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“For if each Star is little more a mathematical Point, located upon
the Hemisphere of Heaven by Right Ascension and Declination, then
all the Stars, taken together, tho’ innumerable, must like any other
set of points, in turn represent some single gigantick Equation, to the
mind of God as straightforward as, say, the Equation of a Sphere,—to
us unreadable, incalculable. A lonely, uncompensated, perhaps even
impossible Task,—yet some of us must ever be seeking, I suppose.”

—Thomas Pynchon, Mason & Dixon






Preface

General relativity is the most beautiful physical theory ever invented. It describes
one of the most pervasive features of the world we experience—gravitation—in
terms of an elegant mathematical structure—the differential geometry of curved
spacetime—leading to unambiguous predictions that have received spectacular
experimental confirmation. Consequences of general relativity, from the big bang
to black holes, often get young people first interested in physics, and it is an unal-
loyed joy to finally reach the point in one’s studies where these phenomena may
be understood at a rigorous quantitative level. If you are contemplating reading
this book, that point is here.

In recent decades, general relativity (GR) has become an integral and indis-
pensable part of modern physics. For a long time after it was proposed by Einstein
in 1916, GR was counted as a shining achievement that lay somewhat outside the
mainstream of interesting research. Increasingly, however, contemporary students
in a variety of specialties are finding it necessary to study Einstein’s theory. In ad-
dition to being an active research area in its own right, GR is part of the standard
syllabus for anyone interested in astrophysics, cosmology, string theory, and even
particle physics. This is not to slight the more pragmatic uses of GR, including
the workings of the Global Positioning System (GPS) satellite network.

There is no shortage of books on GR, and many of them are excellent. Indeed,
approximately thirty years ago witnessed the appearance of no fewer than three
books in the subject, each of which has become a classic in its own right: those by
Weinberg (1972), Misner, Thorne, and Wheeler (1973), and Hawking and Ellis
(1975). Each of these books is suffused with a strongly-held point of view advo-
cated by the authors. This has led to a love-hate relationship between these works
and their readers; in each case, it takes little effort to find students who will de-
clare them to be the best textbook ever written, or other students who find them
completely unpalatable. For the individuals in question, these judgments may very
well be correct; there are many different ways to approach this subject.

The present book has a single purpose: to provide a clear introduction to gen-
eral relativity, suitable for graduate students or advanced undergraduates. I have
attempted to include enough material so that almost any one-semester introduc-
tory course on GR can find the appropriate subjects covered in the text, but not
too much more than that. In particular, I have tried to resist the temptation to write
a comprehensive reference book. The only goal of this book is to teach you GR.

An intentional effort has been made to prefer the conventional over the id-
iosyncratic. If I can be accused of any particular ideological bias, it would be a

vii



viii

Preface

tendency to think of general relativity as a field theory, a point of view that helps
one to appreciate the connections among GR, particle physics, and string theory.
At the same time, there are a number of exciting astrophysical applications of GR
(black holes, gravitational lensing, the production and detection of gravitational
waves, the early universe, the late universe, the cosmological constant), and I
have endeavored to include at least enough background discussion of these issues
to prepare students to tackle the current literature.

The primary question facing any introductory treatment of general relativity is
the level of mathematical rigor at which to operate. There is no uniquely proper
solution, as different students will respond with different levels of understanding
and enthusiasm to different approaches. Recognizing this, I have tried to pro-
vide something for everyone. I have not shied away from detailed formalism, but
have also attempted to include concrete examples and informal discussion of the
concepts under consideration. Much of the most mathematical material has been
relegated to the Appendices. Some of the material in the Appendices is actually an
integral part of the course (for example, the discussion of conformal diagrams),
but an individual reader or instructor can decide just when it is appropriate to
delve into them,; signposts are included in the body of the text.

Surprisingly, there are very few formal prerequisites for learning general rel-
ativity; most of the material is developed as we go along. Certainly no prior ex-
posure to Riemannian geometry is assumed, nor would it necessarily be helpful.
It would be nice to have already studied some special relativity; although a dis-
cussion is included in Chapter 1, its purpose is more to review the basics and and
introduce some notation, rather than to provide a self-contained introduction. Be-
yond that, some exposure to electromagnetism, Lagrangian mechanics, and linear
algebra might be useful, but the essentials are included here.

The structure of the book should be clear. The first chapter is a review of spe-
cial relativity and basic tensor algebra, including a brief discussion of classical
field theory. The next two chapters introduce manifolds and curvature in some
detail; some motivational physics is included, but building a mathematical frame-
work is the primary goal. General relativity proper is introduced in Chapter 4,
along with some discussion of alternative theories. The next four chapters dis-
cuss the three major applications of GR: black holes (two chapters), perturbation
theory and gravitational waves, and cosmology. Each of these subjects has wit-
nessed an explosion of research in recent years, so the discussions here will be
necessarily introductory, but I have tried to emphasize issues of relevance to cur-
rent work. These three applications can be covered in any order, although there
are interdependencies highlighted in the text. Discussions of experimental tests
are sprinkled through these chapters. Chapter 9 is a brief introduction to quan-
tum field theory in curved spacetime; this is not a necessary part of a first look
at GR, but has become increasingly important to work in quantum gravity and
cosmology, and therefore deserves some mention. On the other hand, a few topics
are scandalously neglected; the initial-value problem and cosmological perturba-
tion theory come to mind, but there are others. Fortunately there is no shortage of
other resources. The Appendices serve various purposes: There are discussions of
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technical points that were avoided in the body of the book, crucial concepts that
could have been put in various places, and extra topics that are useful but outside
the main development.

Since the goal of the book is pedagogy rather than originality, I have often
leaned heavily on other books (listed in the bibliography) when their expositions
seemed perfectly sensible to me. When this leaning was especially heavy, I have
indicated it in the text itself. It will be clear that a primary resource was the book
by Wald (1984), which has become a standard reference in the field; readers of
this book will hopefully be well-prepared to jump into the more advanced sections
of Wald’s book.

This book grew out of a set of lecture notes that were prepared when I taught
a course on GR at MIT. These notes are available on the web for free, and will
continue to be so; they will be linked to the website listed below. Perhaps a little
over half of the material here is contained in the notes, although the advantages
of owning the book (several copies, even) should go without saying.

Countless people have contributed greatly both to my own understanding of
general relativity and to this book in particular—too many to acknowledge with
any hope of completeness. Some people, however, deserve special mention. Ted
Pyne learned the subject along with me, taught me a great deal, and collaborated
with me the first time we taught a GR course, as a seminar in the astronomy
department at Harvard; parts of this book are based on our mutual notes. Nick
Warner taught the course at MIT from which I first learned GR, and his lectures
were certainly a very heavy influence on what appears here. Neil Cornish was
kind enough to provide a wealth of exercises, many of which have been included
at the end of each chapter. And among the many people who have read parts of
the manuscript and offered suggestions, Sanaz Arkani-Hamed was kind enough
to go through the entire thing in great detail.

I would also like to thank everyone who either commented in person or by
email on different parts of the book; these include Tigran Aivazian, Teodora Be-
loreshka, Ed Bertschinger, Patrick Brady, Peter Brown, Jennifer Chen, Michele
Ferraz Figueird, Eanna Flanagan, Jacques Fric, Ygor Geurts, Marco Godina,
Monica Guica, Jim Hartle, Tam4s Hauer, Daniel Holz, Ted Jacobson, Akash
Kansagra, Chuck Keeton, Arthur Kosowsky, Eugene Lim, Jorma Louko, Robert
A. McNees, Hayri Mutluay, Simon Ross, Itai Seggev, Robert Wald, and Barton
Zwiebach. Apologies are due to anyone I may have neglected to mention. And
along the way I was fortunate to be the recipient of wisdom and perspective from
numerous people, including Shadi Bartsch, George Field, Deryn Fogg, Ilana Har-
rus, Gretchen Helfrich, Mari Ruti, Maria Spiropulu, Mark Trodden, and of course
my family. (This wisdom often came in the form, “What were you thinking?”’)
Finally, I would like to thank the students in my GR classes, on whom the strate-
gies deployed here were first tested, and express my gratitude to my students and
collaborators, for excusing my book-related absences when I should have been
doing research.

My friends who have written textbooks themselves tell me that the first printing
of a book will sometimes contain mistakes. In the unlikely event that this happens
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here, there will be a list of errata kept at the website for the book:
http://spacetimeandgeometry.net/

The website will also contain other relevant links of interest to readers.

During the time I was working on this book, I was supported by the National
Science Foundation, the Department of Energy, the Alfred P. Sloan Foundation,
and the David and Lucile Packard Foundation.

Sean Carroll
Chicago, Illinois
June 2003
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CHAPTER

Special Relativity and
Flat Spacetime

1.1 W PRELUDE

General relativity (GR) is Einstein’s theory of space, time, and gravitation. At
heart it is a very simple subject (compared, for example, to anything involving
quantum mechanics). The essential idea is perfectly straightforward: while most
forces of nature are represented by fields defined on spacetime (such as the elec-
tromagnetic field, or the short-range fields characteristic of subnuclear forces),
gravity is inherent in spacetime itself. In particular, what we experience as “grav-
ity” is a manifestation of the curvature of spacetime.

Our task, then, is clear. We need to understand spacetime, we need to un-
derstand curvature, and we need to understand how curvature becomes gravity.
Roughly, the first two chapters of this book are devoted to an exploration of space-
time, the third is about curvature, and the fourth explains the relationship between
curvature and gravity, before we get into applications of the theory. However, let’s
indulge ourselves with a short preview of what is to come, which will perhaps mo-
tivate the initial steps of our journey.

GR is a theory of gravity, so we can begin by remembering our previous theory
of gravity, that of Newton. There are two basic elements: an equation for the
gravitational field as influenced by matter, and an equation for the response of
matter to this field. The conventional Newtonian statement of these rules is in
terms of forces between particles; the force between two objects of masses M and
m separated by a vector r = re() is the famous inverse-square law,

GMm
F = ———r—re(,), (1.1

and this force acts on a particle of mass m to give it an acceleration according to
Newton’s second law,

F = ma. (1.2)

Equivalently, we could use the language of the gravitational potential &; the po-
tential is related to the mass density p by Poisson’s equation,

V2d = 47 Gp, (1.3)

and the acceleration is given by the gradient of the potential,
a=Vo. (1.4
1
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Either (1.1) and (1.2), or (1.3) and (1.4), serve to define Newtonian gravity. To
define GR, we need to replace each of them by statements about the curvature of
spacetime.

The hard part is the equation governing the response of spacetime curvature to
the presence of matter and energy. We will eventually find what we want in the
form of Einstein’s equation,

Ruv — ARgy = 87GTy,. (1.5)

This locks more forbidding than it should, largely because of those Greek sub-
scripts. In fact this is simply an equation between 4 x 4 matrices, and the subscripts
label elements of each matrix. The expression on the left-hand side is a measure
of the curvature of spacetime, while the right-hand side measures the energy and
momentum of matter, so this equation relates energy to curvature, as promised.
But we will defer until later a detailed understanding of the inner workings of
Einstein’s equation.

The response of matter to spacetime curvature is somewhat easier to grasp:
Free particles move along paths of “shortest possible distance,” or geodesics. In
other words, particles try their best to move on straight lines, but in a curved
spacetime there might not be any straight lines (in the sense we are familiar with
from Euclidean geometry), so they do the next best thing. Their parameterized
paths x* (1) obey the geodesic equation:

d?xH " dxP dx°

2 + T o an =0. (1.6)
At this point you aren’t expected to understand (1.6) any more than (1.5); but soon
enough it will all make sense.

As we will discuss later, the universal nature of geodesic motion is an ex-
tremely profound feature of GR. This universality is the origin of our claim that
gravity is not actually a “force,” but a feature of spacetime. A charged particle in
an electric field feels an acceleration, which deflects it from straight-line motion;
in contrast, a particle in a gravitational field moves along a path that is the closest
thing there is to a straight line. Such particles do not feel acceleration; they are
freely falling. Once we become more familiar with the spirit of GR, it will make
perfect sense to think of a ball flying through the air as being more truly “unaccel-
erated” than one sitting on a table; the one sitting a table is being deflected away
from the geodesic it would like to be on (which is why we feel a force on our feet
as we stand on Earth).

The basic concept underlying our description of spacetime curvature will be
that of the metric tensor, typically denoted by g,,. The metric encodes the ge-
ometry of a space by expressing deviations from Pythagoras’s theorem, (Al)? =
(Ax)? + (Ay)2 (where Al is the distance between two points defined on a Carte-
sian grid with coordinate separations Ax and Ay). This familiar formula is valid
only in conventional Euclidean geometry, where it is implicitly assumed that
space is flat. In the presence of curvature our deeply ingrained notions of ge-
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ometry will begin to fail, and we can characterize the amount of curvature by
keeping track of how Pythagoras’s relation is altered. This information is con-
tained in the metric tensor. From the metric we will derive the Riemann curvature
tensor, used to define Einstein’s equation, and also the geodesic equation. Setting
up this mathematical apparatus is the subject of the next several chapters.

Despite the need to introduce a certain amount of formalism to discuss curva-
ture in a quantitative way, the essential notion of GR (“gravity is the curvature
of spacetime”) is quite simple. So why does GR have, at least in some benighted
circles, a reputation for difficulty or even abstruseness? Because the elegant truths
of Einstein’s theory are obscured by the accumulation of certain pre-relativity no-
tions which, although very useful, must first be discarded in order to appreciate
the world according to GR. Specifically, we live in a world in which spacetime
curvature is very small, and particles are for the most part moving quite slowly
compared to the speed of light. Consequently, the mechanics of Galileo and New-
ton comes very naturally to us, even though it is only an approximation to the
deeper story.

So we will set about learning the deeper story by gradually stripping away the
layers of useful but misleading Newtonian intuition. The first step, which is the
subject of this chapter, will be to explore special relativity (SR), the theory of
spacetime in the absence of gravity (curvature). Hopefully this is mostly review,
as it will proceed somewhat rapidly. The point will be both to recall what SR is all
about, and to introduce tensors and related concepts that will be crucial later on,
without the extra complications of curvature on top of everything else. Therefore,
for this chapter we will always be working in flat spacetime, and furthermore we
will only use inertial (Cartesian-like) coordinates. Needless to say it is possible
to do SR in any coordinate system you like, but it turns out that introducing the
necessary tools for doing so would take us halfway to curved spaces anyway, so
we will put that off for a while.

SPACE AND TIME, SEPARATELY AND TOGETHER

A purely cold-blooded approach to GR would reverse the order of Chapter 2
(Manifolds) and Chapter 1 (Special Relativity and Flat Spacetime). A manifold
is the kind of mathematical structure used to describe spacetime, while special
relativity is a model that invokes a particular kind of spacetime (one with no cur-
vature, and hence no gravity). However, if you are reading this book you presum-
ably have at least some familiarity with special relativity (SR), while you may
not know anything about manifolds. So our first step will be to explore the rela-
tively familiar territory of SR, taking advantage of this opportunity to introduce
concepts and notation that will be crucial to later developments.

Special relativity is a theory of the structure of spacetime, the background on
which particles and fields evolve. SR serves as a replacement for Newtonian me-
chanics, which also is a theory of the structure of spacetime. In either case, we can
distinguish between this basic structure and the various dynamical laws govemn-
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particle worldline———

space at a fixed time

FIGURE 1.1 In Newtonian spacetime there is an absolute slicing into distinct copies of
space at different moments in time. Particle worldlines are constrained to move forward
in time, but can travel through space at any velocity; there is universal agreement on the
question of whether two events at different points in space occur at the same moment of
time.

ing specific systems: Newtonian gravity is an example of a dynamical system set
within the context of Newtonian mechanics, while Maxwell’s electromagnetism
is a dynamical system operating within the context of special relativity.

Spacetime is a four-dimensional set, with elements labeled by three dimen-
sions of space and one of time. (We’ll do a more rigorous job with the definitions
in the next chapter.) An individual point in spacetime is called an event. The path
of a particle is a curve through spacetime, a parameterized one-dimensional set of
events, called the worldline. Such a description applies equally to SR and New-
tonian mechanics. In either case, it seems clear that “time” is treated somewhat
differently than “space”; in particular, particles always travel forward in time,
whereas they are free to move back and forth in space.

There is an important difference, however, between the set of allowed paths
that particles can take in SR and those in Newton’s theory. In Newtonian mechan-
ics, there is a basic division of spacetime into well-defined slices of “all of space
at a fixed moment in time.” The notion of simultaneity, when two events occur at
the same time, is unambiguously defined. Trajectories of particles will move ever
forward in time, but are otherwise unconstrained; in particular, there is no limit
on the relative velocity of two such particles.

In SR the situation is dramatically altered: in particular, there is no well-defined
notion of two separated events occurring “at the same time.” That is not to say that
spacetime is completely structureless. Rather, at any event we can define a light
cone, which is the locus of paths through spacetime that could conceivably be
taken by light rays passing through this event. The absolute division, in Newtonian
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particle worldline————

%&“ light cones

=

FIGURE 1.2 In special relativity there is no absolute notion of “all of space at one mo-
ment in time.” Instead, there is a rule that particles always travel at less than or equal to the
speed of light. We can therefore define light cones at every event, which locally describe
the set of allowed trajectories. For two events that are outside each others’ light cones,
there is no universal notion of which event occurred earlier in time.

mechanics, of spacetime into unique slices of space parameterized by time, is
replaced by a rule that says that physical particles cannot travel faster than light,
and consequently move along paths that always remain inside these light cones.

The absence of a preferred time-slicing in SR is at the heart of why the notion
of spacetime is more fundamental in this context than in Newtonian mechanics.
Of course we can choose specific coordinate systems in spacetime, and once we
do, it makes sense to speak of separated events occurring at the same value of
the time coordinate in this particular system; but there will also be other possible
coordinates, related to the first by “rotating” space and time into each other. This
phenomenon is a natural generalization of rotations in Euclidean geometry, to
which we now turn.

Consider a garden-variety two-dimensional plane. It is typically convenient
to label the points on such a plane by introducing coordinates, for example by
defining orthogonal x and y axes and projecting each point onto these axes in the
usual way. However, it is clear that most of the interesting geometrical facts about
the plane are independent of our choice of coordinates; there aren’t any preferred
directions. As a simple example, we can consider the distance between two points,
given by

(As)? = (Ax)% + (Ay)>. (1.7)

In a different Cartesian coordinate system, defined by x’ and y’ axes that are
rotated with respect to the originals, the formula for the distance is unaltered:

(As)? = (Ax))? + (AY)2. (1.8)

We therefore say that the distance is invariant under such changes of coordinates.
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FIGURE 1.3 Two-dimensional Euclidean space, with two different coordinate systems.
Notions such as “the distance between two points” are independent of the coordinate sys-
tem chosen.

This is why it is useful to think of the plane as an intrinsically two-dimensional
space, rather than as two fundamentally distinct one-dimensional spaces brought
arbitrarily together: Although we use two distinct numbers to label each point,
the numbers are not the essence of the geometry, since we can rotate axes into
each other while leaving distances unchanged. In Newtonian physics this is not
the case with space and time; there is no useful notion of rotating space and time
into each other. Rather, the notion of “all of space at a single moment in time” has
a meaning independent of coordinates.

SR is a different story. Let us consider coordinates (¢, x, y, z) on spacetime,
set up in the following way. The spatial coordinates (x, y, z) comprise a standard
Cartesian system, constructed for example by welding together rigid rods that
meet at right angles. The rods must be moving freely, unaccelerated. The time
coordinate is defined by a set of clocks, which are not moving with respect to
the spatial coordinates. (Since this is a thought experiment, we can imagine that
the rods are infinitely long and there is one clock at every point in space.) The
clocks are synchronized in the following sense. Imagine that we send a beam of
light from point 1 in space to point 2, in a straight line at a constant velocity c,
and then immediately back to 1 (at velocity —c). Then the time on the coordinate
clock when the light beam reaches point 2, which we label #;, should be halfway
between the time on the coordinate clock when the beam left point 1 (¢1) and the
time on that same clock when it returned (#{):

=5t +1). (1.9)
The coordinate system thus constructed is an inertial frame, or simply “iner-

tial coordinates.” These coordinates are the natural generalization to spacetime
of Cartesian (orthonormal) coordinates in space. (The reason behind the careful
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FIGURE 1.4 Synchronizing clocks in an inertial coordinate system. The clocks are syn-
chronized if the time 7, is halfway between #; and ti when we bounce a beam of light from
point 1 to point 2 and back.

construction is so that we only make comparisons locally; never, for example,
comparing two far-away clocks to each other at the same time. This kind of care
will be even more necessary once we go to general relativity, where there will not
be any way to construct inertial coordinates throughout spacetime.)

We can construct any number of inertial frames via this procedure, differing
from the first one by an offset in initial position and time, angle, and (constant)
velocity. In a Newtonian world, the new coordinates (¢/, x’, y’, z’) would have the
feature that ¢’ = ¢ + constant, independent of spatial coordinates. That is, there
is an absolute notion of “two events occurring simultaneously, that is, at the same
time.” But in SR this isn’t true; in general the three-dimensional “spaces” defined
by ¢ = constant will differ from those defined by #’ = constant.

However, we have not descended completely into chaos. Consider, without any
motivation for the moment, what we will call the spacetime interval between two
events:

(A9)? = —(cAD? + (Ax)? + (Ay)? + (A% (1.10)

(Notice that it can be positive, negative, or zero even for two nonidentical points.)
Here, ¢ is some fixed conversion factor between space and time, that is, a fixed
velocity. As an empirical matter, it turns out that electromagnetic waves propa-
gate in vacuum at this velocity ¢, which we therefore refer to as “the speed of
light” The important thing, however, is not that photons happen to travel at that
speed, but that there exists a ¢ such that the spacetime interval is invariant under
changes of inertial coordinates. In other words, if we set up a new inertial frame
(', x',y', 7), the interval will be of the same form:

(As5)? = —(c A1) + (Ax")? + (AY)? + (AZ)2. (1.11)



Chapter 1 Special Relativity and Flat Spacetime

This is why it makes sense to think of SR as a theory of four-dimensional space-
time, known as Minkowski space. (This is a special case of a four-dimensional
manifold, which we will deal with in detail later.) As we shall see, the coordi-
nate transformations that we have implicitly defined do, in a sense, rotate space
and time into each other. There is no absolute notion of “simultaneous events”;
whether two things occur at the same time depends on the coordinates used.
Therefore, the division of Minkowski space into space and time is a choice we
make for our own purposes, not something intrinsic to the situation.

Almost all of the “paradoxes” associated with SR result from a stubborn per-
sistence of the Newtonian notions of a unique time coordinate and the existence
of “space at a single moment in time.” By thinking in terms of spacetime rather
than space and time together, these paradoxes tend to disappear.

Let’s introduce some convenient notation. Coordinates on spacetime will be
denoted by letters with Greek superscript indices running from 0 to 3, with 0
generally denoting the time coordinate. Thus,

0

Il
o
Q

Il

I
N W

(1.12)

B W W

1
2
3

il

(Don’t start thinking of the superscripts as exponents.) Furthermore, for the sake
of simplicity we will choose units in which

c=1; (1.13)

we will therefore leave out factors of ¢ in all subsequent formulae. Empirically
we know that ¢ is 3 x 10® meters per second; thus, we are working in units where
1 second equals 3 x 10® meters. Sometimes it will be useful to refer to the space
and time components of x* separately, so we will use Latin superscripts to stand
for the space components alone:

1

) X =X
i oxr=y (1.14)
=z

It is also convenient to write the spacetime interval in a more compact form.
‘We therefore introduce a 4 x 4 matrix, the metric, which we write using two lower
indices:

-1 0 0 0
0 100
0 0 01

(Some references, especially field theory books, define the metric with the oppo-
site sign, so be careful.) We then have the nice formula

(As)? =, AxHAXY, (1.16)
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spacelike

FIGURE 15 A light
cone, portrayed on a space-
time diagram. Points that
are spacelike-, null-, and
timelike-separated from the
origin are indicated.
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This formula introduces the summation convention, in which indices appearing
both as superscripts and subscripts are summed over. We call such labels dummy
indices; it is important to remember that they are summed over all possible values,
rather than taking any specific one. (It will always turn out to be the case that
dummy indices occur strictly in pairs, with one “upstairs” and one “downstairs.”
More on this later.) The content of (1.16) is therefore exactly the same as (1.10).

An extremely useful tool is the spacetime diagram, so let’s consider Minkow-
ski space from this point of view. We can begin by portraying the initial # and x
axes at right angles, and suppressing the y and z axes. (“Right angles” as drawn on
a spacetime diagram don’t necessarily imply “orthogonal in spacetime,” although
that turns out to be true for the ¢ and x axes in this case.) It is enlightening to
consider the paths corresponding to travel at the speed ¢ = 1, given by x = =¢.
A set of points that are all connected to a single event by straight lines moving
at the speed of light is the light cone, since if we imagine including one more
spatial coordinate, the two diagonal lines get completed into a cone. Light cones
are naturally divided into future and past; the set of all points inside the future and
past light cones of a point p are called timelike separated from p, while those
outside the light cones are spacelike separated and those on the cones are light-
like or null separated from p. Referring back to (1.10), we see that the interval
between timelike separated points is negative, between spacelike separated points
is positive, and between null separated points is zero. (The interval is defined to
be (As)?, not the square root of this quantity.)

The fact that the interval is negative for a timelike line (on which a slower-
than-light particle will actually move) is annoying, so we define the proper time
7 to satisfy

(A7) = —(As)? = —nu Ax AxY. (1.17)
A crucial feature of the spacetime interval is that the proper time between two
events measures the time elapsed as seen by an observer moving on a straight path
between the events. This is easily seen in the very special case that the two events
have the same spatial coordinates, and are only separated in time; this corresponds
to the observer traveling between the events being at rest in the coordinate system
used. Then (A7)? = —NuAx* AxY = (A1)2, so At = At, and of course we
defined ¢ as the time measured by a clock located at a fixed spatial position. But
the spacetime interval is invariant under changes of inertial frame; the proper time
(1.17) between two fixed events will be the same when evaluated in an inertial
frame where the observer is moving as it is in the frame where the observer is at
rest.

A crucial fact is that, for more general trajectories, the proper time and coor-
dinate time are different (although the proper time is always that measured by the
clock carried by an observer along the trajectory). Consider two trajectories be-
tween events A and C, one a straight line passing through a halfway point marked
B, and another traveled by an observer moving away from A at a constant velocity
v = dx/dt to a point B’ and then back at a constant velocity —v to intersect at
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t

v YA

X

FIGURE 1.6 The twin paradox. A traveler on the straight path through spacetime ABC
will age more than someone on the nonstraight path AB’C. Since proper time is a measure
of distance traveled through spacetime, this should come as no surprise. (The only surprise
might be that the straight path is the one of maximum proper time; this can be traced to the
minus sign for the timelike component of the metric.)

S

the event C. Choose inertial coordinates such that the straight trajectory describes
a motionless particle, with event A located at coordinates (¢, x) = (0, 0) and C
located at (At, 0). The two paths then describe an isosceles triangle in spacetime;
B has coordinates (3 At, 0) and B’ has coordinates (3 Az, Ax), with Ax = $vAt.
Clearly, Atap = 3 Az, but

Atpp =/ A ADZ — (Ax)?
= V1 —v2As. (1.18)

It should be obvious that Atgc = Atap and Atpc = Atyp. Thus, the ob-
server on the straight-line trip from event A to C experiences an elapsed time of
Atapc = At, whereas the one who traveled out and returned experiences

Atapc =1 —v2Ar < At. (1.19)

Even though the two observers begin and end at the same points in spacetime,
they have aged different amounts. This is the famous “twin paradox,” the unfortu-
nate scene of all sorts of misunderstandings and tortured explanations. The truth
is straightforward: a nonstraight path in spacetime has a different interval than
a straight path, just as a nonstraight path in space has a different length than a
straight one. This isn’t as trivial as it sounds, of course; the profound insight is the
way in which “elapsed time along a worldline” is related to the interval traversed
through spacetime. In a Newtonian world, the coordinate ¢ represents a universal
flow of time throughout all of spacetime; in relativity, # is just a convenient co-
ordinate, and the elapsed time depends on the path along which you travel. An
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important distinction is that the nonstraight path has a shorter proper time. In
space, the shortest distance between two points is a straight line; in spacetime, the
longest proper time between two events is a straight trajectory.

Not all trajectories are nice enough to be constructed from pieces of straight
lines. In more general circumstances it is useful to introduce the infinitesimal
interval, or line element:

ds? = nupdx*dx”, (1.20)

for infinitesimal coordinate displacements dx*. (We are being quite informal
here, but we’ll make amends later on.) From this definition it is tempting to take
the square root and integrate along a path to obtain a finite interval, but it is some-
what unclear what [ ,/n,.,dx"dx” is supposed to mean. Instead we consider a
path through spacetime as a parameterized curve, x*(A). Note that, unlike con-
ventional practice in Newtonian mechanics, the parameter A is not necessarily
identified with the time coordinate. We can then calculate the derivatives dx* /d A,
and write the path length along a spacelike curve (one whose infinitesimal inter-
vals are spacelike) as

dx* dxv
As = Y 2
g f T dn (.21)

where the integral is taken over the path. For timelike paths we use the proper
time

dxt dxV
At = / v~ m dA, (1.22)
which will be positive. (For null paths the interval is simply zero.) Of course
we may consider paths that are timelike in some places and spacelike in others,
but fortunately it is seldom necessary since the paths of physical particles never
change their character (massive particles move on timelike paths, massless par-
ticles move on null paths). Once again, At really is the time measured by an
observer moving along the trajectory.

The notion of acceleration in special relativity has a bad reputation, for no
good reason. Of course we were careful, in setting up inertial coordinates, to make
sure that particles at rest in such coordinates are unaccelerated. However, once
we’ve set up such coordinates, we are free to consider any sort of trajectories for
physical particles, whether accelerated or not. In particular, there is no truth to the
rumor that SR is unable to deal with accelerated trajectories, and general relativity
must be invoked. General relativity becomes relevant in the presence of gravity,
when spacetime becomes curved. Any processes in flat spacetime are described
within the context of special relativity; in particular, expressions such as (1.22)
are perfectly general.
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LORENTZ TRANSFORMATIONS

We can now consider coordinate transformations in spacetime at a somewhat
more abstract level than before. We are interested in a formal description of
how to relate the various inertial frames constructed via the procedure outlined
above; that is, coordinate systems that leave the interval (1.16) invariant. One
simple variety are the translations, which merely shift the coordinates (in space
or time):

= xH =5 (e 4 ah), (123)

/
where a* is a set of four fixed numbers and 8/, is the four-dimensional version
of the traditional Kronecker delta symbol:

W _ )1 whenp' = p,
O = {0 when p' # . (1.24)

Notice that we put the prime on the index, not on the x. The reason for this
should become more clear once we start dealing with vectors and tensors; the
notation serves to remind us that the geometrical object is the same, but its
components are resolved with respect to a different coordinate system. Trans-
lations leave the differences Ax* unchanged, so it is not remarkable that the
interval is unchanged. The other relevant transformations include spatial ro-
tations and offsets by a constant velocity vector, or boosts; these are linear
transformations, described by multiplying x* by a (spacetime-independent) ma-

trx:
= A x, (1.25)
or, in more conventional matrix notation,
x' = Ax. (1.26)

(We will generally use indices, rather than matrix notation, but right now we

have an interest in relating our discussion to certain other familiar notions usually
described by matrices.) These transformations do not leave the differences Ax*

unchanged, but multiply them also by the matrix A. What kind of matrices will

leave the interval invariant? Sticking with the matrix notation, yyhat we would

like is

(A5)% = (Ax)Ty(Ax) = (Ax)Tn(Ax")
= (Ax)TATnA(Ax), 1.27)

and therefore

n=ATnA, (1.28)
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or
Moo = A pnuy A o = A A oy (1.29)

(In matrix notation the order matters, while in index notation it is irrelevant.) We
want to find the matrices A“lv such that the components of the matrix 7,/ are
the same as those of N0 that is what it means for the interval to be invariant
under these transformations.

The matrices that satisfy (1.28) are known as the Lorentz transformations;
the set of them forms a group under matrix multiplication, known as the Lorentz
group. There is a close analogy between this group and SO(3), the rotation group
in three-dimensional space. The rotation group can be thought of as 3 x 3 matrices
R that satisfy RTR = 1, where 1 is the 3 x 3 identity matrix. Such matrices are
called orthogonal, and the 3 x 3 ones form the group O(3). This includes not only
rotations but also reversals of orientation of the spatial axes (parity transforma-
tions). Sometimes we choose to exclude parity transformations by also demanding
that the matrices have unit determinant, |R| = 1; such matrices are called special,
and the resulting group is SO(3). The orthogonality condition can be made to look
more like (1.28) if we write it as

1= RT1R. (1.30)

So the difference between the rotation group O(3) and the Lorentz group is the
replacement of 1, a 3 x 3 diagonal matrix with all entries equal to +1, by 7,
a 4 x 4 diagonal matrix with one entry equal to —1 and the rest equal to +1.
The Lorentz group is therefore often referred to as O(3,1). It includes not only
boosts and rotations, but discrete reversals of the time direction as well as parity
transformations. As before we can demand that |[A| = 1, leaving the “proper
Lorentz group” SO(3,1). However, this does not leave us with what we really
want, which is the set of continuous Lorentz transformations (those connected
smoothly to the identity), since a combination of a time reversal and a parity
reversal would have unit determinant. From the (p,0) = (0, 0) component of
(1.29) we can easily show that |A0/0| > 1, with negative values corresponding to
time reversals. We can therefore demand at last that Ao’o > 1 (inadditionto |A| =
1), leaving the “proper orthochronous” or “restricted”” Lorentz group. Sometimes
this is denoted by something like SO(3, 1)T, but usually we will not bother to
make this distinction explicitly. Note that the 3 x 3 identity matrix is simply the
metric for ordinary flat space. Such a metric, in which all of the eigenvalues are
positive, is called Euclidean, while those such as (1.15), which feature a single
minus sign, are called Lorentzian.

It is straightforward to write down explicit expressions for simple Lorentz
transformations. A familiar rotation in the x-y plane is:

1 0 0 O
0 cosf® sinf O
0 —sinf cosfd O
0 0 0 1

/

AW, = (1.31)
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The rotation angle 6 is a periodic variable with period 2. The boosts may be
thought of as “rotations between space and time directions.” An example is given
by a boost in the x-direction:

cosh¢ —sinh¢

00

/ —sinh¢ cosh¢g 0 O
1 0

1

AM, = 0 0 (1.32)

0 0 0

The boost parameter ¢, unlike the rotation angle, is defined from —oo to co. A
general transformation can be obtained by multiplying the individual transfor-
mations; the explicit expression for this six-parameter matrix (three boosts, three
rotations) is not pretty, or sufficiently useful to bother writing down. In general
Lorentz transformations will not commute, so the Lorentz group is nonabelian.
The set of both translations and Lorentz transformations is a ten-parameter non-
abelian group, the Poincaré group.

You should not be surprised to learn that the boosts correspond to changing
coordinates by moving to a frame that travels at a constant velocity, but let’s see
it more explicitly. (Don’t confuse “boosting” with “accelerating.” The difference
between boosting to a different reference frame and accelerating an object is the
same as the difference between rotating to a different coordinate system and set-
ting an object spinning.) For the transformation given by (1.32), the transformed
coordinates " and x” will be given by

t' =t cosh ¢ — x sinh ¢
x' = —t sinh ¢ + x cosh ¢. (1.33)
From this we see that the point defined by x” = 0 is moving; it has a velocity

x sinhg
t  coshg

tanh ¢. (1.34)

To translate into more pedestrian notation, we can replace ¢ = tanh™" v to obtain
! =y —vx)
=y —v), (1.35)

where y = 1/4/1 — v2. So indeed, our abstract approach has recovered the con-
ventional expressions for Lorentz transformations. Applying these formulae leads
to time dilation, length contraction, and so forth. (

It’s illuminating to consider Lorentz transformations in the context of space-
time diagrams. According to (1.33), under a boost in the x-¢ plane the x’ axis
(¢ = 0) is given by ¢ = x tanh ¢, while the ¢’ axis (x’ = 0) is given by r =
x/tanh ¢. We therefore see that the space and time axes are rotated into each
other, although they scissor together instead of remaining orthogonal in the tradi-
tional Euclidean sense. (As we shall see, the axes do in fact remain orthogonal in
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A

FIGURE 1.7 A Lorentz transformation relates the {¢’, x’} coordinates to the {¢, x} coor-
dinates. Note that light cones are unchanged.

the Lorentzian sense; that’s the implication of the metric remaining invariant un-
der boosts.) This should come as no surprise, since if spacetime behaved just like
a four-dimensional version of space the world would be a very different place. We
see quite vividly the distinction between this situation and the Newtonian world,;
in SR, it is impossible to say (in a coordinate-independent way) whether a point
that is spacelike separated from p is in the future of p, the past of p, or “at the
same time.” .

Note also that the paths defined by x’ = &+’ are precisely the same as those
defined by x = +¢; these trajectories are left invariant under boosts along the x-
axis. Of course we know that light travels at this speed; we have therefore found
that the speed of light is the same in any inertial frame.

VECTORS

To probe the structure of Minkowski space in more detail, it is necessary to intro-
duce the concepts of vectors and tensors. We will start with vectors, which should
be familiar. Of course, in spacetime vectors are four-dimensional, and are often
referred to as four-vectors. This turns out to make quite a bit of difference—for
example, there is no such thing as a cross product between two four-vectors.
Beyond the simple fact of dimensionality, the most important thing to empha-
size is that each vector is located at a given point in spacetime. You may be used
to thinking of vectors as stretching from one point to another in space, and even
of “free”” vectors that you can slide carelessly from point to point. These are not
useful concepts outside the context of flat spaces; once we introduce curvature,
we lose the ability to draw preferred curves from one point to another, or to move
vectors uniquely around a manifold. Rather, to each point p in spacetime we as-
sociate the set of all possible vectors located at that point; this set is known as
the tangent space at p, or T,. The name is inspired by thinking of the set of



16

Chapter 1 Special Relativity and Flat Spacetime

vectors attached to a point on a simple curved two-dimensional space as com-
prising a plane tangent to the point. (This picture relies on an embedding of the
manifold and the tangent space in a higher-dimensional external space, which we
won’t generally have or need.) Inspiration aside, it is important to think of these
vectors as being located at a single point, rather than stretching from one point to
another (although this won’t stop us from drawing them as arrows on spacetime
diagrams).

In Chapter 2 we will relate the tangent space at each point to things we can
construct from the spacetime itself. For right now, just think of T, as an abstract
vector space for each point in spacetime. A (real) vector space is a collection of
objects (vectors) that can be added together and multiplied by real numbers in a
linear way. Thus, for any two vectors V and W and real numbers ¢ and b, we have

(@+b)(V +W)=aV +bV +aW +bW. (1.36)

Every vector space has an origin, that is, a zero vector that functions as an identity
element under vector addition. In many vector spaces there are additional oper-
ations such as taking an inner (dot) product, but this is extra structure over and
above the elementary concept of a vector space.

A vector is a perfectly well-defined geometric object, as is a vector field, de-
fined as a set of vectors with exactly one at each point in spacetime. [The set of all
the tangent spaces of an n-dimensional manifold M can be assembled into a 2zn-
dimensional manifold called the tangent bundle, 7' (M). It is a specific example
of a “fiber bundle,” which is endowed with some extra mathematical structure; we
won’t need the details for our present purposes.] Nevertheless it is often useful to
decompose vectors into components with respect to some set of basis vectors. A
basis is any set of vectors which both spans the vector space (any vector is a linear
combination of basis vectors) and is linearly independent (no vector in the basis

FIGURE 1.8 A suggestive drawing of the tangent space T}, the space of all vectors at
the point p.
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is a linear combination of other basis vectors). For any given vector space, there
will be an infinite number of possible bases we could choose, but each basis will
consist of the same number of vectors, known as the dimension of the space. (For
a tangent space associated with a point in Minkowski space, the dimension is, of
course, four.)

Let us imagine that at each tangent space we set up a basis of four vectors &),
with u € {0, 1,2, 3} as usual. In fact let us say that each basis is “adapted to the
coordinates x*”—that is, the basis vector €1y is what we would normally think
of pointing along the x-axis. It is by no means necessary that we choose a basis
adapted to any coordinate system at all, although it is often convenient. (As before,
we really could be more precise here, but later on we will repeat the discussion
at an excruciating level of precision, so some sloppiness now is forgivable.) Then
any abstract vector A can be written as a linear combination of basis vectors:

A= APy, (1.37)

The coefficients A* are the components of the vector A. More often than not
we will forget the basis entirely and refer somewhat loosely to “the vector A*,”
but keep in mind that this is shorthand. The real vector is an abstract geometrical
entity, while the components are just the coefficients of the basis vectors in some
convenient basis. (Since we will usually suppress the explicit basis vectors, the
indices usually will label components of vectors and tensors. This is why there
are parentheses around the indices on the basis vectors, to remind us that thisis a
collection of vectors, not components of a single vector.)

A standard example of a vector in spacetime is the tangent vector to a curve.
A parameterized curve or path through spacetime is specified by the coordinates
as a function of the parameter, for example, x# (). The tangent vector V (1) has
components

dx*
W
v dx

(1.38)
The entire vector is V = V*#¢(,,y. Under a Lorentz transformation the coordinates
x# change according to (1.25), while the parameterization A is unaltered; we can
therefore deduce that the components of the tangent vector must change as

VH s YH = AR YV, (1.39)

However, the vector V itself (as opposed to its components in some coordinate
system) is invariant under Lorentz transformations. We can use this fact to derive
the transformation properties of the basis vectors. Let us refer to the set of basis
vectors in the transformed coordinate system as é(,)/ )- Since the vector is invariant,
we have

V= VR = VVenn = A, VFéeurn. (1.40)
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But this relation must hold no matter what the numerical values of the components
V# are. We can therefore say

iy = A uew. (1.41)

To get the new basis &,/ in terms of the old one &(,,), we should multiply by the
inverse of the Lorentz transformation A" - But the inverse of a Lorentz transfor-
mation from the unprimed to the primed coordinates is also a Lorentz transforma-

~ tion, this time from the primed to the unprimed systems. We will therefore intro-

1.5 1

duce a somewhat subtle notation, by using the same symbol for both matrices, just
with primed and unprimed indices switched. That is, the Lorentz transformation
specified by A#', has an inverse transformation written as A”,,. Operationally
this implies

AFgAY =88, AT AN =87 (1.42)
From (1.41) we then obtain the transformation rule for basis vectors:
ey = APy, (1.43)

Therefore the set of basis vectors transforms via the inverse Lorentz transforma-
tion of the coordinates or vector components.

Let’s pause a moment to take all this in. We introduced coordinates labeled
by upper indices, which transformed in a certain way under Lorentz transforma-
tions. We then considered vector components that also were written with upper
indices, which made sense since they transformed in the same way as the coordi-
nate functions. (In a fixed coordinate system, each of the four coordinates x# can
be thought of as a function on spacetime, as can each of the four components of a
vector field.) The basis vectors associated with the coordinate system transformed
via the inverse matrix, and were labeled by a lower index. This notation ensured
that the invariant object constructed by summing over the components and ba-
sis vectors was left unchanged by the transformation, just as we would wish. It’s
probably not giving too much away to say that this will continue to be the case
for tensors, which may have multiple indices.

DUAL VECTORS (ONE-FORMS)

Once we have set up a vector space, we can define another associated vector space
(of equal dimension) known as the dual vector space. The dual space is usually
denoted by an asterisk, so that the dual space to the tangent space T}, called the
cotangent space, is denoted T;‘. The dual space is the space of all linear maps
from the original vector space to the real numbers; in math lingo, if @ € T;‘ isa
dual vector, then it acts as a map such that

w(@V +bW) =aw(V) + bw(W) € R, (1.44)
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where V, W are vectors and a, b are real numbers. The nice thing about these
maps is that they form a vector space themselves; thus, if @ and n are dual vectors,
we have

(aw + bn)(V) = aw (V) + bn(V). (1.45)

To make this construction somewhat more concrete, we can introduce a set of
basis dual vectors ) by demanding

60 @) =83, (1.46)

Then every dual vector can be written in terms of its components, which we label
with lower indices:

w=w,6W. (1.47)

Usually, we will simply write w,,, in perfect analogy with vectors, to stand for the
entire dual vector. In fact, you will sometimes see elements of T, (what we have
called vectors) referred to as contravariant vectors, and elements of T;‘ (what we
have called dual vectors) referred to as covariant vectors, although in this day and
age these terms sound a little dated. If you just refer to ordinary vectors as vectors
with upper indices and dual vectors as vectors with lower indices, nobody should
be offended. Another name for dual vectors is one-forms, a somewhat mysterious
designation that will become clearer in Chapter 2.

The component notation leads to a simple way of writing the action of a dual
vector on a vector:

(V) = 0,0 (VVé)
= w, V'8 (&)
=w,V"sk

—w,V* eR. (1.48)

This is why it is rarely necessary to write the basis vectors and dual vectors ex-
plicitly; the components do all of the work. The form of (1.48) also suggests that
we can think of vectors as linear maps on dual vectors, by defining

V(w)=o(V) =w, V" (1.49)

Therefore, the dual space to the dual vector space is the original vector space
itself.

Of course in spacetime we will be interested not in a single vector space, but
in fields of vectors and dual vectors. [The set of all cotangent spaces over M can
be combined into the cotangent bundle, 7*(M).] In that case the action of a
dual vector field on a vector field is not a single number, but a scalar (function)
on spacetime. A scalar is a quantity without indices, which is unchanged under
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Lorentz transformations; it is a coordinate-independent map from spacetime to
the real numbers.

We can use the same arguments that we earlier used for vectors (that geomet-
rical objects are independent of coordinates, even if their components are not)
to derive the transformation properties of dual vectors. The answers are, for the
components,

w, = Avu/a)v, (150)

and for basis dual vectors,
é(p/) = AP/Gé(U). (1.51)

This is just what we would expect from index placement; the components of a
dual vector transform under the inverse transformation of those of a vector. Note
that this ensures that the scalar (1.48) is invariant under Lorentz transformations,
just as it should be.

In spacetime the simplest example of a dual vector is the gradient of a scalar
function, the set of partial derivatives with respect to the spacetime coordinates,
which we denote by a lowercase d:

3¢
dp = —6W), 52
) Py (1.52)

The conventional chain rule used to transform partial derivatives amounts in this
case to the transformation rule of components of dual vectors:

3 oxt ¢

axt  9xk dxk

o

— An %Y
AL (1.53)

where we have used (1.25) to relate the Lorentz transformation to the coordinates.
The fact that the gradient is a dual vector leads to the following shorthand nota-
tions for partial derivatives:

¢

T o =o,,- (1.54)
So, x* has an upper index, but when it is in the denominator of a derivative it
implies a lower index on the resulting object. In this book we will generally use
d,, rather than the comma notation. Note that the gradient does in fact act in a*
natural way on the example we gave above of a vector, the tangent vector to a
curve. The result is an ordinary derivative of the function along the curve:

axt  d¢

0,0— = . 1.55
n® an ~ an (1.55)
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TENSORS

A straightforward generalization of vectors and dual vectors is the notion of a
tensor. Just as a dual vector is a linear map from vectors to R, a tensor T of type
(or rank) (k, !) is a multilinear map from a collection of dual vectors and vectors
to R:

T:Tyx--XTyxTpx---xTp >R (1.56)
(k times) (I times)

Here, “x” denotes the Cartesian product, so that for example T, x T), is the space
of ordered pairs of vectors. Multilinearity means that the tensor acts linearly in
each of its arguments; for instance, for a tensor of type (1, 1), we have

T(aw +bn, cV +dW) = acT (w, V)
+ adT(w, W) +beT(n, V) +bdT(n, W). (1557

From this point of view, a scalar is a type (0, 0) tensor, a vector is a type (1, 0)
tensor, and a dual vector is a type (0, 1) tensor.

The space of all tensors of a fixed type (k, [) forms a vector space; they can
be added together and multiplied by real numbers. To construct a basis for this
space, we need to define a new operation known as the tensor product, denoted
by ®. If T is a (k, ) tensor and S is an (m, n) tensor, we define a (k + m, [ + n)
tensor T ® S by

T®SW,. .. 0®, . . & yh yO yEn
=T@W,...,0® vD v

x S(@®V, . pktm yD oy )y (1.58)
Note that the »® and V@ are distinct dual vectors and vectors, not components
thereof. In other words, first act T on the appropriate set of dual vectors and
vectors, and then act S on the remainder, and then multiply the answers. Note

that, in general, tensor products do not commute: T ® S # S ® T.
It is now straightforward to construct a basis for the space of all (k, /) tensors,

by taking tensor products of basis vectors and dual vectors; this basis will consist
of all tensors of the form

é(“’l)®'”®é(ﬂok) R0V g...0oW, (1.59)

In a four-dimensional spacetime there will be 4“1 basis tensors in all. In compo-
nent notation we then write our arbitrary tensor as

T=TH" B, 8 ®  ®éuy @80 e ... 0§, (1.60)



22

Chapter 1 Special Relativity and Flat Spacetime

Alternatively, we could define the components by acting the tensor on basis vec-
tors and dual vectors:

TR b, Ly = TEW, 00 2, ). (1.61)

You can check for yourself, using (1.46) and so forth, that these equations all hang
together propetly.

As with vectors, we will usually take the shortcut of denoting the tensor T by
its components 7#1"'#&,, .., . The action of the tensors on a set of vectors and
dual vectors follows the pattern established in (1.48):

T(a)(l), o a)(k), V(l), o V(l)) — Tﬂl‘-'ﬂkvlwwa,fbll) . a,‘(fk) yOu Ly Ou
(1.62)

A (k,1) tensor thus has k upper indices and / lower indices. The order of the
indices is obviously important, since the tensor need not act in the same way on
its various arguments.

Finally, the transformation of tensor components under Lorentz transforma-
tions can be derived by applying what we already know about the transformation
of basis vectors and dual vectors. The answer is just what you would expect from
index placement,

/ /! / /
=AM, ... AM Vi AV 17 14k
THY My = AP A AP AP TRy (1.63)

Thus, each upper index gets transformed like a vector, and each lower index gets
transformed like a dual vector.

Although we have defined tensors as linear maps from sets of vectors and tan-
gent vectors to R, there is nothing that forces us to act on a full collection of
arguments. Thus, a (1, 1) tensor also acts as a map from vectors to vectors:

TH,: VY — TH, VY. (1.64)

You can check for yourself that 7#, V" is a vector (that is, obeys the vector trans-
formation law). Similarly, we can act one tensor on (all or part of) another tensor
to obtain a third tensor. For example,

Uk, =TH, 5, (1.65)

is a perfectly good (1, 1) tensor.

You may be concerned that this introduction to tensors has been somewhat too
brief, given the esoteric nature of the material. In fact, the notion of tensors does
not require a great deal of effort to master; it’s just a matter of keeping the indices
straight, and the rules for manipulating them are very natural. Indeed, a number of
books like to define tensors as collections of numbers transforming according to
(1.63). While this is operationally useful, it tends to obscure the deeper meaning
of tensors as geometrical entities with a life independent of any chosen coordinate
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system. There is, however, one subtlety that we have glossed over. The notions of
dual vectors and tensors and bases and linear maps belong to the realm of linear
algebra, and are appropriate whenever we have an abstract vector space at hand. In
the case of interest to us we have not just a vector space, but a vector space at each
point in spacetime. More often than not we are interested in tensor fields, which
can be thought of as tensor-valued functions on spacetime. Fortunately, none of
the manipulations we defined above really care whether we are dealing with a
single vector space or a collection of vector spaces, one for each event. We will
be able to get away with simply calling things functions of x* when appropriate.
However, you should keep straight the logical independence of the notions we
have introduced and their specific application to spacetime and relativity.

In spacetime, we have already seen some examples of tensors without calling
them that. The most familiar example of a (0, 2) tensor is the metric, ,,. The
action of the metric on two vectors is so useful that it gets its own name, the inner
product (or scalar product, or dot product):

n(V, W) = nuo VAW’ =V - W. (1.66)

Just as with the conventional Euclidean dot product, we will refer to two vectors
whose inner product vanishes as orthogonal. Since the inner product is a scalar,
it is left invariant under Lorentz transformations; therefore, the basis vectors of
any Cartesian inertial frame, which are chosen to be orthogonal by definition, are
still orthogonal after a Lorentz transformation (despite the “scissoring together”
we noticed earlier). The norm of a vector is defined to be inner product of the
vector with itself; unlike in Euclidean space, this number is not positive definite:

<0, VHistimelike
if 9, VAV is { =0, V#islightlike or null
>0, V*isspacelike.

(A vector can have zero norm without being the zero vector.) You will notice
that the terminology is the same as that which we used earlier to classify the
_ relationship between two points in spacetime; it’s no accident, of course, and we
will go into more detail later.
Another tensor is the Kronecker delta § p“ , of type (1, 1). Thought of as a map
from vectors to vectors (or one-forms to one-forms), the Kronecker delta is simply
“the identity map. We follow the example of many other references in placing the
upper and lower indices in the same column for this unique tensor; purists might
write §#, or §,*, but these would be numerically identical, and we shouldn’t get
in trouble being careless in this one instance.
Related to the Kronecker delta and the metric is the inverse metric n*, a type
(2, 0) tensor defined (unsurprisingly) as the “inverse” of the metric:

"y = nevn™ = 85 (1.67)

(It’s the inverse metric since, when multiplied by the metric, it yields the identity
map.) In fact, as you can check, the inverse metric has exactly the same compo-
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nents as the metric itself. This is only true in flat space in Cartesian coordinates,
and will fail to hold in more general situations. There is also the Levi-Civita
symbol, a (0, 4) tensor:

—1 if pvpo is an odd permutation of 0123 (1.68)

+1 if pvpo is an even permutation of 0123
g,u,vpa =
0  otherwise.

Here, a “permutation of 0123” is an ordering of the numbers 0, 1, 2, 3, which
can be obtained by starting with 0123 and exchanging two of the digits; an even
permutation is obtained by an even number of such exchanges, and an odd per-
mutation is obtained by an odd number. Thus, for example, €yzp; = —1. (The
tilde on €, o, and referring to it as a symbol rather than simply a tensor, derive
from the fact that this object is actually not a tensor in more general geometries or
coordinates; instead, it is something called a “tensor density.” It is straightforward
enough to define a related object that is a tensor, which we will denote by €, 0
and call the “Levi-Civita tensor.” See Chapter 2 for a discussion.)

A remarkable property of the above tensors—the metric, the inverse metric,
the Kronecker delta, and the Levi-Civita symbol—is that, even though they all
transform according to the tensor transformation law (1.63), their components re-
main unchanged in any inertial coordinate system in flat spacetime. In some sense
this makes them nongeneric examples of tensors, since most tensors do not have
this property. In fact, these are the only tensors with this property, although we
won’t prove it. The Kronecker delta is even more unusual, in that it has exactly
the same components in any coordinate system in any spacetime. This makes
sense from the definition of a tensor as a linear map; the Kronecker tensor can
be thought of as the identity map from vectors to vectors (or from dual vectors
to dual vectors), which clearly must have the same components regardless of co-
ordinate system. Meanwhile, the metric and its inverse characterize the structure
of spacetime, while the Levi—Civita symbol is secretly not a true tensor at all.
We shall therefore have to treat these objects more carefully when we drop our
assumption of flat spacetime.

A more typical example of a tensor is the electromagnetic field strength ten-
sor. We all know that the electromagnetic fields are made up of the electric field
vector E; and the magnetic field vector B;. (Remember that we use Latin indices
for spacelike components 1, 2, 3.) Actually these are only “vectors” under rota-
tions in space, not under the full Lorentz group. In fact they are components of a
(0, 2) tensor F,,,, defined by

0 —-E; —E, —E3
E; 0 Bs —B»
E, —Bs 0 B
Es By, —B 0

Fuy = =—F,,. (1.69)

From this point of view it is easy to transform the electromagnetic fields in one
reference frame to those in another, by application of (1.63). The unifying power
of the tensor formalism is evident: rather than a collection of two vectors whose
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relationship and transformation properties are rather mysterious, we have a single
tensor field to describe all of electromagnetism. (On the other hand, don’t get car-
ried away; sometimes it’s more convenient to work in a single coordinate system
using the electric and magnetic field vectors.)

MANIPULATING TENSORS

With these examples in hand we can now be a little more systematic about some
properties of tensors. First consider the operation of contraction, which turns a
(k, 1) tensor into a (k — 1,1 — 1) tensor. Contraction proceeds by summing over
one upper and one lower index:

SHP L = THYO . (1.70)

You can check that the result is a well-defined tensor. It is only permissible to
contract an upper index with a lower index (as opposed to two indices of the same
type); otherwise the result would not be a well-defined tensor. (By well-defined
tensor we mean either “transforming according to the tensor transformation law,”
or “defining a unique multilinear map from a set of vectors and dual vectors to the
real numbers”’; take your pick.) Note also that the order of the indices matters, so
that you can get different tensors by contracting in different ways; thus,

THPgy # TH" 5, (L.71)

in general.

The metric and inverse metric can be used to raise and lower indices on ten-
sors. That is, given a tensor T“ﬁyg, we can use the metric to define new tensors,
which we choose to denote by the same letter T

Ta’B’“g - TI'U'yTaﬁy(S,
Tuﬂw? = 'inaﬁya’
T, = nﬂanvlgnpynaaTaﬂys, (1.72)

and so forth. Notice that raising and lowering does not change the position of an
index relative to other indices, and also that free indices (which are not summed
over) must be the same on both sides of an equation, while dummy indices (which
are summed over) only appear on one side. As an example, we can turn vectors
and dual vectors into each other by raising and lowering indices:

Ve =nwV"’
ot = n"w,. (1.73)

Because the metric and inverse metric are truly inverses of each other, we are free
to raise and lower simultaneously a pair of indices being contracted over:

ABy =™ Ao BY = §°A,B = A.B°. (1.74)
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The ability to raise and lower indices with a metric explains why the gradient
in three-dimensional flat Euclidean space is usually thought of as an ordinary
vector, even though we have seen that it arises as a dual vector; in Euclidean
space (where the metric is diagonal with all entries +1) a dual vector is turned
into a vector with precisely the same components when we raise its index. You
may then wonder why we have belabored the distinction at all. One simple reason,
of course, is that in a Lorentzian spacetime the components are not equal:

o' = (—wo, w1, W2, W3). (1.75)

In a curved spacetime, where the form of the metric is generally more compli-
cated, the difference is rather more dramatic. But there is a deeper reason, namely
that tensors generally have a “natural” definition independent of the metric. Even
though we will always have a metric available, it is helpful to be aware of the
logical status of each mathematical object we introduce. The gradient, with its
action on vectors, is perfectly well-defined regardless of any metric, whereas the
“gradient with upper indices” is not. (As an example, we will eventually want to
take variations of functionals with respect to the metric, and will therefore have to
know exactly how the functional depends on the metric, something that is easily
obscured by the index notation.)

Continuing our compilation of tensor jargon, we refer to a tensor as symmetric
in any of its indices if it is unchanged under exchange of those indices. Thus, if

Suvp = Svup, (1.76)

we say that S,,,, is symmetric in its first two indices, while if

Suvo = Spov = Spuv = Svup = Svpu = Sovus (1.77)
we say that S,.,, is symmetric in all three of its indices. Similarly, a tensor is
antisymmetric (or skew-symmetric) in any of its indices if it changes sign when
those indices are exchanged; thus,

Apvp = —Apvu (1.78)

means that A,,,, is antisymmetric in its first and third indices (or just “antisym-
metric in & and p”). If a tensor is (anti-) symmetric in all of its indices, we refer -
to it as simply (anti-) symmetric (sometimes with the redundant modifier “com-
pletely”). As examples, the metric 7,,, and the inverse metric ¥ are symmetric,
while the Levi-Civita symbol €,,,, and the electromagnetic field strength ten-
sor F,, are antisymmetric. (Check for yourself that if you raise or lower a set of
indices that are symmetric or antisymmetric, they remain that way.) Notice that
it makes no sense to exchange upper and lower indices with each other, so don’t
succumb to the temptation to think of the Kronecker delta 5 as symmetric. On
the other hand, the fact that lowering an index on 8;‘ gives a symmetric tensor (in
fact, the metric) means that the order of indices doesn’t really matter, which is
why we don’t keep track of index placement for this one tensor.
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Given any tensor, we can symmetrize (or antisymmetrize) any number of its
upper or lower indices. To symmetrize, we take the sum of all permutations of the
relevant indices and divide by the number of terms:

T pioepin)p” = = (Tyu1y19--0np” + sum over permutations of indices 1 - - - hn ),

(1.79)

while antisymmetrization comes from the alternating sum:

1 .
Tipipnepnle” = = (Tpyjip-pnp® + alternating sum over (1.80)

* permutations of indices (i1 - - - ().

By “alternating sum” we mean that permutations that are the result of an odd
number of exchanges are given a minus sign, thus:

Tipvple = % (Tuvpo = Tupvo + Topvo — Toupo + Topus — Tpopo) - (1.81)

Notice that round/square brackets denote symmetrization/antisymmetrization.
Furthermore, we may sometimes want to (anti-) symmetrize indices that are
not next to each other, in which case we use vertical bars to denote indices not
included in the sum:

Tulo) = 3 (Tuvo + Tovw) - (1.82)

If we are contracting over a pair of upper indices that are symmetric on one tensor,
only the symmetric part of the lower indices will contribute; thus,

XWy,, = XMWy, (1.83)

regardless of the symmetry properties of ¥,,,. (Analogous statements hold for an-
tisymmetric indices, or if it’s the lower indices that are symmetric to start with.)
For any two indices, we can decompose a tensor into symmetric and antisymmet-
ric parts,

Tuvpo = Tywypo + Tiuvipo (1.84)

but this will not in general hold for three or more indices,

Tyvpo 7 Tuvpyo + Ttuvplo (1.85)

because there are parts with mixed symmetry that are not specified by either
the symmetric or antisymmetric pieces. Finally, some people use a convention
in which the factor of 1/n!is omitted. The one used here is a good one, since, for
example, a symmetric tensor satisfies
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Spisn = Stz n)» (1.86)

and likewise for antisymmetric tensors.
For a (1, 1) tensor X*,, the trace is a scalar, often denoted by leaving off the
indices, which is simply the contraction:

X =X (1.87)

If we think of X*, as a matrix, this is just the sum of the diagonal components,
so it makes sense. However, we will also use trace in the context of a (0, 2) tensor
Y., in which case it means that we should first raise an index (Y, = g#*Yy,)
and then contract:

Y=Y = p*Y . (1.88)

(It must be this way, since we cannot sum over two lower indices.) Although
this is the sum of the diagonal components of Y#,, it is certainly not the sum of
the diagonal components of Y,,,,; we had to raise an index, which in general will
change the numerical value of the components. For example, you might guess that
the trace of the metricis —1 4+ 1 + 1 4+ 1 = 2, but it’s not:

N = 8 = 4. (1.89)

(In n dimensions, Bff = n.) There is no reason to denote this trace by g (or §),
since it will always be the same number, even after we make the transition to
curved spaces where the metric components are more complicated. Note that an-
tisymmetric (0, 2) tensors are always traceless.

We have been careful so far to distinguish clearly between things that are al-
ways true (on a manifold with arbitrary metric) and things that are only true in
Minkowski space in inertial coordinates. One of the most important distinctions
arises with partial derivatives. If we are working in flat spacetime with inertial
coordinates, then the partial derivative of a (k, I) tensor is a (k,l + 1) tensor;
that is,

", = 3 R*, (1.90)

transforms properly under Lorentz transformations. However, this will no longer
be true in more general spacetimes, and we will have to define a covariant deriva-
tive to take the place of the partial derivative. Nevertheless, we can still use the
fact that partial derivatives give us tensor in this special case, as long as we keep
our wits about us. [The one exception to this warning is the partial derivative
of a scalar, dy¢, which is a perfectly good tensor (the gradient) in any space-
time.] Of course, if we fix a particular coordinate system, the partial derivative is
a perfectly good operator, which we will use all the time; its failure is only that
it doesn’t transform in the same way as the tensors we will be using (or equiv-
alently, that the map it defines is not coordinate-independent). One of the most
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useful properties of partial derivatives is that they commute,
3y () = 0ydu(- - ), (1.91)

no matter what kind of object is being differentiated.

MAXWELL’'S EQUATIONS

‘We have now accumulated enough tensor know-how to illustrate some of these
concepts using actual physics. Specifically, we will examine Maxwell’s equa-
tions of electrodynamics. In 19th-century notation, these are

VxB—-8E=]
V-E=p
VxE+dB=0
V-B=0. (1.92)

Here, E and B are the electric and magnetic field 3-vectors, J is the current, p
is the charge density, and Vx and V- are the conventional curl and divergence.
These equations are invariant under Lorentz transformations, of course; that’s how
the whole business got started. But they don’t look obviously invariant; our ten-
sor notation can fix that. Let’s begin by writing these equations in component
notation,

Eiky ;B — pE =T’
HE =J°
&k E, + 3B =0
3B =0. (1.93)

In these expressions, spatial indices have been raised and lowered with aban-
don, without any attempt to keep straight where the metric appears, because §;;
is the metric on flat 3-space, with 8"/ its inverse (they are equal as matrices).
We can therefore raise and lower indices at will, since the components don’t
change. Meanwhile, the three-dimensional Levi-Civita symbol é/* is defined
just as the four-dimensional one, although with one fewer index (normalized
so that €123 = &3 = 1). We have replaced the charge density by J°; this is
legitimate because the density and current together form the current 4-vector,
JE = (p, J*, JV, J?).

From (1.93), and the definition (1.69) of the field strength tensor F,,,, it is easy
to get a completely tensorial 20th-century version of Maxwell’s equations. Begin
by noting that we can express the field strength with upper indices as
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Fil = giikp, (1.94)

To check this, note for example that FO1 = 5% Fy; and F!2 = £123 B5. Then
the first two equations in (1.93) become

3 F — goF% = J'
& F% = JO. (1.95)

Using the antisymmetry of F*¥, we see that these may be combined into the
single tensor equation

9 FH =" (1.96)

A similar line of reasoning, which is left as an exercise, reveals that the third and
fourth equations in (1.93) can be written

duFog = 0. (1.97)

It’s simple to verify that the antisymmetry of F,,, implies that (1.97) can be equiv-
alently expressed as

aank'f‘auFA/,L‘f‘aAFMv =0. (1.98)

The four traditional Maxwell equations are thus replaced by two, vividly
demonstrating the economy of tensor notation. More importantly, however, both
sides of equations (1.96) and (1.97) manifestly transform as tensors; therefore, if
they are true in one inertial frame, they must be true in any Lorentz-transformed
frame. This is why tensors are so useful in relativity—we often want to express
relationships without recourse to any reference frame, and the quantities on each
side of an equation must transform in the same way under changes of coordinates.
As a matter of jargon, we will sometimes refer to quantities written in terms of
tensors as covariant (which has nothing to do with “covariant” as opposed to
“contravariant”). Thus, we say that (1.96) and (1.97) together serve as the covari-
ant form of Maxwell’s equations, while (1.92) or (1.93) are noncovariant.

ENERGY AND MOMENTUM

We’ve now gone over essentially everything there is to know about the care and
feeding of tensors. In the next chapter we will look more carefully at the rigorous
definitions of manifolds and tensors, but the basic mechanics have been pretty
well covered. Before jumping to more abstract mathematics, let’s review how
physics works in Minkowski spacetime.

Start with the worldline of a single particle. This is specified by amap R — M,
where M is the manifold representing spacetime; we usually think of the path as
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a parameterized curve x#(A). As mentioned earlier, the tangent vector to this path
is dx*/d\ (note that it depends on the parameterization). An object of primary
interest is the norm of the tangent vector, which serves to characterize the path;
if the tangent vector is timelike/null/spacelike at some parameter value A, we say
that the path is timelike/null/spacelike at that point. This explains why the same
words are used to classify vectors in the tangent space and intervals between two
points—because a straight line connecting, say, two timelike separated points will
itself be timelike at every point along the path.

Nevertheless, be aware of the sleight of hand being pulled here. The metric,
as a (0, 2) tensor, is a machine that acts on two vectors (or two copies of the
same vector) to produce a number. It is therefore very natural to classify tan-
gent vectors according to the sign of their norm. But the interval between two
points isn’t something quite so natural; it depends on a specific choice of path (a
“straight line”) that connects the points, and this choice in turn depends on the
fact that spacetime is flat (which allows a unique choice of straight line between
the points).

Let’s move from the consideration of paths in general to the paths of massive
particles (which will always be timelike). Since the proper time is measured by a
clock traveling on a timelike worldline, it is convenient to use 7 as the parameter
along the path. That is, we use (1.22) to compute t(A), which (if A is a good
parameter in the first place) we can invert to obtain A(7), after which we can think
of the path as x*(7). The tangent vector in this parameterization is known as the
four-velocity, U*:

dxt
ur = 2 (1.99)
dt
Since d1? = —p,,,dx*dx", the four-velocity is automatically normalized:
N UHUY = —1. (1.100)

This absolute normalization is a reflection of the fact that the four-velocity is not
a velocity through space, which can of course take on different magnitudes, but a
“velocity through spacetime,” through which one always travels at the same rate.
The norm of the four-velocity will always be negative, since we are only defining
it for timelike trajectories. You could define an analogous vector for spacelike
paths as well; for null paths the proper time vanishes, so T can’t be used as a
parameter, and you have to be more careful. In the rest frame of a particle, its
four-velocity has components U#* = (1,0, 0, 0).
A related vector is the momentum four-vector, defined by

pt =mU", (1.101)
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where m is the mass of the particle. The mass is a fixed quantity independent of
inertial frame, what you may be used to thinking of as the “rest mass.” It turns
out to be much more convenient to take this as the mass once and for all, rather
than thinking of mass as depending on velocity. The energy of a particle is sim-
ply E = p°, the timelike component of its momentum vector. Since it’s only
one component of a four-vector, it is not invariant under Lorentz transformations;
that’s to be expected, however, since the energy of a particle at rest is not the
same as that of the same particle in motion. In the particle’s rest frame we have
p° = m; recalling that we have set ¢ = 1, we see that we have found the equation
that made Einstein a celebrity, E = mc?. (The field equation of general relativity
is actually more fundamental than this one, but R, — %Rg w = 8w GT,, doesn’t
elicit the visceral reaction that you get from E = mc?.) In a moving frame we can
find the components of p* by performing a Lorentz transformation; for a particle
moving with three-velocity v = dx /dt along the x axis we have

p" = (ym,vym,0,0), (1.102)

where y = 1/+/1 — vZ. For small v, this gives p® = m + %mv2 (what we usually
think of as rest energy plus kinetic energy) and p! = mv (what we usually think
of as Newtonian momentum). Outside this approximation, we can simply write

pupt =—m?, (1.103)

or
E =/m?+p?, (1.104)
where p? = &;;p’ p/.

The centerpiece of pre-relativity physics is Newton’s Second Law, or f =
ma = dp/dt. An analogous equation should hold in SR, and the requirement
that it be tensorial leads us directly to introduce a force four-vector f* satisfying

"= m—ﬁx“‘(r) _4 (1) (1.105)
- dr? Tl '

The simplest example of a force in Newtonian physics is the force due to gravity.
In relativity, however, gravity is not described by a force, but rather by the cur-
vature of spacetime itself. Instead, let us consider electromagnetism. The three-
dimensional Lorentz force is given by £ = ¢ (E + v x B), where ¢ is the charge on
the particle. We would like a tensorial generalization of this equation. There turns
out to be a unique answer:

= qU F*. (1.106)

You can check for yourself that this reduces to the Newtonian version in the limit
of small velocities. Notice how the requirement that the equation be tensorial,
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which is one way of guaranteeing Lorentz invariance, severely restricts the pos-
sible expressions we can get. This is an example of a very general phenomenon, in
which a small number of an apparently endless variety of possible physical laws
are picked out by the demands of symmetry.

Although p* provides a complete description of the energy and momentum of
an individual particle, we often need to deal with extended systems comprised of
huge numbers of particles. Rather than specify the individual momentum vectors
of each, particle, we instead describe the system as a fluid—a continuum char-
acterized by macroscopic quantities such as density, pressure, entropy, viscosity,
and so on. Although such a fluid may be composed of many individual particles
with different four-velocities, the fluid itself has an overall four-velocity field. Just
think of everyday fluids like air or water, where it makes sense to define a velocity
for each individual fluid element even though nearby molecules may have appre-
ciable relative velocities.

A single momentum four-vector field is insufficient to describe the energy and
momentum of a fluid; we must go further and define the energy-momentum ten-
sor (sometimes called the stress-energy tensor), 7#". This symmetric (2, 0) tensor
tells us all we need to know about the energy-like aspects of a system: energy den-
sity, pressure, stress, and so forth. A general definition of T+ is “the flux of four-
momentum p* across a surface of constant x”.” In fact, this definition is not going
to be incredibly useful; in Chapter 4 we will define the energy-momentum tensor
in terms of a functional derivative of the action with respect to the metric, which
will be a more algorithmic procedure for finding an explicit expression for T#V.
But the definition here does afford some physical insight. Consider an infinitesi-
mal element of the fluid in its rest frame, where there are no bulk motions. Then
T9, the “flux of p° (energy) in the x0 (time) direction,” is simply the rest-frame
energy density p. Similarly, in this frame, 7% = T'0 is the momentum density.
The spatial components T/ are the momentum flux, or the stress; they represent
the forces between neighboring infinitesimal elements of the fluid. Off-diagonal
terms in T/ represent shearing terms, such as those due to viscosity. A diagonal
term such as T'!! gives the x-component of the force being exerted (per unit area)
by a fluid element in the x-direction; this is what we think of as the x-component
of the pressure, p, (don’t confuse it with the momentum). The pressure has three
components, given in the fluid rest frame (in inertial coordinates) by

pi =TH. (1.107)

There is no sum over i.

To make this more concrete, let’s start with the simple example of dust. (Cos-
mologists tend to use “matter” as a synonym for dust.) Dust may be defined in
flat spacetime as a collection of particles at rest with respect to each other. The
four-velocity field UH(x) is clearly going to be the constant four-velocity of the
individual particles. Indeed, its components will be the same at each point. Define
the number-flux four-vector to be

NH# = nU*, (1.108)
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where n is the number density of the particles as measured in their rest frame.
(This doesn’t sound coordinate-invariant, but it is; in any frame, the number den-
sity that would be measured if you were in the rest frame is a fixed quantity.)
Then N© is the number density of particles as measured in any other frame, while
N is the flux of particles in the x’ direction. Let’s now imagine that each of the
particles has the same mass m. Then in the rest frame the energy density of the
dust is given by

p =mn. (1.109)

By definition, the energy density completely specifies the dust. But p only mea-
sures the energy density in the rest frame; what about other frames? We notice
that both n and m are 0-components of four-vectors in their rest frame; specifi-
cally, N* = (n,0,0,0) and p* = (m, 0, 0, 0). Therefore pisthe u =0,v =0
component of the tensor p ® N as measured in its rest frame. We are therefore
led to define the energy-momentum tensor for dust:

Tjow = PPN =mnU*U" = pUHU?, (1.110)
where p is defined as the energy density in the rest frame. (Typically you don’t
just guess energy-momentum tensors by such a procedure, you derive them from
equations of motion or an action principle.) Note that the pressure of the dust in
any direction is zero; this should not be surprising, since pressure arises from the
random motions of particles within the fluid, and we have defined dust to be free
of such motions.

Dust is not sufficiently general to describe most of the interesting fluids that
appear in general relativity; we only need a slight generalization, however, to ar-
rive at the concept of a perfect fluid. A perfect fluid is one that can be completely
specified by two quantities, the rest-frame energy density p, and an isotropic rest-
frame pressure p. The single parameter p serves to specify the pressure in every
direction. A consequence of isotropy is that T#" is diagonal in its rest frame—
there is no net flux of any component of momentum in an orthogonal direction.
Furthermore, the nonzero spacelike components must all be equal, 71! = 722 =
T33. The only two independent numbers are therefore the energy density p = 7%
and the pressure p = T%; we don’t need a subscript on p, since the pressure is
equal in every direction. The energy-momentum tensor of a perfect fluid therefore
takes the following form in its rest frame:

p 0 0 O
TH — 8 r 2 8 (1111
0 0 0 p

(Remember that we are in flat spacetime; this will change when curvature is in-
troduced.) We would like, of course, a formula that is good in any frame. For dust
we had TH*Y = pUH*U", so we might begin by guessing (p + p)U*U", which
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gives

pTp

00
00
00

[ e R ]

+
0
0 (1.112)
0 00 0

This is not a very clever guess, to be honest. But by subtracting this guess from
our desired answer, we see that what we need to add is

—-p 0 0 O
0 p 0 O
0 0 p 0O (1.113)
0 0 0 p

Fortunately, this has an obvious covariant generalization, namely pn*¥.Thus, the
general form of the energy-momentum tensor for a perfect fluid is

T = (p + p)U*U” + pn”. (1.114)

It may seem that the procedure used to arrive at this formula was somewhat arbi-
trary, but we can have complete confidence in the result. Given that (1.111) should
be the form of TH? in the rest frame, and that (1.114) is a perfectly tensorial ex-
pression that reduces to (1.111) in the rest frame, we know that (1.114) must be
the right expression in any frame.

The concept of a perfect fluid is general enough to describe a wide variety of
physical forms of matter. To determine the evolution of such a fluid, we specify
an equation of state relating the pressure to the energy density, p = p(p). Dust is
a special case for which p = 0, while an isotropic gas of photons has p = %p. A
more exotic example is vacuum energy, for which the energy-momentum tensor
is proportional to the metric, 7"V = —pyacn*’. By comparing to (1.114) we find
that vacuum energy is a kind of perfect fluid for which pyac = — pyac. The notion
of an energy density in vacuum is completely pointless in special relativity, since
in nongravitational physics the absolute value of the energy doesn’t matter, only
the difference in energy between two states. In general relativity, however, all en-
ergy couples to gravity, so the possibility of a nonzero vacuum energy will become
an important consideration, which we will discuss more fully in Chapter 4.

Besides being symmetric, 7" has the even more important property of be-
ing conserved. In this context, conservation is expressed as the vanishing of the
“divergence”:

3, T™ =0. (1.115)

This expression is a set of four equations, one for each value of v. The equation
with v = O corresponds to conservation of energy, while BMT“" = 0 expresses
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conservation of the kth component of the momentum. Let’s apply this equation to
a perfect fluid, for which we have

pTH =0,(p+ p)UHUY + (p + p)(UY3,U* + U*3,U") 43" p. (1.116)

To analyze what this equation means, it is helpful to consider separately what
happens when we project it into pieces along and orthogonal to the four-velocity
field U*. We first note that the normalization U, U” = —1 implies the useful
identity

U,8,U" = 13, (U,U") =0. (1.117)
To project (1.116) along the four-velocity, simply contract it into U:
U3, TH = —3,(pU*) — pd, U". (1.118)

Setting this to zero gives the relativistic equation of energy conservation for a
perfect fluid. It will look more familiar in the nonrelativistic limit, in which

Ut =(1,v), PlKl,  p<Kp. (1.119)

The last condition makes sense, because pressure comes from the random motions
of the individual particles, and in this limit these motions (as well as the bulk
motion described by U*) are taken to be small. So in ordinary nonrelativistic
language, (1.118) becomes

&p+V-(pv) =0, (1.120)

the continuity equation for the energy density. We next consider the part of (1.116)
that is orthogonal to the four-velocity. To project a vector orthogonal to U*, we
multiply it by the projection tensor

P, =87 + U°U,. (1.121)

To convince yourself this does the trick, check that if we have a vector VH“ , parallel

to U*, and another vector W', perpendicular to U*, the projection tensor will
annihilate the parallel vector and preserve the orthogonal one:

P7, V) =0
Po, WY = W¢. (1.122)
Applied to 9, T*”, we obtain
P?,8,T" = (p + p)U"3,U" +3°p+U°U"d,p. (1.123)

In the nonrelativistic limit given by (1.119), setting the spatial components of this
expression equal to zero yields

ploasv+(v-VIVI+Vp+v(dkp+v-Vp)=0. (1.124)
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But notice that the last set of terms involve derivatives of p times the three-
velocity v, assumed to be small; these will therefore be negligible compared to
the V p term, and can be neglected. We are left with

o8V + (v- V)Vl = —Vp, (1.125)

which is the Euler equation familiar from fluid mechanics.

CLASSICAL FIELD THEORY

When we make the transition from special relativity to general relativity, the met-
ric 7, will be promoted to a dynamical tensor field, g,.,(x). GR is thus a par-
ticular example of a classical field theory; we can build up some feeling for how
such theories work by considering classical fields defined on flat spacetime. (We
say classical field theory in contrast with quantum field theory, which is quite a
different story; we will discuss it briefly in Chapter 9, but it is outside our main
area of interest here.)

Let’s begin with the familiar example of the classical mechanics of a single
particle in one dimension with coordinate ¢ (¢). We can derive the equations of
motion for such a particle by using the “principle of least action”: we search for
critical points (as a function of the trajectory) of an action S, written as

S:/mL@jL (1.126)

where the function L(g, ¢) is the Lagrangian. The Lagrangian in point-particle
mechanics is typically of the form

L=K-V, (1.127)

where K is the kinetic energy and V the potential energy. Following the calculus-
of-variations procedure, which is described in any advanced textbook on classical
mechanics, we show that critical points of the action [trajectories ¢ (¢) for which
S remains stationary under small variations] are those that satisfy the Euler—

Lagrange equations,

aL d ( dL

———(—=—)=0. (1.128)
ag  dt \3(g)

For example, L = %q’z — V(q) leads to

dv

- 1.1
4 (1.129)

g =

Field theory is a similar story, except that we replace the single coordinate g (¢)
by a set of spacetime-dependent fields, ®*(x*), and the action S becomes a func-
tional of these fields. A functional is simply a function of an infinite number of
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variables, such as the values of a field in some region of spacetime. Functionals are
often expressed as integrals. Each @' is a function on spacetime (at least in some
coordinate system), and i is an index labeling our individual fields. For example,
in electromagnetism (as we will see below) the fields are the four components of
a one-form called the “vector potential,” A,

@' = (A9, A1, Az, A3). (1.130)

We're being very lowbrow here, in thinking of a one-form field as four different
functions rather than a single tensor object. This point of view makes sense so
long as we stick to a fixed coordinate system, and it will make our calculations
more straightforward.

In field theory, the Lagrangian can be expressed as an integral over space of
a Lagrange density £, which is a function of the fields & and their spacetime
derivatives d,, '

L= [d3x L(D,8,d). (1.131)
So the action is
S:/dtL = /d4x L(D',8,0%. (1.132)

The Lagrange density is a Lorentz scalar. We typically just say ‘“Lagrangian”
when we mean “Lagrange density.” It will most often be convenient to define
a field theory by specifying the Lagrange density, from which all of the equations
of motion can be readily derived.

