
(e) Precision............. e e e e e e et e . 550
(9) Rocky Mountain series......................... e e ... §sI
{a) Introduction.................... e e e L.....  BSI
(b) Abstract of horizontal directions ...........c. . oL e " 555
(c) Figure adjustment ............iviiiiieiioininnnnn.s E 560
(d) Adjusted triangles .. ...... . ..o e N ... 564
le) Precision. ... oot e e 566
(f) Description of stations ...l S e 567
(10) Nevada series.....ocoovunin i i i e e 571
(@) INtroduction. oot e et e i e i PR 571

(b) Abstract of horizontal directions.............. ... .. .. ...l 573



CONTENTS.

F. THE TRIANGULATION—Continned.
(10) Nevada series—Continued. )
(c) Pigureadjustment. ........ ... (iiiiiiiiiiiiiieiii i .
(d) Adjusted triangles
(e) Precision......... e e e e e e e e e
(f) Descriptionof stations. ............ . il i i
(11) Western of coast range series...................... S
(a) Introduction. ... ... .. .
(b) Abstract of horizontal directions
(c) Figure adjustment
(@) Adjusted triangles .. ... oL
(e) Precision.................
L N £ v (o T
H. SUMMARY OF RESULTS ... ..o i i aeaeen o e
I. ACCORD OF BASE LINES

(1) Eastern Shore series ... ... ... .. i i et
(2) Allegheny series .............. e e
(3) OBIO SEITIES . i e it e e e
(4) Indiana Serfies. ... . ... ... .. i iie e s e
(5) TIHOOIS SEIIES ..\ ottt ot e e e e e
(6) Missouri series. ...... ... ...t B
(7) Missouri-Kansas series
{8) Kansas-Colorado series ... ... ... ...t et
(9) Rocky Mountain Series. .. .......iueui it iie e
(10) Nevada series. . ....... ... i e e
{11) Western or coast range series

PART V. .
THE RESULTS OF THE ASTRONOMIC DETERMINATIONS OF AZIMUTH.

AL INTRODUCTION . ..ttt it ittt et et e et e et s et e e e et et ee ettt aeenenneraneans
B. ABSTRACT OF RESULTING AZIMUTHS: « « ot vttt ttet s i et et e e ettt e e e
(1) Eastern Shore series. .. .. .. ..o i e e
(2) Allegheny series .............c.ooceut.

(3) Ohio series .............. e e e e e e ettt e
(4) Indiana series. .........o.oiiiiiiiiniiiiaeen .. e e i
(5) Illinois series..... e e e e e e e
(6) MISSOUKL SEIIeS. .. ..\t e e e e
(7) Missouri-Kansas series ................... e e et e e

(8) Kansas-Colorado series ... ...
(9) Rocky Mountain series. ........... «oooiiiiie ciiiieriiii i e e
(10) Nevada Series. .. ...t i ittt et eri it s i
(11) Western or coast rafge SEries ... ... ... . ieurtut . iiersierinnotnrneensarnnnsarnns
C. SYNOPSIS OF RESULTS FOR AZIMUTH ... uuttntitiiti e otn e coe e s

II
Page.

551
538
592
_§az2
597
597
598
608
611
611
613
613

619
619
622
623
626
626
636
658
662
664
666
669
673
677
698
717
T 733

743
744
744
748
755
760
762
764
767
769
771
755
795
Soo


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan


alan



I2 CONTENTS.
PART VI
THE RESULTS OF THE ASTRONOMIC DETERMINATIONS OF LONGITUDE.
Paze,
AL DN T RODUGTION .o vttt et emueneas i et oneaaaesatonenauesaeeeeneenssosssenasenenenssernans So7
B. ABSTRACTS OF RESULTS AT TELEGRAPHIC LONGITUDE STATIONS ......... «evseures e Soz
C. SYNOPSIS OF OBSERVED DIFFERENCES OF LONGITUDE . .. .\tuvteuntonineinnrnneaincannnans 823
D. ADJUSTMENT OF SECONDARY- STATIONS AND REFERENCE TO STANDARD LONGITUDE NET... 823
E. RESULTING STANDARD LONGITUDES. ... ... .oiivrrnraneinennareeasnrnnerans Creererenaan 826
PART VII.

THE GEOGRAPHIC POSITIONS AND COMPARISON OF THE ASTRONOMIC AND

GEODETIC RESULTS. PRELIMINARY COMBINATION OF AMERICAN ARCS FOR
DETERMINING THE EARTH'S FIGURE.

A. GEOGRAPHIC COORDINATES OF THE STATIONS COMPOSING THE TRANSCONTINENTAL
TRIANGULATION AND THE MTASURE OF THE ARC IN LATITUDE 30°.....cccuienniuianen . 831
B. COMPARISON OF ASTRONOMIC AND PROVISIONAL GEODETIC MEASURES. .. ..cunornenerrnons S32
(1) Latitudes ... o o i e e . Sa32
(2) Azimuths ....................... et e et e e et aatat e e et aaas 834
(3) Longitudes .. ... i i i i e e et eaas §36
(4) Preliminaty examination of results.................. e reie e S36

C. DETERMINATION OF STANDARD (GHODETIC) VALUES FOR LATITUDE AND LONGITUDE OF
INITIAL STATION HAVS, AND AZIMUTH OF LINE, HaYS TO LACROSSE ... ....o.vvvvnnn.. 838

D. COMPARISON OF ‘ASTRONOMIC AND STANDARD GEODETIC DATA ON THE SPHEROIDS OF
CLARKE AND BESSEL .. vtt. ittt aeinneennanneransstsannentoatarssenernarsonenaeenans S41
(1) Latitude. . ... e e e e 841
(2) Azimuth ... .. e e et treearaeaaaaa S44
(3) LOMGIUAC . o oottt it it ittt ettt e i et i $46

E. REVIEW OF THE STATIONS EXHIBITING LARGE LOCAL DEFLECTIONS OF THE PLUMB-
LINE IN THE PLANE OF THE PRIME VERTICAL, OR IN LONGITUDE .....c.ccvvvvouo.., 848

F. SYNOPSIS OF RESULTS OF THE ASTRONOMIC AND CORRESPONDING GEODETIC MEASURES
ON THE PARTS OF THE ARC .\ 1vterrinnnnrineirnnrnannrenns S RPN 851
(1) Preliminary statement. . ... ..ot i et e 851
(2) Comparison of astronomic and geodetic longitudes. Table A..................... 851
(3) Results of arc measurement. Table B........ e e e 853

G. RESULTING GEOGRAPHIC POSITIONS AND AZIMUTHS OF.THE PRINCIPAL TRIGONOMETRIC
STATIONS, INCLUDING THE BASE NETS ..........cc0i0iiinninnnnnn e S54
H. ARC MEASUREMENT ...t ttttt ittt it ate et ctaranesatas isitenaaneaenansesnnatreeeanieren 866
(1) Relation of the arc of the parallel of 1871-18¢8 to other Americanares............. 866
{2) Arc of the meridian between Parkershurg, Illinois, and St.Ignace, Ontario. .. .. ... 868

(3) Arc of the parallel of 42° between Willowsprings, Illinois, and Mannsville, New
5] 868


alan


alan



. Page.
1. Principal arcs of the meridian, the parallel, and oblique arcs............cocoiuuun, Frontispiece.
E I 0 ) 3 < 37
3. KentIsland base net ... ... it i e e e e 56
4. American bottom base net ... ... . e e 67
5. Olney base net......... et e e e, 81
6. Footnote sketehes. . . ..o o ouu. . i i e 102
7. E1Paso hase net .. .coiiiiiit ittt it i e e e et i 101
E T 0 Lo T 1T T 117
9. Holton hase met. .. ... i i i i i it e i i 134
;?:}St. Albans base net and extension .. ... iuieiiiii i e it e e 150
12, Salina hase Met. . ..ottt it it i e i e e i e 175
13. Salt Lake base met ... ... it e e e B ()
T4. Versailles DASE ML .. ... ou e etet s ee et ettt e i e e et e et e tae e et e e anraaaans 223
15. Diurnal variation of the coefficient of refraction................ ... oo . oLl 254
16. Determination of heights between Pikes Peak and First View, Colorado................ ees 256
17. Determination of heights between Point Arena and Mount Diablo........................ 268
18. Diurnal variation of zenith distances observed simultaneously at Round Top and Jackson
= Butte, in September and October, I379. .. ..o i e 287
19. Determination of heights in the vicinity of Mount Hamilton, California.................. 299
20. Determination of heights across the Great Valley of California........ ....... .......... 305
21. Determination of heights between Pikes Peak, Colorado, and Round Top, California...... 312
22, Stations near Salt Lake, Utah, at which zenith distances were observed................... 338
23. Round Top, California, looking east............ (oot 343
24. Kent Island base net to Atlantic coast.............. i 352
25. Observing station, S$till Pond, Maryland. Elevation of instrument above ground 3613
metres; or 120 feet. Elevation of target 84 metres, or 275feet ..........o.. oLl 352
26. Kent Island base net to St. Alhanshasenet ............ ... i i i, 269
27. St. Albans base net to Holton basemet..........cooooiiiiiiain L 396
28. Holton base net to Olney base net. ....coovi ittt e 417
29. Scaffolding at Station Green, Indiana. Elevation of instrument above ground, 46'3 metres,
OF 152 felt . e e et 425
30. Olney base net to American Bottom base'net ..........cc.ciiiinein..... S 435
3I. American Bottom base net to Versaillesbasenet ........... ... ..o il 432
2, Versajlles base net to Salinabasemet ... ittt e 481
33. Salina basenetto El Paso base met.... ..o it ittt e ceaaas 514
34. El Paso base net to Salt Lake base net......... ... .. i i e 551
35. View of Cimaroon Canyon, as seen from Uncompahgre Peak, looking north .............. 552
36. Breaking camp on Uncompahgre Peak...... ... ... ... it 552
37. Heliotropesof latest pattern. ....... ..o i e 552
38. The 50 cm. or 20-inch theodolite used at the primary stations in the Rocky Mountain region.. 552
39. Interior Station on Ogden Peak, showing mounting of instruinent on position stand. Alti-
tude 2 924 metres, or 10592 feet. .. ... L e e 552

LIST OF ILLUSTRATIONS.



14 _ ILLUSTRATIONS.

Page.
40. Summit Station on Treasury Peak, looking east, showing perforations of wall tént for obser-
vation with large theodolite. Altitude 4 098 metres, or 13 444 feet......... .. ... .. ... 552
41. High Summit Station, Tushar Mountain, Utah, showing ring wall and double shelter tent
against storms and radiation of heat. Altitude 3 702 metres, or 12 146 feet.............. 552
42. Rocky Mountain ridges, as seen from Treasury Mountain, Colorado, and showing upper
camp, 107 metres, or 351 feet below summit.............. ... L 556
43. View of Treasury Mountain, Colorado, looking west; station at extreme right of summit. 556
44. View of Summit Station on Uncompahgre Peak, Colorado.” Altitude 4 355 metres, or 14 289
5T S 556
45. Interior of station on Uncompahgre Peak; observing heliotrope on Mount Ellen, distance
294°T kilometres, or 1823 statute miles.............ovi it i i e 566
46. Salt Lake base net to Yolobase net .........c.. it iiiienar e, 571
47. Summit of Round Top, California, principal triangulation station on the Sierra Nevada. :
Altitude 3 1652 metres, or 10386 feet ... ... i e - 575
43. Station at Ihepah, Utah, showing protection of instrument. Altitude 3 65814 metres, or
3 T B 11 580
49. Yolo basenet to Pacificcoast ..o st e 597
50. The Great Caspar Signal, California. Instrument mounted on main scaffolding, at a height™ -
above ground of 41°'T metres, or 135 feet. Observer supported mdependently by the
central tree trunk and small top scaffolds surmounting it ................... .o ..., 6ot
51. Systematicerrorsinlatitude ............ ... ... o oo L L D 620
52, DAAEIAIL. ot e e e S24
53 Diagram. ... e e e e S24
Lo 0 T - O 825
55 DIagram, . .. o e i e e aaiaas 825
MAPS
A. Area covered by the transcontmental arc.......... R S A (Pocket)

B. Distribution of astronomical stations

............................. teseaieniiieiases. ... (Pocket)



FOREWORD.