We will use “natural units,” in which not only ¢ = 1 but also 7 = k = 1, where
h = h/2m, h is Planck’s constant, and & is Boltzmann’s constant. The objection
might be raised that we shouldn’t involve % in a purely classical discussion; but
all we are doing here is choosing units, not determining physics. (The relevance
of & would appear if we were to quantize our field theory and obtain particles, but
we won’t get that far right now.) In natural units we have

[energy] = [mass] = [(length)™!] = [(time) 1] (1.133)

‘We will most often use energy or mass as our fundamental unit. Since the action
is an integral of L (with units of energy) over time, it is dimensionless:

[S1=[ENT] = M°. (1.134)
The volume element has units
[d*x] = M4, (1.135)
so to get a dimensionless action we require that the Lagrange density have units

[£] = M*. (1.136)
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The Euler-Lagrange equations come from requiring that the action be un-
changed under small variations of the fields,

o' — o + 5, (1.137)
0,9 — 8,0 +6(3,d") =3, +0,(6d). (1.138)

The expression for the variation in 8M<I>i is simply the derivative of the variation
of &', Since §P' is assumed to be small, we may Taylor-expand the Lagrangian
under this variation:

L(D,8,D") — L(D' + 8D, 9,' + 0,50

AL i L

o TR 3, (5D1). (1.139)

= L(®, 9,0 +

Correspondingly, the action goes to S — S + 45, with

oL
0= /d4 [BCD‘ a@.0n C® l)] (440

We would like to factor out §&° from the integrand, by integrating the second
term by parts:

fd“x oL —3,(80") = —/d4x au< 9L _ ) 5!
3(3, ) 3(0, @)

4 L i
+/d X0, (a(ami)m ) (1.141)

The final term is a total derivative—the integral of something of the form 9,V #—
that can be converted to a surface term by Stokes’s theorem (the four-dimensional
version, that is; see Appendix E for a discussion). Since we are considering vari-
ational problems, we can choose to consider variations that vanish at the bound-
ary (along with their derivatives). It is therefore traditional in such contexts to
integrate by parts with complete impunity, always ignoring the boundary contri-
butions. (Sometimes this is not okay, as in instanton calculations in Yang-Mills
theory.)
We are therefore left with

T 9L i
aS—/d x [a@. 9 (8(8M<I>") 5. (1.142)

The functional derivative §S/8®* of a functional S with respect to a function &’
is defined to satisfy

58S .
35:/&53@, (1.143)
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when such an expression is valid. We can therefore express the notion that S is at a
critical point by saying that the functional derivative vanishes. The final equations
of motion for our field theory are thus:

o5 2L L\ o 1.144
sof T 3l M\ 3@,/ (1.144)

These are known as the Euler-Lagrange equations for a field theory in flat space-
time.
The simplest example of a field is a real scalar field:

¢ (x") : (spacetime) — R. (1.145)

Slightly more complicated examples would include complex scalar fields, or maps
from spacetime to any vector space or even any manifold (sometimes called “non-
linear sigma models™). Upon quantization, excitations of the field are observable
as particles. Scalar fields give rise to spinless particles, while vector fields and
other tensors give rise to higher-spin particles. If the field were complex instead
of real, it would have two degrees of freedom rather than just one, which would
be interpreted as a particle and a distinct antiparticle. Real fields are their own
antiparticles. An example of a real scalar field would be the neutral x7-meson.

So let’s consider the classical mechanics of a single real scalar field. It will
have an energy density that is a local function of spacetime, and includes various
contributions:

kinetic energy : 16?
gradient energy : %(qu)2 (1.146)
potential energy : V().

Actually, although the potential is a Lorentz-invariant function, the kinetic and
gradient energies are not by themselves Lorentz-invariant; but we can combine
them into a manifestly Lorentz-invariant form:

— 50" (3.0) (3,0) = 167 — 1(Ve)2. (1.147)

[The combination n*” (3,.¢)(3,¢) is often abbreviated as (3¢)2.] So areasonable
choice of Lagrangian for our single real scalar field, analogousto L = K — V in
the point-particle case, would be

L=—5n""0.0)(3,9) — V(@). (1.148)

This generalizes “kinetic minus potential energy” to “kinetic minus gradient mi-
nus potential energy density.”” Note that since [£] = M*, we must have [V] =
M*. Also, since [9,,] = [3/3x*] = M, we have

[¢] = ML (1.149)



1.10 Classical Field Theory 41
For the Lagrangian (1.148) we have

oL dv oL
oL _ _dv. . 1.150
26~ do’ @ " ¢ (1.150)

The second of these equations is a little tricky, so let’s go through it slowly. When
differentiating the Lagrangian, the trick is to make sure that the index placement
is “compatible” (so that if you have a lower index on the thing being differen-
tiated with respect to, you should have only lower indices when the same kind
of object appears in the thing being differentiated), and also that the indices are
strictly different. The first of these is already satisfied in our example, since we
are differentiating a function of 9,,¢ with respect to d,,¢. Later on, we will need
to be more careful. To fulfill the second, we simply relabel dummy indices:

" (8,8)(0vg) = 1" (3,6) (35 ). (1.151)

Then we can use the general rule, for any object with one index such as V,, that
av,

2 =5b (1.152)
Vg

because each component of Vj, is treated as a distinct variable. So we have

g 1 00 @0] = 17 [5000) + 0003]

=" (s ¢) + 0" (0,0) = 21"V 3,¢.  (1.153)

This leads to the second expression in (1.150).
Putting (1.150) into (1.144) leads to the equation of motion

dv
O¢ —— =0, 1.154
¢ 7 ( )
where O = n*¥9,,0, is known as the d’Alembertian. Note that our metric sign
convention (—+-+-) comes into this equation; with the alternative (+———) con-

vention the sign would have been switched. In flat spacetime (1.154) is equivalent
to
" dv
~ Vi +—=0. 1.155
b=V + o2 (1.155)
A popular choice for the potential V is that of a simple harmonic oscillator,
V(¢) = $m?¢2. The parameter m is called the mass of the field, and you should
notice that the units work out correctly. You may be wondering how a field can
have mass. When we quantize the field we find that momentum eigenstates are
collections of particles, each with mass m. At the classical level, we think of
“mass” as simply a convenient characterization of the field dynamics. Then our
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equation of motion is
O¢ —m?p =0, (1.156)

the famous Klein—Gordon equation. This is a linear differential equation, so the
sum of two solutions is a solution; a complete set of solutions (in the form of
plane waves) is easy to find, as you can check for yourself.

A slightly more elaborate example of a field theory is provided by electro-
magnetism. We mentioned that the relevant field is the vector potential A ,; the
timelike component Ag can be identified with the electrostatic potential ®, and the
spacelike components with the traditional vector potential A (in terms of which
the magnetic field is given by B = V x A). The field strength tensor, with com-
ponents given by (1.69), is related to the vector potential by

Fuv = 3,4, — 8,4, (1.157)

From this definition we see that the field strength tensor has the important property
of gauge invariance: when we perform a gauge transformation on the vector
potential,

Ay = Ay +0,0(x), (1.158)
the field strength tensor is left unchanged:
Fuy —> Fuy 4+ 0,00A — 3,0,A = F,. (1.159)

The last equality follows from the fact that partial derivatives commute, 8,9, =
9,0,,. Gauge invariance is a symmetry that is fundamental to our understanding
of electromagnetism, and all observable quantities must be gauge-invariant. Thus,
while the dynamical field of the theory (with respect to which we vary the action to
derive equations of motion) is A,,, physical quantities will generally be expressed
in terms of F,.

We already know that the dynamical equations of electromagnetism are
Maxwell’s equations, (1.96) and (1.97). Given the definition of the field stregth
tensor in terms of the vector potential, (1.97) is actually automatic:

0 Fvo) = Ou0y Ag] — 1.0, Ay) = 0, (1.160)

again because partial derivatives commute. On the other hand, (1.96) is equivalent
to Euler-Lagrange equations of the form

oL oL
__9 =0, 1.161
A, (a@AU)) (16D

if we presciently choose the Lagrangian to be

L=—LF,F"™ +A4,J" (1.162)
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For this choice, the first term in the Euler-Lagrange equation is straightforward:

aL
dA,

=8, Jh=1J" (1.163)
The second term is tricker. First we write F,,, F*¥ as
FuoF* = FugF* = n® pP7 Fog F g (1.164)

We want to work with lower indices on F,,,, since we are differentiating with re-
spect to 9, A,, which has lower indices. Likewise we change the dummy indices
on F,,, F*’, since we want to have different indices on the thing being differen-
tiated and the thing we are differentiating with respect to. Once you get familiar
with this stuff it will become second nature and you won’t need nearly so many
steps. This lets us write

M_ ap. Bo [( dFyg ) < AF oo )]
3(0,Ay) =n"n 39, Ay) Fpo + Fup 33, Ay) . (1.165)

Then, since Fpg = dy Ag — dp Ay, We have

0 Fyp

A L Y 14 3 1.166
3(3,A,) * P B ( )

Combining (1.166) with (1.165) yields

d(FygFP
a(gﬂA )) = nomnﬁa [(856} — agag,)Fpa + (agag — 3g3;)paﬁ:|
iy
= (r’/-l'pr’UO' _ n!),on,lLU)FpU 4 (nd/,l,nﬂv _ ndvnﬂM)Faﬂ
= FW — F"  FK’ — F*#
=4F", (1.167)

SO

L
@A)

—FHY, (1.168)

Then sticking (1.163) and (1.168) into (1.161) yields precisely (1.96):
B F"H=J". (1.169)

Note that we switched the order of the indices on F4¥ in order to save ourselves
from an unpleasant minus sign.

You may wonder what the purpose of introducing a Lagrangian formulation
is, if we were able to invent the equations of motion before we ever knew the
Lagrangian (as Maxwell did for his equations). There are a number of reasons,
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starting with the basic simplicity of positing a single scalar function of spacetime,
the Lagrange density, rather than a number of (perhaps tensor-valued) equations
of motion. Another reason is the ease with which symmetries are implemented;
demanding that the action be invariant under a symmetry ensures that the dynam-
ics respects the symmetry as well. Finally, as we will see in Chapter 4, the action
leads via a direct procedure (involving varying with respect to the metric itself)
to a unique energy-momentum tensor. Applying this procedure to (1.148) leads
straight to the energy-momentum tensor for a scalar field theory,

Tl = 10 00906 — 1 [ 00006 + V)] 1.170)

Similarly, from (1.162) we can derive the energy-momentum tensor for electro-
magnetism,

Thy = FPFY — sV FM By, (1.171)

Using the appropriate equations of motion, you can show that these energy-
momentum tensors are conserved, d, T KV = 0 (and will be asked to do so in the
Exercises).

The two examples we have considered—scalar field theory and electro-
magnetism—are paradigms for much of our current understanding of nature. The
Standard Model of particle physics consists of three types of fields: gauge fields,
Higgs fields, and fermions. The gauge fields describe the “forces” of nature, in-
cluding the strong and weak nuclear forces in addition to electromagnetism. The
gauge fields giving rise to the nuclear forces are described by one-form poten-
tials, just as in electromagnetism; the difference is that they are matrix-valued
rather than ordinary one-forms, and the symmetry groups corresponding to gauge
transformations are therefore noncommutative (nonabelian) symmetries. The
Higgs fields are scalar fields much as we have described, although they are also
matrix-valued. The fermions include leptons (such as electrons and neutrinos)
and quarks, and are not described by any of the tensor fields we have discussed
here, but rather by a different kind of field called a spinor. We won’t get around
to discussing spinors in this book, but they play a crucial role in particle physics
and their coupling to gravity is interesting and subtle. Upon quantization, these
fields give rise to particles of different spins; gauge fields are spin-1, scalar fields
are spin-0, and the Standard Model fermions are spin—%.

Before concluding this chapter, let’s ask an embarassingly simple question:
Why should we consider one classical field theory rather than some other one?
More concretely, let’s say that we have discovered some particle in nature, and
we know what kind of field we want to use to describe it; how should we pick
the Lagrangian for this field? For example, when we wrote down our scalar-field
Lagrangian (1.148), why didn’t we include a term of the form

L= 1 " (3,6)(3,0), (1.172)
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where 1 is a coupling constant? Ultimately, of course, we work by trial and error
and try to fit the data given to us by experiment. In classical field theory, there’s
not much more we could do; generally we would start with a simple Lagrangian,
and perhaps make it more complicated if the first try failed to agree with the data.
But quantum field theory actually provides some simple guidelines, and since we
use classical field theory as an approximation to some underlying quantum the-
ory, it makes sense to take advantage of these principles. To make a long story
short, quantum field theory allows “virtual” processes at arbitrarily high energies
to contribute to what we observe at low energies. Fortunately, the effect of these
processes can be summarized in a low-energy effective field theory. In the effec-
tive theory, which is what we actually observe, the result of high-energy processes
is simply to “renormalize” the coupling constants of our theory. Consider an arbi-
trary coupling constant, which we can express as a parameter 1 (with dimensions
of mass) raised to some power, A = u? (unless A is dimensionless, in which case
the discussion becomes more subtle). Very roughly speaking, the effect of high-
energy processes will be to make  very large. Slightly more specifically, u will
be pushed up to a scale at which new physics kicks in, whatever that may be.
Therefore, potential higher-order terms we might think of adding to a Lagrangian
are suppressed, because they are multiplied by coupling constants that are very
small. For (1.172), for example, we must have A = w2, so A will be tiny (be-
cause p will be big). Only the lowest-order terms we can put in our Lagrangian
will come with dimensionless couplings (or ones with units of mass to a positive
power), so we only need bother with those at low energies. This feature of field
theory allows for a dramatic simplification in considering all of the models we
might want to examine.

As mentioned at the beginning of this section, general relativity itself is a clas-
sical field theory, in which the dynamical field is the metric tensor. It is neverthe-
less fair to think of GR as somehow different; for the most part other classical
field theories rely on the existence of a pre-existing spacetime geometry, whereas
in GR the geometry is determined by the equations of motion. (There are excep-
tions to this idea, called topological field theories, in which the metric makes no
appearance.) Our task in the next few chapters is to explore the nature of curved
geometries as characterized by the spacetime metric, before moving in Chapter 4
to putting these notions to work in constructing a theory of gravitation.

1.11 W EXERCISES

1. Consider an inertial frame S with coordinates x* = (¢, x, y, z), and a frame §’ with
coordinates x*' related to S by a boost with velocity parameter v along the y-axis.
Imagine we have a wall at rest in §’, lying along the line x’ = —y’. From the point of
view of S, what is the relationship between the incident angle of a ball hitting the mirror
(traveling in the x-y plane) and the reflected angle? What about the velocity before and
after?
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2.

Imagine that space (not spacetime) is actually a finite box, or in more sophisticated
terms, a three-torus, of size L. By this we mean that there is a coordinate system x* =
(t, x, y, z) such that every point with coordinates (t, x, y, z) is identified with every
point with coordinates (¢, x + L, y, 2), (¢, x, y + L, 2), and (¢, x, ¥, z + L). Note that
the time coordinate is the same. Now consider two observers; observer A is at rest
in this coordinate system (constant spatial coordinates), while observer B moves in
the x-direction with constant velocity v. A and B begin at the same event, and while
A remains still, B moves once around the universe and comes back to intersect the
worldline of A without ever having to accelerate (since the universe is periodic). What
are the relative proper times experienced in this interval by A and B? Is this consistent
with your understanding of Lorentz invariance?

. Three events, A, B, C, are seen by observer O to occur in the order ABC. Another ob-

server, O, sees the events to occur in the order C BA. Is it possible that a third observer
sees the events in the order ACB? Support your conclusion by drawing a spacetime
diagram.

. Projection effects can trick you into thinking that an astrophysical object is moving

“superluminally.” Consider a quasar that ejects gas with speed v at an angle § with
respect to the line-of-sight of the observer. Projected onto the sky, the gas appears to
travel perpendicular to the line of sight with angular speed vapp/D, where D is the
distance to the quasar and vapp is the apparent speed. Derive an expression for vapp
in terms of v and 6. Show that, for appropriate values of v and 8, vapp can be greater
than 1.

. Particle physicists are so used to setting ¢ = 1 that they measure mass in units of energy.

In particular, they tend to use electron volts (1 eV = 1.6 x 10712 erg = 1.8 x 10733 g),
or, more commonly, keV, MeV, and GeV (103 eV, 106 eV, and 10° eV, respectively).
The muon has been measured to have a mass of 0.106 GeV and a rest frame lifetime
of 2.19 x 1076 seconds. Imagine that such a muon is moving in the circular storage
ring of a particle accelerator, 1 kilometer in diameter, such that the muon’s total energy
is 1000 GeV. How long would it appear to live from the experimenter’s point of view?
How many radians would it travel around the ring?

. In Euclidean three-space, let p be the point with coordinates (x, y,z) = (1,0, —1).

Consider the following curves that pass through p:
F) =0, 0= D% —n)
x' () = (cos , sinp, p — 1)
xi(a) = (02, o3 + 02, o).

(a) Calculate the components of the tangent vectors to these curves at p in the coordi-
nate basis {dx, dy, 9z}

(b) Let f = x% + y2 — yz. Calculate df /d), df /du and df /do.

. Imagine we have a tensor X#¥ and a vector V#, with components

2 01 -1
> :i (1)3 3 . VA =(=1,2,0,-2).
2 11 -2

-
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11.
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13.

Find the components of:

(@ X+,

M) XY

(¢) x1v

(d) Xy

() XMy

) ViV,

(8 VuXxm

If 9,THY = QF, what physically does the spatial vector Qi represent? Use the dust
energy momentum tensor to make your case.

For a system of discrete point particles the energy-momentum tensor takes the form

(@ @

pL'p
Ty = ; ;Tm;—s@) x —x@), (1.173)

where the index a labels the different particles. Show that, for a dense collection of
particles with isotropically distributed velocities, we can smooth over the individual
particle worldlines to obtain the perfect-fluid energy-momentum tensor (1.114).

Using the tensor transformation law applied to F,y,, show how the electric and magnetic
field 3-vectors E and B transform under

(a) arotation about the y-axis,
(b) aboost along the z-axis.

Verify that (1.98) is indeed equivalent to (1.97), and that they are both equivalent to the
last two equations in (1.93).

Consider the two field theories we explicitly discussed, Maxwell’s electromagnetism

(let J# = 0) and the scalar field theory defined by (1.148).

(a) Express the components of the energy-momentum tensors of each theory in three-
vector notation, using the divergence, gradient, curl, electric, and magnetic fields,
and an overdot to denote time derivatives.

(b) Using the equations of motion, verify (in any notation you like) that the energy-
momentum tensors are conserved.

Consider adding to the Lagrangian for electromagnetism an additional term of the form

L' =&,yp0 FFFFO,

(a) Express £’ in terms of E and B.

(b) Show that including £’ does not affect Maxwell’s equations. Can you think of a
deep reason for this?
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Gravity is special. In the context of general relativity, we ascribe this specialness
to the fact that the dynamical field giving rise to gravitation is the metric ten-
sor describing the curvature of spacetime itself, rather than some additional field
propagating through spacetime; this was Einstein’s profound insight. The phys-
ical principle that led him to this idea was the universality of the gravitational
interaction, as formalized by the Principle of Equivalence. Let’s see how this
physical principle leads us to the mathematical strategy of describing gravity as
the geometry of a curved manifold.

The Principle of Equivalence comes in a variety of forms, the first of which is
the Weak Equivalence Principle, or WEP. The WEP states that the inertial mass
and gravitational mass of any object are equal. To see what this means, think about
Newtonian mechanics. The Second Law relates the force exerted on an object to
the acceleration it undergoes, setting them proportional to each other with the
constant of proportionality being the inertial mass m;:

F = m;a. 2.1)

The inertial mass clearly has a universal character, related to the resistance you
feel when you try to push on the object; it takes the same value no matter what
kind of force is being exerted. We also have Newton’s law of gravitation, which
can be thought of as stating that the gravitational force exerted on an object is pro-
portional to the gradient of a scalar field ¥, known as the gravitational potential.
The constant of proportionality in this case is called the gravitational mass m:

Fy = —mgVo. 2.2)

On the face of it, m has a very different character than m;; it is a quantity specific
to the gravitational force. If you like, mgz/m; can be thought of as the “gravita-
tional charge” of the body. Nevertheless, Galileo long ago showed (apocryphally
by dropping weights off of the Leaning Tower of Pisa, actually by rolling balls
down inclined planes) that the response of matter to gravitation is universal—
every object falls at the same rate in a gravitational field, independent of the com-
position of the object. In Newtonian mechanics this translates into the WEP, which
is simply

m; = myg 2.3)
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for any object. An immediate consequence is that the behavior of freely-falling
test particles is universal, independent of their mass (or any other qualities they
may have); in fact, we have

a=-Vo. (2.4)

Experimentally, the independence of the acceleration due to gravity on the com-
position of the falling object has been verified to extremely high precision by the
Eo6tvos experiment and its modern successors.

This suggests an equivalent formulation of the WEP: there exists a preferred
class of trajectories through spacetime, known as inertial (or “freely-falling”) tra-
jectories, on which unaccelerated particles travel—where unaccelerated means
“subject only to gravity.” Clearly this is not true for other forces, such as elec-
tromagnetism. In the presence of an electric field, particles with opposite charges
will move on quite different trajectories. Every particle, on the other hand, has an
identical gravitational charge.

The universality of gravitation, as implied by the WEP, can be stated in an-
other, more popular, form. Imagine that we consider a physicist in a tightly sealed
box, unable to observe the outside world, who is doing experiments involving the
motion of test particles, for example to measure the local gravitational field. Of
course she would obtain different answers if the box were sitting on the moon or
on Jupiter than she would on Earth. But the answers would also be different if the
box were accelerating at a constant velocity; this would change the acceleration
of the freely-falling particles with respect to the box. The WEP implies that there
is no way to disentangle the effects of a gravitational field from those of being in a
uniformly accelerating frame, simply by observing the behavior of freely-falling
particles. This follows from the universality of gravitation; in electrodynamics,
in contrast, it would be possible to distinguish between uniform acceleration and
an electromagnetic field, by observing the behavior of particles with different
charges. But with gravity it is impossible, since the “charge” is necessarily pro-
portional to the (inertial) mass.

To be careful, we should limit our claims about the impossibility of distin-
guishing gravity from uniform acceleration by restricting our attention to “small
enough regions of spacetime.” If the sealed box were sufficiently big, the gravi-
tational field would change from place to place in an observable way, while the
effect of acceleration would always be in the same direction. In a rocket ship or
elevator, the particles would always fall straight down. In a very big box in a grav-
itational field, however, the particles would move toward the center of the Earth,
for example, which would be a different direction for widely separated experi-
ments. The WEP can therefore be stated as follows: The motion of freely-falling
particles are the same in a gravitational field and a uniformly accelerated frame,
in small enough regions of spacetime. In larger regions of spacetime there will be
inhomogeneities in the gravitational field, which will lead to tidal forces, which
can be detected.

After the advent of special relativity, the concept of mass lost some of its
uniqueness, as it became clear that mass was simply a manifestation of energy
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and momentum (as we have seen in Chapter 1). It was therefore natural for Ein-
stein to think about generalizing the WEP to something more inclusive. His idea
was simply that there should be no way whatsoever for the physicist in the box to
distinguish between uniform acceleration and an external gravitational field, no
matter what experiments she did (not only by dropping test particles). This rea-
sonable extrapolation became what is now known as the Einstein Equivalence
Principle, or EEP: In small enough regions of spacetime, the laws of physics re-
duce to those of special relativity; it is impossible to detect the existence of a
gravitational field by means of local experiments.

In fact, it is hard to imagine theories that respect the WEP but violate the EEP.
Consider a hydrogen atom, a bound state of a proton and an electron. Its mass
is actually less than the sum of the masses of the proton and electron considered
individually, because there is a negative binding energy—you have to put energy
into the atom to separate the proton and electron. According to the WEP, the grav-
itational mass of the hydrogen atom is therefore less than the sum of the masses of
its constituents; the gravitational field couples to electromagnetism (which holds
the atom together) in exactly the right way to make the gravitational mass come
out right. This means that not only must gravity couple to rest mass universally,
but also to all forms of energy and momentum—which is practically the claim of
the EEP. It is possible to come up with counterexamples, however; for example,
we could imagine a theory of gravity in which freely falling particles began to
rotate as they moved through a gravitational field. Then they could fall along the
same paths as they would in an accelerated frame (thereby satisfying the WEP),
but you could nevertheless detect the existence of the gravitational field (in viola-
tion of the EEP). Such theories seem contrived, but there is no law of nature that
forbids them.

Sometimes a distinction is drawn between “gravitational laws of physics” and
“nongravitational laws of physics,” and the EEP is defined to apply only to the
latter. Then the Strong Equivalence Principle (SEP) is defined to include all of the
laws of physics, gravitational and otherwise. A theory that violated the SEP but
not the EEP would be one in which the gravitational binding energy did not con-
tribute equally to the inertial and gravitational mass of a body; thus, for example,
test particles with appreciable self-gravity (to the extent that such a concept makes
sense) could fall along different trajectories than lighter particles.

It is the EEP that implies (or at least suggests) that we should attribute the
action of gravity to the curvature of spacetime. Remember that in special relativity
a prominent role is played by inertial frames—while it is not possible to single
out some frame of reference as uniquely “at rest,” it is possible to single out a
family of frames that are “unaccelerated” (inertial). The acceleration of a charged
particle in an electromagnetic field is therefore uniquely defined with respect to
these frames. The EEP, on the other hand, implies that gravity is inescapable—
there is no such thing as a “gravitationally neutral object” with respect to which
we can measure the acceleration due to gravity. It follows that the acceleration
due to gravity is not something that can be reliably defined, and therefore is of
little use.
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Instead, it makes more sense to define “unaccelerated” as “freely falling,” and
that is what we shall do. From here we are led to the idea that gravity is not
a “force”—a force is something that leads to acceleration, and our definition of
zero acceleration is “moving freely in the presence of whatever gravitational field
happens to be around.”

This seemingly innocuous step has profound implications for the nature of
spacetime. In SR, we have a procedure for starting at some point and constructing
an inertial frame that stretches throughout spacetime, by joining together rigid
rods and attaching clocks to them. But, again due to inhomogeneities in the grav-
itational field, this is no longer possible. If we start in some freely-falling state
and build a large structure out of rigid rods, at some distance away freely-falling
objects will look like they are accelerating with respect to this reference frame, as
shown in Figure 2.1. The solution is to retain the notion of inertial frames, but to
discard the hope that they can be uniquely extended throughout space and time.
Instead we can define locally inertial frames, those that follow the motion of in-
dividual freely falling particles in small enough regions of spacetime. (Every time
we say “small enough regions,” purists should imagine a limiting procedure in
which we take the appropriate spacetime volume to zero.) This is the best we can
do, but it forces us to give up a good deal. For example, we can no longer speak
with confidence about the relative velocity of far-away objects, since the inertial
reference frames appropriate to those objects are completely different from those
appropriate to us.

Our job as physicists is to construct mathematical models of the world, and
then test the predictions of such models against observations and experiments.
Following the implications of the universality of gravitation has led us to give
up on the idea of expressing gravity as a force propagating through spacetime,

FIGURE 2.1 Failure of global frames. Since every particle feels the influence: of gravity,
we define “unaccelerating” as “freely falling.” As a consequence, it becomes impossible to
define globally inertial coordinate systems by the procedure outlined in Chapter 1, since
particles initially at rest will begin to move with respect to such a frame.
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FIGURE 2.3 Gravitational
redshift on the surface of the
Earth, as measured by ob-
servers at different elevations.
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FIGURE 2.2 The Doppler shift as measured by two rockets separated by a distance z,
each feeling an acceleration a.

and indeed to give up on the idea of global reference frames stretching through-
out spacetime. We therefore need to invoke a mathematical framework in which
physical theories can be consistent with these conclusions. The solution will be to
imagine that spacetime has a curved geometry, and that gravitation is a manifes-
tation of this curvature. The appropriate mathematical structure used to describe
curvature is that of a differentiable manifold: essentially, a kind of set that looks
locally like flat space, but might have a very different global geometry. (Remem-
ber that the EEP can be stated as “the laws of physics reduce to those of special
relativity in small regions of spacetime,” which matches well with the mathemat-
ical notion of a set that locally resembles flat space.)

We cannot prove that gravity should be thought of as the curvature of space-
time; instead we can propose the idea, derive its consequences, and see if the
result is a reasonable fit to our experience of the world. Let’s set about doing just
that.

Consider one of the celebrated predictions of the EEP, the gravitational red-
shift. Imagine two boxes, a distance z apart, each moving with some constant
acceleration a in a region far away from any gravitational fields, as shown in Fig-
ure 2.2. At time 7 the trailing box emits a photon of wavelength Ag. The boxes
remain a constant distance apart, so the photon reaches the leading box after a
time Az = z/c in our background reference frame. (We assume Av/c is small,
so we only work to first order.) In this time the boxes will have picked up an ad-
ditional velocity Av = aAt = az/c. Therefore, the photon reaching the leading
box will be redshifted by the conventional Doppler effect, by an amount

AL Av  az

St @2.5)

According to the EEP, the same thing should happen in a uniform gravitational
field. So we imagine a tower of height z sitting on the surface of a planet, with a,
the strength of the gravitational field (what Newton would have called the “accel-
eration due to gravity”), as portrayed in Figure 2.3. We imagine that observers in
the box at the top of the tower are able to detect photons emitted from the ground,
but are otherwise unable to look outside and see that they are sitting on a tower.
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In other words, they have no way of distinguishing this situation from that of the
accelerating rockets. Therefore, the EEP allows us to conclude immediately that
a photon emitted from the ground with wavelength Ao will be redshifted by an
amount
Ar _ 22 (2.6)
Ao ¢z
This is the famous gravitational redshift. Notice that it is a direct consequence of
the EEP; the details of general relativity were not required.

The formula for the redshift is more often stated in terms of the Newtonian
potential ®, where a, = V&. (The sign is changed with respect to the usual
convention, since we are thinking of a, as the acceleration of the reference frame,
not of a particle with respect to this reference frame.) A nonconstant gradient of
® is like a time-varying acceleration, and the equivalent net velocity is given by
integrating over the time between emission and absorption of the photon. We then

have
1
ﬂ = - / Vo dt
o c

1
=§/8zq)d2

= AD, @7

where A® is the total change in the gravitational potential, and we have once
again set ¢ = 1. This simple formula for the gravitational redshift continues to be
true in more general circumstances. Of course, by using the Newtonian potential
at all, we are restricting our domain of validity to weak gravitational fields.

From the EEP we have argued in favor of a gravitational redshift; we may now
use this phenomenon to provide further support for the idea that we should think
of spacetime as curved. Consider the same experimental setup that we had before,
now portrayed on the spacetime diagram in Figure 2.4. A physicist on the ground
emits a beam of light with wavelength A from a height zg, which travels to the
top of the tower at height z;. The time between when the beginning of any single
wavelength of the light is emitted and the end of that same wavelength is emitted
is Aty = Ap/c¢, and the same time interval for the absorptionis A#y = Ay /c, where
time is measured by clocks located at the respective elevations. Since we imagine
that the gravitational field is static, the paths through spacetime followed by the
leading and trailing edge of the single wave must be precisely congruent. (They
are represented by generic curved paths, since we do not pretend that we know
just what the paths will be.) Simple geometry seems to imply that the times Az
and At must be the same. But of course they are not; the gravitational redshift
implies that the elevated experimenters observe fewer wavelengths per second, so
that Az; > Afy. We can interpret this roughly as “the clock on the tower appears to
run more quickly.”” What went wrong? Simple geometry—the spacetime through
which the photons traveled was curved.



54

22 1

Chapter 2 Manifolds

t

20 2 2

FIGURE 2.4 Spacetime diagram of the gravitational-redshift experiment portrayed in
Figure 2.3. Spacetime paths beginning at different moments are congruent, but the time
intervals as measured on the ground and on the tower are different, signaling a breakdown
of Euclidean geometry.

‘We therefore would like to describe spacetime as a kind of mathematical struc-
ture that looks locally like Minkowski space, but may possess nontrivial curvature
over extended regions. The kind of object that encompasses this notion is that of
a manifold. In this chapter we will confine ourselves to understanding the con-
cept of manifolds and the structures we may define on them, leaving the precise
characterization of curvature for the next chapter.

WHAT IS A MANIFOLD? ?

Manifolds (or differentiable manifolds) are one of the most fundamental concepts
in mathematics and physics. We are all used to the properties of n-dimensional
Euclidean space, R”, the set of n-tuples (x!, ..., x™), often equipped with a flat
positive-definite metric with components §;;. Mathematicians have worked for
many years to develop the theory of analysis in R"—differentiation, integration,
properties of functions, and so on. But clearly there are other spaces (spheres,
for example) which we intuitively think of as “curved” or perhaps topologically
complicated, on which we would like to perform analogous operations.

To address this problem we invent the notion of a manifold, which corresponds
to a space that may be curved and have a complicated topology, but in local re-
gions looks just like R”. Here by “looks like” we do not mean that the metric is
the same, but only that more primitive notions like functions and coordinates work
in a similar way. The entire manifold is constructed by smoothly sewing together
these local regions. A crucial point is that the dimensionality n of the Euclidean
spaces being used must be the same in every patch of the manifold; we then say
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that the manifold is of dimension n. With this approach we can analyze functions
on such a space by converting them (locally) to functions in a Euclidean space.
Examples of manifolds include:

e R" itself, including the line (R), the plane (R?), and so on. This should be
obvious, since R” looks like R" not only locally but globally.

o The n-sphere, $”. This can be defined as the locus of all points some fixed
distance from the origin in R"*1. The circle is of course S!, and the two-
sphere SZ is one of the most useful examples of a manifold. (The zero-
sphere SO, if you think about it, consists of two points. We say that SO is a
disconnected zero-dimensional manifold.) It’s worth emphasizing that the
definition of $” in terms of an embedding in R"*1 is simply a convenient
shortcut; all of the manifolds we will discuss may be defined in their own
right, without recourse to higher-dimensional flat spaces.

e The n-torus T" results from taking an n-dimensional cube and identifying
opposite sides. The two-torus 72 is a square with opposite sides identified,
as shown in Figure 2.5. The surface of a doughnut is a familiar example.

¢ A Riemann surface of genus g is essentially a two-torus with g holes instead
of just one, as shown in Figure 2.6. §? may be thought of as a Riemann sur-
face of genus zero. In technical terms (not really relevant to our present dis-

k\/

identifying opposite
sides

genus 0 genus 1 genus 2

FIGURE 2.6 Riemann surfaces of different genera (plural of “genus”).
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cussion), every “compact orientable boundaryless” two-dimensional mani-
fold is a Riemann surface of some genus.

e More abstractly, a set of continuous transformations such as rotations in R”
forms a manifold. Lie groups are manifolds that also have a group struc-
ture. So for example SO(2), the set of rotations in two dimensions, is the
same manifold as §1 (although in general group manifolds will be more
complicated than spheres).

e The direct product of two manifolds is a manifold. That is, given manifolds
M and M’ of dimension n and n’, we can construct a manifold M x M/,
of dimension #n + n’, consisting of ordered pairs (p, p’) with p € M and
peM.

With all of these examples, the notion of a manifold may seem vacuous: what
isn’t a manifold? Plenty of things are not manifolds, because somewhere they do
not look locally like R”. Examples include a one-dimensional line running into
a two-dimensional plane, and two cones stuck together at their vert{és, as por-
trayed in Figure 2.7. More subtle examples are shown in Figure 2.8. Consider for
example a single (two-dimensional) cone. There is clearly a sense in which the
cone looks locally like R?; at the same time, there is just as clearly something
singular about the vertex of the cone. This is where the word “differentiable” in
“differentiable manifold” begins to play a role; as we will see when we develop
the formal definition, the cone can be thought of as a type of manifold, but one that
is not smooth at its vertex. (Other types of singularities are more severe, and will
prevent us from thinking of certain spaces as manifolds, smooth or otherwise.)
Another example is a line segment (with endpoints included). This certainly will

FIGURE 2.7 Examples of spaces that are not manifolds: a line ending on a plane, and
two cones intersecting at their vertices. In each case there is a point that does not look
locally like a Euclidean space of fixed dimension.
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FIGURE 2.8 Subtle examples. The single cone can be thought of as a manifold, but not
a smooth one, due to the singularity at its origin. A line segment is not a manifold, but may
be described by the more general notion of “manifold with boundary.”

not fit under the definition of manifolds we will develop, due to the endpoints.
Nevertheless, we can extend the definition to include “manifolds with boundary,”
of which the line segment is a paradigmatic example. A brief discussion of mani-
folds with boundary is in Appendix D.

These subtle cases should convince you of the need for a rigorous definition,
which we now begin to construct; our discussion follows that of Wald (1984).
The informal idea of a manifold is that of a space consisting of patches that look
locally like R", and are smoothly sewn together. We therefore need to formalize
the notions of “looking locally like R*” and “smoothly sewn together.” We require
a number of preliminary definitions, most of which are fairly clear, but it’s nice to
be complete. The most elementary notion is that of a map between two sets. (We
assume you know what a set is, or think you do; we won’t need to be too precise.)
Given two sets M and N, amap ¢ : M — N is a relationship that assigns, to
each element of M, exactly one element of N. A map is therefore just a simple
generalization of a function. Giventwomaps ¢ : A — Band ¥ : B — C, we
define the compeosition ¢y o ¢ : A — C by the operation (¥ o ¢)(a) = ¥ (¢(a)),
as in Figure 2.9. So a € A, ¢(a) € B, and thus (¢ o ¢)(a) € C. The order in
which the maps are written makes sense, since the one on the right acts first.

A map ¢ is called one-to-one (or injective) if each element of N has at most
one element of M mapped into it, and onto (or surjective) if each element of N has
at least one element of M mapped into it. (If you think about it, better names for
“one-to-one” would be “one-from-one” or for that matter “two-to-two.”) Consider
functions ¢ : R — R. Then ¢ (x) = e* is one-to-one, but not onto; ¢ (x) = x3 —x
is onto, but not one-to-one; ¢ (x) = x> is both; and ¢ (x) = x2 is neither, as in
Figure 2.10.

FIGURE 2.9 The map ¢ o¢ : A — C is formed by composing ¢ : A — B and
¥ :B— C.
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one-to-one, not onto

FIGURE 2.11 A map and
its inverse.

>y

onto, not one-to-one both neither

FIGURE 2.10 Types of maps.

The set M is known as the domain of the map ¢, and the set of points in N
that M gets mapped into is called the image of ¢. For any subset U C N, the
set of elements of M that get mapped to U is called the preimage of U under
¢, or $~1(U). A map that is both one-to-one and onto is known as invertible
(or bijective). In this case we can define the inverse map ¢~ : N — M by
(¢! o ¢)(a) = a, as in Figure 2.11. Note that the same symbol ¢! is used for
both the preimage and the inverse map, even though the former is always defined
and the latter is only defined in some special cases.

The notion of continuity of a map is actually a very subtle one, the precise
formulation of which we won’t need. Instead we will assume you understand the
concepts of continuity and differentiability as applied to ordinary functions, maps
¢ : R — R It will then be useful to extend these notions to maps between more
general Euclidean spaces, ¢ : R™ — R”. A map from R™ to R" takes an m-tuple
(x!, x2,..., x™) to an n-tuple (y, y%,...,y"), and can therefore be thought of
as a collection of n functions ¢’ of m variables:

=o'l 2% 2™

2 =2, X2, 1™
(2.8)

y' = ¢"(x1,x2, o x™.

‘We will refer to any one of these functions as C? if its pth derivative exists and
is continuous, and refer to the entire map ¢ : R™ — R” as C? if each of its com-
ponent functions are at least C?. Thus a C® map is continuous but not necessarily
differentiable, while a C* map is continuous and can be differentiated as many
times as you like. Consider for example the function of one variable ¢ (x) = |x3|.
This function is infinitely differentiable everywhere except at x = 0, where it is
differentiable twice but not three times; we therefore say that it is C2. C* maps
are sometimes called smooth.
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We will call two sets M and N diffeomorphic if there exists a C* map
¢ : M — N with a C* inverse ¢—1 : N —> M; the map ¢ is then called a
diffeomorphism. This is the best notion we have that two spaces are “the same”
as manifolds. For example, when we said that SO(2) was the same manifold as
S, we meant they were diffeomorphic. See Appendix B for more discussion.

These basic definitions may have been familiar to you, even if only vaguely
remembered. We will now put them to use in the rigorous definition of a mani-
fold. Unfortunately, a somewhat baroque procedure is required to formalize this
relatively intuitive notion. We will first have to define the notion of an open set,
on which we can put coordinate systems, and then sew the open sets together in
an appropriate way.

We start with the notion of an open ball, which is the set of all points x in
R” such that |[x — y| < r for some fixed y € R” and r € R, where |x — y| =
[>°; (x! —y)2]1/2. Note that this is a strict inequality—the open ball is the interior
of an n-sphere of radius r centered at y, as shown in Figure 2.12. An open set in
R” is a set constructed from an arbitrary (maybe infinite) union of open balls. In
other words, V C R” is open if, for any y € V, there is an open ball centered at y
that is completely inside V. Roughly speaking, an open set is the interior of some
(n — 1)-dimensional closed surface (or the union of several such interiors).

A chart or coordinate system consists of a subset U of a set M, along with
a one-to-one map ¢ : U — R*, such that the image ¢ (U) is open in R”, as in
Figure 2.13. (Any map is onto its image, so the map ¢ : U — ¢(U) is invertible
if it is one-to-one.) We then can say that U is an open set in M. A C* atlas is an
indexed collection of charts {(Uy, ¢,)} that satisfies two conditions:

1. The union of the U, is equal to M, that is, the U, cover M.

2. The charts are smoothly sewn together. More precisely, if two charts over-
lap, U,NUp # @, then the map (¢o 0¢p; ') takes points in ¢ (UxNUp) C R”
onto an open set ¢, (Uy N Up) C R”, and all of these maps must be C*°
where they are defined. This should be clearer from Figure 2.14, adapted
from Wald (1984).

So a chart is what we normally think of as a coordinate system on some open set,
and an atlas is a system of charts that are smoothly related on their overlaps.

At long last, then: a C*° n-dimensional manifold (or »-manifold for short)
is simply a set M along with a maximal atlas, one that contains every possible

M @ h

FIGURE 2.13 A coordinate chart covering an open subset U of M.
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These maps are only
defined on the shaded
regions, and must be
smooth here.

FIGURE 2.14 Overlapping coordinate charts.

compatible chart. We can also replace C*° by C? in all the above definitions.
For our purposes the degree of differentiability of a manifold is not crucial; we
will always assume that any manifold is as differentiable as necessary for the
application under consideration. The requirement that the atlas be maximal is so
that two equivalent spaces equipped with different atlases don’t count as different
manifolds. This definition captures in formal terms our notion of a set that looks
locally like R™. Of course we will rarely have to make use of the full power of the
definition, but precision is its own reward.

One nice thing about our definition is that it does not rely on an embed-
ding of the manifold in some higher-dimensional Euclidean space. In fact, any
n-dimensional manifold can be embedded in R?* (Whitney’s embedding theo-
rem), and sometimes we will make use of this fact, such as in our definition of the
sphere above. (A Klein bottle is an example of a 2-manifold that cannot be em-
bedded in R?, although it can be embedded in R*.) But it is important to recognize
that the manifold has an individual existence independent of any embedding. It is
not necessary to believe, for example, that four-dimensional spacetime is stuck in
some larger space. On the other hand, it might be; we really don’t know. Recent
advances in string theory have led to the suggestion that our visible universe is
actually a “brane” (generalization of “membrane”) inside a higher-dimensional
space. But as far as classical GR is concerned, the four-dimensional view is pér-
fectly adequate. ‘

Why was it necessary to be so finicky about charts and their overlaps, rather
than just covering every manifold with a single chart? Because most manifolds
cannot be covered with just one chart. Consider the simplest example, S*. There
is a conventional coordinate system, 6 : S' — R, where § = 0 at the top of
the circle and wraps around to 2. However, in the definition of a chart we have
required that the image 6 (S1) be open in R. If we include either 8 = 0 or § = 27,
we have a closed interval rather than an open one; if we exclude both points, we
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FIGURE 2.15 Two coordi-
nate charts, which together
cover L.
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haven’t covered the whole circle. So we need at least two charts, as shown in
Figure 2.15.

A somewhat more complicated example is provided by S2, where once again
no single chart will cover the manifold. A Mercator projection, traditionally used
for world maps, misses both the North and South poles (as well as the Interna-
tional Date Line, which involves the same problem with 6 that we found for §1.)
Let’s take S to be the set of points in R? defined by (xH2 + D2+ (xH2=1.
‘We can construct a chart from an open set Uy, defined to be the sphere minus the
north pole, via stereographic projection, illustrated in Figure 2.16. Thus, we draw
a straight line from the north pole to the plane defined by x> = —1, and assign to
the point on S intercepted by the line the Cartesian coordinates (¥}, ¥2) of the
appropriate point on the plane. Explicitly, the map is given by

2! 2x2
1.2 3y — (] 42y — A
¢1(x,X,x)=(y,y)—(1_x3, 1—)(.'3). (29)
Check this for yourself. Another chart (Uz, ¢2) is obtained by projecting from the
south pole to the plane defined by x3 = +1. The resulting coordinates cover the
sphere minus the south pole, and are given by

(2.10)

2x1 2x2
1,2 3yl 2y _ (2 7
do(x", x5, x7) = (2,29 (1+x3, 1+x3>.

Together, these two charts cover the entire manifold, and they overlap in the region
—1 < x3 < +1. Another thing you can check is that the composition ¢ o ¢ Lig
given by

4y!

i

(2.11)

ST+ 09

FIGURE 2.16 Defining a stereographic coordinate chart on 82 by projecting from the
north pole down to a plane tangent to the south pole. Such a chart covers all of the sphere
except for the north pole itself.
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Rl

FIGURE 2.17 The chain rule relates the partial derivatives of g o f to those of g and f.

and is C® in the region of overlap. As long as we restrict our attention to this
region, (2.11) is just what we normally think of as a change of coordinates.

We therefore see the necessity of charts and atlases: Many manifolds cannot
be covered with a single coordinate system. Nevertheless, it is often convenient
to work with a single chart, and just keep track of the set of points that aren’t
included.

One piece of conventional calculus that we will need later is the chain rule.
Let us imagine that we have maps f : R” — R" and g : R® — R/, and therefore
the composition (g o #) : R™ — R!, as shown in Figure 2.17. We can label points
in each space in terms of components: x* on R, y* on R”, and z¢ on R/, where
the indices range over the appropriate values. The chain rule relates the partial
derivatives of the composition to the partial derivatives of the individual maps:

3 . arb ag°
= —_— . 2.12
80" ;axa 3,7 L (212)
This is usually abbreviated to
ay? @
= —_— 2.
dxa ; dx4 dyb 2.13)

There is nothing illegal or immoral about using this shorthand form of the chain
rule, but you should be able to visualize the maps that underlie the construction.
Recall that when m = n, the determinant of the matrix 9y?/3x? is called the
Jacobian of the map, and the map is invertible whenever the Jacobian is nonzero.
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VECTORS AGAIN

Having constructed this groundwork, we can now proceed to introduce various
kinds of structure on manifolds. We begin with vectors and tangent spaces. In our
discussion of special relativity we were intentionally vague about the definition
of vectors and their relationship to the spacetime. One point we stressed was the
notion of a tangent space—the set of all vectors at a single point in spacetime. The
reason for this emphasis was to remove from your minds the idea that a vector
stretches from one point on the manifold to another, but instead is just an object
associated with a single point. What is temporarily lost by adopting this view is
a way to make sense of statements like “the vector points in the x direction”—if
the tangent space is merely an abstract vector space associated with each point,
it’s hard to know what this should mean. Now it’s time to fix the problem.

Let’s imagine that we wanted to construct the tangent space at a point p in a
manifold M, using only things that are intrinsic to M (no embeddings in higher-
dimensional spaces). A first guess might be to use our intuitive knowledge that
there are objects called “tangent vectors to curves,” which belong in the tangent
space. We might therefore consider the set of all parameterized curves through
p—that is, the space of all (nondegenerate) maps y : R — M, such that p is in
the image of y. The temptation is to define the tangent space as simply the space
of all tangent vectors to these curves at the point p. But this is obviously cheating;
the tangent space T}, is supposed to be the space of vectors at p, and before we
have defined this we don’t have an independent notion of what “the tangent vector
to a curve” is supposed to mean. In some coordinate system x* any curve through
p defines an element of R” specified by the n real numbers dx*/dA (where A
is the parameter along the curve), but this map is clearly coordinate-dependent,
which is not what we want.

Nevertheless we are on the right track, we just have to make things indepen-
dent of coordinates. To this end we define F to be the space of all smooth func-
tions on M (that is, C* maps f : M — R). Then we notice that each curve
through p defines an operator on this space, the directional derivative, which
maps f — df/d (at p). We will make the following claim: the tangent space T,
can be identified with the space of directional derivative operators along curves
through p. To establish this idea we must demonstrate two things: first, that the
space of directional derivatives is a vector space, and second that it is the vector
space we want (it has the same dimensionality as M, yields a natural idea of a
vector pointing along a certain direction, and so on).

The first claim, that directional derivatives form a vector space, seems straight-
forward enough. Imagine two operators d/dA and d/dn representing derivatives
along two curves x*(A) and x*(n) through p. There is no problem adding these
and scaling by real numbers, to obtain a new operator a(d/dA) + b(d/dn). It is
not immediately obvious, however, that the space closes; in other words, that the
resulting operator is itself a derivative operator. A good derivative operator is one
that acts linearly on functions, and obeys the conventional Leibniz (product) rule
on products of functions. Our new operator is manifestly linear, so we need to



64

Chapter 2 Manifolds

FIGURE 2.18 Partial derivatives define directional derivatives along curves that keep all
of the other coordinates constant.

verify that it obeys the Leibniz rule. We have

d . dg af df
(aﬁ+b )(f)—afd +agdk+bf +b dﬂ

(4L A (dgdg
_(dk+b n)g+(dk+b )f- 2.14)

As we had hoped, the product rule is satisfied, and the set of directional derivatives
is therefore a vector space.

Is it the vector space that we would like to identify with the tangent space? The
easiest way to become convinced is to find a basis for the space. Consider again a
coordinate chart with coordinates x*. Then there is an obvious set of n directional
derivatives at p, namely the partial derivatives d,, at p, as shown in Figure 2.18.
Note that this is really the definition of the partial derivative with respect to x*:
the directional derivative along a curve defined by x” = constant for all v # pu,
parameterized by x# itself. We are now going to claim that the partial derivative
operators {d,,} at p form a basis for the tangent space T),. (It follows immediately
that T, is n-dimensional, since that is the number of basis vectors.) To see this
we will show that any directional derivative can be decomposed into a sum of
real numbers times partial derivatives. This will just be the familiar expression for
the components of a tangent vector, but it’s nice to see it from the big-machinery
approach. Consider an n-manifold M, a coordinate chart ¢ : M — R”,acurve y :
R — M, and a function f : M — R. This leads to the tangle of maps shown in
Figure 2.19. If A is the parameter along ¥, we want to express the vector/operator
d/d in terms of the partials d,,. Using the chain rule (2.12), we have

d

_d
n —d—)\(fO)’)

_d -1
—a[(f"‘ﬁ Yo (¢poy)l
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FIGURE 2.19 Decomposing the tangent vector to acurve y : R — M in terms of partial
derivatives with respect to coordinates on M.

_d(@oy)o(fop™h
- di dxH

dxt

= o f. (2.15)
The first line simply takes the informal expression on the left-hand side and
rewrites it as an honest derivative of the function (f o y) : R — R. The sec-
ond line just comes from the definition of the inverse map ¢! (and associativity
of the operation of composition). The third line is the formal chain rule (2.12),
and the last line is a return to the informal notation of the start. Since the function
f was arbitrary, we have

d dx*

dr dr "
Thus, the partials {d,,} do indeed represent a good basis for the vector space of
directional derivatives, which we can therefore safely identify with the tangent
space.

Of course, the vector represented by d/dX is one we already know; it’s the
tangent vector to the curve with parameter A. Thus (2.16) can be thought of as
a restatement of equation (1.38), where we claimed that the components of the
tangent vector were simply dx* /dx. The only difference is that we are working
on an arbitrary manifold, and we have specified our basis vectors to be &(,,) = 9,,.

This particular basis (é(,) = 3,) is known as a coordinate basis for T}, it
is the formalization of the notion of setting up the basis vectors to point along
the coordinate axes. There is no reason why we are limited to coordinate bases
when we consider tangent vectors. For example, the coordinate basis vectors are
typically not normalized to unity, nor orthogonal to each other, as we shall see

(2.16)
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shortly. This is not a situation we can define away; on a curved manifold, a co-
ordinate basis will never be orthonormal throughout a neighborhood of any point
where the curvature does not vanish. Of course we can define noncoordinate or-
thonormal bases, for example by giving their components in a coordinate basis,
and sometimes this technique is useful. However, coordinate bases are very sim-
ple and natural, and we will use them almost exclusively throughout the book; for
a look at orthonormal bases, see Appendix J. (It is standard in the study of vector
analysis in three-dimensional Euclidean space to choose orthonormal bases rather
than coordinate bases; you should therefore be careful when applying formulae
from GR texts to the study of non-Cartesian coordinates in flat space.)

One of the advantages of the rather abstract point of view we have taken toward
vectors is that the transformation law under changes of coordinates is immediate.
Since the basis vectors are €,) = 9, the basis vectors in some new coordinate
system ' are given by the chain rule (2.13) as

3, axt

We can get the transformation law for vector components by the same technique
used in flat space, demanding that the vector V = V*9, be unchanged by a
change of basis. We have

VEY, = VP,
; OxH

—yr 2
= V Bx/-L/ M

(2.18)

. . 4 . . .
and hence, since the matrix dx* /dx* is the inverse of the matrix dx*/ 3x“',

wo— B_x“_' "

V# = Py V. (2.19)
Since the basis vectors are usually not written explicitly, the rule (2.19) for trans-
forming components is what we call the “vector transformation law.” We notice
that it is compatible with the transformation of vector components in special rel-
ativity under Lorentz transformations, v = AW « V#, since a Lorentz transfor-
mation is a special kind of coordinate transformation, with x#' = A ux*. But
(2.19) is much more general, as it encompasses the behavior of vectors under arbi-
trary changes of coordinates (and therefore bases), not just linear transformations.
As usual, we are trying to emphasize a somewhat subtle ontological distinction—
in principle, tensor components need not change when we change coordinates,
they change when we change the basis in the tangent space, but we have decided
to use the coordinates to define our basis. Therefore a change of coordinates in-

duces a change of basis, as indicated in Figure 2.20.
Since a vector at a point can be thought of as a directional derivative operator
along a path through that point, it should be clear that a vector field defines a map
from smooth functions to smooth functions all over the manifold, by taking a
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xH

FIGURE 2.20 A change of coordinates x* — x* induces a change of basis in the
tangent space.

derivative at each point. Given two vector fields X and Y, we can therefore define
their commutator [X, Y] by its action on a function f(x*):

(X, YI(F) = XY (f) = Y(X(). (2.20)

The virtue of the abstract point of view is that, clearly, this operator is independent
of coordinates. In fact, the commutator of two vector fields is itself a vector field:
if f and g are functions and a and b are real numbers, the commutator is linear,

[X, Y(af +bg) = a[X, Y1(f) + b[X, Y1(g), (2.21)
and obeys the Leibniz rule,

[X, Y1(fg) = FIX, Y1(8) + g[X. YI(f). (2.22)

Both properties are straightforward to check, which is a useful exercise to do. An
equally interesting exercise is to derive an explicit expression for the components
of the vector field [X, Y], which turns out to be

(X, Y* = X 8, Y* — Y 9, X% (2.23)

By construction this is a well-defined tensor; but you should be slightly worried
by the appearance of the partial derivatives, since partial derivatives of vectors are
not well-defined tensors (as we discuss in the next section). Yet another fascinat-
ing exercise is to perform explicitly a coordinate transformation on the expression
(2.23), to verify that all potentially nontensorial pieces cancel and the result trans-
forms like a vector field. The commutator is a special case of the Lie derivative,
discussed in Appendix B; it is sometimes referred to as the Lie bracket. Note that
since partials commute, the commutator of the vector fields given by the partial
derivatives of coordinate functions, {3, }, always vanishes.
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TENSORS AGAIN

Having explored the world of vectors, we continue to retrace the steps we took in
flat space, and now consider dual vectors (one-forms). Once again the cotangent
space T, can be thought of as the set of linear maps  : T, — R. The canonical
example of a one-form is the gradient of a function f, denoted df, as in (1.52).
Its action on a vector d/dA is exactly the directional derivative of the function:

d df
df (dk) = (2.24)
It’s tempting to ask, “why shouldn’t the function f itself be considered the one-
form, and df/dA its action?” The point is that a one-form, like a vector, exists
only at the point it is defined, and does not depend on information at other points
on M. If you know a function in some neighborhood of a point, you can take its
derivative, but not just from knowing its value at the point; the gradient, on the
other hand, encodes precisely the information necessary to take the directional
derivative along any curve through p, fulfilling its role as a dual vector.

You may have noticed that we defined vectors using structures intrinsic to the
manifold (directional derivatives along curves), and used that definition to define
one-forms in terms of the dual vector space. This might lead to the impression
that vectors are somehow more fundamental; in fact, however, we could just as
well have begun with an intrinsic definition of one-forms and used that to define
vectors as the dual space. Roughly speaking, the space of one-forms at p is equiv-
alent to the space of all functions that vanish at p and have the same second partial
derivatives. In fact, doing it that way is more fundamental, if anything, since we
can provide intrinsic definitions of all g-forms (totally antisymmetric tensors with
g lower indices), which we will discuss in Section 2.9 (although we will not delve
into the specifics of the intrinsic definitions).

Just as the partial derivatives along coordinate axes provide a natural basis for
the tangent space, the gradients of the coordinate functions x* provide a natural
basis for the cotangent space. Recall that in flat space we constructed a basis for
T, by demanding that 6 (&) = 8. Continuing the same philosophy on an
arbitrary manifold, we find that (2.24) leads to

axH

det(3,) = 5 = 8. (2.25)

Therefore the gradients {dx*} are an appropriate set of basis one-forms; an arbi-
trary one-form is expanded into components as @ = w,, dx*.
The transformation properties of basis dual vectors and components follow
from what is by now the usual procedure. We obtain, for basis one-forms,
' axH '

dx* = — dx* 2
axH (2.26)

and for components,
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axH

)= ——Wy,.
Bxl*' “

w, 2.27)

We will usually write the components @,, when we speak about a one-form w.
Just as in flat space, a (k, I) tensor is a multilinear map from a collection of

k dual vectors and ] vectors to R. Its components in a coordinate basis can be

obtained by acting the tensor on basis one-forms and vectors,
THUHE o= T, L dx, By, By). (2.28)
This is equivalent to the expansion
T=THM"M, 0,8, ®  ®J, @d&x"® - ®dx". (2.29)
The transformation law for general tensors follows the same pattern of replacing

the Lorentz transformation matrix used in flat space with a matrix representing
more general coordinate transformations:

AxM dxMk 9x¥t xV

Lt
T/-‘f]"'/-"kv/mv, — e - -
1771 Ox M1 0x Mk axvl axV

THv -k

— (2.30)

This tensor transformation law is straightforward to remember, since there really
isn’t anything else it could be, given the placement of indices.

Actually, however, it is often easier to transform a tensor by taking the identity
of basis vectors and one-forms as partial derivatives and gradients at face value,
and simply substituting in the coordinate transformation. As an example, consider
a symmetric (0, 2) tensor S on a two-dimensional manifold, whose components
in a coordinate system (x! = x, x> = y) are given by

Suv = ((1) fz) : 2.31)

This can be written equivalently as

S = 8§,,(dx* ® dx”)
= (dx)? + x%(dy)?, (2.32)

where in the last line the tensor product symbols are suppressed for brevity (as
will become our custom). Now consider new coordinates

(2.33)
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(valid, for example, when x > 0, y > 0). These can be immediately inverted to
obtain

x = x/y/
y=2y" (2.34)

Instead of using the tensor transformation law, we can simply use the fact that we
. . . !
know how to take derivatives to express dx* in terms of dx* . We have

dx = y'dx’ +x' dy’
dy = 2dy'. (2.35)

We need only plug these expressions directly into (2.32) to obtain (remembering
that tensor products don’t commute, so dx’ dy’ # dy’ dx’):

S = ()AAx)? 4 x'y'(@x' dy + dy’ dx') 4 [(x))2 + 4"y 21(dy")?,  (2.36)

or

_ (y/)z x/y/
S/J/U/ = (x/y/ (x/)z +4(x/y/)2) . (2~37)

Notice that it is still symmetric. We did not use the transformation law (2.30)
directly, but doing so would have yielded the same result, as you can check.

For the most part the various tensor operations we defined in flat space are
unaltered in a more general setting: contraction, symmetrization, and so on. There
are three important exceptions: partial derivatives, the metric, and the Levi-Civita
tensor. Let’s look at the partial derivative first.

Unfortunately, the partial derivative of a tensor is not, in general, a new tensor.
The gradient, which is the partial derivative of a scalar, is an honest (0, 1) tensor,
as we have seen. But the partial derivative of higher-rank tensors is not tensorial,
as we can see by considering the partial derivative of a one-form, 9, W,, and
changing to a new coordinate system:

] W — ax* a Bx"W
axt T axk gxm \axv Y
ax* 9x” ( a ) ax* 0 oaxV
= v v

= — | — _— 2.38
Axk dxv \ dxn axw dxt gxv' (2.38)

The second term in the last line should not be there if 3, W,, were to transform as a
(0, 2) tensor. As you can see, it arises because the derivative of the transformation
matrix does not vanish, as it did for Lorentz transformations in flat space.

Differentiation is obviously an important tool in physics, so we will have to
invent new tensorial operations to take the place of the partial derivative. In fact
we will invent several: the exterior derivative, the covariant derivative, and the Lie
derivative.
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THE METRIC

The metric tensor is such an important object in curved space that it is given a new
symbol, g, (while 7, is reserved specifically for the Minkowski metric). There
are few restrictions on the components of g,,,, other than that it be a symmetric
(0, 2) tensor. It is usually, though not always, taken to be nondegenerate, meaning
that the determinant g = |g,,, | doesn’t vanish. This allows us to define the inverse
metric gV via

8" v = gro 8™ = Bk (2.39)

The symmetry of g, implies that g"¥ is also symmetric. Just as in special rela-
tivity, the metric and its inverse may be used to raise and lower indices on tensors.
You may be familiar with the notion of a “metric” used in the study of topology,
where we also demand that the metric be positive—definite (no negative eigenval-
ues). The metric we use in general relativity cannot be used to define a topology,
but it will have other uses.

It will take some time to fully appreciate the role of the metric in all of its
glory, but for purposes of inspiration [following Sachs and Wu (1977)] we can
list the various uses to which g,,, will be put: (1) the metric supplies a notion
of “past” and “future”; (2) the metric allows the computation of path length and
proper time; (3) the metric determines the “shortest distance” between two points,
and therefore the motion of test particles; (4) the metric replaces the Newtonian
gravitational field ¢; (5) the metric provides a notion of locally inertial frames and
therefore a sense of “no rotation”; (6) the metric determines causality, by defining
the speed of light faster than which no signal can travel; (7) the metric replaces
the traditional*Euclidean three-dimensional dot product of Newtonian mechanics.
Obviously these ideas are not all completely independent, but we get some sense
of the importance of this tensor.

In our discussion of path lengths in special relativity we (somewhat handwav-
ingly) introduced the line element as ds? = n,,dx*dx”, which was used to get
the length of a path. Of course now that we know that dx* is really a basis dual
vector, it becomes natural to use the terms “metric” and “line element” inter-
changeably, and write

ds? = g, dx* dx. (2.40)

To be perfectly consistent we should write this as “g,” and sometimes will, but
more often than not g is used for the determinant |g,.|. For example, we know
that the Euclidean line element in a three-dimensional space with Cartesian coor-
dinates is

ds? = (dx)? + (dy)? + (dz)*. (2.41)

We can now change to any coordinate system we choose. For example, in spheri-
cal coordinates we have
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x = rsinf cos ¢
y =rsinfsin ¢
z=rcosf, (2.42)
which leads directly to
ds? = dr? +r? 0% 4 r%sin 6 dg>. (2.43)

Obviously the components of the metric look different than those in Cartesian
coordinates, but all of the properties of the space remain unaltered.

Most references are not sufficiently picky to distinguish between “dx,” the
informal notion of an infinitesimal displacement, and “dx,” the rigorous notion of
a basis one-form given by the gradient of a coordinate function. (They also tend
to neglect the fact that tensor products don’t commute, and write expressions like
dxdy + dydx as 2dxdy; it should be clear what is meant from the context.) In
fact our notation “ds?” does not refer to the differential of anything, or the square
of anything; it’s just conventional shorthand for the metric tensor, a multilinear
map from two vectors to the real numbers. Thus, we have a set of equivalent
expressions for the inner product of two vectors V* and W":

G VEWY = g(V, W) = ds*(V, W). (2.44)
s

Meanwhile, “(dx)?” refers specifically to the honest (0, 2) tensor dx ® dx.

A good example of a non-Euclidean manifold is the two-sphere, which can be
thought of as the locus of points in R? at distance 1 from the origin. The metric
in the (8, ¢) coordinate system can be derived by setting » = 1 and dr = 0 in
(2.43):

ds? = d6% + sin® 6 dp>. (2.45)

This is completely consistent with the interpretation of ds as an infinitesimal
length, as illustrated in Figure 2.21. Anyone paying attention should at this point
be asking, “What in the world does it mean to set dr = 0? We know that dr
is a well-defined nonvanishing one-form field.” As occasionally happens, we are
using sloppy language to motivate a step that is actually quite legitimate; see Ap-
pendix A for a discussion of how submanifolds inherit metrics from the spaces in
which they are embedded.

As we shall see, the metric tensor contains all the information we need to
describe the curvature of the manifold (at least in what is called Riemannian ge-
ometry; we will get into some of the subtleties in the next chapter). In Minkowski
space we can choose coordinates in which the components of the metric are con-
stant; but it should be clear that the existence of curvature is more subtle than hay-
ing the metric depend on the coordinates, since in the example above we showed
how the metric in flat Euclidean space in spherical coordinates is a function of »
and . Later, we shall see that constancy of the metric components is sufficient
for a space to be flat, and in fact there always exists a coordinate system on any
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FIGURE 2.21 The line element on a two-dimensional sphere.

flat space in which the metric is constant. But we might not know how to find
such a coordinate system, and there are many ways for a space to deviate from
flatness; we will therefore want a more precise characterization of the curvature,
which will be introduced later.

A useful characterization of the metric is obtained by putting g, into its
canonical form. In this form the metric components become

g = diag (=1, —1,..., =1, +1,+1,...,+1,0,0,...,0), (2.46)

where “diag” means a diagonal matrix with the given elements. The signature of
the metric is the number of both positive and negative eigenvalues; we speak of “a
metric with signature minus-plus-plus-plus” for Minkowski space, for example. If
any of the eigenvalues are zero, the metric is “degenerate,” and the inverse metric
will not exist; if the metric is continuous and nondegenerate, its signature will be
the same at every point. We will always deal with continuous, nondegenerate met-
rics. If all of the signs are positive, the metric is called Euclidean or Riemannian
(or just positive definite), while if there is a single minus it is called Lorentzian
or pseudo-Riemannian, and any metric with some +1’s and some —1’s is called
indefinite. (So the word Euclidean sometimes means that the space is flat, and
sometimes doesn’t, but it always means that the canonical form is strictly posi-
tive; the terminology is unfortunate but standard.) The spacetimes of interest in
general relativity have Lorentzian metrics.

We haven’t yet demonstrated that it is always possible to put the metric into
canonical form. In fact it is always possible to do so at some point p € M, but
in general it will only be possible at that single point, not in any neighborhood
of p. Actually we can do slightly better than this; it turns out that at any point p
there exists a coordinate system x" in which g, takes its canonical form and the
first derivatives 9z g5 all vanish (while the second derivatives d;d5 g5 cannot be
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made to all vanish):
4o (P) =nps,  da8u0(p) =0. (2.47)

Such coordinates are known as locally inertial coordinates, and the associated
basis vectors constitute a local Lorentz frame; we often put hats on the indices
when we are in these special coordinates. Notice that in locally inertial coordi-
nates the metric at p looks like that of flat space to first order. This is the rigorous
notion of the idea that “‘small enough regions of spacetime look like flat (Min-
kowski) space.” Also, there is no difficulty in simultaneously constructing sets of
basis vectors at every point in M such that the metric takes its canonical form,; the
problem is that in general there will not be a coordinate system from which this
basis can be derived. Bases of this sort are discussed in Appendix J.

We will delay a discussion of how to construct locally inertial coordinates until
Chapter 3. It is useful, however, to see a sketch a proof of their existence for the
specific case of a Lorentzian metric in four dimensions. The idea is to consider
the transformation law for the metric

ax* axY

axh gx0 S 248)

8ad =

and expand both sides in Taylor series in the sought-after coordinates x. The
expansion of the old coordinates x# looks like

2
xt = 8_x“: xP 4 l ﬂ—u— xh 2
axt/, 2 \ Ox*19xie »

L1 o’x oy . (2.49)
6 \ dxA13x29xhs ’ '
p

with the other expansions proceeding along the same lines. [For simplicity we
have set x*(p) = x*(p) = 0.] Then, using some extremely schematic notation,
the expansion of (2.48) to second order is

(&) +(5§) £+(§§§) £X (2.50)
P P p
_9x dx + dx 9%x N ax 8xé .
“\oz0z%), " \ozos0z® Taxoz ¢) *
p
ax 3% N 3%x 8% 4 0x 82x8 +8x Bxéé . n
9% 050302° T 939% 0205° T 9% 9505 8 T 379z 08

We can set terms of equal order in X on each side equal to each other. There-
fore, the components g;5(p), 10 numbers in all (to describe a symmetric
two-index tensor), are determined by the matrix (dx*/ ax) p- Thisis a 4 x 4
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matrix with no constraints; thus, we are free to choose 16 numbers. Clearly this
is enough freedom to put the 10 numbers of g;5(p) into canonical form, at least
as far as having enough degrees of freedom is concerned. (In fact there are some
limitations—if you go through the procedure carefully, you find for example that
you cannot change the signature.) The six remaining degrees of freedom can
be interpreted as exactly the six parameters of the Lorentz group; we know that
these leave the canonical form unchanged. At first order we have the derivatives
d5849(p), four derivatives of ten components for a total of 40 numbers. But
looking at the right-hand side of (2.50) we see that we now have the additional
freedom to choose (32x*/3x13x"2) p- In this set of numbers there are 10 inde-
pendent choices of the indices i1 and [i; (it’s symmetric, since partial derivatives
commute) and four choices of w, for a total of 40 degrees of freedom. This is
precisely the number of choices we need to determine all of the first derivatives
of the metric, which we can therefore set to zero. At second order, however, we
are concerned with 3595 g5 (p); this is symmetric in 6 and & as well as [ and
¥, for a total of 10 x 10 = 100 numbers. Our ability to make additional choices
is contained in (33x#/dx™ axf29x/3) p- This is symmetric in the three lower
indices, which gives 20 possibilities, times four for the upper index gives us 80
degrees of freedom—20 fewer than we require to set the second derivatives of
the metric to zero. So in fact we cannot make the second derivatives vanish; the
deviation from flatness must therefore be measured by the 20 degrees of freedom
representing the second derivatives of the metric tensor field. We will see later
how this comes about, when we characterize curvature using the Riemann tensor,
which will turn out to have 20 independent components in four dimensions.

Locally inertial coordinates are unbelievably useful. Best of all, their useful-
ness does not generally require that we actually do the work of constructing such
coordinates (although we will give a recipe for doing so in the next chapter), but
simply that we know that they do exist. The usual trick is to take a question of
physical interest, answer it in the context of locally inertial coordinates, and then
express that answer in a coordinate-independent form. Take a very simple ex-
ample, featuring an observer with four-velocity U " and a rocket flying past with
four-velocity V#_ What does the observer measure as the ordinary three-velocity
of the rocket? In special relativity the answer is straightforward. Work in inertial
coordinates (globally, not just locally) such that the observer is in the rest frame
and the rocket is moving along the x-axis. Then the four-velocity of the observer
is UP = (1,0,0, 0) and the four-velocity of the rocket is V# = (y, vy, 0,0),
where v is the three-velocity and y = 1/+/1 — v2, so that v = /1 — y~2. Since
we are in flat spacetime (for the moment), we have

y = —npURVY = —U, VA, (2.51)

since ngp = —1. The flat-spacetime answer would therefore be

v=,/1—(UViH)~2 (2.52)
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Now we can go back to curved spacetime, where the metric is no longer flat.
But at the point where the measurement is being done, we are free to use locally
inertial coordinates, in which case the components of g;; are precisely those of
No- S0(2.52) is still true in curved spacetime in this particular coordinate system.
But (2.52) is a completely tensorial equation, which doesn’t care what coordinate
system we are in; therefore it is true in complete generality. This kind of procedure
will prove its value over and over.

AN EXPANDING UNIVERSE

A simple example of a nontrivial Lorentzian geometry is provided by a four-
dimensional cosmological spacetime with metric

ds? = —dt* + a*(t)[dx? + dy? + dz?). (2.53)

This describes a universe for which “space at a fixed moment of time” is a flat
three-dimensional Euclidean space, which is expanding as a function of time.
Worldlines that remain at constant spatial coordinates x* are said to be comoving;
similarly, we denote a region of space that expands along with boundaries defined
by fixed spatial coordinates as a “comoving volume.” Since the metric describes
(distance)?, the relative distance between comoving points is growing as a(f) in
this spacetime; the function a is called the scale factor. This is a special case
of a Robertson—Walker metric, one in which spatial slices are geometrically flat;
there are other cases for which spatial slices are curved (as we will discuss in
Chapter 8). But our interest right now is not in where this metric came from, but
in using it as a playground to illustrate some of the ideas we have developed.
Typical solutions for the scale factor are power laws,

a(t) =19, 0<g<l. (2.54)

Actually there are all sorts of solutions, but these are some particularly simple and
relevant ones. A matter-dominated flat universe satisfies g = % while a radiation-
dominated flat universe satisfies g = % An obvious feature is that the scale factor
goes to zero as t — 0, and along with it the spatial components of the metric.
This is a coordinate-dependent statement, and in principle there might be another
coordinate system in which everything looks finite; in this case, however, t = 0
represents a true singularity of the geometry (the “Big Bang”), and should be
excluded from the manifold. The range of the # coordinate is therefore

0<t<oo. (2.55)

Our spacetime comes to an end at t = 0.
Light cones in this curved geometry are defined by null paths, those for which
ds* = 0. We can draw a spacetime diagram by considering null paths for which
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y and z are held constant; then
0= —dr® +1% dx?, (2.56)
which implies

X _ (2.57)

dt ’ '
You might worry that, after all that fuss about dx* being a basis one-form and not
a differential, we have sloppily “divided by d#?” to go from (2.56) to (2.57). The
truth is much more respectable. What we actually did was to take the (0, 2) tensor
defined by (2.56), which takes two vectors and returns a real number, and act it on
two copies of the vector V = (dx*/d})d,,, the tangent vector to a curve x/*(}).
Consider just the d¢? piece acting on V:

A2V, V) = (dt @ dr)(V, V) = de (V) - de(V), (2.58)

where the notation dz (V') refers to a real number that we compute as

dx#
= —3
w=a (2255

dx*
= —dr (3
dx ( :“')
_dx* ot
T dh dxt
dt
= T (2.59)

where in the third line we have invoked (2.25). Following the same procedure
with dx2, we find that (2.56) implies

dt 2 dx 2
I 9 (42
0 ( ) +1¢ ( ) , (2.60)

from which (2.57) follows via the one-dimensional chain rule,

dx dxdi
dt ~ drdt’ 261)
The lesson should be clear: expressions such as (2.56) describe well-defined ten-
sors, but manipulation of the basis one-forms as if they were simply “differentials”
does get you the right answer. (At least, most of the time; it’s a good idea to keep
the more formal definitions in mind.)
We can solve (2.57) to obtain

t=(1— )V (£x — x9) /12, (2.62)
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Ia

FIGURE 2.22 Spacetime diagram for a flat Robertson—Walker universe with a(¢) oc £,
for 0 < ¢ < 1. The dashed line at the bottom of the figure represents the singularity at
t = 0. Since light cones are tangent to the singularity, the pasts of two points may be
nonoverlapping.

where xq is a constant of integration. These curves define the light cones of our
expanding universe, as plotted in Figure 2.22. Since we have assumed 0 < g < 1,
the light cones are tangent to the singularity at + = 0. A crucial feature of this
geometry is that the light cones of two points need not intersect in the past; this is
in contrast to Minkowski space, for which the light cones of any two points always
intersect in both the past and future. We say that every event defines an “horizon,”
outside of which there exist worldlines that can have had no influence on what
happens at that event. This is because, since nothing can travel faster than light,
each point can only be influenced by events that are either on, or in the interior
of, its past light cone (indeed, we refer to the past light cone plus its interior as
simply “the past” of an event). Two events outside each others’ horizons are said
to be “out of causal contact.” These notions will be explored more carefully in the
next section, as well as in Chapters 4 and 8.

CAUSALITY

Many physical questions can be cast as an initial-value problem: given the state
of a system at some moment in time, what will be the state at some later time?
The fact that such questions have definite answers is due to causality, the idea that
future events can be understood as consequences of initial conditions plus the laws
of physics. Initjal-value problems are as common in GR as in Newtonian physics
or special relativity; however, the dynamical nature of the spacetime background
introduces new ways in which an initial-value formulation could break down.
Here we very briefly introduce some of the concepts used in understanding how
causality works in GR.
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We will look at the problem of evolving matter fields on a fixed background
spacetime, rather than the evolution of the metric itself. Our guiding principle will
be that no signals can travel faster than the speed of light; therefore information
will only flow along timelike or null trajectories (not necessarily geodesics). Since
it is sometimes useful to distinguish between purely timelike paths and ones that
are merely non-spacelike, we define a causal curve to be one which is timelike or
null everywhere. Then, given any subset S of a manifold M, we define the causal
future of S, denoted J1(S), to be the set of points that can be reached from
S by following a future-directed causal curve; the chronological future 7 (S)
is the set of points that can be reached by following a future-directed timelike
curve. Note that a curve of zero length is chronal but not causal; therefore, a
point p will always be in its own causal future J*(p), but not necessarily its own
chronological future I (p) (although it could be, as we mention below). The
causal past J~ and chronological past I~ are defined analogously.

A subset S C M is called achronal if no two points in S are connected by a
timelike curve; for example, any edgeless spacelike hypersurface in Minkowski
spacetime is achronal. Given a closed achronal set S, we define the future domain
of dependence of S, denoted DT (S), as the set of all points p such that every past-
moving inextendible causal curve through p must intersect S. (Inextendible just
means that the curve goes on forever, not ending at some finite point; closed means
that the complement of the set is an open set.) Elements of § itself are elements
of DV (S). The past domain of dependence D~ () is defined by replacing future
with past. Generally speaking, some points in M will be in one of the domains
of dependence, and some will be outside; we define the boundary of DT(S) to
be the future Cauchy horizon H™(S), and likewise the boundary of D~ (S) to
be the past Cauchy horizon H ™ (S). You can convince yourself that they are both
null surfaces. The domains of dependence and Cauchy horizons are illustrated in
Figure 2.23, in which S is taken to be a connected subset of an achronal surface X.

FIGURE 2.23 A connected subset S of a spacelike surface X, along with its causal struc-
ture. D (8) denotes the future/past domain of dependence of S, and H £ (8) the future/past
Cauchy horizon.
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FIGURE 2.24 The surface
Y is everywhere spacelike but
lies in the past of the past light
cone of the point p; its do-
main of dependence is not all
of the spacetime.
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The usefulness of these definitions should be apparent; if nothing moves faster
than light, signals cannot propagate outside the light cone of any point p. There-
fore, if every curve that remains inside this light cone must intersect S, then in-
formation specified on § should be sufficient to predict what the situation is at p;
that is, initial data for matter fields given on § can be used to solve for the value
of the fields at p. The set of all points for which we can predict what happens by
knowing what happens on § is the union D(S) = D™ (S) U D™ (S), called simply
the domain of dependence. A closed achronal surface X is said to be a Cauchy
surface if the domain of dependence D(X) is the entire manifold; from informa-
tion given on a Cauchy surface, we can predict what happens throughout all of
spacetime. If a spacetime has a Cauchy surface (which it may not), it is said to be
globally hyperbolic.

Any set X that is closed, achronal, and has no edge, is called a partial Cauchy
surface. A partial Cauchy surface can fail to be an actual Cauchy surface either
through its own fault, or through a fault of the spacetime. One possibility is that
we have just chosen a “bad” hypersurface (although it is hard to give a general
prescription for when a hypersurface is bad in this sense). Consider Minkowski
space, and an edgeless spacelike hypersurface X, which remains to the past of the
light cone of some point, as in Figure 2.24. In this case ¥ is an achronal surface,
but it is clear that D+()3) ends at the light cone, and we cannot use information
on X to predict what happens throughout Minkowski space. Of course, there are
other surfaces we could have picked for which the domain of dependence would
have been the entire manifold, so this doesn’t worry us too much.

A somewhat more nontrivial way for a Cauchy horizon to arise is through
the appearance of closed timelike curves. In Newtonian physics, causality is en-
forced by the relentless forward march of an absolute notion of time. In spe-
cial relativity things are even more restrictive; not only must you move forward
in time, but the speed of light provides a limit on how swiftly you may move
through space (you must stay within your forward light cone). In general relativ-
ity it remains true that you must stay within your forward light cone; however,
this becomes strictly a local notion, as globally the curvature of spacetime might
“tilt” light cones from one place to another. It becomes possible in principle for
light cones to be sufficiently distorted that an observer can move on a forward-
directed path that is everywhere timelike and yet intersects itself at a point in its
“past”—this is a closed timelike curve.

As a simple example, consider a two-dimensional geometry with coordinates
{z, x}, such that points with coordinates (¢, x) and (¢, x + 1) are identified. The
topology is thus R x S!. We take the metric to be

ds? = — cos(x)dr? — sin(A)[df dx + dx df] + cos(h)dx2, (2.63)
where

A =cot™ 1z, (2.64)



FIGURE 2.26 A singular-
ity at p removes any points in
its future from the domain of
dependence of a surface ¥ in
its past.
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FIGURE 2.25 A cylindrical spacetime with closed timelike curves. The light cones pro-
gressively tilt, such that the domain of dependence of the surface X fills the lower part of
the spacetime, but comes to an end when the closed timelike curves come into existence.

which goes from A(t = —o0) = 0 to A(f = o0) = . This metric doesn’t
represent any special famous solution to general relativity, it was just cooked up
to provide an interesting example of closed timelike curves; but there is a well-
known example known as Misner space, with similar properties. In the spacetime
defined by (2.63), the light cones progressively tilt as you go forward in time, as
shown in Figure 2.25. For ¢ < 0, the light cones point forward, and causality is
maintained. Once ¢ > 0, however, x becomes the timelike coordinate, and it is
possible to travel on a timelike trajectory that wraps around the S! and comes
back to itself; this is a closed timelike curve. If we had specified a surface &
to this past of this point, then none of the points in the region containing closed
timelike curves are in the domain of dependence of X, since the closed timelike
curves themselves do not intersect X. There is thus necessarily a Cauchy horizon
at the surface ¢+ = 0. This is obviously a worse problem than the previous one,
since a well-defined initial value problem does not seem to exist in this space-
time.

A final example is provided by the existence of singularities, points that are not
in the manifold even though they can be reached by traveling along a geodesic
for a finite distance. Typically these occur when the curvature becomes infinite
at some point; if this happens, the point can no longer be said to be part of the
spacetime. Such an occurrence can lead to the emergence of a Cauchy horizon, as
depicted in Figure 2.26—a point p, which is in the future of a singularity, cannot
be in the domain of dependence of a hypersurface to the past of the singularity,
because there will be curves from p that simply end at the singularity.
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These obstacles can also arise in the initial value problem for GR, when we try
to evolve the metric itself from initial data. However, they are of different degrees
of troublesomeness. The possibility of picking a “bad” initial hypersurface does
not arise very often, especially since most solutions are found globally (by solv-
ing Einstein’s equation throughout spacetime). The one situation in which you
have to be careful is in numerical solution of Einstein’s equation, where a bad
choice of hypersurface can lead to numerical difficulties, even if in principle a
complete solution exists. Closed timelike curves seem to be something that GR
works hard to avoid—there are certainly solutions that contain them, but evolution
from generic initial data does not usually produce them. Singularities, on the other
hand, are practically unavoidable. The simple fact that the gravitational force is
always attractive tends to pull matter together, increasing the curvature, and gen-
erally leading to some sort of singularity. Apparently we must learn to live with
this, although there is some hope that a well-defined theory of quantum gravity
will eliminate (or at least teach us how to deal with) the singularities of classical
GR.