The volume which is here presented to the scientific world contains the results of
the most extensive piece of geodetic work attempted by any nation, a geodetic triangu-
lation across the continent and the resulting arc of the parallel. This work has been
conducted with the greatest care, and many improvements in the means of observation
have marked its progress.

In presenting this complete record of a great undertaking, carried through by a
bureau of the Treasury Department, the executive officers of the Department feel that
it will provea contribution to the science of the world worthy of the United States.

L. J. GAGE, Secrefary.

TREASURY DEPARTMENT, May, rgovo.
15 -
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INTRODUCTION.

The completion of the measure of an arc of the parallel across the Continent of
North America marks an epoch not only in the scientific history of the United States
but in the world’s geodesy as well.  The resultsof the work, not only to geography but
to geodesy, are most important and far-reaching. In the present volume are brought
together not only the observations themselves and a discussion of the results, but also a
description of the instruments and methods employed, and the improvements which have
been brought about in the progress of the work. This progress has been coincident with
that of the science of geodesy itself and, in a measure, the work has been a history of the
science. : )

The transcontinental triangulation, which was designed to connect the triangula-
tion lines already executed on the Atlantic and on the Pacific coasts, began under my
predecessor, Professor Benjamin Peirce, the third Superintendent of the Survey, and
the work has been prosecuted under the succeeding superintendents—Patterson, Hilgard,
Thorn, Mendenhall, and Duffield.

Soon after the close of the Civil War it became evident that greater extension must
be given to geodetic operations, in order to keep pace with the material development of
our country. Itwas at that time that Superintendent Peirce asked Congress for $15 oco
to begin a triangulation connecting the Atlantic and the Pacific coasts. He characterized
the sum as ‘‘small in amount but of inestimable importance.”’ So favorably was the
project received in Congress that the necessary legislation was immediately enacted.
The appropriations increased with each succeeding vear until 1874, when $50 oco were
allotted to the work.

During the next decade no- specific amounts were set aside for this enterprise, but
the work was carried on in connection with the general triangulation. Congress always
authorized the expenditure of certain parts of the great items of appropriations for this
particular purpose. The original idea was steadily kept in view, however, and in 1883
it again found formal expression in the sundry civil bill, by the appropriation of $30 coo
for *‘transcontinental geodetic work.’”’ From this date to the completion of the general
field work, regular annual appropriations were made. The total cost, from 1871 to

" 18732—No. 4 2 17 '
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1897, exclusive of salaries of officers, was approximately $500 ooco, giving an average
expenditure of about $20 000 yearly. ]

The cost per mile of progress was least in Maryland and Delaware, being $103,
and greatest in California, where it was $463. The average expense of occupying one
station was $593 in the former case and $9 o31 in latter. ‘The cost per square mile of
territory, strangely enough, however, is greatest in a flat country, where short lines
are necessary. The work in Indiana and Illinois cost $11 per square mile, where the
average cost per point was $1 725, while that in Colorado cost about $2, where the cost
of occupying each station was $6 131. o

The immediate results are these: Sixteen States are given fundamental and per-
manent points on which all their subsequent surveys may be based. The longest arcof
a parallel ever undertaken by any single government has been completed, and valuable
material has been supplied for a more exact determi_natibn of the earth’s size and shape.
Precision in scientific work has been substantially increased during the period mentioned,
and improvement in the field methods has been marked in the base measures, in the
triangulation, and in the astronomical determinations. In fact, the progress of this
work has kept pace with the progress of geodesy. Since the inception of the work, and
growing-out of its prosecution, great strides have been made in point of rapidity and
accuracy. New methods have been introduced, consequent upon the gigantic scale of
the operations. Astronomical results obtained at an altitude of 14 ooo feet require
special treatment on account of changed conditions in attractive and centrifugal forces.
Horizontal angles, if the stations are extremely elevated, are sensibly different from
what they-would be at the level of the sea. The ofdinary formula for spherical excess
must be extended to meet the demands of the great triangles from Pikes Peak to .the
Sierra Nevada. The laws of refraction applicable at lower and equal elevations require
modification when great inequalities exist in the heights of stations. The calculation
of geographical positions enters a new phase when lines of sight 182 miles long are to be
dealt with. " ‘The adjustment of the triangulation—that refined operation by means of
which incongruous observations are made to blend harmoniously according to the mathe-
matical theory of probabilities—assumes greater significance in a chain of 2 6co miles of
continuous geometrical figures. The nature of the country traversed has developed new
ideas in signals and tripods. The mounting of an instrument 152 feet above the ground,
and the erection of an observing pole to a height of 275 feet, are features hitherto
unknown in similar work. For the first time corrections have been introduced for the
variations of latitude. The present volume, therefore, marks an epoéh in the annals of
the Coast and Geodetic Survey, and the completion of this great arc may be fittingly
called one of the historic eventsin the progress of geodesy.

" The method of treatment and the general results may be briefly stated as follows:
Each base net was first adjusted separately. This gave, at intervals along the arc, cer-
tain lines whose lengths depend more directly upon measurement, and which were
regarded as absolute. The triangulation intervening between any. two adjacent figures
thus established was treated by the method of least squares, so as to reconcile discrep-
ancies between the fixed values and those resulting from the angular measurements
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connecting them. The operation thus far gave a connected homogeneous system of
figures throughout, and opened the way for the final computation of the individual
geographical positions. ' _ :

In order to determine standard data to which the entire arc should refer, a first
preliminary reduction was madé. This gave provisional values, which were afterwards
corrected so that the average discrepancies between the computed positions and those
determined by astronomical observations should be as small as possible.

Latitude was observed at 109 stations, azimuth at 73, and longitude at 37. “The
average local deflection, irrespective of sign, in the plane of the meridian, from 51 lati-
tude comparisons, was about 2’*4, and those in the prime vertical may be assumed, in
general, to be of equal magnitude. After rejecting values which were clearly inadmis-
sible on account of local contfiguration, the following corrections were made to the posi-
tions first adopted: In latitude — 0”64 and in longitude 4 o0”'37. No change was
required in the provisional azimuth.

The discrepancies between the positions deduced through triangulation and those
determined astronomically may result from deflections of the plumb line or from the-
fact that the geometrical figures are developed on a spheroid whose dimensions are dif-
ferent from those of the actual earth. Moreover, the deflections may be local, as when

- caused by mountains, valleys, etc., or they may extend over great areas, where a chauge
of density in the earth's crust is the underlying cause. As far as the present measures.
go, the curvature of the North American Continent along the zgth parallel seems to be’
intermediate between that of the Bessel and the Clarke spheroids. ‘The accuracy of this
deduction is evident from the fact that the probable error of the measured length of the
total arc (4 224 kilometres) is only 26 metres, whereas the difference between the arc
of a parallel in latitude 30° on the Clarke and on the Bessel spheroids is 615 metres.

It would be well-nigh impossible to give credit, in exact proportion to the service
rendered, to all persons who have contributed to the accomplishment of this task. Pre-
eminent on the list stands the name of C. A. Schott, who has heen it active service in
this Bureau for more than fifty years. He has had charge of all the computations, and
the present report on the work stands substantially as it came from his hands. Assist-
ance in the computations was given, principally, by M. H. Doolittle, E. H. Courtenay,
D. L. Hazard, and J. F. Hayford.- The volume was edited by E. D. Preston, assisted
by A. F. Belitz. .

Prominent among the officers who had charge of the field operations, and who are
here arranged in the order of linear distance covered by their trigonometrical operations,
appear the following: W. Eimbeck, F. D. Granger, A. T. Mosman, G. A. Fairfield,
F. W. Perkins, G. Davidson, and Q. H. Tittmann.

The following table is believed to contain the names in alphabetic order of all the
officers in the regular service who took part in the operations. ‘The year in which the
observations were made and the character of the work executed by each officer are also
shown:
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TABULAR STATEMENT OF DISTRIBUTION OF WORK.

Observers.

A. L. Baldwin
T B. Bavior......cooooiaiiiiians
G.F.Bird............... SETTETTT
H. W. Blair... .
TP Borden oo e iveneenananens
C.O.Boutelle......oovvvevannns B
I B. Boutelle..........ooiiiits
CH.Boyd...ooovvenneiiacannns
" R. A, Colonna
G.Davidson ...,
G.W.Deall.....ovveninnanannn..
H.C.Denson ...
E. ¥, Dickins
W.Eimbeck...........cooaaall
G.A Fairfield .... .............
W. B, Fairfield...................
R.L. Faris ...
E. 5. Fischer..
H. ¥. Flynn
0. B, ¥rench..
J. J. Gilhert
F.D.Granger ....c.ovvevenrvann.
J.F. Hayford..... ... ..... ...
W.C. Hodgkins .oo.ooiiiieaun.
E. B. Latham.

TS LAWSI. oo .

DESE WY £:1 o o .

J E. McGrath......oovveeaao . e
F.MOTSE.. civneieieiiinanan,s .

A T.Mosman.....oovvveeinnn...
J.Nelson............... v
F. H. Parsons
¥, W. Perkins . ..
J-E.Pratt .....ooveiiii el
E. D. Preston
H. P Ritter......cooiiiiiianaa.
C.Rockwell ............ .. .ol
A. F. Rodgers ...
L. A.Seungteller ...l ..
C H.Sinclair...............oL e
E. Smith ...... ceas
H.L.Stidham ... ........... . .

JoA. Sullivan.....o.ovieiiina. . e

E. L. TANney ...oooviveiviananan..
C.Terry,jr... -...... e

O. H. Tittmaun .. T P
JH.Turner.........coviiiinnn, .

C.H.VanOrden.................
D. B. Wainwright .,
J.B.Weir ..o
P.A. Welker ......coooivniiaes
F. Westdahl.............. ......
T, WinSton. vovevive e ieanan
R. . Woodward ...
C.C.Yates... ..ocoviiaiann,

1570, | 1830, [ 1381, | 1832
i

NoTE.—Astronomical observations, whether for latitude, longitude, or azimuth, are indicated by *.
‘Triangulation, including reconnoissance, base lines, and horizoutal angles, is denoted by .
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TABULAR STATEMENT OF DISTRIBUTION OF WORK—Continued.
dbsérvers. 1886. | 1887, | 1SSR. | 1889 | 18g0. | 1Sun. | 1892, | 1803, | 1S4 | 1S5, | 1S9f 1897, | 1808,
A L. Baldwin ....civiiiivinnnndeennn oo oo ] el . f A
t

J. B. Baylor
G.F. Bird ...
H. W. Blair

1. B. Boutelle
C.H.BOMA. .ottt cveennnens
B.A. Colonna ......... e e
G. Davidseon. .’

G.W.Dean........ooiiiiineenens

E. K. Dickins. ...
W Eimbeck, ... e
GL AL Fairfield
W, R Eairfield oL
R.L.Faris... .o ooiiiiinn
E. G Fischer..oo e,
H. F. Flynn
‘OB, French ...,
1. J. Gilbert
KD Granger......ooveninnnns
) J.¥. Hayford . .. vee
W.C Hodgkins ....... ...,
E. B Tatham. . ... ..oooeneeen,
J.S. Lawson.......iieeii e
RAMATT. .o aee, SR

JE MeGratho iooviiiiiiinen aofinnnnn

FoMurse .o e
A.T. Mosman .. ;
J.Nelson..oooouiiiiiiiian i

FILParsons............cc.vene
F.W. Perkins
JEPratt oo
E.D. Preston....ooooooioiiiinnn,
HLP Ritter....on e
C. Rockwell ... iiiiiiiians
ATLRadgers. .o iiienens
L.A.sengteller ...l

E. Smith
H. L. Stidham,
J. A. Sullivan. ..
E. I.Taney .......covevivennnnnn
Colerry, Jroe e i
Q. H. Tittmann
JoH.TUMCT oo e
CH.Van Orden ........oevuneen
D. B.'\V:\im\'right ...............
J. B, Weir. ......... e
PA Wwelker ...l
F. Westdahl.....................
I winston,.....

R. S.-Waodward
C.C.yates.....ociiiiiiiiiannns

Hypsometry, either hy means of the spirit level or vertical angles, is shown by H.
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The present addition to the literature of geodesy will ever remain of value, and will
doubtless take its place among the epoch-making contributions to the subject.

Although the influence of this arc in the determination of the earth’s figure is one
of its cardinal virtues, the work will exercise its full power and accomplish its complete
purpose only when combined with an arc now being measured on the ninety-eighth
meridian, and which will ultimately traverse Mexico, the United States, and the British-
possessions. When this great counterpart of the tfiangp.lation along the thirty-ninth
parallel shall have been measured, and the results of the two have been combined,
we shall be in possession of sufficient data to define a surface of the country which, in
the present state of exact measurements, may be considered a finality, :

HENRY S. PRITCHETT,
. . Superintendent.
UnNiTeED STATES COoAsT AND GEODETIC SURVEY,
Superintendent's Qffice, April, rgoo.



PRELIMINARY STATEMENT.

I. LOCATION, SCOPE, AND PURPOSE OF THE TRANSCONTINENTAIL TRIANGULATION,
WITH HISTORICAL NOTES AS TO ITS INCEPTION AND PROGRESS.

This transcontinental triangulation' and measure of an arc of the parallel extends
from Cape May, New Jersey, on the Atlantic coast, in longitude 74° 55’°S, to Point
Arena, California, on the Pacific coast, in longitude 123° 41’8, The intervening
distance is about 4 225 kilometres, or 2 625 statute miles, corresponding to 48° 46’0 of
longitude.

Its terminal points are near Cape May and Point Arena light-howuses, which are in
latitudes 38° 55'°9 and 38° 57'°3. respectively.

The desirability and necessity of uniting the main triangulations along the eastern
‘and western coasts of the Usited States must have impressed itself upon the minds of
those engaged in the work. It was recognized that such a connecting bond was
demanded in order that these separate parts might be made to depend upon the same
geodetic and astronomic data. By this means only could the unity and consistency of
the work of the Survey beé secured; besides, it was apparent that any proposed surveys
of States lying in the path of the connection or adjacent thereto could at once he based
upon the same standard data, thus securing uniformity and accuracy for the whole
work. An operation of this character could not well be undertaken by separate State-
action, since it would involve too many contingencies respecting uniformity of treatment
and of timely cooperation. Its execution was therefore properly intrusted to the Coast
and Geodetic Survey as one of its functions. : '

Besides its immediate practical benefit of providing a' tier of interior States with a
nucleus of systematic triangulation at once available for the extension of surveys over
adjacent areas and furnishing geographic positions within these extended limits, the
measure has a much higher value from a scientific standpoint. It is a considerable
contribution toward those data of which geodesy must ‘avail itself for the more exact
determination of the earth’s shape and size. For this and kindred measures an addi-
tional stimulus was given in 1889, when the United States became a member of the
International Geodetic Association for the measurement of arcs and for the special duty
of investigating the geoid or deformed physical surface of the earth as contrasted with
that of a mathematically defined figure. '

The initial step toward the accomplishment of the measure was taken by Superin-
tendent Benjamin Peirce. Under date of February 7. 1871, he asks, in his annual report
to Congress for the year 1870 (page 7), for a specific appropriation for this object.
On page 4 of that report we find, ‘‘A new item is proposed in the estimates, small

.in amount, but of inestimable .importance to the scientific accomplishment of the
Survey.”’ Speaking of the geodetic connection between the Atlantic and Pacific coasts,
23
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he remarks: ‘' It will give to the National Government and incidentally to the several
States the best possible basis for all accurate surveys which may hereafter be required.”’
Ground was broken in July, 1871, in the vicinity of St. Louis, Missouri, by laying out
a triangulation extending to the eastward and westward of that city and providing for
a base line and astronomic measures. It was also evident that part of the operations
already carried out by the Survey in dentral California during nearly twenty years could
be utilized or incorporated into the arc measure; likewise at its eastern end it was
expected that some part of the very much older triangulation with its astronomic
measures would be included. _

Since the year 1871 the work has been continued under the several superintendents.
Although the annual accretions.were small, owing to the meager appropriations allotted,
it can be said that at the close of the year 1896 the measure of horizontal angles of the
triangulation was completed. The last of the base lines was measured in 1897, but

‘the determination of heights of the Rocky Mountain stations yet demanded certain

measures of zenith distances and spirit levels, which were supplied in 18¢S. In the same
year the last of the astronomic longitude determinations was made. The reduction of
the observations and the preliminary computation of positions were kept abreast with
the field work, but some unavoidable delay in the final adjustment and preparation for
the press occurred in consequence of the late supply of the height measures required for
reducing two of the principal base lines to the sea level. o

The accompanying map A (in pocket), on a scale of 7-yri-5y5, has been specially
designed to give at a glance a general view of the location and comparative extent of
the triangulation connecting our east and west coasts. It exhibits by contrast of color
the base nets and the intervening chains of triangulation, and by their variation in width
it indicates the dependence of the size of the triangles on thé hypsometric features of
the country. On map B (in pocket) is shown, by means of the simple conventional signs
adopted on the Survey, the number and distribution of the astronomic stations whether
for longitude, latitude, or azimuth. . _

In connection with the measure of this arc of the parallel it may not be out of
place here to direct attention to the report of the Geodetic Conference of January and
February, 18¢g4, convened by Superintendent T. C. Mendenhall. (Appendix No. g,
Coast and Geodetic Survey Report for 1893, Part II, specially pp. 360-363.) Reference
will be found therein to other arcs measured either by the United States Lake Survey
or by the Coast and Geodetic Survey. The measures of the great meridional arc in
longitude 93° west of Greenwich were commenced in 1897.% This proposed arc may be
considered ‘as complementary to the arc of the parallel, one giving a measure of the
curvature in a north and south direction, the other in an east and west direction, thus
affording within the limits of the country the means for determining an osculating
spheroid closely approximating to the curvature of the earth's surface. The first half
of the curreut year (189S) also saw the completion of the measures, geodetic and astro-
nomie, of the great oblique arc stretching from Calais, Maine, at the Canadian boundary
to west base, Dauphin Island, Alabama, on the Gulf of Mexico, thence to New Orleans,
Louisiana, a length of 23° 31’, or 2 612 kilometres or 1 623 statute miles.

* Reconnaisance was made in the preceding year.
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2. SUBDIVISIONS OF THE CHAIN OF TRIANGULAT;ON AND THEIR DISTINGUISHING
) ' CHARACTERISTICS. )

The contrast in the physical features along the arc of the thirty-ninth parallel is so
well pronounced as conveniently to mark out for general description three.subdivisions,
which moreover demand, in part at least, different mathematical treatment in the reduc-
tion of the observations. These subdivisions are designated the wes_ter_n, the central,
and the eastern sections.

The western section is characterized by the great altitudes of its stations and the

unusually large size of its triangles, many of the sides being.over 160 kilometres, or
" 100 statute miles in length. The triangulation crosses the Coast Range, the Sierra
Nevada, the Wasatch Range, and the main ridge of the Rocky Mountains, with many
of its stations more than 3 kilometres, or nearly 2 statute miles, above the level of the
ocean. The total linear development between Point Arena on the coast and Big Springs
off the eastern flank of Pikes Peak, Colorado (as projected on the parallel of 399) is
nearly 1 685 kilometres, or 1 o47 statute miles.

The central section, which extends from Big Springs, Colorado, eastward as far as

- St. Louis, Missouri, over a distance of about 1 217 kilometres, or 756 statute miles
(measured on the parallel of 39°), partakes of the very opposite character from its
neighbor with tespect to width of development or average length of sides. The latter
is but 273 kilometres, or 17 0. statute miles, and is therefore a minimum value. ‘This
feature was imposed upon it by the general flatness of the great plain which lies between
the eastern slope of the Rocky Mountains and the Mississippi River, descending very
gradually from about 1 Soo metres (5 goo feet nearly) to about 135 metres, or 443 feet,
above the sea level. As a rule the theodolite was mounted on tripods or scaffolds in
order to overcomie the earth’s curvature and keep the line of sight sufficiently elevated
above the ground.

The third or castern section differs from the others by its small but diversified
hypsometric features heing composed of plains, low hills, and mountain ranges.
Where the trlaugulatlou traverses the Alleghenies altitudes exceeding 1 300 metres, or
4 265 feet, are met. The section crosses the Chesapeake and Delaware bays, terminating
at the capes of the latter. Its total (referred) length is about 1 323 kilometres, or 822
statute miles. :

The triangulation across the country posseSses great internal 11g1d1tv by reason of
its composition throughout. Either quadrilaterals or central figures such as polygons
formed by combination of triangles compose the scheme, while its length is supported
by 10 hase lines suitably distributed. '

3. GENERAL STATEMENT IN REGARD TO THE ASTRONOMIC MEASURES.

Respecting the astronomic measures there are 1og stations directly connected with
the triangulation at which the latitudes were determined almost exdlusively by Talcott's
method. 'These observations fall between the years 1846 and 15¢S. Eight latitudes
depeud on other than Coast and Geodetic Survey authority. Astron.mical azimuths
were obtained at 73 of the trigonometric stations between the years 1849 and 18¢g7. A
variety of methods, suitable to the circumstances at the time, were employed in this



26 UNITED STATES COAST AND GEODETIC SURVEY.

work. On account of local deflections of the vertical, which are present to a greater or
less amount at all stations, the value of an arc of the parallel depends, ceteris pasribus,
largely 1pon the number of subdivisions or component arcs which together make up its
whole longitudinal amplitude. There are 37 astronomic longitude stations not very
unevenly distributed over the arc, though rather crowded in some places. ‘They were
determined by means of the electric telegraph, and are either part of or depend directly
upon the general telegraphic longitude system of the United States. An account of
this system is contained in the annual report of the Survey for 1897, Appendix No. 2.%
The longitudes were determined between the vears 1869 and 1898. The stations, in
consequence of the impracticability of establishing wire connections, are not, as a rule,
also trigonometric stations in the main series of triangles, but all are geodetically
connected with the nearest triangulation station.

*An abstract of this paper appeared in No. 412 (September 14, 1397) of Gould's Astronomic Journal,
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‘L. UNIT OF LENGTH. BASE LINES, AND BASE: NETS.

(A.) INTRODUCTION.

In this first part of the exposition of the measurement of the arc of the parallel,
stretching centrally across the country, will be presented a discussion of the unit of
length upon which its whole extent is developed. This is followed by an individunal
account of each base line with its resulting length and probable error, and the adjust-
ment of its net of triangles referring the base to a principal side of the triangulation.
The methods of local and of figure adjustment of angles and sides are here explained.

(B.) THE UNIT OF LENGTH.