TENSOR DENSITIES

Tensors possess a compelling beauty and simplicity, but there are times when it
is useful to consider nontensorial objects. Recall that in Chapter 1 we introduced
the completely antisymmetric Levi—~Civita symbol, defined as

+1 if ey - - - Wy is an even permutation of 01 - - - (n — 1),
€uiprun =1 —1 if wipa - - - up is an odd permutation of 01 - - - (n — 1),

0 otherwise.
(2.65)

By definition, the Levi—Civita symbol has the components specified above in any
coordinate system (at least, in any right-handed coordinate system; switching the
handedness multiplies the components of €,,,,,...,, by an overall minus sign).
This is called a “symbol,” of course, because it is not a tensor; it is defined not to
change under coordinate transformations. We were only able to treat it as a tensor
in inertial coordinates in flat spacetime, since Lorentz transformations would have
left the components invariant anyway. Its behavior can be related to that of an
ordinary tensor by first noting that, given any n x n matrix M# ,,, the determinant
|M| obeys

gl‘«,lﬂ‘,z"':“';: IMl = é/-LII-LZ"'N"l MM1 N‘,1 M/'LZMI2 e M/'L"/‘,’;l . (266)
This is just a streamlined expression for the determinant of any matrix, completely
equivalent to the usual formula in terms of matrices of cofactors. (You can check it
for yourself for 2x 2 or 3 x 3 matrices.) It follows that, setting M* ,» = dx*/ axH,
we have
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ax+
dxH

AxHl gx M2 dxHn

7 A 70
dxH1 axH2 dxHn

Euluyenl, =

€1 pn

(2.67)

where we have also used the facts that the matrix dx*’ /ax* is the inverse of
axH/ 3x”', and that the determinant of an inverse matrix is the inverse of the
determinant, |M~!| = |M|~L. So the Levi-Civita symbol transforms in a way
close to the tensor transformation law, except for the determinant out front. Ob-
jects transforming in this way are known as tensor densities. Another example is
given by the determinant of the metric, g = |g,v. It’s easy to check, by taking
the determinant of both sides of (2.48), that under a coordinate transformation we
get

-2
glx™). (2.68)

’

gxt) =

axH

Therefore g is also not a tensor; it transforms in a way similar to the Levi~Civita
symbol, except that the Jacobian is raised to the —2 power. The power to which
the Jacobian is raised is known as the weight of the tensor density; the Levi—Civita
symbol is a density of weight 1, while g is a (scalar) density of weight —2.

However, we don’t like tensor densities as much as we like tensors. There
is a simple way to convert a density into an honest tensor—multiply by |g|*/2,
where w is the weight of the density (the absolute value signs are there because
g < O for Lorentzian metrics). The result will transform according to the tensor
transformation law. Therefore, for example, we can define the Levi—-Civita tensor
as

€pqpnin = V18 €ntpn o pin- (2.69)

Since this is a real tensor, we can raise indices and so on. Sometimes people
define a version of the Levi—Civita symbol with upper indices, é#1#2" "% whose
components are numerically equal to sgn(g)€, u,..-u,, Where sgn(g) is the sign
of the metric determinant. This turns out to be a density of weight —1, and is
related to the tensor with upper indices (obtained by using g*” to raise indices on

€u1paun) DY
1
6#1#2"‘/-”1 — g#lMZ'“Mn . (270)
Vgl

Something you often end up doing is contracting p indices on e#1#2#n with
€01 12, > the result can be expressed in terms of an antisymmetrized product of
Kronecker deltas as

PPNy e, = (— 1)U — p)IBE ---3:;‘;’:51, 2.71)

where s is the number of negative eigenvalues of the metric (for Lorentzian sig-
nature with our conventions, s = 1). The most common example is p = n — 1,
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for which we have

GMIMZMMH—IQGMIMZ”'/-Ln—lﬂ = (——l)s(n -— 1)‘ 5%{ (272)

DIFFERENTIAL FORMS

Let us now introduce a special class of tensors, known as differential forms (or
just forms). A differential p-form is simply a (0, p) tensor that is completely an-
tisymmetric. Thus, scalars are automatically 0-forms, and dual vectors are auto-
matically one-forms (thus explaining this terminology from before). We also have
the the 4-form €,y . The space of all p-forms is denoted A?, and the space of all
p-form fields over a manifold M is denoted AP (M). A semi-straightforward ex-
ercise in combinatorics reveals that the number of linearly independent p-forms
on an n-dimensional vector space is n!/(p!(n — p)!). So at a point on a four-
dimensional spacetime there is one linearly independent O-form, four 1-forms,
six 2-forms, four 3-forms, and one 4-form. There are no p-forms for p > n, since
all of the components will automatically be zero by antisymmetry.

Why should we care about differential forms? This question is hard to answer
without some more work, but the basic idea is that forms can be both differentiated
and integrated, without the help of any additional geometric structure. We will
glance briefly at both of these operations.

Given a p-form A and a g-form B, we can form a (p + ¢)-form known as the
wedge product A A B by taking the antisymmetrized tensor product:

(AAB)pypprg = (pp!;;)!A[m--vxp By ippigl- (2.73)
Thus, for example, the wedge product of two 1-forms is
(AAB)uw=2A,B)y=A.B,— A,B,. (2.74)
Note that
AAB=(—1’IBAA, (2.75) -

so you can alter the order of a wedge product if you are careful with signs. We are
free to suppress indices when using forms, since we know that all of the indices
are downstairs and the tensors are completely antisymmetric. )

The exterior derivative d allows us to differentiate p-form fields to obtain
(p+ 1)-form fields. It is defined as an appropriately normalized, antisymmetrized
partial derivative:

(AA) sy = P+ DO Apgeip1- (2.76)

The simplest example is the gradient, which is the exterior derivative of a O-form:

(de), = 3,0. 2.77
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Exterior derivatives obey a modified version of the Leibniz rule when applied to
the product of a p-form w and a g-form #:

d(w A n) = ([dw) An+ (—1)Pw A (dn). (2.78)

You are encouraged to prove this yourself.

The reason why the exterior derivative deserves special attention is that it is
a tensor, even in curved spacetimes, unlike its cousin the partial derivative. For
p = 1 we can see this from the transformation law for the partial derivative of a
one form, (2.38); the offending nontensorial term can be written

v 2,
vﬂ)i/iai/=Wu-——a /x - (2.79)
axH axH dxV axt axv
This expression is symmetric in 4" and v/, since partial derivatives commute. But
the exterior derivative is defined to be the antisymmetrized partial derivative, so
this term vanishes (the antisymmetric part of a symmetric expression is zero). We
are then left with the correct tensor transformation law; extension to arbitrary p is
straightforward. So the exterior derivative is a legitimate tensor operator; it is not,
however, an adequate substitute for the partial derivative, since it is only defined
on forms. In the next chapter we will define a covariant derivative, which is closer
to what we might think of as the extension of the partial derivative to arbitrary
manifolds.
Another interesting fact about exterior differentiation is that, for any form A,

d(d4) =0, (2.80)

which is often written d> = 0. This identity is a consequence of the definition
of d and the fact that partial derivatives commute, d,dg = dgd, (acting on any-
thing). This leads us to the following mathematical aside, just for fun. We define a
p-form A to be closed if dA = 0, and exact if A = dB for some (p — 1)-form B.
Obviously, all exact forms are closed, but the converse is not necessarily true.
On a manifold M, closed p-forms comprise a vector space Z? (M), and exact
forms comprise a vector space B? (M). Define a new vector space, consisting of
elements called cohomology classes, as the closed forms modulo the exact forms:

ZP (M)
BP (M)

H?(M) = (2.81)
That is, two closed forms [elements of Z? (M)] define the same cohomology class
[elements of HP (M)] if they differ by an exact form [an element of BP(M)].
Miraculously, the dimensionality of the cohomology spaces H? (M) depends only
on the topology of the manifold M. Minkowski space is topologically equivalent
to R*, which is uninteresting, so that all of the H? (M) vanish for p > 0; for
p = 0 we have HO (M) = R. Therefore in Minkowski space all closed forms
are exact except for zero-forms; zero-forms can’t be exact since there are no —1-
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forms for them to be the exterior derivative of. It is striking that information about
the topology can be extracted in this way, which essentially involves the solutions
to differential equations.

The final operation on differential forms we will introduce is Hodge duality.
We define the Hodge star operator on an n-dimensional manifold as a map from
p-forms to (n — p)-forms,

I .
(*A)Ml‘“ﬂfn—p = ; s vp/-LI“'LLn—pAVI“'Vp’ (282)

mapping A to “A dual.” Unlike our other operations on forms, the Hodge dual
does depend on the metric of the manifold [which should be obvious, since we
had to raise some indices on the Levi—Civita tensor in order to define (2.82)].
Applying the Hodge star twice returns either plus or minus the original form:

xk A= (—1)TPOPI4 (2.83)

where s is the number of minus signs in the eigenvalues of the metric.

Two facts on the Hodge dual: First, “duality” in the sense of Hodge is distinct
from the relationship between vectors and dual vectors. The idea of “duality” is
that of a transformation from one space to another with the property that doing
the transformation twice gets you back to the original space. It should be clear
that this holds true for both the duality between vectors and one-forms, and the
Hodge duality between p-forms and (n — p)-forms. A requirement of dualities
between vector spaces is that the original and transformed spaces have the same
dimensionality; this is true of the spaces of p- and (n — p)-forms.

The second fact concerns differential forms in three-dimensional Euclidean
space. The Hodge dual of the wedge product of two 1-forms gives another 1-
form:

(U AV); = /U, V. (2.84)

(All of the prefactors cancel.) Since 1-forms in Euclidean space are just like vec-
tors, we have a map from two vectors to a single vector. You should convince
yourself that this is just the conventional cross product, and that the appearance of
the Levi—Civita tensor explains why the cross product changes sign under parity
(interchange of two coordinates, or equivalently basis vectors). This is why the
cross product only exists in three dimensions—because only in three dimensions
do we have an interesting map from two dual vectors to a third dual vector.

Electrodynamics provides an especially compelling example of the use of dif-
ferential forms. From the definition of the exterior derivative, it is clear that equa-
tion (1.89) can be concisely expressed as closure of the two-form F,,:

dF = 0. (2.85)

Does this mean that F is also exact? Yes; as we’ve noted, Minkowski space is
topologically trivial, so all closed forms are exact. There must therefore be a one-



2.9 Differential forms 87

form A,, such that
F =dA. (2.86)

This one-form is the familiar vector potential of electromagnetism, with the 0
component given by the scalar potential, Ag = ¢, as we discussed in Chapter 1.
Gauge invariance is expressed by the observation that the theory is invariant under
A — A + dA for some scalar (zero-form) A, and this is also immediate from the
relation (2.86). The other one of Maxwell’s equations, (1.88),

d(xF) = *J, (2.87)

where the current one-form J is just the current four-vector with index lowered.
Filling in the details is left for you, as good practice converting from differential-
form notation to ordinary index notation.

Hodge duality is intimately related to a fascinating feature of certain field the-
ories: duality between strong and weak coupling. It’s hard not to notice that the
equations (2.85) and (2.87) look very similar. Indeed, if we set J,, = 0, the equa-
tions are invariant under the “duality transformations”

F — xF,
*F — —F. (2.88)

We therefore say that the vacuum Maxwell’s equations are duality invariant, while
the invariance is spoiled in the presence of charges. We might imagine that mag-
netic as well as electric monopoles existed in nature; then we could add a magnetic
current term *Jys to the right-hand side of (2.85), and the equations would be in-
variant under duality transformations plus the additional replacement J <> Jjy.
(Of course a nonzero right-hand side to (2.85) is inconsistent with F = dA, so this
idea only works if A, is not a fundamental variable.) Dirac considered the idea
of magnetic monopoles and showed that a necessary condition for their existence
is that the fundamental monopole charge be inversely proportional to the funda-
mental electric charge. Now, the fundamental electric charge is a small number;
electrodynamics is weakly coupled, which is why perturbation theory is so re-
markably successful in quantum electrodynamics (QED). But Dirac’s condition
on magnetic charges implies that a duality transformation takes a theory of weakly
coupled electric charges to a theory of strongly coupled magnetic monopoles (and
vice-versa). Unfortunately monopoles don’t fit easily into ordinary electromag-
netism, so these ideas aren’t directly applicable; but some sort of duality sym-
metry may exist in certain theories (such as supersymmetric nonabelian gauge
theories). If it did, we would have the opportunity to analyze a theory that looked
strongly coupled (and therefore hard to solve) by looking at the weakly coupled
dual version; this is exactly what happens in certain theories. The hope is that
these techniques will allow us to explore various phenomena that we know ex-
ist in strongly coupled quantum field theories, such as confinement of quarks in
hadrons.
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FIGURE 227 An in-
finitesimal n-dimensional

region, represented as a
parallelepiped, is defined by
an ordered set of n vectors,
shown here as U, V, and W.

Chapter 2 Manifolds
INTEGRATION

An important appearance of both tensor densities and differential forms is in inte-
gration on manifolds. You have probably been exposed to the fact that in ordinary
calculus on R" the volume element d"x picks up a factor of the Jacobian under
change of coordinates:

axH

axh

d"x' = d"x. (2.89)

There is actually a beautiful explanation of this formula from the point of view
of differential forms, which arises from the following fact: on an n-dimensional
manifold M, the integrand is properly understood as an n-form. In other words,
an integral over an n-dimensional region ¥ C M is a map from an n-form field w
to the real numbers:

f :w—> R (2.90)
=

Such a statement may seem strange, but it certainly looks familiar in the context of
line integrals. In one dimension any one-form can be written @ = w (x)dx, where
the first w is a one-form and w(x) denotes the (single) component function. And
indeed, we write integrals in one dimension as [ w(x)dx; you may be used to
thinking of the symbol dx as an infinitesimal distance, but it is more properly a
differential form.

To make this more clear, consider more than one dimension. If we are claiming
that the integrand is an n-form, we need to explain in what sense it is antisym-
metric, and for that matter why it is a (0, n) tensor (a linear map from a set of #
vectors to R) at all. We all agree that integrals can be written as [ £ (x) d ., where
£ (x) is a scalar function on the manifold and dy is the volume element, or mea-
sure. The role of the volume element is to assign to every (infinitesimal) region
an (infinitesimal) real number, namely the volume of that region. A nice feature
of infinitesimal regions (as opposed to ones of finite size) is that they can be taken
to be rectangular parallelepipeds—in the presence of curvature we have no clear
sense of what a “rectangular parallelepiped” is supposed to mean, but the effects
of curvature can be neglected when we work in infinitesimal regions. Clearly we
are not being rigorous here, but our present purpose is exclusively motivational.

As shown in Figure 2.27 (in which we take our manifold to be three-dimen-
sional for purposes of illustration), a parallelepiped is specified by »n vectors that
define its edges. Our volume element, then, should be a map from n vectors to the
real numbers: du (U, V, W) € R. (Actually it should be a map from infinitesimal
vectors to infinitesimal numbers, but such a map also will take finite vectors to fi-
nite numbers.) It’s also clear that it should be linearly scalable by real numbers; if
we change the length of any of the defining vectors, the volume changes accord-
ingly: du(alU, bV,cW) = abcdu (U, V, W). Linearity with respect to adding
vectors is not so obvious, but you can convince yourself by drawing pictures.
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Therefore our volume element is an honest (0, n) tensor. Why antisymmetric? Be-
cause we are defining an oriented element; if two of the vectors are interchanged
we should get a volume of the same magnitude but opposite sign. (If this is not ob-
vious, you should at least convince yourself that the volume should vanish when
two vectors are collinear.) Thus, volume elements in » dimensions are in a very
real sense n-forms.

To actually do calculations, we need to make these ideas more concrete, which
turns out to be straightforward. The essential insight is to identify the naive vol-
ume element d”x as an antisymmetric tensor density constructed with wedge
products:

d"x =dx® Ao A dx™L (2.91)

The expression on the right-hand side can be misleading, because it looks like
a tensor (an n-form, actually) but is really a density. Certainly if we have two
functions f and g on M, then df and dg are one-forms, and df A dg is a two-
form. But the functions appearing in (2.91) are the coordinate functions them-
selves, so when we change coordinates we replace the one-forms dx* with a
new set dx*". You see the funny business—ordinarily a coordinate transforma-
tion changes components, but not one-forms themselves. The right-hand side of
(2.91) is a coordinate-dependent object (a tensor density, to be precise) which, in
the x* coordinate system, acts like dx% A .- A dx" 1 Let’s see this in action.
First notice that the definition of the wedge product allows us to write

dx®A A dx® = %ém‘..ﬁn dxHt A A dxe, (2.92)
since both the wedge product and the Levi-Civita symbol are completely antisym-
metric. (The factor of 1/n! takes care of the overcounting introduced by summing
over permutations of the indices.) Under a coordinate transformation €, ...,,, stays
the same, while the one-forms change according to (2.26), leading to

. . dxt adxHn ' /
é,lL]"'/-Ln dxH*1 A ..o A dxHr = GN‘I‘“,U'n——/- e 5 dx*1 A - A dxHn
dxH axHa
8x“ - ! ’
= | e A A A dxf. (2.93)
axp,’ M1 M

Multiplying by the Jacobian on both sides and using (2.91) and (2.92) recovers
(2.89).

It is clear that the naive volume element d™x transforms as a density, not a
tensor, but it is straightforward to construct an invariant volume element by mul-

tiplying by +/[g[:
Vg 1dx% A-oa dx® D = /1g]dxO A A dxT (2.94)

which is of course just (n!)‘lem...un dx#1A- - A dx#n, In the interest of simplicity
we will usually write the volume element as ./[g]| d"x, rather than as the explicit



90

Chapter 2 Manifolds

wedge product:

V0gld"x = /|gldx® A A dx™T; (2.95)

it will be enough to keep in mind that it’s supposed to be an n-form. In fact, the
volume element is no more or less than the Levi—Civita tensor €, ...,,,, ; restoring
the explicit basis one-forms, we see

€ = GM...MH(iJC”‘1 ® - ®dxHn
1
= — I
= nlem...undx TA - Adxn

1 .
= =/ 181 €upp, dxHT A o A dxn
n:

:,/|g|dx0/\.../\dx"_1
= /gl d"x. (2.96)

Notice that the combinatorial factors introduced by the epsilon tensor precisely
cancel those from switching from tensor products to wedge products, which is
only allowed because the epsilon tensor automatically antisymmetrizes.

The punch line, then, is simple: the integral I of a scalar function ¢ over an
n-manifold is written as

1= f o (x)V/]g d"x. (2.97)

Given explicit forms for ¢ (x) and /[g], such an integral can be directly evaluated
by the usual methods of multivariable calculus. The metric determinant serves to
automatically take care of the correct transformation properties. You will some-
times see the more abstract notation

1= f b(x)e ; (2.98)

given (2.96), these two versions convey the same content.

2,11 W EXERCISES

1. Just because a manifold is topologically nontrivial doesn’t necessarily mean it can’t be
covered with a single chart. In contrast to the circle § 1 show that the infinite cylinder
R x §! can be covered with just one chart, by explicitly constructing the map.

2. By clever choice of coordinate charts, can we make R2 look like a one-dimensional
manifold? Can we make R% look like a two-dimensional manifold? If so, explicitly
construct an appropriate atlas, and if not, explain why not. The point of this problem
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is to provoke you to think deeply about what a manifold is; it can’t be answered rig-
orously without going into more details about topological spaces. In particular, you
might have to forget that you already know a definition of “open set” in the original
R2 orR!, and define them as being appropriately inherited from the R! or R? to which
they are being mapped.

. Show that the two-dimensional torus T2 is a manifold, by explicitly constructing an

appropriate atlas: (Not a maximal one, obviously.)

. Verify the claims made about the commutator of two vector fields at the end of Section

2.3 (linearity, Leibniz, component formula, transformation as a vector field).

. Give an example of two linearly independent, nowhere-vanishing vector fields in R?

whose commutator does not vanish. Notice that these fields provide a basis for the
tangent space at each point, but it cannot be a coordinate basis since the commutator
doesn’t vanish.

. Consider R? as a manifold with the flat Euclidean metric, and coordinates {x, v, z}.

Introduce spherical polar coordinates {r, 9, ¢} related to {x, y, z} by
x =rsinfd cos ¢
y =rsinfsing
z =rcosd, (2.99)
so that the metric takes the form
ds? = dr? + r2de? + r2sin® 0dg>. (2.100)
(a) A particle moves along a parameterized curve given by
x(A) =cosA, y(A)=sinA, z(A)=A. (2.101)

Express the path of the curve in the {r, 8, ¢} system.
(b) Calculate the components of the tangent vector to the curve in both the Cartesian
and spherical polar coordinate systems.

. Prolate spheroidal coordinates can be used to simplify the Kepler problem in celestial

mechanics. They are related to the usual cartesian coordinates (x, y, z) of Euclidean
three-space by

x = sinh x siné cos ¢,
y = sinh x sin @ sin ¢,
z =cosh x cosf.
Restrict your attention to the plane y = 0 and answer the following questions.

(a) What is the coordinate transformation matrix dx*/ ax¥ relating (x, z) to (x, 6)?
(b) What does the line element ds? look like in prolate spheroidal coordinates?

Verify (2.78): for the exterior derivative of a product of a p-form w and a g-form 7,
we have

d(w A n) = @dw) A+ (—1D)Pw A dn). (2.102)
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9.

10.

11.

In Buclidean three-space, suppose xF = g sin6 df A d¢.

(a) Evaluate d x F = *J.

(b) What is the two-form F equal to?

(¢) What are the electric and magnetic fields equal to for this solution?

(d) Evaluate f v d*F, where V is aball of radius R in Euclidean three space.

Consider Maxwell’s equations, dF = 0, dxF = =J, in 2-dimensional spacetime.
Explain why one of the two sets of equations can be discarded. Show that the electro-
magnetic field can be expressed in terms of a scalar field. Write out the field equations
for this scalar field in component form.

There are a lot of motivational words attached here to what is a very simple problem;
don’t get too distracted. In ordinary electromagnetism with point particles, the part
of the action which represents the coupling of the gauge-potential one-form A®) to a
charged particle can be written § = fy AW where y is the particle worldline. (The
superscript on AQ) is just to remind you that it is a one-form.) For this problem you
will consider a theory related to ordinary electromagnetism, but this time in 11 space-
time dimensions, with a three-form gauge potential A® and four-form field strength
F@W = dA® . Note that the field strength is invariant under a gauge transformation
A® 5 A® 4+ A D for any two-form A @,

(a) What would be the number of spatial dimensions of an object to which this
gauge field would naturally couple (for example, ordinary E+M couples to zero-
dimensional objects—point particles)?

(b) The electric charge of an ordinary electron is given by the integral of the dual of
the two-form gauge field strength over a two-sphere surrounding the particle. How
would you define the “charge” of the object to which A®) couples? Argue that it
is conserved if d  F® = 0.

(¢) Imagine there is a “dual gauge potential” A that satisfies d(K) = «F@_To what
dimensionality object does it naturally couple?

(d) The action for the gauge field itself (as opposed to its coupling to other things)
will be an integral over the entire 11-dimensional spacetime. What are the terms
that would be allowed in such an action that are invariant under “local” gauge
transformations, for instance, gauge transformations specified by a two-form A2
that vanishes at infinity? Restrict yourself to terms of first, second, or third order
in A® and its first derivatives (no second derivatives, no higher-order terms).
You may use the exterior derivative, wedge product, and Hodge dual, but not any .
explicit appearance of the metric.

More background: “Supersymmetry” is a hypothetical symmetry relating bosons
(particles with integral spin) and fermions (particles with spin %, 5, eftc.). An inter-
esting feature is that supersymmetric theories are only well-defined in 11 dimensions
or less—in larger numbers of dimensions, supersymmetry would require the existence
of particles with spins greater than 2, which cannot be consistently quantized. Eleven-
dimensional supersymmetry is a unique theory, which naturally includes a three-form
gauge potential (not to mention gravity). Recent work has shown that it also includes
the various higher-dimensional objects alluded to in this problem (although we’ve cut
some corners here). This theory turns out to be a well-defined limit of something called
M -theory, which has as other limits various 10-dimensional superstring theories.
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Curvature

3.1 B OVERVIEW

We all know what curvature means, at least informally, and in the first two chap-
ters of this book we have felt free to refer on occasion to the concept of curvature
without giving it a careful definition. Clearly curvature depends somehow on the
metric, which defines the geometry of our manifold; but it is not immediately
clear how we should attribute curvature to any given metric (since, as we have
seen, even the metric of a flat space can look arbitrarily complicated in a suffi-
ciently extravagant coordinate system). As is often the case in mathematics, we
require quite a bit of care to formalize our intuition about a concept into a usable
mathematical structure; formalizing what we think of as “curvature” is the subject
of this chapter.

The techniques we are about to develop are absolutely crucial to the subject;
it is safe to say that there is a higher density of useful formulas per page in this
chapter than in any of the others. Let’s quickly summarize the most important
ones, to provide a roadmap for the formalism to come.

All the ways in which curvature manifests itself rely on something called a
“connection,” which gives us a way of relating vectors in the tangent spaces of
nearby points. There is a unique connection that we can construct from the metric,
and it is encapsulated in an object called the Christoffel symbol, given by

F,ﬁ,u = %gka(augl)o’ + avga'p, - 8Ugy,u)- (31)

The notation makes I'*  look like a tensor, but in fact it is not; this is why we
call it an “object” or “symbol.” The fundamental use of a connection is to take a
covariant derivative V , (a generalization of the partial derivative); the covariant
derivative of a vector field V¥ is given by

V.V =3,V + T8, V0, (3.2)

and covariant derivatives of other sorts of tensors are given by similar expressions.
The connection also appears in the definition of geodesics (a generalization of the
notion of a straight line). A parameterized curve x*(A) is a geodesic if it obeys
d?xk dx? dx°
+ [,
dx2 P dr dx

known as the geodesic equation.

=0, (3.3)
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Finally, the technical expression of curvature is contained in the Riemann ten-
sor, a (1, 3) tensor obtained from the connection by
A A
Rpo'lw = aurfa - 81"Iﬁ‘/ga + Fﬁkr o Ful)))hl_‘p,a“ (3.4

v

Everything we want to know about the curvature of a manifold is given to us
by the Riemann tensor; it will vanish if and only if the metric is perfectly flat.
Einstein’s equation of general relativity relates certain components of this tensor
to the energy-momentum tensor.

These four equations are all of primary importance in the study of curved mani-
folds. We will now see how they arise from a careful consideration of how familiar
notions of geometry in flat space adapt to this more general context.

COVARIANT DERIVATIVES

In our discussion of manifolds, it became clear that there were various notions we
could talk about as soon as the manifold was defined: we could define functions,
take their derivatives, consider parameterized paths, set up tensors, and so on.
Other concepts, such as the volume of a region or the length of a path, required
some additional piece of structure, namely the introduction of a metric. It would
be natural to think of the notion of curvature as something that depends exclu-
sively on the metric. In a more careful treatment, however, we find that curvature
depends on a connection, and connections may or may not depend on the metric.
Nevertheless, we will also show how the existence of a metric implies a certain
unique connection, whose curvature may be thought of as that of the metric. This
is the connection used in general relativity, so in this particular context it is legit-
imate to think of curvature as characterizing the metric, without introducing any
additional structures.

The connection becomes necessary when we attempt to address the problem
of the partial derivative not being a good tensor operator. What we would like
is a covariant derivative, that is, an operator that reduces to the partial derivative
in flat space with inertial coordinates, but transforms as a tensor on an arbitrary
manifold. It is conventional to spend a certain amount of time motivating the
introduction of a covariant derivative, but in fact the need is obvious; equations
such as 9, T+#" = 0 must be generalized to curved space somehow. So let’s agree
that a covariant derivative would be a good thing to have, and go about setting it
up.

In flat space in inertial coordinates, the partial derivative operator 9,, is a map
from (k, I) tensor fields to (k, [ + 1) tensor fields, which acts linearly on its argu-
ments and obeys the Leibniz rule on tensor products. All of this continues to be
true in the more general situation we would now like to consider, but the map pro-
vided by the partial derivative depends on the coordinate system used. We would
therefore like to define a covariant derivative operator V to perform the func-
tions of the partial derivative, but in a way independent of coordinates. Rather
than simply postulating the answer (which would be perfectly acceptable), let’s
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motivate it by thinking carefully about what properties a covariant generalization
of the partial derivative should have—mathematical structures are, after all, in-
vented by human beings, not found lying on sidewalks. We begin by requiring
that V be a map from (k, [) tensor fields, to (k, I + 1) tensor fields which has these
two properties:

1. linearity: V(T + §) = VT +VS;
2. Leibniz (product)rule: V(T @ S) =(VI) @ S+ T ® (VS).

If V is going to obey the Leibniz rule, it can always be written as the partial
derivative plus some linear transformation. That is, to take the covariant deriva-
tive we first take the partial derivative, and then apply a correction to make the
result covariant. [We aren’t going to prove this reasonable-sounding statement;
see Wald (1984) if you are interested.] Let’s consider what this means for the co-
variant derivative of a vector V7. It means that, for each direction , the covariant
derivative V,, will be given by the partial derivative d,, plus a correction specified
by a set of n matrices (I',,)? (one n x n matrix, where » is the dimensionality
of the manifold, for each w). In fact the parentheses are usually dropped and we
write these matrices, known as the connection coefficients, with haphazard index
placement as I‘fw. We therefore have

V.V =0,V + T,V (3.5)

Notice that in the second term the index originally on V has moved to the I, and
a new index is summed over. If this is the expression for the covariant derivative
of a vector in terms of the partial derivative, we should be able to determine the
transformation properties of I') , by demanding that the left-hand side be a (1, 1)
tensor. That is, we want the transformation law to be

axt ax”

v 9 9
VwV™ = axt gxv *

148 (3.6)

Let’s look at the left side first; we can expand it using (3. /5) and then transform the
parts that we understand (which is everything except F:u W)

Vu VY =8,V 410, v
axtoaxY o axt 9 ax” o axV
BT R rrA e rr R e
On the right-hand side we can also expand V,, V'":
dxk ax' L, oxkaxY o axkax”
axi axv M T aaw 9xv ¥ T o e FurV™ (38)
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These last two expressions are to be equated; the first terms in each are identical
and therefore cancel, so we have

,axY axt 3 ax” axH axY
Y, —V* 4+ —V*— =—— 1, vt 3.9
e A i e i PRI 32

where we have changed a dummy index from v to A. This equation must be true
for any vector V*, so we can eliminate that on both sides. Then the connection co-
efficients in the primed coordinates may be isolated by multiplying by dx*/ ax"'
and relabeling o’ — /. The result is

4
o axt ax* ax¥ _,  dxt axt 3%V
=T T T — .
WX gxm gx¥ axv T RE gxn’ 9xM dxtaxt

(3.10)

This is not, of course, the tensor transformation law; the second term on the right
spoils it. That’s okay, because the connection coefficients are not the components
of a tensor. They are purposefully constructed to be nontensorial, but in such
a way that the combination (3.5) transforms as a tensor—the extra terms in the
transformation of the partials and the I"’s exactly cancel. This is why we are not
so careful about index placement on the connection coefficients; they are not a
tensor, and therefore you should try not to raise and lower their indices.

‘What about the covariant derivatives of other sorts of tensors? By similar rea-
soning to that used for vectors, the covariant derivative of a one-form can also be
expressed as a partial derivative plus some linear transformation. But there is no
reason as yet that the matrices representing this transformation should be related
to the coefficients FZ ,.- In general we could write something like

Vuwy = dpwy + Fflvw,k, (3.11)

where fﬁv is a new set of matrices for each w. Pay attention to where all of the
various indices go. It is straightforward to derive that the transformation properties
of I" must be the same as those of I, since otherwise V,, w, wouldn’t transform as
a tensor, but otherwise no relationship has been established. To do so, we need to
introduce two new properties that we would like our covariant derivative to have,
in addition to the two above:

3. commutes with contractions:  V,,(T*5,) = (VT), 15,
4. reduces to the partial derivative on scalars: V,¢ = 3,¢ .

There is no way to “derive” these properties; we are simply demanding that they
be true as part of the definition of a covariant derivative. Note that property 3
is equivalent to saying that the Kronecker delta (the identity map) is covariantly
constant, V,,8% = 0; this is certainly a reasonable thing to ask.

Let’s see what these new properties imply. Given some one-form field w,, and
vector field V#, we can take the covariant derivative of the scalar defined by w; 1%
to get
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Vi@, V?) = (Vo) V + 0. (V, V)
= @)V + T 0,V + 0,3, VY) + a5, V2. (3.12)
But since w; V* is a scalar, this must also be given by the partial derivative:
Vi@ V) = 3, (@ V)
= (300 V 4+ (8, V). (3.13)

This can only be true if the terms in (3.12) with connection coefficients cancel
each other; that is, rearranging dummy indices, we must have

0= ngwa V4T 0,V (3.14)
But both w, and V* are completely arbitrary, so
re, =-T7,. (3.15)

The two extra conditions we have imposed therefore allow us to express the co-
variant derivative of a one-form using the same connection coefficients as were
used for the vector, but now with a minus sign (and indices matched up somewhat
differently):

Vuoy = 0, — I, 0. (3.16)

It should come as no surprise that the connection coefficients encode all the
information necessary to take the covariant derivative of a tensor of arbitrary rank.
The formula is quite straightforward; for each upper index you introduce a term
with a single +-I", and for each lower index a term with a single —I":

Vo THIRZ e oy = Qg TR
KL rhpuy - pk M2 ey b .
+I T vivgy T T Vv T
_Tr uipepk —_T* puipapk _
FO’V] T Avyeyy Fava ViAyy LA

(3.17)
This is the general expression for the covariant derivative. You can check it your-
self; it comes from the set of axioms ws have established, and the usual require-
ments that tensors of various sorts be coordinate-independent entities. Sometimes

an alternative notation is used; just as commas are used for partial derivatives,
semicolons are used for covariant ones:

Vo THIBZ M = THRBZ e (3.18)

Once again, in this book we will stick to “V,,.”
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To define a covariant derivative, then, we need to put a connection on our
manifold, which is specified in some coordinate system by a set of coefficients
I’fw (n® = 64 independent components in n = 4 dimensions) that transform
according to (3.10). (The name connection comes from the fact that it is used
to transport vectors from one tangent space to another, as we will soon see; it
is sometimes used to refer to the operator V, and sometimes to the coefficients
Fﬁv.) Evidently, we could define a large number of connections on any manifold,
and each of them implies a distinct notion of covariant differentiation. In general
relativity this freedom is not a big concern, because it turns out that every metric
defines a unique connection, which is the one used in GR. Let’s see how that
works.

The first thing to notice is that the difference of two connections is a tensor.
Imagine we have defined two different kinds of covariant derivative, V,, and Vw
with associated connection coefficients Fk and I‘)L Then the d1fference

St =T}, —T%, (3.19)

is a (1, 2) tensor. (Notice that we had to choose a convention for index placement.)
We could show this by brute force, plugging in the transformation laws for the
connection coefficients, but let’s be a little more slick. Given an arbitrary vector
field V*, we know that both V,, V* and V,, V* are tensors, so their difference must
also be. This difference is S1mp1y

V. V=V, v =09,V 4+Th vh -3, v Tk v*
=S5V (3.20)

Since V* was arbitrary, and the left-hand side is a tensor, S* xv Must be a tensor.
As a trivial consequence, we learn that any set of connection coefficients can be
expressed as some fiducial connection plus a tensorial correction,

F,ﬁ,u = /ﬁﬁu + S)Lp,v- (3.21)

Next notice that, given a connection specified by T‘fw, we can immediately
form another connection simply by permuting the lower indices. That is, the set of
coefficients I‘fju will also transform according to (3.10) (since the partial deriva-
tives appearing in the last term can be commuted), so they determine a distinct
connection. There is thus a tensor we can associate with any given connection,
known as the torsion tensor, defined by

T =T}, — T, =2T}, (3.22)

It is clear that the torsion is antisymmetric in its lower indices, and a connection
that is symmetric in its lower indices is known as “torsion-free.”

We can now define a unique connection on a manifold with a metric g, by
introducing two additional properties:
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; LA A
e torsion-free: I';, =T¢ ).

e metric compatibility: V,g,., = 0.

A connection is metric compatible if the covariant derivative of the metric with
respect to that connection is everywhere zero. This implies a couple of nice prop-
erties. First, it’s easy to show that both the Levi-Civita tensor and the inverse
metric also have zero covariant derivative,

Vi€uvpe =0
Vegh’ =0. (3.23)

Second, a metric-compatible covariant derivative commutes with raising and low-
ering of indices. Thus, for some vector field v,

gu)kvpv)k = Vp(gukv)\) =V, V.. (3.24)

With non-metric-compatible connections we would have to be very careful about
index placement when taking a covariant derivative.

Our claim is therefore that there is exactly one torsion-free connection on a
given manifold that is compatible with some given metric on that manifold. We
do not want to make these two requirements part of the definition of a covariant
derivative; they simply single out one of the many possible ones.

We can demonstrate both existence and uniqueness by deriving a manifestly
unique expression for the connection coefficients in terms of the metric. To ac-
complish this, we expand out the equation of metric compatibility for three dif-
ferent permutations of the indices:

vpg;.w = 0p8uv — Fﬁug)w - qug/.b), =0
V8o = ap,gvp - Fﬁvg)»p - F,);,pgvk =0
Voon = 8o — Ihy8ru — T, 800 = 0. (3.25)

We subtract the second and third of these from the first, and use the symmetry of
the connection to obtain

Bp&uv — 0u8vo — Do + 217,820 = 0. (3.26)

It is straightforward to solve this for the connection by multiplying by g°#. The
result is

T%, = 187° (3,80 + 08op — Bp&yw0)- (3.27)

This formula is one of the most important in this subject; commit it to memory.
Of course, we have only proved that if a metric-compatible and torsion-free con-
nection exists, it must be of the form (3.27); you can check for yourself that the
right-hand side of (3.27) transforms like a connection.
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This connection we have derived from the metric is the one on which conven-
tional general relativity is based. It is known by different names: sometimes the
Christoffel connection, sometimes the Levi—-Civita connection, sometimes the
Riemannian connection. The associated connection coefficients are sometimes

called Christoffel symbols and written as { Jv]; we will sometimes call them

Christoffel symbols, but we won’t use the funny notation. The study of manifolds
with metrics and their associated connections is called Riemannian geometry, or
sometimes pseudo-Riemannian when the metric has a Lorentzian signature.  ~

Before putting our covariant derivatives to work, we should mention some mis-
cellaneous properties. First, note that in ordinary flat space there is an implicit
connection we use all the time—the Christoffel connection constructed from the
flat metric. The coefficients of the Christoffel connection in flat space vanish in
Cartesian coordinates, but not in curvilinear coordinate systems. Consider for ex-
ample the plane in polar coordinates, with metric

ds? = dr? + 2462 (3.28)

The nonzero components of the inverse metric are readily found to be g = 1
and g?? = r~2. Notice that we use r and @ as indices in an obvious notation. We
can compute a typical connection coefficient:

I7, = 38" (:&rp + 0 8or — Dpgrr)
= 387 Brgrr + 0rgrr — Or8rr)
+ 18" (8, 8r0 + 3r80r — Bp8rr)
=3O +0-0) +1(0)0+0-0)
=0. (3.29)
Sadly, it vanishes. But not all of them do:
s = 387" (3686 + 3980 — 35800
= 1¢"" (3980, + d98r0 — - 800)
=3O +0-2r)
= —r (3.30)
Continuing to turn the crank, we eventually find
I, =7y =
re =0
=14 =

rh =0. (3.31)
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From these and similar expressions, we can derive formulas for the divergence,
gradient, and curl in curvilinear coordinate systems.

Contrariwise, even in a curved space it is still possible to make the Christoffel
symbols vanish at any one point. This is because, as we argued in the last chapter,
we can always make the first derivative of the metric vanish at a point; so by
(3.27) the connection coefficients derived from this metric will also vanish. Of
course this can only be established at a point, not in some neighborhood of the
point. We will discuss this more fully in Section 3.4.

Another useful property is that the formula for the divergence of a vector (with
respect to the Christoffel connection) has a simplified form. The covariant diver-
gence of V# is given by

V, V=9,V 4+ T, vh (3.32)

It is straightforward to show that the Christoffel connection satisfies

1
'Y, = —a+/lgl (3.33)
VT
and we therefore obtain
1
V. V¥ = ——3,(/|glVH). (3.34)
s Vgl

There are also formulas for the divergences of higher-rank tensors, but they are
generally not such a great simplification.

We use the Christoffel covariant derivative in the curved-space version of
Stokes’s theorem (see Appendix E). If V# is a vector field over a region X with
boundary d X, Stokes’s theorem is

/VMVM,/|g|d"x=/ n, VA ly 1 d"tx, (3.35)
)] )]

where n,, is normal to 3%, and y;; is the induced metric on 9X. If the connection
weren’t metric-compatible or torsion-free, there would be additional terms in this
equation.

The last thing we need to mention is that converting partial derivatives into
covariant derivatives is not always necessary in order to construct well-defined
tensors; in particular, the exterior derivative and the vector-field commutator are
both well-defined in terms of partials, essentially because both involve an anti-
symmetrization that cancels the nontensorial piece of the partial derivative trans-
formation law. The same feature implies that they could, on the other hand, be
equally well-defined in terms of (torsion-free) covariant derivatives; the antisym-
metrization causes the connection coefficient terms to vanish. Thus, if V is the
Christoffel connection, w, is a one-form, and X* and Y* are vector fields, we
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can write
(dw)yy = Aoy = V[, 0y (3.36)
and
[X, Y = X 9, 7" — Y 9, XM = XMV, Y — YAV, XA, (3.37)

If the connection is not torsion-free, the last equalities in these expressions are
no longer true; the more fundamental definitions of the exterior derivative and the
commutator are those in terms of the partial derivative.

Before moving on, let’s review the process by which we have been adding
structures to our mathematical constructs. We started with the basic notion of a set,
which you were presumed to be familiar with (informally, if not rigorously). We
introduced the concept of open subsets of our set; this is equivalent to introducing
a topology, and promoted the set to a topological space. Then by demanding that
each open set look like a region of R” (with n the same for each set) and that
the coordinate charts be smoothly sewn together, the topological space became
a manifold. A manifold is simultaneously a very flexible and powerful structure,
and comes equipped naturally with a tangent bundle, tensor bundles of various
ranks, the ability to take exterior derivatives, and so forth. We then proceeded
to put a metric on the manifold, resulting in a manifold with metric (sometimes
Riemannian manifold). Independently of the metric we found we could introduce
a connection, allowing us to take covariant derivatives. Once we have a metric,
however, there is automatically a unique torsion-free metric-compatible connec-
tion. Likewise we could introduce an independent volume form, although one is
automatically determined by the metric. In principle there is nothing to stop us
from introducing more than one connection, or volume form, or metric, on any
given manifold. In general relativity we do have a physical metric, which deter-
mines volumes and the covariant derivative, and the independence of these notions
is not a crucial feature.

PARALLEL TRANSPORT AND GEODESICS

Now that we know how to take covariant derivatives, let’s step back and put this
in the context of differentiation more generally. We think of a derivative as a way
of quantifying how fast something is changing. In the case of tensors, the crucial
issue is “changing with respect to what?” An ordinary function defines a number
at each point in spacetime, and it is straightforward to compare two different num-
bers, so we shouldn’t be surprised that the partial derivative of functions remained
valid on arbitrary manifolds. But a tensor is a map from vectors and dual vectors to
the real numbers, and it’s not clear how to compare such maps at different points
in spacetime. Since we have successfully constructed a covariant derivative, can
we think of it as somehow measuring the rate of change of tensors? The answer
turns out to be yes: the covariant derivative quantifies the instantaneous rate of



3.3 Parallel Transport and Geodesics 103

FIGURE 3.1 Inflat space, we can parallel transport a vector by simply keeping its Carte-
sian components constant.

change of a tensor field in comparison to what the tensor would be if it were “par-
allel transported.” In other words, a connection defines a specific way of keeping
a tensor constant (along some path), on the basis of which we can compare nearby
tensors.

It turns out that the concept of parallel transport is interesting in its own right,
and worth spending some time thinking about. Recall that in flat space it is unnec-
essary to be very careful about the fact that vectors are elements of tangent spaces
defined at individual points; it is actually very natural to compare vectors at dif-
ferent points (where by “‘compare” we mean add, subtract, take the dot product,
and so on). The reason why it is natural is because it makes sense, in flat space, to
move a vector from one point to another while keeping it constant, as illustrated
in Figure 3.1. Then, once we get the vector from one point to another, we can do
the usual operations allowed in a vector space.

This concept of moving a vector along a path, keeping constant all the while,
is known as parallel transport. Parallel transport requires a connection to be well-
defined; the intuitive manipulation of vectors in flat space makes implicit use of
the Christoffel connection on this space. The crucial difference between flat and
curved spaces is that, in a curved space, the result of parallel transporting a vec-
tor from one point to another will depend on the path taken between the points.
Without yet assembling the complete mechanism of parallel transport, we can use
our intuition about the two-sphere to see that this is the case. Start with a vector
on the equator, pointing along a line of constant longitude. Parallel transport it up
to the north pole along a line of longitude in the obvious way. Then take the orig-
inal vector, parallel transport it along the equator by an angle 6, and then move it
up to the north pole as before. As shown in Figure 3.2, it should be clear that the
vector, parallel transported along two paths, arrived at the same destination with
two different values (rotated by ).

It therefore appears as if there is no natural way to uniquely move a vector
from one tangent space to another; we can always parallel-transport it, but the
result depends on the path, and there is no natural choice of which path to take.
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FIGURE 3.2 Parallel transport on a two-sphere. On a curved manifold, the result of
parallel transport can depend on the path taken.

Unlike some of the problems we have encountered, there is no solution to this
one—we simply must learn to live with the fact that two vectors can only be com-
pared in a natural way if they are elements of the same tangent space. For example,
two particles passing by each other have a well-defined relative velocity, which
cannot be greater than the speed of light. But two particles at different points on
a curved manifold do not have any well-defined notion of relative velocity—the
concept simply makes no sense. Of course, in certain special situations it is still
useful to talk as if it did make sense, but occasional usefulness is not a substitute
for rigorous definition. In cosmology, for example, the light from distant galax-
ies is redshifted with respect to the frequencies we would observe from a nearby
stationary source. Since this phenomenon bears such a close resemblance to the
conventional Doppler effect due to relative motion, we are very tempted to say
that the galaxies are “receding away from us” at a speed defined by their redshift.
At a rigorous level this is nonsense, what Wittgenstein would call a “grammatical
mistake”—the galaxies are not receding, since the notion of their velocity with
respect to us is not well-defined. What is actually happening is that the metric of
spacetime between us and the galaxies has changed (the universe has expanded)
along the path of the photon from here to there, leading to an increase in the wave-
length of the light. As an example of how you can go wrong, naive application
of the Doppler formula to the redshift of galaxies implies that some of them are
receding faster than light, in apparent contradiction with relativity. The resolution
of this apparent paradox is simply that the very notion of their recession should
not be taken literally.

Enough about what we cannot do; let’s see what we can. Parallel transport is
supposed to be the curved-space generalization of the concept of “keeping the vec-
tor constant” as we move it along a path; similarly for a tensor of arbitrary rank.
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Given a curve x/* (1), the requirement of constancy of a tensor TH1K2Hk,, .,
along this curve in flat space is simply that the components be constant:

m
iT/-LU-LZ"'lUc dx d THLIHA2 " Lk

dx T T

To make this properly tensorial we simply replace this partial derivative by a co-
variant one, and define the directional covariant derivative to be

D  dx+

| o

This is a map, defined only along the path, from (k, [) tensors to (k, [) tensors.

We then define parallel transport of the tensor 7" along the path x* (1) to be the
requirement that the covariant derivative of T along the path vanishes:

Y vy — 0.

V. (3.38)

D 2 e dx°
(ET> ViV = KVUTMIMZ Mkl)ll)z--'vl =0. (3.39)
This is a well-defined tensor equation (since both the tangent vector dx* /dA and
the covariant derivative VT are tensors), known as the equation of parallel trans-
port. For a vector it takes the form

d dx®
—VH4TE —VP =0, 3.40
e (340
We can look at the parallel transport equation as a first-order differential equation
defining an initial-value problem: given a tensor at some point along the path,
there will be a unique continuation of the tensor to other points along the path
such that the continuation solves (3.39). We say that such a tensor is parallel-
transported.

The notion of parallel transport is obviously dependent on the connection,
and different connections lead to different answers. If the connection is metric-
compatible, the metric is always parallel transported with respect to it:

D dx°

ﬁg;.w = Evcrgp,v =0 (3.41)
It follows that the inner product of two parallel-transported vectors is preserved.
That is, if V# and W are parallel-transported along a curve x° (1), we have

D D D D
7 GV = (ﬁ&w) VAW + g (EVM) WY+ g VH (ﬁWU>
=0. (3.42)

This means that parallel transport with respect to a metric-compatible connection
preserves the norm of vectors, the sense of orthogonality, and so on.

With parallel transport defined, the next logical step is to discuss geodesics. A
geodesic is the curved-space generalization of the notion of a straight line in Eu-
clidean space. We all know what a straight line is: it’s the path of shortest distance
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between two points. But there is an equally good definition—a straight line is a
path that parallel-transports its own tangent vector. It will turn out that these two
concepts coincide if and only if the connection is the Christoffel connection.

We’ll start with the second definition (a geodesic is a curve along which the
tangent vector is parallel-transported), since it is computationally much more
straightforward. The tangent vector to a path x#(1) is dx*/dA. The condition
that it be parallel transported is thus

D dx*

—= =0, (3.43)

or alternatively

dZxk dx? dx°
+TH ———
d)2 T dxn dx

=0. (3.44)

This is the geodesic equation, another one you should memorize. We can eas-
ily see that it reproduces the usual notion of straight lines if the connection co-
efficients are the Christoffel symbols in Euclidean space; in that case we can
choose Cartesian coordinates in which I's, = 0, and the geodesic equation is
just d%x# /dA* = 0, which is the equation for a straight line.

That was embarrassingly simple; let’s turn to the more nontrivial case of the
shortest-distance definition. As we know, various subtleties are involved in the
definition of distance in a Lorentzian spacetime; for null paths the distance is
zero, for timelike paths it’s more convenient to use the proper time. So in the
name of simplicity let’s do the calculation just for a timelike path-—the resulting
equation will turn out to be good for any path, so we are not losing any generality.
We therefore consider the proper time functional,

dx* dxV\ V2
r:/‘<_g“vﬁﬁ> d}\., (3.45)

where the integral is over the path. To search for shortest-distance paths, we could
do the usual calculus-of-variations treatment to seek critical points of this func-
tional. They will turn out to be curves of maximum proper time, consistent with
our discussion of the twin paradox in Chapter 1. However, we can simplify the
algebra by means of a trick. The integral (3.45) is of the form T = [ /= f dA,
where f = g, (dx*/d}))(dx" /d}). The variation looks like

8t = /a\/?fdx

:—f%(-f)_l/zzﬁfdk. (3.46)

It makes things easier if we now specify that our parameter is the proper time
7 itself, rather than the arbitrary parameter A, so that the tangent vector is the
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four-velocity U*. This fixes the value of f,

dxt* dx®
= = UM = 1. (3.47)
From (3.46) we then have
1
8t = —3 /Sf dt. (3.48)

Stationary points of (3.45)—paths for which §7 = 0—are therefore equivalent to
stationary points (with fixed parameterization) of the simpler integral

1 dx* dx?
ffdr /gw i dr ——dr. (3.49)

(The % is by no means necessary, but will make things nicer later on.) Taking
variations of this expression is thus a shortcut to finding shortest-distance paths,
one that we will wisely follow.

Stationary points of I will of course obey the Euler-Lagrange equations
(1.128), but evaluating them involves repeated application of the chain rule, and it
is just as simple to directly consider the change in the integral under infinitesimal
variations of the path,

x> xH 4 sxt
8uv —> v + (aagw)axd. (3.50)

The second line comes from Taylor expansion in curved spacetime, which as you
can see, uses the partial derivative, not the covariant derivative. This is because
we are simply thinking of the components g, as functions on spacetime in some
specific coordinate system. Plugging this into (3.49) and keeping only terms first-
order in dx#, we get

mdyx? I n v
1/[ dx* dx 5 d(6x )dx dx™ d(8x )il i,

6l = — —  5x° St
2 9o 8uv dv dr t 8w dr  dt 8w dr drt

(3.51)

The last two terms can be integrated by parts; for example,

1 dx* d(5x") 1 d2xr dgwdx
o ]d’—‘if[g“v—dfz tar a |

1 d?xt dx? dxt
=—4f|:gw 5 + 0 guv—— il‘s x"dr,

2 dr dr dt
(3.52)

where we have neglected boundary terms, which vanish because we take our vari-
ation Sx* to vanish at the endpoints of the path. In the second line we have used
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the chain rule on the derivative of g,,. The variation (3.51) then becomes, after
rearranging some dummy indices,

d*xr 1 dxt* dxV
oI = —/ |:g#ﬂ dr? + 5 (%gm + hgop — aagu,v) dr dt il 8x° dt.

(3.53)

Since we are searching for stationary points, we want 51 to vanish for any varia-
tion §x7; this implies .

210 " v
g;w'd_d?xi— + % (augm + 8ugcm - aag/.w) %% =0, (3.54)
and multiplying by the inverse metric g finally leads to
2x0 1 dx® dx”
d_df_Z + Egpa (augua + hgop — atrguv) ;_r%
We see that this is precisely the geodesic equation (3.40), but with the specific
choice of Christoffel connection (3.27). Thus, on a manifold with metric, ex-
tremals of the length functional are curves that parallel transport their tangent
vector with respect to the Christoffel connection associated with that metric. It
doesn’t matter if any other connection is defined on the same manifold. Of course,
in GR the Christoffel connection is the only one used, so the two notions are the
same,

The variational principle provides a convenient way to actually calculate the
Christoffel symbols for a given metric. Rather than simply plugging into (3.27), it
is often less work to explicitly vary the integral (3.49), with the metric of interest
substituted in for g,,,. An example of this procedure is shown in Section 3.5.

=0. (3.55)

PROPERTIES OF GEODESICS

The primary usefulness of geodesics in general relativity is that they are the paths
followed by unaccelerated test particles. A test particle is a body that does not
itself influence the geometry through which it moves—never perfectly true, but
often an excellent approximation. This concept allows us to explore, for example,
the properties of the gravitational field around the Sun, without worrying about
the field of the planet whose motion we are considering. The geodesic equation
can be thought of as the generalization of Newton’s law f = ma, for the case
f = 0, to curved spacetime. It is also possible to introduce forces by adding terms
to the right-hand side; in fact, looking back to the expression (1.105)

d%xm dx? dx°
+ Db~ —— = —Fty——.
dr? 9 dt dt m dt

‘We will talk about this more later, but in fact your guess would be correct.

v
4 pu dx

(3.56)
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We should say some more careful words about the parameterization of a
geodesic path. When we presented the geodesic equation as the requirement that
the tangent vector be parallel-transported, (3.44), we parameterized our path with
some parameter A, whereas when we found the formula (3.55) for the extremal
of the spacetime interval, we wound up with a very specific parameterization, the
proper time. Of course from the form of (3.55) it is clear that a transformation,

T—>A=at+b, (3.57)

for some constants @ and b, leaves the equation invariant. Any parameter related
to the proper time in this way is called an affine parameter, and is just as good as
the proper time for parameterizing a geodesic. What was hidden in our derivation
of (3.44) was that the demand that the tangent vector be parallel-transported
actually constrains the parameterization of the curve, specifically to one related
to the proper time by (3.57). In other words, if you start at some point and with
some initial direction, and then construct a curve by beginning to walk in that
direction and keeping your tangent vector parallel transported, you will not only
define a path in the manifold but also (up to linear transformations) define the
parameter along the path.

Of course, there is nothing to stop you from using any other parameterization
you like, but then (3.44) will not be satisfied. More generally you will satisfy an
equation of the form

d2xH dx? dx° dx*
F/J' _ = _, 3
da? T o do do AC do (3.58)

for some parameter o(A), where f(c) is related to the affine parameter by

_ d% dc:z)‘2 350
fl@)y=- Tz (a . (3.59)

Conversely, if (3.58) is satisfied along a curve you can always find an affine pa-
rameter A(c) for which the geodesic equation (3.44) will be satisfied.

For timelike paths, we can write the geodesic equation in terms of the four-
velocity U* = dx* /dt as

UMV, U* = 0. (3.60)

Similarly, in terms of the four-momentum p* = mU*, the geodesic equation is
simply

PVt =0. (3.61)

This relation expresses the idea that freely-falling particles keep moving in the
direction in which their momenta are pointing.

For null paths, the proper time vanishes and 7 is not an appropriate affine pa-
rameter. Nevertheless, it is still perfectly well-defined to ask whether a parameter-
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FIGURE 33 We can al-
ways approximate a time-
like path by a sequence of
null paths with a total path
length of zero. Hence, time-~
like geodesics must be max-
ima of the proper time rather
than minima.
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ized path x* () satisfies the geodesic equation (3.44). If a null path is a geodesic
for some parameter A, it will also be a geodesic for any other affine parameter
of the form aA + b. However, there is no preferred choice among these param-
eters like the proper time is for timelike paths. Once we choose a parameter at
some point along the path, of course, there is a unique continuation to the rest
of the path if we want to solve the geodesic equation. It is often convenient to
choose the normalization of the affine parameter A along a null geodesic such that
dx™ /d) is equal to the momentum four-vector:

dxH
F= —. 3.62
p I (3.62)
This is in contrast to timelike paths, where dx* /dt is the momentum per unit
mass. Then an observer with four-velocity U#* measures the energy of the particle
(or equivalently the frequency, since we are setting /i = 1) to be

E=—p,U" (3.63)

This expression always tells us the energy of a particle with momentum p* as
measured by an observer with four-velocity U#, whether p# is null or timelike;
you can check it by going to locally inertial coordinates. (A caveat: this expression
for E does not include potential energy, only the intrinsic energy from motion and
inertia. In a general spacetime there will not be a well-defined notion of gravita-
tional potential energy, although in special cases it does exist.)

An important property of geodesics in a spacetime with Lorentzian metric is
that the character (timelike/null/spacelike) of the geodesic, relative to a metric-
compatible connection, never changes. This is simply because parallel transport
preserves inner products, and the character is determined by the inner product of
the tangent vector with itself. This is why we were consistent to consider purely
timelike paths when we derived (3.55); for spacelike paths we would have derived
the same equation, since the only difference is an overall minus sign in the final
answer.

Let’s now explain the earlier remark that timelike geodesics are maxima of the
proper time. The reason we know this is true is that, given any timelike curve
(geodesic or not), we can approximate it to arbitrary accuracy by a null curve.
To do this all we have to do is to consider “jagged” null curves that follow the
timelike one, as portrayed in Figure 3.3. As we increase the number of sharp cor-
ners, the null curve comes closer and closer to the timelike curve while still hav-
ing zero path length. Timelike geodesics cannot therefore be curves of minimum
proper time, since they are always infinitesimally close to curves of less proper
time (zero, in fact); actually they maximize the proper time. This is how you can
remember which twin in the twin paradox ages more—the one who stays home
is basically on a geodesic, and therefore experiences more proper time. Of course
even this is being a little cavalier; actually every time we say “maximize” or “min-
imize” we should add the modifier “locally.” Often the case is that between two
points on a manifold there is more than one geodesic. For instance, on §? we can
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draw a great circle through any two points, and imagine traveling between them
either the short way or the long way around. One of these is obviously longer than
the other, although both are stationary points of the length functional.

Geodesics provide a convenient a way of mapping the tangent space 7, of a
point p to aregion of the manifold that contains p, called the exponential map.
This map in turn defines a set of coordinates for this region that are automatically
the locally inertial coordinates discussed in Section 2.5 [coordinates x# around a
point p such that g;5(p) = npp and 35 8,5(p) = 0]. We begin by noticing that
any vector k € T}, defines a unique geodesic passing through it, for which & is the
tangent vector at p, and A(p) = O:

dx™
;T(x = 0) = kM. (3.64)

Uniqueness follows from the fact that the geodesic equation is a second-order
differential equation, and specifying initial data in the form x#(p) and k* =
(dx*/d\)(p) completely determines a solution. On this geodesic there will be a
unique point in M for which A = 1. The exponential map at p, exp, : T, > M,
is then defined as

exp, (k) =x"(A = 1), (3.65)

where xV()) solves the geodesic equation subject to (3.64), as shown in Fig-
ure 3.4.

For some set of tangent vectors k* near the zero vector, this map will be well-
defined, and in fact invertible. Depending on the geometry, however, different
geodesics emanating from a single point may eventually cross, at which point
exp, : T, — M is no longer one-to-one. Furthermore, the range of the expo-
nential map is not necessarily the whole manifold, and the domain is not neces-
sarily the whole tangent space. The'range can fail to be all of M simply because
there can be two points that are not connected by any geodesic. An example is
given by anti-de Sitter space, discussed in Chapter 8. The domain can fail to be
all of T, because a geodesic may run into a singularity, which we think of as
“the edge of the manifold.” Manifolds that have such singularities are known as
geodesically incomplete. In a more careful discussion it would actually be the

FIGURE 3.4 The exponential map takes a vector in T}, to a point in M that lies at unit
affine parameter along the geodesic to which the vector is tangent.
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other way around: the best way we have of defining a singularity is as a place
where geodesics appear to “end,” after we remove trivial cases in which a part of
the manifold is artificially excluded by hand. See Wald (1984) or Hawking and
Ellis (1973). This problem is not merely technical; the singularity theorems of
Hawking and Penrose state that, for certain matter content, spacetimes in gen-
eral relativity are almost guaranteed to be geodesically incomplete. As examples,
two of the most useful spacetimes in GR—the Schwarzschild solution describing
black holes and the Friedmann—Robertson—Walker solutions describing homoge-
neous, isotropic cosmologies—both feature important singularities; these will be
discussed in later chapters.

‘We now use the exponential map to construct locally inertial coordinates. The
easy part is to find basis vectors {4} for T}, such that the components of the
metric are those of the canonical form:

g = g€y, ee)) = Mpo- (3.66)

Here g( , ) denotes the metric, thought of as a multilinear map from 7, x T,
to R. And the hats have different meanings: over e they remind us that it’s a
basis vector, and over the indices they remind us that we are in locally inertial
coordinates (as we shall see). This is easy because it’s just linear algebra, not
yet referring to coordinates; starting with any set of components for g,,, we can
always diagonalize this matrix and then rescale our basis vectors to satisfy (3.66).
The hard part, we would expect, is finding a coordinate system xf for which
the basis vectors {é(ﬂ)} comprise the coordinate basis, é(ﬁ) = 0, and such that
the first partial derivatives of g;5 vanish. In fact, however, the exponential map
achieves this automatically. For any point g sufficiently close to p, there is a
unique geodesic path connecting p to ¢, and a unique parameterization A such
that A(p) = 0 and A(g) = 1. At p the tangent vector k to this geodesic can
be written as a linear combination of our basis vectors, k = k‘lé( ). We define
the sought-after coordinates x#* simply to be these components: x‘l(q) =kf. In
other words, we have defined the coordinates xf‘(q) to be the components (with
respect to our normalized basis {¢(;)}) of the tangent vector k that gets mapped to
g by exp,,. Coordinates constructed in this way are known as Riemann normal
coordinates at p.

We still need to verify that these Riemann normal coordinates satisfy d5 g5 (P)
= 0. Note that a ray in the tangent space (a parameterized set of vectors of the
form Ak#, for some fixed vector k#) gets mapped to a geodesic by the exponential
map. Therefore, in Riemann normal coordinates, a curve x#(A) of the form

xP () = akh (3.67)

will solve the geodesic equation. Indeed, any geodesic through p may be ex-
pressed this way, for some appropriate vector k*. We therefore have

d>xh

—5 =0 (3.68)
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along any geodesic through p in this coordinate system. But, by the geodesic
equation, we also have

et T (pkPk® 3.69
W(p)—— 25 (PIKCKT, (3.69)

where k? = (dxP /dA)(p). Since this holds for arbitrary k?, we conclude that
fi _
F,sa— (p)=0. (3.70)
Now apply metric compatibility:

0=Vsgss

= 058ip» 3.71)

where all quantities are evaluated at p. We see that Riemann normal coordinates
provide a realization of the locally inertial coordinates discussed in Section 2.5.
They are not unique; there are an infinite number of non-Riemann-normal coor-
dinate systems in which gs5(p) = n;p and 3;¢;5(p) = 0, but in an expansion
around p they will differ from the Riemann normal coordinates only at third order
in x*,

THE EXPANDING UNIVERSE REVISITED

Let’s put some of the technology we have developed to work in understanding a
simple metric. Recall the expanding-universe metric we studied in Chapter 2,

ds? = —dr? + a®(0)[dx? + dy? + dz?]
= —dr? + a?(1)8;dx dx /. (3.72)

This metric describes a universe consisting of flat spatial sections expanding as
a function of time, with the relative distance between particles at fixed spatial
coordinates growing proportionally to the scale factor a(z).

Faced with a metric, the first thing we do is to calculate the Christoffel symbols.
As mentioned at the end of Section 3.3, the easiest technique for doing so is
actually to vary explicitly an integral of the form (3.49). Plugging in the metric
under consideration, we have

1 dt\* ,  dx'dx
== |-({= 18— — | dz. .
! 2/{ (dr> Wi dr]d’ 373

The technique is to consider variations x# — x* 4+ §x* and demand that §7
vanish. We get n equations on an zn-dimensional manifold (in this case n = 4), one
for each w; each equation corresponds to a component of the geodesic equation
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(3.44). In the equation derived by varying with respect to x*, the coefficient of
(dxP /dT)(dx? /d7) will be T'55.

For the metric (3.72), we need to consider separately variations with respect to
x0 = ¢ and one of the x’s (it doesn’t matter which one, since the results for each
spacelike direction will be equivalent). Let’s start with # — ¢ + §¢. The nontrivia]
time dependence comes from the scale factor, for which, to first order,

a(t + 6t) = a(t) + aédt, (3.74)

where @ = da/dt. We therefore have

1 dt d(8t) dx' dx/
sI== | |—2—222 10
/l: dar dr TR &] v

d*t dxt dx/
_/|:d2+a Bud e :|6d (3.75)

where we have dropped a boundary term after integrating by parts (as always).
Setting the coefficient of 67 equal to zero implies

d’t i dx' dxJ 0 .

L aas e

dt? Ydr dt ’ (3.76)
which is supposed to be equivalent to the geodesic equation (with u = 0)

d*x0 o dxP dx°

— ——=0. .
dr? P9 dv dt 377
Comparison of these two equations implies
Fgo = 0
FtO - FO! =0,
Y = aasy. (3.78)

We can repeat this procedure for a spatial coordinate, x! — x! + §x’. The

variation is then
1 dxt d(8x7)
0l = = 28;;
2/ ( YT dr ) dr

,d%xt da dx
=— 2a— 5 79
/(a 2 + 7 v ) ijox! i dr. 3.79
We can express da/dt in terms of & by using the chain rule,
da _ .4t (3.80)

dt dt’
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Then setting the coefficient of 8x/ equal to zero in (3.79) implies

d?x! a dt dx! —0

dt? adtvdr (3.81)
Comparing to the geodesic equation, we find that the Christoffel symbols must
satisfy
dxP dx° _adt dx’

p ax”ax” _ ,aatax
P dr dt 2a dt dt’ (3.82)

The Christoffel symbols are therefore given by
Tgo =0
, . a .
Fho=To; = 553
I =0. . (3.83)

Together, (3.78) and (3.83) are all of the connection coefficients for the metric
(3.72). These are, of course, necessary both for studying geodesics of the space-
time and for taking covariant derivatives; in fact, (3.76) and (3.81) together are
the geodesic equation. Let’s put this to work by solving for null geodesics, those
followed by massless particles such as photons, for which we have to use A rather
than 7 as a parameter. Without loss of generality we can consider paths along the
x-direction, for which x#(x) = {t(A), x(%), 0, 0}. It is trivial to solve for null
paths of this sort, using ds* = 0. We have

0 = —dr? + a®(r)dx?, (3.84)
which implies
dx _ ldt s
- adn (3.85)

In Section 2.6 we solved this for a = ¢4, but here we will remain more gen-
eral. Also, we have chosen to consider paths moving in the positive x-direction,
which determines the sign of dx/dA. We must distinguish, however, between
“null paths” and “null geodesics™: the latter are a much more restrictive class,
and to shew that these paths are geodesics, we need to solve for the coordinates ¢
and x in terms of the parameter A.

Let’s solve for dt/d, which will turn out to be the quantity in which we are
most interested. Plugging the null condition (3.85) into the & = 0 component of
the geodesic equation (3.76), and remembering to replace T — A, we get

d’ a (dt\?
a2 T a\ax) =° (3.86)
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It is straightforward to verify that this is solved by

dt o) 3.87

dr~ a’ (3.87)
where wyg is a constant. For a given a(t), this could be instantly integrated to yield
£(A). But more interesting is to consider the energy E of the photon as it would be
measured by a comoving observer (one at fixed spatial coordinates), who would
have four-velocity

U*=(1,0,0,0). (3.88)

Don’t get tricked into thinking that the timelike component of the four-velocity
of a particle at rest will always equal unity; we need to satisfy the normalization
condition g,,U*UY = —1, which in the rest frame (U’ = 0) implies U® =
/=800 According to (3.63), and using p* = dx*/d\, we have

E=-p,U"

0

_ dx U0
= —&00 dn

_— (3.89)

We see why the notation wg was chosen for the constant of proportionality in
(3.87): wo is simply the frequency of the photon when @ = 1. Recall that E = fiw,
and we are using units in which 7 = 1.

We have uncovered a profound phenomenon: the cosmological redshift. A
photon emitted with energy E at scale factor ¢; and observed with energy E» at
scale factor ap will have

E, a

B m (3.90)
This is called a “redshift” because the wavelength of the photon is inversely pro-
portional to the frequency, and in an expanding universe the wavelength therefore
grows with time. As a practical matter this provides an easy way to measure the
change in the scale factor between us and distant galaxies, and also serves as a
proxy for the distance: since the universe has been monotonically expanding, a
greater redshift implies a greater distance. In conventional notation, the amount
of redshift is denoted by
w—wy  a

=—-1, (3.91)
w2 ay

so that z vanishes if there has been no expansion, for instance, if the emitter and
observer are so close that there hasn’t been enough time for the universe to appre-
ciably expand.
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As mentioned in Section 3.3, the cosmological redshift is not a Doppler shift
(despite the understandable temptation to refer to the “velocity” of receding galax-
ies). Now we can understand this statement quantitatively. You might imagine
that, as far as the behavior of emitted photons is concerned, there is little differ-
ence between two galaxies physically moving apart in a flat spacetime and two
galaxies at fixed comoving coordinates in an expanding spacetime. But let’s con-
sider a specific (unrealistic, but educational) example. Start with flat spacetime,
and imagine that our two galaxies are initially not moving apart, but are at rest in
some globally inertial coordinate system. One emits a photon toward the other;
while the photon is traveling, we quickly move the two galaxies apart until they
are twice their original separation, then leave them stationary at that distance; and
then the photon is absorbed by the second galaxy. Clearly there will be no Doppler
shift, since the galaxies were at rest both at emission and absorption. Now con-
sider the analogous phenomenon in an expanding spacetime, with the galaxies
stuck at fixed comoving coordinates. We begin with the scale factor constant (the
universe is not expanding). One galaxy emits a photon, and we imagine that dur-
ing the photon’s journey the universe starts expanding until the scale factor is
twice its original size, and then stops expanding before the photon is absorbed. In
this case there certainly will be a redshift, despite the fact that there was no “rela-
tive motion” (an ill-defined concept in any case) at either absorption or emission;
the photon’s wavelength will have doubled as the scale factor doubled, so we ob-
serve a redshift z = 1. This demonstrates the conceptual distinction between the
cosmological redshift and the conventional Doppler effect.

Beyond the geodesic equation, covariant derivatives will play a role in gener-
alizing laws of physics from the flat spacetime of special relativity to the curved
geometry of general relativity. As we will discuss in more detail in the next chap-
ter, a simple rule of thumb is simply to replace all partial derivatives by covariant
derivatives, and all appearances of the flat spacetime metric 7,,, by the curved
metric g,,,. For example, the energy-momentum conservation equation of special
relativity, 3, T#" = 0, where T*” is the energy-momentum tensor, becomes

V,T" =0. (3.92)

In cosmology, we typically model the matter filling the universe as a perfect fluid;
the corresponding energy-momentum tensor comes from generalizing (1.114) to
curved spacetime,

T = (p + p)UU" + pg"”. (3.93)

Recall that p is the energy density, p is the pressure, and U* is the four-velocity
of the fluid. For the metric (3.72) the components of the inverse metric are

—1
g#'v == -2 . (394)
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‘We can take the fluid to be in its rest frame in these coordinates, so that the com-
ponents of the four-velocity are U* = (1, 0, 0, 0). In fact the fluid would have to
be in its rest frame for this particular metric to solve Einstein’s equation, as we
will later see. The energy-momentum tensor therefore takes the form

P 2
wv _ a-p y
T a2p . (3.95)
a2p
Note that these components are specific to the metric (3.72), and will generally
look different for other metrics.
Let’s see what the energy-momentum conservation equation V, 7" = 0 im-
plies for a perfect fluid in an expanding universe. The rule for covariant derivatives
(3.17) implies

VuTH =8, T 4+ Tl T + T, TH = 0. (3.96)

This equation has four components, one for each p, although the three p = i €
{1, 2, 3} are equivalent. Let’s first look at the v = 0 component, piece by piece.
The first term is straightforward,

3,T"0 = 3T = 4. (3.97)
The second term is
20 00 _ 4
FZAT = rﬁOT = 3;p, (3.98)
and the third term is
a
P, T4 =TT® + TH T + 1572 + 19,7 = 3-p. (3.99)

In each of these sets of equations, we have first invoked the fact that T#" is di-
agonal, and then used the explicit formulae for the energy-momentum tensor and
the connection coefficients in this metric. All together, then, we find

p= -3%(,0 + p). (3.100)

Now let’s look at one of the spatial components, choosing v = 1 for definiteness.
Once again working piece by piece, we have for the first term in (3.96),

3, T = 0,7 = a0, p. (3.101)
The second and third terms are

ri, =i =0, (3.102)
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and
FLTH =TT + 14T + 7,72 + 1573 = 0. (3.103)

Equivalent results will hold for v = 2 and v = 3. So the spatial components of
the energy-momentum conservation equation simply amount to

d;p=0. (3.104)

It is illuminating to compare these results to those we would obtain in Min-
kowski spacetime, which can be found by simply setting a = 1, @ = 0. The
pressure-gradient equation (3.104) is unaffected, so there is no effect of curvature
on the spatial components: for a fluid that is motionless as measured by a comov-
ing observer, the pressure must be constant throughout space. For the timelike
component, on the other hand, the expansion of the universe introduces a nonzero
right-hand side to (3.100). To understand the consequences of this new feature,
let us consider equations of state of the form

p =wp, (3.105)

where w is some constant, Then (3.100) becomes

= 3(1+ w)g, (3.106)

RS RSN

which can be solved to yield
p o g 30Fw), (3.107)

In Chapter 1 we mentioned three kinds of perfect fluid with equations of state of
the form (3.105): dust, with w = 0; radiation, with w = 1; and vacuum, with
w = —1. A set of nonrelativistic, noninteracting particles behaves like dust; a
set of photons or other massless particles behaves like radiation; and a nonzero
constant energy density throughout spacetime acts like vacuum. From (3.107) we
see that the equation of state determines how the energy density evolves as the
universe expands:

matter p =0 pxa?

radiation p = %p poxa®

vacuum p=—p p = constant. (3.108)

‘We will explore these behaviors more thoroughly in Chapter 8; for right now let’s
simply note that they make sense. For dust, the energy density comes from the
rest mass of each particle; if all the particles have mass m, the energy density
is simply p = nm, where n is-the number density. Since the number density
goes down as a2 (the physical volume of a comoving region goes up, while the
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total number of particles stays constant), while the masses remain unchanged,
we expect that the energy density obeys p o a~3. For radiation, meanwhile, the
energy of each particle (such as a photon) redshifts away as a~! as the universe
expands; since the number density still obeys n o a2, we expect that p o
a~*. Finally, the vacuum energy density is an intrinsic and unchanging amount of
energy in any physical volume; it doesn’t redshift at all as the universe expands,
SO we get p = constant.

This example brings to life the differences between flat and curved spacetimes.
For example, consider what we might be tempted to call the “energy,” the integral
over space of the energy density: E = [ pa’ d*x, where the boundaries are at
fixed comoving coordinates, so the region expands along with the universe, and
the factor of @ comes from the square root of the determinant of the spatial metric
a%s; ;- This number is clearly not conserved in general. For dust, since p o a3,
E remains constant as the universe expands; but for radiation it decreases, and
for vacuum energy it increases. This is upsetting, since conservation of energy is
one of the more cherished principles of physics. What has happened? One way
of thinking about this is from the viewpoint of Noether’s theorem, which states
that every symmetry implies a conserved quantity. Energy is the conserved quan-
tity that derives from invariance under time translations. Clearly, in an expanding
universe, the energy-momentum tensor is defined on a background that is chang-
ing with time; therefore there is no reason to believe that the energy should be
conserved. (“There is no timelike Killing vector,” in the language to be intro-
duced in Section 3.8.) Nevertheless, we continue to refer to V, T#" = 0 as the
energy-momentum conservation equation. It conveys the idea that there is a def-
inite law obeyed by the energy-momentum tensor, even if there is no integral
corresponding to a conserved energy. The transition from flat to curved space-
time induces the additional Christoffel-symbol terms in (3.96); these terms serve,
roughly speaking, to allow transfer of energy between the matter fields (com-
prising 7#") and the gravitational field. This notion is not very formal, however,
and you shouldn’t push it too far—it turns out to be difficult to associate a local
energy density to the gravitational field, although it is possible in certain circum-
stances.

Of course there is also a notion of time-translation invariance that refers not to
the background spacetime, but to the theory itself (that is, to the equations that de-
fine the theory rather than a specific solution to them). We haven’t yet developed
the dynamical equations of general relativity, but they will turn out to be invariant
under time translations, as well as under any other sort of coordinate transforma-
tions, as indeed they must be. This general coordinate invariance leads to a set of
constraints on allowed configurations of the theory, and generally requires a more
subtle analysis.

In the end, you should come to accept that there is a profound difference be-
tween flat and curved spacetimes, and some of our favorite notions from flat-
spacetime physics will be seriously modified in this more general context. This is
not a sign of any flaw in general relativity, but a natural consequence of discarding
the rigid spacetime geometry we learn to take for granted.



3.6 1

FIGURE 3.5 An infinitesi-
mal loop defined by two vec-
tors A# and BV,

3.6 The Riemann Cﬁrvature Tensor 121
THE RIEMANN CURVATURE TENSOR

Having set up the machinery of covariant derivatives and parallel transport, we are
at last prepared to discuss curvature proper. The curvature is quantified by the Rie-
mann tensor, which is derived from the connection. The idea behind this measure
of curvature is that we know what we mean by “flatness” of a connection—the
conventional (and usually implicit) Christoffel connection associated with a Eu-
clidean or Minkowskian metric has a number of properties that can be thought of
as different manifestations of flatness. These include the fact that parallel trans-
port around a closed loop leaves a vector unchanged, that covariant derivatives
of tensors commute, and that initially parallel geodesics remain parallel. As we
shall see, the Riemann tensor arises when we study how any of these properties
are altered in more general contexts.

We have already argued, using the two-sphere as an example, that parallel
transport of a vector around a closed loop in a curved space will lead to a transfor-
mation of the vector. The resulting transformation depends on the total curvature
enclosed by the loop; it would be more useful to have a local description of the
curvature at each point, which is what the Riemann tensor is supposed to provide.
One conventional way to introduce the Riemann tensor, therefore, is to consider
parallel transport around an infinitesimal loop. We are not going to do that here,
but take a more direct route. Nevertheless, even without working through the de-
tails, it is possible to see what form the answer should take. Since spacetime looks
flat in sufficiently small regions, our loop will be specified by two (infinitesimal)
vectors A* and BY. We imagine parallel transporting a vector V* by first mov-
ing it in the direction of A#, then along BY, then backward along A* and B’
to return to the starting point, as shown in Figure 3.5. We know the action of
parallel transport is independent of coordinates, so there should be some tensor
that tells us how the vector changes when it comes back to its starting point; it
will be a linear transformation on a vector, and therefore involve one upper and
one lower index. But it will also depend on the two vectors A and B that de-
fine the loop; therefore there should be two additional lower indices to contract
with A* and B". Furthermore, the tensor should be antisymmetric in these two
indices, since interchanging the vectors corresponds to traversing the loop in the
opposite direction, and should give the inverse of the original answer. This is
consistent with the fact that the transformation should vanish if A and B are the
same vector. We therefore expect that the expression for the change §V* experi-
enced by this vector when parallel transported around the loop should be of the
form

8VP = RP4,, V7 A*BY, (3.109)

where R?;,,, is a (1, 3) tensor known as the Riemann tensor (or simply curva-
ture tensor). It is antisymmetric in the last two indices:

RPouy = —RPouy. (3.110)
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Of course, if (3.109) is taken as a definition of the Riemann tensor, a convention
needs to be chosen for the ordering of the indices. There is no agreement at all on
what this convention should be, so be careful.

Knowing what we do about parallel transport, we could very carefully perform
the necessary manipulations to see what happens to the vector under this opera-
tion, and the result would be a formula for the curvature tensor in terms of the
connection coefficients. It is much quicker, however, to consider a related opera-
tion, the commutator of two covariant derivatives. The relationship between this
and parallel transport around a loop should be evident; the covariant derivative
of a tensor in a certain direction measures how much the tensor changes relative
to what it would have been if it had been parallel transported, since the covariant
derivative of a tensor in a direction along which it is parallel transported is zero.
The commutator of two covariant derivatives, then, measures the difference be-
tween parallel transporting the tensor first one way and then the other, versus the
opposite ordering, as shown in Figure 3.6.

The actual computation is very straightforward. Considering a vector field V°,
we take

[V VoIV =V, V, VP =V, V,V?
= 0,(VyVP) =T, VaVP + T4, V, V7 — (u < v)
= 0,0,V? + 0, T5,)V7 +T6,0,V° =T} VP — T, T5,V°
+T8,8,V +TA, TV — (1 < v)
= 00y — T8, +T5, T, =TTV —2T¢,, Vi V2.
(3.111)

In the last step we have relabeled some dummy indices and eliminated some terms
that cancel when antisymmetrized. We recognize that the last term is simply the
torsion tensor, and that the left hand side is manifestly a tensor; therefore the
expression in parentheses must be a tensor itself. We write

[V, VolVP = R4, VO — T, Vi VP, (3.112)

where the Riemann tensor is identified as

g
R = 0,18, —aTf, + T, T, — T Th,. (3.113)

Notice a number of things about the derivation of this expression:

o Of course we have not demonstrated that (3.113) is actually the same tensor
that appeared in (3.109), but in fact it’s true. You are asked to show this in
the Exercises.

o It is perhaps surprising that the commutator [V, V,], which appears to be
a differential operator, has an action on vector fields that (in the absence of
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torsion, at any rate) is a simple multiplicative transformation. The Riemann
tensor measures that part of the commutator of covariant derivatives that is
proportional to the vector field, while the torsion tensor measures the part
that is proportional to the covariant derivative of the vector field; the second
derivative doesn’t enter at all.

e Notice that the expression (3.113) is constructed from nontensorial ele-
ments; you can check that the transformation laws all work out to make
this particular combination a legitimate tensor.

o The antisymmetry of R”;,, in its last two indices is immediate from this
formula and its derivation.

e We constructed the curvature tensor completely from the connection (no
mention of the metric was made). We were sufficiently careful that the
above expression is true for any connection, whether or not it is metric
compatible or torsion free.

o Using what are by now our usual methods, the action of [V,, V] can be
computed on a tensor of arbitrary rank. The answer is

[V, VolXH 78k,
= —TlpUVAXM“'“",,I..W
+ RMIXpGX)‘M2».~MkUl...VI + RuzkpGXm)u--Mkvlmw 4
— RkulptrXM'"M,kvzww _ R)vapch‘””'MkvM-"w - (3.114)
Both the torsion tensor and the Riemann tensor, thought of as multilinear maps,

have elegant expressions in terms of the vector-field commutator. Thinking of the
torsion as a map from two vector fields to a third vector field, we have

T(X,Y)=VxY — VyX — [X, Y], (3.115)

and thinking of the Riemann tensor as a map from three vector fields to a fourth
one, we have (in funny-looking but standard notation)

R(X,Y)Z = VxVyZ — VyVxZ — Vix 1 Z. (3.116)

In these expressions, the notation Vx refers to the covariant derivative along the
vector field X; in components, Vx = X*V,,. So, for example, (3.116) is equiva-
lent to

RP o XHYVZO = XMV (YV,ZP) — YAV(XV, ZF)
— (X*HY" - Y 9, XMV, Z°, (3.117)

which you can check is equivalent to (3.113). Note that the two vectors X and Y in
(3.116) correspond to the last two indices in the component form of the Riemann
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tensor. The last term in (3.116), involving the commutator [ X, Y], vanishes when
X and Y are taken to be the coordinate basis vector fields (since [d,,, 9,] = 0),
which is why this term did not arise when we originally took the commutator of
two covariant derivatives. We will not use this notation extensively, but you might
see it in the literature, so you should be able to decode it.