I. HISTORY OF THE COMMITTEE METRE OF 1799.

The unit of length of the transcontinental triangulation is the metre. Its material
representative as used on the Survey from the beginning up to the year 18go was an
iron bar standardized at Paris in 1799 by the Committee on Weights and Measures.
It was brought to America in 1805% by F. R. Hassler (afterwards first Superintendent
of the Coast Survey) and presented by him to the American Philosophical Society of
Philadelphia, and later placed by the society at the disposal of the Coast Survey. Mr,
Hassler received it from J. G. Tralles, deputy to the commission from the Helvetic
Republic. It was madé by Lenoir at Paris and is one of 16 metres, of which
twelve were distributed to the foreign commissioners, and bears among other distin-
guishing marks that of three dots |- It is an end metre with cross section g by 275
millimetres. For an account of its construction, the apparatus employéd, and method
adopted for cutting the several metre bars to the desired length, the publicationst
given below will be found to contain nearly all that may be of pfesent interest. Its
use was discontinued after the receipt in November, 1839, by the Government of
the United States from the International Bureau of Weights and Measures at Paris
of three representative platinum—iridium bars of the International or Prototype Metre. .
Hence part of the triangulation depends for its length ou the Comumittee Metre, or
C.M., part on the International Prototype Metre and part through adjustment on
both. TUnder these circumstances it became imperative to carefully compare these
standards, which were supposed to be equal, and, if different, to correct the length of

¥ Pub. Doc, No. 299, H. of Reps,, 22d Congress, 15t session, Washington, 1832, p. 6. .

t Transactions American Philosophical Society, Philadelphia, Vol. II, new series, No. XIL * Fapers on various
subjects counected with the $Survey of the Coast of the United States,” by F. R. Hassler, March 3, 1320 (p. 253 in par-
ticular); United Stdtes Coast Survey Report for the year 1567, Appendix No. 7 pfv. 134-137: Recherches historigues sur les
Etalons de Poids et Mesures de I'observatoire et les appareils qui ont servi 4 les construire. Par M. C. Wolf., Paris, 1832,
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the older base lines depending on the Committee Metre of 1799, in order to eXpress
their length and that of the whole triangulation in terms of the International Proto-
type Metre. ' _

In attempting to determine their relative length, two difficulties presented them-
selves—one due to the demand of modern science for greater accuracy and better defi-
nition than was the case.a century ago, and the other due to a slight yet perceptible
deterjoration of the end surfaces of the iron metre by oxidation and by wear. It was
hoped that the length of this metre could become known with no greater probable error
than one micron. An error of one-millionth part of the length would produce one of
4’2 metres in the width of the country in latitude 39° and would be a negligible quan-
tity in comparison with the inevitable errors introduced through the triangulation.

2. THE COEFFICIENT OF EXPANYION OF THE IRON COMMITTEE METRE, OR ‘‘C.M.”.

There is no information of a special determination of the coefficient of expansion of
this metre by the committee of 1799. The average value for the several metres was
11°56 > 10~ Adirect determination made at Newark by F. R. Hassler in 1817% gave
him 0’000 006 963 5 for Fahrenheit's scale or the value for the centigrade scale of
12°534 < 107" This rather large value was supposed due to the method employed,
which would now he characterized as crude. ‘The result was not adopted on the Survey,
but the committee's value was employed instead up to about the year 1881, when an
elaborate series of observations was made by Assistants C. A. Schott and H. W. Blair
at the Survey office in connection with the work of standardizing a new s-metre bar,
During these observations the C.M. and 5 other metres were immersed in a bath of
glycerin, the temperature of which, when steady, was found by means of standard
thermometers. The ends of the bars protruded slightly bevond rubber diaphragms
placed tightly in holes piercing the ends of the trough, which was then brought between
two Bessel-Repsold screw spirit-level comparators. The range of the temperature of
the glycerin and immersed bars was between 4° and 38°C. (39° and 100° F.). The
results from the several series were as follows :

Expansion
. for 1° F.
1850, Dec. 23-24 6576 1 l
27-29 6 603
1881, Jan. 3-8 6°613
23 6508 Mean (_)—t 5 ?g 1
4-5 6495 equal to 11°790 ¥, 10— for C. scale
16-17 6474

Particulars of these operations will be found in Coast and Geodetic Survey Report
for 1882, Appendix No. 7 (p.. 124 in particular).
In 188S and 1889, Assistant O. H. Tittmann made a series of comparisonst for

# Trans. Amer. Phil. $ociety, Philadelphia, Vol. I, new series, No. XVI. An account of pyrometric experiments
made at Newark, New Jersey, April, 1S17. By F. R. Hassler.

T Coastand Geodetic Survey Report for 1859, Appendix No.6: * The relation between the metric standards of length
of the United States Coast and Geodetic $Survey and the United States Lake Survey.” By C. A. Schott and O. H.
Tittmann, Assistants. pp. 17¢-197.
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relative lengths of the United States Lake Survey Repsold Metre R.M. and the com-
mittee metre. These gave in connection with the coefficient of expansion of the
R.M. (as finally given by Dr. Foerster, viz: 10654 X 10~% by Lake Survey observa-
tions, 10°615 X 10~ and by Iunternational Bureau of W. and M., 10563 KX 107°),
: + I1I
the resulting values, in combination with other measures, for coefficient of R.M.
10°606 X 107° and for C.M. 11°795 > 107"% a value practically identical with the
: ' =+ 25

one found in 1S$SS0-81. A further confirmation of this value was had through the
direct comparisons of the C.M. with one of the national prototype metres. Mr. L. A..
Fischer obtained between July, 1894, and May, 1895, a large number of micrometric
differences between the length of the C.M. and of the N.P.M. 21. These observations
were made in a vault at the office, in which the temperature was varied 211:° C,

The optical method was employed, varied by the use of 2 prongs 3 millimeters distant
on each side of the axis, the bars and thermometers being under glass cover on the com-
paring carriage, provided with the necessary adjustments. The details of the process
being explained farther on, it suffices to state here the resulting differential expansion,
viz: ¥ =4 3'123 1. ‘The coeflicient of expansion of the N.P.M. 21 was determined
at Breteuil, viz:. 4 $°665 X 107°, whence the coefficient for the C.M.=11"788 ¥ Io"3

Recapitulation of values for coefficient of expansion of the C.M.:

1799 1156 10—¢
1880-81 11'790
185858-59 11°795
189495 11°758
Mean adopted 11°791 - 10—%
+ 2

3. THE LENGTH OF THE IRON COMMITTEE METRE, OR “‘C.M."

From the particulars given by F. R. Hassler® respecting the construction of the
original metres it would appear that the aim of the committee was to secure an accuracy
in their length which should be trustworthy to within about half a micron. It is
furter stated that the difference in length of the temporarily selected standard and
metre - or the C.M. was two ten-millionths part of a toise, the latter bemg the shorter,
If this was correctly understood we would have C.M.= 1m — 0'4/.

In 1867 the C.M. was taken to Paris for direct comparison with the standards pre-
served there, = A full account of the work done is contained in Coast Survey Report for
1867.1 During these comparisoua: the respective metres were immersed in melting ice,
‘I'he measures were made by means of the Silbermann comparator with the aid of two
abutting pieces. The resulting length of the C.M. arrived at makes it too long by
37364, but the first and third series of comparisons show rather a wide difference, and
considering that so few series of ‘comparisons were made we may regard the result as a
weak one. The actual operation occupied but a few hours of August 24.

* Pub. Doc. No. 290, pp. 75 and 77 T Report for 1367, Appendix No. 7, pp. 134-137.
18732—No. 4——3
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A more satisfactory although indirect comparison was obtained in 1889 * through
the medium of what is known as the Repsold steel metre of the United States Lake Survey,
R.M., the length of which had been determined at Breteuil, near Paris, in January,
18§3. The C.M. being an end and the R.M. a line metre, Assistant Tittmann
employed the optical or reflection method for comparing the two bars, which was
effected at Washington in a cold-storage room and other localities between September,
1888, and March, 188g. ‘The R.M. is otherwise of importance through the fact that the
length of the QOlney base line in Illinois is expressed in terms of it, for which see Report
upon the Primary Triangulation of the United States Lake Survey, by Lieut. Col. C. B,
Comstock.t In a supplement by General Comstock, dated February 28, 1885, the
length of R.M. is given provisionally, but very closely, as 14 < 97°81 4 at the tempera-

4
ture of melting ice, and for any temperature 7 (centigrade) there is to be added IO':SIS[,' '
but in the 1889 report, p. 186, the preferable value, 10°606 ¥ 10~% is deduced for the

=+ 25
coefficient of expansion. From these Washington observations we derive

M
R.M. — C.M. = 8428t — 171925 {(#f— 11°°66)
=£'49 =+ 425
and C.M. = 1m — o' 3831 3= 0 70K

Between July, 1894, and May, 1595, an extensive series of comparisons before alludea
to was made at Washington by Mr. L. A. Fischer, of the Weights and Measures Office,
between the C.M. and oune of the new National Prototype Metres known as N.P.M. 21,
received here in July, 1Sgo. The latter is a platinum-iridium line metre of length
i :
I+ 254+ Sl'665f—l,— «;'001 oof?, as standardized at Paris. The comparisonsi were
=+ ‘15
madein the office comparing vault by meansof micrometer microscopes clamped to a steel
beam as support. The two standards were placed in a glass-covered box or carriage
and were supported at two points 54 centimetres apart, with Tonnelot thermometers
placed on their upper surfaces in contact with them. The carriage rested on iron
rollers and was provided with all necessary adjusting devices. For defining the ends of
the C.M. the optical method was employed, but as the end surfaces are less perfect in
the axis of the bar than at a short distance from it, two points 6 millimetres apart were
placed symmetrically to the axis to admit of their direct and reflected images. Illumi-
nation was secured by means of right-angled prisms placed about 1 centimetre below
the bar, the light from incandescent lamps being thus thrown upward. The defining
lines of the N.P.M. were made visible by throwing the light upon them through 45°
prisms placed between the two lenses of the objectives of the microscopes. An observa-
tion consisted of the following operations: 1. Reading of thermometers. 2. Pointings
on C.M. 3. Pointings on N.P.M. 4. Pointings on C.M. 5. Reading of thermom-
eters—the whole occupying about 12 minutes, during which time the thermometers

*U. . Coast and Geodetic Survey Report for 1539, Appendix No. 6. ‘ The relations between the metricstandards
of length of the U. . Coast and Geodetic Survey and the U, 8. Lake Survey, by C. A, Schott and O. H. Tittmann,
PP. 179-197.

t Professional Papers Corps of Engineers, U. S, A., No. 23, Washington, 1882,

1 Not yet published.
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rose about 0°°'1C. Following a regular scheme, the bars at different times were placed
in different positions with respect to the observer and microscopes. The temperature
of the vault ranged between 2°'7 and 24°'2 C. The g¢6 individual observations when
condensed into 4 groups gave the following conditional equations:

M
x4 223401 = 69° 71
x4 7442 =23"71

X+ 37747V =11"68
X+ 10°550r = 34707

whence the normal equations

4ro000x+ 447079y =+ 139°17
44 079 ¥ + 678 goly = + 2136° 97

hence v+ = + 07384, or the difference C.M.—N.P.M. at 0® C and ¥ =4 3 12341 or the
differential expansion per degree centigrade. The result is C.M. = 1m < 2-8Su at the
temperature of melting ice.

The preceding 4 determinations not being as accordant as desirable, further obser-
vations were undertaken at the office by Mr. Fischer and also by Assistants G. R.
Putnam and A. Braid between January 17 and March 3, 1896. These operations dif-
fered from the preceding one by the substitution of the contact piece method for the
reflection method; otherwise the conditions were the same. Since no publication has
been made, a somewhat more full description will be given here, taking the same from
the preface as given by Mr. Fischer.* Two platinum abutting pieces were thade, con-
sisting of thin disks about 6°3 millimetres in diameter with their central areas hollowed
out in order to produce a ring contact about the axis of the C.M. On the side opposite
the contact surface there was a ledge, level with the center of the disk, upon the hori-
zontal surface of which were drawn two lines parallel to the axis of the bar and a fine
perpendicular line about oS millimetre from the plane of the disk for observation; when
under comparison, the disks were held by light springs supported by a coHar clamped
about the ends of the C.M. After observation had been made in one position the end
pieces were taken off and their abutting surfaces placed: in contact and the distance of
- their fiducial lines measured. After this the end pieces were again put on the metre, its
ends having been reversed. The values of micrometers Nos. 5 and 6 were found by
- measuring the millimetre spaces on N.P.M. 21, which were at its A end 100864 and
at its B end gg97-'ox apart. ‘The value of 1 turn of micrometer No. 5 is 74°6974 and of
No. 6, 75982t (January 18 and 24); differential expansion of the two metre bars
3’126 for 1° C.; range of temperature during the comparisons between o°'y2 and
5°:62 C.; corrections were applied to thermometers Tonnelot Nos. 4333 and 4334 for
position of zero point, graduation and reduction to hydrogen scale; distance of lines on
disks when in contact, 1627°32¢; the outer lines of the N.P.M. having been observed,
we have the distances 1 to 2 = 499°74, and 5 to 6 = 493'9M.