Having defined the curvature tensor as something that characterizes the con-
nection, let us now admit that in GR we are most concerned with the Christoffel
connection. In this case the connection is derived from the metric, and the asso-
ciated curvature may be thought of as that of the metric itself. This identification
allows us to finally make sense of our informal notion that spaces for which the
metric looks Euclidean or Minkowskian are flat. In fact it works both ways:

o If a coordinate system exists in which the components of the metric are
constant, the Riemann tensor will vanish.

o If the Riemann tensor vanishes, we can always construct a coordinate sys-
tem in which the metric components are constant.

Technically, these statements should be restricted to a region of the manifold that
is simply-connected (all loops in the region can be smoothly deformed to a point
without leaving the region); we will implicitly assume this condition below.

The first of these is easy to show. If we are in some coordinate system such
that 3,g,, = O everywhere, not just at a point, then I';, = 0 and 3,I'5, =
0; thus R®5,, = 0 by (3.113). But this is a tensor equation, and if it is true
in one coordinate system it must be true in any coordinate system. Therefore,
the statement that the Riemann tensor vanishes is a necessary condition for it
to be possible to find coordinates in which the components of g, are constant
everywhere.

The second claim, that R®;,,, = 0 everywhere implies we can find a coordi-
nate system in which the metric components are constant everywhere, is harder to
prove (but not very hard). Consider as a warm-up a one-form @ = w,, dx*, defined
at some point p. For any path x#(2) that includes p, we can construct a unique
one-form field along the path by demanding that w,, be parallel-transported:

dxt

dx
In general, if we performed this procedure for distinct paths that started at p and
passed through some other point g, the value of w,, at ¢ would depend on the
path. However, if the Riemann tensor vanishes everywhere, the parallel-transport
will be path-independent, and we can define a unique one-form field throughout
the manifold. Therefore (3.118) must be true for arbitrary dx*/dx; this can only
be true if w,, is covariantly constant:

V0, = 0. (3.118)

V0, =0. (3.119)

On an arbitrary manifold there will be no solutions to this equation; it is only
possible here because we are assuming that the curvature vanishes. We can take
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the antisymmetric part of (3.119), and from (3.36) we know that this is just the
exterior derivative:

Vipwy) = d @y =0, (3.120)
or, in index-free notation,
dw =0. (3.121)

In other words, w is closed. It is also exact (there exists a scalar function « such
that w = de), since we have restricted the topology of the region in which we are
working. In components we have

W, = 0,0 (3.122)

There is nothing special about the one-form w, so we can repeat this procedure
with a set of one-forms 9 @ where a € {1...n} on an n-dimensional manifold.
We may choose our one-forms to comprise a normalized basis for the dual space
T, such that the components of the metric with respect to this basis are those of
the canonical form; in other words,

ds*(p) = nap 6@ ® 6O, (3.123)

Here we use ngp in a generalized sense, as a matrix with either +1 or —1 for
each diagonal element and zeroes elsewhere. The actual arrangement of the +1°s
and —1’s depends on the canonical form of the metric, but is irrelevant for the
present argument. Now let us parallel transport the entire set of basis forms all
over the manifold; the vanishing of the Riemann tensor ensures that the result
will be independent of the path taken. Since the metric is always automatically
parallel-transported with respect to a metric-compatible connection, the metric
components will remain unchanged,

ds?(anywhere) = 045 6@ ® §®). (3.124)

We therefore have specified a set of one-form fields, which everywhere define a
basis in which the metric components are constant. This is completely unimpres-
sive; it can be done on any manifold, regardless of what the curvature is. What we
would like to show is that this is a coordinate basis (Which will only be possible if
the curvature vanishes). However, by the same arguments that led to (3.122), we
know that all of the §@)’s are exact forms, so that there exists a set of functions
¥4 such that the one-form fields are their gradients,

6@ = dy®. (3.125)

These n functions are precisely the sought-after coordinates; all over the manifold
the metric takes the form

ds? = ngp dy®dy®. (3.126)
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At this point you are welcome to switch from using a, b as indices to w, v if you
prefer.

We have thus verified that the Riemann tensor provides us with an answer to the
question of whether some horrible-looking metric is secretly that of flat space in
a perverse coordinate system. If we calculate the Riemann tensor of such a metric
and find that it vanishes, we know that the metric is flat; if it doesn’t vanish, there
is curvature.

PROPERTIES OF THE RIEMANN TENSOR

The Riemann tensor, with four indices, naively has n* independent components
in an n-dimensional space. In fact the antisymmetry property (3.110) means that
there are only n(n — 1)/2 independent values these last two indices can take on,
leaving us with n®(n — 1)/2 independent components. When we consider the
Christoffel connection, however, a number of other symmetries reduce the inde-
pendent components further. Let’s consider these now.

The simplest way to derive these additional symmetries is to examine the Rie-
mann tensor with all lower indices,

Ryopn = gpARAay.u- (3.127)

Letus further consider the components of this tensor in locally inertial coordinates
x# established at a point p. Then the Christoffel symbols themselves will vanish,
although their derivatives will not. We therefore have

Rssp9(p) = gﬁ((”ﬁréa —3I55)
= %g,;;g“ (030385¢ + 0305825 — 0302855 — 350,852
— ;05825 + 959:8p6)
= 120005850 — 0305806 — 005850 + 05058p5).  (3.128)
In the first line we have used Fzﬁ (p) = 0, in the second line we have used
8ﬂg’\f = 0 in Riemann normal coordinates, and the fact that partials commute

in the third line. From this expression we can notice immediately three properties
of Rpopy: itis antisymmetric in its first two indices,

Rpa,w = _'Rcrp/.uvy (3-129)

it is antisymmetric in its last two indices [which we already knew from (3.110)],

Roopv = —Rpovp, (3.130)
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and it is invariant under interchange of the first pair of indices with the second:

Rpo'u,v = R/.vao‘- (3131)

With a little more work, which is left to your imagination, we can see that the sum
of cyclic permutations of the last three indices vanishes:

Ryopv + Rppvo + Royop = 0. (3.132)

Given (3.130), it’s easy to see that this last property is equivalent to the vanishing
of the antisymmetric part of the last three indices:

Rpfous) = 0. (3.133)

All of these properties have been derived in a special coordinate system, but
they are all tensor equations; therefore they will be true in any coordinates (so
we haven’t bothered with hats on the indices). Not all of them are independent;
with some effort, you can show that (3.129), (3.130), and (3.133) together imply
(3.131). The logical interdependence of the equations is usually less important
than the fact that they are true.

Given these relationships between the different components of the Riemann
tensor, how many independent quantities remain? Let's begin with the facts that
Ry is antisymmetric in the first two indices, antisymmetric in the last two
indices, and symmetric under interchange of these two pairs. This means that we
can think of it as a symmetric matrix R{y¢][uv], Where the pairs po and pv are
thought of as individual indices. An m x m symmetric matrix has m(m + 1)/2
independent components, while an » x n antisymmetric matrix has n(n — 1)/2
independent components. We therefore have

! [%n(n _ 1)] [%n(n 1)+ 1] =lpt -3+ —2m)  (3134)

independent components. We still have to deal with the additional symmetry
(3.133). An immediate consequence of (3.133) is that the totally antisymmetric
part of the Riemann tensor vanishes,

R[pa;w] =0. (3.135)

In fact, this equation plus the other symmetries (3.129), (3.130), and (3.131), are
enough to imply (3.133), as can be easily shown by expanding (3.135) and ma-
nipulating the resulting terms. Therefore imposing the additional constraint of
(3.135) is equivalent to imposing (3.133), once the other symmetries have been
accounted for. How many independent restrictions does this represent? Let us
imagine decomposing

Rpopw = Xpouv + Ripopuv)- (3.136)
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It is easy to see that any totally antisymmetric 4-index tensor is automatically
antisymmetric in its first and last indices, and symmetric under interchange of
the two pairs. Therefore these properties are independent restrictions on X ¢ v,
unrelated to the requirement (3.135). Now a totally antisymmetric 4-index tensor
has n(n — 1)(n — 2)(n — 3)/4! terms, and therefore (3.135) reduces the number
of independent components by this amount. We are left with

%(n4 —2n3 +3n% —2n) — %n(n - Dn—-2)(n—-3) = ll—znz(n2 -1
(3.137)

independent components of the Riemann tensor.

In four dimensions, therefore, the Riemann tensor has 20 independent compo-
nents. (In one dimension it has none.) These twenty functions are precisely the 20
degrees of freedom in the second derivatives of the metric that we could not set
to zero by a clever choice of coordinates when we first discussed locally inertial
coordinates in Chapter 2. This should reinforce your confidence that the Riemann
tensor is an appropriate measure of curvature.

In addition to the algebraic symmetries of the Riemann tensor (which constrain
the number of independent components at any point), it obeys a differential iden-
tity, which constrains its relative values at different points. Consider the covariant
derivative of the Riemann tensor, evaluated in locally inertial coordinates:

950305850 — 9295806 — 3505 85n + 0595806).  (3.138)

It may seem illegitimate to take the derivative of an expression that is only true at a
point, but the terms we are neglecting are all proportional to 95 g5, and therefore
vanish. We would like to consider the sum of cyclic permutations of the first three
indices:
ViRosn0 + VoRsspo + Vo R0
= %(aiaﬁa&g,ag — 050305806 — 333505 85p + 953505845
+ 050505850 — 0503058;5 — 950505854 + 95050583
+ 050335835 — 050,03805 — a;,aga,;gm + 350595 8a5)
=0. (3.139)

Once again, since this is an equation between tensors it is true in any coordinate
system, even though we derived it in a particular one. We recognize by now that
the antisymmetry R,q v = —Rgpyy allows us to write this result as

V[}\Rpa];.w =0. (3.140)

This is known as the Bianchi identity. For a general connection there would be
additional terms involving the torsion tensor. It is closely related to the Jacobi
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identity, since (recalling the definition of the Riemann tensor in terms of the com-
mutator of covariant derivatives) it expresses

[([Vx, Vo1, Vol + [[Vp, Vol, VAl +[[Ve, Vi1, V,1 = 0. (3.141)

The Riemann tensor has four indices. At times it is useful to express a tensor
as a sum of various pieces that are individually easier to handle and may have di-
rect physical interpretations. The trick is to do this in a coordinate-invariant way.
For example, we could decompose the Riemann tensor into R°5;; and R o,
from which we could reconstruct the entire tensor (since R”,qo vanishes). But
clearly this decomposition is not invariant under change of basis; we want to
find a decomposition that is preserved when we change coordinates. What we
are really doing is considering representations of the Lorentz group. We have
two fundamental tricks at our disposal: taking contractions, and taking symmet-
ric/antisymmetric parts. For example, given an arbitrary (0, 2) tensor X ,,,,, we can
decompose it into its symmetric and antisymmetric pieces,

X, = X + X (3.142)

and the symmetric part can be further decomposed into its trace X = g*” X,
and a trace-free part X, = X () — %ng, so that

1 -
X = EXg/_w + X0+ Xpuvl- (3.143)

(Note that X[, is autgmadcally traceless.) When we change coordinates, the
different pieces Xg,,,, X,.v, and X[, are rotated into themselves, not into each
other; we say that they define “invariant subspaces™ of the space of (0, 2) ten-
sors. For more complicated tensors the equivalent decomposition might not be so
simple.

" For the Riemann tensor, our first step is to take a contraction to form the Ricci
tensor:

Ry = R* o (3.144)

For the curvature tensor formed from an arbitrary (not necessarily Christoffel)
connection, there are a number of independent contractions to take. Our primary
concern is with the Christoffel connection, for which (3.144) is the only inde-
pendent contraction; all others either vanish, or are related to this one. The Ricci
tensor associated with the Christoffel connection is automatically symmetric,

Ruy = Ry, (3.145)

as a consequence of the symmetries of the Riemann tensor. The trace of the Ricci
tensor is the Ricci scalar (or curvature scalar):
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R=R"*, =g"R,,. (3.146)

We could also form the trace-free part I/Q\,w =R, — %Rguu, but this turns out
not to be especially useful; it is more common to express things in terms of R,
and R.

The Ricci tensor and scalar contain all of the information about traces of the
Riemann tensor, leaving us the trace-free parts. These are captured by the Weyl
tensor, which is basically the Riemann tensor with all of its contractions removed.
It is given in » dimensions by !

2
Copouv = Rpopw — m (gp[uRv]cf - 8G[uRv]p)

2
_— R 3.147
+ (n_ 1)(n_2)gp[/-Lgv]U ( 14 )
This messy formula is designed so that all possible contractions of Cys ., Vanish,
while it retains the symmetries of the Riemann tensor:

Coopv = Clpolfuvls

Cp(f/.w = C;wpa»
Colopuv = 0. (3.148)

The Weyl tensor is only defined in three or more dimensions, and in three dimen-
sions it vanishes identically. One of the most important properties of the Weyl
tensor is that it is invariant under conformal transformations (discussed in the
Appendices). This means that if you compute C?;,,, (note that the first index
is upstairs) for some metric g,,, and then compute it again for a metric given
by wz(x)gw, where w(x) is an arbitrary nonvanishing function of spacetime,
you get the same answer. For this reason it is often known as the conformal
tensor.

An especially useful form of the Bianchi identity comes from contracting twice
on (3.139):

0= g””g‘“ (VARpcr;,w + VpRcrAMv + VURApp,v)
=V*R,, — VoR+ V'R, (3.149)

or
VAR, = 3AV,R. (3.150)

Notice that, unlike the partial derivative, it makes sense to raise an index on the
covariant derivative, due to metric compatibility. We define the Einstein tensor
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as

G/,w =Ry, — %Rg/w- (3.151)

In four dimensions the Einstein tensor can be thought of as a trace-reversed ver-
sion of the Ricci tensor. We then see that the twice-contracted Bianchi identity
(3.150) is equivalent to

VEGy, = 0. (3.152)

The Einstein tensor, which is symmetric due to the symmetry of the Ricci tensor
and the metric, will be of great importance in general relativity.

‘We should pause at this point to contrast the formalism we have developed with
our intuitive notion of curvature. Our intuition is unfortunately contaminated by
the fact that we are used to thinking about one- and two-dimensional spaces em-
bedded in the (almost) Euclidean space in which we live. We think, for example,
of a straight line as having no curvature, while a circle (') is curved. However,
according to (3.137), in one, two, three, and four dimensions there are 0, 1, 6 and
20 independent components of the Riemann tensor, respectively. (Everything we
say about the curvature in these examples refers to the curvature associated with
the Christoffel connection, and therefore the metric.) Therefore it is impossible
for a one-dimensional space such as S' to have any curvature as we have defined
it. The apparent contradiction stems from the fact that our intuitive notion of cur-
vature depends on the extrinsic geometry of the manifold, which characterizes
how a space is embedded in some larger space, while the Riemann curvature is
a property of the intrinsic geometry of a space, which could be measured by ob-
servers confined to the manifold. Beings that lived on a circle and had no access
to the larger world would necessarily think that they lived in a flat geometry—
for example, there is no possibility of a nondegenerate infinitesimal loop around
which we could parallel-transport a vector and have it come back rotated from its
original position. Extrinsic curvature, discussed in Appendix D, is occasionally
useful in GR when we wish to describe submanifolds of spacetime; but most of-
ten we are interested in the intrinsic geometry of spacetime itself, which does not
rely on any embeddings.

We can illustrate the intrinsic/extrinsic difference further with an example from
two dimensions, where the curvature has one independent component. In fact, all
of the information about the curvature is contained in the single component of the
Ricci scalar. Consider a torus, portrayed in Figure 3.7, which can be thought of as
a square region of the plane with opposite sides identified (topologically, S* x S1).
Although a torus embedded in three dimensions looks curved from our point of
view, it should be clear that we can put a metric on the torus whose components
are constant in an appropriate coordinate system—simply unroll it and use the

ﬁuclidean metric of the plane, ds? = dx? + dy?. In this metric, the torus is flat.
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identify

~
~

FIGURE 3.7 A torus thought of as a square in flat space with opposite sides identified.

There is also nothing to stop us from introducing a different metric in which the
torus is not flat, but the point we are trying to emphasize is that it can be made flat
in some metric. Every time we embed a manifold in a larger space, the manifold
inherits an “induced metric” from the background in which it is embedded, as
discussed in the Appendix A. Our point here is that a torus embedded in a flat
three-dimensional Euclidean space will have an induced metric that is curved, but
we can nevertheless choose to put a different metric on it so that the intrinsic
geometry is flat.

Let’s turn to a simple example where the curvature does not vanish. We have
already talked about the two-sphere S2, with metric

ds* = a*(d6? + sin? 6 d¢?), (3.153)

where a is the radius of the sphere. It will actually be the radius if our sphere is
embedded in R3, but we can call it the radius even in the absence of any embed-
ding. Two-dimensional people living on the sphere could calculate a by measuring
the area of the sphere, dividing by 477, and taking the square root; using the word
“radius” to refer to this quantity is merely a convenience. We should also point
out that the notion of a sphere is sometimes used in the weaker topological sense,
without any particular metric being assumed; the metric we are using is called the
round metric. Without going through the details, the nonzero connection coeffi-
cients for (3.153) are

FZ¢ = —sinf cosf
r{, =Tj, = cotd. (3.154)
Let’s compute a promising component of the Riemann tensor:
0 ] 6 0 A 6 i
= (sin? 6 — cos? 8) — (0) + (0) — (— sin 6 cos §)(cotH)
= sin 0. (3.155)
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The notation is obviously imperfect, since the Greek letter A is a dummy index that
is summed over, while the Greek letters 6 and ¢ represent specific coordinates.
Lowering an index, we have

Ropogp = gekatpafzj
= 899R9¢9¢
= a®sin® 6. (3.156)

It is easy to check that all of the components of the Riemann tensor either vanish
or are related to this one by symmetry. We can go on to compute the Ricci tensor
via Ry, = g“ﬂ Ry upv- We obtain

Roo = 8% Rpoge = 1
Rop = Rp9 =0 ‘
R¢¢ = g66R9¢9¢ = sin20. (3157)

The Ricci scalar is similarly straightforward:

R =g""Rog + g**Ryy = a% (3.158)
Therefore the Ricci, scalar, which for a two-dimensional manifold completely
characterizes the Cl)rvature, is a constant over the two-sphere. If we had per-
turbed the metric (corresponding physically to bumps on the sphere), this would
no longer have been the case. Note that the scalar curvature decreases as the radius
of the sphere increases. Even in more general contexts, we will sometimes refer
to the “radius of curvature” of a manifold as providing a length scale over which
the curvature varies; the larger the radius of curvature, the smaller the curvature
itself.

SYMMETRIES AND KILLING VECTORS

The real world is a messy place, and we have no hope of finding a metric that de-
scribes our actual universe, or even any small part thereof, with perfect precision.
Instead, we model spacetime via various approximations appropriate to the phys-
ical situation being studied. For example, the geometry outside a star or planet
may be approximated, to some order of precision, as being spherically symmet-
ric, even if the real situation includes small deviations from this symmetry—these
may be added in later as perturbations.

General relativity is no different from other fields of physics, then, in being
especially interested in solutions with symmetry. In fact, such properties may be
even more crucial in GR than in, say, electromagnetism, since the nonlinear nature
of Einstein’s equation (discussed in the next chapter) makes it hard to find any
exact solutions at all. In the context of curved spacetime, however, we need to be
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more careful than usual about what exactly is meant by “symmetry.” In this section
we develop some useful tools for studying symmetry; a deeper investigation can
be found in Appendix B.

We think of a manifold M as possessing a symmetry if the geometry is invari-
ant under a certain transformation that maps M to itself; that is, if the metric is
the same, in some sense, from one point to another. In fact different tensor fields
may possess different symmetries; symmetries of the metric are called isome-
tries. Sometimes the existence of isometries is obvious; consider, for example,
four-dimensional Minkowski space,

ds? = nuudxtdx” = —dr? + dx? + dy? 4 dz2. (3.159)

We know of several isometries of this space; these include translations (x#* —
x* 4 g, with a* fixed) and Lorentz transformations (x* — AX,x", with A*, a
Lorentz-transformation matrix). The fact that the metric is invariant under transla-
tions is made immediately apparent by the simple fact that the metric coefficients
nuv are independent of the individual coordinate functions x*. Indeed, whenever
o, &uv = 0 for some fixed oy (but for all 4 and v), there will be a symmetry
under translations along x*:

90, 8w =0 = x% — x% 4+ 4% is a symmetry. (3.160)

The careful reader will have noticed that we still haven’t precisely defined what
we mean by symmetry; roughly we imagine that the metric is invariant under
some transformation, but the precise meaning is only developed in Appendix B.
Also, the implication arrow in (3.160) only goes one way, and it would be nice
to have a clean criterion for deciding when a given transformation counts as a
symmetry; this will come soon.

Isometries of the form (3.160) have immediate consequences for the motion of
test particles as described by the geodesic equation. Recall from (3.61) that the
geodesic equation can be written in terms of the four-momentum p* = mU*
(valid for timelike paths, at least) as

p*Vip* = 0. (3.161)

By metric compatibility we are free to lower the index y, and then we may expand
the covariant derivative to obtain

p*opu — 5,0 po = 0. (3.162)

The first term tells us how the momentum components change along the path,

dx* d
prpy =m—dp, = m—dl—)rf‘-,

- (3.163)
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while the second term is

I5,p"Po = 587" (Br8uv + 8 8u1. — dy82) P* Do (3.164)
= L (@nguv + u8vi — ugr) PP (3.165)
= L(@.800)0"p", (3.166)

where we have used the symmetry of p*p" to go from the second line to the
third. So, without yet making any assumptions about symmetry, we see that the
geodesic equation can be written as

dp,, 1 3

£ ==( Y. 3.167

m- = = 50.82)p"p (3.167)

Therefore, if all of the metric coefficients are independent of the coordinate x°,
we find that this isometry implies that the momentum component p,, is a con-
served quantity of the motion:

dpg,
dt

This will hold along any geodesic, even though we only derived it for timelike
ones. The conserved quantities implied by isometries are extremely useful in
studying the motion of test particles in curved backgrounds.

Of course, even though independence of the metric components on one or more
coordinates implies \baexistence of isometries, the converse does not necessarily
hold. Symmetry under Lorentz transformations, for example, is not manifest as
independence of Nuv On any coordinates; indeed, in four dimensions, there are
four types of translations and six types of Lorentz transformations, for a total
of ten, which is obviously larger than the number of dimensions the metric could
possibly be independent of. What is more, it would be simple enough to transform
to a complicated coordinate system where not even the translational symmetries
were obvious. Such a coordinate transformation would change the metric com-
ponents, but not the underlying geometry, which is what the symmetry is really
characterizing. Clearly a more systematic procedure is called for.

We can develop such a procedure by casting the right-hand equation of (3.168),
expressing constancy of one of the components of the momentum, in a more man-
ifestly covariant form. If x% is the coordinate which g,,, is independent of, let us
consider the vector d,,, which we label as K:

o, 8y =0 = =0. (3.168)

K =0, (3.169)
which is equivalent in component notation to
K = (3g,)" = 85 . (3.170)

We say that the vector K+ generates the isometry; this means that the transforma-
tion under which the geometry is invariant is expressed infinitesimally as a motion
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in the direction of K*. Again, the notion is developed more fully in Appendix B.
In terms of this vector, the noncovariant-looking quantity py, is simply

po, = K'py = Ky p". (3.171)

Meanwhile, the constancy of this (scalar) quantity along the path is equivalent to
the statement that its directional derivative along the geodesic vanishes:

dpe,

=0 & prVuU(K.p") =0. (3.172)

Expanding the expression on the right, we obtain

PV (Kyp”) = p*KyVup® + p*p' VK,
= pMPvV/LKU
=ptp"V Ky, (3.173)

where in the second line we have invoked the geodesic equation (p#V, p’ =
0). In the third line we have used the fact that p# p” is automatically symmetric
in w and v, so only the symmetric part of V, K, could possibly contribute. We
therefore conclude that any vector K, that satisfies V(, K,y = 0 implies that
K, pV is conserved along a geodesic trajectory:

VuKkny=0 = p'V,(K,p") =0. (3.174)

The equation on the left is known as Killing’s equation, and vector fields that
satisfy it are known as Killing vector fields (or simply Killing vectors). You can
verify for yourself that, if the metric is independent of some coordinate x%, the
vector 9, will satisfy Killing’s equation. In fact, if a vector K* satisfies Killing’s
equation, it will always be possible to find a coordinate system in which K = 95, ;
but in general we cannot find coordinates in which all the Killing vectors are
simultaneously of this form, nor is this form necessary for the vector to satisfy
Killing’s equation.

As we investigate in Appendix B, Killing vector fields on a manifold are in ‘ne—
to-one correspondence with continuous symmetries of the metric on that mani-
fold. Every Killing vector implies the existence of conserved quantities associated
with geodesic motion. This can be understood physically: by definition the metric
is unchanging along the direction of the Killing vector. Loosely speaking, there-
fore, a free particle will not feel any forces in this direction, and the component of
its momentum in that direction will consequently be conserved. In fact, using the
same kind of logic by which we showed that K, p¥ is conserved along a geodesic
if V, Ky = 0 generalizes to additional indices, a Killing tensor is a symmetric /-
index tensor K, ...,, that satisfies the obvious generalization of Killing’s equation,
and correspondingly leads to conserved quantities by contracting with [ copies of
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the momentum:
ViKpjop =0 = p”V,,L(K,)l...U,p"1 - p) =0. (3.175)

Simple examples of Killing tensors are the metric itself, and symmetrized tensor
products of Killing vectors. Killing tensors are not related in a simple way to
symmetries of the spacetime, but they will simplify our analysis of rotating black
holes and expanding universes.

Derivatives of Killing vectors can be related to the Riemann tensor by

VuVoK? = R, KV, (3.176)
as you are asked to prove in the exercises. Contracting this expression yields
V,VoK* = RyyK". (3.177)

These relations, along with the Bianchi identity and Killing’s equation, suffice to
show that the directional derivative of the Ricci scalar along a Killing vector field
will vanish,

K*V,R=0. (3.178)

This last fact is another reflection of the idea that the geometry is not changing
along a Killing vector field.

Besides leading to conserved quantities for the motion of individual particles,
the existence of a timelike Killing vector allows us to define a conserved en-
ergy for the entire spacetime. Given a Killing vector K, and a conserved energy-
momentum tensor T, uv»> We can construct a current

JR=K,T" (3.179)
that is automatically conserved,
VuJp = (VuK)TH + K, (Y, TH)
=0. (3.180)

The first term vanishes by virtue of Killing’s equation (since the symmetry of
the upper indices serves to automatically symmetrize the lower indices), and the
second term vanishes by conservation of T,,,. If K, is timelike, we can integrate
over a spacelike hypersurface ¥ to define the total energy,

Er = / T,y dx, (3.181)
%

where y;; is the induced metric on X and n,, is the normal vector to X. In Ap-
pendix E we discuss integration over hypersurfaces, and in particular Stokes’s the-
orem,; as explained there, E7 will be the same when integrated over any spacelike
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hypersurface, and is therefore conserved. This result fits nicely with our discus-
sion in Section 3.5, where we found that the total energy is not typically conserved
in an expanding universe; expansion means that the metric is changing with time,
so there is no isometry in this direction. When there is a timelike Killing vector, we
can write the metric in a form where it is independent of the timelike coordinate,
and Noether’s theorem implies a conserved energy. Similarly, spacelike Killing
vectors may be used to construct conserved momenta (or angular momenta).

Although it may or may not be simple to actually solve Killing’s equation in
any given spacetime, it is frequently possible to write down some Killing vectors
by inspection. (Of course a generic metric has no Killing vectors at all, but to
keep things simple we often deal with metrics with high degrees of symmetry.)
For example, in R? with metric ds?> = dx? + dy? + dz?, independence of the
metric components with respect to x, y, and z immediately yields three Killing
vectors:

X* = (1,0,0)
Y* =(0,1,0)
Z* = (0,0, 1). (3.182)

These clearly represent the three translations. There are also three rotational sym-
metries in R, which are not quite as simple. To find them, imagine first going to
polar coordinates,

x =rsinf cos¢
y =rsing sin¢g
z=rcosb, (3.183)
where the metric takes the form
ds* = dr? +r2de% + r? sin 6 dg>. (3.184)

Now the metric (the same metric, just in a different coordinate system) is man-
ifestly independent of ¢. We therefore know that R = 3y is a Killing vector.
Transforming back to Cartesian coordinates, this becomes

R = —yd, + xd,. (3.185)

The Cartesian components R* are therefore (—y, x, 0). Since this represents a
rotation about the z-axis, it is straightforward to guess the components of all three
rotational Killing vectors:

RV =(-y, x, 0)
St =(2z 0,—x)
T =(0,-z, ), (3.186)
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representing rotations about the z, y, and x-axes, respectively. You can check for
yourself that these actually do solve Killing’s equation. The overall signs don’t
matter, since minus a Killing vector is still a Killing vector.

This exercise leads directly to the Killing vectors for the two-sphere S? with
metric .

ds? = d6? + sin? 9 d¢>. (3.187)

Since this sphere can be thought of as the locus of points at unit distance from the
origin in R3, and the rotational Killing vectors all rotate such a sphere into itself,
they also represent symmetries of $2. To get explicit coordinate-basis representa-
tions for these vectors, we first transform the three-dimensional vectors (3.186) to
polar coordinates x* = (r, 6, ¢). A straightforward calculation reveals

R =0y
S =cos¢dg — cotfsing 3,
T = —sin¢g dg — cotd cos ¢ dp. (3.188)

Notice that there are no components along 3,, which makes sense for a rotational
isometry. Therefore the expressions (3.188) for the three rotational Killing vectors
in R? are exactly the same as those of S? in spherical polar coordinates.

In n > 2 dimensions, there can be more Killing vectors than dimensions. This
is because a set of Killing vector fields can be linearly independent, even though
at any one point on the manifold the vectors at that point are linearly dependent.
It is trivial to show (so you should do it yourself) that a linear combination of
Killing vectors with constant coefficients is still a Killing vector (in which case
the linear combination does not count as an independent Killing vector), but this is
not generally true with coefficients that vary over the manifold. You can also show
that the commutator of two Killing vector fields is a Killing vector field; this is
very useful to know, but it may be the case that the commutator gives you a vector
field that is not linearly independent (or it may simply vanish). The problem of
finding all of the Killing vectors of a metric is therefore somewhat tricky, as it is
not always clear when to stop looking.

MAXIMALLY SYMMETRIC SPACES

How symmetric can a space possibly be? An example of a space with the highest
possible degree of symmetry is R" with the flat Euclidean metric. Consider the
isometries of this space, which we know to be translations and rotations in n di-
mensions, from the perspective of what they do in the neighborhood of some fixed
point p. The translations are those transformations that move the point; there are
n independent axes along which it can be moved, and hence # total translations.
The rotations, centered at p, are those transformations that leave p invariant; they
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can be thought of as moving one of the axes through p into one of the others.
There are n axes, and for each axis there are n — 1 other axes into which it can be
rotated, but we shouldn’t count a rotation of y into x as separate from a rotation of
x into y, so the total number of independent rotations is %n(n — 1). We therefore
have

n+inm -1 =In+1) (3.189)

independent symmetries of R”. But our counting argument only referred to the
behavior of the symmetry in a neighborhood of p, not globally all over the mani-
fold; so even in the presence of curvature the counting should be the same. If the
metric signature is not Euclidean, some of the rotations will actually be boosts,
but again the counting will be the same. The number of isometries is, of course,
the number of linearly independent Killing vector fields. We therefore refer to
an n-dimensional manifold with %n(n + 1) Killing vectors as a maximally sym-
metric space. The most familiar examples of maximally symmetric spaces are
n-dimensional Euclidean spaces R" and the n-dimensional spheres S”. For an n-
dimensional sphere we usually think of the isometries as consisting of %n(n +1
independent rotations, rather than as some collection of both rotations and trans-
lations. However, if we consider the action of these rotations on some fixed point
p, a moment’s thought convinces us that the entire set can be decomposed into
%n(n — 1) rotations around the point (keeping p fixed), and another n that move
p along each direction, just as in R™.

If a manifold is maximally symmetric, the curvature is the same everywhere
(as expressed by translation-like isometries) and the same in every direction (as
expressed by rotation-like isometries). Hence, if we know the curvature of a max- -
imally symmetric space at one point, we know it everywhere. Indeed, there are
only a small number of possible maximally symmetric spaces; they are classified
by the curvature scalar R (which will be constant everywhere), the dimensionality
n, the metric signature, and perhaps some discrete pieces of information relating
to the global topology (distinguishing, for example, an n-torus from R”, and tori
of different sizes from each other). It follows that we should be able to reconstruct
the entire Riemann tensor of such a space from the Ricci scalar R; let’s see how
this works.

The basic idea is simply that, since the geometry looks the same in all direc-
tions, the curvature tensor should look the same in all directions. What might this
mean? First choose locally inertial coordinates at some point p, so that gz5 =
nap- Of course, locally inertial coordinates are not unique; for example, we can
perform a Lorentz transformation at p and the metric components will remain
those of n;5. (By “doing a Lorentz transformation” we really are referring to a
change of basis vectors in T,; in a curved spacetime, this only makes sense at a
single point, not over a region.) Since the geometry is maximally symmetric, we
want the same to be true of the Riemann tensor; that is, the components of Rs55
should not change under a Lorentz transformation either, since there is no pre-
ferred direction in spacetime. But there are unique tensors that do not change their
components under Lorentz transformations—the metric, the Kronecker delta, and
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the Levi—Civita tensor. This means that, in these coordinates and at this point,
the components of R 49 Will be proportional to a tensor constructed from these
invariant tensors. Attempting to match the symmetries of the Riemann tensor re-
veals that there is a unique possibility:

Rpspp X 8511860 — 859854 (3.190)

But this is a completely tensorial relation, so it must be true in any coordinate
system. We have argued in favor of this relation at a single point p, but in a
maximally symmetric space all points are created equal, so it must also be true at
any other point as well. The proportionality constant is easily fixed by contracting
both sides twice [the left-hand side becomes R, and the right-hand side is n(n —
1)]. We end up with an equation true in any maximally symmetric space, at any
point, in any coordinate system:

Ryouv = (8pu8ov — 8ov8op)- (3.191)

R
nin—1)

Likewise, if the Riemann tensor satisfies this condition (with R a constant over
the manifold), the metric will be maximally symmetric. In two dimensions, find-
ing that R is a constant is sufficient to prove that a space is maximally symmetric,
since there is only one independent component of the curvature. In higher dimen-
sions you have to work harder.

Locally, then (ignoring questions of global topology), a maximally symmetric
space of given dimension and signature is fully specified by R. The basic clas-
sification of such spaces is simply whether R is positive, zero, or negative, since
the magnitude of R represents an overall scaling of the size of the space. For Eu-
clidean signatures, the flat maximally symmetric spaces are planes or appropriate
higher-dimensional generalizations, while the positively curved ones are spheres.
Maximally symmetric Euclidean spaces of negative curvature are hyperboloids,
denoted H". These are less familiar because even a two-dimensional hyperboloid
cannot be isometrically embedded in R3. Let’s examine this two-dimensional hy-
perboloid briefly.

There are a number of ways of representing H2, which has the same topology
as R2. One simple way is as the Poincaré half-plane, which is the region y > 0
of a two-dimensional region with coordinates {x, y} and metric

2
ds® = %(de +dy?). (3.192)

The geometry of the Poincaré half-plane is of course different from that of the
upper half of R?, despite the use of similar coordinates. For example, we can
compute the length of a line segment stretching vertically (x = constant) from y;
to yp:
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y2 dx* dxv
As = gy ———d
s fyl 8uv & & y

—aln (E) . (3.193)
v

This is not at all the result As = y, — y; we would expect in Euclidean space. In
particular, notice that the path length becomes infinite for paths that approach the
boundary y = 0. In other words, it’s not really a boundary at all; it’s infinitely far
away, as far as anyone living on the hyperboloid is concerned.

The nonvanishing Christoffel symbols for (3.192) are

Iy, =T, =-y"!
Fgc)x = y—l
F)/ I |
==y . (3.194)
From these it is straightforward to show that geodesics satisfy

(x —x0)* +y* =12, (3.195)

for some constants xg and /. Curves of this form are semicircles with centers
located on the x-axis, as shown in Figure 3.8. In the limit as xp — oo and ! — oo
with I — xg fixed, we get a straight vertical line. Following our discussion of S2 at
the end of Section 3.7, we calculate a representative component of the Riemann
tensor to be

R¥yuy = —y 2 (3.196)

As with the two-sphere, all other components are either vanishing or related to
this by symmetries. This is simply a reflection of the fact that we are in two di-

TN

X

FIGURE 3.8 The upper half plane with a negatively curved metric. Geodesics are semi-
circles and straight lines that intersect the x-axis vertically.
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mensions, with only one independent component of curvature. Turning the crank
yields the Ricci tensor,

Rxx = _y_2
Ryy=0
Ryy = —y 2, (3.197)
and the curvature scalar,
2
R=——. (3.198)
a

We see that it matches that of 52 wjth the opposite sign, and in particular that it
is a constant. Since we are in two dimensions, this is enough to ensure that our
metric really is maximally symmetric. Of course there are coordinates in which
H? looks very different; one is introduced in the Exercises.

Locally, then, a maximally symmetric space of Euclidean signature is either
a plane, a sphere, or a hyperboloid, depending on the sign of R. Globally, any
maximally symmetric space (of Euclidean signature) can be constructed by tak-
ing a carefully chosen region of one of these three spaces and identifying differ-
ent sides, as the flat torus can be constructed from R2. As an aside, let’s briefly
mention a connection between local geometry and global topology, encompassed
by the Gauss—Bonnet theorem. For a two-dimensional compact boundaryless ori-
entable manifold, this reads

1
)((M)=—4 /Rs/lgld”x, (3.199)
T IM

where x (M) is a topological invariant of the space, known as the Euler charac-
teristic. In general it can be calculated from the cohomology spaces mentioned in
Chapter 2; in two dimensions, however, it is simply given by

x(M)=2(1-yg), (3.200)

where g is the genus of the surface (zero for a sphere, and equal to the number of
handles of a torus or Riemann surface). The Gauss—Bonnet theorem holds whether
or not the curvature R is a constant; when it is, however, we see that all Riemann
surfaces of genus ¢ > 2 must have negative curvature, just as a sphere must be
positively curved and a torus must hesflat.

Continuing our aside, think for the moment about string theory, which claims
that the fundamental objects comprising the universe are small one-dimensional
loops of string. Such strings have two-dimensional “world-sheets” rather than
one-dimensional worldlines. Doing perturbation theory in string theory (the
equivalent of calculating Feynman diagrams in quantum field theory) involves
summing over all world-sheet geometries (generally, for technical reasons, Eu-
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clidean geometries). This sounds like a lot of geometries, but in two dimensions
any metric can be written as some fiducial metric times a conformal factor. This
should be plausible, since there is only one curvature component; you are asked
to prove it in the Exercises. The fiducial metric can be chosen differently for
each world-sheet topology, and we can make our lives easier by choosing it to
be (locally) a metric of maximal symmetry—the round sphere for genus zero,
the plane for genus one, and the hyperboloid for higher genera. Even more for-
tunately, the string theories of greatest physical interest are the so-called critical
string theories, for which the conformal factor itself doesn’t matter. This is one
of the things that makes doing calculations in perturbative string theory possible;
we only have to sum over a discrete set of topologies, with a finite number of
modular parameters for each topology (such as the parameters telling us the sizes
of the different directions in a torus).

We close this section with one last point. We have explored the maximally
symmetric spaces of Euclidean signatures; there are, of course, corresponding
spacetimes with Lorentzian signatures. We know that the maximally symmetric
spacetime with R = 0 is simply Minkowski space. The positively curved max-
imally symmetric spacetime is called de Sitter space, while that with negative
curvature is imaginatively labeled anti-de Sitter space. These spacetimes will be
more thoroughly discussed in Chapter 8.

It should be clear by now that the Appendices flesh out these ideas in important
ways. Impatient readers may skip over them, but it would be a shame to do so.

GEODESIC DEVIATION

The Riemann tensor shows up as a consequence of curvature in one more way:
geodesic deviation. You have undoubtedly heard that the defining property of Eu-
clidean (flat) geometry is the parallel postulate: initially parallel lines remain par-
allel forever. Of course in a curved space this is not true; on a sphere, certainly,
initially parallel geodesics will eventually cross. We would like to quantify this
behavior for an arbitrary curved space.

The problem is that the notion of “parallel” does not extend naturally from flat
to curved spaces. The best we can do is to consider geodesic curves that might
be initially parallel, and see how they behave as we travel down the geodesics. To
this end we consider a one-parameter family of geodesics, ys(¢). That is, for each
s € R, ys is a geodesic parameterized by the affine parameter 7. The collection of
these curves defines a smooth two-dimensional surface (embedded in a manifold
M of arbitrary dimensionality). The coordinates on this surface may be chosen to
be s and ¢, provided we have chosen a family of geodesics that do not cross. The
entire surface is the set of points x*(s, ) € M. We have two natural vector fields:
the tangent vectors to the geodesics,

_ axH

T/-L___
ar’

(3.201)
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V(0

FIGURE 3.9 A set of geodesics ys(t), with tangent vectors TH. The vector field S*
measures the deviation between nearby geodesics.

and the deviation vectors

_ oxH

St = FYR (3.202)
s

This name derives from the informal notion that S$# points from one geodesic
toward the neighboring ones.

The idea that S# points from one geodesic to the next inspires us to define the
“relative velocity of geodesics,”

VI = (VrS)* =TPV,SH, (3.203)
and the “relative acceleration of geodesics,”
Al = (VT V)* = TPV, VR, (3.204)

You should take the names with a grain of salt, but these vectors are certainly
well-defined. This notion of relative acceleration between geodesics should be
distinguished from the acceleration of a path away from being a geodesic, which
would be given by a* = TV, TH.

Since S and T are basis vectors adapted to a coordinate system, their commu-
tator vanishes:

[S,T]1=0. (3.205)
From (3.37) we then have

SPV,TH = TPV,S". (3.206)
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With this in mind, let’s compute the acceleration:
A* =TPV,(T7V,5")

=TPV,(S7V,TH)

= (TPV,87) (Vo T*) +TPSV, Vo TH

= (§°V,TO) (Vo TH) + T8 (Vo Vo TH + R o TY)

= (SPV,TY Vo TH) + STV TPV, TH) — (§7VTP)V,TH

+ R, e T"TPS°

= RM e T'TPS°. (3.207)
Let’s think about this line by line. The first line is the definition of A%, and the
second line comes directly from (3.206). The third line is simply the Leibniz rule.
The fourth line replaces a double covariant derivative by the derivatives in the
opposite order plus the Riemann tensor. In the fifth line we use Leibniz again (in
the opposite order from usual), and then we cancel two identical terms and notice

that the term involving 7°V,T# vanishes because T* is the tangeyvector toa
geodesic. The result,

DZ
At = msﬂ' = R"vaaTUTpSU, (3.208)

is the geodesic deviation equation. It expresses something that we might have
expected: the relative acceleration between two neighboring geodesics is propor-
tional to the curvature.

The geodesic deviation equation characterizes the behavior of a one-parameter
family of neighboring geodesics. We will sometimes be interested in keeping
track of the behavior of a multi-dimensional set of neighboring geodesics, per-
haps representing a bundle of photons or a distribution of massive test particles.
Such a set of geodesics forms a congruence; in Appendix F we derive equations
that describe the evolution of such congruences.

Physically, of course, the acceleration of neighboring geodesics is interpreted
as a manifestation of gravitational tidal forces. In the next chapter we explore
in more detail how properties of curved spacetime are reflected by physics in a
gravitational field.

3.11 W EXERCISES

1. Verify these consequences of metric compatibility (V, g, = 0):
VagMU = O
Vi€uvpo = 0. (3.209)
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2.

6.

You are familiar with the operations of gradient (V¢), divergence (V - V) and curl
(V x V) in ordinary vector analysis in three-dimensional Euclidean space. Using co-
variant derivatives, derive formulae for these operations in spherical polar coordinates
{r, 8, ¢} defined by

x =rsinfcos¢ (3.210)
y =rsinf sin¢ (3211
z=rcosf. (3.212)

Compare your results to those in Jackson (1999) or an equivalent text. Are they iden-
tical? Should they be?

. Imagine we have a diagonal metric g;,,,. Show that the Christoffel symbols are given
by
A
i, =0 (3.213)
It = =5 oaguu (3.214)

rh, =8, (Inignl) (3215)
rh =a, (1n,/|gm|) (3.216)

In these expressions, u # v # A, and repeated indiégs are not summed over.
In Euclidean three-space, we can define paraboloidal coordinates (i, v, ¢) via

X =uvcos¢ y=uvsing z= %(uz——vz).

(a) Find the coordinate transformation matrix between paraboloidal and Cartesian co-
ordinates 9x%/ 3x#" and the inverse transformation. Are there any singular points
in the map?

(b) Find the basis vectors and basis one-forms in terms of Cartesian basis vectors and
forms.

(¢) Find the metric and inverse metric in paraboloidal coordinates.

(d) Calculate the Christoffel symbols.

(e) Calculate the divergence V,, V# and Laplacian V,, V* f.

. Consider a 2-sphere with coordinates (6, ¢») and metric

ds? = do? + sin® 0 dep>. (3217)

(a) Show that lines of constant longitude (¢ = constant) are geodesics, and that the
only line of constant latitude (6 = constant) that is a geodesic is the equator (§ =
w/2).

(b) Take a vector with components V# = (1, 0) and parallel-transport it once around
a circle of constant latitude. What are the components of the resulting vector, as a
function of 7

A good approximation to the metric outside the surface of the Earth is provided by
ds? = —(1 +28)dt% + (1 — 2®)dr? + r2(d6? + sin? 6 dp?), (3.218)
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where

GM
r

b= (3.219)
may be thought of as the familiar Newtonian gravitational potential. Here G is New-
ton’s constant and M is the mass of the earth. For this problem & may be assumed to
be small.

(a) Imagine a clock on the surface of the Earth at distance R; from the Earth’s center,
and another clock on a tall building at distance R, from the Earth’s center, Calcu-
late the time elapsed on each clock as a function of the coordinate time ¢. Which
clock moves faster?

(b) Solve for a geodesic corresponding to a circular orbit around the equator of the
Earth (¢ = r/2). What is d¢/dt?

(¢) How much proper time elapses while a satellite at radius R; (skimming along the
surface of the earth, neglecting air resistance) completes one orbit? You can work
to first order in @ if you like. Plug in the actual numbers for the radius of the Earth
and so on (don’t forget to restore the speed of light) to get an answer in seconds.
How does this number compare to the proper time elapsed on the clock stationary
on the surface?

. For this problem you will use the parallel propagator introduced in Appendix I to see

how the Riemann tensor arises from parallel transport around an infinitesimal loop.
Consider the following loop:

Using the infinite series expression for the parallel propagator, compute to lowest
nontrivial order in da and b the transformation induced on a vector that is parallel
transported around this loop from A to B to C to D and back to A, and show it is
proportional to the appropriate components of the Riemann tensor. To make things
easy, you can use x* and x? as parameters on the appropriate legs of the journey.

8. The metric for the three-sphere in coordinates x* = (¥, 8, ¢) can be written

ds? = dy? + sin® (6?2 + sin? 0 dg?). (3.220)
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10.

11.

12.

13.

14.

15.

(a) Calculate the Christoffel connection coefficients. Use whatever method you like,
but it is good practice to get the connection coefficients by varying the integral
(3.49).

(b) Calculate the Riemann tensor, Ricci tensor, and Ricci scalar.

(c) Show that (3.191) is obeyed by this metric, confirming that the three-sphere is a
maximally symmetric space (as you would expect).

Show that the Weyl tensor C* 1,55 is left invariant by a conformal transformation.
Show that, for n > 4, the Weyl tensor satisfies a version of the Bianchi identity,

n—73) 1
VpCPUMv = 2(n =2 <V[/_LRU]U + mgU[MVU]R) . (3.221)

Since the Poincare half-plane with metric (3.192) is maximally symmetric, we might
expect that it is rotationally symmetric around any point, although this certainly isn’t
evident in the {x, y} coordinates. If that is so, it should be possible to put the metric in
a form where the rotational symmetry is manifest, such as

ds? = f2(r)[dr? + r2d6?). (3.222)

To show that this works, calculate the curvature scalar for this metric and solve for the
function f(r) subject to the condition R = —2/a? everywhere. What is the range of
the coordinate r?

Show that any Killing vector K* satisfies the relations mentioned in the text:
VuVeK? = RP6,0KY
K*V,R =0. (3.223)

Find explicit expressions for a complete set of Killing vector fields for the following
spaces:

(a) Minkowski space, with metric ds? = —dr2 + dx? + dy2 +dz2.
(b) A spacetime with coordinates {, v, x, y} and metric

ds? = —(dudv + dvdu) + a?(w)dx? + b2 (w)dy?, (3.224)

where a and b are unspecified functions of . This represents a gravitational wave
spacetime. (Hints, which you need not show: there are five Killing vectors in all,
and all of them have a vanishing # component K*.)

Be careful, in all of these cases, about the distinction between upper and lower indices.

Consider the three Killing vectors of the the two-sphere, (3.188). Show that their com-
mutaters satisfy the following algebra:

[R,8]=T
[S,T]=R
[T, R] = 5. (3.225)

Use Raychaudhuri’s equation, discussed in Appendix F, to show that, if a fluid is flow-
ing on geodesics through spacetime with zero shear and expansion, then spacetime
must have a timelike Killing vector.
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16. Consider again the metric on a three-sphere,
ds? = dy? + sin? ¢ (do? + sin? 6 dg?). (3.226)

In this problem we make use of noncoordinate bases, discussed in Appendix J. In an
orthonormal frame of one-forms (%) the metric would become

ds? =D @i 1§D 4@ 4 5O g 43 (3.227)

(a) Find such an orthonormal frame of one-forms, such that the matrix e/ is diagonal.
Don’t worry about covering the entire manifold.

(b) Compute the components of the spin connection by solving de?® + %, A e? = 0.

(¢) Compute the components of the Riemann tensor R, in the coordinate basis
adapted to x* by computing the components of the curvature two-form R%p,,
and then converting.



CHAPTER

Gravitation

4.1 B PHYSICS IN CURVED SPACETIME

Having paid our mathematical dues, we are now prepared to examine the physics
of gravitation as described by general relativity. This subject falls naturally into
two pieces: how the gravitational field influences the behavior of matter, and how
matter determines the gravitational field. In Newtonian gravity, these two ele-
ments consist of the expression for the acceleration of a body in a gravitational
potential &,

a=-VJ, 4.1

and Poisson’s differential equation for the potential in terms of the matter density
p and Newton’s gravitational constant G

V20 = 47 Gp. 4.2)

In general relativity, the analogous statements will describe how the curvature
of spacetime acts on matter to manifest itself as gravity, and how energy and
momentum influence spacetime to create curvature. In either case it would be
legitimate to start at the top, by stating outright the laws governing physics in
curved spacetime and working out their consequences. Instead, we will try to be
a little more motivational, starting with basic physical principles and attempting
to argue that these lead naturally to an almost unique physical theory.

In Chapter 2 we motivated our discussion of manifolds by introducing the Ein-
stein Equivalence Principle, or EEP: “In small enough regions of spacetime, the
laws of physics reduce to those of special relativity; it is impossible to detect the
existence of a gravitational field by means of local experiments.” The EEP arises
from the idea that gravity is universal, it affects all particles (and indeed all forms
of energy-momentum) in the same way. This feature of universality led Einstein
to propose that what we experience as gravity is a manifestation of the curvature
of spacetime. The idea is simply that something so universal as gravitation could
be most easily described as a fundamental feature of the background on which
matter fields propagate, as opposed to as a conventional force. At the same time,
the identification of spacetime as a curved manifold is supported by the similar-
ity between the undetectability of gravity in local regions and our ability to find
locally inertial coordinates (g5 = 15, 95829 = 0 ata point p) on a manifold.

151
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Best of all, this abstract philosophizing translates directly into a simple recipe
for generalizing laws of physics to the curved-spacetime context, known as the
minimal-coupling principle. In its baldest form, this recipe may be stated as
follows:

1. Take a law of physics, valid in inertial coordinates in flat spacetime.
2. Write it in a coordinate-invariant (tensorial) form.
3. Assert that the resulting law remains true in curved spacetime.

It may seem somewhat melodramatic to take such a simple idea and spread it
out into a three-part procedure. We hope only to make clear that there is nothing
very complicated going on. Operationally, this recipe usually amounts to taking
an agreed-upon law in flat space and replacing the Minkowski metric 7, by
the more general metric g,,, and replacing partial derivatives 9, by covariant
derivatives V,,. For this reason, this recipe is sometimes known as the “Comma-
Goes-to-Semicolon Rule,” by those who use commas and semicolons to denote
partial and covariant derivatives.

As a straightforward example, we can consider the motion of freely-falling
(unaccelerated) particles. In flat space such particles move in straight lines; in
equations, this is expressed as the vanishing of the second derivative of the pa-
rameterized path x* (1)

d’xt

dx?
This is not, in general coordinates, a tensorial equation; although dx*/dA are
the components of a well-defined vector, the second derivative components
d?x* /dA\? are not. You might really think that this is a tensorial-looking equation;
however, you can readily check that it’s not even true in polar coordinates, unless
you expect free particles to move in circles. We can use the chain rule to write

=0. 4.3)

d2xm _ dx"8 dx™ 4.4)
dx2 — dx U dx (4.

Now it is clear how to generalize this to curved space—simply replace the partial
derivative by a covariant one,
dx¥ _ dx* dx¥ _ dxt  d’x+ dxP dx°
——0O0y—— > ——Vy = + Mo’ e .
dr  dA da d dir? P7dr dh
We recognize, then, that the appropriate general-relativistic version of the Newto-
nian relation (4.3) is simply the geodesic equation,

4.5)

d2xH dx? dx°
e 1"/-’«0 -
di\? T dr da

In general relativity, therefore, free particles move along geodesics; we have men-
tioned this before, but now you have a slightly better idea why it is true.

= 0. (4.6)
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As an even more straightforward example, and one that we have referred to
already, we have the law of energy-momentum conservation in flat spacetime:

3,TH" =0. @.7

Plugging into our recipe reveals the appropriate generalization to curved space-
time:

v, TH =0. (4.8)

It really is just that simple—sufficiently so that we felt quite comfortable using
this equation in Chapter 3, without any detailed justification. Of course, this sim-
plicity should not detract from the profound consequences of the generalization
to curved spacetime, as illustrated in the example of the expanding universe.

It is one thing to generalize an equation from flat to curved spacetime; it is
something altogether different to argue that the result describes gravity. To do so,
we can show how the usual results of Newtonian gravity fit into the picture. We
define the Newtonian limit by three requirements: the particles are moving slowly
(with respect to the speed of light), the gravitational field is weak (so that it can be
considered as a perturbation of flat space), and the field is also static (unchanging
with time). Let us see what these assumptions do to the geodesic equation, taking
the proper time T as an affine parameter. “Moving slowly” means that

dxt dt
—_— L =, 4.9
dt < dt (49)
so the geodesic equation becomes
d?x* u [ dt 2
A — 1} =0. 4.10
a2+ oo (dr) (*.10)

Since the field is static (3pg,,» = 0), the relevant Christoffel symbols I'y, simplify:

Too = %8M(308,x0 + dogor — 9r800)
= —7&".g00- 4.11)

Finally, the weakness of the gravitational field allows us to decompose the metric
into the Minkowski form plus a small perturbation:

v = Ny +hp, | K1 (4.12)

We are working in inertial coordinates, so 7,,, is the canonical form of the metric.
The “smallness condition” on the metric perturbation %, doesn’t really make
sense in arbitrary coordinates. From the definition of the inverse metric, g*¥ gy, =
8%, we find that to first order in A,

g =" — Y, (4.13)
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where A*” = n*n"? h,e. In fact, we can use the Minkowski metric to raise and

lower indices on an object of any definite order in 4, since the corrections would

only contribute at higher orders. If you like, think of £, as a symmetric (0, 2)

tensor field propagating in Minkowski space and interacting with other fields.
Putting it all together, to first order in %,,,, we find

Ty = —2n** 81 hoo. (4.14)
The geodesic equation (4.10) is therefore

d%xk _ 1
dez 2"

dr\? '
~*3, hoo (E?) ) (4.15)

Using dohop = 0, the v = 0 component of this is just
d’t
dr?

That is, dt /dt is constant. To examine the spacelike components of (4.15), recall
that the spacelike components of n*¥ are just those of a 3 x 3 identity matrix. We

therefore have
A’ 1 (dt\?
_dr2 = E d_‘E 9; 0. 4.17)

4.16)

Dividing both sides by (dt/d 7)? has the effect of converting the derivative on the
left-hand side from 7 to z, leaving us with

d*x! 1
—-——dtz = Eaih«00~ (4'18)

This begins to look a great deal like Newton’s theory of gravitation. In fact, if we
compare this equation to (4.1), we find that they are the same once we identify

hoo = —29, 4.19)
or in other words
goo = —(1+29). (4.20)

Therefore, we have shown that the curvature of spacetime is indeed sufficient
to describe gravity in the Newtonian limit, as long as the metric takes the form
(4.20). It remains, of course, to find field equations for the metric that imply this
is the form taken, and that for a single gravitating body we recover the Newtonian
formula

GM

d=-—— .21)
r

but that will come soon enough.
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The straightforward procedure we have outlined for generalizing laws of
physics to curved spacetime does have some subtleties, which we address in
Section 4.7. But it’s more than good enough for our present purposes, so let’s not
delay our pursuit of the second half of our task, obtaining the field equation for
the metric in general relativity.

EINSTEIN’S EQUATION

Just as Maxwell’s equations govern how the electric and magnetic fields respond
to charges and currents, Einstein’s field equation governs how the metric responds
to energy and momentum. Ultimately the field equation must be postulated and
tested against experiment, not derived from any bedrock principles; however, we
can motivate it on the basis of plausibility arguments. We will actually do this in
two ways: first by some informal reasoning by analogy, close to what Einstein
himself was thinking, and then by starting with an action and deriving the corre-
sponding equations of motion.

The informal argument begins with the realization that we would like to find
an equation that supersedes the Poisson equation for the Newtonian potential:

V2® = 47 Gp, (4.22)

where V2 = §%/3;; is the Laplacian in space and p is the mass density. [The ex-
plicit form of ® given in (4.21) is one solution of (4.22), for the case of a pointlike
mass distribution.] What characteristics should our sought-after equation possess?
On the left-hand side of (4.22) we have a second-order differential operator acting
on the gravitational potential, and on the right-hand side a measure of the mass
distribution. A relativistic generalization should take the form of an equation be-
tween tensors. We know what the tensor generalization of the mass density is; it’s
the energy-momentum tensor T,,. The gravitational potential, meanwhile, should
get replaced by the metric tensor, because in (4.20) we had to relate a perturba-
tion of the metric to the Newtonian potential to successfully reproduce gravity.
We might therefore guess that our new equation will have T,,, set proportional to
some tensor, which is second-order in derivatives of the metric; something along
the lines of

[Vzg]/.w & Ty, (4.23)

but of course we want it to be completely tensorial.

The left-hand side of (4.23) is not a sensible tensor; it’s just a suggestive nota-
tion to indicate that we would like a symmetric (0, 2) tensor that is second-order
in derivatives of the metric. The first choice might be to act the d’ Alembertian
0 = V#V, on the metric g, but this is automatically zero by metric compatibil-
ity. Fortunately, there is an obvious quantity which is not zero and is constructed
from second derivatives (and first derivatives) of the metric: the Riemann tensor
R? s ,0- Recall that the Riemann tensor is constructed from the Christoffel sym-
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bols and their first derivatives, and the Christoffel symbols are constructed from
the metric and its first derivatives, so R®,,, contains second derivatives of g,.
It doesn’t have the right number of indices, but we can contract it to form the
Ricci tensor R,,,, which does (and is symmetric to boot). It is therefore tempting
to guess that the gravitational field equations are

R,y =Ty, (4.24)

for some constant «. In fact, Einstein did suggest this equation at one point. There
is a problem, unfortunately, with conservation of energy. If we want to preserve

VAT, =0, (4.25)
by (4.24) we would have
VAR, =0. (4.26)

This is certainly not true in an arbitrary geometry; we have seen from the Bianchi
identity (3.150) that

VAR, = 3 VuR. (4.27)

But our proposed field equation implies that R = xg*¥T,,, = kT, so taking these
together we have

VT =0. (4.28)

The covariant derivative of a scalar is just the partial derivative, so (4.28) is telling
us that T is constant throughout spacetime. This is highly implausible, since 7 =
0 in vacuum while T 7 0 in matter. We have to try harder.

Of course we don’t have to try much harder, since we already know of a sym-
metric (0, 2) tensor, constructed from the Ricci tensor, which is automatically
conserved: the Einstein tensor

Guv = Ry — SRgu, (4.29)
which always obeys V# G, = 0. We are therefore led to propose
Gy =«Ty,, (4.30)

as a field equation for the metric. (Actually it is probably more common to write
out R, — %Rg,w, rather than use the abbreviation G,,.) This equation satis-
fies all of the obvious requirements: the right-hand side is a covariant expression
of the energy and momentum density in the form of a symmetric and conserved
(0, 2) tensor, while the left-hand side is a symmetric and conserved (0, 2) tensor
constructed from the metric and its first and second derivatives. It only remains
to fix the proportionality constant «, and to see whether the result actually repro-
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duces gravity as we know it. In other words, does this equation predict the Poisson
equation for the gravitational potential in the Newtonian limit?

To answer this, note that contracting both sides of (4.30) yields (in four dimen-
sions)

= —«T, 4.3D)
and using this we can rewrite (4.30) as
Ruv = Ty — 3Tgu). (4.32)

This is the same equation, just written slightly differently. We would like to
see if it predicts Newtonian gravity in the weak-field, time-independent, slowly-
moving-particles limit. We consider a perfect-fluid source of energy-momentum,
for which

T;.w = (p =+ P)UM.UV + PEuv, (433)

where U* is the fluid four-velocity and p and p are the rest-frame energy and
momentum densities. In fact for the Newtonian limit we may neglect the pressure;
roughly speaking, the pressure of a body becomes important when its constituent
particles are traveling at speeds close to that of light, which we exclude from
the Newtonian limit by hypothesis. So we are actually considering the energy-
momentum tensor of dust:

Ty = pULUs. (4.34)

The “fluid” we are considering is some massive body, such as the Earth or the
Sun. We will work in the fluid rest frame, in which

u* = (U°,0,0,0). (4.35)

The timelike component can be fixed by appealing to the normalization condition
guU*UY = —1. In the weak-field limit we write, in accordance with (4.12) and
(4.13), '

goo = —1 + hoo,

g% = —1— hoo. (4.36)
Then to first order in & ,,, we get

U® =1+ Lhg. 4.37)

In fact, however, this is needlessly careful, as we are going to plug the four-
velocity into (4.34), and the energy density p is already considered small (space-
time will be flat as p is taken to zero). So to our level of approximation, we can
simply take U/® = 1, and correspondingly Uy = —1. Then
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and all other components vanish. In this limit the rest energy p = Tpo will be
much larger than the other terms in 7},,,, so we want to focusonthe 4 =0, v =0
component of (4.32). The trace, to lowest nontrivial order, is

T = g% = —Too = —p. (4.39)

We plug this into the 00 component of our proposed gravitational field equation
(4.32), to get

Roo = %Kp. (4.40)

This is an equation relating derivatives of the metric to the energy density. To find
the explicit expression _in terms of the metric, we need to evaluate Rgg = R0x0.
In fact we only need R’;o, since R%00 = 0. We have

Riojo = 8;T g0 — 80T + T3 T — T, T (4.41)

The second term here is a time derivative, which vanishes for static fields. The
third and fourth terms are of the form (I")?, and since T" is first-order in the metric
perturbation these contribute only at second order, and can be neglected. We are
left with Riq;0 = 9;T},. From this we get

Roo = R'oio
=0; [ (3080 + dogox — 3xg00)]
= —%8Y3;3jhoo
—3V2ho. (4.42)

Comparing to (4.40), we see that the 00 component of (4.30) in the Newtonian
limit predicts

VZhoo = —xp. (4.43)

Since (4.19) sets hoo = —2, this is precisely the Poisson equation (4.22), if we
setk = 87 G.

So our guess, (4.30), seems to have worked out. With the normalization chosen
5o as to correctly recover the Newtonian limit, we can present Emstem s equation
for general relativity:

Ruy — 5 Rguw = 870G Ty (4.44)

This tells us how the curvature of spacetime reacts to the presence of energy-
momentum. G is of course Newton’s constant of gravitation; it has nothing to
do with the trace of G,,. Einstein, you may have heard, thought that the left-
hand side was nice and geometrical, while the right-hand side was somewhat less
compelling.
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It is sometimes useful to rewrite Einstein’s equation in a slightly different form.
Following (4.31) and (4.32), we can take the trace of (4.44) to find that R =
—8m GT. Plugging this in and moving the trace term to the right-hand side, we
obtain

Ry, =876 (T,w - %Tgm,) . (4.45)

The difference between this and (4.44) is purely cosmetic; in substance they are
precisely the same. We will often be interested in the Einstein’s equation in vac-
uum, where T, = 0 (for example, outside a star or planet). Then of course
the right-hand side of (4.45) vanishes. Therefore the vacuum Einstein equation is
simply

R,, =0. (4.46)

This is both slightly less formidable, and of considerable physical usefulness.

LAGRANGIAN FORMULATION

An alternative route to Einstein’s equation is through the principle of least action,
as we discussed for classical field theories in flat spacetime at the end of Chapter 1.
Let’s spend a moment to generalize those results to curved spacetime, and then
see what kind of Lagrangian is appropriate for general relativity. We’ll work in
n dimensions, since our results will not depend on the dimensionality; we will,
however, assume that our metric has Lorentzian signature.

Consider a field theory in which the dynamical variables are a set of fields
&' (x). The classical solutions to such a theory will be those that are critical points
of an action S, generally expressed as an integral over space of a Lagrange den-
sity £,

S = f L(D, V, D) d"x. (4.47)
Note that we are now imagining that the Lagrasmgian is a function of the fields and
their covariant (rather than partial) derivatives, as is appropriate in curved space.
Note also that, since d"x is a density rather than a tensor, £ is also a density (since
their product must be a well-defined tensor); we typically write

L=y=gL, (4.48)

where Z is indeed a scalar. You might think it would be sensible to forget about
what we are calling £ and just focus on £, but in fact both quantities are useful
in different circumstances; it is £ that will matter whenever we are varying with
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respect to the metric itself. The associated Euler-Lagrange equations make use of

the scalar f, and are otherwise like those in flat space, but with covariant instead
of partial derivatives:

Eﬁ:—v oL =0 (4.49)
e Ml\awv,e ) '

In deriving these equations, we make use of Stokes’s theorem (3.35),

/'VMV“qud¢x=t[ na VAT d *.50)
PN on

and set the variation equal to zero at infinity (the boundary). Integration by parts
therefore takes the form

fA“(VMB)«/—g d'x = — /(VMA“)BJ—g d"x + boundary terms. (4.51)

For example, the curved-spacetime generalization of the action for a single scalar
field ¢ considered in Chapter 1 would be

1
Sp = / [—Eg“”(Vufb)(Vucb) - V(¢)} V—gd"x, (4.52)
which would lead to an equation of motion
dv
O¢ — — =0, 4,
¢— p (4.53)
where the covariant d’ Alembertian is
O=VH*V, =g""V,V,. (4.54)

Just as in flat spacetime, the combination g*"(V,,¢)(V,¢) is often abbreviated
as (V¢)2. Of course, the covariant derivatives are equivalent to partial derivatives
when acting on scalars, but it is wise to use the V,, notation still; you never know
when you might integrate by parts and suddenly be acting on a vector.

With that as a warm-up, we turn to the construction of an action for general
relativity. Our dynamical variable is now the metric g,.,; what scalars can we
make out of the metric to serve as a Lagrangian? Since we know that the metric
can be set equal to its canonical form and its first derivatives set to zero at any one
point, any nontrivial scalar must involve at least second derivatives of the metric.
The Riemann tensor is of course made from second derivatives of the metric, and
we argued earlier that the only independent scalar we could construct from the
Riemann tensor was the Ricci scalar R. What we did not show, but is nevertheless
true, is that any nontrivial tensor made from products of the metric and its first
and second derivatives can be expressed in terms of the metric and the Riemann
tensor. Therefore, the only independent scalar constructed from the metric, which
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is no higher than second order in its derivatives, is the Ricci scalar. Hilbert figured
that this was therefore the simplest possible choice for a Lagrangian, and proposed

Sy = f J=gRd"x, (4.55)

known as the Hilbert action (or sometimes the Einstein—Hilbert action). As we
shall see, he was right.

The equation of motion should come from varying the action with respect to
the metric. Unfortunately the action isn’t quite in the form (4.47), since it can’t
be written in terms of covariant derivatives of g, (which would simply vanish).
Therefore, instead of simply plugging into the Euler-Lagrange equations, we will
consider directly the behavior of Sz under small variations of the metric. In fact it
is more convenient to vary with respect to the inverse metric g*¥. Since gt gy, =
84, and the Kronecker delta is unchanged under any variation, it is straightforward
to express variations of the metric and inverse metric in terms of each other:

88uv = —8up8va 88”7, (4.56)

so stationary points with respect to variations in g*” are equivalent to those with
respect to variations in g,.. Using R = g/"”R,,,,, we have

88 = (68)1 + (68)2 + (65)3’, 4.57)

where
(88) = fd"x V—88" 8Ryy
(68)2 = /d"x ~—8R,., 88"

(5S)s = / d"x R8=F. 4.58)

The second term (85), is already in the form of some expression multiplied by
dg"V; let’s examine the others more closely.
Recall that the Ricci tensor is the contraction of the Riemann tensor, which is
given by
R jpy = (T8, + T4, Ty, — (< v). (4.59)
The variation of the Riemann tensor with respect to the metric can be found by
first varying the connection with respect to the metric, and then substituting into
this expression. However, let us consider arbitrary variations of the connection by
replacing

I8, — I8, +8T%,. (4.60)
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The variation 8T'5), is the difference of two connections, and therefore is itself a
tensor. We can thus take its covariant derivative,

Vi(8T8,) = 8u(8T,) + ', 8TC, — I'§,8T2, — T'F,8T%,. (4.61)

Here and elsewhere, the covariant derivatives are taken with respect to g,.,, not
8uv +8g,v- Given this expression and a small amount of labor, it is easy to show
that, to first order in the variation,

SR oy = VA(BTE,) — Vy(8T§,). (4.62)

You are encouraged check this yourself. Therefore, the contribution of the first
term in (4.58) to 4§ can be written

(3S) = / "2 /78 ¢ [T — V6T |

- / d"x/—g Vs, [g'“(argv) ~ g"“(SF}):M)], (4.63)

where we have used metric compatibility and relabeled some dummy indices. We
can now plug in the expression for 8Ty, in terms of §g#”, which works out to be

8T, = =3 [£1, V0 (68™) + 21 Vi (88 — uagup V7 (5°P)],  (4.64)

leading to

651 = /d"x«/—g Vo [8uv V7 (8g"") — Vi(887M), (4.65)

as you are also welcome to check. But (4.63) [or (4.65)] is an integral with re-
spect to the natural volume element of the covariant divergence of a vector; by
Stokes’s theorem, this is equal to a boundary contribution at infinity, which we
can set to zero by making the variation vanish at infinity. Therefore this term con-
tributes nothing to the total variation. Although to be honest, we have cheated. The
boundary term will include not only the metric variation, but also its first deriva-
tive, which is not traditionally set to zero. For our present purposes it doesn’t
matter, but in principle we might care about what happens at the boundary, and
would have to include an additional term in the action to take care of this subtlety.

To make sense of the (§.5)3 term we need to use the following fact, true for any
square matrix M with nonvanishing determinant:

In(det M) = Tr(ln M). (4.66)

Here, In M is defined by exp(In M) = M. For numbers this is obvious, for matri-
ces it’s a little less straightforward. The variation of this identity yields

1 -1
——=8(detM) = Te(M M), (4.67)
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We have used the cyclic property of the trace to allow us to ignore the fact that
M~ and M may not commute. Taking the matrix M to be the metric g,,,, so
that det M = det g,,,, = g, we get

8g = g(g"8g.w)
= —g(gudgh"). (4.68)

In the last step we converted from dg,,, to §g” using (4.56). Now we can just
plug in to get

6F_F

1 ¢
=22 5 §olV
zﬁgﬂ”g

1
= —54/—gguv5g’”. (4.69)

Hearkening back to (4.58), and remembering that (§.5); does not contribute,
we find

1
58y = / d"xJ—g [RM - Eng] 3ghv. (4.70)

Recall that the functional derivative of the action satisfies
88 = fz (EE 5! ) d"x, 4.71)

where (@7} is a complete set of fields being varied (in our case, it’s just gV).
Stationary points are those for which each §5/8®* = 0, so we recover Einstein’s
equation in vacuum:

1 48 1
JT_g&g—:IJ = Ruy — 5 Rguy =0. (4.72)
The advantage of the Lagrangian approach is manifested by the fact that our very
first guess (which was practically unique) gave the right answer, in contrast with
our previous trial-and-error method. This is a reflection of two elegant features of
this technique: First, the Lagrangian is a scalar, rather than a tensor, and therefore
more restricted; second, the symmetries of the theory are straightforwardly im-
posed (in this case, we automatically derived a tensor with vanishing divergence,
which is related to diffeomorphism invariance, as discussed in Appendix B).

We derived Einstein’s equation “in vacuum” because we only included the
gravitational part of the action, not additional terms for matter fields. What we
would really like, however, is to get the nonvacuum field equation as well. That
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means we consider an action of the form

1
§=—-==S , 4,
e H+ Sy (4.73)

where Sy is the action for matter, and we have presciently normalized the grav-
itational action so that we get the right answer. Following through the same pro-
cedure as above leads to

158 1 1 1 68y
J=20g” 162G (R”” - Rg””) g g (4.74)

‘We now boldly define the energy-momentum tensor to be

1 58Sy
T, = —ZF 5giv’ (4.75)
This allows us to recover the complete Einstein’s equation,
Ry — 3Rgyy = 870G Ty, (4.76)

or equivalently, G,., = 8w GT,,,.

Why should we think that (4.75) is really the energy-momentum tensor? In
some sense it is only because it is a symmetric, conserved, (0, 2) tensor with
dimensions of energy density; if you prefer to call it by some other name, go
ahead. But it also accords with our preconceived expectations. Consider again the
action for a scalar field, (4.52). Now vary this action with respect, not to ¢, but to
the inverse metric:

1
SS¢_/d” [ — (——Sg“”Vququﬁ)—l-(S\/_ (——g’“Vvatb V(¢))}

4.77)
" o 1 1 1 .
= /d x+/—g dgh [—EVMCZ’VW’ +(_§guu> (—Egp VodVop — V(¢)>:|
4.78)
We therefore have
1 65
@ _ - 2%
Iy = 2\/__8ng
w®Vod — gwg‘) VoV — vV (9). 4.79)

In flat spacetime this reduces to what we had asserted, in Chapter 1, was the
correct energy-momentum tensor for a scalar field.

On the other hand, in Minkowski space there is an alternative definition for
the energy-momentum tensor, which is sometimes given in books on electro-
magnetism or field theory. In this context energy-momentum conservation arises
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as a consequence of symmetry of the Lagrangian under spacetime translations.
Noether’s theorem states that every symmetry of a Lagrangian implies the exis-
tence of a conservation law; invariance under the four spacetime translations leads
to a tensor S*”, which obeys 3, 5*” = 0 (four relations, one for each value of v).
The details can be found in Wald (1984) or Peskin and Schroeder (1995). Apply-
ing Noether’s procedure to a Lagrangian that depends on some fields ® and their
first derivatives d,, &' (in flat spacetime), we obtain

5L

m —
5(0,, D7)

3D — L, (4.80)

where a sum over i is implied. You can check that this tensor is conserved by
virtue of the equations of motion of the matter fields. S#” often goes by the name
“canonical energy-momentum tensor”; however, there are a number of reasons
why it is more convenient for us to use (4.75). First, (4.75) is in fact what appears
on the right hand side of Einstein’s equation when it is derived from an action, and
it is not always possible to generalize (4.80) to curved spacetime. But even in flat
space (4.75) has its advantages; it is manifestly symmetric, and also guaranteed
to be gauge invariant, neither of which is true for (4.80). We will therefore stick
with (4.75) as the definition of the energy-momentum tensor.

Now that Einstein’s equation has been derived, the rest of this chapter is de-
voted to exploring some of its properties. These discussions are fascinating but not
strictly necessary; if you like, you can jump right to the applications discussed in
subsequent chapters.

PROPERTIES OF EINSTEIN’S EQUATION

Einstein’s equation may be thought of as a set of second-order differential equa-
tions for the metric tensor field g,.. There are really ten independent equations

- (since both sides are symmetric two-index tensors), which seems to be exactly

right for the ten unknown functions of the metric components. However, the
Bianchi identity V# G, = 0 represents four constraints on the functions R, (x),
so there are only six truly independent equations in (4.44). In fact this is appropri-
ate, since if a metric is a solution to Einstein’s equation in one coordinate system
x# it should also be a solution in any other coordinate system x#'. This means
that there are four unphysical degrees of freedom in g,,,, represented by the four
functions x*' (x*), and we should expect that Einstein’s equation only constrains
the six coordinate-independent degrees of freedom.

As differential equations, these are extremely complicated; the Ricci scalar
and tensor are contractions of the Riemann tensor, which involves derivatives
and products of the Christoffel symbols, which in turn involve the inverse met-
ric and derivatives of the metric. Furthermore, the energy-momentum tensor 7},,
will generally involve the metric as well. The equations are also nonlinear, so
that two known solutions cannot be superposed to find a third. It is therefore very
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difficult to solve Einstein’s equation in any sort of generality, and it is usually nec-
essary to make some simplifying assumptions. Even in vacuum, where we set the
energy-momentum tensor to zero, the resulting equation (4.46) can be very diffi-
cult to solve. The most popular sort of simplifying assumption is that the metric
has a significant degree of symmetry, and we will see later how isometries make
life easier.

The nonlinearity of general relativity is worth a remark. In Newtonian gravity
the potential due to two point masses is simply the sum of the potentials for each
mass, but clearly this does not carry over to general relativity outside the weak-
field limit. There is a physical reason for this, namely that in GR the gravitational
field couples to itself. This can be thought of as a consequence of the equiva-
lence principle—if gravitation did not couple to itself, a gravitational atom (two
particles bound by their mutual gravitational attraction) would have a different
inertial mass than gravitational mass (due to the negative binding energy). The
nonlinearity of Einstein’s equation is a reflection of the back-reaction of gravity
on itself.

A nice way to think about this is provided by Feynman diagrams. These are
used in quantum field theory to calculate the amplitudes for scattering processes,
which can be obtained by summing the various contributions from different in-
teractions, each represented by its own diagram. Even if we don’t go so far as to
quantize gravity and calculate scattering cross-sections (see the end of this sec-
tion), we can still draw Feynman diagrams as a simple way of keeping track of
which interactions exist and which do not. A simple example is provided by the
electromagnetic interaction between two electrons; this can be thought of as due
to exchange of a virtual photon, as shown in Figure 4.1.

In contrast, there is no diagram in which two photons exchange another pho-
ton between themselves, because electromagnetism is linear (there is no back-
reaction). The gravitational interaction, meanwhile, can be thought of as deriving
from the exchange of a virtual graviton (a quantized perturbation of the met-
ric). The nonlinearity manifests itself as the fact that both electrons and gravi-

photon

e

FIGURE 4.1 A Feynman diagram for electromagnetism. In quantum field theory, such
diagrams are used to calculate amplitudes for scattering processes; here, just think of it as
a cartoon representing a certain interaction. The point of this particular diagram is that the
coupling of photons to electrons is what causes the electromagnetic interaction between
them. In contrast, there is no coupling of photons to other photons, and no analogous
diagram in which photons interact.



4.4 Properties of Einstein’s Equation 167

graviton gravitons

e

FIGURE 4.2 Feynman diagrams for gravity. Upon quantization, Einstein’s equation pre-
dicts spin-two particles called gravitons. We don’t know how to carry out such a quanti-
zation consistently, but the existence of gravitons is sufficiently robust that it is expected
to be a feature of any well-defined scheme. Since gravity couples to energy-momentum,
gravitons interact with every kind of particle, including other gravitons. This provides a
way of thinking about the nonlinearity of Einstein’s theory.

tons can exchange virtual gravitons, and therefore exert a gravitational force, as
shown in Figure 4.2. There is nothing unique about this feature of gravity; it is
shared by most gauge theories, such as quantum chromodynamics, the theory of
the strong interactions. Electromagnetism is actually the exception; the linearity
can be traced to the fact that the relevant gauge group, U(1), is abelian. But non-
linearity does represent a departure from the Newtonian theory. This difference is
experimentally detectable; the reason why (as we shall see) the orbit of Mercury is
different in GR versus Newtonian gravity is that the gravitational field influences
itself, and the closer we get to the Sun, the more noticeable that influence is.

Beyond the fact that it is complicated and nonlinear, it is worth thinking a bit
about what Einstein’s equation is actually telling us. Clearly it relates the energy-
momentum distribution to components of the curvature tensor; but from a physi-
cal point of view, precisely what kind of gravitational field is generated by a given
kind of source? One way to answer this question is to consider the evolution of the
expansion 0 of a family of neighboring timelike geodesics. We imagine a small
ball of free test particles moving along geodesics with four-velocities U#, and fol-
low their evolution; the expansion § = V,U* tells us how the volume of the ball
is growing (or shrinking, if & < 0) at any one moment of time. Clearly the value
of the expansion will depend on the initial conditions for our test particles. The
effects of gravity, on the other hand, are encoded in the evolution of the expan-
sion, which is governed by Raychaudhuri’s equation. This equation, discussed in
Appendix F, tells us that the derivative of the expansion with respect to the proper
time t along the geodesics is given by the following expression:

a0 _

1
- 20% —20% — 592 — R,UMUY. (4.81)

The terms on the right-hand side are explained carefully in Appendix F; w en-
codes the rotation of the geodesics, o encodes the shear, and R,,,, is of course the
Ricci tensor. Raychaudhuri’s equation is a purely geometric relation, making no
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reference to Einstein’s equation. The combination of the two equations, however,
can be used to describe how energy-momentum influences the motion of test par-
ticles, since Einstein’s equation relates T}, to R,,, and Raychaudhuri’s equation
relates R, to d6/dz.

Let us consider the simplest possible situation, where we start with all of the
nearby particles at rest with respect to each other in a small region of spacetime.
Then the expansion, rotation, and shear will all vanish at this initial moment. Let
us further construct locally inertial coordinz}tesAx’l, in which U# is in its rest
frame, so that U i= (1,0,0,0) and Ry, UHUY = Ry- We therefore have (in
these coordinates, at this point)

do
e = —Rgp- (4.82)
Now we can turn to Einstein’s equation, in the form

Ry, =87G (TM - %Tgm)) . (4.83)

Since we are in locally inertial coordinates, we have

8ab = Nad (4.84)
T= gMT;za =—p+px+py+ps, (4.85)

where p = Tjp is the rest-frame energy density and py = Tj; is the pressure in
the x* direction. Thus, (4.82) becomes

g% = —4nxG(p + px + py + po). (4.86)
This equation is telling us that energy and pressure create a gravitational field that
works to decrease the volume of our initially stationary ball of test particles (if p
and the p;’s are all positive). In other words, gravity is attractive.