* After the above had hbeen written, a paper read before the Philosophical Society of Washington on May 28, 1568,
by Mr. I. A. Fischer, was received. It is entitled **On the comparison of line and end standards™ (see Bulletin Vol.

XIII, p. 241, and fol.). The result (that of 13¢5) is the latest on record, and the author thinks it is at least as trust-
worthy a&s that derived from the optical or Fizeau method.
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[#3]
(o))

Recapitulation of mean valucs for cach obscroer,

Fischer. Putnam. Braid.
No. of series 17 . 9 12
Corrected temperature of C.M. 4% 210 4° 218 2°°656
Corrected temperature of N.P.M. 4 204 4 237 2 672
Observed micrometric difference of length 643 o711 642 6924 635 2401
C.M. at 0° C, shorter than 1 m. 136 1 °55 I°I4

Mean length =17 —1-34 Xo"1u.

Summary of results por length of C. Al in lerms of the P. M.

Year. Length.
’ 1799 i — O 4u
1567 34
1589 —0 Indiscriminate mean 1m2 4 o°Su =071,
189495 +29 '
1596 . =13

Scanning these results, it would appear that they represent rather irregularities of
the surfaces about the axis than measures of the true length of the bar. If so, equal
weight would attach to them. On the other hand, the value of 1867 rests upon a very
meager number of observations, on which account less weight ( one-half) might he assigned
to it, whereas somewhat greater weight (two) might be given to the 1896 comparisons by
reason of the great care bestowed upon the measures and in particular on the determi-
nation of the temperature of the bars. Applying these weights we get the length of
the C.M. at 0° C. = tm+o'2pt. The probable error of the determination being much

+0'6H
larger than the difference in length of the bar from one metre, we may take the C.M.
to be equal to the prototype standard without any serious error and with a probable
uncertainty of about three-quarters of a micron. '

(C.) THE LOCAL OR STATION ADJUSTMENT OF HORIZONTAL ANGLE
AND DIRECTION OBSERVATIONS.

The abstract of resulting directions from theodolite measures and the adjustment of
the triangles composing the base nets, together with the computation of the probable
errors of resulting sides, demand further exposition of the methods emploved.

The great majority of the angular measures were made in series with different
positions of the circle. These are called direction observations. At three only of the
base nets do we find some angular measures by means of repeating theodolites. In the
“latter case the weights introduced will depend on the number of repetitions. The least
square adjustment to satisfy the conditions among the measured angles generally
proceeds by the method employing correlate equations.* By addition, the adjusted
angles are referred to an initial direction and the results given in the abstracts are in
the order in which azimuths are counted (i. e., clockwise). For some of the base nets

*The process is so well understood as to need no further remarks: reference may be made to T. W, Wrights®.
“Treatise on the Adjustment of Observations, New York, 1884, Chapters IV, V, and Part of VI, ’
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the station abstracts include a column giving rough values of prohable errors of the
respective directions, which were not in all cases computed, and had heretofore been
made use of only in one instance—that of Now
the Yolo Base net, as will he explained
further on.

I. GENERAL DISCUSSION FOR LOCAL ADJUST-
MENT OF DIRECTION OBSERVATIONS.*

“Let O be the station occupied and
I, 2, 3, «vrnn. the stations sighted at in
order of azimuth. Tet some one direction,
as O1, be selected as the zero direction. and
let 4, B, ...... denote the most probable
values of the angles which the directions
of the different signals make with this di-
rection.”

In the first series of readings let .Y de-
note the most probable value of the angle
between the direction defined by the zero
of the limb of the instrument and the direc- S
tion O1. Let A7, M, 47", ...... denote the readings of the limb on signals
1,2, 3, +reen- '

Then for the first series of readings we may write the following observation equa-
tions, one for each reading: 1 '

X, —M =o/

X+Ad—-ar7 =0

‘X'I + B_ /’[:III — Z,".lll
Similarly for the second series of readings we may write

Y M =) e e (1)

XN 4+A—=a =l

XA+ B~ =0

aud $0 on, for a11 the series.

The number of observation equations is equal to the number of readings (signal
sightings) at the station, and is designated by 2.

The subscript in each case indicates the number of the series, while the superscnpt
indicates the signal sighted.

The unknowns are .X, X, X, ...... , one for each series, and .4, B, C,...... , one
for each direction except the initial direction. ‘The total number of unknowns is
s+ d — 1, in which s = number of series and 4 = number of directions. (or signals

* See Wright's Treatise on Adjustment of Observations, New York, 1884, pp. 315-320.

t The essential difference hetween direction observations and angle observations, from the point of view of least
squares, is that with drrection observations there is an observation equation for each reading, while with augle observa-
tions there is an observation equation for each ang/e measured.
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sighted upon). Of these unknowns it is important to note that the X's are nof
requived; they are unknowns introduced by the method of observation. .4, B. C,
...... are the required unknowns, and the solution is to be put in such form as to
give only these unknowns and not the X's.

To insure that only small numencal terms shall occur in the solution, let

Xi=M7 + a2, A=r1"4+ ()

Ne= AL+ B=8 +(B)
where A7, A, ...... , the readings upon the initial direction, are taken as convenient
approximate values of X, X, ...... vand AL B, ... are approximate values of

A B, ..
Then the observation equations shown in (1) may be written

an =’/ a1, =g,/
At () —wn?” = Tt (A)—m” = (2
ot (B) — it = o .1‘2—|—(B)—m..”’=zr=”’ ................. 2)
in which " =M,/ — M — A et = M — Mt — A
/" =M - A — B St =AM — A — B

The absolute term in the first equation of each group is necessarily zero (= A/’ — ar;,
M —AI!, ... .. ).

Let the weights of the various observations be g/, 2", ..... LA . the
subscripts and superscripts having the same meanings as before.

Then the normal equations formed from the observation equations shown in (2) are

[A]x , (AP BY .o —~ . [pam]=0 ]
[£:]1 + AV P BY . —  [p]=0 [ ....... *(3)
P +;L§//£'+ Ay — [ m ]=0
PIIII‘- +1)2H/?-+ +[pli!](_b‘) —[/7”'}}['”]-——'—0 (4)
Since the unknowns x,, «t,, v ,...... are not required, we may eliminate them from

the full set of normal équations shown in (3) and (4) by substituting their values as
derived from the separate equations of ( 3) in each of the equations of (4). The result
will be a set of equations, shown in symbolic form in (5), equal in number to the
required corrections (.4), (B) ...... and from which (), (B)...... may be derived
directly without resorting to the long set of equations shown in (3) and (4).

R [aa)(.d) + [ab)(BY + [ac]{(C) ... ... ... — [af]=0
: [ab](A)+ (661 B) + b1 (C) oo —[bl]=01 )
[ac](A) + [6c](B) +[u](C) e, —[rl]=o] """"""""" 5

¥The square bracket [ ] is used as usual to indicate the summation of similar terms.
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e (s
N [/’]] [/,2:] ....................

[bb]:[pm]—(i[‘;—]—)e-_(—”@]— .....................

1

28 .I; 127
[ab] = — L) (2N

in which [ea]=[2"/]

AL N .
Y 7 R s
acl= p: [:] e

Y B 7 S

Y R A i v S

The symbols, 2. representing the relative weights have been used in the preceding
equations merely to keep the equations in a convenient general form. In actually
making the local adjustment all observations are given equal weight, and the various
p'sare all called unity. It is known that observations upon some signals (which appear
- distinct and steady) are more accurate than others (upon signals which appear unsteady
or indistinct)., But the difficulty of properly estimating the relative weights, and the
extra labor of making the computation after they have been introduced, make it advis-
able to assign equal weights to all observations. -‘The actual computation of the coeffi-
cients and absolute terms in (5) is therefore much less laborious than would appear from
the forms shown in (6). ‘This computation is also considerably shortened by grouping
together all series in which every one of the () signals were observed, all series in
“which (4 — 1) signals were observed, and so on. Within these groups subgroups are
also arranged comprising series upon the same combination of signals.
Under equations (5) the following additional check equation [00]O + [ea] (A) +
(6] (BY+[oc]C v ovvn i —[]=0 ... . e (7)
may be written.
This equation is to be used simply to furnish checks. In form it bears the same
relation to the initial direction Q1 that the first of (5) bears to the direction Q2. Thus

[oe] = (p")y — ([/;:])2 - ([’;,)’]) — e

_ N e
[oa] = (7] A

__pem)  pLpm]
[0/ ] - = [ P:] [ pa] ........

In equations (5), as thus augmented by the addition of equation (7), the sum of the
coefficients in cack vertical column is zero. For example, in the column containing

(A) [aa) + [ab] +[ac) - ... ~+ [ea] =o0. Also the sum of the absolute terms
[N+ [N+ ]+ e + [0/] = 0. 'The sum of the diagonal coefficients [00] +
[aal + [66] 4 ...-... . =n — s = number of observations — number of series, when

all the p's are made unity. Also the sum of the coefficients in formula (7) is zero. By
writing out in detail the literal equation corresponding to each of these checks it may
be shown to reduce to an identity iu each case. Hence the numerical checks will be
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~completely satisfied, except for the small effects of omltted decimals, if the computation
is free from mistakes.
All the observations having been given equal weight the rigorous formula for the
probable error ¢ of a single observation of a direction is

0’455 217 _ 04552 F
~ No. Obs—No Independent Unknowns » —s—d+1 " '

t

(3) gives a rigorous determination of ¢ if the observations upon all signals are actually
of equal accuracy. If the observations upon different signals are of different degrees of
accuracy, even though they have been assigned equal weight, (3) will furnish an average
value for ¢. .

To derive &, the probable error of an adjusted angle, by the rigorous method
involves so much heavy computation in solving the various weight equations, that one
is forced to use some approximate formula for computing it.

Although observations upon different signals ( different directions) have been given
equal weight in the adjustment, it is nevertheless recognized that a difference of
accuracy exists and that it is desirable that it should be taken into account in computing
the probable errors. This may be accomplished to a certain extent by making the
computed probable error for each direction depend upon the residuals from that direction
only, instead of basing it upon the whole group of residuals.

We may assume that ¢ the square of the probable error of a single observation
upon signal v, is to ¢°, the square of the probable error of the average single observation,
as the average -I° upon signal x is to the average -J° at the station, i. e.,

e T (9)
—3.F :
n '
in which s_is the number of sightings upon signal x and the subscript of the upper =
indicates that the summation includes only the J*'s pertaining to the direction .r which
is being treated.
If (g) is solved for ¢* and the value of ¢* is substituted from (8), there is obtained
e 045530

R L L 1
b n—s—d+t1's _(o)

df all signals are obscrved in every series at the station then » =sd and s =s_.  After
substituting these values for # and s, (10) may be written

2 _ 045502 47
ST d—1Ns—1)
In the usual case occurring in practice, in which #o# all of the signals are observed in
each series, n < sd and s> s, and the transformation from (10) to (11) is approximate.
A detailed comparison of (10) and (11) indicates that.for the usual case in practice
(11) gives values of ¢?, which are slightly too small.
Having e, the probable error of a single observation upon signal x, the rigorous
expression fo1 ¢, the probable error of the ad]uated angle between signal x and the
initial signal, is given by

....... P G 2 B

6':(_ (_.‘) ................. N ee e rese s (;I”)
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in which Q is the reciprocal of the weight of the adjusted angle and is determined from
the following weight equations in which the coefficients are identical with those iu (3)
and (4).