Of course, from (4.86) we see that gravity is not necessarily attractive; we
could imagine sources for which o+ py -+ py+p, were a negative number. Clearly,
the role of pressure bears noting. For one thing, it represents an unambiguous de-
parture from Newtonian theory, in which the pressure does not influence gravity
(it doesn’t appear in Poisson’s equation, V2® = 47 Gp). The difference is hard to
notice in our Solar System, since the pressure in the Sun and planets is much less
than the energy density, which is dominated by the rest masses of the constituent
particles. For another thing, notice that the gravitational effect of the pressure
is opposite to that of the direct effect with which we are more familiar, namely
that positive pressure works to push things apart. In most circumstances the di-
rect effect of pressure is much more noticeable. However, the pressure can only
act directly when there is a pressure gradient (for example, a change in pressure
between the interior and exterior of a piston), whereas the gravitational effect de-
pends only on the value of the pressure locally. If there were a perfectly smooth
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pressure, it would only be detectable through its gravitational effect; an example
is provided by vacuum energy, discussed in Section 4.5.

As a final comment on (4.86), let’s point out that it is completely equivalent
to Einstein’s equation—they convey identical information. This very specific re-
lation will hold for any set of initially motionless test particles; the only way this
can happen is if all of the components of Einstein’s equation are true. If we like,
then, we can state Einstein’s equation in words® as follows: “The expansion of the
volume of any set of particles initially at rest is proportional to (minus) the sum
of the energy density and the three components of pressure.”

So Einstein’s equation tells us that energy density and pressure affect the Ricci
tensor in such a way as to attract particles together when p and p are positive.
What about the components of the Riemann tensor that are not included in the
Ricci tensor? In Chapter 3 we found that these components were described by the
Weyl tensor (expressed here in four dimensions),

Cpa').w = Ryopv + %gp[ugv]o*R - gp[LLRV]G' + go*[MRv]p' (4.87)

The Ricci tensor is the trace of the Riemann tensor, while the Weyl tensor de-
scribes the trace-free part; together they provide a complete characterization of
the curvature. Clearly, given some specified energy-momentum distribution, there
is still some freedom in the choice of Weyl curvature, since there is no analogue
of Einstein’s equation to relate C*,,, algebraically to 7,,,. This is exactly as it
should be. Imagine for example a spacetime that is vacuum everywhere, R, = 0.
Flat Minkowski space is a possible solution in such a case, but so is a gravitational
wave propagating through empty spacetime (as we will discuss in Chapter 7).

Since only R,,, enters Einstein’s equation, it might appear that the components
of Cpy v are completely unconstrained. But recall that we are not permitted to
arbitrarily specify the components of the curvature tensor throughout a manifold;
they are related by the Bianchi identity,

ViaRso1uv = 0. (4.88)

As you showed in Exercise 10 of Chapter 3, this identity implies a differential
relation for the Weyl tensor of the form

VpCpo—Lw = V[MRv]g + %gU[MVV]R. (4.89)

On the right-hand side, the Riemann tensor only appears via its contractions the
Ricci scalar and tensor, which can be related to T, by Einstein’s equation; we
therefore have

V9 Cpopy = 87G (vm Tuio + 1800, Vo T) . (4.90)

So, while R,,, and T, are related algebraically through Einstein’s equation,
Cpouv and T, are related by this first-order differential equation. There will be

11.C Baez, “The Meaning of Einstein’s Equation,” http://arXiv.org/abs/gr-qc/0103044.
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a number of possible solutions for a given energy-momentum distribution, each
specified by certain boundary conditions. This equation can be thought of as a
propagation equation for gravitational waves, in close analogy with Maxwell’s
equations V, F"* = J”.

Having listed all of these lovely properties of Einstein’s equation, it seems only
fair that we should mention one distressing feature: the well-known difficulty of
reconciling general relativity with quantum mechanics. GR is a classical field
theory: the dynamical variable is a field (the metric) defined on spacetime, and
coordinate-invariant quantities constructed from this field (such as the curvature
scalar) can in principle be specified and measured to arbitrary accuracy. In the
case of other field theories, such as electromagnetism, there are well-understood
procedures for beginning with the classical theory and quantizing it, to obtain
the dynamics of operators acting on wave functions living in a Hilbert space. For
GR, the usual procedures run into both technical and conceptual difficulties, a de-
scription of which is beyond the scope of this book. One aspect of the technical
difficulties is that GR is not “renormalizable” in the way that the Standard Model
of particle physics is; when considering higher-order quantum effects, infinities
appear that cannot be absorbed in any finite number of paraméters. Nonrenor-
malizability does not mean that theory is fundamentally incorrect, but is a strong
suggestion that it should only be taken seriously up to a certain energy scale.

Fortunately, the regime in which observable effects of quantum gravity are
expected to become important is far from our everyday experience (or, for that
matter, any conditions we can produce in the lab). Way back in 1899 Planck
noticed that his constant 4, for which nowadays we more often substitute 2 =
h/2m = 1.05 % 10727 cm? g/sec, could be combined with Newton’s constant
G = 6.67 x 1078cm3 g~! sec™? and the speed of light ¢ = 3.00 x 10%m sec™!
to form a basic set of dimensionful quantities: the Planck mass,

e\ /2
mp = (E) =2.18x107°g, (4.91)
the Planck length,
hG\ /2
o — (c_3> 162 x 105 em, @92)
the Planck time,
RGN 12
fp— (Ts) — 5,39 x 10~ sec, (4.93)
and the Planck energy,
heS 172
Ep= (?) = 1.95 x 10 erg (4.94)

=1.22 x 10* GeV. (4.95)
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A GeV is 10° electron volts, a common unit in particle physics, as it is ap-
proximately the mass of a proton. We usually set i = ¢ = 1, so that these
quantities are all indistinguishable in the sense that mp = I 1 — p - Ep.
You will hear people say things like “the Planck mass is 10'° GeV”; or sim-
ply refer to “the Planck scale.” Another commonly used quantity is the reduced
Planck scale, mp = mp/+/8m = 2.43 x 10'® GeV, which is often more conve-
nient in equations—note that the coefficient of the curvature scalar in (4.73) is
n&%, /2. Most likely, quantum gravity does not become important until we consider
particle masses greater than mp, or times shorter than zp, or lengths smaller than
Ip, or energies higher than Ep; at lower scales, classical GR should suffice. Since
these are all far removed from observable phenomena, constructing a consistent
theory of quantum gravity is more an issue of principle than of practice. On the
other hand, quantum effects in curved spacetime might be important in the real
world; as we will discuss in Chapter 8, they might lead to density fluctuations
in the early universe, which grow into the galaxies and large-scale structure we
observe today.

There is a leading contender for a fully quantum theory that would encompass
GR in the appropriate limit: string theory. In string theory we imagine that the
fundamental objects are not point particles like electrons or photons, but rather
small one-dimensional objects called strings, which can be either closed loops or
open segments. String theory was originally proposed as a model of the strong
nuclear force, but it was soon realized that the theory inevitably predicted a mass-
less spin-two particle: exactly what a quantum theory of gravity would require.
String theory seems to be a consistent quantum theory, and it predicts gravity, but
there is still a great deal about it that we don’t understand. In particular, the way
in which a classical spacetime arises out of fundamental strings is somewhat mys-
terious, and the connection to direct experiments is tenuous at best. Nevertheless,
string theory is remarkably rich and robust, and promises to be an important part
of theoretical physics for the foreseeable future.

THE COSMOLOGICAL CONSTANT

A characteristic feature of general relativity is that the source for the gravita-
tional field is the entire energy-momentum tensor. In nongravitational physics,
only changes in energy from one state to another are measurable; the normaliza-
tion of the energy is arbitrary. For example, the motion of a particle with potential
energy V(x) is precisely the same as that with a potential energy V (x) + Vo, for
any constant Vp. In gravitation, however, the actual value of the energy matters,
not just the differences between states.

This behavior opens up the possibility of vacuum energy: an energy density
characteristic of empty space. One feature that we might want the vacuum to ex-
hibit is that it not pick out a preferred direction; it will still be possible to have
a nonzero energy density if the associated energy-momentum tensor is Lorentz
invariant in locally inertial coordinates. Lorentz invariance implies that the corre-
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sponding energy-momentum tensor should be proportional to the metric,
T = —pvactijs, (4.96)

since 7 is the only Lorentz invariant (0, 2) tensor. This generalizes straightfor-
wardly from inertial coordinates to arbitrary coordinates as

T,EY;ac) = —Pvac8uv- 4.97)

Comparing to the perfect-fluid energy-momentum tensor 7., = (0 + p)U, U, +
P&, We find that the vacuum looks like a perfect fluid with an isotropic pressure
opposite in sign to the energy density,

Pvac = —Pvac- (4.98)

The energy density should be constant throughout spacetime, since a gradient
would not be Lorentz invariant.
If we decompose the energy-momentum tensor into a matter piece T, L(LI,‘,/D and a

vacuum piece T, L(L‘,')ac) = —Pyacg v, Binstein’s equation is
Ryy — SRgy, = 87G (T}};@ - pvacg/_w) . (4.99)

Soon after inventing GR, Einstein tried to find a static cosmological model, since
that was what astronomical observations of the time seemed to imply. The result
was the Einstein static universe, which will be discussed in Chapter 8. In order for
this static cosmology to solve the field equation with an ordinary matter source,
it was necessary to add a new term called the cosmological constant, A, which
enters as

Ryy — %Rgm, + Aguy =87 GTy,,. (4.100)

From comparison with (4.99), we see that the cosmological constant is precisely
equivalent to introducing a vacuum energy density

A
Prac = o= (4.101)

G
The terms “cosmological constant” and “vacuum energy” are essentially inter-
changeable.

Is a nonzero vacuum energy something we should expect? We arrived at the
Hilbert Lagrangian Lz = R by looking for the simplest possible scalar we could
construct from the metric. Of course there is an even simpler one, namely a con-
stant. Using (4.69), it is straightforward to check that

S = / d*x /=g [R;—éae —2A) + EM} (4.102)
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leads to the modified equation (4.100); alternatively, the vacuum Lagrangian is
simply

Evac = —Pvac- (4.103)

So it is certainly easy to introduce vacuum energy; however, we have no insight
into its expected value, since it enters as an arbitrary constant.

The vacuum energy ultimately is a constant of nature in its own right. (An
exception occurs in certain theories where a spacetime symmetry such as super-
symmetry or conformal invariance governs the value of the vacuum energy; here
we are considering a more generic field theory.) Nevertheless, there are various
distinct contributions to the vacuum energy, and it would be strange if the total
value were much smaller than the individual contributions. One such contribu-
tion comes from zero-point fluctuations—the energies of quantum fields in their
vacuum state.

Consider a simple harmonic oscillator, a particle moving in a one-dimensional
potential V(x) = %a)zxz. Classically, the vacuum for this system is the state
in which the particle is motionless and at the minimum of the potential (x =
0), for which the energy in this case vanishes. Quantum-mechanically, however,
the uncertainty principle forbids us from isolating the particle both in position
and momentum, and we find that the lowest energy state has an energy Eg =
%hw (where we have temporarily reintroduced explicit factors of # for clarity).
Of course, in the absence of gravity, either system actually has a vacuum energy
that is completely arbitrary; we could add any constant to the potential without
changing the theory. But quantum fluctuations have changed the zero-point energy
from our classical expectation.

A precisely analogous situation holds in field theory. If we take the Fourier
transform of a free quantum field (one where we ignore interactions for simplic-
ity), we find that it becomes an infinite number of harmonic oscillators in mo-
mentum space, as we discuss in Chapter 9. The frequency w of each oscillator is
® = ~/m?2 + k2, where m is the mass of the field and k is the magnitude of the
wave vector of the mode. If we set the classical vacuum energy to zero, each of
these modes contributes a quantum zero-point energy of %w/2. Formally, adding
all of these contributions together yields an infinite result. If, however, we discard
the very high-momentum modes on the grounds that we trust our theory only up
to a certain ultraviolet momentum cutoff kmax, we find that the resulting energy
density is of the form

Pvac ~ Tk (4.104)

This answer could have been guessed by dimensional analysis; the numerical con-
stants that have been neglected will depend on the precise theory under consid-
eration. If we are confident that we can use ordinary quantum field theory all the
way up to the reduced Planck scale mp = (87 G)~1/2 ~ 10'8 GeV, we expect a
contribution of order

pvac ~ (1018 Gev)* ~ 10!12 erg/cm?. (4.105)
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Field theory may fail earlier, although quantum gravity is the best reason we have
to believe it will fail at any specific scale.
As we will discuss in Chapter 8, cosmological observations imply

10| < (1072 GeV)* ~ 1078 erg/em’, (4.106)

much smaller than the naive expectation just derived. The ratio of (4.105) to
(4.106) is the origin of the famous discrepancy of 120 orders of magnitude be-
tween the theoretical and observational values of the cosmological constant. We
are free to imagine that the bare vacuum energy is adjusted so that the net cos-
mological constant is consistent with the limit (4.106), except for one problem:
we know of no special symmetry that could enforce a vanishing vacuum energy
while remaining consistent with the known laws of physics; this conundrum is
the “cosmological constant problem.” We will discuss the cosmological effects of
vacuum energy more in Chapter 8.2

ENERGY CONDITIONS

Sometimes it is useful to think about Einstein’s equation without specifying the
theory of matter from which T,,, is derived. This leaves us with a great deal of
arbitrariness; consider for example the question, What metrics obey Einstein’s
equation? In the absence of some constraints on T),,, the answer is any metric
at all; simply take the metric of your choice, compute the Einstein tensor G,
for this metric, and then demand that T}, be equal to G,,,. It will automatically
be conserved, by the Bianchi identity. Our real concern is with the existence of
solutions to Einstein’s equation in the presence of “realistic” sources of energy
and momentum, whatever that means. One strategy is to consider specific kinds
of sources, such as scalar fields, dust, or electromagnetic fields. However, we
occasionally wish to understand properties of Einstein’s equations that hold for a
variety of different sources. In this circumstance it is convenient to impose energy
conditions that limit the arbitrariness of T},, .

Energy conditions are coordinate-invariant restrictions on the energy-momen-
tum tensor. We must therefore construct scalars from 7,,,, which is typically ac-
complished by contracting with arbitrary timelike vectors ## or null vectors £~.
For example, the weak energy condition (WEC) states that 7,2t > 0 for all
timelike vectors . For purposes of physical intuition, it is useful to consider the
special case where the source is a perfect fluid, so that the energy-momentum
tensor takes the form

T/,w =(p+ p)Up,Uv + P8uvs (4.107)

where U* is the fluid four-velocity. Let’s use this form to translate the WEC into
physical terms. Because the pressure is isotropic, 7,,¢*¢" will be nonnegative

2For more on the physics and cosmology of vacuum energy, see S.M. Carroll, Liv. Rev. Rel. 4, 1
(2001), http://arxiv.org/astro-ph/0004075.
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for all timelike vectors #* if both T,,,U*UY > 0 and T,,£*£" > 0 for some
null vector £* (convince yourself of this; it’s just adding vectors). We therefore
evaluate

TWURUY = p,  T,€"e” = (p + p)(U,LM)> (4.108)

The WEC therefore implies p > 0 and p + p > 0. These are simply the
reasonable-sounding requirements that the energy density be nonnegative and the
pressure not be too large compared to the energy density. Of course we need not
restrict ourselves to perfect fluids, we merely use them to gain insight into the
requirements the energy conditions impose.

There are a number of different energy conditions, appropriate to different cir-
cumstances. Some of the most popular are the following:

e The Weak Energy Condition or WEC, as just discussed, states that
T,ut"t” = 0 for all timelike vectors ¢#, or equivalently that p > 0 and
p+p=0.

e The Null Energy Condition or NEC states that T,,£*£" > 0 for all null
vectors £/, or equivalently that p + p > 0. It is a special case of the WEC,
with the timelike vector replaced by a null vector. The energy density may
now be negative, so long as there is a compensating positive pressure.

¢ The Dominant Energy Condition or DEC includes the WEC (T}, ,t#t" >
0 for all timelike vectors ##), as well as the additional requirement that
T+, is a nonspacelike vector (namely, that T},,T"3t#t* < 0). For a per-
fect fluid, these conditions together are equivalent to the simple requirement
that p > |p|; the energy density must be nonnegative, and greater than or
equal the magnitude of the pressure.

e The Null Dominant Energy Condition or NDEC is the DEC condition
for null vectors only: for any null vector £, T,,,£*£” > 0 and T#¢,, is a
nonspacelike vector. The allowed density and pressure are the same as for
the DEC, except that negative densities are allowed so long as p = —p. In
other words, the NDEC excludes all sources excluded by the DEC, except
for a negative vacuum energy.

for all timelike vectors t#, or equivalently that p + p > 0and p +3p > 0.
Note that the SEC does not imply the WEC. It implies the NEC, along with
excluding excessively large negative pressures. From (4.86) we see that it
is the SEC that implies gravitation is attractive.

o The Strong Energy Condition or SEC states that T,,,t%¢” > %Tl 319,

These conditions are illustrated in Figure 4.3. In addition we have plotted the
constraint w > —1, where w = p/p is called the equation-of-state parameter.
This is a useful concept in cosmology, where sources often have equations of state
p = wp with w being a constant (of course, w is defined whether it is constant
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(d) NDEC (e) SEC Ow=-1

FIGURE 4.3 Energy conditions as applied to perfect fluids, expressed as allowed regions of energy density p and pressure
p. Ilustrated are the Weak Energy Condition (WEC), Null Energy Condition (NEC), Dominant Energy Condition (DEC),
Null Dominant Energy Condition (NDEC), and the Strong Energy Condition (SEC). For comparison, we also have illustrated
the condition w > —1, where w = p/p is the equation-of-state parameter.

or not). If we restrict ourselves to sources with p > 0, then any of the energy
conditions mentioned above will imply w > —1.

Most ordinary classical forms of matter, including scalar fields and electro-
magnetic fields, obey the DEC (see Exercises), and hence the less restrictive con-
ditions (WEC, NEC, NDEC). The SEC is useful in the proof of some singularity
theorems, but can be violated by certain forms of matter, such as a massive scalar
field. It turns out that quantum fields can generically violate any of the energy
conditions we have listed; there may, however, be inequalities involving integrals
over regions of spacetime that are satisfied even by quantum fields. This is an area
of current investigation.

The energy conditions are not, strictly speaking, related to energy conserva-
tion; the Bianchi identity guarantees that V,,T*" = 0 regardless of whether we
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impose any additional constraints on 7#”. Rather, they serve to prevent other
properties that we think of as “unphysical,” such as energy propagating faster than
the speed of light, or empty space spontaneously decaying into compensating re-
gions of positive and negative energy. In particular, Hawking and Ellis (1973)
prove a conservation theorem: Essentially, if the energy-momentum tensor obeys
the DEC and vanishes in some spacelike region, then it will necessarily vanish
everywhere in the future domain of dependence of that region (see Section 2.7 for
the definition of the future domain of dependence). Thus, energy cannot sponta-
neously appear from nothing, nor can it sneak outside the light cone. The theorem
does not include the converse statement (that sources violating the DEC are nec-
essarily acausal), so it pays to be careful.

THE EQUIVALENCE PRINCIPLE REVISITED

In this section we will examine more carefully the underpinnings and conse-
quences of the Principle of Equivalence, which we used in Section 4.1 to motivate
the minimal-coupling procedure for generalizing physics to curved spacetime. We
will see that the Principle of Equivalence is not a sacred physical law, nor is it even
a mathematically rigorous statement; at a more fundamental level, it arises as a
consequence of the nature of general relativity as an effective field theory valid
at macroscopic distances, and our job is to determine which kinds of couplings
between matter and the metric we would expect in such a theory.

In practice, it is common to invoke the Equivalence Principle to justify any of
the following four ideas:

1. Laws of physics should be expressed (or at least be expressible) in generally
covariant form.

2. There exists a metric on spacetime, the curvature of which we interpret as
gravity.

3. There do not exist any other fields that resemble gravity.

4. The interactions of matter fields to curvature are minimal: they do not in-

- volve direct couplings to the Riemann tensor or its contractions.

These very different statements each have a very different status: the first is vacu-
ous, the second is both profound and almost certainly true, the third is interesting
and testable, and the fourth is just a useful approximation. Let’s examine each of
them in turn.

The first statement is sometimes called the Principle of Covariance. It is more
or less content-free. “Generally covariant” simply means that all of the terms in
an equation transform in the same way under a change of coordinates, so that
the form of the equation is coordinate-invariant. Due to the universal nature of
the tensor transformation law, the most straightforward way of achieving this aim
is to make the equation manifestly tensorial. Certainly there is nothing wrong
if a law is expressed in a form that is not generally covariant, as long as we
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know that it is possible to rewrite it in a coordinate-independent way. On the
other hand, it is always possible to write laws in a coordinate-independent way,
if the laws are well-defined to begin with. A physical system acting in a certain
way doesn’t know which coordinate system you are using to describe it; conse-
quently, anything deserving of the name “law of physics” (as opposed to some
particular statement of that law) must be independent of coordinates. An insis-
tence on explicit coordinate-independence says nothing about the adaptation of
laws to curved spacetime; as we have seen, manifestly tensorial equations take on
the same form regardless of the geometry.

Consider Maxwell’s equations in flat spacetime, as we wrote them in Chap-
ter 1:

3, F = J". (4.109)

The right-hand side is a well-defined tensor, while the left-hand side is not, due
to the appearance of the partial derivative. That’s okay, since we know that this
equation is valid only in inertial coordinates in Minkowski space. A coordinate-
invariant way of expressing the same law is

V,F* =", (4.110)

No physical principle needs to be invoked to conclude that this is the correct
formulation in Minkowski space; it is the unique tensorial equation, which is
equivalent to (4.109) in inertial coordinates. It is\not the unique generalization
to curved spacetime, since we could imagine new terms involving products of
F,y and R ,,,; the status of such additional terms is directly addressed by the
minimal-coupling assumption, point four in the above list. By itself, however,
making things “tensorial” or “generally covariant” is a simple matter of logical
necessity, not a physical principle that one could imagine disproving by experi-
ment. (Another spin on the same idea is “diffeomorphism invariance,” discussed
in the Appendix B.)

The second purported consequence of the Equivalence Principle from our list
above is much deeper, and by no means obvious. Although he was inspired by the
EP, this geometric insight was Einstein’s great breakthrough. At the beginning of
Chapter 2 we discussed why such an insight was warranted: the EP implies that
gravity is universal, which implies in turn that gravitational fields become impos-
sible to measure in small regions of spacetime, a feature which in turn is most
directly implemented by identifying gravitation with the effects of spacetime ge-
ometry. These steps are well-motivated suggestions, not rigorously derived con-
sequences; once we have the idea that there is a metric whose curvature gives rise
to gravity, we can check its usefulness by comparing with experiment. As we’ve
mentioned, it passes with flying colors. An accumulation of evidence (such as the
gravitational redshift discussed in Chapter 2) is consistent with the idea that ide-
alized rods and clocks behave as they should if the geometry of spacetime were
curved. Still, one should not imagine proving that there really is a metric with the
desired properties; we make the hypothesis, test it against ever-more precise ex-
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periments, and deduce its range of usefulness. Indeed, the demands of eventually
reconciling general relativity with quantum mechanics suggest to many that the
metric will ultimately be revealed as a concept derived from a more fundamental
collection of degrees of freedom. For our present purposes this ultimate resolu-
tion doesn’t matter; the idea of a curved metric has proven its usefulness beyond
a reasonable doubt, and we work to extend out understanding of its properties
until they run up against insurmountable obstacles (either theoretical or empiri-
cal).

Given our conviction that the effects of gravitation are best ascribed to the cur-
vature of a metric on spacetime, what would we conclude if experiments were to
detect an apparent violation of the Equivalence Principle? For example, we might
imagine an experiment that revealed that the acceleration of test bodies in the
direction of the Earth or Sun actually did depend, ever so slightly, on the compo-
sition of the test body. (The best current limits on such anomalous accelerations
constrain them to be less than 107!2 times that due to gravity.)> In such a cir-
cumstance, nobody would really be tempted to declare that general relativity had
been completely undermined and it was necessary to start over. Rather, we would
return to the definition of “test body,” which includes the proviso that the body
be uncharged. An electron, for example, would not make a good test body, as it
would be buffeted about by ambient electromagnetic fields as well as by gravity.
Similarly, by far the most straightforward explanation of any hypothetical anoma-
lous acceleration on purportedly neutral test bodies would be to imagine that we
had discovered the existence of a new long-range field, under which our test bod-
ies were actually charged. To have remain undetected thus far, such a field must
be either very weakly coupled, or must couple almost universally, so as to mimic
the effects of gravity. We could imagine, for example, scalar fields that couple to
the trace of the energy-momentum tensor, or vector fields that couple to baryon
number. The mass of ordinary test bodies is almost proportional to their baryon
number, which counts the number of protons and neutrons in the body. It is there-
fore sometimes convenient to think of “tests of the Equivalence Principle” as tests
of the third of our statements above—that there do not exist any other fields that
resemble gravity (where a field resembles gravity if it is long-range and couples
almost universally to mass). Again, detecting a violation of this hypothesis would
be most directly interpreted as discovery of a new “fifth force” rather than as a
repudiation of Einstein’s ideas. As to whether we should expect to discover such
a new field if we improve upon current experiments, it is hard to say; on the one
hand, it is easy to concoct models with new long-range forces, but on the other
hand, they would typically be strong enough to already have been detected. At
this stage it is still worthwhile to keep an open mind.

Beyond the very existence of the metric, the heart of the Equivalence Principle
lies in the fourth of our formulations, that the interactions of matter fields to cur-
vature are minimal: they do not involve direct couplings to the Riemann tensor or
its contractions. For example, we could consider the following possible alternative

3Y, Su et al., Phys. Rev. D 50, 3614 (1994).
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to the conventional geodesic equation:

2 o o
d_xﬁ_’_ h d—xpd—x—=oz(VgR)‘—iﬁd—x—, (4.111)
diz? P dr dx dr di
where R is the Ricci scalar and « is a coupling constant. This equation also re-
duces to straight-line motion in flat spacetime, but would allow for direct detec-
tion of spacetime curvature in small regions by measurement of the coupling to
Vs R. Why, then, does nature choose the simple geodesic equation? As a first step
toward an answer, consider the dimensions of the coupling «. Since ¢ = 1 and
space and time have the same units, we can use length as our basic dimension.
The metric, the inverse metric, and dx* /dX are then dimensionless. The partial
derivative operator has units of inverse length, as does the covariant derivative.
The Christoffel symbols involve first derivatives of the metric, and thus have di-
mensions of inverse length; similarly, the Riemann tensor, Ricci tensor, and Ricci
scalar have dimensions of inverse length squared:

dxt
[—d{c}»_] - [gMV] - [g/“)] - LO’ [VM] = [FZLG] = L—l, [R]l= L—z.

4.112)
To be consistent, the coupling o must have dimensions of length squared:
[e] = L2 (4.113)

The square root of & therefore defines a length scale; what should the length scale
be? We don’t know for sure, but there is every reason to believe it should be
extremely small. There are two arguments for this. One is that, since the coupling
represented by « is of gravitational origin, the only reasonable expectation for the
relevant length scale is

o~ (4.114)

where Ip is the Planck length. Another reason is simply a more sophisticated ver-
sion of this “what else could it be?” rationale. Although general relativity is a clas-
sical theory, at a deeper level we expect that it is merely an effective field theory
describing an underlying quantum-mechanical structure. Even without knowing
what this structure may be, a generic expectation (derived from our experience
with quantum field theories we do understand) is that the effective classical limit
should contain all possible interactions, but with dimensionful length parameters
representing scales at which new degrees of freedom become important (recall
our discussion of effective field theory at the end of Chapter 1). Thus, the Fermi
theory of the weak interactions contains a length scale, which we now know to
correspond to the scale of electroweak symmetry breaking where W and Z bosons
become relevant. Since we do not expect new gravitational physics to arise before
the Planck scale, the higher-order interactions associated with gravity should be
suppressed by appropriate powers of the Planck length.
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How much suppression does this represent? One measure would be to compare
Ip (and thus the likely value of the parameter «) to a typical gravitational length
scale near the vicinity of the Earth. The strength of gravity on Earth is character-
ized by the acceleration due to gravity, a; = 980 cm/sec?. To construct a quantity
with dimensions of length, we define

lg = ?/ag ~ 1018 cm, (4.115)

where the symbol @ in this context stands for the Earth (not a direct sum). So the
relative strength of higher-order gravitational effects is measured by

!
P 1075, (4.116)

lp

In fact, since we expect @ ~ 12, the suppression will be of order 107102, Con-
sequently, there seems to be little need to worry about the possible role of such
couplings. But dramatic departures should be kept in mind; recent ideas about
large extra dimensions have opened up the possibility of observing direct gravita-
tional interactions at particle accelerators. Ultimately, there is no way to resolve
these problems by pure thought alone; only experiment can decide among the
alternatives.

ALTERNATIVE THEORIES

General relativity has passed a wide variety of experimental tests. Nevertheless,
it is always possible that the next experiment we do will reveal a deviation from
Einstein’s original formulation. Let us therefore briefly consider ways in which
general relativity could be modified. There are an uncountable number of such
ways, but we will consider four different possibilities:

e gravitational scalar fields

e extra spatial dimensions

¢ higher-order terms in the action
¢ nonChristoffel connections

A popular set of alternative models are known as scalar-tensor theories of
gravity, since they involve both the metric tensor, g, and a scalar field, A. In
particular, the scalar field couples directly to the curvature scalar, not simply to
the metric (as the Equivalence Principle would seem to imply). The action can be
written as a sum of a gravitational piece, a pure-scalar piece, and a matter piece:

S =St + S+ Sw, @.117)
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where
S¢r= /d4xJ—_gf(k)R, (4.118)
Sy, = / d*x/—g [—%h(x)gl‘“(aﬂx)(avx) - U(x)], (4.119)

and
wi= [ 478 Bt ¥ (4.120)

Here, f(1), /h\()») and U(A) are functions that define the theory, and the matter
Lagrangian £y depends on the metric and a set of matter fields ¥, but not on
A. By change of variables we can always set 2(A) = 1, but we leave it here to
facilitate comparison with models found in the literature.

The equations of motion for this theory include the gravitational equation
(from varying with respect to the metric), and the scalar equation (from vary-
ing with respect to A), as well as the appropriate matter equations. Let’s start with
the gravitational equation, which we can derive by following the same steps as for
the ordinary Hilbert action (4.55). We consider perturbations of the metric,

g’ — g'v 4 8gMv. (4.12D)

Following the procedure from Section 4.3, the variation of the gravitational part
of the action is

1
SSfR = /d“'x /—g fO‘-)[(Rp,v - ERg“V) 6gl-w + VGVG(gMV(SgMV)
— VMVV((Sg“"):]. 4.122)

For the Hilbert action, f is a constant, so the last two terms are total derivatives,
which can be converted to surface terms through integration by parts and therefore
ignored. Now integration by parts (twice) picks up derivatives of £, and we obtain

asz=/d4x¢_[ MGy + 8w Of =V, V, £ g™, (4.123)

where G, is the Einstein tensor. We have discarded surface terms as usual, al-
though there are subtleties concerning boundary contributions in this case; see
Wald (1984) for a discussion. The gravitational equation of motion, including
contributions from S, and Sy, is thus

=0 (BT0 + 3T + Vv r — g Of), @124
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where the energy-momentum tensors are T/.gi) = —2(—g)"1/255;/8¢g"; in partic-
ular,

T = hO)V,AVok — g [%h(x)ngpng + U(A)] . (4.125)

From looking at the coefficient of TS,\,/I) in (4.124), we see that when the scalar
field is constant (or practically so), we may identify f (1) = 1/(167 G), as makes
sense from the original action (4.118). Meanwhile, if A varies slightly from point
to point in spacetime, it would be interpreted as a spacetime-dependent Newton’s
constant. The dynamics that control this variation are determined by the equation
of motion for A, which is straightforward to derive as

hOA+ 1 g" VAV A —U' + f'R =0, (4.126)

where primes denote differentiation with respect to A. Notice that if we set (L) =
1 to get a conventional kinetic term for the scalar, A obeys a conventional scalar-
field equation of motion, with an additional coupling to the curvature scalar. In
the real world, we don’t want f(A) to vary too much, as it would have observ-
able consequences in the classic experimental tests of GR in the solar system,
and also in cosmological tests such as primordial nucleosynthesis. This can be
ensured either by choosing U (1) so that there is a minimum to the potential and
A cannot deviate too far without a large input of energy—in other words, A has a
large mass—or by choosing f(A) and A (1) so that large changes in A give rise to
relatively small changes in the effective value of Newton’s constant.

One of the earliest scalar-tensor models is known as Brans—Dicke theory, and
corresponds in our notation to the choices

A
f) Tom” 0y Y ) (4.127)
where w is a coupling constant. The scalar-tensor action takes the form
A ) (8,1 (3u1)
4 v \“u
= ~—g|—R—- —gh"—7——-|. 128
56 /dx g[16n 625 — & } (4.128)

In the Brans—Dicke theory, the scalar field is massless, but in the @ — oo limit
the field becomes nondynamical and ordinary GR is recovered. Current bounds
from Solar System tests imply @ > 500, so if there is such a scalar field it must
couple only weakly to the Ricci scalar.

A popular approach to dealing with scalar-tensor theories is to perform a con-
formal transformation to bring the theory in to a form that looks like conventional
GR. We define a conformal metric

Zuv = 167G (Mg, (4.129)

where G will become Newton’s constant in the conformal frame. Using formulae
for conformal transformations from the Appendix G, the action S¢g from (4.118)



184

Chapter 4 Gravitation

becomes

Syx= [ d'xy=5 FOIR

4 = ~—1| 5 3. o p—2 df ? o <
_ f d'r/F16x8) " | R~ 38 f (ﬁ) @)@ |,
(4.130)

where as usual we have integrated by parts and discarded surface terms. In the
conformal frame, therefore, the curvature scalar appears by itself, not multiplied
by any function of A. This frame is sometimes called the Einstein frame, since
Einstein’s equations for the conformal metric g,,, take on their conventional form.
The original frame with metric g, is called the Jordan frame, or sometimes the
string frame. (String theory typically predicts a scalar-tensor theory rather than
ordinary GR, and the string worldsheet responds to the metric g,,.)

Before going on with our analysis of the conformally-transformed theory, con-
sider what happens if we choose

Foy =3, ho)=0, UMW =0, 4.131)

a specific choice for f (), but turning off the pure scalar terms in S). Then we
notice that the Einstein frame action (4.130) actually includes a conventional ki-
netic term for the scalar, even though it wasn’t present in the Jordan frame action
(4.118). Even without an explicit kinetic term for A, the degrees of freedom of this
theory include a propagating scalar as well as the metric. This should hopefully
become more clear after we examine the degrees of freedom of the gravitational
field in Chapter 7. There we will find that the metric g,,, actually includes scalar
(spin-0) and vector (spin-1) degrees of freedom as well as the expected tensor
(spin-2) degrees of freedom; however, with the standard Hilbert action, these de-
grees of freedom are constrained rather than freely propagating. What we have
just found is that multiplying R by a scalar in the action serves to bring the scalar
degree of freedom to life, which is revealed explicitly in the Einstein frame.
If we do choose to include the pure-scalar action S, we obtain

S¢r + Sy = / d*xy/—% [— - —K(x)gf”(v M (Toh) — &}

162G 2 (167G)2 F2(0)
(4.132)

where
KO = ey [f +3(f)] (4.133)
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We can make our action look utterly conventional by defining a new scalar field
¢ via

¢=fK1/2d/\, (4.134)

in terms of which the action becomes
[ R 1.~ o~
Sir+ 8 = / NS [EE — 38 (Vo9) (Vo) - V(¢>} , (4.135)

where
U(9))
(167G f2(h(¢))

Amazingly, in the Einstein frame we have a completely ordinary theory of a scalar
field in curved spacetime. So long as f (i) is well-behaved, the variables (g, ¢)
can be used instead of (g, A), in the sense that varying with respect to the new
variables is equivalent to starting with the original equations of motion (4.124)
and (4.126) and then doing the transformations (4.129) and (4.134).

Finally, we add in the matter action (4.120). Varying with respect to g,., will
yield an energy-momentum tensor in the Einstein frame. In the original variables
(8uv, M), we knew that Sy was independent of A, but now it will depend on both
of the new variables (g, ¢); we can use the chain rule to characterize this depen-
dence. Let us also assume that Sy depends on g, only algebraically, not through
derivatives. This will hold for ordinary scalar-field or gauge-field matter; things
become more complicated for fermions, which we won’t discuss here. We obtain

1 85m
v = —2—~~—v
/—g sgH
1 g% s8u
N /—% dgH 5g*P
~ .1 §SMm
_ 1_1 gsagB
= —2(16xG f) ﬁ%% 5%
= (167G f) Ty “.137)

Vip) =

(4.136)

I,

A similar trick works for the coupling of matter to ¢, which comes from varying
Sm with respect to ¢, using g = 167G f 3P

3Sm 38 8Sm

86 3¢ 8g%F

_ ~d_f~ot,3 _l ——M
—<167tGd¢g )( 2J—§Taﬂ>

— Y ™ (4.138)
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where

S _ e Lo
I =8 _(167r(~?f)2ga Lo (@139

is the trace of the energy-momentum tensor in the conformal frame.

Varying (4.135) with respect to g,,, and ¢ returns equations of motion equiv-
alent to Einstein’s equations and an equation for ¢. The gravitational equation
is

G =87G (T +T9)), (4.140)
where
70 =%.0%0 — 2 387 %o0%00 + V@) (4.141)

and the scalar field equation is
mp_ AV _ Ldfzan
dp 2fdo

Given that (4.140) looks just like Einstein’s equation with both matter and
scalar-field sources, why should we even bother to call this scalar-tensor theory
an alternative to GR? Isn’t it the same theory, just in different variables? In fact
it is not the same, because of the dependence of Sy on ¢ in the Einstein frame.
In particular, physical test particles will move along geodesics of g,,,, which will
not generally coincide with those of g,.,. The original metric is the one that test
particles “see.” So either we work in the original variables (g, »), where the
gravitational field equation is altered, or we use the new variables (8., ¢), in
which the equations of motion for matter are altered; either way, there will be
unambiguously measurable departures (in principle) from ordinary GR.

Another way to modify general relativity is to allow for the existence of extra
spatial dimensions; in fact the physical consequences of extra dimensions turn
out to be closely related to those of scalar-tensor theories. By extra dimensions
we don’t simply mean considering GR in higher-dimensional spaces, but rather
considering models in which the spacetime appears four-dimensional on large
scales even though there are really 4 4 d total dimensions. The simplest way for
this to happen is if the extra d dimensions are “compactified” on some manifold;
it is this possibility we consider here.* Models of this kind are known as Kaluza-
Klein theories.

Let G4 be the metric for a (4 4+ d)-dimensional spacetime with coordinates
X4, where indices a, b run from 0 to d + 3.

(4.142)

4We follow the analysis of S.M. Carroll, J. Geddes, M. Hoffman, and R.M. Wald, Phys. Rev. D 66,
024036 (2002); http: //arxiv.org/hep-th/0110149. The original papers on extra dimensions are
those by Kaluza and Klein: T. Kaluza, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys.) K1, 966
(1921); O. Klein, Z. Phys. 37, 895 (1926) [Surveys High Energ. Phys. 5, 241 (1926)]; O. Klein, Nature
118, 516 (1926).
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ds? = GgpdX°dX? = g, (x)dxtdx” + b2 (x)y;; (v)dy'dy’, (4.143)

where the x* are coordinates in the four-dimensional spacetime and the y* are co-
ordinates on the extra-dimensional manifold, taken to be a maximally symmetric
space with metric y;;. Of course the geometry of the extra dimensions is actu-
ally something dynamical that should be determined by solving the full equations
of motion, but we are going to take (4.143) as a simplifying ansatz. (In a more
complete treatment, we would expand the dynamical modes of the compactified
geometry as a Fourier series, and show that the modes we are presently neglecting
have larger masses than the overall-size mode we are choosing to examine.) The
action is the (4 4 d)-dimensional Hilbert action plus a matter term:

/ d*Hix /=G ( R[Gap] +EM), (4.144)

lénGaya
where v/—G is minus the e square root of the determinant of Gap, R[Ggp) is the
Ricci scalar of Ggp, and EM is the matter Lagrange density with the metric deter-
minant factored out.

The first step is to dimensionally reduce the action (4.144). By this we mean to
actually perform the integral over the extra dimensions, which is possible because
we have assumed that the extra-dimensional scale factor b is independent of y*.
Therefore we can express everything in terms of g,..,, ¥77, and b(x), integrate over
the extra dimensions, and arrive at an effective four-dimensional theory. From the
metric (4.143) we have

V=G = deZE\/—, (4.145)
and we can evaluate the curvature scalar for this metric to obtain
R[Gab] = Rlguwl + b *Rly;j] — 2db 'g"V, Vb
— d(d — )b~ 2gF (V,b)(Vsb), (4.146)

where V,, is the covariant derivative associated with the four-dimensional metric
guv- We denote by V the volume of the extra dimensions when b = 1; it is given
by

V= /ddyﬁ. (4.147)

The four-dimensional Newton’s constant G4 is determined by evaluating the co-
efficient of the curvature scalar in the action; we find that G4 is related to its
higher-dimensional analogue by

1y
167Gy N 167tG4+d'

(4.148)

We are thus left with
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1 — v
S = / d4x«/_—g{ G [bd Rigun] + d(d — Db 2" (V,b)(V,b)
+d(d - 1)Kbd—2] + VdeM}, (4.149)

where we have integrated by parts for convenience, and introduced the curvature
parameter « of y;;, given by

R[yij]

Comparing to (4.117)—(4.120), we see that the dimensionally-reduced action
is precisely that of a scalar-tensor theory; the size of the extra dimensions plays
the role of the scalar field. We can therefore make it look more conventional by
performing a change of variables and a conformal transformation,

B(x) =1nb,
Zuv =% gy, 4.151)

which turns the reduced action into that of a scalar field coupled to gravity in the
Einstein frame. Following the same procedure as outlined in our discussion of
scalar-tensor theories yields

_ 4. /= L -1 SV (VY v
S = / d x\/—é[ = G4[R[guv] 54(d + 28" (VuB)(VoB)

+d(d— 1)Ke<d+2)ﬁ] + ve—dﬁZM}, (4.152)

where we have dropped terms that are total derivatives.
To turn 8 into a canonically normalized scalar field, we make one final change

of variables, to
{d(d+2
o= ——(; )rﬁP,B, (4.153)

where the reduced Planck mass is mp = (87 G4)”1/ 2 We are then left with
s= [ a7 L REMI— 28 @) T
81 162G, " 2 @AYy
1 _ N
+ Exd(d _ 1)7}_1%6—“/2(‘1+2)/d¢/mp + Vegf\/w/(d-f-Z)d)/mp[’M}'

(4.154)
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The scalar ¢ is known as the dilaton or radion, and characterizes the size of the
extra-dimensional manifold.

The last two terms in (4.154) represent (minus) the potential V (¢). If we ignore
the matter term Ly, the behavior of the dilaton will depend only on the sign of «.
If the extra-dimensional manifold is flat (¢ = 0), the potential vanishes and we
simply have a massless scalar field; this possibility runs afoul of the experimental
congtraints on scalar-tensor theories mentioned above. If there is curvature (x #
0), the potential has no minimum,; for « > O the field will roll to —oo, while for
k < 0 the field will roll to +o00. But ¢ o Inb, so this means the scale factor
b(x) of the extra dimensions either shrinks to zero or becomes arbitrarily large, in
either case ruining the hope for stable extra dimensions. Stability can be achieved,
however, by choosing an appropriate matter Lagrangian, and an appropriate field
configuration in the extra dimensions.

Let us now move on to a different kind of alternative theory, those that feature
Lagrangians of more than second order in derivatives of the metric. We could
imagine an action of the form

S = /d"x«/—g(R +o1R? + xR,y R™ + 038" V,RV,R +--+), (4.155)

where the o’s are coupling constants and the dots represent every other scalar
we can make from the curvature tensor, its contractions, and its derivatives. Tra-
ditionally, such terms have been neglected on the reasonable grounds that they
merely complicate a theory that is already both aesthetically pleasing and empiri-
cally successful. There is also, classically speaking, a more substantive objection.
In conventional form, Einstein’s equation leads to a well-posed initial value prob-
lem for the metric, in which coordinates and momenta specified at an initial time
can be used to predict future evolution. With higher-derivative terms, we would
require not only those data, but also some number of derivatives of the momenta;
the character of the theory is dramatically altered.

However, there are also good reasons to consider such additional terms. As
mentioned in our brief discussion of quantum gravity, one of the technical ob-
stacles to consistent quantization of general relativity is that the theory is non-
renormalizable: Inclusion of higher-order quantum effects leads to infinite an-
swers. With the appropriate combination of higher-order Lagrangian terms, it
turns out that you can actually render the theory renormalizable, which gives some
hope of constructing a consistent quantum theory.> Unfortunately, it turns out
that renormalizability comes at too high a price; these models generally feature
negative-energy field excitations (ghosts). Consequently, the purported vacuum
state (empty space) would be unstable to decay into positive- and negative-energy
modes, which is inconsistent with both empirical experience and theoretical prej-
udice.

Nevertheless, the prevailing current view is that GR is an effective theory valid
at energies below the Planck scale, and we should actually include all of the pos-

5See, for example, K.S. Stelle, Phys. Rev. D16, 953 (1977).
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- sible higher-order terms; but they will suppressed by appropriate powers of the
Planck scale, just as we argued in our discussion of the Equivalence Principle in
Section 4.7. They will therefore only become important when the length scale
characteristic of the curvature approaches the Planck scale, which is far from any
plausible experiment. Higher-order terms are therefore interesting in principle,
but not in practice. On the other hand, similar reasoning would lead us to expect
a huge vacuum energy term, since it is lower-order than the Hilbert action, which
we know not to be true; so we should keep an open mind.

As a final alternative to general relativity, we should mention the possibility
that the connection really is not derived from the metric, but in fact has an inde-
pendent existence as a fundamental field. As one of the exercises you are asked to
show that it is possible to consider the conventional action for general relativity
but treat it as a function of both the metric g,,, and a torsion-free connection I'}

and the equations of motion derived from varying such an action with respect
to the connection imply that I‘ﬁd is actually the Christoffel connection associ-
ated with g,,. We could drop the demand that the connection be torsion-free,
in which case the torsion tensor could lead to additional propagating degrees of
freedom. The basic reason why such theories do not receive much attention is
simply because the torsion is itself a tensor; there is nothing to distinguish it from
other, nongravitational tensor fields. Thus, we do not really lose any generality
by considering theories of torsion-free connections (which lead to GR) plus any
number of tensor fields, which we can name what we like. Similar considerations
apply when we consider dropping the requirement of metric compatibility—any
connection can be written as a metric-compatible connection plus a tensorial cor-
rection, so any such theory is equivalent to GR plus extra tensor fields, which
wouldn’t really deserve to be called an “alternative to general relativity”.

4.9 W EXERCISES
1. The Lagrange density for electromagnetism in curved space is
L= =g (~}F" P + 4uT*), 4.156)

where J# is the conserved current.

(a) Derive the energy-momentum tensor by functional differentiation with respect to
the metric.

(b) Consider adding a new term to the Lagrangian,

L =BR* gPF o Fys.

How are Maxwell’s equations altered in the presence of this term? Einstein’s equa-
tion? Is the current still conserved?

2. We showed how to derive Einstein’s equation by varying the Hilbert action with respect
to the metric. They can also be derived by treating the metric and connection as inde-
pendent degrees of freedom and varying separately with respect to them; this is known

/
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as the Palatini formalism. That is, we consider the action
S = / d*x/=g g"’ Ry (D),

where the Ricci tensor is thought of as constructed purely from the connection, not us-
ing the metric. Variation with respect to the metric gives the usual Einstein’s equations,
but for a Ricci tensor constructed from a connection that has no a priori relationship
to the metric. Imagining from the start that the connection is symmetric (torsion free),
show that variation of this action with respect to the connection coefficients leads to the
requirement that the connection be metric compatible, that is, the Christoffel connec-
tion. Remember that Stokes’s theorem, relating the integral of the covariant divergence
of a vector to an integral of the vector over the boundary, does not work for a general
covariant derivative. The best strategy is to write the connection coefficients as a sum
of the Christoffel symbols F;kw and a tensor C* s

Th, =Th, +Chy,

and then show that C* v Must vanish.,

. The four-dimensional 8-function on a manifold M is defined by

3(4) (x(r _ y(r) "
F(xh) | ——=" | /—gd*x = FO%), 4.157)
Juren | =]
for an arbitrary function F(x*). Meanwhile, the energy-momentum tensor for a pres-
sureless perfect fluid (dust) is

TH = pUMU", (4.158)

where p is the energy density and U is the four-velocity. Consider such a fluid that
consists of a single particle traveling on a world line x* (z), with 7 the proper time. The
energy-momentum tensor for this fluid is then given by

5@ % —x%(x)) | dx* dx¥
TRV S -
THY(y )—m/ [ = ————dr, (4.159)

where m is the rest mass of the particle. Show that covariant conservation of the energy-
momentum tensot, V, T#Y = 0, implies that x* (7} satisfies the geodesic equation.

Show that the energy-momentum tensors for electromagnetism and for scalar field the-
ory satisfy the dominant energy condition, and thus also the weak, null, and null domi-
nant conditions. Show that they also satisfy w > —1.

. A spacetime is static if there is a timelike Killing vector that is orthogonal to space-

like hypersurfaces. (See the Appendices for more discussion, including a definition of

Raychaudhuri’s equation.)

(a) Generally speaking, if a vector field v# is orthogonal to a set of hypersurfaces
defined by f = constant, then we can write the vector as v, = hV,, f (here both f
and A are functions). Show that this implies

Vo Viuty) = 0.



192 Chapter 4  Gravitation

(b) Imagine we have a perfect fluid with zero pressure (dust), which generates a so-
lution to Einstein’s equations. Show that the metric can be static only if the fluid
four-velocity is parallel to the timelike (and hypersurface-orthogonal) Killing vec-
tor.

(¢) Use Raychaudhuri’s equation to prove that there is no static solution to Einstein’s
equations if the pressure is zero and the energy density is greater than zero.

6. Let K be a Killing vector field. Show that an electromagnetic field with potential
A,=K,, solves Maxwell’s equations if the metric is a vacuum solution to Einstein’s
equations. This is a slight cheat, since you won’t be in vacuum if there is a nonzero
electromagnetic field strength, but we assume the field strength is small enough not to
dramatically affect the geometry.



CHAPTER

The Schwarzschild Solution

5.1 B THE SCHWARZSCHILD METRIC

The most obvious application of a theory of gravity is to a spherically symmetric
gravitational field. This would be the relevant situation to describe, for example,
the field created by the Earth or the Sun (to a good approximation), in which ap-
ples fall or planets move. Furthermore, our first concern is with exterior solutjons
(empty space surrounding a gravitating body), since understanding the motion of
test particles outside an object is both easier and more immediately useful than
considering the relatively inaccessible interior. In addition to its practical useful-
ness, the answer to this problem in general relativity will lead us to remarkable so-
lutions describing new phenomena of great interest to physicists and astronomers:
black holes. In this chapter we examine the simple case of vacuum solutions with
perfect spherical symmetry; in the next chapter we consider features of black
holes in more general contexts.

In GR, the unique spherically symmetric vacuum solution is the Schwarz-
schild metric; it is second only to Minkowski space in the list of important space-
times. In spherical coordinates {z, 7, @, ¢}, the metric is given by

26GM 26M\ !
@22_(1— )dﬂ+(1— ) dr? +r%dQ?, (5.1)
s r

where dQ? is the metric on a unit two-sphere,
dQ* = d6? + sin? 0 d¢?. (5.2)

The constant M is interpreted as the mass of the gravitating object (although some
care is required in making this identification). In this section we will derive the
Schwarzschild metric by trial and error; in the next section we will be more sys-
tematic in both the derivation of the solution and its consequences.

Since we are interested in the solution outside a spherical body, we care about
Einstein’s equation in vacuum,

Ry =0. (5.3)
193
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Our hypothesized source is static (unevolving) and spherically symmetric, so we
will look for solutions that also have these properties. Rigorous definitions of both
“static” and “spherically symmetric” require some care, due to subtleties of co-
ordinate independence. For now we will interpret static to imply two conditions:
that all metric components are independent of the time coordinate, and that there
are no time-space cross terms (dzdx’ 4+ dx’ d) in the metric. The latter condition
makes sense if we imagine performing a time inversion z — —t; the d¢? term
remains invariant;as do any dx?dx/ terms, while cross terms would not. Since
we hope to find a solution that is independent of time, it should be invariant under
time reversal, and we therefore leave cross terms out. To impose spherical symme-
try, we begin by writing the metric of Minkowski space (a spherically symmetric
spacetime we know something about) in polar coordinates x* = (¢, 7,6, ¢):

d5tmcowsa = —dt* +dr? +r2 dQ2. (5.4)

One requirement to preserve spherical symmetry is that we maintain the form
of d2?; that is, if we want our spheres to be perfectly round, the coefficient of
the d¢? term should be sin? 0 times that of the df? term. But we are otherwise
free to multiply all of the terms by separate coefficients, so long as they are only
functions of the radial coordinate r:

ds? = —e21) 442 4 Q260 g2 4 2¥(1),2 42 (5.5

We’ve expressed our functions as exponentials so that the signature of the metric
doesn’t change. In a full treatment, we would allow for complete freedom and see
what happens.

‘We can use our ability to change coordinates to make a slight simplification to
the static, spherically-symmetric metric (5.5), even before imposing Einstein’s
equation. Unlike other theories of physics, in general relativity we simultane-
ously define coordinates and the metric as a function of those coordinates. In
other words, we don’t know ahead of time what, for example, the radial coordi-
nate r really is; we can only interpret it once the solution is in our hands. Let us
therefore imagine defining a new coordinate 7 via

7=y, (5.6)

with an associated basis one-form

d
dF = ¥ dr +e¥rdy = (1+rd—7’> e dr. 5.7)
r
] In terms of this new variable, the metric (5.5) becomes
dy -2 -
ds* = —*() 4s% 4 (1 + rd—) BN "2r0gp2 4 72 4Q2, (5.8)
r

where each function of » is a function of 7 in the obvious way. But now let us
make the following relabelings:
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F—r 5.9

-2
(1 +r‘i_?r’) 2BO-20) _y 28 (5.10)

There is nothing to stop us from doing this, as they are simply labels, with no
independent external definition. If you wish you can continue to use 7, and set
(5.10) equal to €2#, but we won’t bother. Our metric (5.8) becomes

ds? = —e20) 412 1+ 2P0 42 4 2402, (5.11)

This looks exactly like (5.5), except that the e factor has disappeared. We have
not set e?” equal to one, which would be a statement about the geometry; we
have simply chosen our radial coordinate such that this factor doesn’t exist. Thus,
(5.11) is precisely as general as (5.5).

Let’s now take this metric and use Einstein’s equation to solve for the functions
a(r) and B(r). We begin by evaluating the Christoffel symbols. If we use labels
(t,r0,¢) for (0, 1,2, 3) in the usual way, the Christoffel symbols are given by

It =90 I7, = 2@ Pya I7, =98
1 1
9 2 ¢ _
=~ Thg = —re % T7p =~ (5.12)
cosf
7, = —re2Psin20 T =—sinfcosd TI¢, =———.
o re sin o0 m 0S 8¢ Sing

Anything not written down explicitly is meant to be zero, or related to what is
written by symmetries. From these we get the following nonvanishing compo-
nents of the Riemann tensor:

Ry = 8,00, 8 — 8% — (3,0)?
Rigo = —re #y,a
Rl yrp = —re P sin? 0 8,0
Rgg =re *0,.p
R gy =7e *5in”6 3,8
Rippp = (1 — e ?P)sin? 4. (5.13)
Taking the contraction as usual yields the Ricci tensor:
Rip = 2P [02a + (0,0)* — 03, + 20,0

Ry = —8%a — () + 0,00, B + 20,8
Rog = e—Zﬁ[r(ar,B —da)—11+1
Ry = sin” 6 Reg, (5.14)
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and for future reference we calculate the curvature scalar,

2 1
R= 2% [afa + (3,0)% — 3,20, 8 + ;(a,a —&B)+ ﬁ(l - ezﬂ):l .

(5.15)
With the Ricci tensor calculated, we would like to set it equal to zero. Since
R;; and R,, vanish independently, we can write

0= Ry + Ry = %(a,a +3:8), (5.16)
which implies @ = —B + ¢, where ¢ is some constant. We can set this constant
equal to zero by rescaling our time coordinate by ¢ — e~ ¢, after which we have

a=—8. (5.17)
Next let us turn to Rgg = 0, which now reads .
Hrda+1)=1. (5.18)
This is equivalent to
& (re®™) = 1. (5.19)
‘We can solve this to obtain
e =1- ﬁ, (5.20)

where Ry is some undetermined constant. With (5.17) and (5.20), our metric be-
comes

R Rs\ !
ds? = — (1 - —S> ar? + (1 - —S) ar? 4+ r2d02. (5.21)
¥ ¥

‘We now have no freedom left except for the single constant Rg, so this form had
better solve the remaining equations R;; = 0 and R, = 0; it is straightforward to
check that it does, for any value of Ry.

The only thing left to do is to interpret the constant Rg, called the Schwarz-
schild radius, in terms of some physical parameter. Nothing could be simpler. In
Chapter 4 we found that, in the weak-field limit, the ## component of the metric
around a point mass satisfies

2GM
81t = — (1 - ) . (5.22)

The Schwarzschild metric should reduce to the weak-field case when r >> 2G M,
but for the ¢t component the forms are already exactly the same; we need only
identify

Rs = 2GM. (5.23)

This can be thought of as the definition of the parameter M.
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Our final result is the Schwarzschild metric, (5.1). We have shown that it is a
static, spherically symmetric vacuum solution to Einstein’s equation; M functions
as a parameter, which we happen to know can be interpreted as the conventional
Newtonian mass that we would measure by studying orbits at large distances from
the gravitating source. It won’t simply be the sum of the masses of the constituents
of whatever body is curving spacetime, since there will be a contribution from
what we might think of as the gravitational binding energy; however, in the weak
field limit, the quantities will agree. Note that as M — 0 we recover Minkowski
space, which is to be expected. Note also that the metric becomes progressively
Minkowskian as r — oo; this property is known as asymptotic flatness. A more
technical definition involves matching regions at infinity in a conformal diagram,
as discussed in the next chapter.

BIRKHOFF'S THEOREM

Birkhoff’s theorem is the statement that the Schwarzschild metric is the unique
vacuum solution with spherical symmetry (and in particular, that there are no
time-dependent solutions of this form); proving it is an instructive exercise, which
consists of three major steps. First, we argue that a spherically symmetric space-
time can be foliated by two-spheres—in other words, that (almost) every point lies
on a unique sphere that is left invariant by the generators of spherical symmetry.
Second, we show on purely geometric grounds that the metric on such a space can
always (at least in a local region) be put in the form

ds* = d7t*(a, b) + r*(a, b)dQ*©, ¢), (5.24)

where (a, b) are coordinates transverse to the spheres, and r is a function of these
coordinates. Third, we plug this metric into Einstein’s equation in vacuum to show
that Schwarzschild is the unique solution. We will argue in favor of the first two
points at a level of rigor that is likely to be convincing to most physicists, although
mathematicians will be uneasy; the third point is straightforward calculation. For a
more careful treatment see Hawking and Ellis (1973). We will use a few concepts
from Appendix C, which may be useful to read at this point. Of course, if you
are more interested in exploring properties of the Schwarzschild solution than in
proving its uniqueness, you are welcome to skip right to the next section.

We begin with the concept of a four-dimensional spherically symmetric space-
time M. Spherically symmetric means having the same symmetries as a sphere.
(In this chapter the word sphere refers specifically to §2, not spheres of other di-
mension.) The symmetries of a sphere are precisely those of ordinary rotations
in three-dimensional Euclidean space; in the language of group theory, they com-
prise the special orthogonal group SO(3). (Recall the discussion of the Lorentz
and rotation groups in Chapter 1.) In the case of a metric on a manifold, symme-
tries are characterized by the existence of Killing vectors. In Section 3.8 we found
the three Killing vectors of S2 labeled (R, S, T),in (8, ¢) coordinates they take
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the form
R=3;
S = cos ¢ dg — cotf sin ¢ Iy
T = —sin¢ dg — coté cos ¢ dg. (5.25)

A spherically symmetric manifold is one that has three Killing vector fields that
are the same as those on $2. But how do we know, in a coordinate-independent
way, that a set of Killing vectors on one manifold is the same as that on some other
manifold? The structure of a set of symmetry transformations is given by the com-
mutation relations of the transformations, which express the difference between
performing two infinitesimal transformations in one order versus the reversed or-
der. In group theory these are expressed by the Lie algebra of the symmetry gen-
erators, while in differential geometry they are expressed by the commutators of
the Killing vector fields. There is a deep connection here, which we don’t have
time to pursue; see Schutz (1980). In the Exercises for Chapter 3 you verified that
the commutators of the rotational Killing vectors (R, S, T') satisfied

[R,S]=T
[S,T1=R
[T,R]=S. (5.26)

This algebra of Killing vectors fully characterizes the kind of symmetry we have.
A manifold will be said to possess spherical symmetry if and only if there are
three Killing fields satisfying (5.26).

In Appendix C we discuss Frobenius’s theorem, which states that if you have a
set of vector fields whose commutator closes—the commutator of any two fields
in the set is a linear combination of other fields in the set—then the integral curves
of these vector fields fit together to describe submanifolds of the manifold on
which they are all defined. The dimensionality of the submanifold may be smaller
than the number of vectors, or it could be equal, but obviously not larger. Vec-
tor fields that obey (5.26) will of course form 2-spheres. Since the vector fields
stretch throughout the space, every point will be on exactly one of these spheres.
(Actually, it’s almost every point—we will show below how it can fail to be ab-
solutely every point.) Thus, we say that a spherically symmetric manifold can be
foliated into spheres.

Let’s consider some examples to bring this down to earth. The simplest ex-
ample is flat three-dimensional Euclidean space. If we pick an origin, then R3 is
clearly spherically symmetric with respect to rotations around this origin. Under
such rotations (that is, under the flow of the Killing vector fields), points move
into each other, but each point stays on an S at a fixed distance from the ori-
gin.

These spheres foliafe R3, as depicted in Figure 5.1. Of course, they don’t really
foliate all of the space, since the origin itself just stays put under rotations—it
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doesn’t move around on some two-sphere. But it should be clear that almost all
of the space is properly foliated, and this will turn out to be enough for us.

We can also have spherical symmetry without an origin to rotate things around.
An example is provided by a wormhole, with topology R x §2. If we suppress
a dimension and draw our two-spheres as circles, such a space might look like
Figure 5.2. In this case the entire manifold can be foliated by two-spheres.

Given that manifolds with SO(3) symmetry may be foliated by spheres, our
second step is to show that the metric on M can be put into the form (5.24). The
set of all the spheres forms a two-dimensional space (since a four-dimensional
spacetime is being foliated with two-dimensional spheres). You might hope we
could simply put coordinates (6, ¢) on each sphere, and coordinates (a, b) on the
set of all spheres, for a complete set of coordinates (a, b, 8, ¢) on M. Then each
sphere is specified by a = constant, » = constant. We know that the metric on
a round sphere is d 02, so this strategy would be sufficient to guarantee that the

" metric restricted to any fixed values @ = ag and b = bg (so that da = db = 0)

takes the form
ds*(ao, bo, 0, ¢) = f (ao, bo) d2%. (5.27)

In particular, the function f must be independent of 8 and ¢, or the sphere would
be lumpy rather than round. Furthermore, it’s equally clear that the metric re-
stricted to any fixed values 8 = 6y and ¢ = ¢g (so that dd = d¢ = 0) takes the
form

ds*(a, b, 6o, o) = dt*(a, b). (5.28)

Again, any dependence on ¢ or ¢ would destroy the symmetry; it would mean
that the geometry transverse to the spheres depended on where you were on the
sphere.

However, we have been too reckless by slapping down these coordinates, since
we cannot rule out cross terms of the form dadf 4-dfda and so on. In other words,
we must be careful to line up our spheres appropriately, so that travel along a
curve that is perpendicular to one of the spheres keeps us at constant 6 and ¢. To
guarantee this we need to be more careful in setting up our coordinates. Begin
by considering a single point g lying on a sphere S; (note that g must not be a
degenerate point at which all of the Killing vectors vanish). Put coordinates (6, ¢)
on this particular sphere only, not yet through the manifold. At each point p on
Sy, there will be a two-dimensional orthogonal subspace O, consisting of points
along geodesics emanating from p whose tangent vectors at p are orthogonal to
Sy Note that there will be a one-dimensional subgroup R, of rotations that leave
p fixed; indeed, these rotations keep fixed any direction perpendicular to S, at p,
and hence the entire two-surface O, is left invariant by R,,.

Consider a point r that is not on S, but on some other sphere S, in the foliation,
and that lies in the two-surface O, orthogonal to S, at p. Since p is arbitrary,
this includes any possible point r in a neighborhood of §;. Note that O, will be
orthogonal to S, as well as to S;. To see this, consider the two-dimensional plane
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V; of vectors in the tangent space T, M that are orthogonal to the two-surface O,,.
Since O is left invariant by the rotations R, these rotations must take V; into
itself, because they are an isometry, and hence preserve orthogonality. But R,
also takes the set of vectors tangent to S, into itself, since these rotations leave
the spheres invariant. In four dimensions, two planes that are both orthogonal to a
given plane at the same point must be the same plane; hence, the vectors tangent
to S, must be orthogonal to 0.

There will be a unique geodesic that is orthogonal to S, and connects p to r.
Traveling down such geodesics provides a map f : S, — S, which is both one-
to-one and onto (at least in a neighborhood of the original sphere). We use this
map to define coordinates on S, (and, similarly, on any other sphere) by assign-
ing the same values of (9, ¢) tor € S, that were the coordinates at p € S;. We
have therefore defined (8, ¢) throughout the manifold. Now to define coordinates
(a, b), choose two basis vectors S, T for the subspace of T, g M that generates the
orthogonal space O,. Any other sphere will be connected to g by a unique orthog-
onal geodesic, with tangent vector a$ +- bT € T, M. Assign those components
(a, b) as coordinates everywhere on that sphere. This defines the full set of coor-
dinates (a, b, 8, ¢) throughout the manifold.

The metric in these coordinates satisfies (5.27) and (5.28); it remains to be
shown that there are no cross terms between directions along the spheres and those
transverse. This means, for example, that the vector field 9, should be orthogonal
to dg, and so on; it is straightforward to verify that this is so. First, consider dy
at some point » € §,; this vector is the directional derivative along a curve of
the form x*(0) = (a,, by, 0, ¢,). Since a and b are constant along the curve,
the entire curve remains in the sphere S, so that 9y is tangent to the sphere.
Meanwhile, 9, is a derivative along x*(a) = (a, by, 6, ¢,). Since this curve
remains in the orthogonal subspace O,, 3, will be orthogonal to S,, and hence to
dp. Similar arguments guarantee that there will be no cross terms between (a, b)
and (6, ¢).

We have thus succeeded in putting the metric on a spherically symmetric
spacetime in the form

ds® = gaala, b) da® + gap(a, b) (dadb + dbda) + gpy(a, b) db? + r*(a, b) dQ%.

(5.29)
Here r(a, b) is some as-yet-undetermined function, to which we have merely
given a suggestive label. There is nothing to stop us, however, from changing
coordinates from (a, b) to (a, r) by inverting r(a, b), unless r were a function
of a alone; in this case we could just as easily switch to (b, r), so we will not
consider this situation separately. The metric is then

ds® = gaala, r) da’®+gar(a, r)(da dr +dr da) + grr(a, r) dr? +r2dQ%. (5.30)
Our next step is to find a function # (a, r) such that, in the (¢, ) coordinate system,
there are no cross terms dzdr + drdz in the metric. Notice that

at

t
dt = —da + i— dr, (5.31)
da ar
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ar\? at\ [ at ar\?
dr? = (5;) da? + <5£> (57) (dadr + dr da) + (8—;) dr2.  (5.32)

We would like to replace the first three terms in the metric (5.30) by

¢]

mdt? + ndr?, (5.33)

for some functions m and ». This is equivalent to the requirements

ar\?

m 5; = Laa> (534)
at\?

n+m P = &rr» (5.35)

[

) (2 .
m(aa)<3r)—‘gar- (5.36)

We therefore have three equations for the three unknowns #(a, r), m(a, r), and
n(a, r), just enough to determine them precisely, up to initial conditions for z. (Of
course, they are “determined” in terms of the unknown functions g,4, g4, and
8&rr» SO in this sense they are still undetermined.) We can therefore put our metric
in the form

and

ds®> =m(t,r)de® + nt, r) &r? + r2dQ%. (5.37)

To this point the only difference between the two coordinates ¢ and r is that
we have chosen r to be the one that multiplies the metric for the two-sphere. This
choice was motivated by what we know about the metric for flat Minkowski space,
which can be written ds? = —d¢2 + dr? 4 r2dQ%. We know that the spacetime
under consideration is Lorentzian, so either m or n will have to be negative. Let
us choose m, the coefficient of ds2, to be negative. This is not a choice we are
simply allowed to make, and in fact we will see later that it can go wrong; but we
will assume it for now. The assumption is not completely unreasonable, since we
know that Minkowski space is itself spherically symmetric, and will therefore be
described by (5.37). With this choice we can trade in the functions m and » for
new functions ¢ and 8, such that

dSZ — _e20:(t,r) dt2 + eZﬂ(t,r) dr2 + erQZ. (538)

This is the best we can do using only geometry; spherical symmetry is certainly
not enough to say anything substantive about the functions (¢, r) and B (¢, r). Our
next step is therefore to actually solve Einstein’s equation; the steps follow closely
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along those of Section 5.1, in which we considered a metric similar to (5.38) but
with the additional assumption of time-independence. Here we will see that this
assumption was unnecessary, as the solution will necessarily be static.

The nonvanishing Christoffel symbols for (5.38) are

F;r — 62(.3—05)3”3

F;t = 8;(1 F;r = ara
T}, = 2@ Py.q Il =ap I, =398
1 1
0 _ _ -2 ¢ _ 5.39
Fre = ; Fge = —re B Frd) P ; ( )
cos 8

ro— _pe—2Bin? 0 — _ g ¢ 27
TGy =—Te Fsin”f 4y = —sind cosd Fed’_sine’

the following nonvanishing components of the Riemann tensor are
Ry = e2B=9[328 1 (8,8) — 0;000; 8] + [3,0, B — 3%t — (3,)?]
Rlow = —re_zﬁara
Rt¢t¢ = —re 2P sin? 0 3,a
Rlgg = —re 28,8
R yrp = —re *sin0 3,8

R g0 = re % -8
R 4 = re £ sin%6 3,8

RY 4oy = (1 — e %) sin? 6, (5.40)

and the Ricci tensor is

2
Rn=[¥ﬁ+(am2—am&ﬂ]+e%”@[¥a+<&w2—&amﬁ+;ma}

a2 2 2
Rey = = |03+ 0,0)% = 8,00, — =3,

+ 2P (326 + (3, — 1t ]

2
Rir = 0,8
¥

Rog = e P [r (8,8 — 8,0) — 1] +1
Ryp = Roo sin?6. (5.41)

Our job is to solve Einstein’s equation in vacuum, R,,, = 0. From R;, = 0 we get

#p =0. (5.42)
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If we consider taking the time derivative of Rgg = 0 and using 9,8 = 0, we get

d:0,0 = 0. (5.43)
‘We can therefore write
B =B
o= f(r)+g@). (5.44)

The first term in the metric (5.38) is thus —e?/(7e28(® dr2. But we can always
simply redefine our time coordinate by replacing dz — ¢~8® d¢; in other words,
we are free to choose ¢ such that g(z) = 0, whence «(¢,r) = f(r). We therefore
have

ds? = —®) @2 4 280 qr2 4 12402, (5.45)

All of the metric components are independent of the coordinate ¢. We have there-
fore proven a crucial result: any spherically symmetric vacuum metric possesses
a timelike Killing vector.

This property is so interesting that it gets its own name: a metric that possesses
a Killing vector that is timelike near infinity is called stationary. (Often, includ-
ing in Schwarzschild, the Killing vector that is timelike at infinity will become
spacelike somewhere in the interior.) In a stationary metric we can choose coor-
dinates (z, x1, x2, x®) in which the Killing vector is 3; and the metric components
are independent of 7; the general form of a stationary metric in these coordinates
is thus

ds? = goo(¥) dt? + goi (¥)(dedx’ +dx’ dr) + g;; (%) dx'dx’. (5.46)

There is also a more restrictive property: a metric is called static if it possesses a
timelike Killing vector that is orthogonal to a family of hypersurfaces. (For more
details on hypersurfaces, see Appendix D.) In the Exercises for Chapter 4 you
showed that a hypersurface-orthogonal vector field v* obeys

V[, Vyvg) = 0. (5.47)

But there is a simpler diagnostic; if we have adapted coordinates so that the com-
ponents g, are all independent of #, the surfaces to which the Killing vector will
be orthogonal are defined by the condition ¢ = constant. Operationally, this means
that the time-space cross terms in (5.46) will be absent; the general static metric
can be written

ds? = goo(X) de? + g;j (%) dx’dx/. (5.48)

‘We notice that only even powers of the time coordinate ¢ appear in this form; thus,
an alternative definition of “static” is “stationary, and invariant under time rever-
sal (t — —t).” The metric (5.45) is clearly static. You should think of stationary
as meaning “doing exactly the same thing at every time,” while static means “not
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doing anything at all.” For example, the static spherically symmetric metric (5.45)
will describe nonrotating stars or black holes, while rotating systems that keep ro-
tating in the same way at all times will be described by metrics that are stationary
but not static.

Notice that (5.45) is precisely the same as (5.11), the metric we originally used
to derive the Schwarzschild solution in Section 5.1. We have therefore proven
Birkhoff’s theorem, that the unique spherically symmetric vacuum solution is the
Schwarzschild metric,

2 2 -1
ds? = — (1 - —@—4) dr? +- (1 _6M ) dr? +r2dQ2, (5.49)
s r

as promised.

We did not say anything about the source of the Schwarzschild metric, except
that it be spherically symmetric. Specifically, we did not demand that the source
itself be static; it could be a collapsing star, as long as the collapse is symmetric.
Therefore a process such as a supernova explosion would generate very little gray-
itational radiation (in comparison to the amount of energy released through other
channels) if it were close to spherically symmetric, which a realistic supernova
may or may not be depending on its origin. This is the same result we would have
obtained in electromagnetism, where the electromagnetic fields around a spherical
charge distribution do not depend on the radial distribution of the charges.

SINGULARITIES

Before exploring the behavior of test particles in the Schwarzschild geometry,
we should say something about singularities. From the form of (5.1), the metric
coefficients become infinite at » = 0 and r = 2G M—an apparent sign that some-
thing is going wrong. The metric coefficients, of course, are coordinate-dependent
quantities, and as such we should not make too much of their values; it is certainly
possible to have a coordinate singularity that results from a breakdown of a spe-
cific coordinate system rather than the underlying manifold. An example occurs at
the origin of polar coordinates in the plane, where the metric ds? = dr? + r2d6?
becomes degenerate and the component g% = r~2 of the inverse metric blows
up, even though that point of the manifold is no different from any other.

What kind of coordinate-independent signal should we look for as a warn-
ing that something about the geometry is out of control? This turns out to be
a difficult question to answer, and entire books have been written about the na-
ture of singularities in general relativity. We won’t go into this issue in detail,
but rather turn to one simple criterion for when something has gone wrong—
when the curvature becomes infinite. The curvature is measured by the Riemann
tensor, and it is hard to say when a tensor becomes infinite, since its compo-
nents are coordinate-dependent. But from the curvature we can construct vari-
ous scalar quantities, and since scalars are coordinate-independent it is meaning-
ful to say that they become infinite. The simplest such scalar is the Ricci scalar
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R = g"”R,,, but we can also construct higher-order scalars such as R*YR,,,,
RMPR 1y ooy Ryuwpo RPOM Ry, and so on. If any of these scalars (but not nec-
essarily all of them) goes to infinity as we approach some point, we regard that
point as a singularity of the curvature. We should also check that the point is not
infinitely far away; that is, that it can be reached by traveling a finite distance
along a curve.

We therefore have a sufficient condition for a point to be considered a singu-
larity. It is not a necessary condition, however, and it is generally harder to show
that a given point is nonsingular; for our purposes we will simply test to see if
geodesics are well-behaved at the point in question, and if so then we will con-
sider the point nonsingular. In the case of the Schwarzschild metric (5.1), direct
calculation reveals that

48G*M?
RH'VpURM,)pO- = T (550)

This is enough to convince us that r = 0 represents an honest singularity.

The other trouble spot is ¥ = 2G M, the Schwarzschild radius. You could
check that none of the curvature invariants blows up there. We therefore begin to
think that it is actually not singular, and we have simply chosen a bad coordinate
system. The best thing to do is to transform to more appropriate coordinates if
possible. We will soon see that in this case it is in fact possible, and the surface r =
2G M is very well-behaved (although interesting) in the Schwarzschild metric—it
demarcates the event horizon of a black hole.

Having worried a little about singularities, we should point out that the be-
havior of the Schwarzschild metric inside the Schwarzschild radius is of little
day-to-day consequence. The solution we derived is valid only in vacuum, and
we expect it to hold outside a spherical body such as a star. However, in the case
of the Sun we are dealing with a body that extends to a radius of

Ro = 10°GMq. (5.51)

Thus, r = 2G My is far inside the solar interior, where we do not expect the
Schwarzschild metric to apply. In fact, realistic stellar interior solutions consist of
matching the exterior Schwarzschild metric to an interior metric that is perfectly
smooth at the origin. Nevertheless, there are objects for which the full Schwarz-
schild metric is required—black holes—and therefore we will let our imaginations
roam far outside the solar system in this chapter.

GEODESICS OF SCHWARZSCHILD

The first step we will take to understand the Schwarzschild metric more fully is
to consider the behavior of geodesics. We need the nonzero Christoffel symbols
for Schwarzschild:
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GM -GM GM
N, = —(@Ur—-2G6M o= =
0= =26 = =260 b = — 260
1 1
6 _ — o _
Tro =~ Tgp == —2GM) Ty, =-
cos 9

Ty =—(0 —2GM)sin*0  T§, = —sinf cosd rg’¢ ==
(5.52)
The geodesic equation therefore turns into the following four equations, where A

is an affine parameter:

d* N 2GM  drdi _
dx2  r(r —2GM)drdxr

s

d&r GM dr \? GM dr\?
e T e—wm (L) - 2 (&
et ) (dk) r(r — 2GM) (d}\)

26GM (de ’ in% dg\* =
—(r — ) ﬁ) + sin (ﬁ) =0,

d* 2dodr de\?

AT it A o(=2) =0

a2 Ty anan smbeos (dk) :
d*¢ 2dpdr _cos0dfde

LY LY E L, Y
dk2+rdkdk+ sin@ di di

0. (5.53)

There does not seem to be much hope for simply solving this set of coupled
equations by inspection. Fortunately our task is greatly simplified by the high
degree of symmetry of the Schwarzschild metric. We know that there are four
Killing vectors: three for the spherical symmetry, and one for time translations.
Each of these will lead to a constant of the motion for a free particle. If K* is a
Killing vector, we know that

dx# -
#-;T = constant. (5.54)
In addition, we always have another constant of the motion for geodesics: the
geodesic equation (together with metric compatibility) implies that the quantity

dx* dx”

aax 5.55
8w an an (3.55)

€ = —
¢

is constant along the path. (For any trajectory we can choose the parameter A
such that € is a constant;, we are simply noting that this is compatible with affine
parameterization along a geodesic.) Of course, for a massive particle we typically
choose A = t, and this relation simply becomes € = —g,,U*U"” = +1. For
massless particles, which move along null trajectories, we always have ¢ = 0,
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and this equation does not fix the parameter A. As discussed in Section 3.4, it
is convenient to normalize A along null geodesics such that the four-momentum
and four-velocity are equal, p* = dx*/d\. We might also be concerned with
spacelike geodesics (even though they do not correspond to paths of particles),
for which we will choose € = —1.

Rather than immediately writing out explicit expressions for the four conserved
quantities associated with Killing vectors, let’s think about what they are telling
us. Notice that the symmetries they represent are also present in flat spacetime,
where the conserved quantities they lead to are very familiar. Invariance under
time translations leads to conservation of energy, while invariance under spatial
rotations leads to conservation of the three components of angular momentum.
Essentially the same applies to the Schwarzschild metric. We can think of the
angular momentum as a three-vector with a magnitude (one component) and di-
rection (two components). Conservation of the direction of angular momentum
means that the particle will move in a plane. We can choose this to be the equa-
torial plane of our coordinate system; if the particle is not in this plane, we can
rotate coordinates until it is. Thus, the two Killing vectors that lead to conserva-
tion of the direction of angular momentum imply that, for a single particle, we
can choose

=1

IR (5.56)

The two remaining Killing vectors correspond to energy and the magnitude of
angular momentum. The energy arises from the timelike Killing vector

K* = ()" = (1,0,0,0). (5.57)

The Killing vector whose conserved quantity is the magnitude of the angular mo-
mentum is

R* = (35)* = (0,0,0,1). (5.58)

In both cases it is convenient to lower the index to obtain

K. = (— (1 - 39;1”—) ,0,0, o) (5.59)

and
R =(0,0,0,r%sin’6). (5.60)

Since (5.56) implies that sin@ = 1 along the geodesics of interest to us, the two
conserved quantities are

E

- g = 5.61
K‘*d/\ ¥ dx .61

dxt (1_2GM) dt
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and
L=R,—— =r“"—. (5.62)

For massless particles, these can be thought of as the conserved energy and an-
gular momentum, while for massive particles they are the conserved energy and
angular momentum per unit mass of the particle. In the discussion of rotating
black holes in the next chapter, we will use E and L to refer to the actual energy
and angular momentum, not “per unit mass”’; the meaning should be clear from
context. Note that the constancy of (5.62) is the GR equivalent of Kepler’s second
law—equal areas are swept out in equal times.

Recall that in Section 3.4 we claimed that the energy of a particle with four-
momentum p*, as measured by an observer with four-velocity U#, would be
—p, U*. This is not equal, or even proportional, to (5.61), even if the observer is
taken to be stationary (U’ = 0). Mathematically, this is because the four-velocity
is normalized to U, U* = —1, which the Killing vector K* is not: If we tried to
normalize it in that way, it would no longer solve Killing’s equation. At a slightly
deeper level, —p, U#* may be thought of as the inertial/kinetic energy of the par-
ticle, while —p, K* is the total conserved energy, including the potential energy
due to the gravitational field. The notion of gravitational potential energy is not
always well-defined, but the total energy is well-defined in the presence of a time-
like Killing vector. We will presently use E to help characterize geodesics of
Schwarzschild; later we will also use —p, U* for massless particles, where it can
be thought of as the observed frequency of a photon, to describe gravitational
redshift.

Together the conserved quantities E and L provide a convenient way to un-
derstand the orbits of particles in the Schwarzschild geometry. Let us expand the
expression (5.55) for € to obtain

2GM\ (dt\? 26MN\7! far\*  , (do\*
(222 (5 o () -

If we multiply this by (1 — 2GM/r) and use our expressions for E and L, we

obtain
dar\? 2G6M\ [ L2
2
_ _ il =0. 5.64
E+(dk) +(1 - ><r2+e> ‘ (5.64)

This is certainly progress, since we have taken a messy system of coupled equa-
tions and obtained a single equation for r(A). It looks even nicer if we rewrite it
as

1 /dr\>
5(5) +V(@F) =€, | (5.65)
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FIGURE 5.3 Orbits around a star are characterized by giving the radius r as a function
of a parameter A.

where

(5.66)
and
£ =-E2 (5.67)

In (5.65) we have precisely the equation for a classical particle of unit mass and
“energy” £ moving in a one-dimensional potential given by V (r). It’s a little con-
fusing, but not too bad: the conserved energy per unit mass is E, but the effective
potential for the coordinate » responds to £ = E2/2.

Of course, our physical situation is quite different from a classical particle
moving in one dimension; the trajectories under consideration are orbits around
a star or other object, as shown in Figure 5.3. The quantities of interest to us are
not only (&), but also 7 (1) and ¢ (A). Nevertheless, we can go a long way toward
understanding all of the orbits by understanding their radial behavior, and it is a
great help to reduce this behavior to a problem we know how to solve.

A similar analysis of orbits in Newtonian gravity would have produced a simi-
lar result; the general equation (5.65) would have been the same, but the effective
potential (5.66) would not have had the last term. (Note that this equation is not
a power series in 1/r, it is exact.) In the potential (5.66) the first term is just a
constant, the second term corresponds exactly to the Newtonian gravitational po-
tential, and the third term is a contribution from angular momentum that takes
the same form in Newtonian gravity and general relativity. The last term, the GR
contribution, will turn out to make a great deal of difference, especially at small r.

Let us examine the effective potentials for different kinds of possible orbits,
as illustrated in Figures 5.4 and 5.5. There are different curves V () for different
values of L; for any one of these curves, the behavior of the orbit can be judged
by comparing & to V (r). The general behavior of the particle will be to move in
the potential until it reaches a “turning point” where V (r) = £, when it will begin
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V(r) 0.4
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FIGURE 54 Effective potentials in Newtonian gravity. Five curves are shown, corresponding to the listed values of the
angular momentum (per unit mass) L, and we have chosen GM = 1. Note that, for large enough energy, every orbit reaches
a turning point and returns to infinity.

moving in the other direction. Sometimes there may be no turning point to hit, in
which case the particle just keeps going. In other cases the particle may simply
move in a circular orbit at radius r, = constant; this can happen at points where
the potential is flat, dV /dr = 0. Differentiating (5.66), we find that the circular
orbits occur when

eGMr? — L%, +3GML*y =0, (5.68)

where y = 0 in Newtonian gravity and ¥ = 1 in general relativity. Circular orbits
will be stable if they correspond to a minimum of the potential, and unstable if
they correspond to a maximum. Bound orbits that are not circular will oscillate
around the radius of the stable circular orbit.

Turning to Newtonian gravity, we find that circular orbits appear at

LZ
T GM’

For massless particles, € = 0, and there are no circular orbits; this is consistent
with the first plot in Figure 5.4, which illustrates that there are no bound orbits
of any sort. Although it is somewhat obscured in polar coordinates, massless par-
ticles actually move in a straight line, since the Newtonian gravitational force on
a massless particle is zero. Of course the standing of massless particles in Newto-
nian theory is somewhat problematic, so you can get different answers depending
on what assumptions you make. In terms of the effective potential, a photon with
a given energy E will come in from r = oo and gradually slow down (actually
dr/dx will decrease, but the speed of light isn’t changing) until it reaches the

(5.69)

Fe
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FIGURE 5.5 Effective potentials in general relativity. Again, five curves are shown, corresponding to the listed values of
the angular momentum (per unit mass) L, and we have chosen GM = 1. In GR there is an innermost circular orbit greater
than or equal to 3G M, and any orbit that falls inside this radius continues to r = O (for particles on geodesics).

turning point, when it will start moving away back to » = co. The lower values of
L, for which the photon will come closer before it starts moving away, are sim-
ply those trajectories that are initially aimed closer to the gravitating body. For
massive particles there will be stable circular orbits at the radius (5.69), as well
as bound orbits that oscillate around this radius. If the energy is greater than the
asymptotic value E = 1, the orbits will be unbound, describing a particle that
approaches the star and then recedes. We know that the orbits in Newton’s theory
are conic sections—bound orbits are either circles or ellipses, while unbound ones
are either parabolas or hyperbolas—although we won’t show that here.

In general relativity the situation is different, but only for r sufficiently small.
Since the difference resides in the term —GML?/r3, as r — oo the behaviors
are identical in the two theories. But as » — 0 the potential goes to —oo rather
than +oo as in the Newtonian case. At r = 2GM the potential is always zero;
inside this radius is the black hole, which we will discuss more thoroughly later.
For massless particles there is always a barrier (except for L = 0, for which the
potential vanishes identically), but a sufficiently energetic photon will neverthe-
less go over the barrier and be dragged inexorably down to the center. Note that
“sufficiently energetic” means “in comparison to its angular momentum”—in fact
the frequency of the photon is immaterial, only the direction in which it is point-
ing. At the top of the barrier are unstable circular orbits. For € = 0, y = 1, we
can easily solve (5.68) to obtain

re = 3GM. (5.70)
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This is borne out by the first part of Figure 5.5, which shows a maximum of V (r)
atr = 3G M for every L. This means that a photon can orbit forever in a circle at
this radius, but any perturbation will cause it to fly away either tor = 0 orr = 0.

For massive particles there are once again different regimes depending on the
angular momentum. The circular orbits are at

_ L*+ VL - 12G2M?12

5.71
2GM 571

re

For large L there will be two circular orbits, one stable and one unstable. In the
L — oo limit their radii are given by

(5.72)

L2+ L%(1—6G*M2/L? L2
I‘C el ( / ) == -, 3GM .
2GM GM

In this limit the stable circular orbit becomes farther away, while the unstable one
approaches 3G M, behavior that parallels the massless case. As we decrease L,
the two circular orbits come closer together; they coincide when the discriminant
in (5.71) vanishes, which is at

L=+12GM, (5.73)
for which
ro =6GM, (5.74)

and they disappear entirely for smaller L. Thus 6G M is the smallest possible ra-
dius of a stable circular orbit in the Schwarzschild metric. There are also unbound
orbits, which come in from infinity and turn around, and bound but noncircular
orbits, which oscillate around the stable circular radius. Note that such orbits,
which would describe exact conic sections in Newtonian gravity, will not do so
in GR, although we would have to solve the equation for d¢ /d to demonstrate
it. Finally, there are orbits that come in from infinity and continue all the way in
to 7 = 0; this can happen either if the energy is higher than the barrier, or for
L < +/12GM, when the barrier goes away entirely.

We have therefore found that the Schwarzschild solution possesses stable cir-
cular orbits for r > 6GM and unstable circular orbits for 3GM < r < 6GM.1t’s
important to remember that these are only the geodesics; there is nothing to stop
an accelerating particle from dipping below r = 3G M and emerging, as long as
it stays beyond r = 2G M.

EXPERIMENTAL TESTS

Most experimental tests of general relativity involve the motion of test particles
in the solar system, and hence geodesics of the Schwarzschild metric. Einstein
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FIGURE 5.6 Orbits in general relativity describe precessing ellipses.

suggested three tests: the deflection of light, the precession of perihelia, and grav-
itational redshift. The deflection of light is observable in the weak-field limit, and
is therefore discussed in Chapter 7. In this section we will discuss the precession
of perihelia and the gravitational redshift. (The perihelion of an elliptical orbit is
its point of closest approach to the Sun; orbits around the Earth or a star would
have perigee or periastron, respectively.)

The precession of perihelia reflects the fact that noncircular orbits in GR are
not perfect closed ellipses; to a good approximation they are ellipses that precess,
describing a flower pattern as shown in Figure 5.6. Despite its conceptual simplic-
ity, the rate of perihelion precession is somewhat cumbersome to calculate; here
we follow d’Inverno (1992). The strategy is to describe the evolution of the radial
coordinate r as a function of the angular coordinate ¢; for a perfect ellipse, r(¢)
would be periodic with period 2, reflecting the fact that perihelion occurred at
the same angular position each orbit. Using perturbation theory we can show how
GR introduces a slight alteration of the period, giving rise to precession.

We start with our radial equation of motion of a massive particle in a Schwarz-
schild metric (5.65). To get an equation for dr/d¢ we multiply by

d -2 r4
(d_ii) == (5.75)
which yields
ar\? 1, 26M 5 28 4

Two tricks are useful in solving this equation. The first trick is to define a new
variable
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L2
X = .
GMr

(5.77)

From (5.69) we see that x = 1 at a Newtonian circular orbit. Our equation of
motion (5.76) becomes

d 2 L2 2 22402 2 2
(x) o a2 XM 5 2L (5.78)

% —+x° — X

T T " T em
The second trick is to differentiate this with respect to ¢, obtaining a second-order
equation for x(¢):
d’x N 3G2M?
hadihid x =
d¢? L2

x2. (5.79)

In a Newtonian calculation, the last term would be absent, and we could solve for
x exactly; here, we can treat it as a perturbation.
‘We expand x into a Newtonian solution plus a small deviation,

X = X0 + x1. (5.80)

The zeroth-order part of (5.79) is then

d%xg
G Lxe=0 - (5.81)
and the first-order part is
d*x _3G*M?

e (5.82)

The solution for the zeroth-order equation can be written
x0 =1+ ecos¢. (5.83)

This is the standard result of Newton or Kepler; it describes a perfect ellipse, with
e the eccentricity. An ellipse is specified by the semi-major axis a, the distance
from the center to the farthest point on the ellipse, and the semi-minor axis b,
the distance from the center to the closest point. The eccentricity satisfies e? =
1 —b%/a’.

Plugging the Newtonian solution into the first-order equation (5.82), we obtain

d*x 3G2M? 9
W—&-xl: 2 (1 + e cos ¢)
3G 1+ L2 +2ecos¢ + 1e2 cos2¢ (5.84)
= - e - . .
2 2° R
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To solve this equation, notice that

2
W(gb sin ¢) + ¢ sin ¢ = 2 cos ¢ (5.85)
and
2
@ (cos2¢) + cos2¢p = —3 cos 2¢. (5.86)
Comparing these to (5.84), we see that a solution is provided by
3G2M? 1, _ 1,
X1 = 2 [(1 + Ee ) +e¢psing — ge coqub:l , (5.87)

as you are welcome to check. The three terms here have different characters. The
first is simply a constant displacement, while the third oscillates around zero. The
important effect is thus contained in the second term, which accumulates over
successive orbits. We therefore combine this term with the zeroth-order solution
to write
2342
x=1+ecos¢+3T];45¢sin¢. (5.88)

This is not a full solution, even to the perturbed equation, but it encapsulates the
part that we care about. In particular, this expression for x can be conveniently
rewritten as the equation for an ellipse with an angular period that is not quite 27 :

x=1+ecos[(l —a)¢], (5.89)
where we have introduced
3G*M?
o= 77 (5.90)

The equivalence of (5.88) and (5.89) can be seen by expanding cos[(l — a)¢] as
a power series in the small parameter o:
d
cos[(1 —a)¢p] =cos¢ + -~ cos [ —a)¢la=o
=cos¢ +agpsing. (5.91)

We have therefore found that, during each orbit of the planet, perihelion ad-
vances by an angle
67 G2 M?
L2
To convert from the angular momentum L to more conventional quantities, we
may use expressions valid for Newtonian orbits, since the quantity we’re looking

Ap =2 = (5.92)
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at is already a small perturbation. An ordinary ellipse satisfies

(1 —ea

= 5.93
’ 14+ecos¢’ (5.93)

where a is the semi-major axis. Comparing to our zeroth-order solution (5.83)
and the definition (5.77) of x, we see that

L? ~ GM(1 — &¥a. (5.94)

This is an approximation, valid if the orbit were a perfect closed ellipse. Plugging
this into (5.92) and restoring explicit factors of the speed of light, we obtain

_ 6nGM
T 21— eda’

A¢ (5.95)

Historically, the precession of Mercury was the first test of GR. In fact it was
known before Einstein invented GR that there was an apparent discrepancy in
Mercury’s orbit, and a number of solutions had been proposed (including “dark
matter” in the inner Solar System). Einstein knew of the discrepancy, and one of
his first tasks after formulating GR was to show that it correctly accounted for
Mercury’s perihelion precession. For the motion of Mercury around the Sun, the

relevant orbital parameters are

GMo
2

= 1.48 x 10° cm,
C

a=5.79 x 102 cm

e = 0.2056, (5.96)
and of course ¢ = 3.00 x 100 cm/sec. This gives
A¢Mercury = 5.01 x 1077 radians/orbit = 0.103"/orbit, (5.97)

where ” stands for arcseconds. It is more conventional to express this in terms of
precession per century; Mercury orbits once every 88 days, yielding

A@Mercury = 43.0"[century. (5.98)

So the major axis of Mercury’s orbit precesses at a rate of 43.0 arcsecs every 100
years. The observed value is 5601 arcsecs/100 years. However, much of that is
due to the precession of equinoxes in our geocentric coordinate system; 5025 arc-
secs/100 years, to be precise. The gravitational perturbations of the other planets
contribute an additional 532 arcsecs/100 years, leaving 43 arcsecs/100 years to be
explained by GR, which it does quite well. You can imagine that Einstein must
have been very pleased when he first figured this out.

In Chapter 2 we discussed the gravitational redshift of photons as a conse-
quence of the Principle of Equivalence. The Schwarzschild metric is an exact



5.5 Experimental Tests 217

solution of GR, and should therefore predict a redshift that reduces to the EP
prediction in small regions of spacetime. Let’s see how that works.

Consider an observer with four-velocity U*, who is stationary in the Schwarz-
schild coordinates (U’ = 0). We could allow the observer to be moving, but that
would merely superimpose a conventional Doppler shift over the gravitational ef-
fect. The four-velocity satisfies U, U* = —1, which for a stationary observer in
Schwarzschild implies

26M\ 71?2
U°=(1— ; ) : (5.99)

Any such observer measures the frequency of a photon following along a null
geodesic x* (1) to be

dx’
w=—gwU* i (5.100)
Indeed, this relation defines the normalization of A. We therefore have
2GM\'? ar
=(1- — .
w ( " ) o (5.101)
26M\ 12
= (1 - = ) E, (5.102)

where E is defined by (5.61), applied to the photon trajectory. E is conserved, so
o will clearly take on different values when measured at different radial distances.
For a photon emitted at 1 and observed at r;, the observed frequencies will be
related by

w (1 - 2GM/r1)1/2

w1 - 1-2GM/ry

(5.103)

This is an exact result for the frequency shift; in the limit » >> 2G M we have

wy -1 GM GM
w1 B n r
=1+ P — Py, (5.104)

where & = —GM/r is the Newtonian potential. This tells us that the frequency
goes down as @ increases, which happens as we climb out of a gravitational field:
thus, a redshift. (Photons that fall toward a gravitating body are blueshifted.) We
see that the r > 2G M result agrees with the calculation based on the Equivalence
Principle.

The gravitational redshift was first detected in 1960 by Pound and Rebka, using
gamma rays traveling upward a distance of only 72 feet (the height of the physics
building at Harvard). Subsequent tests have become increasingly precise, often
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making use of artificial spacecraft or atomic clocks carried aboard airplanes. The
agreement with Einstein’s predictions has been excellent in all cases.

Since Einstein’s proposal of the three classic tests, further tests of GR have
been proposed. The most famous is of course the binary pulsar, to be discussed
in Chapter 7. Another is the gravitational time delay, discovered and observed
by Shapiro, also discussed in Chapter 7. In a very different context, Big-Bang
nucleosynthesis provides a cosmological test of GR at an epoch when the universe
was only seconds old, as discussed in Chapter 8. Modern advances have also
introduced a host of new tests; for a comprehensive introduction see Will (1981).

SCHWARZSCHILD BLACK HOLES

We now know something about the behavior of geodesics outside the trouble-
some radius r = 2G M, which is the regime of interest for the solar system and
most other astrophysical situations. We next turn to the study of objects that are
described by the Schwarzschild solution even at radii smaller than 2G M—black
holes. (We’ll use the term “black hole” for the moment, even though we haven’t
introduced a precise meaning for such an object.)

One way to understand the geometry of a spacetime is to explore its causal
structure, as defined by the light cones. We therefore consider radial null curves,
those for which @ and ¢ are constant and ds? = 0:

2 _1 .
ds* =0 =— (1 - GM) ar? + (1 — ZGM) dr?, (5.105)
r r
from which we see that
d -1
a_ (1 _ ZGM) . (5.106)
dr ¥

This of course measures the slope of the light cones on a spacetime diagram of
the ¢-r plane. For large r the slope is &1, as it would be in flat space, while as
we approach r = 2GM we get dt /dr — £00, and the light cones “close up,” as
shown in Figure 5.7. Thus a light ray that approaches r = 2G M never seems to
get there, at least in this coordinate system; instead it seems to asymptote to this
radius.

As we will see, the apparent inability to get to » = 2GM is an illusion, and
the light ray (or a massive particle) actually has no trouble reaching this radius.
But an observer far away would never be able to tell. If we stayed outside while
an intrepid observational general relativist dove into the black hole, sending back
signals all the time, we would simply see the signals reach us more and more
slowly, as portrayed in Figure 5.8. In the Exercises you are asked to look at this
phenomenon more carefully. As an infalling observer approaches r = 2GM,
any fixed interval Az; of their proper time corresponds to a longer and longer
interval Aty from our point of view. This continues forever; we would never see
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4+t

2GM r

FIGURE 5.7 In Schwarzschild coordinates, light cones appear to close up as we ap-
proach r = 2GM.

the observer cross r = 2GM, we would just see them move more and more
slowly (and become redder and redder, as if embarrassed to have done something
as stupid as diving into a black hole). -

The fact that we never see the infalling observer reach r = 2G M is a mean-
ingful statement, but the fact that their trajectory in the ¢-r plane never reaches
there is not. It is highly dependent on our coordinate system, and we would like
to ask a more coordinate-independent question (such as, “Does the observer reach
this radius in a finite amount of their proper time?”). The best way to do this is
to change coordinates to a system that is better behaved at »r = 2GM. We now
set out to find an appropriate set of such coordinates. There is no way to “derive”
a coordinate transformation, of course, we just say what the new coordinates are
and plug in the formulas. But we will develop these coordinates in several steps,
in hopes of making the choices seem somewhat motivated.

At

26M N\ -

FIGURE 5.8 A beacon falling freely into a black hole emits signals at intervals of con-
stant proper time A7;. An observer at fixed r receives the signals at successively longer
time intervals Aty.
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The problem with our current coordinates is that d¢ /dr — oo along radial null
geodesics that approach r = 2G M, progress in the r direction becomes slower
and slower with respect to the coordinate time ¢. We can try to fix this problem by
replacing ¢ with a coordinate that moves more slowly along null geodesics. First
notice that we can explicitly solve the condition (5.106) characterizing radial null
curves to obtain

t = &r* + constant, (5.107)

where the tortoise coordinate »* is defined by

;
“=r+26Min (5=~ 1). 5.108
rf=r+ Y, (5.108)
(The tortoise coordinate is only sensibly related to » when r > 2G M, but beyond
there our coordinates aren’t very good anyway.) In terms of the tortoise coordinate
the Schwarzschild metric becomes

2
ds? = (1 - GM) (—dt2 +dr*2) +7r2dQ?, . (5.109)
r

where r is thought of as a function of »*. This represents some progress, since
the light cones now don’t seem to close up, as shown in Figure 5.9; furthermore,
none of the metric coefficients becomes infinite at r = 2G M (although both g
and g+ become zero). The price we pay, however, is that the surface of interest
at7 = 2G M has just been pushed to infinity.

. Our next move is to define coordinates that are naturally adapted to the null
geodesics. If we let

v=t+r"
u=t—r", (5.110)

r=2GM

FIGURE 5.9 Schwarzschild light cones in tortoise coordinates, equation (5.109). Light
cones remain nondegenerate, but the surface » = 2G' M has been pushed to infinity.
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then infalling radial null geodesics are characterized by v = constant, while the
outgoing ones satisfy # = constant. Now consider going back to the original ra-
dial coordinate r, but replacing the timelike coordinate ¢ with the new coordinate
v. These are known as Eddington—Finkelstein coordinates. In terms of these
coordinates the metric is

26M
ds? = — (1 - T) dv? + (dvdr + drdv) +r2 dQ2. (5.111)

Here we see our first sign of real progress. Even though the metric coefficient g,y
vanishes at ¥ = 2G M, there is no real degeneracy; the determinant of the metric
is

g = —r*sin0, (5.112)
which is perfectly regular at r = 2G M. Therefore the metric is invertible, and we
see once and for all that » = 2G M is simply a coordinate singularity in our origi-
nal (z,71, 0, ¢) system. In the Eddington—Finkelstein coordinates the condition for
radial null curves is solved by

dv 0, (infalling)
& 26M\ !
dr 2 (1 — TM> . (outgoing) (3.113)

We can therefore see what has happened: In this coordinate system the light cones
remain well-behaved at r = 2G M, and this surface is at a finite coordinate value.
There is no problem in tracing the paths of null or timelike particles past the
surface. On the other hand, something interesting is certainly going on. Although
the light cones don’t close up, they do tilt over, such that for » < 2G M all future-
directed paths are in the direction of decreasing r, as shown in Figure 5.10.

v = constant

r=90 r=2GM

FIGURE 5.10 Schwarzschild light cones in the (v, r) coordinates of (5.111). In these
coordinates we can follow future-directed timelike paths past r = 2G M.
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The surface r = 2G M, while being locally perfectly regular, globally func-
tions as a point of no return—once a test particle dips below it, it can never come
back. We define an event horizon to be a surface past which particles can never
escape to infinity; in Schwarzschild the event horizon is located at r = 2G M.
(This is a rough definition; we will be somewhat more precise in the next chap-
ter.) Despite being located at fixed radial coordinate, the event horizon is a null
surface rather than a timelike one, so it is really the causal structure of spacetime
itself that makes it impossible to cross the horizon in an outward-going direction.
Since nothing can escape the event horizon, it is impossible for us to see inside—
thus the name black hole. A black hole is simply a region of spacetime separated
from infinity by an event horizon. The notion of an event horizon is a global one;
the location of the horizon is a statement about the spacetime as a whole, not
something you could determine just by knowing the geometry at that location.
This will continue to be true in more general spacetimes.

We should mention a couple of features of black holes that sometimes get
confused in the popular imagination. First, the external geometry of a black hole
is the same Schwarzschild solution that we would have outside a star or planet.
In particular, a black hole does not suck in everything around it any more than
the Sun does; a particle well outside » = 2G M behaves in exactly the same way
regardless of whether the gravitating source is a black hole or not. Second, there is
a misleading Newtonian analogy for black holes. The Newtonian escape velocity
of a particle at distance r from a gravitating body of mass M is

2GM :
ese =1/ =~ (5.114)

If we naively ask where the Newtonian escape velocity equals the velocity of
light, we find exactly » = 2G M. Despite the fact that the speed of light plays
no fundamental role in Newtonian theory, it might seem provocative that light,
thought of as inertial particles moving at a velocity ¢, is seemingly not able to
escape from a body with mass M and radius less than 2G M. But there is a pro-
found difference between this case and what we see in GR. The escape velocity
is the velocity that a particle would initially need to have in order to escape from
a gravitating source on a free trajectory. But nothing stops us from considering
accelerated trajectories; for example, one could imagine an acceleration chosen
such that the particle moved steadily away from the massive body at some con-
stant velocity. Therefore, a purported Newtonian black hole would not have the
crucial property that nothing can escape; whereas in GR, arbitrary timelike paths
must stay inside their light cones, and hence never escape the event horizon.

THE MAXIMALLY EXTENDED SCHWARZSCHILD SOLUTION

Let’s review what we have done. Acting under the suspicion that our coordinates
may not have been good for the entire manifold, we have changed from our origi-
nal coordinate ¢ to the new one v, which has the nice property that if we decrease



5.7 The Maximally Extended Schwarzschild Solution 223

r along a radial null curve v = constant, we go right through the event horizon
without any problems. Indeed, a local observer actually making the trip would
not necessarily know when the event horizon had been crossed—the local geom-
etry is no different from anywhere else. We therefore conclude that our suspicion
was cotrect and our initial coordinate system didn’t do a good job of covering the
entire manifold. The region r < 2G'M should certainly be included in our space-
time, since physical particles can easily reach there and pass through. However,
there is no guarantee that we are finished; perhaps we can extend our manifold in
other directions.

In fact there are other directions. In the (v, ) coordinate system we can cross
the event horizon on future-directed paths, but not on past-directed ones. This
seems unreasonable, since we started with a time-independent solution. But we
could have chosen u instead of v, in which case the metric would have been

2GM
ds? = — (1 - ) du? — (dudr + drdu) + r?dQ?. (5.115)
r

Now we can once again pass through the event horizon, but this time only along
past-directed curves, as shown in Figure 5.11.

This is perhaps a surprise: we can consistently follow either future-directed or
past-directed curves through r = 2GM, but we arrive at different places. It was
actually to be expected, since from the definitions (5.110), if we keep v constant
and decrease r we must have ¢+ — 400, while if we keep u constant and decrease
r we must have ¢ — —o0. (The tortoise coordinate r* goesto —oco asr — 2GM.)
So we have extended spacetime in two different directions, one to the future and
one to the past.

The next step would be to follow spacelike geodesics to see if we would un-
cover still more regions. The answer is yes, we would reach yet another piece of
the spacetime, but let’s shortcut the process by defining coordinates that are good
all over. A first guess might be to use both u# and v at once (in place of ¢ and r),

ey = constant

r=20 r=2GM

FIGURE 5.11 Schwarzschild light cones in the (u, ) coordinates of (5.115). In these
coordinates we can follow past-directed timelike paths pastr = 2GM.
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which leads to

1 2GM
ast =1 (1 _ _) (dudu -+ du dv) + 2 d2, (5.116)
r

with r defined implicitly in terms of v and u by
1 r
Z(v—u) = 2 — —1]). 5.11
S —1)=r+26Mn (55 —1) (5.117)

‘We have actually reintroduced the degeneracy with which we started out; in these
coordinates r = 2G M is “infinitely far away” (at either v = —o0 or u = +0o0).
The thing to do is to change to coordinates that pull these points into finite coor-
dinate values; a good choice is

v = ev/4GM

u = —e W/AGM (5.118)

which in terms of our original (¢, r) system is

t r_ r _ 1/2 (r+t)/4GM
V= (ZGM 1) ¢
r 172
1 _ _ (r—t)/4GM’ 11
“ (ZGM 1) € - G

In the (V/, #’, 6, ¢) system the Schwarzschild metric is

16G3 M3
ds? = ————¢72OM @y du’ + du'dv') + r? dQ2>. (5.120)
r

Finally the nonsingular nature of r = 2GM becomes completely manifest; in
this form none of the metric coefficients behaves in any special way at the event
horizon.

Both v/ and »’ are null coordinates, in the sense that their partial derivatives
d/9v’ and 3/du’ are null vectors. There is nothing wrong with this, since the
collection of four partial derivative vectors (two null and two spacelike) in this
system serve as a perfectly good basis for the tangent space. Nevertheless, we
are somewhat more comfortable working in a system where one coordinate is
timelike and the rest are spacelike. We therefore define

r r V2 LaGu 4
= - — —_ . 21
\T W +u’) ( 1) e sinh 1G (5.121)

and

12 t
R=_-(— N — r —1 r/AGM _ 122
W — u) ( 1‘) ¢ cosh === ). (5.122)
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in terms of which the metric becomes

2_ 32G3Mm>3

ds e72OM(_dT? + dR?) 112402, (5.123)

where r is defined implicitly from

.
T2 _ R2 = (1 - W) &1120M (5.124)

The coordinates (7, R, 8, ¢) are known as Kruskal coordinates, or sometimes
Kruskal-Szekres coordinates.

The Kruskal coordinates have a number of miraculous properties. Like the
(t, r*) coordinates, the radial null curves look like they do in flat space:

T = =R + constant. (5.125)

Unlike the (¢, r*) coordinates, however, the event horizon r = 2G M is not in-
finitely far away; in fact it is defined by

T =+R, (5.126)

consistent with it being a null surface. More generally, we can consider the sur-
faces r = constant. From (5.124) these satisfy

T2 — R? = constant. (5.127)

Thus, they appear as hyperbolae in the R-T plane. Furthermore, the surfaces of
constant ¢ are given by

T ann (-t (5.128
R~ AaGM )’ 128)

which defines straight lines through the origin with slope tanh(¢ /4G M). Note that
ast — 100 (5.128) becomes the same as (5.126); therefore t = 00 represents
the same surface as r = 2GM.

Our coordinates (7', R) should be allowed to range over every value they can
take without hitting the real singularity at » = 0; the allowed region is therefore

—0<R<X®

T? < R2+ 1. (5.129)

From (5.121) and (5.122), T and R seem to become imaginary for r < 2GM, but
this is an illusion; in that region the (r, ) coordinates are no good (specifically,
|t] > o0). We can now draw a spacetime diagram in the T-R plane (with 8 and
¢ suppressed), known as a Kruskal diagram, shown in Figure 5.12. Each point
on the diagram is a two-sphere. This diagram represents the maximal extension
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r=26M) "

t=—w
ﬁ t = constant
R
r = constant
r=2GM
t=4w [

FIGURE 5.12 The Kruskal diagram—the Schwarzschild solution in Kruskal coordi-
nates, where all light cones are at +45°.

of the Schwarzschild gesmetry; the coordinates cover what we should think of as
the entire manifold described by this solution.

The original Schwarzschild coordinates (¢, r) were good for r > 2G M, which
is only a part of the manifold portrayed on the Kruskal diagram. It is conve-
nient to divide the diagram into four regions, as shown in Figure 5.13. Region
I corresponds to r > 2G M, the patch in which our original coordinates were
well-defined. By following future-directed null rays we reach region II, and by
following past-directed null rays we reach region IIL. If we had explored space-
like geodesics, we would have been led to region IV. The definitions (5.121) and
(5.122), which relate (T, R) to (¢, r), are really only good in region I; in the other
regions it is necessary to introduce appropriate minus signs to prevent the coordi-
nates from becoming imaginary.

FIGURE 5.13 Regions of the Kmskal diagram.
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Having extended the Schwarzschild geometry as far as it will go, we have de-
scribed a remarkable spacetime. Region II, of course, is what we think of as the
black hole. Once anything travels from region I into II, it can never return. In fact,
every future-directed path in region II ends up hitting the singularity at r = 0;
once you enter the event horizon, you are utterly doomed. This is worth stressing;
not only can you not escape back to region I, you cannot even stop yourself from
moving in the direction of decreasing r, since this is simply the timelike direc-
tion. This could have been seen in our original coordinate system; for r < 2GM,
t becomes spacelike and r becomes timelike. Thus you can no more stop mov-
ing toward the singularity than you can stop getting older. Since proper time is
maximized along a geodesic, you will live the longest if you don’t struggle, but
just relax as you approach the singularity. Not that you will have long to relax,
nor will the voyage be very relaxing; as you approach the singularity the tidal
forces become infinite. As you fall toward the singularity your feet and head will
be pulled apart from each other, while your torso is squeezed to infinitesimal thin-
ness. The grisly demise of an astrophysicist falling into a black hole is detailed in
Misner, Thorne, and Wheeler (1973), Section 32.6. Note that they use orthonor-
mal frames, as we discuss in Appendix J (not that it makes the trip any more
enjoyable).

Regions I and IV might be somewhat unexpected. Region I is simply the
time-reverse of region II, a part of spacetime from which things can escape to us,
while we can never get there. It can be thought of as a white hole. There is a
singularity in the past, out of which the universe appears to spring. The boundary
of region III is the past event horizon, while the boundary of region I is the
future event horizon. Region IV, meanwhile, cannot be reached from our region
I either forward or backward in time, nor can anybody from over there reach us.
It is another asymptotically flat region of spacetime, a mirror image of ours. It
can be thought of as being connected to region I by a wormhole (or Einstein—
Rosen bridge), a neck-like configuration joining two distinct regions. Consider
slicing up the Kruskal diagram into spacelike surfaces of constant T', as shown in
Figure 5.14. Now we can draw pictures of each slice, restoring one of the angular
coordinates for clarity, as in Figure 5.15. In this way of slicing, the Schwarzschild
geometry describes two asymptotically flat regions that reach toward each other,
join together via a wormhole for a while, and then disconnect. But the wormhole
closes up too quickly for any timelike observer to cross it from one region into
the next.

As pleasing as the Kruskal diagram is, it is often even more useful to collapse
the Schwarzschild solution into a finite region by constructing its conformal dia-
gram. The idea of a conformal diagram is discussed in Appendix H; it is a crucial
tool for analyzing spacetimes in general relativity, and you are encouraged to re-
view that discussion now. We will not go through the manipulations necessary to
construct the conformal diagram of Schwarzschild in full detail, since they par-
allel the Minkowski case with considerable additional algebraic complexity. We
would start with the null version of the Kruskal coordinates, in which the metric
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FIGURE 5.14 Spacelike slices in Kruskal coordinates.

takes the form
16G3m3"
ds? = ———— ¢72M (@' du’ + du/'dv') + r2d2?,
r

where r is defined implicitly via

vy = — (2(;M _ 1) er/ZGM‘

(5.130)

(5.131)

Then essentially the same transformation used in the flat spacetime case suffices

to bring infinity into finite coordinate values:

"

,U/
V" = arctan | ——
(VZGM)

"

u’
u” = arctan | — |,
(«/2GM>

(5.132)

FIGURE 5.15 Geometry of the spacelike slices in Figure 5.14.
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FIGURE 5.16 Conformal diagram for Schwarzschild spacetime.

with ranges

T v <4l
2 2

_z <u”<+”
2 2

T " " s

3 <v +u < DR
The (v,” u™) part of the metric (that is, at constant angular coordinates) is now
conformally related to Minkowski space. In the new coordinates the singularities
at r = O are straight lines that stretch from timelike infinity in one asymptotic
region to timelike infinity in the other.

The conformal diagram for the maximally extended Schwarzschild solution
thus looks like Figure 5.16. The only real subtlety about this diagram is the ne-
cessity to understand that i+ and i~ (future and past infinity) are distinct from
r = O—there are plenty of timelike paths that do not hit the singularity. As in
the Kruskal diagram, light cones in the conformal diagram are at 45°; the ma-
jor difference is that the entire spacetime is represented in a finite region. Notice
also that the structure of conformal infinity is just like that of Minkowski space,
consistent with the claim that Schwarzschild is asymptotically flat.

STARS AND BLACK HOLES

The maximally extended Schwarzschild solution we have just constructed tells a
remarkable story, including not only the sought-after black hole, but also a white
hole and an additional asymptotically flat region, connected to our universe by
a wormbhole. It would be premature, however, to imagine that such features are
common in the real world. The Schwarzschild solution represents a highly ide-
alized situation: not only spherically symmetric, but completely free of energy-
momentum throughout spacetime. Birkhoff’s theorem implies that any vacuum
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region of a spherically symmetric spacetime will be described by part of the
Schwarzschild metric, but the existence of matter somewhere in the universe may
dramatically alter the global picture.

A static spherical object—Tlet’s call it a star for definiteness—with radius larger
than 2G M will be Schwarzschild in the exterior, but there won’t be any singulari-
ties or horizons, and the global structure will actually be very similar to Minkow-
ski spacetime. Of course, real stars evolve, and it may happen that a star eventually
collapses under its own gravitational pull, shrinking down to below r = 2GM and
further into a singularity, resulting in a black hole. There is no need for a white
hole, however, because the past of such a spacetime looks nothing like that of
the full Schwarzschild solution. A conformal diagram describing stellar collapse
would look like Figure 5.17. The interior shaded region is nonvacuum, so is not
described by Schwarzschild; in particular, there is no wormhole connecting to an-
other universe. It is asymptotically Minkowskian, except for a future region giving
rise to an event horizon. We see that a realistic black hole may share the singu-
larity and future horizon with\the maximally extended Schwarzschild solution,
without any white hole, past horizon, or separate asymptotic region.

We believe that gravitational collapse of this kind is by no means a necessary
endpoint of stellar evolution, but will occur under certain conditions. General rel-
ativity places rigorous limits on the kind of stars that can resist gravitational col-
lapse; for any given sort of matter, enough mass will always lead to the collapse
to a black hole. Furthermore, from astrophysical observations we have excellent
evidence that black holes exist in our universe.

To understand gravitational collapse to a black hole, we should first understand
static configurations describing the interiors of spherically symmetric stars. We
won’t delve into this subject in detail, only enough to get a feeling for the basic
features of interior solutions. Consider the general static, spherically symmetric

i

FIGURE 5.17 Conformal diagram for a black hole formed from a collapsing star. The
shaded region contains matter, and will be described by an appropriate dynamical interior
solution; the exterior region is Schwarzschild.
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metric from (5.11):
ds? = —e20) qp2 4 280D 4y 2 4 2402 (5.133)

We are now looking for nonvacuum solutions, so we turn to the full Einstein
equation,

Guv = Ruy — ARguy = 87GT,,. (5.134)

The Einstein tensor follows from the Ricci tensor (5.14) and curvature scalar
(5.15),

_ 1 2@-p 28
Gus = ¢ (2ra,ﬂ [ +e )

G,y = riz (2rora +1- ¥

Goo =r2e”?F [afa + (@)® — 0,ad,B + %(ara — arm]
Gpp = sin? 0 Gap. (5.135)
We model the star itself as a perfect fluid, with energy-momentum tensor
Ty = (o + P)ULUL + pgpuv- (5.136)

The energy density p and pressure p will be functions of r alone. Since we seek
static solutions, we can take the four-velocity to be pointing in the timelike direc-
tion. Normalized to U#U,, = —1, it becomes

U, =(0,0,0), (5.137)

so that the components of the energy-momentum tensor are

Ty = 2 . (5.138)
r2(sin® 9) p

We therefore have three independent components of Einstein’s equation: the #¢
component,

1
——Ze'zl8 (Zrarﬂ -1+ eZﬂ) =8r Gp, (5.139)
’

the rr component,

1
—— (Zrara F1- ezﬂ) — 87 Gp, (5.140)
-
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and the #6 component,
1
e~ [afa + (8,0)% — 8,20, 8 + — (B0t — a,ﬂ)} = 87 Gp. (5.141)
r

The ¢¢ equation is proportional to the 66 equation, so there is no need to consider
it separately.

We notice that the ¢¢ equation (5.139) involves only 8 and p. It is convenient
to replace B(r) with a new function m (r), given by

1
m(r) = E(r —re 2Py, (5.142)

or equivalently

-1
2P — [1 - ZG’"(’)] : (5.143)
N r
so that
~1

ds? = 20 g2 [1 - ZGm(r)] dr? +r2dQ (5.144)

The metric component g,, is an obvious generalization of the Schwarzschild case,
but this will not be true for g;;. The #¢ equation (5.139) becomes

d
"y : (5.145)
dr

which can be integrated to obtain
v
m(r) = 4n / p(r'dr. (5.146)
0

Let’s imagine that our star extends to a radius R, after which we are in vacuum
and described by Schwarzschild. In order that the metrics match at this radius, the
Schwarzschild mass M must be given by

R
M =m(R) =4n / o(r)ridr. (5.147)
0

It looks like m(r) is simply the integral of the energy density over the stellar
interior, and can be interpreted as the mass within a radius r.

There is one subtlety with interpreting m(r) as the integrated energy density;
in a proper spatial integral, the volume element should be

VY &x = Prisinf drdode, (5.148)
where

yij dx'dx/ = €% dr? 4 r2d6% + r2sin 6 dg? (5.149)
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is the spatial metric. The true integrated energy density is therefore
B R
M= 471’/ p(r)r2ef® gr

—4x / PO (5.150)

2Gm(r) T 26mm]Y?

The difference, of course, arises because there is a binding energy due to the
mutual gravitational attraction of the fluid elements in the star, which is given by

Eg=M—-M > 0. (5.151)

The binding energy is the amount of energy that would be required to disperse
the matter in the star to infinity. It is not always a well-defined notion in general
relativity, but makes sense for spherical stars.

In terms of m (r), the rr equation (5.140) can be written

de Gm(r) +4xGrip
dr — rlr—2Gm(r)]

(5.152)

It is convenient not to use the 66 equation directly, but instead appeal to energy-
momentum conservation, V, T#" = 0. For our metric (5.144), it is straightfor-
ward to derive that v = 7 is the only nontrivial component, and it gives

do
(p+p)d—=———. (5.153)
r
Combining this with (5.152) allows us to eliminate ¢:(r) to obtain

dp _ (p+plGm@) + 47 Gr3 p]
dr rlr — 2Gm(r)]

(5.154)

This is the Tolman—-Oppenheimer-Volkoff equation, or simply the equation of
hydrostatic equilibrium. Since m(r) is related to p(r) via (5.146), this equation
relates p(r) to p(r). To get a closed system of equations, we need one more
relation: the equation of state. In general this will give the pressure in terms of the
energy density and specific entropy, p = p(p, S). Often we care about situations
in which the entropy is very small, and can be neglected; the equation of state
then takes the form

p=p(p). (5.155)

Astrophysical systems often obey a polytropic equation of state, p = Kp? for
some constants K and y.

A simple and semi-realistic model of a star comes from assuming that the fluid
is incompressible: the density is a constant p, out to the surface of the star, after
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which it vanishes,

_)pox, <R
o(r) = {0, TR (5.156)

Specifying p(r) explicitly takes the place of an equation of state, since p(r) can
be determined from hydrostatic equilibrium. It is then straightforward to integrate
(5.146) to get

%ﬂr3p*, r <R
m(r) = (5.157)
g-JtR3,0* =M, r>R
Integrating the equation of hydrostatic equilibrium yields
RVR —2GM — VR? —2GMr?
p(r) = ps . (5.158)
~R3 -2GMr?2 —3RJR —2GM
Finally we can get the metric component g;; = —e22?) from (5.152); we find that
172
3 26M\Y? 1 2GMr?
an) — 2 (1228} - 2 R. 5.15
¢ 2 ( R ) 2 R? > T (5.159)

The pressure increases near the core of the star, as one would expect. Indeed,
for a star of fixed radius R, the central pressure p(0) will need to be greater than
infinity if the mass exceeds

4
Mnax = 9GR. | (5.160)
Thus, if we try to squeeze a greater mass than this inside a radius R, general rela-
tivity admits no static solutions; a star that shrinks to such a size must inevitably
keep shrinking, eventually forming a black hole. We derived this result from the
rather strong assumption that the density is constant, but it continues to hold
when that assumption considerably weakened; Buchdahl’s theorem states that
any reasonable static, spherically symmetric interior solution has M < 4R/9G.
Although a careful proof requires more work, this result makes sense; if we imag-
ine that there is some maximum sustainable density in nature, the most massive
object we could in principle make would have that density everywhere, which is
the specific case we considered.

Of course, this still doesn’t mean that realistic astrophysical objects will al-
ways ultimately collapse to black holes. An ordinary planet, supported by material
pressures, will persist essentially forever (apart from some fantastically unlikely
quantum tunneling from a planet to something very different, or the possibility
of eventual proton decay). But massive stars are a different story. The pressure
supporting a star comes from the heat produced by fusion of light nuclei into
heavier ones. When the nuclear fuel is used up, the temperature declines and the
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star begins to shrink under the influence of gravity. The collapse may eventually
be halted by Fermi degeneracy pressure: Electrons are pushed so close together
that they resist further compression simply on the basis of the Pauli exclusion
principle (no two fermions can be in the same state). A stellar remnant supported
by electron degeneracy pressure is called a white dwarf; a typical white dwarf
is comparable in size to the Earth. Lower-mass particles become degenerate at
lower number densities than high-mass particles, so nucleons do not contribute
appreciably to the pressure in a white dwarf. White dwarfs are the end state for
most stars, and are extremely common throughout the universe.

If the total mass is sufficiently high, however, the star will reach the Chan-
drasekhar limit, where even the electron degeneracy pressure is not enough
to resist the pull of gravity. Calculations put the Chandrasekhar limit at about
1.4 Mg, where Mg = 2 x 1033 g is the mass of the Sun. When it is reached, the
star is forced to collapse to an even smaller radius. At this point electrons com-
bine with protons to make neutrons and neutrinos (inverse beta decay), and the
neutrinos simply fly away. The result is a neutron star, with a typical radius of
about 10 km. Neutron stars have a low total luminosity, but often are rapidly spin-
ning and possess strong magnetic fields. This combination gives rise to pulsars,
which accelerate particles in jets emanating from the magnetic poles, appearing
to rapidly flash as the neutron star spins. Pulsars were discovered by Bell in 1967,
after a brief speculation that they might represent signals from an extraterrestrial
civilization, the more prosaic astrophysical explanation was settled on.

Since the conditions at the center of a neutron star are very different from those
on Earth, we do not have a perfect understanding of the equation of state, Nev-
ertheless, we believe that a sufficiently massive neutron star will itself be unable
to resist the pull of gravity, and will continue to collapse; current estimates of
the maximum possible neutron-star mass are around 3—4 M, the Oppenheimer-
Volkoff limit. Since a fluid of neutrons is the densest material we know about
(apart from some very speculative suggestions), it is believed that the outcome of
such a collapse is a black hole.

How would we know if there were a black hole? The fundamental obstacle
to direct detection is, of course, blackness: a black hole will not itself give off
any radiation (neglecting Hawking radiation, which is a very small effect to be
discussed in Chapter 9). But black holes will feature extremely strong gravita-
tional fields, so we can hope to detect them indirectly by observing matter being
influenced by these fields. As matter falls into a black hole, it will heat up and
emit X-rays, which we can detect with satellite observatories. A large number of
black-hole candidates have been detected by this method, and the case for real
black holes in our universe is extremely strong.! The large majority of candidates
fall into one of two classes. There are black holes with masses of order a solar
mass or somewhat higher; these are thought to be the endpoints of evolution for
very massive stars. The other category describes supermassive black holes, be-

1For a review on astrophysical evidence for black holes, see A. Celotti, J.C. Miller, and D.W. Sciama
(1999), Class. Quant. Grav. 16, A3; http://arxiv.org/abs/astro-ph/9912186.
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tween 10° and 10° solar masses. These are found at the centers of galaxies, and
are thought to be the engines that powered quasars in the early era of galaxy for-
mation. Our own Milky Way galaxy contains an object (Sgr A*) that is believed
to be a black hole of at least 2 x 106 M. The precise history of the formation of
these supermassive holes is not well understood. Other possibilities include very
small primordial black holes produced in the very early universe, and so-called
“middleweight” black holes of order a thousand solar masses.

As matter falls into a black hole, it tends to settle into a rotating accretion
disk, and both energy and angular momentum are gradually fed into the hole.
As a result, the black holes we expect to see in astrophysical situations should
be spinning, and indeed observations are consistent with very high spin rates for
observed black holes. In this chapter we have excluded the possibility of black
hole spin by focusing on the spherically symmetric Schwarzschild solution; in
the next chapter we turn to more general types of black holes.

EXERCISES

1. A space monkey is happily orbiting a Schwarzschild black hole in a circular geodesic
orbit. An evil baboon, far from the black hole, tries to send the monkey to its death inside
the black hole by dropping a carefully timed coconut radially toward the black hole,
knowing that the monkey can’t resist catching the falling coconut. Given the monkey’s
mass and initial orbital radius and the mass of the coconut, explain how you would go
about solving the problem (but do not do the calculation). What are the possible fates
for our intrepid space monkey? ’

2. Consider a perfect fluid in a static, circularly symmetric (24 1)-dimensional spacetime,
equivalently, a cylindrical configuration in (3 + 1) dimensions with perfect rotational
symmetry.

(a) Derive the analogue of the Tolman-Oppenhiemer—Volkov (TOV) equation for

(2 + 1) dimensions.
(b) Show that the vacuum solution can be written as

1
ds? = —dt? + ————dr? + r2ag?
s tisem” T

Here M is a constant.

(c) Show that another way to write the same solution is

ds? = —d7? + d&? + £2d¢?

where ¢ € [0, 27(1 — 8GM)1/2].

(d) Solvethe (2 + 1) TOV equation for a constant density star. Find p(r) and solve for
the metric.

(e) Solve the (2 + 1) TOV equation for a star with equation of state p = /cp3/ 2, Find
p(r) and solve for the metric.

(f) Find the mass M(R) = 02” fOR pdrdd and the proper mass M(R) = 02” fOR
p+/—g dr do for the solutions in parts (d) and (e). .
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3. Consider a particle (not necessarily on a geodesic) that has fallen inside the event hori-
zon, r < 2G M. Use the ordinary Schwarzschild coordinates (¢, r, 8, ¢). Show that the
radial coordinate must decrease at a minimum rate given by

dr

2GM
dt

r

>

1.

Calculate the maximum lifetime for a particle along a trajectory from » = 2GM to
r = 0. Express this in seconds for a black hole with mass measured in solar masses.
Show that this maximum proper time is achieved by falling freely with E — 0.

4. Consider Einstein’s equations in vacuum, but with a cosmological constant, G v +
Ag/_u) =0.
(a) Solve for the most general spherically symmetric metric, in coordinates (z, ) that
reduce to the ordinary Schwarzschild coordinates when A = 0.

(b) Write down the equation of motion for radial geodesics in terms of an effective
potential, as in (5.66). Sketch the effective potential for massive particles.

5. Consider a comoving observer sitting at constant spatial coordinates (rx, fx, ¢x), around
a Schwarzschild black hole of mass M. The observer drops a beacon into the black
hole (straight down, along a radial trajectory). The beacon emits radiation at a constant
wavelength Aep (in the beacon rest frame).

(a) Calculate the coordinate speed dr/dt of the beacon, as a function of .

(b) Calculate the proper speed of the beacon. That is, imagine there is a comoving
observer at fixed r, with a locally inertial coordinate system set up as the beacon
passes by, and calculate the speed as measured by the comoving observer. What is
itatr =2GM?

(¢) Calculate the wavelength Ay, measured by the observer at 7y, as a function of the
radius rep at which the radiation was emitted.

(d) Calculate the time 7qhg at which a beam emitted by the beacon at radius rep will be
observed at r.

(e) Show that at late times, the redshift grows exponentially: Aghs/Aem o e’bs/ T Give
an expression for the time constant 7 in terms of the black hole mass M.
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Birkhoff’s theorem ensures that the Schwarzschild metric is the only spherically
symmetric vacuum solution to general relativity. This shouldn’t be too surprising,
as it is reminiscent of the situation in electromagnetism, where the only spheri-
cally symmetric field configuration in a region free of charges will be a Coulomb
field. Moving beyond spherical symmetry, there is an unlimited variety of pos-
sible gravitational fields. For a planet like the Earth, for example, the external
field will depend on the density and profile of all the various mountain ranges and
valleys on the surface. We could imagine decomposing the metric into multipole
moments, and an infinite number of coefficients would have to be speciﬁed to
describe the field exactly. -

It might therefore come as something of a surprise that black holes do not
share this property. Only a small number of stationary black-hole solutions exist,
described by a small number of parameters. The specific set of parameters will
depend on what matter fields we include in our theory; if electromagnetism is the
only long-range nongravitational field, we have a no-hair theorem:

Stationary, asymptotically flat black hole solutions to general rela-
tivity coupled to electromagnetism that are nonsingular outside the
event horizon are fully characterized by the parameters of mass, elec-
tric and magnetic charge, and angular momentum.

Stationary solutions are of special interest because we expect them to be the end
states of gravitational collapse. The alternative might be some sort of oscillating
configuration, but oscillations will ultimately be damped as energy is lost through
the emission of gravitational radiation; in fact, typical evolutions will evolve quite
rapidly to a stationary configuration.

We speak of “a” no-hair theorem, rather than “the” no-hair theorem, because
the result depends not only on general relativity, but also on the matter content
of our theory. In the Standard Model of particle physics, electromagnetism is the
only long-range field, and the above theorem applies; but for different kinds of
fields there might be other sorts of hair.! Examples have even been found of static
(nonrotating) black holes that are axisymmetric but not completely spherically

1 For a discussion see M. Heusler, “Stationary Black Holes: Uniqueness and Beyond,” Living Rev. Rel-
ativity 1, (1998), 6; http://www.livingreviews.org/Articles/Volumel/1998-6heusler/.
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symmetric. The central point, however, remains unaltered: black hole solutions
are characterized by a very small number of parameters, rather than the potentially
infinite set of parameters characterizing, say, a planet.

As we will discuss at the end of this chapter and again in Chapter 9, the no-
hair property leads to a puzzling situation. In most physical theories, we hope to
have a well-defined initial value problem, so that information about a state at any
one moment of time can be used to predict (or retrodict) the state at any other
moment of time. As a consequence, any two states that are connected by a solu-
tion to the equations of motion should require the same amount of information
to be specified. But in GR, it seems, we can take a very complicated collection
of matter, collapse it into a black hole, and end up with a configuration described
completely by mass, charge, and spin. In classical GR this might not bother us so
much, since the information can be thought of as hidden behind the event horizon
rather than truly being lost. But when quantum field theory is taken into account,
we find that black holes evaporate and eventually disappear, and the information
seems to be truly lost. Conceivably, the outgoing Hawking radiation responsible
for the evaporation somehow encodes information about what state was originally
used to make a black hole, but how that could happen is completely unclear. Un-
derstanding this “information loss paradox” is considered by many to be a crucial
step in building a sensible theory of quantum gravity.

In this chapter, however, we will stick to considerations of classical GR. We
begin with some general discussion of black hole properties, especially those of
event horizons and Killing horizons. This subject can be subtle and technical, and
our philosophy here will be to try to convey the main ideas without being rigorous
about definitions or proofs of theorems. We then discuss the specific solutions
corresponding to charged (Reissner-Nordstrém) and spinning (Kerr) black holes;
consistent with our approach, we will not carefully go through the coordinate re-
definitions necessary to construct the maximally extended spacetimes, but instead
simply draw the associated conformal diagrams. The reader interested in further
details should consult the review article by Townsend,? or the books by Hawking
and Ellis (1973) and Wald (1984), all of which we draw on heavily in this chapter.

EVENT HORIZONS

Black holes are characterized by the fact that you can enter them, but never exit.
Thus, their most important feature is actually not the singularity at the center, but
the event horizon at the boundary. An event horizon is a hypersurface separating
those spacetime points that are connected to infinity by a timelike path from those
that are not. To understand what this means in practice, we should think a little
more carefully about what we mean by “infinity”” In general relativity, the global
structure of spacetime can take many different forms, with correspondingly dif-
ferent notions of infinity. But to think about black holes in the real universe, we

2pK. Townsend, “Black Holes: Lecture Notes,” http: //arxiv.org/abs/gr-qc/9707012.
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FIGURE 6.1 An asymptotically flat spacetime is one for which infinity in a conformal
diagram matches that of Minkowski spacetime, with future null infinity $¥, spacelike
infinity i%, and past null infinity $~. The future event horizon is the boundary of the past
of $T. The dashed region represents the rest of the spacetime, which may take a number
of different forms in different examples.

aren’t actually concerned with what happens infinitely far away; we use infinity as
a proxy for “well outside the black hole,” and imagine that spacetime sufficiently
far away from the hole can be approximated by Minkowski space.

As mentioned in the Chapter 5, a spacetime that looks Minkowskian at infinity
is referred to as asymptotically flat. The meaning of this concept is made clear in
a conformal diagram such as in Figure 6.1. From our discussion in Appendix H of
the conformal diagram for Minkowski, we know that conformal infinity comes in
five pieces: future and past timelike infinity i*, future and past null infinity $=,
and spatial infinity i®. An asymptotically flat spacetime (or region of spacetime)
is one for which $* and i have the same structure as for Minkowski; timelike
infinity is not necessary. Such spacetimes will have the general form shown in
Figure 6.1.

With this picture, it is clear how we should think of the future event horizon:
it is the surface beyond which timelike curves cannot escape to infinity. Recalling
that the causal past J— of a region is the set of all points we can reach from that
region by moving along past-directed timelike paths, the event horizon can be
equivalently defined as the boundary of J~($7), the causal past of future null
infinity. (The event horizon is really the boundary of the closure of this set, but
we’re not being rigorous.) Analogous definitions hold for the past horizon. As we
have seen in the case of maximally extended Schwarzschild, there may be more
than one asymptotically flat region in a spacetime, and correspondingly more than
one event horizon.

From the definition, it is clear that the event horizon is a null hypersurface.
Properties of null hypersurfaces are discussed in Appendix D; here we can recall
the major features. A hypersurface X can be defined by f(x) = constant for some
function f (x). The gradient d,, f is normal to X; if the normal vector is null, the
hypersurface is said to be null, and the normal vector is also tangent to X. Null
hypersurfaces can be thought of as a collection of null geodesics x* (), called
the generators of the hypersurface. The tangent vectors £* to these geodesics are
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proportional to the normal vectors,

g = 0 g, g 6.
- d}\' - g v 2 v
and therefore also serve as normal vectors to the hypersurface. We may choose
the function 4 (x) so that the geodesics are affinely parameterized, so the tangent

vectors will obey

£ 64 =0, EMVuEY =0. (6.2)

For future event horizons, the generators may end in the past (for example, when
a black hole is formed by stellar collapse) but will always continue indefinitely
into the future (and similarly with future and past interchanged).

Because the event horizon is a global concept, it might be difficult to actually
locate one when you are handed a metric in an arbitrary set of coordinates. Fortu-
nately, in this chapter we will be concerned with quite special metrics—stationary,
asymptotically flat, and containing event horizons with spherical topology. In such
spacetimes, there are convenient coordinate systems in which there is a simple
way to identify the event horizon. For the Schwarzschild solution, the event hori-
zon is a place where the light cones “tilt over” so that r = 2G M is a null surface
rather than a timelike surface, as r = constant would be for large r. Light-cone
tilting is clearly a coordinate-dependent notion (it doesn’t happen, for example,
in Kruskal coordinates), but the metrics of concern to us will allow for analo-
gous constructions. A stationary metric has a Killing vector d; that is asymptot-
ically timelike, and we can adapt the metric components to be time-independent
(9:g4v = 0). On hypersurfaces ¢ = constant, we can choose coordinates (r, 6, ¢)
in which the metric at infinity looks like Minkowski space in spherical polar co-
ordinates. Hypersurfaces r = constant will be timelike cylinders with topology
52 x Ratr — oo. Now imagine we have chosen our coordinates cleverly, so that
as we decrease r from infinity the r = constant hypersurfaces remain timelike
until some fixed » = ry, for which the surface is everywhere null. (In nonclever
coordinates, » = constant hypersurfaces will become null or spacelike for some
values of @ and ¢ but remain timelike for others.) This will clearly represent an
event horizon, since timelike paths crossing into the region r < rg will never be
able to escape back to infinity. Determining the point at which » = constant hy-
persurfaces become null is easy; 3,7 is a one-form normal to such hypersurfaces,
with norm

g (@ur)(@yr) =g (6.3)

We are looking for the place where the norm of our one-form vanishes; hence, in
the coordinates we have described, the event horizon r = rg will simply be the
hypersurface at which g’ switches from being positive to negative,

g7 (rm) =0. (6.4)
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This criterion clearly works for Schwarzschild, for which g7 =1 —-2GM/r. We
will present the Reissner-Nordstrém and Kerr solutions in coordinates that are
similarly adapted to the horizons.

The reason why we make such a big deal about event horizons is that they are
nearly inevitable in general relativity. This conclusion is reached by concatenat-
ing two interesting results: Singularities are nearly inevitable, and singularities
are hidden behind event horizons. Of course both results hold under appropriate
sets of assumptions; it is not that hard to come up with spacetimes that have no
singularities (Minkowski would be an example), nor is it even that hard to find
singularities without horizons (as we will see below in our discussion of charged
black holes). But we believe that “generic” solutions will have singularities hid-
den behind horizons.

The ubiquity of singularities is guaranteed by the singularity theorems of
Hawking and Penrose. Before these theorems were proven, it was possible to hope
that collapse to a Schwarzschild singularity was an artifact of spherical symmetry,
and typical geometries would remain nonsingular (as happens, for example, in
Newtonian gravity). But the Hawking—Penrose theorems demonstrate that once
collapse reaches a certain point, evolution to a singularity is inevitable. The way
we know there is a singularity is through geodesic incompleteness—there exists
some geodesic that cannot be extended within the manifold, but nevertheless ends
at a finite value of the affine parameter. The way we know collapse has reached
a point of no return is the appearance of a trapped surface. To understand what
a trapped surface is, first picture a two-sphere in Minkowski space, taken as a set
of points some fixed radial distance from the origin, embedded in a constant-time
slice. If we follow null rays emanating into spacetime from this spatial sphere,
one set (pointed inward) will describe a shrinking set of spheres, while the other
(pointed outward) will describe a growing set of spheres. But this would not be
the case for a sphere of fixed radius r < 2GM in the Schwarzschild geometry;
inside the event horizon, both sets of null rays emanating from such a sphere
would evolve to smaller values of r (since r is a timelike coordinate), and thus
to smaller areas 47r2. This is what is meant by a trapped surface: a compact,
spacelike, two-dimensional submanifold with the property that outgoing future-
directed light rays converge in both directions everywhere on the submanifold.
(The formal definition of “converge” is that the expansion 8, as described in the
discussion of geodesic congruences in Appendix F, is negative.)

With these definitions in hand, we can present an example of a singularity
theorem.

Let M be a manifold with a generic metric g,.,, satisfying Einstein’s
equation with the strong energy condition imposed. If there is a
trapped surface in M, there must be either a closed timelike curve
or a singularity (as manifested by an incomplete timelike or null
geodesic).

In this case, by “a generic metric” we mean that the generic condition is satisfied
for both timelike and null geodesics. For timelike geodesics, the generic condition
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states that every geodesic with tangent vector U* must have at least one point
on which Ryg,sU*U 8 £ 0; for null geodesics, the generic condition states that
every geodesic with tangent vector k* must have at least one point on which
k[o{Rﬁ]y(gkk;]k?’k‘3 # 0. These fancy conditions simply serve to exclude very
special metrics for which the curvature consistently vanishes in some directions.

Singularity theorems exist in many forms, proceeding from various differ-
ent sets of assumptions. The moral of the story seems to be that typical time-
dependent solutions in general relativity usually end in singularities. (Or begin
in them; some theorems imply the existence of cosmological singularities, such
as the Big Bang.) This represents something of a problem for GR, in the sense
that the theory doesn’t really apply to the singularities themselves, whose exis-
tence therefore represents an incompleteness of description. The traditional atti-
tude toward this issue is to hope that a sought-after quantum theory of gravity will
somehow resolve the singularities of classical GR.

In the meantime, we can take solace in the idea that singularities are hidden
behind event horizons. This belief is encompassed in the cosmic censorship con-
jecture:

Naked singularities cannot form in gravitational collapse from
generic, initially nonsingular states in an asymptotically flat space-
time obeying the dominant energy condition.

A naked singularity is one from which signals can reach $1; that is, one that is
not hidden behind an event horizon. Notice that the conjecture refers to the for-
mation of naked singularities, not their existence; there are certainly solutions in
which spacelike naked singularities exist in the past (such as the Schwarzschild
white hole) or timelike singularities exist for all times (such as in super-extremal
charged black holes, discussed below). The cosmic censorship conjecture has not
been proven, although a great deal of effort has gone into finding convincing coun-
terexamples, without success. The requirement that the initial data be in some
sense “‘generic” is important, as numerical experiments have shown that finely-
tuned initial conditions are able to give rise to naked singularities. A precise proof
of some form of the cosmic censorship conjecture remains one of the outstanding
problems of classical general relativity.?

A consequence of cosmic censorship (or of certain equivalent assumptions) is
that classical black holes never shrink, they only grow bigger. The size of a black
hole is measured by the area of the event horizon, by which we mean the spatial
area of the intersection of the event horizon with a spacelike slice. We then have
Hawking’s area theorem:

Assuming the weak energy condition and cosmic censorship, the area
of a future event horizon in an asymptotically flat spacetime is non-
decreasing.

3For a review of cosmic censorship see R.M. Wald, “Gravitational Collapse and Cosmic Censorship,”
http://arxiv.org/abs/gr-qc/9710068.
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For a Schwarzschild black hole, the area depends monotonically on the mass, so
this theorem implies that Schwarzschild black holes can only increase in mass.
But for spinning black holes this is no longer the case; the area depends on a
combination of mass and angular momentum, and we will see below that we can
actually extract energy from a black hole by decreasing its spin. We can also de-
crease the mass of a black hole through quantum-mechanical Hawking radiation;
this can be traced to the fact that quantum field theory in curved spacetime can
violate the weak energy condition.

KILLING HORIZONS

In the Schwarzschild metric, the Killing vector K = 9; goes from being timelike
to spacelike at the event horizon. In general, if a Killing vector field x* is null
along some null hypersurface X, we say that X is a Killing horizon of x . Note
that the vector field x* will be normal to X, since a null surface cannot have two
linearly independent null tangent vectors.

The notion of a Killing horizon is logically independent from that of an event
horizon, but in spacetimes with time-translation symmetry the two are closely
related. Under certain reasonable conditions (made explicit below), we have the
following classification:

Every event horizon ¥ in a stationary, asymptotically flat spacetime
is a Killing horizon for some Killing vector field x*.

If the spacetime is static, y* will be the Killing vector field K* =
(3;)" representing time translations at infinity.

If the spacetime is stationary but not static, it will be axisymmetric
with a rotational Killing vector field R* = (3)", and x* will be a
linear combination K* + QpR* for some constant Q.

For example, below we will examine the Kerr metric for spinning black holes,
in which the event horizon is a Killing horizon for a linear combination of the
Killing vectors for rotations and time translations. In Kerr, the hypersurface on
which d; becomes null is actually timelike, so is not a Killing horizon.

Let’s be precise about the conditions under which this classification scheme
actually holds.* Carter has shown that, for static black holes, the event horizon is
a Killing horizon for K *; this is a purely geometric fact, which holds even without
invoking Einstein’s equation. In the stationary case, if we assume the existence of
a rotational Killing field R* with the property that 2-planes spanned by K* and
R* are orthogonal to a family of two-dimensional surfaces, then the event horizon
will be a Killing horizon for a linear combination of the two Killing fields, again
from purely geometric considerations. If on the other hand we only assume that
the black hole is stationary, we cannot prove in general that the event horizon

“4For a discussion see R. M. Wald, “The thermodynamics of black holes,” Living Rev. Rel. 4, 6 (2001),
http://arxiv.org/gr-qc/9912119.
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is axisymmetric. Given Einstein’s equation and some conditions on the matter
fields, Hawking was able to show that the event horizon of any stationary black
hole must be a Killing horizon for some vector field, and furthermore that such
horizons must either be stationary or axisymmetric. For the rest of this chapter we
will speak as if the above classification holds; however, making assumptions about
matter fields is notoriously tricky, and we should keep in mind the possibility in
principle of finding black holes that are not static or axisymmetric, for which the
event horizon might not be a Killing horizon.

It’s important to point out that, while event horizons for stationary asymptot-
ically flat spacetimes will typically be Killing horizons, it’s easy to have Killing
horizons that have nothing to do with event horizons. Consider Minkowski space
in inertial coordinates, ds? = —d2 +dx? + dy2 + dz%; clearly there are no
event horizons in this spacetime. The Killing vector that generates boosts in the
x-direction is

X = X0; + 10y, 6.5)
with norm
Xuxt = —x* 412 (6.6)
This goes null at the null surfaces
x = =+t, 6.7)

which are therefore Killing horizons. By combining the boost Killing vector with
translational and rotational Killing vectors, we can move these horizons through
the manifold; there are Killing horizons all over. In more interesting spacetimes,
of course, there will be fewer Killing vector fields, and the associated horizons (if
any) will have greater physical significance.

To every Killing horizon we can associate a quantity called the surface grav-
ity. Consider a Killing vector x* with Killing horizon . Because y* is a normal
vector to X, along the Killing horizon it obeys the geodesic equation,

X Vux” =—«x", (6.8)

where the right-hand side arises because the integral curves of x* may not be
affinely parameterized. The parameter « is the surface gravity; it will be constant
over the horizon, except for a “bifurcation two-sphere” where the Killing vec-
tor vanishes and « can change sign. (This happens, for example, at the center
of the Kruskal diagram in the Schwarzschild solution.) Using Killing’s equation
Vuxvy = 0 and the fact that x[, Vyxo] = O (since y* is normal to X), it is
straightforward to derive a nice formula for the surface gravity:

K2 = =2 (Vuxn) (VA ). (6.9)

The expression on the right-hand side is to be evaluated at the horizon 2. You are
encouraged to check this formula yourself.
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The surface gravity associated with a Killing horizon is in principle arbitrary,
since we can always scale a Killing field by a real constant and obtain another
Killing field. In a static, asymptotically flat spacetime, the time-translation Killing
vector K = 9; can be normalized by setting

K, Kt (r — o0) = —1. (6.10)

This in turn fixes the surface gravity of any associated Killing horizon. If we
are in a stationary spacetime, where the Killing horizon is associated with a linear
combination of time translations and rotations, fixing the normalization of K = d;
also fixes this linear combination, so the surface gravity remains unique.

The reason why « is called the “surface gravity” becomes clear only when the
spacetime is static. In that case we have the following interpretation:

In a static, asymptotically flat spacetime, the surface gravity is the
acceleration of a static observer near the horizon, as measured by a
static observer at infinity.

To make sense of such a statement, let’s first consider static observers. By a
static observer we mean one whose four-velocity U* is proportional to the time-
translation Killing field K #:

K" = V(x)U™. (6.11)

Since the four-velocity is normalized to U, U* = —1, the function V is simply
the magnitude of the Killing field,

V =/ "K.KF, (6.12)

and hence ranges from zero at the Killing horizon to unity at infinity. V' is some-
times called the “redshift factor,” since it relates the emitted and observed fre-
quencies of a photon as measured by static observers. Recall that the conserved

energy of a photon with four-momentum p# is E = —p, K*, while the frequency
measured by an observer with four-velocity U# will be w = —p, U*. Therefore
E
= —, 6.13
w=3 (6.13)

and a photon emitted by static observer 1 will be observed by static observer 2 to
have wavelength A = 27 /w given by

Ay = —Af. (6.14)

In particular, at infinity where V = 1, we will observe a wavelength Ao = A1/ V1.

Now we turn to the idea of “acceleration as viewed from infinity.” A static
observer will not typically be moving on a geodesic; for example, particles tend to
fall into black holes rather than hovering next to them at fixed spatial coordinates.
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We can express the four-acceleration a* = U?V,U* in terms of the redshift
factor as

a,=V,InV, (6.15)

as you can easily check. The magnitude of the acceleration,

a=.Jaa" =V /V, VVV, (6.16)

will go to infinity at the Killing horizon—it will take an infinite acceleration to
keep an object on a static trajectory. But an observer at infinity will detect the
acceleration to be “redshifted” by a factor V; this turns out to be the surface
gravity. Thus, we claim that

Kk =Va=V,VViV, 6.17)

evaluated at the horizon X. You can check that this expression agrees with (6.9).
The surface gravity is the product of zero (V) and infinity (@), but will typically
be finite. When we say that the observed acceleration is redshifted, we have in
mind stretching a test string from a static object at the horizon to an observer at
infinity, and measuring the acceleration on the end of the string at infinity. (It is
worth taking the time to see if you can promote this hand-waving argument to
something more rigorous.)

What goes wrong with the above considerations if the spacetime is station-
ary but not static? We still have an asymptotically time-translation Killing vector
K = 9, and we can define stationary observers as ones whose four-velocities
are parallel to K*, as in (6.11); the redshift will continue to be given by (6.14).
The problem is that K# won’t become null at a Killing horizon, but generally at
some timelike surface outside the horizon. This place where K* K, = 0 is called
the stationary limit surface (or sometimes “ergosurface’), since inside this sur-
face K* is spacelike, and consequently no observer can remain stationary, even
if it is still outside the event horizon. Such an observer has to move with respect
to the Killing field, but need not move in the direction of the black hole. From
(6.12) and (6.14), the redshift of a stationary observer diverges as we approach
the stationary limit surface, which is therefore also called the infinite redshift
surface. As we will see in our discussion of the Kerr metric, the region between
the stationary limit surface and the event horizon, the ergosphere, is a place where
timelike paths are inevitably dragged along with the rotation of the black hole. We
will continue to use “surface gravity” as a label in stationary spacetimes, which
we will calculate using the Killing vector x*, which actually does go null on the
event horizon, even if the resulting quantity cannot be interpreted as the gravita-
tional acceleration of a stationary observer as seen at infinity.

Let’s apply these notions to Schwarzschild to see how they work. For the metric

2GM 26MN\ !
ds? = — (1 - ~G——) dr? + (1 — G—) dr? +r2dQ?, (6.18)
¥ r
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the Killing vector and static four-velocity are

26M\71/?
K*=(1,0,0 0, U+t= l:<1 — ) , 0,0, Oi|, (6.19)
r
so the redshift factor is
V=,1- ZGM. (6.20)
r

(Note the agreement with our calculation of the redshift in the previous chapter.)
From (6.15), the acceleration is

GM

= 6.21
u 2 (1 _ ZG_M) Yl (62D)
r
where of course V,,r = §,. The magnitude of the acceleration is thus
G

172"
2GM
T2 (1 — T)
The surface gravity is k = Va evaluated at the event horizon r = 2GM, and
Va=— (6.23)

so the surface gravity of a Schwarzschild black hole is

1
o= e (6.24)
It might seem surprising that the surface gravity decreases as the mass increases,
but a glance at (6.23) reveals what is going on; at fixed radius increasing M acts to
increase the combination V a, but increasing the mass also increases the Schwarz-
schild radius, and that effect wins out. Thus, the surface gravity of a big black
hole is actually weaker than that of a small black hole; this is consistent with an
examination of the tidal forces, which are also smaller for bigger black holes.

MASS, CHARGE, AND SPIN

Since we have claimed above that the most general stationary black-hole solution
to general relativity is characterized by mass, charge, and spin, we should consider
how these quantities might be defined in GR. Charge is the easiest to consider, so
we start there; more details are found in our discussion of Stokes’s theorem in
Appendix E. We’ll look specifically at electric charge, although magnetic charge
could be examined in the same way.
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Maxwell’s equations relate the electromagnetic field strength tensor F,, to the
electric current four-vector J,

Vo FR = JH, (6.25)

The charge passing through a spacelike hypersurface X is given by an integral
over coordinates x* on the hypersurface,

¥

3
Q:—/de yn,J¢

— / dEx /7 n,Vy FH, (6.26)
b)

where y;; is the induced metric, and n* is the unit normal vector, associated with
%. The minus sign ensures that a positive charge density and a future-pointing
normal vector will give a positive total charge. Stokes’s theorem can then be used
to express the charge as a boundary integral,

0=-— /32 d?x\[y@n, o, FH, (6.27)

where the boundary 3 X, typically a two-sphere at spatial infinity, has metric yi(jz)

and outward-pointing normal vector o*. The magnetic charge could be deter-
mined by replacing F#” with the dual tensor x F#¥ = %e‘“’/’" F,5. Thus, to cal-
culate the total charge, we need know only the behavior of the electromagnetic
field at spatial infinity. In Appendix E we do an explicit calculation for a point
charge in Minkowski space, which yields a predictable result but serves as a good
check that our conventions work out correctly.

We turn now to the concept of the total energy (or mass) of an asymptotically
flat spacetime. This is a much trickier notion than that of the charge; for one thing,
energy-momentum is a tensor rather than a vector in general relativity, and for
another, the energy-momentum tensor 7, only describes the properties of matter,
not of the gravitational field. But recall that in Chapter 3 we discussed how we
could nevertheless define a conserved total energy if spacetime were stationary,
with a timelike Killing vector field K*. We first construct a current

JE=K,TH, (6.28)

where THV is the energy-momentum tensor. Because this current is divergence-
less (from Killing’s equation and conservation of T#"), we can find a conserved
energy by integrating over a spacelike surface X,

Er = /E dExyyn,Jy, (6.29)

just as for the charge. As interesting as this expression is, there are clearly some
inadequacies with it. For example, consider the Schwarzschild metric. It has a
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Killing vector, but T#" vanishes everywhere. Is the energy of a Schwarzschild
black hole therefore zero? On both physical and mathematical grounds, there is
reason to suspect not; there is a singularity, after all, which renders the integral
difficult to evaluate. Furthermore, a Schwarzschild black hole can evolve from a
massive star with a definite nonzero energy, and we might like that energy to be
conserved. It is worth searching for an alternative definition of energy that better
captures our intuitive picture for black hole spacetimes.

Sticking for the moment to spacetimes with a timelike Killing vector K*, con-
sider a new current

Jg = K,R™. (6.30)
Using Einstein’s equation, we can equivalently write this as
Ji = 87GK, (TW - %TgW) . (631
The Ricci tensor is not divergenceless; instead we have the contracted Bianchi
identity,
V.R* = 1V'R. (6.32)

But this and Killing’s equation suffice to guarantee that our new current is con-
served. To see this, we simply compute

VuT§ = (VoK) R 4 Ky (VuRM). (6.33)

The first term vanishes because R*¥ is symmetric and V, K, is antisymmetric
(from Killing’s equation). Using (6.32) we therefore have

VuJp = 3K, V'R=0, (6.34)

which we know vanishes because the directional derivative of R vanishes along a
Killing vector, (3.178).
As before, we can define a conserved energy associated with this current,

1

:m Ed3x yn“JR'f‘, (6.35)

ER
where the normalization is chosen for future convenience. The energy Eg will be
independent of the spacelike hypersurface X, and hence conserved. This notion
of energy has a significant advantage over E7, arising from the fact that Ex can
be rewritten as a surface integral over a two-sphere at spatial infinity. To see this,
recall from (3.177) that any Killing vector satisfies V,V,K* = K*R,,,; the
current itself can thus be written as a total derivative,

JR = Vy(VFKY), (6.36)
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so that
ER:—*l——/d3x Y n, Vy,(VFK") (6.37)
4nG Jy i ' '
Note that, from raising indices on Killing’s equation, V¥ K¥ = —VYK*#. We can

therefore again use Stokes’s theorem just as we did for electric charge, to write
ER as an integral at spatial infinity,

1 2 2 v
Eg = e /E;Ed xy/yPn,o,VFKY. (6.38)

This expression is the Komar integral associated with the timelike Killing vector
K*; it can be interpreted as the total energy of a stationary spacetime.

To convince ourselves that we’re on the right track, let’s calculate the Komar
integral for Schwarzschild, with metric (6.18). The normal vectors, normalized to
nyn* = —1and o,,0* = +1, have nonzero components

26 M\ /? 2GM\ /2
no=—(1-— , or=({1-— s (6.39)

¥ F
with other components vanishing. We therefore have
n,o, VK’ = —vOK!, (6.40)
The Killing vector is K# = (1, 0, 0, 0), so we can readily calculate
VOK! = ¢0v,K!

= ¢% (30K' +T§,K*)

— ¢T K"
26M\7 GM 2GM
=—\1- — \1-
r ¥ r
GM
== (6.41)
-

The metric on the two-sphere at infinity is

yPdxldx! = r?(do? + sin’ 0dg?), (6.42)

so that

y® =7r2sine. (6.43)
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Putting it all together, the energy of a Schwarzschild black hole is

1 , . (GM
ER:ZJT_G d9d¢>r SIHG(—rz—)

=M. (6.44)

This is of course the desired result, explaining the normalization chosen in (6.35).

Despite getting the right answer, we should think about what just happened. In
particular, we obtained this energy by integrating the current J }’; = K, R"*" over
a spacelike slice, finding that the result could be written as an integral at spatial
infinity. But for Schwarzschild, the metric solves the vacuum Einstein equation,
Ryv = 0; it therefore seems difficult to get a nonzero answer from integrating J I’(f ,
just as it did for (6.29). If we think about the structure of the maximally extended
Schwarzschild solution, we realize that we could draw two kinds of spacelike
slices: those that extend through the wormhole to the second asymptotic region,
and those that end on the singularity. If the slice extends through the wormhole,
the other asymptotic region provides another component to 3, and thus another
contribution to (6.38); this contribution would exactly cancel, so the total energy
would indeed be zero. If the slice intersected the singularity, we wouldn’t know
quite how to deal with it. Nevertheless, in either case it is sensible to treat our
result (6.44) as the correct answer. The point is that, since (6.38) involves contri-
butions only at spatial infinity, it should be a valid expression for the energy no
matter what happens in the interior. We could even imagine time-dependent be-
havior in the interior; so long as K* was asymptotically a timelike Killing vector,
the Komar energy will be well-defined. We could, for example, consider spheri-
cally symmetric gravitational collapse from an initially static star. Evaluating the
integral (6.35) directly over ¥ would give a sensible answer for the total mass,
which should not change as the star collapsed to a black hole (we are imagining
spherical symmetry, so that gravitational radiation cannot carry away energy to
infinity). So the Komar integral (6.38), which would be valid before the collapse,
may be safely interpreted as the energy even after collapse to a black hole. Of
course for some purposes we might want to allow for energy loss through gravi-
tational radiation, in which case we need to be careful about how we extend our
slice to infinity; one can define a “Bondi mass” at future null infinity which allows
us to keep track of energy loss through radiation.

Another worry about the Komar formula is whether it is really what we should
think of as the “energy,” which is typically the conserved quantity associated with
time translation invariance. The best argument in favor of this interpretation is
simply that Ep is certainly a conserved quantity of some sort, and it agrees with
what we think should be the energy of Schwarzschild (and of a collection of
masses in the Newtonian limit, as you could check), so what else could it be?
Alternatively, one could think about a Hamiltonian formulation of general rela-
tivity, and carefully define the generator of time translations in an asymptotically
flat spacetime, and then identify that with the total energy. This was first done by
Arnowitt, Deser, and Misner, and their result is known as the ADM energy. In an
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asymptotically flat spacetime, we can write the metric just as we do in perturba-
tion theory,

8uv = My + hyy, (6.45)

except that here we only ask that the components %, be small at spatial infinity,
not necessarily everywhere. The ADM energy can then be written as an integral
over a two-sphere at spatial infinity, as

1 ) o ,
_ @i (g.1d. — ani.
Exov= e | d x/y@ o (a]hZ ik ,), (6.46)

where spatial indices are raised with 8/ (the spatial metric at infinity). This for-
mula looks coordinate-dependent, but is actually well-defined under our assump-
tions. If 4, is time-independent at infinity, it can be verified that the ADM energy
and the Komar energy actually agree. This gives us even more confidence that the
Komar integral really represents the energy. However, there is a sense in which
the ADM energy is more respectable; for example, the Komar integral can run
into trouble if we have long-range scalar fields nonminimally coupled to gravity.
But for our immediate purposes the Komar energy is quite acceptable.

One quality that we would like something called “energy” to have is that it
be positive for any physical configuration; otherwise a zero-energy state could
decay into pieces of positive energy and negative energy. The energy conditions
discussed in Chapter 4 give a notion of positive energy for matter fields, but we
might worry about a negative gravitational contribution leading to problems. Hap-
pily, in GR we have the positive energy theorem, first proven by Shoen and Yau:

The ADM energy of a nonsingular, asymptotically flat spacetime
obeying Einstein’s equation and the dominant energy condition is
nonnegative. Furthermore, Minkowski is the only such spacetime
with vanishing ADM energy.

If we allow for singularities, there are clearly counterexamples, such as Schwarz-
schild with M < 0. However, if a spacetime with a singularity (such as Schwarz-
schild with M > 0) is reached as the evolution of nonsingular initial data, the
theorem will apply. Thus we seem to be safe from negative-energy isolated sys-
tems in general relativity.

Finally, we may turn to spin (angular momentum), which is perfectly straight-
forward after our discussion of energy. Imagine that we have a rotational Killing
vector R = 9y. In exact analogy with the time-translation case, we can define a
conserved current

J;; = R,RM, (6.47)

which will lead to an expression for the conserved angular momentum J as an
integral over spatial infinity,
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1
J=—g—= . d?x\/y@® n,o, VAR’ (6.48)

(It is too bad that “J” is used for both the current and the angular momentum, just
as it is too bad that “R” is both the rotational Killing vector and the Ricci tensor.
But there are only so many letters to go around.) Just as with the energy, this
expression will still be valid even if R* is only asymptotically a Killing vector.
Note that the normalization is different than in the energy integral; it could be
justified, for example, by evaluating the expression for slowly-moving masses
with weak gravitational fields.