The weight equations for angle .4 (second direction) are

[px] q: . + _/"”Q_.l + _/7!”,(]1:; +‘ .......... = O

+ [p.]g. + 270+ AMgpH . = o
pan' +]—"=”¢]= + ...... _|_ [pu] Q.{ ................ = [T (13)
1’,“"], +/>._,”’q._. + """" + [p”’] (]]; .......... = O

A similar set of weight equations may be written for each of the other angles 5,
C,.oeann in turn. .

To solve each set of weight equations of the form indicated in (13) by the usual
method of elimination is so lheavy a task that an approximate solution must be sought.

The following procedure furnishes a quick solution which is exact when all series
are complete, and which is approximate when some of the signals are omitted from
some series.

In the first half of equations (13) change all signs—that is, multiply each term
by — 1; multiply the equation which contains the absolute term — 1 by 4 2, and write
the remaining egunations unchanged. Equations (13) as thus modified are:

— 9. - — P/ Qu= P =0

—L2.]e. e N =o
2, g 2p g T2010. —iTe
/’,"'9,+ /)':///(]2_‘_ + [/’,”]ql.‘ =0

Adding together all the equations in this group, remembering that the subscript in"
each case is the number of the series and the superscript is the number of the signal
observed upon, and that each p is unity, there is obtained the following equations.

If all series are complete, the addition gives* '

[#0i—2=0c
-which may be written

whence, without approximation

On the other hand, # some of the scrics are incomplete, the above addition gives

g g, £ + (#7104 —2=0...cn-n. (15)

*The term involving ¢: disappears in the addition, because 241" =/ + pr" (each p being unity) and hence
apt + 7+ ...o=[p1]. Similarly the terms involving ¢z, 93..... .disappear.
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in which the coefficients of ¢, ¢, . - - - - - are always unity or zero. The coefficient will in
each case be + 1 if the initial signal is not observed in the series in question while the
second * signal is observed, will be — 1 if the initial is observed .but not the second
signal, and will be zero if both the initial and the second signal are observed, or if both
are omitted. .

The form of equations (13) shows that the various ¢'s are in general small in
comparison with 0. Also [#] will in general be much greater than unity. Hence it

will be a close approximation to drop the terms 4=¢, +¢,...... from (15) and write

[#]Qi—2=0

whence, as before
.2 . .
Q — T:. .............................. (1 6)

in which s, is the number of series in which the signal in question was observed.
Equation (12), after introducing the value of ¢ from (11) and Q from (14) now
becomes, if all series are complete, -
_adlouss) Bk (1)
Ts(d—1)(s—1)

2

K

From equations (6).it may be seen that the diagonal coefficient in each normal
equation (5), viz: [aa], [64], etc., when all series are complete, is
s _s({d—r1)
TdT T 4
Hence (17) may be written

E'?' J— 2(0.455) Exd
T (s —1) (diagonal coeflicient )

If some of the series are incomplete, the approximate value of Q from (16) instead of
(14) must be substituted in ( 12), whence there is obtained the approximate formula

_2d (0'455) 2 4°

o= SAd— 1) ts — @ (19)
Also, approximalely, the diagonal coefficients in (5) are
. _i‘:.sx(_d—]:). .
*d d '
whence (19) may be written, as an approximation,
= 2(ogss) Fl (20)

(s, — 1) (diagonal coefficient)

Formula ( Ig'i is evidently somewhat more accurate than (20).

To sum up, formula (20) may be used for both complete and incomplete series with
the understanding that it is exact if all series are complete, but is otherwise approximate
only. In this formula = 4* includes only the 4% from pointings upon the particular
signal under consideration, s is the number of pointingst upon that signal, and the

*The second signal being the one which, with the initial, defines the angle .
1The mean of two pointings, one in the direct and one in the reverse position of the telescope, being here counted
as one poiuting.
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- ** diagonal coefficient "’ is the [aa] or [#&] . ... of the normal equation (5) corresponding
to that signal. .

It should be kept clearly in mind that the € is the probable error of the angle
between the signel under consideration and the initial signal. When for use in the
triangulation the angle between, say, Oz and O3 = (B — ), see figure p. 37, is required,
it should be noted that angles .4 and 5, as derived from the adjustment, are not inde-
pendent. The errors due to erroneous pointings upon the initial signal are common to
both angles and are canceled out from their difference. Hence, assuming that errors
in .4 are due in equal parts to errors in pointing upon the initial signal and upon the
second signal, and similarly for 5, we may write

Epp =T (&7 &) .. e (21)

The following portions of the local adjustment at the station Mount Helena, Cali-
fornia, will serve to illustrate the arrangement of the numerical work.

Abstract of divections.

876, - | Mt Table Snow Az, l\/{gi‘]yes- Pine Round Monti-
70. Diablo. Mt. Mt (E). Mark. Butte Lola, Hill. Top. cello. Vaca.
o Id o z [+] z =] / o z o ’ el / a9 ’ -] /7 =] /
Assumed 000 33 43 208 37 225 16 .265 31 281 54 303 I4 305 IS 30§ 46 340 03
directions ’” ’” ’” ’ ’” 1 1% r 17 1

000 57°2 4477 495 1473 435 fotz 411 162 4473

144 144 IZ4 Id4 77 144 144 14 ’7 144

Arithmetic oo o028 15°3 10°5 45°7 16 '5 49°8 18S9 43S 15°7

complement 00’0 - 12°§ 077 4279 13°7 470 16°1 41°0 1279

00 °0 552 30°4 o1 "2 34°5 036 23°5 00 4

174 7”7 Vs Vdd ’7 Vd4
Oct. 11X 19°22  07°39 T11°27 37°28 3675  obo2
a. m. 1556 0483 0971 32743 35701 05712
Pos. 12 . 17°39 06°1I 1049 34785 3559 o5°57
Series 33 0000 4872 5310 17°46 . 1850 4818
co'co or22 co'So 00°36 59°'50 oI°0S

’7 144 77 ’?7 144 144
Oct. 12 2164 1967 1527 3179 377009  05°39
a. m. 1732 16°I0, 10 °61 2979 3506 05°55
Pos. 13 19°48 17°88 1294 30°79 3603  05°47

Series 36 oo oo 538740 5346 I °31 16°55  45°99
- | ooc0 o120 . 03 g6 . oI 11 00°35 OI ‘69
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'’

The assumed directions ', B’, C'....were taken from the field computation.
The arithmetical complements of the seconds of these angles are to be used to trans-
form subtractions into additions. They are given for each signal in turn used as an
initial. _

In the abstract proper two series only, the thirty-third and thirty-sixth, are here
given out of the 152 series shown in the criginal computation. ‘The first line gives the
seconds of the mean reading of the three microscopes for each signal sighted with the
telescope direct. ‘The corrections for run have already been applied. The second line
gives the corresponding readings with the telescope in the reverse position, when
sweeping back over the same signals in the opposite direction. ‘The third line is the
mean of the first and second. The fourth line is derived by subtracting the first value
in the third line from each of the values on that line. The fifth line is derived by
adding to each value in the fourth line the corresponding arithmetical complement

-ifrom the table shown. The values on the fifth line are the m's of the observation
equations (2). To avoid negative signs, 59°50 is understood to be equivalent to —o750.

An abstract of the m’s is next made, as illustrated below. It is made in a rearranged
order such as to facilitate the formation of the normal equations (5). All series of
pointings upon ninze signals were placed in the first group (no series included all ten
signals), upon eig/t signals in the second group, and so on. Also. within each group
all series involving precisely the same combination of signals were placed together.

Abstract of diminished measures.

No. Mt. Table Snow Az.  Marys- Pine Round Monti-
Series. | Diablo. Mt. * Mt.(E} Mark. ville. Lola.  Hill. Top. cello. Vaca. |Means.

’7 144 I44 124 4 Y4 77
36 000D Ol 20 ©3 96 oI 'I1 o035 QI6g |4I°385
131 oo'on o0l 55°35 . 59°62 00°'58 59°50 |—0 312
33 co'c0o o122 oS0 0036 59°50  01°'0S (40493

Sums. 00’00 +o0'gS +4 -'34 —9°17 —+7°37 —I12°00 —I0°32 —3°54 —T10°g7 —I5'00
No. Sa2 60 S1 122 56 54 55 50 67 56

The means of the horizontal lines, as given in the last column, serve to furnish the
negative termsin the expressionfor [a /], equations (6), while the sums of the columuns,
as shown at the bottom, are [p" n''], [p”' 17704 [ .. The numbers of entries in
the separate columns, as shown at the bottom, are [#'] ["] [»]. ... -- ...

The normal equations corresponding to (59, as formed from this abstract, are shown
below, together with the checks upon their formation.
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Normal cquations.

- Abiso-

() (& (&) (F23) (E) (F) (G) (H) tn lute

- term.
Fa7828 — 41— She27 — 347 — 2086 — 2w93 — 1907 — 3584 — 77353 + 3703 =o
— 4841 F62803 ~14'252 — 61198 — 9227 — 5778 — 6639 — 4701 — 378 127040 =0
— §-937 —147a52 490251 — §c501 — SUi4S —Irorry — 6°534 —Irvgho — 97427 ~12'0G60 =0
— 247 — 610% — 20501 F440687 — 30032 — 34 — 4531 — 37673 — 31w - §6fe =0
— 2p86G — 9227 — 5198 — 3952 417540 — 3467 — 5°243 — 2°034 — 17229 4167637 =0
= 2'ge5 — 57786 —1r'15 — 384 — 37467 hazolz — 2'5 — 2020 — 27705 -~ w42 =0
— 17507 — 63 — €'534 — 4°531 — 5°M3 — 2°G45 +30°33% — 27283 — 1750 ~ 1'¢fe =0
— 3564 — 47701 —Il'gio — 3°B73 — 27034 — 2'e20 — 27253 4517683 — §°823 -+ 7764 =o
3 17220 — 2°798 — 1°750 — S°823 +44°218 4117592 =0

— 77364 — 37365 — 9427 — 31190 —

[oa] LoA] [] leal . [oe] [or] [og [0} [od] [/

S 7T — 7882 —1rt2g0 — §o621 — GUI35 — SUST6 — 7°597 — 7007 — 60273 + 1822

Sums N0 — 5900l — ©'co2 Q00 O'o00 — Q001 — 0°C0L 000 — QOO 4+ ©'00I
[aa] =+ 47928 [oa) =— 7797 ” : v
[66] = 62593 [06] = — 7882 (4] = —o0-058 -=-0'ond
[cc] =+4-90-251 [oc] =—11"290 [B] =+or212 + 0027
[dd] =+ 44°657 [od]=— 5621 [C]l =+o0143 _ + 0002
[ce] =+ 41540 [oe] =— 6-135 [D] =+40c223 { Residuals | —ooog
- . a- f .

(4] =443 082 [of] =— 57576 [£] =~0"159 e‘;ﬁtztlilgl:gal + 0017
[£x]=+ 39325 [og] =— 7597 -[F] =+oc% —o'o17
[Ah) =+ 51985 [oh] =— 7007 [G] =+ o0077 — 0’013
[/7] =4 44218 [oi] =— 67273 [H]=:=—o0"129 . — 0025
[o0] =4 65157 [o0] =+ 65187 [/T =~wa230 U +owca

—+ 152 ‘000 = No. of series. . 0 000 = St

— 683 ‘000 = No. of observations.

— 0°00I = Sum,

The ‘ residuals from normal equations’’ were obtained by substituting the adopted
values for (.d), (B)....in the normal equations.

The valuesof (.4), (B) .... being substituted in the ‘‘abstract of diminished meas-
ures’’ there is obtained an abstract of remaining differences’’ written in precisely the
same form. In this latter abstract if the mean of the horizontal line as given in the last
column is subtracted.from each of the individual values in that line the differences are
the 's from which the probable errors are computed by (20) and (21).

A portion of the abstract of remaining differences and of the abstract of values of
4 and 4* is shown below.