CHARGED (REISSNER-NORDSTROM) BLACK HOLES

We turn now to the exact solutions representing electrically charged black holes.
Such solutions are not extremely relevant to realistic astrophysical situations; in
the real world, a highly-charged black hole would be quickly neutralized by in-
teractions with matter in the vicinity of the hole. But charged holes nevertheless
illustrate a number of important features of more general situations. In this case
the full spherical symmetry of the problem is still present; we know therefore that
we can write the metric as

ds? = —e22 g2 4 2B g2 4 2002, (6.49)

Now, however, we are no longer in vacuum, since the hole will have a nonzero
electromagnetic field, which in turn acts as a source of energy-momentum. The
energy-momentum tensor for electromagnetism is given by

Tyy = FupFyP — 18uyFoo F*7, (6.50)

where F,, is the electromagnetic field strength tensor. Since we have spherical
symmetry, the most general field strength tensor will have components

F, = f(rat) = —Fy
Fgp = g(r,t)sin@ = —Fyg, (6.51)

where f(r,t) and g(r, t) are some functions to be determined by the field equa-
tions, and components not written are zero. Fy, corresponds to a radial electric
field, while Fyg4 corresponds to a radial magnetic field. For those of you wonder-
ing about the sin@, recall that the thing that should be independent of 6 and ¢
is the radial component of the magnetic field, B” = €*1#VF, v For a spherically
symmetric metric,

1

Py
v—8

pomy

is proportional to (sin#) ™!, so we want a factor of sin 6 in Fyyp.
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The field equations in this case are both Einstein’s equation and Maxwell’s
equations:

g""V,Fe =0
VigFoe1 = 0. (6.52)

The two sets are coupled together, since the electromagnetic field strength tensor
enters Einstein’s equation through the energy-momentum tensor, while the metric
enters explicitly into Maxwell’s equations.

The difficulties are not insurmountable, however, and a procedure similar to
the one we followed for the vacuum case leads to a solution for the charged case
as well. We will not go through the steps explicitly, but merely quote the final
answer. The solution is known as the Reissner—Nordstrom (RN) metric, and is
given by

ds? = —Adt? + A7 dr? + 12402, (6.53)

where

2GM  G(Q%+ P?
— + .
r r2

(6.54)

In this expression, M is once again interpreted as the mass of the hole; @ is
the total electric charge, and P is the total magnetic charge. Isolated magnetic
charges (monopoles) have never been observed in nature, but that doesn’t stop us
from writing down the metric that they would produce if they did exist. There are
good theoretical reasons to think that monopoles may exist if forces are “grand
unified” at very high energies, but they must be very heavy and extremely rare.
Of course, a black hole could possibly have magnetic charge even if there aren’t
any monopoles. In fact, the electric and magnetic charges enter the metric in the
same way, so we are not introducing any additional complications by keeping P
in our expressions. Conservatives are welcome to set P = 0 if they like. The
electromagnetic fields associated with this solution are given by

Y
E . =F,==
r rt r2
Fyy P
B, = = —. 6.55
"7 r2sing 2 (6.55)

The 1/r% dependence of these fields is just what we are used to in flat space; of
course, here we know that this depends on our precise choice of radial coordinate.

The RN metric has a true curvature singularity at » = 0, as could be checked
by computing the curvature invariant scalar R, R#"*“. The horizon structure,
however, is more complicated than in Schwarzschild. In the discussion of event
horizons above, we suggested that g’ = 0 would be a useful diagnostic for locat-
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t A

(1) GM? < p2 + 42
\y(l) GM?2>p? + g2

\/(3) GM?=p?+4?

/
/
/ \P =q=0
/ (Schwarzschild)

FIGURE 6.2 The function A(r) = 1 — 2GM/r + G(Q? + P2)/r? for the Reissner—
Nordstrom solutions; zeroes indicate the location of an event horizon.

ing event horizons, if we had cleverly chosen coordinates so that this condition is
satisfied at some fixed value of r. Fortunately the coordinates of (6.53) have this
property, and the event horizon will be located at

M 2 2
grr)=A0=1- 26 + G(er P (6.56)
r
This will occur at
re = GM £+ G2M? — G(Q2 + P2). (6.57)

As shown in Figure 6.2, this might constitute two, one, or zero solutions, depend-
ing on the relative values of GM? and Q2 + P2. We therefore consider each case
separately.

Case One: GM? < > + P2

In this case the coefficient A is always positive (never zero), and the metric is
completely regular in the (¢, r, 8, ¢) coordinates all the way down to r = 0. The
coordinate ¢ is always timelike, and r is always spacelike. But still there is the
singularity at r = 0, which is now a timelike line. Since there is no event horizon,
there is no obstruction to an observer traveling to the singularity and returning to
report on what was observed. This is a naked singularity, as discussed earlier. A
careful analysis of the geodesics reveals that the singularity is repulsive—timelike
geodesics never intersect » = 0; instead they approach and then reverse course
and move away. (Null geodesics can reach the singularity, as can nongeodesic
timelike curves.)
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i+

r=20
(singularity)

1]

FIGURE 6.3 Conformal diagram for Reissner-Nordstrém solution with 0% + P2 >
GM?. There is a naked singularity at the origin.

Asr — oo the solution approaches flat spacetime, and as we have just seen the
causal structure seems normal everywhere. The conformal diagram will therefore
be just like that of Minkowski space, except that now r = 0 is a singularity, as
shown in Figure 6.3.

The nakedness of the singularity offends our sense of decency, as well as the
cosmic censorship conjecture. In fact, we should never expect to find a black hole
with GM? < Q? 4 P? as the result of gravitational collapse. Roughly speaking,
this condition states that the total energy of the hole is less than the contribution to
the energy from the electromagnetic fields alone—that is, the mass of the matter
that carried the charge would have had to be negative. This solution is therefore
generally considered to be unphysical. Notice also that there are no Cauchy sur-
faces in this spacetime, since timelike lines can begin and end at the singularity.

Case Two: GM? > Q% + P?

We expect this situation to apply in realistic gravitational collapse; the energy
in the electromagnetic field is less than the total energy. In this case the metric
coefficient A(r) is positive at large » and small r, and negative inside the two
vanishing points 74+ = GM=+/G2M? — G(Q? + P2). The metric has coordinate
singularities at both 71 and r_; in both cases these could be removed by a change
of coordinates as we did with Schwarzschild.

The surfaces defined by r = r4 are both null, and they are both event hori-
zons. The singularity at » = 0 is a timelike line, not a spacelike surface as in
Schwarzschild. If you are an observer falling into the black hole from far away,
o is just like 2G M in the Schwarzschild metric; at this radius » switches from
being a spacelike coordinate to a timelike coordinate, and you necessarily move in
the direction of decreasing r. Witnesses outside the black hole also see the same
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phenomena that they would outside an uncharged hole—the infalling observer is
seen to move more and more slowly, and is increasingly redshifted.

But the inevitable fall from r4 to ever-decreasing radii only lasts until you
reach the null surface r = r_, where r switches back to being a spacelike coor-
dinate and the motion in the direction of decreasing r can be arrested. Therefore
you do not have to hit the singularity at » = 0; this is to be expected, since r = 0
is a timelike line (and therefore not necessarily in your future). In fact you can
choose either to continue on to r = 0, or begin to move in the direction of in-
creasing r back through the null surface at r = r_. Then r will once again be a
timelike coordinate, but with reversed orientation; you are forced to move in the
direction of increasing r. You will eventually be spit out past r = r once more,
which is like emerging from a white hole into the rest of the universe. From here
you can choose to go back into the black hole—this time, a different hole than the
one you entered in the first place—and repeat the voyage as many times as you
like. This little story corresponds to the conformal diagram in Figure 6.4, which
of course can be derived more rigorously by choosing appropriate coordinates and
analytically extending the Reissner-Nordstrom metric as far as it will go.

Reissner—Nordstrom:
GMZ>p?+ qz

timelike
trajectories
r = constant

surfaces g 7
TN

FIGURE 6.4 Conformal diagram for Reissner-Nordstrém solution with GM 25 0%+
P2, There are an infinite number of copies of the region outside the black hole.



FIGURE 6.5 Conformal

diagram for the extremal
Reissner—Nordstrom solution,
GM?2 = Q2 + P2. There
is a naked singularity at the
origin, and an infinite number
of external regions.
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How much of this is science, as opposed to science fiction? Probably not much.
If you think about the world as seen from an observer inside the black hole who
is about to cross the event horizon at »_, you notice that the observer can look
back in time to see the entire history of the external (asymptotically flat) universe,
at least as seen from the black hole. But they see this (infinitely long) history
in a finite amount of their proper time—thus, any signal that gets to them as they
approach r_ is infinitely blueshifted. Therefore it is likely that any nonspherically-
symmetric perturbation that comes into an RN black hole will violently disturb
the geometry we have described. It’s hard to say what the actual geometry will
look like, but there is no very good reason to believe that it must contain an in-
finite number of asymptotically flat regions connecting to each other via various
wormholes.>

Case Three: GM? = Q* + P?

This case is known as the extreme Reissner—Nordstrom solution. On the one hand
the extremal hole is an amusing theoretical toy; this solution is often examined in
studies of the role of black holes in quantum gravity. In supersymmetric theories,
extremal black holes can leave certain symmetries unbroken, which is a consider-
able aid in calculations. On the other hand it appears unstable, since adding just a
little bit of matter will bring it to Case Two.

The extremal black holes have A(r) = 0 at a single radius, r = GM. This
represents an event horizon, but the » coordinate is never timelike; it becomes
null at r = GM, but is spacelike on either side. The singularity at » = 0 is a
timelike line, as in the other cases. So for this black hole you can again avoid the
singularity and continue to move to the future to extra copies of the asymptotically
flat region, but the singularity is always “to the left.” The conformal diagram is
shown in Figure 6.5.

A fascinating property of extremal black holes is that the mass is in some
sense balanced by the charge. More specifically, two extremal holes with same-
sign charges will attract each other gravitationally, but repel each other electro-
magnetically, and it turns out that these effects precisely cancel. Indeed, we can
find exact solutions to the coupled Einstein-Maxwell equations representing any
number of such black holes in a stationary configuration. To see this, turn first to
the Reissner-Nordstrom metric itself, and let’s stick with electric charges rather
than magnetic charges, just for simplicity. At extremality, GM 2 = @2, and the
metric takes the form

2 -2
ds? = — (1 - ﬂ) ar? + (1 _ -Gﬂ) &+ PdP. (658)
r r

By defining a shifted radial coordinate
p=r—GM, (6.59)

SFor some work on this issue, see E. Poisson and W. Israel, Phys. Rev. D 41, 1796 (1990).
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the metric takes the isotropic form

ds* = —H 2(p)d® + H?(p)[dp? + p2dQ?], ©(6.60)
where
GM

Because dp? + p?dQ? is just the flat metric in three spatial dimensions, we can
write (6.60) equally well as

ds? = —H2(®)df® + H2(®)[dx2 + dy? + dz2), (6.62)
where H can be written
M
H=1+ %— (6.63)
X

In the original r coordinate, the electric field of the extremal solution can be ex-
pressed in terms of a vector potential A as

E = F, = r% — 3, Ao, (6.64)

where the timelike component of the vector potential is
Ayg=—=, (6.65)

and we imagine the spatial components vanish (having set the magnetic field to
zero). In our new p coordinate, and with the extremality condition 0% = GM?,
this becomes

~GM
Ay= —————, 6.66
0 TG (6.66)
or equivalently
JGAy=H —1. (6.67)

But now let’s forget that we know that H obeys (6.61), and simply plug the
metric (6.62) and the electrostatic potential (6.67) into Einstein’s equation and
Maxwell’s equations, imagining that H is time-independent (99 H = 0) but other-
wise unconstrained. We can straightforwardly show (see the Exercises) that they
can be simultaneously satisfied by any time-independent function H () that obeys

V2H =0, (6.68)

where V2 = 8,% + 8% + 822. This is simply Laplace’s equation, and it is straightfor-
ward to write down all of the solutions that are well-behaved at infinity; they take
the form
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N
GM
=1+ Z 2 (6.69)

|x—xa|

for some set of N spatial points defined by X,. These points describe the locations
of N extremal RN black holes with masses M, and charges g, = ~GM,. This
multi-extremal-black hole metric is undoubtedly one of the most remarkable exact
solutions to Einstein’s equation.

ROTATING (KERR) BLACK HOLES

We could go into a good deal more detail about the charged solutions, but let’s
instead move on to rotating black holes. To find the exact solution for the metric
in this case is much more difficult, since we have given up on spherical symmetry.
Instead we look for solutions with axial symmetry around the axis of rotation that
are also stationary (a timelike Killing vector). Although the Schwarzschild and
Reissner—Nordstrom solutions were discovered soon after general relativity was
invented, the solution for a rotating black hole was found by Kerr only in 1963.
His result, the Kerr metric, is given by the following mess:

ds? = —

2GM
(1_2GMr)d2 GMar sin? 9(dtd¢+d¢dt)

0?2

2 : 29
+ %drz + p2do? + 22 [(ﬂ +a?)? — &A sin® 9] dg?,
0

(6.70)
where
A(r) =1 —2GMr +d® (6.71)
and
02(r, 0) = r? + a® cos? 6. (6.72)

The two constants M and a parameterize the possible solutions. To verify that the
mass M is equal to the Komar energy (6.38) is straightforward but tedious, while
a is the angular momentum per unit mass,

a=J/M, (6.73)

where J is the Komar angular momentum (6.48). It is easy to include electric and
magnetic charges @ and P, simply by replacing 2GMr with 2GMr — G(Q* +
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P?); the result is the Kerr-Newman metric. The associated one-form potential
has nonvanishing components

Qr — Pacos6 —Qarsin?6 + P(r? +a?) cos
At = ——-7)2_———, A¢ = p2 .

(6.74)

All of the essential phenomena persist in the absence of charges, so we will set
Q = P = 0 from now on.

The coordinates (¢, r, 0, ¢) are known as Boyer-Lindquist coordinates. It is
straightforward to check that as @ — 0 they reduce to Schwarzschild coordinates.
If we keep a fixed and let M — 0, however, we recover flat spacetime but not in
ordinary polar coordinates. The metric becomes

(r? + a® cos? )

a0 +a s’ 6)d0% +(% +a) sin’ 0 dg?,

ds? = —d? +
(6.75)

and we recognize the spatial part of this as flat space in ellipsoidal coordinates,
as shown in Figure 6.6. They are related to Cartesian coordinates in Euclidean
3-space by

x = (r2 + az)l/zsine cos ¢

y = (% +a»)Y?sin6 sing

z =rcosf. (6.76)

There are two Killing vectors of the metric (6.70), both of which are manifest;
since the metric coefficients are independent of ¢ and ¢, both K = 9; and R = 3y
are Killing vectors. Of course R* expresses the axial symmetry of the solution.
The vector K* is not orthogonal to t = constant hypersurfaces, and in fact is
not orthogonal to any hypersurfaces at all; hence this metric is stationary, but not

6 = constant
v r = constant
INEARY

4——61—-—*

FIGURE 6.6 Ellipsoidal coordinates (r, #), used in the Kerr metric. r = 0 is a two-
dimensional disk; the intersection of = 0 with 6 = /2 is the ring at the boundary of this
disk.
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static. This makes sense; the black hole is spinning, so it’s not static, but it is
spinning in exactly the same way at all times, so it’s stationary. Alternatively, the
metric can’t be static because it’s not time-reversal invariant, since that would
reverse the angular momentum of the hole.

The Kerr metric also possesses a Killing tensor. These were defined in Chapter
3 as any symmetric (0, n) tensor oy;...,,, satisfying

V0.0 up ) = 0. 6.77)
In the Kerr geometry we can define the (0, 2) tensor
Ouy = 2p2l(ﬂnv) + rzglw. (6.78)

In this expression the two vectors [ and » are given (with indices raised) by

* = % (r2+a2, A,O,a)

1
nt = ¥ (r2 +a% —A,0, a) . (6.79)

Both vectors are null and satisfy
", =0, n'n,=0, I"n,=-1 (6.80)

With these definitions, you can check for yourself that o, is a Killing tensor.

We have chosen coordinates for Kerr such that the event horizons occur at
those fixed values of » for which g = 0. Since g'" = A/ pz, and ,02 > 0, this
occurs when

A@r) =r? —2GMr + 4> =0. (6.81)

As in the Reissner—Nordstrém solution, there are three possibilities: GM > a,
GM = a, and GM < a. The last case features a naked singularity, and the
extremal case GM = a is unstable, just as in Reissner—Nordstrom. Since these
cases are of less physical interest, we will concentrate on GM > a. Then there
are two radii at which A vanishes, given by

r+ = GM £ G2M? — 2. (6.82)

Both radii are null surfaces that will turn out to be event horizons; a side view of a
Kerr black hole is portrayed in Figure 6.7. The analysis of these surfaces proceeds
in close analogy with the Reissner—Nordstrom case; it is straightforward to find
coordinates that extend through the horizons.

Because Kerr is stationary but not static, the event horizons at .+ are not Killing
horizons for the asymptotic time-translation Killing vector K = 8;. The norm of
K* is given by

1
K/‘KM:—pZ(A—azsinZ()). (6.83)
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inner event horizon stationary limit surface

outer event horizon

ergosphere

FIGURE 6.7 Horizon structure around the Kerr solution (side view). The event horizons
are null surfaces that demarcate points past which it becomes impossible to return to a
certain region of space. The stationary limit surface, in contrast, is timelike except where
it is tangent to the event horizon (at the poles); it represents the place past which it is
impossible to be a stationary observer. The ergosphere between the stationary limit surface
and the outer event horizon is a region in which it is possible to enter and leave again, but
not to remain stationary.

This does not vanish at the outer event horizon; in fact, at r = r (where A = 0),
we have

2
KK, = % sin?6 > 0. (6.84)
0

So the Killing vector is already spacelike at the outer horizon, except at the north
and south poles (¢ = 0, ) where it is null. The locus of points where K# K, =0
is of course the stationary limit surface, and is given by

(r— GM)? = G*M* — d®cos?9, (6.85)
while the outer event horizon is given by
(ry — GM)? = G*M? — (6.86)

There is thus a region between these two surfaces, known as the ergosphere.
Inside the ergosphere, you must move in the direction of the rotation of the black
hole (the ¢ direction); however, you can still move toward or away from the event
horizon (and have no trouble exiting the ergosphere). The ergosphere is evidently
a place where interesting things can happen even before you cross the horizon;
more details on this later.

Before rushing to draw conformal diagrams, we need to understand the nature
of the true curvature singularity; this does not occur at ¥ = 0 in this spacetime,
but rather at p = 0 (where the curvature invariant Ry, R?7#” diverges). Since

0% = r? +a%cos? 9 is the sum of two manifestly nonnegative quantities, it can
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only vanish when both quantities ate zero, or
r=0, 6=-—. (6.87)

This seems like a funny result, but remember that » = 0 is not a point in space,
but a disk; the set of points » = 0, 8 = /2 is actually the ring at the edge of this
disk. The rotation has “softened” the Schwarzschild singularity, spreading it out
over a ring.

What happens if you go inside the ring? A careful analytic continuation (which
we will not perform) would reveal that you exit to another asymptotically flat
spacetime, but not an identical copy of the one you came from. The new spacetime
is described by the Kerr metric with r < 0. As a result, A never vanishes and
there are no horizons. The conformal diagram, Figure 6.8, is much like that for
Reissner—Nordstrom, except now you can pass through the singularity. Because
the Kerr metric is not spherically symmetric, the conformal diagram is not quite

FIGURE 6.8 Conformal diagram for the Kerr solution with G2M? > 42. As with the
analogous charged solution, there are an infinite number of copies of the region outside the
black hole.
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as faithful as in the previous cases; a single point on the diagram represents fixed
values of ¢t and r, and will have a different geometry for different values of 6.

Not only do we have the usual strangeness of these distinct asymptotically
flat regions connected to ours through the black hole, but the region near the
ring singularity has additional pathologies: closed timelike curves. If you consider
trajectories that wind around in ¢ while keeping 6 and 7 constant and r a small
negative value, the line element along such a path is

2GM
ds? ~ a? (1 + G—) d¢?, (6.88)

r

which is negative for small negative r. Since these paths are closed, they are ob-
viously CTCs. You can therefore meet yourself in the past, with all that entails.

Of course, everything we say about the analytic extension of Kerr is subject to
the same caveats we mentioned for Schwarzschild and Reissner—Nordstrom,; it is
unlikely that realistic gravitational collapse leads to these bizarre spacetimes. It
is nevertheless always useful to have exact solutions. Furthermore, for the Kerr
metric strange things are happening even if we stay outside the event horizon, to
which we now turn.

We begin by considering more carefully the angular velocity of the hole. Ob-
viously the conventional definition of angular velocity will have to be modified
somewhat before we can apply it to something as abstract as the metric of space-
time. Let us consider the fate of a photon that is emitted in the ¢ direction at some
radius r in the equatorial plane (§ = 7/2) of a Kerr black hole. The instant it is
emitted its momentum has no components in the » or # direction, and therefore
the condition that the trajectory be null is

ds? = 0 = grdr? + g14(drde + dpdr) + ggpde™. (6.89)

This can be immediately solved to obtain

o _ & (gt_sﬁ)z_ﬁ 690)
dt 8¢9 8¢¢ 8¢¢

If we evaluate this quantity on the stationary limit surface of the Kerr metric, we
have g;; = 0, and the two solutions are

d_¢>_0 do a

- A — 91
dt T odi 2G2M? + 42 6.9

The nonzero solution has the same sign as a; we interpret this as the photon mov-
ing around the hole in the same direction as the hole’s rotation. The zero solu-
tion means that the photon directed against the hole’s rotation doesn’t move at
all in this coordinate system. Note that we haven’t given a full solution to the
photon’s trajectory, only shown that its instantaneous velocity is zero. This is an
example of a phenomenon known as the “dragging of inertial frames”; it is ex-
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plored more in one of the exercises to Chapter 7. Massive particles, which must
move more slowly than photons, are necessarily dragged along with the hole’s
rotation once they are inside the stationary limit surface. This dragging continues
as we approach the outer event horizon at r; we can define the angular velocity
of the event horizon itself, g, to be the minimum angular velocity of a particle
at the horizon. Directly from (6.90) we find that

_(d¢ __a
QH_‘(dI)_O¥)—ri+a2' (6.92)

THE PENROSE PROCESS AND BLACK-HOLE THERMODYNAMICS

Black hole thermodynamics is one of the most fascinating and mysterious subjects
in general relativity. To get there, however, let us begin with something appar-
ently very straightforward: motion along geodesics in the Kerr metric. We know
that such a discussion will be simplified by considering the conserved quantities
associated with the Killing vectors K = d; and R = 9. For the purposes at hand
we can restrict our attention to massive particles, for which we can work with the
four-momentum

Bo— gy
)% m P (6.93)

where m is the rest mass of the particle. Then we can take as our two conserved
quantities the actual energy and angular momentum of the particle,

2GMr\ dt  2mGMar . , d¢
and
2mGMar . ,  dt m@r? +a®)? — mAa®sin?6 5 dg
L:R/LPM:_—pz—Sln 9;4— pe sin GE-T—.

(6.95)

These differ from the definitions for the conserved quantities used in the last chap-
ter, where E and L were taken to be the energy and angular momentum per unit
mass. They are conserved either way, of course.

The minus sign in the definition of E is there because at infinity both K# and
p* are timelike, so their inner product is negative, but we want the energy to be
positive. Inside the ergosphere, however, K * becomes spacelike; we can therefore
imagine particles for which

E=—K,p" <0. (6.96)
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The extent to which this bothers us is ameliorated somewhat by the realization
that all particles must have positive energies if they are outside the stationary
limit surface; therefore a particle inside the ergosphere with negative energy must
either remain in the ergosphere, or be accelerated until its energy is positive if it
is to escape.

Still, this realization leads to a way to extract energy from a rotating black
hole; the method is known as the Penrose process. The idea is simple; starting
from outside the ergosphere, you arm yourself with a large rock and leap toward
the black hole. If we call the four-momentum of the (you + rock) system pOr,
then the energy E© = — K, p©*# is certainly positive, and conserved as you
move along your geodesic. Once you enter the ergosphere, you hurl the rock with
all your might, in a very specific way. If we call your momentum pP* and that of
the rock p@*, then at the instant you throw it we have conservation of momentum
just as in special relativity:

PO — p Ok 4 D (6.97)
Contracting with the Killing vector K, gives
E® = g® 4 EO® (6.98)

But, if we imagine that you are arbitrarily strong (and accurate), you can arrange
your throw such that E? < 0, as per (6.96). Furthermore, Penrose was able
to show that you can arrange the initial trajectory and the throw as shown in
Figure 6.9, such that afterward you follow a geodesic trajectory back outside the
stationary limit surface into the external universe. Since your energy is conserved

(top view)

FIGURE 6.9 The Penrose process (top view). An object falls toward a Kerr black hole
and splits in two while in the ergosphere (within the stationary limit surface, but outside the
outer event horizon). One piece falls into the horizon with a negative energy E@, while
the other escapes to infinity with a larger energy than that of the original infalling object.
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along the way, at the end we will have
ED > EO (6.99)

Thus, you have emerged with more energy than you entered with.

There is no such thing as a free lunch; the energy you gained came from some-
where, and that somewhere is the black hole. In fact, the Penrose process extracts
energy from the rotating black hole by decreasing its angular momentum; you
have to throw the rock against the hole’s rotation to get the trick to work. To see
this more precisely, recall that we claimed earlier in this chapter that any event
horizon in a stationary spacetime would be a Killing horizon for some Killing
vector. For Kerr this is a linear combination of the time-translation and rotational
Killing vectors,

x" = K"+ QuR*, (6.100)

where Qg is precisely the angular velocity of the horizon as defined in (6.92).
Using K = 8; and R = 3y, it is straightforward to verify that x* becomes null
at the outer event horizon. The statement that the particle with momentum p @~
crosses the event horizon “moving forward in time” is simply

pPEx, <0. (6.101)

Plugging in the definitions of E and L, we see that this condition is equivalent to

E®
L@ < o (6.102)
H

Since we have arranged E® to be negative, and Qg positive, we see that the
particle must have a negative angular momentum—it is moving against the hole’s
rotation. Once you have escaped the ergosphere and the rock has fallen inside the
event horizon, the mass and angular momentum of the hole are what they used to
be plus the negative contributions of the rock:

§M = E®
§J =LA, (6.103)

where J = Ma is the angular momentum of the black hole. Then (6.102) becomes
a limit on how much you can decrease the angular momentum:

=57 104
8J < o (6.104)
If we exactly reach this limit, as the rock we throw in becomes more and more
null, we have the “ideal” process, in which § J = § M/ Qp.

We will now use these ideas to verify that, although you can use the Penrose
process to extract energy from the black hole (thereby decreasing M), you cannot
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violate the area theorem: The area of the event horizon is nondecreasing. Although
the mass decreases, the angular momentum must also decrease, in a combination
which only allows the area to increase. To see this, let’s calculate the area of the
outer event horizon, which is located at

ry =GM ++G*M? — a2 (6.105)

The induced metric y;; on the horizon (where i and j run over {6, ¢}) can be
found straightforwardly by setting r = r (so A = 0),df = Oand dr = O in
(6.70):

yijdxidx/ = ds*(dt = 0,dr = 0,7 =ry)

(r_::‘_ + a%)? sin? 9

2, 2.2 2
= (2 +a*cos’O)do* + | ~——— - —
s ) |:r_%+a2coszf)

] dg?. (6.106)
The horizon area is then the integral of the induced volume element,

A= f Vv dode. (6.107)

The determinant is
lyl = (2 +a®)?*sin®0, (6.108)
so the horizon area is simply
A=4n02 +d%. (6.109)

To show that the area doesn’t decrease, it is convenient to work instead in terms
of the irreducible mass of the black hole, defined by

M= 2
I 67 G2
1 2 2
= w(r+ +a )

= % (M%W)
1
=3 (M2 + /M4 — (J/G)2> . (6.110)

We can differentiate to obtain, after a bit of work, how Mj; is affected by changes
in the mass or angular momentum,

a

My = (Q8M —87). (6.111)
T AGMVGIME — a2 B
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Then our limit (6.104) becomes
SMy > 0. (6.112)

The irreducible mass can never be reduced; hence the name. It follows that the
maximum amount of energy we can extract from a black hole before we slow its
rotation to zero is

1 1/2
M—My=M— — | M?*+ /M4 — 2y )
ﬁ( +4/ (J/G) ) (6.113)

The result of this complete extraction is a Schwarzschild black hole of mass Mig-.
It turns out that the best we can do is to start with an extreme Kerr black hole;
then we can get out approximately 29% of its total energy.

The irreducibility of M;, leads immediately to the fact that the area A can
never decrease. From (6.110) and (6.111) we have

a
SA=81G———————(M — QudJ), 6.114)
QuvG2M?2 — g2 (
which can be recast as
K
M = ——8A 4+ QgdJ, 115
e + QuéJ (6.115)

where we have introduced

. — ,/G2M2 _ a2
2GM(GM + VGZM? — a2)

The quantity « is of course just the surface gravity of the Kerr solution, as you
could verify by plugging (6.100) into (6.9).

Equations like (6.115) first started people thinking about a correspondence be-
tween black holes and thermodynamics. Consider the first law of thermodynam-
ics,

(6.116)

dE=TdS— pdV, (6.117)

where T is the temperature, S is the entropy, p is the pressure, and V is the vol-
ume, so the pdV term represents work we do to the system. It is natural to think
of the term Q2géJ in (6.115) as work that we do on the black hole by throwing
rocks into it. Then the correspondence begins to take shape if we think of iden-
tifying the thermodynamic quantities energy, entropy, and temperature with the
black-hole mass, area, and surface gravity:

EoM
S & A/4G
T < k/2n. (6.118)
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(Remember we are using units in which 7 = ¢ = k = 1.) In the context of classi-
cal general relativity the analogy is essentially petfect, with each law of thermo-
dynamics corresponding to a law of black hole mechanics. A system in thermal
equilibrium will have settled to a stationary state, corresponding to a stationary
black hole. The zeroth law of thermodynamics states that in thermal equilibrium
the temperature is constant throughout the system; the analogous statement for
black holes is that stationary black holes have constant surface gravity on the en-
tire horizon. This will be true, at least under the same reasonable assumptions
under which the event horizon is a Killing horizon. As we have seen, the first law
(6.117) is equivalent to (6.115). The second law, that entropy never decreases,
is simply the statement that the area of the horizon never decreases. Finally, the
usual statement of the third law is that it is impossible to achieve T = 0 in any
physical process, or that the entropy must go to zero as the temperature goes to
zero. For black holes this doesn’t quite work; it turns out that « = 0 corresponds
to extremal black holes, which don’t necessarily have a vanishing area. But the
thermodynamic third law doesn’t really work either, in the sense that there are
ordinary physical systems that violate it; the third law applies to some situations
but is not truly fundamental.

We have cheated a little in proposing the correspondence (6.118); you will
notice that by equating Td S with kd A /87 G we do not know how to separately
normalize S/A or T /«, only their combination. As we will discuss in Chapter 9,
however, Hawking showed that quantum fields in a black-hole background allow
the hole to radiate at a temperature 7 = «/2m. Once this is known, we can
interpret A/4G as an actual entropy of the black hole. Bekenstein has proposed
a generalized second law, that the combined entropy of matter and black holes
never decreases:

A
5(S+4G> > 0. (6.119)
The generalized second law can actually be proven under a variety of assumptions.
Usually, however, we like to associate the entropy of a system with the logarithm
of the number of accessible quantum states. There is therefore some tension be-
tween this concept and the no-hair theorem, which indicates that there are very
few possible states for a black hole of fixed charge, mass, and spin (only one, in
fact). It seems likely that this behavior is an indication of a profound feature of
the interaction between quantum mechanics and gravitation.

EXERCISES

1. Show that the coupled Einstein—Maxwell equations can be simultaneously solved by the
metric (6.62) and the electrostatic potential (6.67) if H (¥) obeys Laplace’s equation,
V2H = 0. (6.120)

2. Consider the orbits of massless particles, with affine parameter A, in the equatorial plane
of a Kerr black hole.
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=

(a) Show that

dr\? x?

(*) = — (E - LW+(O)E — LW-(r)), (6.121)

di 0
where ©2 = (r2 + az)2 — a?A(r)sin? 8, E and L are the conserved energy and
angular momentum, and you have to find expressions for W.(r).

(b) Using this result, and assuming that 20 everywhere, show that the orbit of a
photon in the equatorial plane cannot have a turning point inside the outer event
horizon r4. This means that ingoing light rays cannot escape once they cross 74,
so it really is an event horizon.

. In the presence of an electromagnetic field, a particle of charge e and mass m obeys

e I dx?

d2x# L, dxP dx°®
drz | PPdr dr  om Vdr
Imagine that such a particle is moving in the field of a Reissner—Nordstrém black hole
with charge Q and mass M.
(a) Show that the energy

2GM GQ%*\ d
E:m(l— — + Q) ’+£ (6.123)

(6.122)

2 | dr r

is conserved.

(b) Will a Penrose-type process work for a charged black hole? What is the change in
the black hole mass, § M, for the maximum physical process?

Consider de Sitter space in static coordinates:
A dr?
ds? = — (1 - §r2> d? + —1 i

This space has a Killing vector d; that is timelike near » = 0 and null on a Killing hori-
zon. Locate the radial position of the Killing horizon, rg. What is the surface gravity, «,
of the horizon? Consider the Euclidean signature version of de Sitter space obtained by
making the replacement + — i7. Show that a coordinate transformation can be made to
make the Buclidean metric regular at the horizon, so long as  is made periodic.

What is the magnetic field seen by an observer orbiting a Riessner—Nordstrom black
hole of electric charge Q and mass M in a circular orbit with circumference 27 R?

Consider a Kerr black hole with an accretion disk of negligible mass in the equatorial
plane. Assume that particles in the disk follow geodesics (that is, ignore any pressure
support). Now suppose the disk contains some iron atoms that are being excited by a
source of radiation. When the iron atoms de-excite they emit radiation with a known
frequency vy, as measured in their rest frame. Suppose we detect this radiation far from
the black hole (we also lie in the equatorial plane). What is the observed frequency of
photons emitted from either edge of the disk, and from the center of the disk? Consider
cases where the disk and the black hole are rotating in the same and opposite directions.
Can we use these measurements to determine the mass and angular momentum of the
black hole?
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When we first derived Einstein’s equation, we checked that we were on the right
track by considering the Newtonian limit. We took this to mean not only that
the gravitational field was weak, but also that it was static (no time derivatives),
and that test particles were moving slowly. The weak-field limit described in this
chapter is less restrictive, assuming that the field is still weak but it can vary with
time, and without any restrictions on the motion of test particles. This will allow
us to discuss phenomena that are absent or ambiguous in the Newtonian theory,
such as gravitational radiation (where the field varies with time) and the deflection
of light (which involves fast-moving particles).

The weakness of the gravitational field is once again expressed as our ability
to decompose the metric into the flat Minkowski metric plus a small perturbation,

8uv = Ny +hpy, ] € L (7.1)

We will restrict ourselves to coordinates in which 7, takes its canonical form,
nuv = diag(—1, +1, +1, +1). The assumption that A, is small allows us to
ignore anything that is higher than first order in this quantity, from which we
immediately obtain

g =" — Y, (1.2)

where A*Y = " h,,. As before, we can raise and lower indices using n*”
and 7y, since the corrections would be of higher order in the perturbation. In
fact, we can think of the linearized version of general relativity (where effects of
higher than first order in %, are neglected) as describing a theory of a symmet-
ric tensor field 4, propagating on a flat background spacetime. This theory is
Lorentz invariant in the sense of special relativity; under a Lorentz transformation
= A¥ px*, the flat metric 7, is invariant, while the perturbation transforms
as

By = AP A . (1.3)
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Note that we could have considered small perturbations about some other back-
ground spacetime besides Minkowski space. In that case the metric would have

been written g, = gg’g + Ay, and we would have derived a theory of a symmet-

ric tensor propagating on the curved space with metric gf?Q. Such an approach is
necessary, for example, in cosmology.

We want to find the equations of motion obeyed by the perturbations Ry,
which come by examining Einstein’s equation to first order. We begin with the
Christoffel symbols, which are given by

Fﬁv = %gp)»(ap.gvk + O gapu — akguv)
= 1P @uhv + Bhoy — k). (7.4)

Since the connection coefficients are first-order quantities, the only contribution
to the Riemann tensor will come from the derivatives of the I"’s, not the I'? terms.
Lowering an index for convenience, we obtain

Ruvpo = nuadolhy — nmaar,)}p
= 2(@p0uhpo + de duhup — doduhpp — pduhus). (1.5)
The Ricci tensor comes from contracting over u and p, giving
Ry = 23,001 4 + 8, 9,h%, — 8, 0h — Ohyy), (7.6)

which is manifestly symmetric in & and v. In this expression we have defined the
trace of the perturbation as A = n**h,,, = h*,, and the d’ Alembertian is simply
the one from flat space, 0 = — 8t2 + 8,% + 83 + 83. Contracting again to obtain the
Ricci scalar yields

R =108,8,h*" — Oh. (1.7)
Putting it all together we obtain the Einstein tensor:
Gy = Ruv — 31w R
= 305 0h%  + 85 9,h% y — 8,05k — Ohyy — 1008 1P* + 1 OR).
(7.8)

Consistent with our interpretation of the linearized theory as one describing a
symmetric tensor on a flat background, the linearized Einstein tensor (7.8) can be
derived by varying the following Lagrangian with respect to A,

£ = 3[@uh")@h) — (Buh*7) @b ) + 30" (Buh*7) By po)
— $0* () (0uh)]. (1.9)

You are asked to verify the appropriateness of the Lagrangian in the exercises.
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The linearized field equation is of course G, = 8w G 1}y, where G, is given
by (7.8) and T}, is the energy-momentum tensor, calculated to zeroth order in
hyu. We do not include higher-order corrections to the energy-momentum ten-
sor because the amount of energy and momentum must itself be small for the
weak-field limit to apply. In other words, the lowest nonvanishing order in T},
is automatically of the same order of magnitude as the perturbation. Notice that
the conservation law to lowest order is simply 9, 7# = 0. We will often be con-
cerned with the vacuum equation, which as usual is just R, = 0, where R, is
given by (7.6).

With the linearized field equation in hand, we are almost prepared to set about
solving it. First, however, we should deal with the thorny issue of gauge invari-
ance. This issue arises because the demand that g, = 7y + h,, does not com-
pletely specify the coordinate system on spacetime; there may be other coordinate
systems in which the metric can still be written as the Minkowski metric plus a
small perturbation, but the perturbation will be different. Thus, the decomposition
of the metric into a flat background plus a perturbation is not unique. To examine
this issue, we will draw upon ideas about diffeomorphisms discussed in Appen-
dices A and B; readers who have not yet read those sections can skip to equation
(7.14) and the two paragraphs following, which contain the essential ideas.

Let’s think about gauge invariance from a highbrow point of view. The no-
tion that the linearized theory can be thought of as one governing the behavior
of tensor fields on a flat background can be formalized in terms of a background
spacetime My, a physical spacetime M, and a diffeomorphism ¢ : M, — M,,.
As manifolds M, and M, are the same (since they are diffeomorphic), but we
imagine that they possess some different tensor fields; on M, we have defined
the flat Minkowski metric 7,,,, while on M, we have some metric g4p that obeys
Einstein’s equation. (We imagine that M}, is equipped with coordinates x* and
M, is equipped with coordinates y“, although these will not play a prominent
role.) The diffeomorphism ¢ allows us to move tensors back and forth between
the background and physical spacetimes, as in Figure 7.1. Since we would like to
construct our linearized theory as one taking place on the flat background space-
time, we are interested in the pullback (¢*g),, of the physical metric. We can
define the perturbation as the difference between the pulled-back physical metric

¢
WWW

M, Ny g M,
"Dy o

%%ﬁ’@mw@’g o
¢*
FIGURE 7.1 A diffeomorphism relating the background spacetime M, (with flat metric
Nuv) to the physical spacetime M.
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FIGURE 7.2 A one-parameter family of diffeomorphisms v, generated by the vector
field £ on the background spacetime Mp,.

and the flat one:

hyy = (¢*3)uv — Npv- (7.10)

From this definition, there is no reason for the components of %, to be small;
however, if the gravitational fields on M, are weak, then for some diffeomor-
phisms ¢ we will have |h,,| <« 1. We therefore limit our attention only to those
diffeomorphisms for which this is true. Then the fact that g5 obeys Einstein’s
equation on the physical spacetime means that %, will obey the linearized equa-
tion on the background spacetime (since ¢, as a diffeomorphism, can be used to
pull back Einstein’s equation themselves).

In this language, the issue of gauge invariance is simply that there are a large
number of permissible diffeomorphisms between M), and M, (where “permis-
sible” means that the perturbation is small). Consider a vector field £#(x) on the
background spacetime. This vector field generates a one-parameter family of dif-
feomorphisms vy : M, — M}, as shown in Figure 7.2. For € sufficiently small,
if ¢ is a diffeomorphism for which the perturbation defined by (7.10) is small,
then so will (¢ o ) be, although the perturbation will have a different value.
Specifically, we can define a family of perturbations parameterized by e:

) =1 o Ye)*gluw — v
= [l/f:(¢*g)]w — Nuv- (7.1D

The second equality is based on the fact that the pullback under a composition
is given by the composition of the pullbacks in the opposite order, which follows
from the fact that the pullback itself moves things in the opposite direction from
the original map. Plugging in the relation (7.10), we find

hffg = '/f:(h + Mpuv — N
= w:(huv) + w:(mw) — Nupvs - (7.12)
since the pullback of the sum of two tensors is the sum of the pullbacks. Now we

use our assumption that € is small; in this case ¥ (h,,) will be equal to %, to
lowest order, while the other two terms give us a Lie derivative:
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B = Y (hu) + € [—___‘/’6 (’7“”6) - "“v]

= hyy + €Len (7.13)

In Appendix B we show that the Lie derivative of the metric along a vector field
&, is Leguy = 2V(4éyy. In the current context the background metric is flat, and
covariant derivatives become partial derivatives; we therefore have

hE) = huy + 269048, (7.14)

This formula represents the change of the metric perturbation under an infinites-
imal diffeomorphism along the vector field e£*: we will call this a gauge trans-
formation in linearized theory.

The diffeomorphisms v, provide a different representation of the same phys-
ical situation, while maintaining our requirement that the perturbation be small.
Therefore, the result (7.12) tells us what kind of metric perturbations denote phys-
ically equivalent spacetimes—those related to each other by 2¢9,&,,, for some
vectar £#. The invariance of our theory under such transformations is analogous
to traditional gauge invariance of electromagnetism under A, — A + 9uA.
(The analogy is different from another analogy we draw with electromagnetism
in Appendix J, relating local Lorentz transformations in the orthonormal-frame
formalism to changes of basis in an internal vector bundle.) In electromagnetism
the invariance comes about because the field strength F,,,, = 9, A, — 9, A, is left
unchanged by gauge transformations; similarly, we find that the transformation
(7.14) changes the linearized Riemann tensor by

8Ryuvpo = 5 (Bpdudubs + 3,0,00 84 + 30 9,00E, + 058, 8pky
- 8081)3;1.5,0 - 8081)3,05;1, - apauavga - 8/)8!480'%_\))
=0. (7.15)

Our abstract derivation of the appropriate gauge transformation for the metric per-
turbation is verified by the fact that it leaves the curvature (and hence the physical
spacetime) unchanged.

Gauge invariance can also be understood from the slightly more lowbrow
but considerably more direct route of infinitesimal coordinate transformations.
Our diffeomorphism . can be thought of as changing coordinates from x* to
x* — ¢&™. (The minus sign, which is unconventional, comes from the fact that
the “new” metric is pulled back from a small distance forward along the integral
curves, which is equivalent to replacing the coordinates by those a small distance
backward along the curves.) Following through the usual rules for transform-
ing tensors under coordinate transformations, you can derive precisely (7.14)—
although you have to cheat somewhat by equating components of tensors in two
different coordinate systems.
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DEGREES OF FREEDOM

With the expression (7.8) for the linearized Einstein tensor, and the expression
(7.14) for the effect of gauge transformations, we could immediately set about
choosing a gauge and solving Einstein’s equation. However, we can accumu-
late some additional physical insight by first choosing a fixed inertial coordinate
system in the Minkowski background spacetime, and decomposing the compo-
nents of the metric perturbation according to their transformation properties un-
der spatial rotations. You might worry that such a decomposition is contrary to the
coordinate-independent spirit of general relativity, but it is really no different than
decomposing the electromagnetic field strength tensor into electric and magnetic
fields. Even though both E and B are components of a (0, 2) tensor, it is neverthe-
less sometimes convenient to assume the role of some fixed observer and think of
them as three-vectors.!

The metric perturbation is a (0, 2) tensor, but symmetric rather than antisym-
metric. Under spatial rotations, the 00 component is a scalar, the 0i components
(equal to the i0 components) form a three-vector, and the ij components form
a two-index symmetric spatial tensor. This spatial tensor can be further decom-
posed into a trace and a trace-free part. (In group theory language, we are looking
for “irreducible representations” of the rotation group. In other words, we decom-
pose the tensor into individual pieces, which transform only into themselves under
spatial rotations.) We therefore write 4, as

hop = —2&
hoi = w;
hi; = 285 — 2Wé;;, (7.16)

where W encodes the trace of 4;;, and s;; is traceless:
v =_Llsiip..
= Te0 My
sij = % (hj — $8%huasy;) (7.17)

The entire metric is thus written as

ds? = —(1 4 2®)dt* + w; (dzdx’ + dx'de) + [(1 — 2W)5;; + 2s;;1dx’dx.

(7.18)

I The discussion here follows that in E. Bertschinger, “Cosmological Dynamics,” a talk given at Sum-
mer School on Cosmology and Large Scale Structure (Session 60), Les Houches, France, 1-28 Aug
1993; http://arXiv.org/abs/astro-ph/9503125. Bertschinger focuses on cosmological per-
turbation theory, in which spacelike hypersurfaces are expanding with time, but it is simple enough to
specialize to the case of a nonexpanding universe.
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We have not chosen a gauge or solved any equations, just defined some conve-
nient notation. The traceless tensor s;; is known as the strain, and will turn out to
contain gravitational radiation. Sometimes the decomposition of the spatial com-
ponents into trace and trace-free parts is not helpful, and we can just stick with
hij; we will use whichever notation is appropriate in individual cases. Note that,
just as in Chapter 1, the spatial metric is now simply &;;, and we can freely raise
and lower spatial indices without changing the components.

To get a feeling for the physical interpretation of the different fields in the
metric perturbation, we consider the motion of test particles as described by the
geodesic equation. The Christoffel symbols for (7.18) are

'y = d0®
FE)O =0;d + dow;
0
FjO =9;P
F;O = djjwip + %3011,']'

T = =G wi + 3dohj

F;k = d(hiyi — 30ihjk. (7.19)

In these expressions we have stuck with h; ; rather than s;; and W, since they
enter only in the combination 4;; = 2s;; — 2W4;;. The distinction will become
important once we start taking traces to get to the Ricci tensor and Einstein’s
equation. Since we have fixed an inertial frame, it is convenient to express the
four-momentum p# = dx*/dA (where A = 1/m if the particle is massive) in
terms of the energy E and three-velocity v = dx*/dt, as

dt , ,
P’ = = E, p'=Ev. (7.20)

Then we can take the geodesic equation

dpt
;;A + T pPp® =0, (721)

move the second term to the right-hand side so that it takes on the appearance of
a force term, and divide both sides by E to obtain

dp* o
7=—1“g(,p£_" . (7.22)

The u = 0 component describes the evolution of the energy,

dE

1 .
—r="F [aOCD + 2(8 P)vF — (a(,- wry — anh ,-k) vl vk] ) (7.23)
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You might think that the energy should be conserved, but E = p°® = my only
includes the “inertial” energy of the particle—in the slowly-moving limit, the rest
energy and the kinetic energy—and not the energy from interactions with the
gravitational field.

The spatial components p = i of the geodesic equation become

dp’ . 1 .
71} =—-E [aicb + dow; + 2(diwj) + dohij)v’ + (8(jhk)i - Eaihjk) v’vk] .

(7.24)

To interpret this physically, it is convenient to define the “gravito-electric” and
“gravito-magnetic” three-vector fields,

Gl = —0; P — dpw;
H = (Vxd) =g uy, (7.25)

which bear an obvious resemblance to the definitions of the ordinary electric and
magnetic field in terms of a scalar and vector potential. Then (7.24) becomes

14
%”; =E [Gi + (@ x H)' — 2(dohij)v! — (a<jhk),- — %aih,-k) vjvk] . (7.26)
The first two terms on the right-hand side describe how the test particle, moving
along a geodesic, responds to the scalat and vector perturbations ¢ and w; in a
way reminiscent of the Lorentz force law in electromagnetism. We also find cou-
plings to the spatial perturbations /;;, of linear and quadratic order in the three-
velocity. The relative importance of the different perturbations will of course de-
pend on the physical situation under consideration, as we will soon demonstrate.

In addition to the motion of test particles, we should examine the field equa-
tions for the metric perturbations, which are of course the linearized Einstein
equations. The Riemann tensor in our variables is

Rojor = 8;0,® + od¢jwyy — 59080h 1
Rojr = 93w — do0khny;
Rijri = 0j9chny — 3 dhnyj, (7.27)

with other components related by symmetries. We contract using n” to obtain
the Ricci tensor,

Roo = V2® + dpdpw* + 382w
Roj = —4V*w; + 188w + 2800, W + 3o s ;¥
Rij = —80;(® — V) — dpdgwj + OWs; — Os;; + 23k8(iSj)k, (7.28)
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where V2 = §%/9;9 ; is the three-dimensional flat Laplacian. Since the Ricci tensor
involves contractions, the trace-free and trace parts of the spatial perturbations
now enter in different ways. Finally, we can calculate the Einstein tensor,

Goo = 2V2W + 3495
Goj = —%V*w; + $8; 9wk + 2803, W + 8pdes;
Gij = (8;; V2 — %3)(® — W) + 8;; 90w — dpdaw))
+28; 3w — Osyj + 20,95y~ — 8ij00r8%. (7.29)

Using this expression in Einstein’s equation G, = 87 GT},, reveals that only
a small fraction of the metric components are true degrees of freedom of the
gravitational field; the rest obey constraints that determine them in terms of the
other fields. To see this, start with Gog = 87 GTyo, Which we write using (7.29)
as

VAU = 4w GToo — ks (7.30)

This is an equation for ¥ with no time derivatives; if we know what T and s;; are
doing at any time, we can determine what W must be (up to boundary conditions
at spatial infinity). Thus, W is not by itself a propagating degree of freedom; it is
determined by the energy-momentum tensor and the gravitational strain s;;. Next
turn to the 0 equation, which we write as

(B V? — 80wk = 16w GTyj + 4809; ¥ + 2808, *. (7.31)

This is an equation for w’ with no time derivatives; once again, if we know the
energy-momentum tensor and the strain (from which we can find W), the vector
w' will be determined. Finally, the ij equation is

(8, V2 — 30,))® = 8w GTij + (8:; V> — 89; — 28,95
— Sijaoakwk + 308(,' Wj)y + Dsij — 23/(3(,‘Sj)k — (Sijakalsjl.
(1.32)

Once again, we see that there are no time derivatives acting on &, which is there-
fore determined as a function of the other fields.

Thus, the only propagating degrees of freedom in Einstein’s equations are
those in the strain tensor s;;; as we will see, these are used to describe gravita-
tional waves. The other components of %, are determined in terms of s;; and
the matter fields—they do not require separate initial data. In alternative theories,
such as those discussed in Section 4.8 with either additional fields or higher-order
terms in the action, the other components of the metric may become dynamical
variables. As we discuss briefly at the end of Section 7.4, propagating tensor fields
give rise upon quantization to particles of different spins, depending on the behav-
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ior of the field under spatial rotations. Thus, the scalars ® and ¥ would be spin-0,
the vector w; would be spin-1, and the tensor s;; is spin-2. Only the spin-2 piece
is a true particle excitation in ordinary GR.

In the previous section we showed how gauge transformations Ay, —> hyy +
d,&, + 9,&, are generated by a vector field £#. Henceforth we set the parameter
€ of (7.14) equal to unity, and think of the vector field £# itself as being small.
Under such a transformation, the different metric perturbation fields change by

D — D+ gpt"

wi — w; + &' — 58"

¥ W — 19

sij — Sij + 8485 — 308 8, (7.33)

as you can easily check. Just as in electromagnetism and other gauge theories,
different gauges can be appropriate to different circumstances; here we list some
popular choices.

Consider first the transverse gauge (a generalization of the conformal New-
tonian or Poisson gauge sometimes used in cosmology.) The transverse gauge is
closely related to the Coulomb gauge of electromagnetism, 9; A* = 0. We begin
by fixing the strain to be spatially transverse,

s =0, (7.34)
by choosing &/ to satisfy
V2l 4+ 18,98 = —20;Y. (7.35)

The value of £9 is still undetermined, so we can use this remaining freedom to
render the vector perturbation transverse,

dw' =0, (7.36)
by choosing £ to satisfy
V20 = g 4 9pd;E'. (7.37)

The meaning of transverse becomes clear upon taking the Fourier transform, af-
ter which a vanishing divergence implies that a tensor is orthogonal to the wave
vector. Neither (7.35) nor (7.37) completely fixes the value of £#; they are both
second-order differential equations in spatial derivatives, which require boundary
conditions to specify a solution. For our present purposes, it suffices that solutions
will always exist. The conditions (7.34) and (7.36) together define the transverse
gauge. In this gauge, Einstein’s equation becomes

Goo = 2V = 87 GTyo, (7.38)
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Goj = —2V*w; +2808; ¥ = 87 GTy;, (7.39)

and

Gij = (5ijV2 —0;0;)(P — W) — dpdgwjy + 25,']'33\11 — Osi; = 87 GTi;.

(7.40)

In the remainder of this chapter, we will use these equations to find weak-field
solutions in different situations.

Another popular gauge is known as the synchronous gauge. It is equivalent
to the choice of Gaussian normal coordinates, discussed in Appendix D. It may
be thought of as the gravitational analogue of the temporal gauge of electromag-
netism, A® = 0, since it kills off the nonspatial components of the perturbation.
We begin by setting the scalar potential ® to vanish,

P =0, (7.41)
by choosing £° to satisfy
30t = —. (7.42)
This leaves us the ability to choose &'. We can set the vector components to zero,
w' =0, (7.43)
by choosing &’ to satisfy
ot = —w' + §&°. (7.44)
The metric in synchronous gauge therefore takes on the attractive form
ds* = —di? + (8;; + hyj)dx'dx . (7.45)
This is just a matter of gauge choice, and is applicable to any spacetime slightly
perturbed away from Minkowski. It is straightforward to write down Einstein’s
equation in synchronous gauge, but we won’t bother as we won’t actually be
using it in the rest of this chapter.
In addition to transverse and synchronous gauges, in calculating the pro-
duction of gravitational waves it is convenient to use yet a third choice, the

Lorenz/harmonic gauge. As we will discuss below, it is equivalent to setting

duhty — 33,k =0, (7.46)
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where o = n#“h,,,. This gauge does not have any especially simple expression
in terms of our decomposed perturbation fields, but it does make the linearized
Einstein equation take on a particularly simple form.

Before moving on to applications of the weak-field limit, we conclude our
discussion of degrees of freedom by drawing attention to the distinction between
our algebraic decomposition of the metric perturbation components in (7.16), and
an additional decomposition that becomes possible if we consider tensor fields
rather than tensors defined at a point. This additional decomposition helps to bring
out the physical degrees of freedom more directly, and is crucial in cosmological
perturbation theory. Its basis is the standard observation that a vector field can be
decomposed into a transverse part wi and a longitudinal part wfl :

w = wj_ + wfl, (7.47)
where a transverse vector is divergenceless and a longitudinal vector is curl-free,
Jw| =0, €*uwp =0. (7.48)

Notice that these are differential equations, so clearly they only make sense when
applied to tensor fields. A transverse vector can be represented as the curl of
some other vector £/, although the choice of & is not unique unless we impose a
subsidiary condition such as 3;% = 0. A longitudinal vector is the divergence of
a scalar A,

wh =% 98, wy = A (7.49)

Just like our original decomposition of the metric perturbation into scalar, vector
and tensor pieces, this decomposition of a vector field into parts depending on
a scalar and a transverse vector is invariant under spatial rotations. The scalar A
clearly represents one degree of freedom; the vector & looks like three degrees of
freedom, but one of these is illusory due to the nonuniqueness of the choice of &
(which you will notice is equivalent to the freedom to make gauge transformations
& — & + 0;w). There are thus three degrees of freedom in total, as there should
be to describe the original vector field w*.

A similar procedure applies to the traceless symmetric tensor s/, which can

be decomposed into a transverse part s’ J_, a solenoidal part ss , and a longitudinal
pal’t S " s

s =+ s +s|’|’ (7.50)
The transverse part is divergenceless, while the divergence of the solenoidal part
is a transverse (divergenceless) vector, and the divergence of the longitudinal part

is a longitudinal (curl-free) vector:

,sJ_—O
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3:9js5 =0
M ds'; =0. (7.51)

This means that the longitudinal part can be derived from a scalar field 8, and the
solenoidal part can be derived from a transverse vector ¢°,

Slij = (aiaj - %%‘VZ) 0
ssi; = 9ugj), (7.52)
where
i =0. (7.53)

Thus, the longitudinal part describes a single degree of freedom, while the
solenoidal part describes two degrees of freedom. The transverse part cannot
be further decomposed; it describes the remaining two degrees of freedom of
the symmetric traceless 3 x 3 tensor s;;. Later in this chapter we will introduce
the transverse-traceless gauge for describing gravitational waves propagating in
vacuum; in this gauge, the only nonvanishing metric perturbation is the transverse
tensor perturbation s .

With this decomposition of tensor fields, we have succeeded in writing the
original ten-component metric perturbation 4, in terms of four scalars (®, ¥, A,
and 0) with one degree of freedom each, two transverse vectors (£ and ¢t with
two degrees of freedom each, and one transverse-traceless tensor (s_'f) with two
degrees of freedom. People refer to this set of fields when they speak of “scalar,”
“vector,” and “tensor” modes. We can then decompose the energy-momentum
tensor in a similar way, write Einstein’s equation in terms of these variables, and
isolate the physical (gauge-invariant) degrees of freedom. We won’t use this de-
composition in this book, but you should be aware of its existence when referring
to the literature.

NEWTONIAN FIELDS AND PHOTON TRAJECTORIES

We previously defined the “Newtonian limit” as describing weak fields for which
sources were static and test particles were slowly moving. In this section we will
extend this definition somewhat, still restricting ourselves to static sources but
allowing the test particles to move at any velocity. There is clearly an important
difference, as we previously only needed to consider effects of the gop compo-
nent of the metric, but we will find that relativistic particles respond to spatial
components of the metric as well.

We can model our static gravitating sources by dust, a perfect fluid for which
the pressure vanishes. (Most of the matter in the universe is well approximated by
dust, including stars, planets, galaxies, and even dark matter.) We work in the rest
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frame of the dust, where the energy-momentum tensor takes the form

0
0
Ty = pULU, = . (7.54)
0

Since our background is flat Minkowski space, it is straightforward to accommo-
date moving sources by simply Lorentz-transforming into their rest frame; what
we are unable to deal with in this limit is multiple sources with large relative
velocities.

Turn to Einstein’s equation in the transverse gauge, (7.38)—(7.40). For static
sources we drop all time-derivative terms, and simultaneously plug in the energy-
momentum tensor (7.54), to obtain

VI =47Gp
Vzwj =0
(85 V2 — 8:9;) (@ — W) — V2 = 0. (7.55)

We will look for solutions that are both nonsingular and well-behaved at infinity;
consequently, only those fields that are sourced by the right-hand side will be
nonvanishing. For example, the second equation in (7.55) immediately implies
w' = 0. We next take the trace of the third equation (summing over §):

2V23(d — W) = 0. (7.56)
This enforces equality of the two scalar potentials,
D=1 (7.57)

Recall that in our initial discussion of the Newtonian limit in Chapter 4, we argued
that the 00 component & of the perturbation (which is responsible for the motion
of nonrelativistic particles) obeyed the Poisson equation; from (7.55) it appears
as if it is actually the scalar perturbation W to the spatial components that obeys
this equation. The implicit connection is provided by (7.56), which sets the two
potentials equal when the trace of T;; (the sum of the three principle pressures)
vanishes. Finally we can plug ® = W into the last equation of (7.55) to get

Visi; =0, (7.58)

which implies s;; = 0 for a well-behaved solution.
The perturbed metric for static Newtonian sources is therefore

ds? = —(1 +2®)d% + (1 — 2®)(dx? + dy? + dz?), (7.59)
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FIGURE 7.3 A deflected geodesic x*(1), decomposed into a background geodesic
x (O and a perturbation x(D%. The deflection angle & represents (minus) the amount by
which the wave vector rotates along the path. A single mass M with impact parameter b is
depicted, although the setup is more general.

or equivalently

—29
29
hyy = 2 , (7.60)
—29
where the potential obeys the conventional Poisson equation,
V2d = 47 Gp. (7.61)

This is an important extension of our result from Chapter 4, since we now know
the perturbation of the spatial metric as well as Ago.

Now let us consider the path of a photon (or other massless particle) through
this geometry; in other words, solve the perturbed geodesic equation for a null
trajectory x*(A).2 The geometry we consider is portrayed in Figure 7.3. Recall
that our philosophy is to consider the metric perturbation as a field defined on
a flat background spacetime. Similarly, we can decompose the geodesic into a
background path plus a perturbation,

B ) = x Ok + xDr), (7.62)

where x (V% solves the geodesic equation in the background (in other words, is just
a straight null path). We then evaluate all quantities along the background path, to
solve for x(V#(). For this procedure to make sense, we need to assume that the
potential ® is not appreciably different along the background and true geodesics;
this condition amounts to requiring that x(V?3; ® « ®. If this condition is not
true, however, all is not lost. If we consider only very short paths, the deviation

2The approach we use is outlined in T. Pyne and M. Birkinshaw, Astrophys. Journ. 458, 46 (1996),
http://arxiv.org/abs/astro-ph/9504060.
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x (DK will necessarily be small, and our approximation will be valid. But then we
can assemble larger paths out of such short segments. As a result, we will derive
true equations, but the paths over which we integrate will be the actual path x* (1),
rather than the background path x Or). As long as this is understood, our results
will be valid for any trajectories in the perturbed spacetime.

For convenience we denote the wave vector of the background path as k#, and
the derivative of the deviation vector as £/:

dxOu o dxWu

k= , = 7.
i i - (763
The condition that a path be null is of course
dx*dx¥ 0 764
gu,v d}\, d}\. — H ( . )

which we must solve order-by-order. At zeroth order we simply have 7, k*k” =
0, or

02 = (£)2 = £2, (7.65)

where  is the three-vector with components k*. This equation serves as the defi-
nition of the constant k. Then at first order we obtain

20,k 8" + hykHk” =0, (7.66)
or
—k® 4+ £k = 26%0. (7.67)
We now turn to the perturbed geodesic equation,

d?xt dxP dx°

R, =0, 7.
di? + 10 dr dh (7.68)

The Christoffel symbols can be found by setting w’ = 0 and h;; = —2®4;; in
(7.19):

g =Ty =@,
F;k =810, P — 8i)0; P — 8;;0xD.™ (7.69)

The zeroth-order geodesic equation simply tells us that x @# is a straight trajec-
tory, while at first order we have

der
- = —T¥ kPk°. (1.70)
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There are no factors of £ on the right-hand side, since the Christoffel symbols
are already first-order in the perturbation. The u = 0 component of (7.70) is

ded > o
— = 2kk-VP 7.71
ax ( )s (7.71)
while the spatial components are
a _ 262V, @ (1.72)
dr L ‘

Here we have introduced the gradient transverse to the path, defined as the total
gradient minus the gradient along the path,

%J_@ =Vd— %"(I)
=Vd -k 2k - VO (1.73)

In all of these expressions, the path means the background path. R

Note that, to first order in 9, the spatial wave vector perturbation £ is orthogo-
nal to the original spatial wave vector k. To see this, we can get an expression for
£0 by integrating (7.71) to get

ded
0= / —dx
dx

= 2k / (k- VO)dx

dx -
= 2% / 2.V )da
dx
= 2k / V. di
= 2k, (7.74)

The constant of integration is fixed by demanding that £° = 0 when ® = 0.
Plugging this into (7.67) reveals

&=k +2k20 = 0, (1.75)

verifying that Zandk are orthogonal to first order.

The deflection angle @ is the amount by which the original spatial wave vector
is deflected as it travels from a source to the observer; it is a two-dimensional
vector in the plane perpendicular to k. (We use the notation @ rather than &, as the
latter is used for the reduced deflection angle introduced in Chapter 8.) From the
geometry portrayed in Figure 7.3, the deflection angle can be expressed as
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-

. AR
a=-—, (7.76)

where the minus sign simply accounts for the fact that the deflection angle is

measured by an observer looking backward along the photon path. The rotation
of the wave vector can be calculated from (7.72) as

. rdf
AL = | —dx
|
= —2k2f%<1>dx. (1.77)

The deflection angle can therefore be expressed as an integral over the physical
spatial distance traversed, s = kA, as

'&:2/%_@41& (7.78)

We can evaluate the deflection angle in the case of a point mass, where we
imagine the background path to be along the x-direction with an impact parameter
defined by a transverse vector b pointing from the path to the mass at the point of
closest approach. Setting b = |b|, the potential is

GM GM
d=— . :_(b2+x2)1/2’ (7.79)
and its transverse gradient is therefore
> GM .
The deflection angle is thus
~ dx
#=26m» | G
t
4GM
=3 (7.81)

where the integral has been taken from —oo to 0o, presuming that both source
and observer are very far from the deflecting mass. Note that ¢ = 1 in our units; a
factor of ¢? should be inserted in the denominator of (7.81) in other systems.
Deflection of light by the Sun was historically a crucial test of general relativ-
ity. Einstein proposed three such tests: precession of the perihelion of Mercury,
gravitational redshift, and deflection of light. The precession of Mercury’s perihe-
lion was successfully explained by GR, but this explained a discrepancy that had
already been observed; gravitational redshift was not observed until much later,
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so deflection of light was the first time that Einstein’s theory correctly predicted a
phenomenon that had not yet been detected. A famous expedition led by Edding-
ton observed the positions of stars near the Sun during a 1919 total eclipse; the ob-
servations were in agreement with the GR prediction, leading to front-page stories
in newspapers around the world. The predicted effect is quite small: for the Sun
we have GMg, /c* = 1.48 x 10° cm, and the solar radius is Ry = 6.96 x 1010 cm,
leading to a maximum deflection angle of @ = 1.75 arcsecs. Later re-evaluation
of Eddington’s results has cast doubt upon whether he actually obtained the preci-
sion that was originally claimed; contemporary measurements use high-precision
interferometric observations of quasars passing behind the Sun to obtain very ac-
curate tests of GR (which it has so far passed). Meanwhile, observation of light
deflection by astrophysical sources such as galaxies and stars has become a vi-
brant area of research, under the name of “gravitational lensing.” Of course in
these circumstances we rarely know the mass of the lens well enough to provide
precision tests of GR; instead, it is more common to use the observed deflection
angle as a way to measure the mass. We will discuss lensing more in Chapter 8.
In addition to the deflection of light, in 1964 Shapiro pointed out another ob-
servable consequence of weak-field general relativity on photon trajectories: grav-
itational time delay. The total coordinate time elapsed along a null path is

dx0
t= | —dA. 7.82
fd)\ (7.82)

We are putting ourselves in the position of an observer far from any sources, at
rest in the background inertial frame, so coordinate time is our proper time. In
the presence of a Newtonian potential, the photons appear to “slow down” with
respect to the background light cones, leading to an additional time delay of

d (DO
m:/x dx
an

:/ﬂm

=—%/¢ﬂ, (7.83)

or
At=—2/¢d& (7.84)

According to our rules, the integral is performed over the background path. In
addition to this Shapiro delay, there can be an additional “geometric” time delay
because the spatial distance traversed by the real path is longer than that of the
background path. For deflection of light by the Sun the geometric delay effect is
negligible, but in cosmological applications it can be comparable to the Shapiro
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effect. The time delay has been observed, most precisely by making use of space-
craft rather than naturally-occurring objects; for details see Will (1981).

The motion of photons through a Newtonian potential, leading to both the de-
flection of light and the gravitational time delay, could equivalently be derived by
imagining that the photons are propagating in a medium with refractive index

n=1-29, (7.85)

to first order. Indeed, we could have found the equations of motion for the photon
by using Fermat’s principle of least time; you are asked to demonstrate this in the
exercises.

GRAVITATIONAL WAVE SOLUTIONS

An even more exciting application of the weak-field limit is to gravitational ra-
diation. Here we are studying the freely-propagating degrees of freedom of the
gravitational field, requiring no local sources for their existence (although they
can of course be generated by such sources). We therefore turn once again to the
weak-field equations in transverse gauge, (7.38)—(7.40), this time keeping time
derivatives but completely turning off the energy-momentum tensor, 7, = 0.
The 00 equation is then

Viy =0, (7.86)

which with well-behaved boundary conditions implies ¥ = 0. Then the 0 equa-
tion is

Viw; =0, (1.87)
which again implies w; = 0.

We turn next to the trace of the ij equation, which (plugging in the above
results) yields

V2 =0, (7.88)

which implies ¢ = 0.
We are therefore left with the trace-free part of the ij equation, which becomes
a wave equation for the traceless strain tensor:

Os;; =0. (7.89)

Although it has been convenient thus far to work with s;;, it is far more common in
the literature to find expressions written in terms of the entire metric perturbation
hyy, but in an ansatz where all of the other degrees of freedom (P, W, w;) are
set to zero (and s;; is transverse). This is commonly known as the transverse
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traceless gauge, in which we have

00 0 O
t_ | O
hp,v - 0 Zsij (790)
0
The equation of motion is then
OrTT = 0. (7.91)

To make it easier to compare with other resources, in our discussion of gravita-
tional waves we will use h};{ rather than s;;, keeping in mind that hﬂ is purely
spatial, traceless and transverse:

riT =0
n“"h}:{ =0
d,hlp =0. (7.92)

From the wave equation (7.91) we begin finding solutions. Those familiar with
the analogous problem in electromagnetism will notice that the procedure is al-
most precisely the same. A particularly useful set of solutions to this wave equa-
tion are the plane waves, given by

hiy = Cupe'®™, (7.93)

where C,, is a constant, symmetric, (0, 2) tensor, which is obviously traceless
and purely spatial:

Coy =0
n"Cpyy = 0. (7.94)

Of course ¢?**” is complex, while hH is real; we carry both real and imaginary
parts through the calculation, and take the real part at the end. The constant vector
k? is the wave vector. To check that we have a solution, we plug in:

0=0hL,
=1""0,0h),)
=078, (ikohL)
= —n*kokohy

= —kok"hL}. (7.95)
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Since, for an interesting solution, not all of the components of h}:{ will be zero
everywhere, we must have

ksk® =0. (7.96)

The plane wave (7.93) is therefore a solution to the linearized equation if the wave
vector is null; this is loosely translated into the statement that gravitational waves
propagate at the speed of light. The timelike component of the wave vector is
the frequency of the wave, and we write k° = (w, k!, k2, k). (More generally,
an observer moving with four-velocity U* would observe the wave to have a
frequency w = —k, U*.) Then the condition that the wave vector be null becomes

w? = 8k K. (7.97)

Of course our wave is far from the most general solution; any (possibly infinite)
number of distinct plane waves can be added together and will still solve the linear
equation (7.91). Indeed, any solution can be written as such a superposition.

We still need to ensure that the perturbation is transverse. This means that

0=a,he
= iCHkyetho™” (7.98)
which is only true if
k,CH =0. (7.99)

We say that the wave vector is orthogonal to C#”.
Our solution can be made more explicit by choosing spatial coordinates such
that the wave is traveling in the x3 direction; that is,

K = (0,0,0,k%) = (@, 0,0, ), (7.100)

where we know that k3 = w because the wave vector is null. In this case, k4 C w =
0 and Cop,, = 0 together imply

C3, =0. (7.101)

The only nonzero components of C,,, are therefore C11, C12, C21, and Cy,. But
Cyv is traceless and symmetric, so in general we can write

0 0 0 0
0 Ciit Cp O
0 Co —Ci1 O
0 O 0 0

Cuv = (7.102)

Thus, for a plane wave in this gauge traveling in the x> direction, the two com-
ponents Ci1 and Ci2 (along with the frequency w) completely characterize the
wave.
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To get a feeling for the physical effect of a passing gravitational wave, consider
the motion of test particles in the presence of a wave. It is certainly insufficient
to solve for the trajectory of a single particle, since that would only tell us about
the values of the coordinates along the world line. In fact, for any single particle
we can find transverse traceless coordinates in which the particle appears sta-
tionary to first order in hg To obtain a coordinate-independent measure of the
wave’s effects, we consider the relative motion of nearby particles, as described
by the geodesic deviation equation. If we consider some nearby particles with
four-velocities described by a single vector field U (x) and separation vector S*,
we have

D—zS“—R“ Uururse (7.103)
de2” — 7 ) '
We would like to compute the right-hand side to first order in hH. If we take
our test particles to be moving slowly, we can express the four-velocity as a unit
vector in the time direction plus corrections of order h};r, and higher; but we know
that the Riemann tensor is already first order, so the corrections to UV may be
ignored, and we write

U’ = (1,0,0,0). (7.104)

Therefore we only need to compute R*gg., or equivalently R 1000 - From (7.5) we
have

R0 = 3 (000015 + 050, k0 — 850k — 0, 00h20). (7.105)
But 17 =0, so
Ryu000 = 300300, . (7.106)
Meanwhile, for our slowly-moving particles we have T = x0 = ¢ to lowest order,
so the geodesic deviation equation becomes
aﬂ; w_ %S";—;hma. (1.107)

For our wave traveling in the x> direction, this implies that only $' and S? will be
affected—the test particles are only disturbed in directions perpendicular to the
wave vector. This is of course familiar from electromagnetism, where the electric
and magnetic fields in a plane wave are perpendicular to the wave vector.

Our wave is characterized by the two numbers, which for future convenience
we will rename as follows:

hy =Cu
hy =Cya, (7.108)
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so that
0 O 0 0
10 Ay Ay O
Cuv = 0 hy —hs O] (7.109)
0 O 0 0

Let’s consider their effects separately, beginning with the case hx = 0. Then we
have

i sto Lgt i (hye'*o*") (7.110)
S0 =8 —(hye™ .
312 arze t
and
— 5= 282 _(h_ k). .
212 2> e 711D

These can be immediately solved to yield, to lowest order,
st (1 + %h+ei’<GX") s10) (1.112)
and

§2— ( - %h+e"’%f’) §2(0). (1.113)

Thus, particles initially separated in the x! direction will oscillate in the x* direc-
tion, and likewise for those with an initial x? separation. That is, if we start with a
ring of stationary particles in the x-y plane, as the wave passes they will bounce
back and forth in the shape of a “+,” as shown in Figure 7.4. On the other hand,
the equivalent analysis for the case where A = 0 but 2x # 0 would yield the
solution

St = $1(0) + Jhye*e* $2(0) (7.114)
and

§% = §2(0) + 1hke*e* $1(0). (7.115)

y©©p©©@©

FIGURE 7.4 The effect of a gravitational wave with + polarization is to distort a circle
of test particles into ellipses oscillating in a -+ pattern.
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FIGURE 7.5 The effect of a gravitational wave with x polarization is to distort a circle
of test particles into ellipses oscillating in a x pattern.

In this case the circle of particles would bounce back and forth in the shape of
a“x,” as shown in Figure 7.5. The notation 4. and s, should therefore be clear.
These two quantities measure the two independent modes of linear polarization of
the gravitational wave, known as the “plus” and “cross” polarizations. If we liked
we could consider right- and left-handed circularly polarized modes by defining

1
1
N2

The effect of a pure zg wave would be to rotate the particles in a right-handed
sense, as shown in Figure 7.6, and similarly for the left-handed mode A . Note
that the individual particles do not travel around the ring; they just move in little
epicycles.

We can relate the polarization states of classical gravitational waves to the
kinds of particles we would expect to find upon quantization. The spin of a quan-
tized field is directly related to the transformation properties of that field un-
der spatial rotations. The electromagnetic field has two independent polarization
states described by vectors in the x-y plane; equivalently, a single polarization
mode is invariant under a rotation by 360° in this plane. Upon quantization this
theory yields the photon, a massless spin-1 particle. The neutrino, on the other
hand, is also a massless particle, described by a field that picks up a minus sign
under rotations by 360°; it is invariant under rotations of 720°, and we say it has

U

X

hp = —(hy — ihy). (7.116)

FIGURE 7.6 The effect of a gravitational wave with R polarization is to distort a circle
of test particles into an ellipse that rotates in a right-handed sense.
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spin-%. The general rule is that the spin S is related to the angle 6 under which
the polarization modes are invariant by § = 360°/0. The gravitational field,
whose waves propagate at the speed of light, should lead to massless particles
in the quantum theory. Noticing that the polarization modes we have described
are invariant under rotations of 180° in the x-y plane, we expect the associated
particles—gravitons—to be spin-2. We are a long way from detecting such par-
ticles (and it would not be a surprise if we never detected them directly), but any
respectable quantum theory of gravity should predict their existence.

In fact, starting with a theory of spin-2 gravitons and requiring some simple
properties provides a nice way to derive the full Einstein’s equation of general rel-
ativity. Imagine starting with the Lagrangian (7.9) for the symmetric tensor £,
but now imagining that this “really is” a physical field propagating in Minkow-
ski spacetime rather than a perturbation to a dynamical metric. (This Lagrangian
doesn’t include couplings to matter, but it is straightforward to do so.) Now make
the additional demand that &, couple to its own energy-momentum tensor (dis-
cussed below), as well as to the matter energy-momentum tensor. This induces
higher-order nonlinear terms in the action, and consequently induces additional
“energy-momentum” terms of even higher order. By repeating this process, an
infinite series of terms is introduced, but the series can be summed to a simple
expression, perhaps because you already know the answer—the Einstein—Hilbert
action (possibly with some higher-order terms). In the process, we find that matter
couples to the unique combination g,v = 9y + Auy. In other words, by asking
for a theory of a spin-2 field coupling to the energy-momentum tensor, we end
up with the fully nonlinear glory of general relativity. The background metric
becomes completely unobservable. Of course, some of the global geometric as-
pects of GR are obscured by this procedure, which ultimately is just another way
of justifying Einstein’s equation.

While we are noting amusing things, let’s point out that the behavior of gravita-
tional waves yields a clue as to why string theory gives rise to a quantum theory of
gravity. Consider the fundamental vibrational modes of a loop of string, as shown
in Figure 7.7. There are three lowest-energy modes for a loop of string: an over-

FIGURE 7.7 The three fundamental vibrational modes of a loop of string. The overall
“breathing” mode (far left) is invariant under rotations, and gives rise to a spin-0 particle.
The other two modes match the two polarizations of a gravitational wave, and represent
the two states of a massless spin-2 particle.
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all oscillation of its size, plus two independent ways it can oscillate into ellipses.
These give rise to three massless degrees of freedom: a spin-0 particle (the dila-
ton) and a massless spin-2 particle (the graviton). Notice the obvious similarity
between the string oscillations and the motion of test particles under the influ-
ence of a gravitational wave; this is no accident, and is the reason why quantized
strings inevitably give rise to gravity. (String theory was originally investigated as
a theory of the strong interactions, but different models would inevitably predict
an unnecessary massless spin-2 particle; eventually it was realized that this flaw
could be a virtue, if the theory came to be thought of as a quantum theory of grav-
ity.) The extra unwanted spin-0 (scalar) mode reflects the fact that string theory
actually predicts a scalar-tensor theory of gravity (as discussed in Section 4.8)
rather than ordinary GR. Since a massless scalar of this sort is not observed in
nature, some mechanism must work to give a mass to the scalar at low energies.

PRODUCTION OF GRAVITATIONAL WAVES

With plane-wave solutions to the linearized vacuum equation in our possession,
it remains to discuss the generation of gravitational radiation by sources. For
this purpose it is necessary to consider Einstein’s equation coupled to matter,
Guv = 87 GT,,. Because 7, doesn’t vanish, the metric perturbation will in-
clude nonzero scalar and vector components as well as the strain tensor represent-
ing gravitational waves; we cannot assume that our solution takes the transverse-
traceless form (7.90). Instead, we will keep the entire perturbation 4, and solve
for the produced gravitational wave far from the source, where we can then im-
pose transverse-traceless gauge.

There are still some convenient simplifications we can introduce, even in the
presence of sources. We first define the trace-reversed perturbation,

Py = hyy — 5. (7.117)
The name of the trace-reversed perturbation makes sense, since
h=n""h,, = —h. (7.118)

Obviously we can reconstruct the original perturbation from the trace-reversed
form, so no information has been lost. Note also that, if we are in vacuum far away
from any sources and can go to transverse-traceless gauge, the trace-reversed per-
turbation will be equal to the original perturbation,

hoy=h,. (7.119)

Meanwhile, we are still free to choose some sort of gauge. Under a gauge
transformation (7.14), the trace-reversed perturbation transforms as

By = hyy + 2080 — 0E N0 (7.120)



7.5 Production of Gravitational Waves 301
By choosing a gauge parameter £, satisfying
O, = —hh*,, (7.121)
we can therefore set
3, h" = 0. (7.122)

This condition is known as the Lorenz gauge, analogous with the similar condi-
tion 9, A* = 0 often used in electromagnetism.? Note that the original perturba-
tion is not transverse in this gauge; rather, we have

duh™ = 19"h. (7.123)

Plugging the definition of the trace-reversed perturbation into our expression

for the Einstein tensor (7.8), and using the Lorenz gauge condition, yields the very
concise expression

Guy = —20hy,. (7.124)

The analogous expression in terms of the original perturbation A, is slightly
messier; this is the reason for introducing %,,,. The linearized Einstein equation
in this gauge is therefore simply a wave equation for each component,

Ohyy = ~167 G T, (7.125)

The solution to such an equation can be obtained using a Green function, in pre-
cisely the same way as the analogous problem in electromagnetism. Here we will
review the outline of the method, following Wald (1984).

The Green function G(x° — y?) for the d’ Alembertian operator [1 is the solu-
tion of the wave equation in the presence of a delta-function source:

0,G(x% —y°) =8W (% —y%), (7.126)

where [l denotes the d’ Alembertian with respect to the coordinates x?. The use-
fulness of such a function resides in the fact that the general solution to an equa-
tion such as (7.125) can be written

B (x%) = _16nt G(x% — YT, (y°) d*y, (7.127)

as can be verified immediately. (Notice that no factors of ./—g are necessary,
since our background is simply flat spacetime.) The solutions to (7.126) have of
course been worked out long ago, and they can be thought of as either “retarded”
or “advanced,” depending on whether they represent waves traveling forward or

3Note the spelling. The “gauge” was originated by Ludwig Lorenz (1829-1891), while the more
famous “transformation” was invented by Hendrick Antoon Lorentz (1853-1928). See J.D. Jackson
and L.B. Okun, Rev. Mod. Phys. 73, 663 (2001).
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FIGURE 7.8 Disturbances in the gravitational field at (¢, x') are calculated in terms of
events on the past light cone.

backward in time. Our interest is in the retarded Green function, which represents
the accumulated effect of signals to the past of the points under consideration. It
is given by

1
G —y") = ———8[x -y — x* = yO10x"—y%.  (7.128)
4 |x —y|

Here we have used boldface to denote the spatial vectors x = (x1, x2, x3) and
y = (v}, y% y3), with norm |x — y| = [§;(x* — y))(x/ — y/)1/2. The theta
function 8(x° — y0) equals 1 when x° > O, and zero otherwise. The derivation
of (7.128) would take us too far afield, but it can be found in any standard text on
electrodynamics or partial differential equations in physics.

Upon plugging (7.128) into (7.127), we can use the delta function to perform
the integral over y°, leaving us with

- 1
bt =46 [ TG = k=ylndy.  (129)

where r = x°. The term “retarded time” is used to refer to the quantity
L=t—|x—y| (7.130)

The interpretation of (7.129) should be clear: the disturbance in the gravitational
field at (¢, x) is a sum of the influences from the energy and momentum sources
at the point (¢,, x — y) on the past light cone, as depicted in Figure 7.8.