Abstract of remaining differences—Mount Helena.

No. Mount Table Snow Az, Marys- Pine Round  Monti-
Geries. | Diablo. Mountain, Mt.(E). Mark. ville.  °%  Hill Top.  cello. ~ vaca | Means.
36| oo'0o oI 26 0382 oI ‘03 o048  o1°g2 o1 *42
J31 | o000 007l4 5821 59 54 007 59773 5972
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Abstract of valuecs of A and JF—Mount Helena.

No. Mount Table Suow Marys- Lola Pine Round  Mounti-

Py el Az < . \ra;:.,
Series.( Diahlo. Mount'n, Mt.(E) Mark. ville. Hill, Top. cello. -
’ A AT A Az A Az A AT A A= A Az A Az A Az A Az A Az
Bl-194220 —-16oo +27gn 58 ~'39 072 —ag 0y 30 003
37 |+ 2SS ot +g202 —1'51 2°3 —15 00 +w9rn +oroa
33 =41 0°2 +°840°3 +710 00 —33071 84 07 +Bg0cy
Sums. . 353 arh 354 6470 328 334 R 23°1 4372 670 3 A2=408°7
No..... g2 tio 1 122 56 54 S5 5 67 55

Hence the probable error of a single observation of a direction is by formula (8)

. 1/ 0’355 = I _ J (0°355) (408°7)
. n—s—d+t1 683 — 152 — 10+ 1

= 4+ a""60

The probable error of the angle between Table Mountain and Mt. Diablo is, by
formula

_ [ogio 2. _ [togiod (31°6) _ o /.
2 &= e - = — — = =
(20), ‘/(su. ~ 1) (diagonal coefficient) (60) (47'8) Viorer00 = 0o

similarly the probable error of the angle between Snow Mountain and Mount Diablo is

(o910) (38'4) = /5006y = == of’08
\/ (81) (62°9) 009 °

By formula (21) the probable error of the angle between Table Mountain and Snow
Mountain is

14 (0'0100 + 0°0069) = = 0'0g

In case of the adjustment of the Yolo Base net, already referred to above as the
only one where special weights to the resulting directions from station adjustments were

introduced in the net adjustment, these weights were not those obtained by p =$ as

roughly approximate values, but they were modified by adding to the respective prob-
able error a constant one depending on the closing of the triangles. ‘This latter probable
. error is shown to be much greater than the above ¢ and the effect was to tone down
the variations in the respective final weights to the directions. ~ In connection with this
it may be noted that the influence of weights rather diminishes with an increased
geometric complexity of the net. For particulars of the treatment of the Volp Base
net, see Appendix No. g, report for 1835. _

The value of ¢, or the probable error ( . ¢.) of a single observation of a direction at
a station, as given along with the abstract of the directigns at the station, merely serves
the purpose of giving some general information bearing upon the accuracy of the means
employed.



TRANSCONTINENTAL TRIANGULATION—PART I—BASE LINES. 47

(D.) REDUCTION OF HORIZONTAL DIRECTIONS TO SEA LEVEL.

(besmattliepscaglevel T he altitude of the observing station and the distance between

them does not enter into the case: the reduction is due to the circumstance that, in

general, the verticals at the two stations are not in the same vertical plane. The cor-

C e . = o e 2 2 — &
rection ¥ is given by . % sinzea . cos®¢, where ° = a _
3 7

and / = altitude of the sta~

tion observed upon. g = radius of curvature in the plane normal to the meridian,
a = azimuth of the line (counted from south around by west) and ¢ = latitude of place.
With log ¢ = 7-8305 and log p = 6°So54 for ¢ = 39° and Clarke's spheroid (of 1866),
and dividing the expression by sin 1”, we get for the correction in seconds and the
height in metres : _ .
: 0’000 066 sinza./

‘This correction has heen applied systematically to all measured directions of the
base nets and intervening triangulation from the Salina base to the Pacific coast, but
no application was made to the triangulation east of Salina base on account of the lower
altitudes and consequent smallness of the correction in this part of the arc. In com-
parison with the magnitude of the average triangle closing error, the effect of omitting
this correction, except for the higher altitudes, seems justified. About the Salina base
stations the average reduction of a sight to the sea level is but o'"oz.

The probable error of a single observation of a direction (¢) is given under the list
of directions at each station as a convenient index of the accuracy of the observations.
When the parenthesis (2. and £.) is used, the observations were made with a direction
instrument. A single observation of a direction comprises two pointings upon the
signal, one with telescope direct and one with telescope reversed, and two readings
(forward and backward) of each microscope, of which there are usually three, for each
pointing. ¢ is computed by formula (8) shown on page 4o.

When the parenthesis (6 2. and 6 R.) is used, the observations were made with a
repeating instrument and a single observation o7 an angle comprises 12 pointings upon
each of two signals, 6 with telescope direct and 6 reversed, and 3 readings of the hori-
zontal circle, at the beginning and end of the direct measure and again at the end of the
reversed measure. The quantity given is the probable error of a single observation of a

direction (not angle) and is%_— times the probable error of a single observation of an
2

angle.
It was also computed by the formula (8) shown on page 4o.
The parenthesis (3 D. and 3 R.) has a meaning analogous to (6 . and 6 R.).

(E.) ADJUSTMENT OF BASE NETS OR OTHER TRIANGULATIONS.

The method is the same as that usually employed to satisfy the geometrical
conditions of a triangulation by application of the method of least squares. For the
sake of convenience the leading formulee referring to condition observations, together

* 4 Geodesy,” by. Col. A. R. Clarke, Oxford, 1830, p. 113


alan
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with those for the computation of the probable error of a function of the adjusted
quantities, will be briefly recapitulated here. *

Suppose we have given as the direct result of observation the s quantities/, 7./, .
which are connected by # conditions. Let .x, 2, v, . ... be their most probable values;
also let 2, w, ¢, .... be the corrections to the observed values, so that in general we have
x; =+ v, remembering that necessarily # > # in order that any adjustment may
exist, then the conditions involved may be expressed by # equations, of linear form,
thus:

' o=a,tav tax.tax,+....
o=6&+bx, +béx,+bx +....
0= ¢+ v, + ¥, + o, 4.

Introducing the ohserved quantities these equations will not be satisfied, but will
leave the discrepancies z, 7, W viz:

w=a,+‘al +al +al +.
w = bo—}- bllx + 67+ b3/3—|—
w = e+ el + L+l + ...

where the sign of @ is to be taken in the sense of observed value minus true value.
We have then the 2 condition equations:

alvl + a-‘ilg + a3y3 + ...... + 'Zi"z =0
17;7-’, + l’g?—’g + bsi’-g + """ + f‘” =0
co 4+ o+ o, + . + @ =0

Letp, p, p, - - - - be the weights of the quantities/, /, /. . ... then the quantity [ 5. 22]
must be made a minimum; this leads to the equations of correlates which introduce the -
multipliers C, C, C, .... as yet unknown. These correlate equations are:

/J"' :(71C1+[7‘C:+C_‘C‘3+-...
P :d:Cx—l—sz:—l—r:CS—l—....
by, =aC+boC+cCH....

and the normal equations hecome

""]c+|:”1’]c+ :%f: Gt o
“1’] c+[ :lc+:i’_;: Gt =0
‘":] [ :l( -{—E[—;ics-{-....—l—tc';:o

* Cf—T. W. Wright's Treatise on the adjustment of Observations, New York, 1858, Chapter V, p. 213 and fol.,
and W. Jordan's Vermessungskunde, Vol, 1 (1338), p. 103 and fol.
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which may be written, putting u = 1/ /5
[saa] C,+ [pmab) C,+ [1madl C,;+ .... 4w, =0
+ [1.66] L_—l— [né] C,+ oo +w,=0
+ (e .CS +....4w =0
4+ ...

Solving these equations the values of (G become known, and consequently also the
q
values of #; and .v;.
e
The mean error of an observation of unit weight is given by m, = \/ Lpew, ] where

the sum [ pzv] is found by means of the individual corrections and checked_m the case
of the base nets by the relation [pr7] = — [w(C]

To find the weight and probable error of an adjusted value of an observation, also
the weight P of any function of the adjusted observations, we put

F=fa,+fx+fx+

which function can not contain all the .v’s, but only m — » of them.
The coeflicients /; are found by partial differentiation, viz;

AF IF - AF
@=L gl

We next form the sums

4. (4] [f] = o 4]

and combine them with the former normal equations at the same time introducing a
new set of indeterminate quantities £, &, &, .... in the place of the former C, C, C, .

then the requirement of the conditioned minimum leads to the followmg ‘S0 called
‘transfer equations:

[#.aa) R + [#.ab] R+ [wadl R+ ........ + [#.af] =0
+ [w.66] R+ [w.bc] R+ ooonnn. + [#.bf] =0
+ [wec] R4 oeennt + [#.¢] =0

Ao,

-Solving we have the values R;, and consequently also F; by the relations

F.=f. +al/€1—|—b1R:+c,R3+
F.=f+aR + bR +cR +-
F=f,+aR+ bR, R A

and finally we have the reciprocal of the weight 2 of the function £ by }D = [«.FF] Also

the mean error of

For m :g'ﬁ =m N Tu. Fﬂ and the probable error of For 7r = 0'6745 #p

18732—No. 4—4
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(F.) REMARKS ON WEIGHT COEFFICIENTS IN THE NET ADJUSTMENT
AS DEPENDING ON THE STATION ADJUSTMENTS.

In accordance with Bessel's method of proceeding, the corrections as determined in
the net adjustment depend with respect to weights on coefficients furnished by the gen-
eral solution of the station or local adjustments; although theoretically strict, this pro-
ceeding has in later times either been greatly modified or abandoned for reasons imposed
by practical considerations. It has been from the beginning the practice on the Survey
to treat these adjustments independently of each other and to give equal or nearly equal
weight to the directions in the net adjustment. This separate treatment is justified by
the following consideration: The errors incident to the angular measures as indicated
by the local adjustment either depend on other causes or at most are of a subordinate
character to the error in the subsequent operation—that is, in the net adjustment. In
the latter combination of the measures new sources of error show their effects; as, for
instance, the effect of the deflection of the plumb line causing the angles to be measured
out of the normal horizontal plane, want of coincidence of the center of a station and of
heliotropes or targets subsequently mounted over it, persistent lateral deviation of the line
of sight, constant or uncompensated graduation errors of the instrument, all of which
causes exert no influence on the station ‘adjustment. It is a matter of experience that
the value of the probable error of a direction derived from the measures at a station is much
smaller than the same when derived from the triangle closing errors—thus if weights
are introduced at all they should be made to exert but a comparatively weak influence.
As an example of the process followed, the adjustment of the Yolo Base net may be
referred to (Coast and Geodetic Survey Report for 1885. Appendix 9, pp. 447—445).

Let ¢; = average value of the probable error of a direction as derived from the station
adjustment. ¢ = average value of the same as derived from the closing errors of the
triangles composing the net. Put ¢ = ¢ — . ¢ is a constant quantity for the figure

.under consideration, and is to be combined with every probable error of observation e,
in order to obtain the appropriate probable error and . consequent weight of each direc-
tion as needed for the figure adjustment. Hence we have ¢ = ¢ + ¢ and the weight

= t—;%; In this manner the weights from the station adjustment are made to

5 [ .

undergo a considerable equalization.® In connection with the above consideration we

may note also the important feature that the process theoretically called for, involving
the introduction of weight equations from the local adjustment, becomes prohibitive for
any extended triangulation on account of the excessive labor introduced thereby. The

modified weights p = are introduced in the adjustment of the triangulation

: + o
between El Paso and Yolo Base nets, whereas in other parts of the trlanvulatlon equal
or unit weights are assigned to all directions.