Let us take this general solution and consider the case where the gravitational
radiation is emitted by an isolated source, fairly far away, comprised of nonrela-
tivistic matter; these approximations will be made more precise as we go on. First
we need to set up some conventions for Fourier transforms, which always make
life easier when dealing with oscillatory phenomena. Given a function of space-
time ¢ (¢, X), we are interested in its Fourier transform (and inverse) with respect
to time alone,
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~ 1 .
— d twt
¢(w,X%) —«/—2}—/ te“¢(t,x),
(1, %) = —J%/dw e B (w, X). (7.131)

Taking the transform of the metric perturbation, we obtain

’}_‘zw(w,x) = dt €' hy, (t, %)

1
«/271/
— 4G /di d3y eiwt T;w(t—IX—YL y)

2w Ix —yl

= 4G /dtr d3y eiwt"eiwlx_“ —Tuv(tr, y)
27 Ix —yl
. T,(w,
— 4G f d3y e’w"‘-yl%ﬂw. (7.132)

In this sequence, the first equation is simply the definition of the Fourier trans-
form, the second line comes from the solution (7.129), the third line is a change
of variables from # to #,, and the fourth line is once again the definition of the
Fourier transform.

We now make the approximations that our source is isolated, far away, and
slowly moving. This means that we can consider the source to be centered at
a (spatial) distance r, with the different parts of the source at distances r + §r
such that ér <« r, as shown in Figure 7.9. Since it is slowly moving, most of
the radiation emitted will be at frequencies w sufficiently low that §r <« oL
(Essentially, light traverses the source much faster than the components of the
source itself do.) Under these approximations, the term ¢/“*~¥1/|x — y| can be
replaced by ¢/*” /r and brought outside the integral. This leaves us with

~ eiwr
By (@, %) = 4G

fd3y Tyw(@, ). (7.133)

r

observer
o

FIGURE 7.9 A source of size 8r, at a distance r from the observer.
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In fact there is no need to compute all of the components of h (@, X), since
the Lorenz gauge condition d,,2*" (¢, X) = 0 in Fourier space implies

v = _Lagiv, (7.134)
w

We therefore only need to concern ourselves with the spacelike components of
h v (a) X), and recover ho” from (7.134). The first thmg to doi istosetv = jto

find % from 7l which we would then use to find 4% from A0, From (7.133)
we therefore want to take the integral of the spacelike components of T, w(@,Y).
We begin by integrating by parts in reverse:

fd3y TV (w,y) zfak(y"f"f) d3y—fyi(akfkf) d3y. (7.135)

The first term is a surface integral which will vanish since the source is isolated,
while the second can be related to 7%/ by the Fourier-space version of 8 WTHY =0:

— 9 T = o TOH, (7.136)

Thus,
/d3y T (w,y) ziwfy"fw &y
= % f(yifof +yIT% a3y
iw L~ L~
=7 [ [06"T™ - yiyi@d™)] ¢y
w? L~ '
= —T/y’yJTOO dy. (7.137)

The second line is justified since we know that the left-hand side is symmetric in i
and j, while the third and fourth lines are simply repetitions of reverse integration
by parts and conservation of T#". It is conventional to define the quadrupole
moment tensor of the energy density of the source,

Lij(t) = f Yy 1%, y) d3y, (7.138)

a constant tensor on each surface of constant time. The overall normalization of
the quadrupole tensor is a matter of convention, and by no means universal, so be
careful in comparing different references. In terms of the Fourier transform of the
quadrupole moment, our solution takes on the compact form

~ iwr

}_lij(a), X) = —2Gw7‘er fij(w). (7.139)
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We can transform this back to ¢ to obtain the quadrupole formula,

_ 2G d*1;
hij(, %) = ——

(), (7.140)

where as before t, =t —r.

The gravitational wave produced by an isolated nonrelativistic object is there-
fore proportional to the second derivative of the quadrupole moment of the energy
density at the point where the past light cone of the observer intersects the source.
In contrast, the leading contribution to electromagnetic radiation comes from the
changing dipole moment of the charge density. The difference can be traced back
to the universal nature of gravitation. A changing dipole moment corresponds to
motion of the center of density—charge density in the case of electromagnetism,
energy density in the case of gravitation. While there is nothing to stop the center
of charge of an object from oscillating, oscillation of the center of mass of an
isolated system violates conservation of momentum. (You can shake a body up
and down, but you and the earth shake ever so slightly in the opposite direction
to compensate.) The quadrupole moment, which measures the shape of the sys-
tem, is generally smaller than the dipole moment, and for this reason, as well as
the weak coupling of matter to gravity, gravitational radiation is typically much
weaker than electromagnetic radiation.

One case of special interest is the gravitational radiation emitted by a binary
star (two stars in orbit around each other). For simplicity let us consider two stars
of mass M in a circular orbit in the x!-x? plane, at distance R from their common
center of mass, as shown in Figure 7.10. We will treat the motion of the stars in the
Newtonian approximation, where we can discuss their orbit just as Kepler would
have. Circular orbits are most easily characterized by equating the force due to
gravity to the outward “centrifugal” force:

GM?>  Mv?
— =, 7.141
(2R)? R ( )
which gives us
=—— . 7.142
= (%) (.142)
The time it takes to complete a single orbit is simply
27 R
T = —T;— (7.143)

but more useful to us is the angular frequency of the orbit,

2 GM\/?
Q= _;1 - (ZF) . (7.144)
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FIGURE 7.10 A binary star system. Two stars of mass M orbit in the xlx2 plane with
an orbital radius R.

In terms of © we can write down the explicit path of star a,
x} = RcosQt, x;% = RsinQt, (7.145)
and star b,
xp = —RcosQt,  x?= —RsinQut. (7.146)
The corresponding energy density is
T9(t, x) = M8(x*)[8(x! — Rcos Q1)8(x? — Rsin Q1)
+ 8(x! + Rcos Q1)8(x? + RsinQ1)]. (7.147)

The profusion of delta functions allows us to integrate this straightforwardly to
obtain the quadrupole moment from (7.138):

hi = 2MR?cos® Qt = MR2(1 + cos 282¢)
Iy = 2M R? sin® Q¢ = MR*(1 — cos29)
Ly = Ly = 2M R*(cos Q)(sin 2¢) = M R?sin2Q¢
I;3=0. (7.148)

From this in turn it is easy to get the components of the metric perturbation from
(7.140):
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—cos2Qt —sin2Qs 0
) (7.149)

- M
hij(t,x) = 3G Q°R? ( —sin2Qf  cos2Qt 0
g 0 0 0

The remaining components of 4, could be derived from demanding that the
Lorenz gauge condition be satisfied.

ENERGY LOSS DUE TO GRAVITATIONAL RADIATION

It is natural at this point to talk about the energy emitted via gravitational radia-
tion. Such a discussion, however, is immediately beset by problems, both techni-
cal and philosophical. As we have mentioned before, there is no true local measure
of the energy in the gravitational field. Of course, in the weak field limit, where
we think of gravitation as being described by a symmetric tensor propagating on
a fixed background metric, we might hope to derive an energy-momentum ten-
sor for the fluctuations %,,,, just as we would for electromagnetism or any other
field theory. To some extent this is possible, but still difficult. As a result of these
difficulties there are a number of different proposals in the literature for what we
should use as the energy-momentum tensor for gravitation in the weak field limit;
all of them are different, but for the most part they give the same answers for
physically well-posed questions such as the rate of energy emitted by a binary
system.

At a technical level, the difficulties begin to arise when we consider what
form the energy-momentum tensor should take. We have previously mentioned
the energy-momentum tensors for electromagnetism and scalar field theory, both
of which share an important feature—they are quadratic in the relevant fields. By
hypothesis, our approach to the weak field limit has been to keep only terms that
are linear in the metric perturbation. Hence, in order to keep track of the energy
carried by the gravitational waves, we will have to extend our calculations to at
least second order in 4. In fact we have been cheating slightly all along. In dis-
cussing the effects of gravitational waves on test particles, and the generation of
waves by a binary system, we have been using the fact that test particles move
along geodesics. But as we know, this is derived from the covariant conservation
of energy-momentum, V, 7#" = 0. In the order to which we have been work-
ing, however, we actually have 9, 7#" = 0, which would imply that test particles
move on straight lines in the flat background metric. This is a symptom of the
inability of the weak field limit to describe self-gravitating systems. In practice,
the best that can be done is to solve the weak field equation to some appropriate
order, and then justify after the fact the validity of the solution. We will follow the
procedure outlined in Chapters 35 and 36 of Misner, Thorne, and Wheeler (1973),
where additional discussion of subtleties may be found. See also Wald (1984) and
Schutz (1985).

Let us now examine Einstein’s vacuum equation R, = 0 to second order, and
see how the result can be interpreted in terms of an energy-momentum tensor for
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the gravitational field. We expand both the metric and the Ricci tensor,

Euv = Nuy +h(1) +h(2)

Ry = R(O) —i—R(l) +R(2)

@, (7.150)

where RM is taken to be of the same order as h'; uv’ while RI(LZ,B and hf?& are of

order (h(l))2 Because we work in a flat background, the zeroth-order equation
R(O) = 0 is automatically solved. The first-order vacuum equation is simply

ROmM1=0, (7.151)

which determines the first-order perturbation h(l) (up to gauge transformations).

The second-order perturbation h ) will be determined by the second-order equa-
tion

RYP1+ ROV =0. (7.152)

The notation Rf}g [h(z)] indicates the parts of the expanded Ricci tensor that ate
linear in the metric perturbation, as given by (7.6), applied to the second-order
perturbation hff,}; meanwhile, R(Z) [A (D] stands for the quadratic part of the ex-
panded Ricci tensor,

R = 3hP° 8,00k ps + 3 (0uhoo)0h?” + (372 ,) o1 h g — hP7 8p8(uhiye
+ 205 (077 8phuy) — 3(Bphu)87h — (B3RP — £0P )by,
(7.153)

applied to the first-order perturbation hf}g . There are no cross terms, as they would
necessarily be higher order.

Now let’s write the vacuum equation as G, = 0; this is of course equivalent
to R,y = 0, but will enable us to express the result in a suggestive form. At
second order we have

RORP] - PUR“)[h(Z)]nW = 87 Gy, (7.154)

where we have defined

v = —3 IG [R<2> (R — —n""R(Z) [ D1n, } (7.155)
Notice a couple of things about this expression. First, we have not included terms
of the form h(l)/’aR(l)[h(l)] since R(l)[h(l)] = 0. Second, the left-hand side of
(7.154) is not the full second-order Einstein tensor, as we have moved terms in-
volving RW [h(l)] to the right-hand side and provocatively relabeled them as an
energy-momentum tensor for the first-order perturbations, #,,. Such an identifi-
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cation seems eminently reasonable; #,, is a symmetric tensor, quadratic in A,
which represents how the perturbations affect the spacetime metric in just the way
that a matter energy-momentum tensor would. (Linear terms in A, have no ef-

fect, since Gf}g (1] is simply set to zero by the first-order equation.) Notice that
t,v is also conserved, in the background flat-space sense,

™ =0, (1.156)

which we know from the Bianchi identity 3, G*¥ = 0.

Unfortunately there are some limitations on our interpretation of 7, as an
energy-momentum tensor. Of course it is not a tensor at all in the full theory, but
we are leaving that aside by hypothesis. More importantly, it is not invariant un-
der gauge transformations (infinitesimal diffeomorphisms), as you could check
by direct calculation. One way of circumventing this difficulty is to average the
energy-momentum tensor over several wavelengths, an operation we denote by
angle brackets (- - -). This procedure has both philosophical and practical advan-
tages. From a philosophical viewpoint, we know that our ability to choose Rie-
mann normal coordinates at any one point makes it impossible to define a reliable
measure of the gravitational energy-momentum that is purely local (defined at
each point in terms of the metric and its first derivatives at precisely that point). If
we average over several wavelengths, however, we may hope to capture enough
of the physical curvature in a small region to describe a gauge-invariant measure.
From a practical standpoint, any terms that are derivatives (as opposed to products
of derivatives) will average to zero,

(0.(X)) = 0. (7.157)
We are therefore empowered to integrate by parts under the averaging brackets,
(A(®,B)) = —((3,A)B), (7.158)

which will greatly simplify our expressions.

With this in mind, let us calculate #,, as defined in (7.155), using the expres-
sion (7.153) for the second-order Ricci tensor. (Henceforth we will no longer use
superscripts on the metric perturbation, as we will only be interested in the first-
order perturbation.) Although part of the motivation for averaging is to obtain a
gauge-invariant answer, the actual calculation is a mess, so for illustrative pur-
poses we will carry it out in transverse-traceless gauge,

My =0, RTT=0. (7.159)

Don’t forget that we are only allowed to choose this gauge in vacuum. The non-
vanishing parts of R LZBTT in this gauge can be written as

RAT = 1n370,0,h7L + L0, hT0) kT + n° (07 K d b))

— 3@ RLAPRT ] — hET8,00, kL + 3hT0,0,h),.  (7.160)

v)cr
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Now let’s apply the averaging brackets, and integrate by parts where convenient.
The last three terms in (7.160) all go away, as integration by parts leads to diver-
gences that vanish. We are left with

(RATT) = —4(@uh D @uh5D) + 20" OHEDTE). (7.161)

But the perturbation obeys the first-order equation of motion, which sets I:Ih}:‘f =
0. So we are finally left with

RATT (@uhID) (,h57) (7.162)
(RETT) =4 )

We can take the trace to get the curvature scalar; after integration by parts we
again find a I:Ih};l; term which we set to zero, so

(R =0, (7.163)

These expressions can be inserted into (7.155) to obtain a simple expression for
the gravitational-wave energy-momentum tensor in transverse-traceless gauge:

1 oo
tar = 25— G<(3" )(avhﬂ)). (7.164)

Remember that, in this gauge, nonspatial components vanish, hg;r = 0. You will
therefore sometimes see the above expression written with spatial indices ij in-
stead of spacetime indices po; the two versions are clearly equivalent. If we had
been strong enough to do the corresponding calculation without first choosing a
gauge, we would have found

1
tyy = 3077 G<(3p, pa)(avhpg) - ‘"(auh)(avh)

— (0,h"7)(Ophve) — (8ph/’")(8‘,hw)>. (7.165)

A bit of straightforward manipulation suffices to check that this expression is
actually gauge invariant, as you are asked to show in the exercises.

Let’s calculate the transverse-traceless expression (7.164) for a single plane
wave,

hy = Cpy sin(lox™). (7.166)

We have taken the real part and set the phase arbitrarily so that the wave is a sine
rather than cosine. The energy-momentum tensor is then

tu = 25— kuky Cpo CP° (cos?ux). (7.167)
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Averaging the cos? term over several wavelengths yields
(cos?terx™)) = £ (7.168)
For simplicity we can take the wave to be moving along the z-axis, so that
k.= (-0,0,0,w) (7.169)
the minus sign coming from lowering an index on k%, and from (7.109),
Cpo CP7 =2(h% + h2). (7.170)

It is more common in the gravitational-wave literature to express observables in
terms of the ordinary frequency f = w/2n, rather than the angular frequency w.
Putting it all together reveals

1 -1
T 2,32 | 32 0
ty,v:@f (h+ +hx) 0 7.171)

O OO

0
0 0
0 0
-1 0 1
As we will discuss in the next section, typical gravitational-wave sources we
might expect to observe at Earth will have frequencies between 10~* and 10* Hz,

and amplitudes i ~ 10722, It is therefore useful to express the energy flux in the
z direction, —Tp,, at an order-of-magnitude level as

2 12 2
S (hi +hy) erg
—Tp, ~ 10 (E) 10212 om? 5 (7.172)

This is the amount of energy that could in principle be deposited in each square
centimeter of a detector every second. As pointed out by Thorne,* this is actually
a substantial energy flux, especially at the upper end of the frequency range. For
comparison purposes, a supernova at cosmological distances is characterized by
a peak electromagnetic flux of approximately 10~ erg/cm?/s; the gravitational-
wave signal, however, only lasts for milliseconds, while the visible electromag-
netic signal extends for months.

Now let’s use our formula for the gravitational-wave energy-momentum tensor
to calculate the rate of energy loss from a system emitting gravitational radiation
according to the quadrupole formula (7.140). The total energy contained in grav-
itational radiation on a surface ¥ of constant time is defined as

E = / too d>x, (7.173)
z

while the total energy radiated through to infinity may be expressed as

4K.S. Thotne, in Three Hundred Years of Gravitation, Cambridge: Cambridge University Press, 1987.
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AE = / P dt, (7.174)
where the power P is

P = / founHrds. (7.175)
s2

o0

Here, the integral is taken over a two-sphere at spatial infinity §2 , and n* is a unit
spacelike vector normal to Sgo. In polar coordinates {z, r, 8, ¢}, the components
of the normal vector are

n* = (0,1,0,0). (7.176)

We would like to calculate the power P using our expression for 7., (7.164).
The first issue we face is that this expression is written in terms of the transverse-
traceless perturbation, while the quadrupole formula (7.140) is written in terms
of the spatial components ; ; of the Lorenz-gauge trace-reversed perturbation.
The simplest procedure (although it’s not that simple) is to first convert /;; into
transverse-traceless gauge, which is permissible because we are interested in the
behavior of the waves in vacuum, far from the source from which they are emitted,
plug into the formula for #,,,,, then convert back into nontransverse-traceless form.
Let’s see how this works.

We begin by introducing the (spatial) projection tensor

Pijj =4;; —ninj, (1.177)

which projects tensor components into a surface orthogonal to the unit vector
n'. (See Appendix D for more discussion.) In our case, we choose n’ to point
along the direction of propagation of the wave, so that P;; will project onto the
two-sphere at spatial infinity. We can use the projection tensor to construct the
transverse-traceless version of a symmetric spatial tensor X;; via

X?;T = (Pikle — %Piijl) Xp. (7.178)

You can check for yourself that X;ij is indeed transverse and traceless. Because
. . _TT . e . TT_ . .
it is traceless, A;; is equal to the original perturbation #, T plugging into the
quadrupole formula (7.140), we get

27TT

hTT_ﬁTT_2GdIiJ
TN T T T2

t—r), (7.179)

where the transverse-traceless part of the quadrupole moment is also constructed
via (7.178). In fact the quadrupole moment defined by (7.138) is not the most
convenient quantity to use in expressing the generated wave, as it involves an
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integral over the energy density that might be difficult to determine. Instead we
can use the reduced quadrupole moment,

Jij = 1Iij — 388" I, (7.180)

which is just the traceless part of ;;. The reduced quadrupole moment has the
nice property of being the coefficient of the 7> term in the multipole expansion
of the Newtonian potential,

GM G, 3G

d = _ el 2
¥ Bt 2r5

Jix'xd 4o (7.181)
and is therefore more readily approximated for realistic sources. (Here D; is the
dipole moment, D; = f T00x7 g3x.) Of course, the transverse-traceless part of
the quadrupole moment is the same as the transverse-traceless part of the reduced
(that is, traceless) quadrupole moment, so (7.179) becomes

2 7TT
2G d°J;;
TT ij
hij _—_—r i (t—r). (7.182)
To calculate the power, we are interested in foun* = fo,. Because the

quadrupole moment depends only on the retarded time ¢, = ¢ — r, we have

3 7TT
dohll = Ed Jij
ij

d3 ’
26 I ~ 2_Gd215T
rode r2 d?
268 T5"

N — —

r o de

TT

(7.183)

where we have dropped the 72 term because we are interested in the r — oo
limit. The important component of the energy-momentum tensor is therefore

d3JTTN (g3 i
foy = — G Y IT 1), (7.184)
8mr? de3 de3

The next step is to convert back to J;; from the transverse-traceless part. Applying
(7.178) and some messy algebra, it is straightforward to show that

X XL = X X9 = 2X X njmpe + XU X nn jnany — X2 + XX'nin;,
(7.185)

where X = 8" X;;. Because J;; is traceless, we have

Ji’I»TJr}?r = ],‘j]ij — 2]ij]iknjnk + %Jijfklninjnknl, (7.186)
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and the power is

G/ <d3J,-jd3Jif d3Ji ik
$2

T 8r a3 d ~ad dp
1d3Jij dSJkl

To evaluate this expression, it is best to switch back to Cartesian coordinates in
space, where n’ = x*/r. The quadrupole tensors are independent of the angular
coordinates, since they are defined by integrals over all of space. We may therefore
pull them outside the integral, and use the identities

fd52=47'r

4
/ninj dQ = ?naij

4
[ men a9 = 5 Gt + 8t + sy, (7.188)
When all is said and done, the expression for the power collapses to
G |dJ;d*Ty
P=—— / , 7.189
5 < s’ dr ( )

where we should remember that the quadrupole moment is evaluated at the re-
tarded time #- = ¢ —r. Our formula has a minus sign because it represents the rate
at which the energy is changing, and radiating sources will be losing energy.

For the binary system represented by (7.148), the reduced quadrupole moment
is

MR2 (14 3c0s2Q0) 3sin2Q¢ 0
Jij = 5 ( 3sin 292t (1—-3cos2Qr) O ) , (7.190)
0 0 -2
and its third time derivative is therefore
A3 sin2Qt  —cos2Qt 0
d—;J = 8MR*Q} (—COSZQt — sin 2Q¢ 0) (7.191)
! 0 0 0
The power radiated by the binary is thus
12
P= —TSGMZR”'QG, (7.192)
or, using expression (7.144) for the frequency,
2 G*mP
P = (7.193)

"5 RS
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Of course, energy loss through the emission of gravitational radiation has been
observed. In 1974 Hulse and Taylor discovered a binary system, PSR1913+16, in
which both stars are very small, so classical effects are negligible, or at least under
control, and one is a pulsar. The period of the orbit is eight hours, extremely small
by astrophysical standards. The fact that one of the stars is a pulsar provides a very
accurate clock, with respect to which the change in the period as the system loses
energy can be measured. The result is consistent with the prediction of general
relativity for energy loss through gravitational radiation.

DETECTION OF GRAVITATIONAL WAVES

One of the highest-priority goals of contemporary gravitational physics and as-
trophysics is to detect gravitational radiation directly. (By direct we mean “by
observing the influence of the gravitational wave on test bodies,” in contrast to
observing the indirect effect of energy loss, as in the binary pulsar.) There is every
reason to believe that such a detection will happen soon, either in already-existing
gravitational-wave observatories or those being planned for the near future. Once
we detect gravitational radiation, of course, the goal will immediately become to
extract useful astrophysical information from the observations. Our current under-
standing of the universe outside the Solar System comes almost exclusively from
observations of electromagnetic radiation, with some additional input from neu-
trinos and cosmic rays; the advent of gravitational-wave astrophysics will open an
entirely new window onto energetic phenomena in the distant universe.’

Before discussing how we might go about detecting astrophysical gravitational
waves, we should think about what sources are likely to be most readily observ-
able. The first important realization is that the necessary conditions for the gener-
ation of appreciable gravitational radiation are very different from those for elec-
tromagnetic radiation. The difference can be traced to the fact that gravitational
waves ate produced by the bulk motion of large masses, while electromagnetic
waves are produced (typically) by incoherent excitations of individual particles.
Electromagnetic radiation can therefore be produced by a source that is static in
bulk, such as a star, which is a substantial advantage to the astronomer. However,
gravitational waves are produced coherently by large moving masses (every par-
ticle in the mass contributes in the same sense to the wave), which can partially
compensate for the impossibility of emission from static sources.

We therefore need massive sources with substantial bulk motions. As a simple
example, consider the binary system of Section 7.5, in which both stars have mass
M and the orbital radius is R. We will cheat somewhat by applying the Newtonian
formulae for the orbital parameters in a regime where GR has begun to become
important, but this will suffice for an order-of-magnitude estimate. The relevant
parameters can be distilled down to the Schwarzschild radius Rs = 2GM/c?,

SFor an overview of gravitational-wave astrophysics, see S.A. Hughes, S. Mérka, PL. Bender,
and CJ. Hogan, “New physics and astronomy with the new gravitational-wave observatories,”
http://arxiv.org/astro-ph/0110349.
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the orbital radius R, and the distance r between us and the binary. (We will now
restore explicit factors of ¢, to facilitate comparison with experiment.) In terms of
these, the frequency of the orbit and thus of the produced gravitational waves is
approximately

1/2
Q N cRy

=~ —2 7.194
f 2 10R3/2 ( )
From the formula (7.149) for the resulting perturbation, we can estimate the

gravitational-wave amplitude received as

2
h~ ﬁ (7.195)

rR
Let’s see what this implies for the kind of source we might hope to observe. A
paradigmatic example is the coalescence of a black-hole/black-hole binary. For
typical parameters we can take both black holes to be 10 solar masses, the binary
to be at cosmological distances ~ 100 Mpc, and the components to be separated

by ten times their Schwarzschild radii:

R ~ 10% cm
R~ 10" cm
r ~ 10% cm. (7.196)

Such a source is thus characterized by
f~10%s7Y, h~10"2L (7.197)

If we are to have any hope of detecting the coalescence of a binary with these
parameters, we need to be sensitive to frequencies near 100 Hz and strains of
order 102! or less.

Fortunately, these parameters are within the reach of our experimental capa-
bilities (with the heroic efforts of many scientists). The most promising technique
for gravitational-wave detection currently under consideration is interferometry,
and here we will stick exclusively to a discussion of interferometers, although it
is certainly conceivable that a new technology could be invented that would have
better sensitivity.

Recall that the physical effect of a passing gravitational wave is to slightly per-
turb the relative positions of freely-falling masses. If two test masses are separated
by a distance L, the change in their distance will be roughly

5L

— ~h. 7.198

7 (7.198)
Imagine that we contemplate building an observatory with test bodies separated
by some distance of order kilometers. Then to detect a wave with amplitude of
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order h ~ 10~2! would require a sensitivity to changes of

h L
—16

Compare this to the size of a typical atom, set by the Bohr radius,
ap ~5x107° cm, (7.200)
or for that matter the size of a typical nucleus, of approximately a Fermi,
1fm=10""cm. (7.201)

The point we are belaboring here is that a feasible terrestrial gravitational-wave
observatory will have to be sensitive to changes in distance much smaller than
the size of the constituent atoms out of which any conceivable test masses would
have to be made.

Laser interferometers provide a way to overcome the difficulty of measuring
such miniscule perturbations. Consider the schematic set-up portrayed in Fig-
ure 7.11. A laser (typically with characteristic wavelength A ~ 10~ cm) is di-
rected at a beamsplitter, which sends the photons down two evacuated tubes of
length L. At the ends of the cavities are test masses, represented by mirrors sus-
pended from pendulums. The light actually bounces off partially-reflective mir-
rors near the beamsplitter, so that a typical photon travels up and down the cavity

mirror

mirror

FIGURE 7.11 A schematic design for a gravitational-wave interferometer.
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of order 100 times before returning to the beamsplitter and being directed into
a photodiode. The system is arranged such that, if the test masses are perfectly
stationary, the returning beams destructively interfere, sending no signal to the
photodiode. As we have seen, the effect of a passing gravitational wave will be
to perturb orthogonal lengths in opposite senses, leading to a phase shift in the
laser pulse that will disturb the destructive interference. During 100 round trips
through the cavity arms, the accumulated phase shift will be

2
3¢ ~ 200 (T”) 5L ~ 1072, (7.202)

where 200 rather than 100 represents the fact that the shifts in the two arms add
together. Such a tiny shift can be measured if the number of photons N is suffi-
ciently large to overcome the “shot noise”; in particular, if v/N > 8.

The technological challenges associated with building sufficiently quiet and
sensitive gravitational-wave observatories are being tackled in a number of dif-
ferent locations, including the United States (LIGO), Italy (Virgo), Germany
(GEO), Japan (TAMA), and Australia (ACIGA). LIGO (Laser Interferometric
Gravitational-Wave Observatory) is presently the most advanced detector; it con-
sists of two facilities (one in Washington state and one in Louisiana), each with
four-kilometer arms. A single gravitational-wave observatory will be unable to
localize a source’s position on the sky; multiple detectors will be crucial for this
task (as well as for verifying that an apparent signal is actually real).

Fundamental noise sources limit the ability of terrestrial observatories to de-
tect low-frequency gravitational waves. Figure 7.12 shows the sensitivity regions,
as a function of frequency, for two dramatically different designs: a terrestrial
observatory such as LIGO, and a space-based mission such as LISA (Laser In-
terferometer Space Antenna). The general principle behind LISA is the same as
any other interferometer, but the implementation is (or will be, if it is actually
built) dramatically different. Current designs envision three spacecraft orbiting
the Sun at approximately 30 million kilometers behind the Earth, separated from
each other by 5 million kilometers. Due to the much larger separations, LISA is
sensitive to frequencies in the vicinity of 10~2 Hz. The sensitivities portrayed in
this plot should be taken as suggestive, as they depend on integration times and
other factors.

Many potential noise sources confront the gravitational-wave astronomer. For
ground-based observatories, the dominant effect at low frequencies is typically
seismic noise, while at high frequencies it comes from photon shot noise and at
intermediate frequencies from thermal noise. Advanced versions of ground-based
detectors may be able to compensate for seismic noise at low frequencies, but will
encounter irreducible noise from gravity gradients due to atmospheric phenomena
or objects (such as cars) passing nearby. Satellite observatories, of course, are
immune from such effects. Instead, the fundamental limitations are expected to
come from errors in measuring changes in the distances between the spacecraft
(or more properly, between the shielded proof masses within the spacecraft) and
from nongravitational accelerations of the spacecraft.
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FIGURE 7.12 Sensitivities as a function of frequency for representative ground-based
(LIGO) and space-based (LISA) gravitational-wave observatories, along with the ex-
pected signals from possible sources. Figure from the LISA collaboration home page
(http://lisa.jpl.nasa.gov/).

We can conclude with a very brief overview of possible sources for gravi-
tational-wave observatories. We have already mentioned the possibility of com-
pact binaries of various sorts. For ground-based observatories, such sources will
not become visible until they are very close to coalescence, and then only if the
components are sufficiently massive (neutron stars or black holes). Extrapolating
from what we know about such systems suggests that there may be several coa-
lescences per year within a distance of a few hundred Mpc. Another promising
possibility is core collapse in massive stars, giving rise to supernovae. Although
a perfectly spherically-symmetric collapse would not generate any gravitational
waves, realistic events are expected to be subject to instabilities that would break
this symmetry. An exciting prospect is the coordinated observation of supernovae
by ordinary telescopes and gravitational-wave observatories. Lastly, among pos-
sible sources for ground-based observatories are periodic sources such as (not-
completely-axially-symmetric) rotating neutron stars. The amplitudes from such
sources are expected to be small, but not necessarily completely out of reach of
advanced detectors.

The interesting sources for space-based detectors are somewhat different. Most
importantly, the known population of binaries in our galaxy will certainly provide
a gravitational-wave signal of detectable magnitude. Indeed, unresolved binaries
represent a source of confusion noise for the detector, as it will be impossible to
pick out individual low-intensity sources from the background. Nevertheless, nu-
merous higher-intensity sources should be easily observable. In addition, various
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processes in the evolution of supermassive black holes (greater than 1000 Mg,
such as those found in the centers of galaxies) lead to interesting sources: the for-
mation of such objects, their subsequent growth via accretion of smaller objects,
and possible coalescence of multiple supermassive holes. Tracking the evolution
of the gravitational-wave signal from a solar-mass black hole orbiting and even-
tually falling into a supermassive hole will allow for precision mapping of the
spacetime metric, providing a novel test of GR.

In addition to waves produced by localized sources, we also face the possibility
of stochastic gravitational-wave backgrounds. By this we mean an isotropic set of
gravitational waves, perhaps generated in the early universe, characterized by a
smoothly-varying power spectrum as a function of frequency. One possibility is
a nearly scale-free spectrum of gravitational waves produced by inflation, as dis-
cussed in Chapter 8. Such waves will be essentially impossible to detect directly
on the ground (falling perhaps five orders of magnitude below the capabilities
of advanced detectors), or even by LISA, but could conceivably be observable
by a next-generation space-based mission. More likely, any such waves will first
become manifest in the polarization of the cosmic microwave background. An-
other possibility, however, is generation of primordial gravitational waves from
a violent (first-order) phase transition. Such waves will have a spectrum with a
well-defined peak frequency, related to the temperature 7' of the phase transition

by

~107% ——— ) H 7.203

Tpea (1000 GeV) ‘ (7.203)
Thus, a first-order electroweak phase transition (I' ~ 200 GeV) falls within the
band potentially observable by I.ISA. This is especially intriguing, as some mod-
els of baryogenesis require a strong phase transition at this scale; it is provoca-
tive to think that we could learn something significant about electroweak physics

through a gravitational experiment.

7.8 M EXERCISES

1. Show that the Lagrangian (7.9) gives rise to the linearized version of Einstein’s equa-
tion.

2. Consider a thin spherical shell of matter, with mass M and radius R, slowly rotating
with an angular velocity €2.
(a) Show that the gravito-electric field G vanishes, and calculate the gravito-magnetic
field H in terms of M, R, and Q.

(b) The nonzero gravito-magnetic field caused by the shell leads to dragging of iner-
tial frames, known as the Lense~Thirring effect. Calculate the rotation (relative
to the inertial frame defined by the background Minkowski metric) of a freely-
falling observer sitting at the center of the shell. In other words, calculate the
precession of the spatial components of a parallel-transported vector located at
the center.



7.8 Exercises 321

3. Fermat’s principle states that a light ray moves along a path of least time. For a medium
with refractive index n(x), this is equivalent to extremizing the time

t= /n(x)[3,»jdx"dxi]1/2 (7.204)

along the path. Show that Fermat’s principle, with the refractive index given by n =
1 — 29, leads to the correct equation of motion for a photon in a spacetime perturbed
by a Newtonian potential.

4. Show that the Lorenz gauge condition 8;,,]5“” = 0 is equivalent to the harmonic
gauge condition. This gauge is defined by

Ox* =0, (7.205)

where each coordinate x# is thought of as a scalar function on spacetime. (Any func-
tion satisfying 11 f = 0 is known as an “harmonic function.”)

5. In the exercises for Chapter 3, we introduced the metric
ds? = —(du dv + dv du) + a?w)dx? + b2 w)dy?, (7.206)

where a and b are unspecified functions of u. For appropriate functions a and b, this
represents an exact gravitational plane wave.

(a) Calculate the Christoffel symbols and Riemann tensor for this metric.
(b) Use Einstein’s equation in vacuum to derive equations obeyed by a(«) and b(u).

(¢) Show that an exact solution can be found, in which both a and b are determined
in terms of an arbitrary function f(u).

6. Two objects of mass M have a head-on collision at event (0, 0, 0, 0). In the distant
past, t — —o0, the masses started at x — 00 with zero velocity.
(a) Using Newtonian theory, show that x () = £(9Mr2/8)1/3.
(b) For what separations is the Newtonian approximation reasonable?
(¢) Calculate hg(z) at (x,y,z) = (0, R, 0).

7. Gravitational waves can be detected by monitoring the distance between two free fly-
ing masses. If one of the masses is equipped with a laser and an accurate clock, and the
other with a good mirror, the distance between the masses can be measured by timing
how long it takes for a pulse of laser light to make the round-trip journey. How would
you want your detector oriented to register the largest response from a plane wave of
the form

ds? = —dr* 4 [1 + Acos(w(t — z))1dx? +[1 — Acos(w(t — 2))] dy? + dz2?

If the masses have a mean separation L, what is the largest change in the arrival time
of the pulses caused by the wave? What frequencies @ would go undetected?

8. The gravitational analog of bremsstrahlung radiation is produced when two masses
scatter off each other. Consider what happens when a small mass m scatters off a
large mass M with impact parameter b and total energy E = 0. Take M > m and
M/b <« 1. The motion of the small mass can be described by Newtonian physics,
since M/b « 1. If the orbit lies in the (x, y) plane and if the large mass sits at



322 Chapter 7  Perturbation Theory and Gravitational Radiation

10.

(x,y,z) = (0,0, 0), calculate the gravitational wave amplitude for both polarizations
at (x, y,z) = (0,0, r). Since the motion is not periodic, the gravitational waves will
be burst-like and composed of many different frequencies. On physical grounds, what
do you expect the dominant frequency to be? Estimate the total energy radiated by the
system. How does this compare to the peak kinetic energy of the small mass?

Hint: The solution for the orbit can be found in Goldstein (2002). The solution is:

%
" 1+4cos@’

t = 2° tang+ltan39
'Y 23 2/

Time runs from ¢ = (—00, 00). Rather than using the above implicit solution for 8 (¢)

you might want to use
; M
6=/ —= (14 cos0)?.
vV 8b3( )

. Verify that the expression (7.165) for the gravitational-wave energy-momentum tensor

is invariant under gauge transformations A,y — hyy + 29,6,

Show that the integral expression (7.173) for the total energy in gravitational pertur-
bations is independent of the spatial hypersurface X.
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Cosmology

8.1 B MAXIMALLY SYMMETRIC UNIVERSES

Contemporary cosmological models are based on the idea that the universe is
pretty much the same everywhere—a stance sometimes known as the Copernican
principle. On the face of it, such a claim seems crazy; the center of the sun,
for example, bears little resemblance to the desolate cold of interstellar space.
But we take the Copernican principle to apply only on the very largest scales,
where local variations in density are averaged over. Its validity on such scales
is manifested in a number of different observations, such as number counts of
galaxies and observations of diffuse X-ray and y-ray backgrounds, but is most
clear in the 3K cosmic microwave background (CMB). Although we now know
that the microwave background radiation is not perfectly smooth (and nobody
ever expected that it was), the deviations from regularity are on the order of 107>
or less, certainly an adequate basis for an approximate description of spacetime
on large scales.

The Copernican principle is related to two more mathematically precise prop-
erties that a manifold might have: isotropy and homogeneity. Isotropy applies
at some specific point in the manifold, and states that the space looks the same
no matter in what direction you look. More formally, a manifold M is isotropic
around a point p if, for any two vectors V and W in T, M, there is an isometry
of M such that the pushforward of W under the isometry is parallel with V' (not
pushed forward). It is isotropy of space that is indicated by the observations of the
microwave background.

Homogeneity is the statement that the metric is the same throughout the man-
ifold. In other words, given any two points p and ¢ in M, there is an isometry that
takes p into g. Note that there is no necessary relationship between homogene-
ity and isotropy; a manifold can be homogeneous but nowhere isotropic (such as
R x $? in the usual metric), or it can be isotropic around a point without being
homogeneous (such as a cone, which is isotropic around its vertex but certainly
not homogeneous). On the other hand, if a space is isotropic everywhere, then it
is homogeneous. Likewise if it is isotropic around one point and also homoge-
neous, it will be isotropic around every point. Since there is ample observational
evidence for isotropy, and the Copernican principle would have us believe that we
are not the center of the universe and therefore observers elsewhere should also
observe isotropy, we will henceforth assume both homogeneity and isotropy.

323
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The usefulness of homogeneity and isotropy is that they imply that a space is
maximally symmetric. Think of isotropy as invariance under rotations, and homo-
geneity as invariance under translations, suitably generalized. Then homogeneity
and isotropy together imply that a space has its maximum possible number of
Killing vectors. An extreme application of the Copernican principle would be to
insist that spacetime itself is maximally symmetric. In fact this will turn out not to
be true; observationally we know that the universe is homogeneous and isotropic
in space, but not in all of spacetime. However, it is interesting to begin by con-
sidering spacetimes that are maximally symmetric (which are, after all, special
cases of the more general situation in which only space is maximally symmetric).
As we shall see, there is a sense in which such universes are “ground states” of
general relativity. This discussion is less relevant to the observed universe than
subsequent parts of this chapter, and empirically-minded readers are welcome to
skip ahead to the next section.

‘We mentioned in Chapter 3 that the Riemann tensor for a maximally symmetric
n-dimensional manifold with metric g, can be written

Rpo'p.v =Kk(gpu8ov — gpugm), 3.1
where « is a normalized measure of the Ricci curvature,

R

k= nn—1)° ®2

and the Ricci scalar R will be a constant over the manifold. Since at any single
point we can always put the metric into its canonical form (g,., = 1,.,), the kinds
of maximally symmetric manifolds are characterized locally by the signature of
the metric and the sign of the constant x. The modifier “locally” is necessary to
account for possible global differences, such as between the plane and the torus.
We are interested in metrics of signature (—+-++). For vanishing curvature (x =
0) the maximally symmetric spacetime is well known; it is simply Minkowski
space, with metric

ds? = —dt? + dx? + dy? + dz2. (8.3)

The conformal diagram for Minkowski space is derived in Appendix H.
The maximally symmetric spacetime with positive curvature (¢ > 0) is called
de Sitter space. Consider a five-dimensional Minkowski space with metric d s52 =

—du? 4 dx? 4 dy? 4 dz? + dw?, and embed a hyperboloid given by
i+ 2+ 4+ uw? =a (8.4)
Now induce coordinates {¢, x, 8, ¢} on the hyperboloid via

u = a sinh(t /&)

w = a cosh(f /o) cos x
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FIGURE 8.1 Conformal di-
agram for de Sitter spacetime.
Spacelike slices are three-
spheres, so that points on
the diagram represent two-
spheres except for those at
left and right edges, which are
points.
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x = acosh(t /o) sin x cos
y = acosh(z /o) sin x sin 6 cos ¢

7 = acosh(f /) sin x sin @ sin ¢. (8.5)
The metric on the hyperboloid is then
ds? = —dr® + o® cosh®(t /or) [d x2 + sin? x (62 + sin? 9d¢2)] . (86

We recognize the expression in round parentheses as the metric on a two-sphere,
dQ%, and the expression in square brackets as the metric on a three-sphere, d Q%
Thus, de Sitter space describes a spatial three-sphere that initially shrinks, reach-
ing a minimum size at ¢ = 0, and then re-expands. Of course this particular
description is inherited from a certain coordinate system; we will see that there
are equally valid alternative descriptions.

These coordinates cover the entire manifold. You can generally check this by,
for example, following the behavior of geodesics near the edges of the coordinate
system; if the coordinates were incomplete, geodesics would appear to terminate
in finite affine parameter. The topology of de Sitter is thus R x $3. This makes
it very simple to derive the conformal diagram, since the important step in con-
structing conformal diagrams is to write the metric in a form in which it is confor-
mally related to the Einstein static universe (a spacetime with topology R x §3,
describing a spatial three-sphere of constant radius through time). Consider the
coordinate transformation from ¢ to ¢’ via

cosh(t/a) = s’ 87
The metric (8.6) now becomes
ds? = ‘f 5, (8.8)
cos=(t")
where ds? represents the metric on the Einstein static universe,
ds? = —(dr")? + dy? + sin? x d 3. (8.9)
The range of the new time coordinate is
-2 <t <m/2. (8.10)

The conformal diagram of de Sitter space will simply be a representation of the
patch of the Einstein static universe to which de Sitter is conformally related.
It looks like a square, as shown in Figure 8.1. A spacelike slice of constant ¢/
represents a three-sphere; the dashed lines at the left and right edges are the north
and south poles of this sphere. The diagonal lines represent null rays; a photon
released at past infinity will get to precisely the antipodal point on the sphere at
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future infinity. Keep in mind that the spacetime “ends” to the past and the future
only through the magic of conformal transformations; the actual de Sitter space
extends indefinitely into the future and past. Note also that two points can have
future (or past) light cones that are completely disconnected; this reflects the fact
that the spherical spatial sections are expanding so rapidly that light from one
point can never come into contact with light from the other.

A similar hyperboloid construction reveals the ¥ < 0 spacetime of maximal
symmetry, known as anti-de Sitter space. Begin with a fictitious five-dimensional
flat manifold with metric ds_Z; = —du® — dv? + dx? 4 dy? 4 dz?, and embed a
hyperboloid given by

—u? - X%+ y2 + 2= —a? (8.11)

Note all the minus signs. Then we can induce coordinates {t', p, 8, ¢} on the
hyperboloid via

u = o sin(t’) cosh(p)
v = o cos(t’) cosh(p)
x = a sinh(p) cosf
y = « sinh(p) sin 6 cos ¢
= « sinh(p) sin 0 sin ¢, (8.12)

yielding a metric on this hyperboloid of the form
ds® = o*(— cosh?(p) dt"* + dp? + sinh?(p) dQ23). (8.13)

These coordinates have a strange feature, namely that ¢/ is periodic. From (8.12),
t' and ¢’ +2m represent the same place on the hyperboloid. Since 9y is everywhere
timelike, a curve with constant {p, 8, ¢} as ¢’ increases will be a closed timelike
curve. However, this is not an intrinsic property of the spacetime, merely an ar-
tifact of how we have derived the metric from a particular embedding. We are
welcome to consider the “covering space” of this manifold, the spacetime with
metric given by (8.13) in which we allow ¢’ to range from —oo to co. There are
no closed timelike curves in this space, which we will take to be the definition of
anti-de Sitter space.

To derive the conformal diagram, perform a coordinate transformation analo-
gous to that used for de Sitter, but now on the radial coordinate:

cosh(p) = (8.14)

cos x~

so that

ds?, (8.15)
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t' =1

anti—de Sitter

|
i
o
x=0 x=3

FIGURE 8.2 Conformal diagram for anti-de Sitter spacetime. Spacelike slices have the
topology of R?, which we have represented in polar coordinates, so that points on the
diagram stand for two-spheres except those at the left side, which stand for single points at
the spatial origin. Infinity is a timelike surface at the right side.

where ds? represents the metric on the Einstein static universe (8.9). Unlike in
de Sitter, the radial coordinate now appears in the conformal factor. In addition,
for anti-de Sitter, the ¢’ coordinate goes from minus infinity to plus infinity, while
the range of the radial coordinate is

0<x<7. (8.16)
Thus, anti-de Sitter space is conformally related to half of the Einstein static uni-
verse. The conformal diagram is shown in Figure 8.2, which illustrates a few
representative timelike and spacelike geodesics passing through the point ¢’ = 0,
x = 0. Since x only goes to /2 rather than all the way to 7z, a spacelike slice
of this spacetime has the topology of the interior of a hemisphere of §3; that is,
it is topologically R3 (and the entire spacetime therefore has the topology R*).
Note that we have drawn the diagram in polar coordinates, such that a point on
the left side represents a point at the spatial origin, while one on the right side rep-
resents a two-sphere at spatial infinity. Another popular representation is to draw
the spacetime in cross-section, so that the spatial origin lies in the middle and the
right and left sides together comprise spatial infinity.

An interesting feature of anti-de Sitter is that infinity takes the form of a time-
like hypersurface, defined by x = /2. Because infinity is timelike, the space
is not globally hyperbolic, we do not have a well-posed initial value problem in
terms of information specified on a spacelike slice, since information can always
“flow in from infinity”” Another interesting feature is that the exponential map is
not onto the entire spacetime; geodesics, such as those drawn on the figure, which
leave from a specified point do not cover the whole manifold. The future-pointing
timelike geodesics, as indicated, can initially move radially outward from ¢’ = 0,
x = 0, but eventually refocus to the point # = 7, x = 0 and will then move
radially outward once again.
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As an aside, it is irresistible to point out that the timelike nature of infinity en-
ables a remarkable feature of string theory, the “AdS/CFT correspondence.” Here,
AdS is of course the anti-de Sitter space we have been discussing, while CFT
stands for a conformally-invariant field theory defined on the boundary [which is,
for an n-dimensional AdS, an (n— 1)-dimensional spacetime in its own right]. The
AdS/CFT correspondence suggests that, in a certain limit, there is an equivalence
between quantum gravity (or a supersymmetric version thereof) on an AdS back-
ground and a conformally-invariant nongravitational field theory defined on the
boundary. Since we know a lot about nongravitational quantum field theory that
we don’t know about quantum gravity, this correspondence (if it is true, which
seems likely but remains unproven) reveals a great deal about what can happen in
quantum gravity.!

So we have three spacetimes of maximal symmetry: Minkowski (x = 0),
de Sitter (¢ > 0), and anti-de Sitter (x < 0). Are any one of these useful models
for the real world? For that matter, are they solutions to Einstein’s equation? Start
by taking the trace of the Riemann tensor as given by (8.1), specifying to four
dimensions:

Ruy =3kgu,, R=12. (8.17)

So the Ricci tensor is proportional to the metric in a maximally symmetric space.
A spacetime with this property is sometimes called an Einstein space; the Ein-
stein static universe is nof an example of an Einstein space, which can sometimes
be confusing. What is worse, we will later encounter the Einstein—de Sitter cos-
mology, which is not related to Einstein spaces, the Einstein static universe, or to
de Sitter space. The Einstein tensor is

Guv = Ruy — Rguy = —3kg - (8.18)

Therefore, Einstein’s equation G, = 8w GT},, implies (in a maximally symmet-
ric spacetime, not in general) that the energy-momentum tensor is proportional to
the metric:
3k

8T G
Such an energy-momentum tensor corresponds to a vacuum energy or cosmologi-
cal constant, as discussed in Chapter 4. The energy density and pressure are given
by

Tuv = (819)

3k
=—p=_—"". 8.20
p=-p=g = (8.20)
If p is positive, we get a de Sitter solution; if p is negative, we get anti-de Sitter.
But in our universe, we have ordinary matter and radiation, as well as a pos-
sible vacuum energy. Our maximally symmetric spacetimes are not compatible

I¥or a comprehensive review article, see O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri, and
Y. Oz, Phys. Rept. 323, 183 (2000), http://arxiv.org/hep-th/9905111.
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with a dynamically interesting amount of matter and/or radiation. Furthermore,
since we observe the visible matter in the universe to be moving apart (the uni-
verse is expanding, as discussed below), the density of matter was higher in the
past; so even if the matter contribution to the total energy were negligible today,
it would have been appreciable in the earlier universe. The maximally symmetric
spacetimes are therefore not reasonable models of the real world. They do, how-
ever, represent the (locally) unique solutions to Einstein’s equation in the absence
of any ordinary matter or gravitational radiation,; it is in this sense that they may
be thought of as ground states of general relativity.

ROBERTSON-WALKER METRICS

To describe the real world, we are forced to give up the “perfect” Copernican prin-
ciple, which implies symmetry throughout space and time, and postulate some-
thing more forgiving. It turns out to be straightforward, and consistent with ob-
servation, to posit that the universe is spatially homogeneous and isotropic, but
evolving in time. In general relativity this translates into the statement that the uni-
verse can be foliated into spacelike slices such that each three-dimensional slice
is maximally symmetric. We therefore consider our spacetime to be R x ¥, where
R represents the time direction and X is a maximally symmetric three-manifold.
The spacetime metric thus takes the form

ds? = —dt* + R*(1)do?, (8.21)

where ¢ is the timelike coordinate, R(¢) is a function known as the scale factor,
and do? is the metric on X, which can be expressed as

do® = yij(u) du'du’, (8.22)

where (u!, u?, u®) are coordinates on ¥ and y; 7 is a maximally symmetric three-
dimensional metric. The scale factor tells us how big the spacelike slice X is at
the moment ¢. (Don’t confuse it with the curvature scalar.) The coordinates used
here, in which the metric is free of cross terms d¢ du! and coefficient of d¢? is
independent of the u?, are known as comoving coordinates, a special case of the
Gaussian normal coordinates discussed in Appendix D. An observer who stays at
constant x' is also called “comoving.” Only a comoving observer will think that
the universe looks isotropic; in fact on Earth we are not quite comoving, and as a
result we see a dipole anisotropy in the cosmic microwave background as a result
of the conventional Doppler effect.

Our interest is therefore in maximally symmetric Euclidean three-metrics y;;.
We know that maximally symmetric metrics obey

O Riji = kWivii — vavin), (8.23)
where for future convenience we have introduced

k=®Ry/s, (8.24)
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and we put a superscript 3 on the Riemann tensor to remind us that it is associated
with the three-metric y;;, not the metric of the entire spacetime. The Ricci tensor
is then

(S)le =2kyj. (8.25)

If the space is to be maximally symmetric, then it will certainly be spherically
symmetric. We already know something about spherically symmetric spaces from
our exploration of the Schwarzschild solution; the metric can be put in the form

do? = y;; du’ dul = D d7? + 724 Q2, (8.26)

where 7 is the radial coordinate and the metric on the two-sphere is dQ? =
d6? + sin? @ d¢? as usual. The components of the Ricci tensor for such a metric
can be obtained from (5.14), the Ricci tensor for a static, spherically symmetric
spacetime, by setting « = 0 and r = r, which gives

2
PR =018
r
ORp=eFap-1)+1
PR3z =[e P (Fo18— 1) + 1]sin6 . (8.27)
We set these proportional to the metric using (8.25), and can solve for 8(7):
B =—1In(l — ki), (8.28)
which yields the metric on the three-surface 3,

dr?

— 22 102
=1"7%2 +redQ”. (8.29)

do?

Notice from (8.24) that the value of k sets the curvature, and therefore the size, of
the spatial surfaces. It is common to normalize this so that

ke {+1,0,-1}, (8.30)

and absorb the physical size of the manifold into the scale factor R(¥).

The k£ = —1 case corresponds to constant negative curvature on %, and is
sometimes called open; the £ = 0 case corresponds to no curvature on X, and
is called flat; the £ = +1 case corresponds to positive curvature on X, and is
sometimes called closed. The physical interpretation of these cases is made more
clear using an alternative form of the metric, obtained by introducing a new radial
coordinate x defined by

dr
dx N (8.31)
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This can be integrated to obtain

F=Sk(x), (8.32)
where
sin(x), k=+1
Sk(x) = { X k=0 (8.33)
sinh(x), k= -1,
so that
do? = dx? + S;2(x)dQ2. (8.34)

For the flat case k = 0, the metric on ¥ becomes

do? =dy? + x%dQ?
= dx? + dy? + dZ%, (8.35)

which is simply flat Euclidean space. Globally, it could describe R? or a more
complicated manifold, such as the three-torus § 1w s x §L. For the closed case
k = +1 we have

do? = dy? +sin® x dQ2, (8.36)

which is the metric of a three-sphere. In this case the only possible global structure
is the complete three-sphere (except for the nonorientable manifold RP3, obtained
by identifying antipodal points on $3). Finally in the open k = —1 case we obtain

do? = dy? + sinh? x dQ2. (8.37)

This is the metric for a three-dimensional space of constant negative curvature, a
generalization of the hyperboloid discussed in Section 3.9. Globally such a space
could extend forever (which is the origin of the word “open”), but it could also
describe a nonsimply-connected compact space (so “open” is really not the most
accurate description).

The metric on spacetime describes one of these maximally-symmetric hyper-
surfaces evolving in size, and can be written

ds? = —df* + R%(1) [ + F2d92i| . (8.38)

1— k2

This is the Robertson—-Walker (RW) metric. We have not yet made use of Ein-
stein’s equation; that will determine the behavior of the scale factor R(¢). Note
that the substitutions



332

Chapter 8 Cosmology

R— 17IR

r— Ar

k— 2%k (8.39)
leave (8.38) invariant. Therefore we can choose a convenient normalization. In
the variables where the curvature & is normalized to {+1, 0, —1}, the scale factor
has units of distance and the radial coordinate 7 (or x) is actually dimensionless;

this is the most popular choice. We will flout the conventional wisdom and instead
work with a dimensionless scale factor

at) = —I%;—), (8.40)
a coordinate with dimensions of distance
r = Ror, (8.41)
and a curvature parameter with dimensions of (length) 2,

k

K=—.
2
RO

(8.42)

Note that ¥ can take on any value, not just {41, 0, —1}. In these variables the
Robertson—Walker metric is

d 2
ds? = —d® + a%(r) [1 _’Krz +r2ds22} . (8.43)

To convert to the more common notation, just plug in the relations (8.40), (8.41),
and (8.42).

With the metric in hand, we can set about computing the connection coeffi-
cients and curvature tensor. Setting @ = da/dt, the Christoffel symbols are given

by

0 aa 1 Kr
ry=—— Iy, =——

U1 k2 U™ k2
), = aar’ ) = aar?sin?6

1 _ 2 3 _a
o =Tg Fo3 = —

a

Ih=-r(l—«r?) Tl =—r(l—xr?sin®0

1
r%, =T} =~
12 13 r

T4 = —sinf cosf  I's; = cotd, (8.44)
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or related to these by symmetry. The nonzero components of the Ricci tensor are

s
Rop = —3-—
a
B ad +24* + 2
1= 1—«kr?

R22 = 7’2(61& + 2(12 + 2/()
R33 = r’(ad + 24% + 2«) sin®#, (8.45)

and the Ricci scalar is then
. )
a a K
R=6 {— + (—) + —zil . (8.46)
a a a

8.3 B THE FRIEDMANN EQUATION

The RW metric is defined for any behavior of the scale factor a(z); our next step
will be to plug it into Einstein’s equation to derive the Friedmann equation(s)
relating the scale factor to the energy-momentum of the universe. We will choose
to model matter and energy by a perfect fluid. It is clear that, if a fluid that is
isotropic in some frame leads to a metric that is isotropic in some frame, the two
frames will coincide; that is, the fluid will be at rest in comoving coordinates. The
four-velocity is then

U* = (1,0,0,0), (8.47)

and the energy-momentum tensor

Ty = (p+ P)U/LUv + P&uv (8.48)
becomes
p 0 0 0
T = |2 (8.49)
w 0 8ijp ’
0

With one index raised this takes the convenient form
T*, = diag(—p, p. p. P)- (8.50)
Note that the trace is given by
T=TF,=-p+3p. (8.51)

Before plugging in to Einstein’s equation, it is educational to consider the zero
component of the conservation of energy equation:
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=0, T"0 + Tl T o — ThT™s
a
= —dop — 35(/) + p). (8.52)

To make progress we can choose an equation of state, a relationship between p
and p. Often the perfect fluids relevant to cosmology obey the simple equation of
state

p = wp, (8.53)

where w is a constant independent of time. Of course we are free to define the
parameter w = p/p whether or not it remains constant; if w varies, however, it is
not really legitimate to call p = wp the “equation of state.” The conservation of
energy equation becomes

o o

=-3(1+ w)g. (8.54)

If w is a constant, this can be integrated to obtain
p oca 3w (8.55)

To get an idea about what values of w are allowed, refer to the discussion of energy
conditions in Chapter 4. The Null Dominant Energy Condition, which allows for a
vacuum energy of either sign but otherwise requires matter that cannot destabilize
the vacuum, implies

lw| < 1. (8.56)

While this requirement is by no means set in stone, it seems like a sensibly con-
servative starting point for investigations of what might happen in the real world.

The two most popular examples of cosmological fluids are known as matter
and radiation. Matter is any set of collisionless, nonrelativistic particles, which
will have essentially zero pressure:

pm =0. (8.57)

Examples include ordinary stars and galaxies, for which the pressure is negligible
in comparison with the energy density. Matter is also known as dust, and universes
whose energy density is mostly due to matter are known as matter-dominated.
The energy density in matter falls off as

oM xa. (8.58)

This is simply interpreted as the decrease in the number density of particles as the
universe expands. For matter the energy density is dominated by the rest energy,
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which is proportional to the number density. Radiation may be used to describe
either actual electromagnetic radiation, or massive particles moving at relative ve-
locities sufficiently close to the speed of light that they become indistinguishable
from photons (at least as far as their equation of state is concerned). Although
an isotropic gas of relativistic particles is a perfect fluid and thus has an energy-
momentum tensor given by (8.48), we also know that T}, for electromagnetism
can be expressed in terms of the field strength as

TH = F*FY) — 18" F* Fy,. (8.59)
The trace of this is given by
Th, = F"Fu — Y@F“ F, =0. (8.60)
But this must also equal (8.51), so the equation of state is

A universe in which most of the energy density is in the form of radiation is known
as radiation-dominated. The energy density in radiation falls off as

PR X a™*. (8.62)

Thus, the energy density in radiation falls off slightly faster than that in matter;
this is because the number density of photons decreases in the same way as the
number density of nonrelativistic particles, but individual photons also lose energy
as a1 as they redshift, which we will see later. Likewise, massive but relativis-
tic particles will lose energy as they “slow down” in comoving coordinates. We
believe that today the radiation energy density is much less than that of matter,
with pv/or ~ 10°. However, in the past the universe was much smaller, and the
energy density in radiation would have dominated at very early times.

As we have discussed, vacuum energy also takes the form of a perfect fluid,
with an equation of state pp = —px. The energy density is constant,

PA X al. (8.63)

Since the energy density in matter and radiation decreases as the universe expands,
if there is a nonzero vacuum energy it tends to win out over the long term, as long
as the universe doesn’t start contracting. If this happens, we say that the universe
becomes vacuum-dominated. de Sitter and anti-de Sitter are vacuum-dominated
solutions.

We now turn to Einstein’s equation. Recall that it can be written in the form
(4.45):

Ry = 87G (Tuy — S8 ). (8.64)
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The uv = 00 equation is
P
—35 =4nG(p +3p), (8.65)

and the pv = ij equations give

. N2

a a K

_+2() 125 —anGlo— p). (8.66)

a a a

There is only one distinct equation from pv = ij, due to isotropy. We can use
(8.65) to eliminate second derivatives in (8.66), and do a little cleaning up to
obtain

.\ 2
a 871G K

and

a dn G
2T+, (8.68)

Together these are known as the Friedmann equations, and metrics of the form
(8.43) obey these equations define Friedmann—Robertson—Walker (FRW) uni-
verses. In fact, if we know the dependence of p on a, the first of these (8.67)
is enough to solve for a(¢t); when you hear people refer to the Friedmann equa-
tion, this is the one to which they are referring, whereas (8.68) is sometimes called
the second Friedmann equation.

A bunch of terminology is associated with the cosmological parameters, and
we will just introduce the basics here. The rate of expansion is characterized by
the Hubble parameter,

H=2. (8.69)
a

The value of the Hubble parameter at the present epoch is the Hubble constant,
Hp. Current measurements lead us to believe that the Hubble constant is 70 +
10 km/sec/Mpc. (Mpc stands for megaparsec, which is 3.09 x 10%* cm.) Since
there is still some uncertainty in this value, we often parameterize the Hubble
constant as

Ho = 100k km/sec/Mpc, (8.70)

so that & » 0.7. Typical cosmological scales are set by the Hubble length
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dg = Hy''c
=925x10"n" 1 cm
=3.00 x 10°4~! Mpc, (8.71)
and the Hubble time
tg = Hy '

=3.09 x 10"7A 7! sec
=9.78 x 10°h L yr. 8.72)

Of course since we usually set ¢ = 1, you will see Hj ! referred to as both the
Hubble length and the Hubble time. There is also the deceleration parameter,

ad
q=- o (8~73)
a

which measures the rate of change of the rate of expansion.
Another useful quantity is the density parameter,

G P
Q=—5p=—, 8.74
372" o (8.74)
where the critical density is defined by
3H?
= —. 8.
Perit 87 G (8.75)

This quantity, which will generally change with time, is called the critical density
because the Friedmann equation (8.67) can be written

K

Q-1=1ma

(8.76)
The sign of « is therefore determined by whether €2 is greater than, equal to, or
less than, one. We have

P<pgit < <1 <« k<0 <« open
P=pagit < Q=1 & k=0 < flat
P>puit < 2>1 «© k>0 <« closed.

The density parameter, then, tells us which of the three Robertson—Walker ge-
ometries describes our universe. Determining it observationally is of crucial im-
portance; recent measurements of the cosmic microwave background anisotropy
lead us to believe that 2 is very close to unity.
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EVOLUTION OF THE SCALE FACTOR

Given a specification of the amounts of energy density p; in different species
i, along with their equations of state p; = p;(0;), and the amount of spatial
curvature «, one can solve the Friedmann equation (8.67) to obtain a complete
history of the evolution of the scale factor, a(t). In general we simply numerically
integrate the Friedmann equation (which is just a first-order differential equation),
but it is useful to get a feeling for the types of solutions appropriate to different
cosmological parameters.

To simplify our task, let us imagine that all of the different components of
energy density evolve as power laws,

Pi = p,-oa_”i. (8'77)

Comparing to (8.55), this is equivalent to positing that each equation-of-state pa-
rameter w; = p;/p; is a constant equal to

w; = In; — 1. (8.7%)

We can further streamline our expressions by treating the contribution of spatial
curvature as a fictitious energy density

3k
= 8.79
p C 8JT Ga2 ’ ( )
with a corresponding density parameter
K
Q.= A (8.80)

It’s not an energy density, of course, so don’t forget that this is just notational
sleight-of-hand. The behaviors of our favorite sources are summarized in the fol-
lowing table.

l Wi ’ nj
matter 0 3
radiation | 3 | 4 (8.81)
curvature | —31 | 2
vacuum -1{0

In these variables, the Friedmann equation (8.67) can be written
81 G

H? = —713—~ pi, (8.82)

i(c)

where the notation ) 7; ., indicates that we sum not only over all the actual com-
ponents of energy density o;, but also over the contribution of spatial curvature
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pc. Note that if we divide both sides by H2, we obtain

1= Q. (8.83)
i{c)

The right-hand side is not the total density parameter 2, which only gets contri-
butions from actual energy density (not curvature); we therefore have

Q=1-Q. (8.84)

Let’s begin by asking what can happen if all of the p;’s (including o) are non-
negative. Because H? is proportional to 3~ (c) Pi» the universe will never undergo
a transition from expanding to contracting so long as Zi(c) pi # 0. We can also
take the time derivative of the Hubble parameter,

oo a\?
——;*(—), (8.85)

a

and plug in the two Friedmann equations (8.67) and (8.68) to obtain

H=—47G Za + wi)pi. (8.86)
i(c)

Since we are imagining that |w;| < 1, when all the p;’s are nonnegative we will
always have H < 0. In other words, the universe keeps expanding, but the expan-
sion rate continually decreases (which suggests the excellent question, what made
it so large in the first place?).

From (8.85) we see that & can be positive and H be negative at the same time—
the scale factor can be “accelerating” even though the expansion rate as measured
by the Hubble parameter is decreasing (for example, if a o t2). This is an un-
avoidable subtlety of non-Euclidean geometry. The Hubble parameter and the
derivative of the scale factor are the answers to two different questions. If we set
two test particles at a fixed initial distance, and ask by how much they have sepa-
rated a short time thereafter, the answer is given by the Hubble parameter. If, on
the other hand, we pick some fixed source, and ask how it appears to move away
from us with time, the answer is given by the change in the scale factor. There
are consequently two very different and equally legitimate senses of “accelerat-
ing” (or “decelerating”). In practice, “accelerating” usually refers to a situation in
which @ > 0, even if H < 0. This discussion is not completely academic; as we
will see below, our current real universe seems to be of this type.

It is by no means necessary that each p; should be nonnegative. Matter and
radiation arise from dynamical particles and fields, and we consequently expect
that their energy densities will never be negative; if they could be, empty space
could decay into a collection of positive- and negative-energy fields. But vacuum
and curvature are different stories. Vacuum energy is nondynamical, so a nega-
tive value cannot induce any instabilities, while curvature is simply a property
of the spatial geometry, and can have either sign. If we therefore have either a



340

Chapter 8 Cosmology

negative vacuum energy or a positive spatial curvature (remember p. o —k), the
Hubble parameter can vanish and even change sign. An example is provided by
the de Sitter metric (8.6), which has a positive vacuum energy but also a positive
spatial curvature; it describes a universe that initially collapses, reaches a turning
point, and thereafter begins to expand.

The real world is an untidy place, consisting of numerous different kinds of
energy density. Because different sources evolve at different rates, however, for
long periods the energy density will be clearly dominated by one kind of source.
It is therefore very useful to examine solutions to the Friedmann equation when
there is only one kind of energy density p o a~". Because we are including
spatial curvature as an effective energy source, this means we are considering
either flat universes dominated by a single source, or completely empty universes
with spatial curvature. The Friedmann equation then implies

aox a2, (8.87)

This can be immediately integrated to obtain

a o 2" (for p cca™). (8.88)

Consider for example a flat universe dominated by matter, 2 = Qpy = 1; this
is known as the Einstein—de Sitter model, and for a long time was the favorite
(at least among theorists) to describe the real world. In an Einstein—de Sitter
universe, the scale factor evolves as a o #2/3. A flat radiation-dominated uni-
verse, meanwhile, evolves as @ o¢ ¢!/2. The conformal diagtam for any such
universe with n > 2 is derived in Appendix H. Even though we believe there
are nonzero amounts of matter, radiation, and vacuum energy in the real universe,
these solutions are still very useful; as we discuss later, the universe was radiation-
dominated at early times, and was matter dominated as the universe expanded
froma ~ 1/3000toa ~ 1/2.

These solutions all feature a singularity at @ = 0, known as the Big Bang. It
represents the creation of the universe from a singular state, not an explosion of
matter into a pre-existing spacetime. It might be hoped that the perfect symmetry
of our FRW universes is responsible for this singularity, but in fact that’s not
true; cosmological singularity theorems show that any universe with p > 0 and
p = 0 must have begun at a singularity. Of course the energy density becomes
arbitrarily high as a — 0, and we don’t expect classical general relativity to
be an accurate description of nature in this regime; presumably quantum gravity
becomes important, although it is unclear how at present.

Looking at (8.88), we see that a universe dominated by vacuum energy (n = 0)
is clearly a special case. The scale factor then expands as an exponential rather
than a power law; the entire metric is

ds?* = —dt? + e'[dx? + dy? + dz%, (8.89)
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where the Hubble parameter H is a constant. Of course, in Section 8.1 we al-
ready described a cosmological spacetime with a positive cosmological constant:
de Sitter space, which featured ¥ > 0 and a o cosh(f /o). What is the relationship
between that solution and the one here, with ¥ = 0 and a oc exp(H¢)? They are
the same spacetime, represented in different coordinates. One way to verify this
is to calculate the Riemann tensor for (8.89) and check that it has the characteris-
tic form of a maximally symmetric spacetime, (8.1). Since maximally symmetric
spacetimes with positive curvature are locally unique, the metrics (8.6) and (8.89)
must describe the same manifold, or parts thereof. In fact, the coordinates of (8.89)
only cover part of de Sitter; they are incomplete in the past. In the exercises you
are asked to show that comoving geodesics in these coordinates reach = —o0o in
finite affine parameter; they run into the edge of the coordinates. In the conformal
diagram of Figure 8.1, these coordinates cover the upper-right triangular portion
of the square. See Hawking and Ellis (1973) for a more complete description of
different coordinate systems on de Sitter and anti-de Sitter.

Another interesting special case is the completely empty universe, with o = 0,
but with spatial curvature. The Friedmann equation becomes

K

H?>=——

5 (8.90)

so the curvature ¥ must be negative. Thinking of curvature as a fictitious energy
density p. o< a~2, from (8.88) we know that such a universe will expand linearly,
a o t. This spacetime is known as the Milne universe. However, just as with
de Sitter, we know of another cosmological spacetime with p = 0—in this case,
flat Minkowski space. Once again, the Milne spacetime is just a patch of Minkow-
ski in a certain incomplete coordinate system. It can be thought of as the interior
of the future light cone of some fixed point in Minkowski, foliated by negatively-
curved hyperboloids. To check, it would suffice to calculate all of the components
of the Riemann tensor, which turn out to vanish; any spacetime with vanishing
Riemann curvature is locally Minkowski.

In contrast to these idealized solutions, a realistic cosmology will feature sev-
eral forms of energy-momentum. In the current universe, we feel confident that
the radiation density is significantly lower than the matter density, but that vac-
uum and matter are both dynamically important. It is therefore convenient to
parameterize universes like ours by Q and 24, with the curvature fixed by
Q. = 1 — Qp — Q4. The expansion history of some particular examples of
such universes is shown in Figure 8.3. As these universes expand, the relative
influences of matter, curvature, and vacuum are altered, since the corresponding
densities evolve at different rates:

Qp & Qca? o Qpa’. (8.91)

As a — 0 in the past, curvature and vacuum will be negligible, and the universe
will behave as Einstein—de Sitter. As a — o0 in the future, curvature and matter
will be negligible, and the universe will asymptote to de Sitter; unless the scale
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FIGURE 8.3 Expansion histories for different values of €2 and €24. From top to bot-
tom, the curves describe (2, 24) = (0.3, 0.7), (0.3, 0.0), (1.0, 0.0), and (4.0, 0.0).

factor never reaches infinity, because the universe begins to recollapse at some
finite time.

Recollapse will always occur if the vacuum energy is negative; as the universe
expands, the vacuum energy eventually dominates, and the effect of Q5 < 0
is to cause deceleration and recollapse (just as the effect of Q24 > 0 is to push
the universe apart). Recollapse is also possible with Q2 > 0, if Q) is sufficiently
large that it halts the universal expansion before 2 4 has a chance to take over. The
possibilities are expressed as different regions of the 21/ €24 parameter space in
Figure 8.4. The diagonal line represents Qa1 = 1, implying « = 0.

To determine the dividing line between perpetual expansion and eventual rec-
ollapse, note that collapse requires the Hubble parameter to pass through zero as
it changes from positive to negative. The scale factor a, at which this turnaround
occurs can be found by setting H = 0 in the Friedmann equation,

87 G _ _
H2= 0= (omoa;? + pao + proa;?). (8.92)

We can divide this by Hg', use Q¢ = 1 — Qpo — Q4a0, and rearrange a bit to
obtain

Qp0a; + (1 — Qmo — Qa)ax + mo = 0. (8.93)

This is a cubic equation for a., the scale factor at turnaround. Of course we don’t
actually care very much about a,; what we care about are the values of Qp,
given Qpp, for which a real solution to (8.93) exists. Solving the cubic equation
and doing some math, we find that the value of ¢ for which the universe will
expand forever is given by
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FIGURE 8.4 Properties of universes dominated by matter and vacuum energy, as a func-
tion of the density parameters $2) and €24. The circular region in the upper-left corner
represents roughly those values favored by experimental data (as of 2003).

0 0<Qmo <1

1 1-Q 4
Qa0 2 4QMmo0 cos? | = cos™! [ M0 + hidd Qmo > 1. (8.94)
3 QM0 3

Note that, when €240 = 0, open and flat universes (2o = Qmo < 1) will expand
forever, while closed universes (20 = Mo > 1) will recollapse. Traditional
disdain for the the cosmological constant has led to a folk belief that this is a
necessary correspondence; once the possibility of vacuum energy is admitted,
however, any combination of spatial geometry and eventual fate is possible.

In the upper-left corner of Figure 8.4, we have indicated the currently favored
values of the cosmological parameters: Qpmo ~ 0.3, Qa0 ~ 0.7, as we will dis-
cuss in Section 8.7. This is well into the regime of perpetual expansion; if the
vacuum energy remains truly constant (which it might not), our universe is fated
to continue its expansion for all time.

We end this section by noting the difficulty of finding static solutions to the
Friedmann equations. To be static, we must have not only @ = 0, but also & = 0.
From (8.68), this can only happen if the pressure is

p=—3p (8.95)
and from (8.67), there must be a nonvanishing spatial curvature

K 87 G
— = —p. 8.96
) 3P (8.96)
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Because the energy density and pressure must be of opposite sign, these condi-
tions can’t be fulfilled if we only invoke matter or radiation. When Einstein first
looked for cosmological solutions in GR, astronomers had not yet discovered that
the universe was expanding, so the lack of static solutions was considered prob-
lematic. This provided the motivation for Einstein to introduce the cosmological
constant; the static conditions can be satisfied by a combination of matter and
vacuum energy, with

or = Lom, (8.97)

along with the appropriate positive spatial curvature. These parameters describe
the Einstein static universe. Today we know that the universe is expanding, so
this solution is of little empirical interest; it is, however, extremely useful to the-
orists, providing the basis for the construction of conformal diagrams.

REDSHIFTS AND DISTANCES

It is clear that we would like to determine a number of quantities observationally
to decide which of the FRW models corresponds to our universe. Obviously we
would like to determine Hy, since that is related to the age of the universe. We
would also like to know €2, which determines « through (8.76). To understand how
these quantities might conceivably be measured, let’s consider geodesic motion in
an FRW universe. There are a number of spacelike Killing vectors, but no timelike
Killing vector to give us a notion of conserved energy. There is, however, a Killing
tensor. If U#* = (1, 0, 0, 0) is the four-velocity of comoving observers, then the
tensor

Ky = a*(gu + UL U) (8.98)

satisfies V(s K,y = 0 (as you can check), and is therefore a Killing tensor. This
means that if a particle has four-velocity V# = dx* /d A, the quantity

K? =K, ,VFVY = [V, V* + (U, V" (8.99)
will be a constant along geodesics. Let’s think about this, first for massive par-
ticles. Then we will have V,,V# = —1, so

(VO2 =14V, (8.100)

where |17|2 = gij ViVJ. We also have U, V¥ = —Vv0, 50(8.99) implies

V| = LY (8.101)
a
The particle therefore “slows down” with respect to the comoving coordinates as
the universe expands. In fact this is an actual slowing down, in the sense that a gas
of particles with initially high relative velocities will cool down as the universe
expands.
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A similar thing happens to null geodesics. In this case V,,V#* = 0, and (8.99)
implies
u K
U,V = — (8.102)

But the frequency of the photon as measured by a comoving observer is @ =
—U, V*. The frequency of the photon emitted with frequency wem will therefore
be observed with a lower frequency wghs as the universe expands:

Wobs _ Gem

Wem Aobs

(8.103)

Cosmologists like to speak of this in terms of the redshift z between the two
events, defined by the fractional change in wavelength:

Aobs — A
em
If the observation takes place today (aobs = ag = 1), this implies
dem = ! (8.105)
em = 1+ Zem. .

So the redshift of an object tells us the scale factor when the photon was emitted.

Notice that this redshift is not the same as the conventional Doppler effect; it
is the expansion of space, not the relative velocities of the observer and emitter,
which leads to the redshift. Nevertheless, if we observe galaxies over distances
that are small compared to the Hubble radius H ! and the radius of spatial cur-
vature « ~1/2, the expansion of the universe looks very much like a set of galaxies
moving apart from each other and the redshift looks very much like the Doppler
effect. Consequently, astronomers often think of the redshift in terms of a “veloc-
ity” v = cz, where c is the speed of light. Even though we know you can’t really
speak of the relative velocities between two objects at different points of a curved
spacetime, the fiction works well over sufficiently short distances. Within this ap-
proximation, the “distance” d from us to a galaxy can be taken to be the instanta-
neous physical distance dp (the distance, in physical units such as centimeters,
between us and the location of the galaxy along our current spatial hypersurface).
Let’s write the RW metric in the form

ds? = —dr* + (1) R [dx2 + Skz()()dﬂz] , (8.106)

where S (x) is defined by (8.33), and k € {41, 0, —1}. In this form, the instanta-
neous physical distance as measured at time ¢ between us (x = 0) and a galaxy
at comoving radial coordinate x is

dp(t) = a(t)Roy, (8.107)
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where x remains constant because we assume both we and the observed galaxy
are perfectly comoving. (They might not be, in which case it is trivial to include
the corrections due to so-called “peculiar velocities.”) Of course “distance” is in
quotes because there are several inequivalent useful notions of distance once we
leave this approximation, but they all agree when dp is small. Then the observed
velocity (as inferred from the redshift) is simply

v=dp = aRox = Zdp. (8.108)
a

Evaluated today, this becomes

V= Hodp, (8109)

the famous Hubble law: the observed recession velocity is directly proportional
to the distance, for galaxies that are not too far away.

If the redshift is not very small, we have to think more carefully about what
we mean by “distance” in cosmology. The instantaneous physical distance is a
convenient construct, but not itself observable, since observations always refer to
events on our past light cone, not our current spatial hypersurface. In Euclidean
space there are a number of different ways to infer the distance of an object;
we could for example compare its apparent brightness to its intrinsic luminosity,
or its apparent angular velocity to its intrinsic transverse speed, or its apparent
angular size to its physical extent. For each of these cases, we can define a kind
of distance that is what we would infer if space were Euclidean and the universe
were not expanding.

Let’s start with the luminosity distance d, defined to satisfy

L

—_ 110
Ao F @ )

d =
where L is the absolute luminosity of the source and F is the flux measured by the
observer (the energy per unit time per unit area of some detector). This definition
comes from the fact that in flat space, for a source at distance d the flux over
the luminosity is just one over the area of a sphere centered around the source,
F/L = 1/A(d) = 1/4mwd?. In an FRW universe, however, the flux will be diluted.
Conservation of photons tells us that all of the photons emitted by the source will
eventually pass through a sphere at comoving distance x from the emitter. But
the flux is diluted by two additional effects: the individual photons redshift by a
factor (1 4+ z), and the photons hit the sphere less frequently, since two photons
emitted a time 8¢ apart will be measured at a time (1 + z)3¢ apart. Therefore we
will have

F 1

L~ (+224 @110
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The area A of a sphere centered at comoving distance x can be derived from the
coefficient of dQZ in (8.106), yielding

A =4 R3S (x), (8.112)

where we have set a(f) = 1 because we are observing the photons today. Putting
it all together yields

dr = (1+2)RoSk(x)- (8.113)

The luminosity distance dj, is something we might hope to measure, since there
are some astrophysical sources whose absolute luminosities are known. But x is
not observable, so we have to remove that from our equation. On a null geodesic
(chosen to be radial for convenience) we have

0 =ds* = —dr* + a®R2dy?, (8.114)
or
dt da
=R} —=R‘1/——~«, 1
X 0 a 0 a’H (a) (8.115)

where we have used H = da/a. It is conventional to convert the scale factor to
redshift using a = 1/(1 + z), so we have
4 dz’

x(2) = Ry" N (8.116)

In order to evaluate the Hubble parameter in this integral we use the Friedmann
equation (8.67), which we write as in the previous section as

87G
H2=”T pi. (8.117)
i(c)

To simplify things, we may again assume that each density component evolves as
a power law,

pi(2) = pioa™™ = pjo(1+2)", (8.118)
Then we can write
H(z) = HoE(2), (8.119)
where

1/2
EQx) = [Z Qio(1 +z)"ij| , (8.120)
i(c)
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where the density parameters 2; are defined by (8.74). The equations below in-
volving E (z) will be true whether or not the energy sources evolve as power laws;
if they do not, simply use E(z) = H(z)/Hp [where H(z) is determined by the
Friedmann equation] rather than (8.120).

So the luminosity distance is

dr(z) = 1+ 2)RoSk [RO 'yt / (8.121)

E (Z’)]
Note that Ro drops out when & = 0, which is good, because in that case it is
a completely arbitrary parameter. Even when it is not arbitrary, it is still more
common to speak in terms of Q¢ = —k/ R%Hg‘, which can be measured either

directly through determinations of the spatial curvature, or by measuring the den-
sity parameter and using 2¢0 = 1 — Q9. In terms of this parameter we have

-1
c0 = HO .
kY [€2col

We therefore write the luminosity distance in terms of measurable cosmological
parameters as

Ro = Hy'\/—kQ

(8.122)

Hy
dr(z)=(1 +Z)«/|Q—0 Sk [,/ ) / EG /)] (8.123)

Although it appears unwieldy, this equation is of central importance in cosmol-
ogy. Given the observables Hp and 2;, we can straightforwardly calculate the
luminosity distance to an object at any redshift z; equally well, we can measure
dr,(z) for objects at a range of redshifts, and from that information extract Hp
and/or the ;¢’s.

Along with the luminosity distance are two other related distance measures.
Just as the luminosity distance is the distance we infer from the intrinsic and
observed luminosity of the source if we were in flat space, the proper motion
distance djs is the distance we infer from the intrinsic and observed motion of
the source. It is defined to be

dy = =, (8.124)
0

where u is the proper transverse velocity (something you would measure, for ex-
ample, in k/s) and 6 is the observed angular velocity. The angular diameter dis-
tance, meanwhile, is the distance we infer from the intrinsic and observed size of
the source; it is defined to be

R
da =

—, 8.125
5 (8.125)
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where R is the proper size of the object and 6 is its observed angular diameter.
In both cases we can derive formulas analogous to (8.123); fortunately, the un-
wieldy dependence on the cosmological parameters is common to all the distance
measures, and we are left with a simple dependence on redshift:

dp = (14 2)dy = (1 +2)%dy, (8.126)

as you are encouraged to check. So if we measure one such distance, we can easily
convert to any other; or we can measure different distances independently and use
(8.126) to test the consistency of the RW framework.

While we’re contemplating distances, let’s also consider the elapsed time be-
tween now and when the light from an object at redshift z was emitted. If the
age of the universe today is #p and the age when the photon was emitted is ., the
lookback time is

o
fo—tx = / dt
[

_ L da

B / aH (a) -

_ 1 Zx dZ/

= H, /0 ———(1 THED) 8.127)

For example, consider a flat (k = 0) matter-dominated (p = oy = pMoa )
universe. Then

E@=1+2% (8.128)

SO

!

Zx dz
_ -1
00— = HO /(; (1+ Z/)5/2

- %Ho_l [1-a+z072]. (8.129)

The total age of a matter-dominated universe is obtained by letting ¢, — 0 (zx —
m)’

to(MD) = 2H, . (8.130)

For universes that are not completely matter-dominated, the factor of % will be not
quite right, but for reasonable values of the cosmological parameters we usually
getto ~ Hy 1

GR