* We have the following values of ¢; and ¢, in the western section of the arc:

Number of Result- Number of Result-

Locality. directions.  inge, triangles. ‘inge,

" ”
El Paso base net . C veenaa. 15 +0°32
Triangulation El Paso to Salt Lake - 67 +0004 2 +0°27
Salt Lake base net ‘56 +0088 23 +0'28
Triangulation Salt Lake to Yolo 90 +0'0S0 30 +0°20

Yolo base net . 34 o081 19 +o0'24
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(G.) THE COMPUTATION OF THE SPHERICAL EXCESS OF THE
TRIANGLES.

For all that part of the triangulation which lies east of the Rocky Mountains,
and which traverses the plains and gentle slopes of Kansas, Missouri, and Ohio,
the comparative shortness of the sides of the triangles admits of the application of
Legendre's theorem in its simple form. The spherical excess ¢ (in seconds) is given
by —Zﬁ* ::: IC,: where a.6.C, refer to sides and included angle of a plane triangle, whose
angles are those of the corresponding small spherical triangle after each has been dimin-
ished by 14 &, When greater precision is required as for the larger triangles which
stretch across the peaks and ridges of the Allegheny Range, we introduce the radius
of an osculating sphere (referring to the center of the triangle) and take

_ ab, sin C, — a,b, sin q |:1 — esind 2
2p,.p, sin 1”7 2a4° (1 —¢')sin1”

[1 — ¢ sin *@]*
2¢° (1 —¢) sin 1
for which see Coast and Geodetic Survey annual report for 18g4.%

For triangles of unusually large size and approaching the limit for possible obser-
vation, certain terms in the development of the theorem which ordinarily could be
neglected need examination. It has been shown that spheroidal triangles may be com-
puted as spherical and hence as plane ones by application of the same theorem
extended.t Various forms have been given to the development of the theorem.} Let

The quantity 7 has been tabulated with the latitude @ as argument,

.S, = surface of the corresponding plane triangle = 4 a, 4, sin C,,
and let w° = 15 (a4 67 4 ¢?), then :
S d n®

L) S S
& = oo, sin 1’ ( '+ 50,0,

+...)

where p, and p_ are the radii of curvature in the plane of the meridian and normal to
it, and € is to be distributed unequally over the angles,§ viz: :

P £ ”"g_axz & - ,I”"-!_dr'_'\
:1—4'1!—':_5—'_6_6'_,3;‘)T+ .+ .. 01 3(~I+20/3mﬂn_)
e & m—b" e mr—b"
B—B = 3 T80 pupn T 3 (~I 20/""”")
£ & wr—c} & =
c— C, B 5 + 60 Pmfor + T 3 <I+ QOPMP“)

A convenient logarithmic formula has been given by the late C. H. Kummell,
tables of the factors log A and log B of the Coast and Geodetic Survey method for the

*Appendix No. g, pp. 2g0-201.

+The spherical excess of-a spheroidal triangle is equal to that of a spherical triangle whose angular points have
the same latitudes and longitudes as the corresponding points of the spheroidal triangle—Clarke's Geodesy (1350), pp.
49 and 107. .

1 Helmert’s Theorieen dér Hoheren Geodisie (18%0), vol. 1, pp. $8-To1.

% Helmert, ibid, p. ¢8.
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computation of geographical positions being on hand ( Appendix No. 9, report for 1394).
Put in the latest form given by him,* let A = area of the plane triangle,

logm = log 4 4+ log B + 3 334 545
log e=logm—+log2 A+ -62 log diff. 1" for the three angles.

For the larger triangles within the region of the Rocky Mountains and of the Sierra
Nevada the spherical excess rises to 1’, and even.exceeds this amount. To show tle
effect of the higher terms, also the change of & when computed for the Clarke and the
Bessel spheroids,t the following example has been added. For the largest triangle—
Tushar, Wheeler Peak, Mount Nebo—we have the following élpproximate data, and for
distances given in metres—

Distance.

o !
log a, =1log (Wheeler P. to Mt. Nebo) =5 376 1460 - Lat. of Tushar .- 35S 25°71
log o= log (Wheeler P. to Tushar) =5-247 S364 Lat. of Wheeler P. . 39 45°5
log b, =1log (Mt. Nebo to Tushar) =5 215 524 ° Lat. of Mt. Nebo 35 591
G = 48° 03" 407/ '9S7 P 39 o4
log a; b, sin G, = I? 463 150 log (m*—a") = #1026
10g 1/2 Pu pusin 17 = T 404 610 (se-e table appended) 10g 120 p pu = %09
log first term = 1°-867 760 First term 73’/ "7497 %15

- L ny 3
log n? =10'583 log 13 ¢ 139
10g pu Pu. 13 °609 .
Similarly—
log S 0903 ) . ‘o
— & -

log 2 2/8 pPu pu 6071 log (‘4 —d— 3) 0. 74 — 0. 00055
. log first term 1°868 : . .

log second term " 7°'939 Second term = o-00S7 log (B — B, — 5) 6°32 - 000021

& =173"75% _
log (C -G — ;) 6°53 + 0-0co3d

Check sum=o0

and the distribution to the spherical angles becomes

tod  —24'5856
to B — 24°53863
to C — 24°5864
sum 7377583 .

This example shows that on account of the second term the third place in the
decimals of the difference between the spherical and plane angles is not affected by as
much as a unit. _ '

Difference in the above value of & due to a change of reference spheroid.

¥ Astronomische Nachrichten No. 2116,

_ de adu I . . ;
tWehave ~=— — tacos 2pede. (See Die “ geodiitischen Hauptpunkte," ete. Von G. Zachariae, translation by

Dr. E. Lamp, Berlin, 1878, pp. 302-303.)
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By direct computation the values stand as follows: *

Clarke spheroid Bessel spheroid.
log a; b; sin G, 10°463 150 - 10°463 150 The difference in the value of ¢ is
log 1/2 puw p. sin 1Y/ T 404 610 T°404 711 o//*017 1. or iy7 part ’
log first term 1867 760 1867 861 of itself.
First term 737749 7 73°766 S
Second term +o 008 7 +o00S 7
Resulting & 7377755 4 737175 5

The computation of & according to Kummell’s logarithmic form stands as follows :

° / I44

Angle at Tushar 858 16 o6 log diff. 17/ + 1 log A= 8. 500 142 | From table app.
Angle at Wheeler 43 40 13 ;11 asgzen(t)l; “+22 log B 8510 922 I 9, rep. for 1594.
Angle at Mt. Nebo 48 o3 41 dec's. +719 log const, 4354 545
Sum 42 log 2 1°404 609
14 sum : 7
log a, =35"376 146 | log X sum 0°S45 1 log 2A 10°463 150
log 4, 5215 512 log 1st 4 2d term 1867 S log 1st 4 2d
log sin G 9871 492 516 - 2712 9 . term 1867 759 or 73’/ 749 5
log 24 107463 150 3d term + 52
: Resulting log £ 1-867 Sr1and e =737 758 3
as before

Values of log 1/20,0, sin 1” for the sphermdr. of Clarke ( 1566) and Bessel (1841)
and argument ¢ between latitudes ¢ = 30° and ¢ = 50°.

Here p, = radius of curvature in the meridian and p, radius of curvature in the
plane normal to it; the dimensions of the spheroids are those given in Appendix No. 9,
Report for 1894, p. 250, and are expressed in metres.

Clarke's spheroid. Dift. Bessel's spheroid. Diff.
P log /2 ifx?r6:}/1 log 1/2 1{? xé;tlli
log pu log ou p.,gsir; f’"-: place. ~ log pu log pa p,.gsin— f’"" place.
o .
30 6802 852 6'So5 066 1405 477 rso | 6'Soz 323. .6'So5 o006  1°405 566 148
3t z 919 508 - 357 ‘153 2 Sgo 5 028 477 150
32 2 38 5 112 295 1,5‘5 2 957 5 051 B’ s
33 3 058 5 135 202 158 3 026 5 074 295 rss
34 3 129 5 159 107 ' 3 096 5 097 . 202
160 o 1'58
a5 3 20.1 5 183 71405 oI1 62 3 167 5 121 . 107 160
36 3 274 5207 T'404 914 163 3239 5 145 I'4o§ oIl 162
37 3348 5 231 816 s 3 312 5 169 I'404 914 163
38 3 422 5 2_56 717 1_6‘7 3 38; 5 194 816 163
39 3 497 5 281 617 3 459 5 218 718
* For computation by the formula for ‘{?‘ we have: da = _bg; _', 7 = — 0000 [2.7, de = — 0’000 56, and
ede = — 0°000 046; hence ‘? = 4 0°0I0 234, Or de = +o''o17 2.

+See Table 35e of radii of curvature in Dr. Albrecht's Formeln und Hiilfstafeln fiir geographische Ortsbestim-
mungen; Leipzig, 1504, pp. 265-269.



UNITED STATES COAST AND GEODETIC SURVEY..
Clarke’s spheroid. Diff. Bessel’s spheroid. Diff.
@ - for 1/ ; for 1/
log 1/2 p» in 6th log 1/2 pm in 6th
log P log p. P .gsm 1/ place. log pw  ,log pu P sin 177 place.
° 1°70 167
40 3573 5 307 55 Lo 3 534 5 243 618 167
41 3 650 5 332 a3 o 3 609 5 268 518 o
42 "3 726 5 358 311 170 3 635 5 293 a7
4 3 S03 5 353 209 s 3 761 5 319 35
44 3 8% + 5 409 106 3 837 5 344 214
. _ 1°72 1°68
45 3 957 5435 T4o4 003 3 913 5 369 3 1'-70
46 4 035 5 460 'T'403 9oo 1,;2 3 95 5395 Tdgoqorr o
47 4 112 5 486 797 r72 4 065 5420 Toz o0 o
48 4 189 5 512 694 170 4 141 5 445 Sag 63
49 4 265 5 537 592 o 4 216 5 471 798 es
50 4 342 5 563 aw 4 292 5 496 607

(H.) ACCOUNT OF THE BASE LINES,

their positions, apparatus used, measurements, resulting lengths and probable errors, -
together with the abstracts of angles and adjustment of triangles forming the base nets,
with description of stations composing the same.

GENERAY, STATISTICS OF THE BASE LINES, ARRANGED IN THE ORDER OF TIME OF

10

Name of line.
The Kent Island Base

The American Bot-
tom Base
The Olney Base

The El Paso Base

The Yolo Base

‘The Holton Base

The St. Albans Ba'se

‘The Salina Base

The Salt Lake Base

The Versailles Base

MEASUREMENT.
Table I.
State. Date of measure. Chief of party.
Md. 1844, May amd June. J. Ferguson
11l 1872, Oct. and Sept. C. H. Boyd
L. 187q, July to Sept. E.S. Wheeler*
Colo. 1879, Aug. and Sept. O. H. Tittmann
Cal. 1881, Sept., Oct., Nov. - G. Davidson
Ind. 1591, July, Aug., Sept. A. T, Mosman
) L]
W. Va. 1802, October R. S. Woodward
Kans. 1596, June and July F.D. Granger
Utah 1506, Sept. and Oct. © W.Eimbeck
" Mo. 1897, June A. L. Baldwin

*Apparatus used.

The Hassler hase apparatus, 4
iron bars of S-metre joint
length, optical contact.

The 6-metre contact-slide iron
rods Nos. 1 and 2.

The Repsold g-metre steel and
zinc combined bar, optical
countact.

The 6-metre steel contact-slide
rods Nos.3 and 4.

Schott’s s-metre contact-slide
compensating steel and zine
bars Nos. 1 and 2.

‘The 5-metre contact-slide steel
rods Nos. 13 and 14 and steel
tape measures, also used in
part, steel bar No, 17, in ice.

T'wo 100-mmetre steeltapes Nos.
S5 and S8,

The snetre contact-slide steel
rods Nos. 13 and 14.

Eimbeck's 5-metre contact-
slide duplex apparatus, steel
and brass rods.

The 5-inetre contact-slide rods
Nos. 13 and 14 and the so-
metre steel tape No., 204.

¥ Gen. C. B. Comstock, U. S. E., in charge United States Lake Survey.
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