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EDITORS' NOR

The Sosiet physic ist V.A. Took 1* well known ty  physicist*  fo r hi* 
work la  quanton nechaniee, pa rticu la rly  In  eonnwtloB with the Bartreo- 
Poek thaory of ealf-cooelotant f ie ld s . The purpoie of th ia  eolleo tlon  
i t  to  »e quaint the  reader with Peak'* no re  recent work on the p ro p o r­
tio n , refrac tion , and d iffr*o tloo  of radlowavaa. Pock's e a r l /  pa pare on 
tM i  subject (the f l r e t  f i r e  papers in  th is  co llec tion) appeared la  
Bigllah alnoat a doeado ago. Boweror, a l l  of h ie aore recant work haa 
been pabllehed in  Russian and le  re la tive ly  unknown ontelde the Soriet

The trenela tiona  In th ia  collec tion  bare been baacl upon tran s la ­
tions obtained fron  e ereral aoureea. Hr. Barman V. Cottony of the 
Rational Bureau o f Standards and Kiss A. P in ta i l  of the Raral Reeseroh 
Laboratory, reepeotire ly , aada the orig ina l trenela tiona  of Chapters 
VX and XX of th ia  eo lloetion . The tr an s la to r  o f Chapter PIU  ia  un- 
knon  to  tha e d lto re . The r m e l n i l l T i g  ahaptsrs ware tran s la ted  ty  
Korria D, Prlednan. Chapters T il l ,  XX, and X ware nade ty  Itor r l e  D. 
Prlednan, Xno., Kewtonrllla, Kassaohuaette. Chaptars XXX and XXIX wars 
aada in  oooparation with Llnooln Laboratory.

According to  tha Library o f Congress aohonc fo r the tra n s lite ra tio n  
of the Buseian alphabet, Pook'e nans appears aa Pok. Howerer, because 
of the aore general use In s c ien tific  l i t e r a tu re  of tho fo ra  Pock the 
ed ito rs have reta ined  th is  fo n t In th is  co llec tion .
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7 . A, FOCI'S COHTRIBOTICSS TO DIFFBACTiai THBORT

1. DITBODOCTICa

7.A. Foek became in te rested  In d iffrac tio n  problem* c imperatively 

recen tly . Within a abort tin e  he succeeded in  obtaining nueeroue 

resu lts  whioh ere very lapo rten t both In theo re tica l end In p rac tic a l 

aspects. By forecasting the paths of fu rther Investigations In th is  

f ie ld , they undoubtedly are epochal In d iffrao tlon  theory.

The solution of the problems of aleotronagnetlc w*ve d if f ra c tio n  

consists of find ing  solutions of the Xaxwell equations subject to  

specific i n i t i a l  and boundary conditions on the d iffrac ting  surface and 

rad ia tion  conditions a t  In f in ity .  The I n i t ia l  conditions a re  often re­

placed by the requlrenent th a t the solution be sinusoidal in  t in s .

Foek devoted h la ee lf  to  an analysis of problems of the la s t  kind. Prio r 

to  the Foek Investigations In th s  theory of electromagnetic wave d if ­

fra c tio n , only so lutions fo r  a small masher o f pro b in s  fo r obstacles 

of a specific  shape were know , such se t the  In fin ite  wedge, cylinders -  

c irc u la r, e l l ip t l e  and parabolic -  and a lso fo r the sphere. In  addi­

tio n , the problem of d iffrao tlo n  from a paraboloid of revo lu tion , solved 

by Foek b ias  e lf  in  1944, should bo added to  ths above l i s t .



The previous solutions of ths problems mentioned aboys, which 

wars represented by se ries  o r by In teg ra ls , ware not eery useful In 

ths Important p rac tic a l cass tdian the wavelength Is  small In comparison 

to  the dimensions of the  obstacle, and thay should be considered as 

only the f i r s t  step In solving the probl™ , The next step must bo ths 

derivation of formulas fr<a which q u a lita tiv e  physical consequences 

can be obtained and which a re . In addition , su itab le  fo r p rac tic a l 

computational Hence, one of th s  possible d irec tions of work in  d if ­

f raction  theory was the  development of a method of iso la tin g  ths prin­

c ipal parts out of the complex formulas idiiofa constitu te  the exact 

solution of the probing. The Pock Investigations ware mads In th is  

d irec tion  whan solving th s  problems of d if f ra e tlo n  from a conducting 

sphere as w sll as from a paraboloid of revolution, na tu ra lly , the 

method c ited  la  applicable only in  those few oases idian an axact solu­

tion  can be constructed successfully . Consequently, an urgent need 

existed fo r the  c reation  of an approximate method of solving d if f ra c ­

tion  problems tA ieh, while being general, would lead to  re la tiv e ly  

simple formulae.

The fundamental works of Pock on d iffra o tio n  are  devoted to  the 

construction of auoh an approximate method and to  the solu tion  of a 

rnanber of p rac tic a l important problems by using th is  method. Pock 

developed and used the parabolic equation method propoeod by Lacntovioh. 

Thla permitted him to  give not only new sim plified derivations of 

resu lts  he had obtained e a r lie r  by other 

11

but a lso  to  goneralleo



than 1a various d irec tions ( to  take the f in i te  conductivity of the 

tody in to  account) to  dotemin* the f ie ld  oloee to  the aurface aa v e i l  

as on the  surface I ts e lf  j to  take ataospherle lnhcaogw eltles Into ao- 

oount in  the p ro b l«  of d iffra c tio n  of rad iow res around the earth ’s 

surface).

As i s  every approximate msthod of solving boundary value pro b in e ,  

the Fock method Is based on the smallness of c e r ta in  parameters en­

countered in  the problem, the  qua n titie s  which are  usually  small In 

the problems of radiowave d iffra c tio n  a re i -jA. and -^r-, th e re  

t;  m £  * 1  i s  the a duplex d le leo trlo  constant of th s  d lffrao tln g

body) Jl. i s  ths wavelength of tho inc iden t wave) 1  i s  a quantity  of tho 

order o f ths radius of curvature of th s  surfaoo o f tho body.

I f  |7^j ■ «  (perfeo t conductor), than the  f ie ld  w ithin the oonduo- 

to r  i s  te ro , l . e . .  I t  i s  known In  advance. This c lrcun tanc*  permits 

the d if f ra c tio n  problem to  bo formulated only fo r the  space outalde the 

body, which leads to  substan tia l s im plifica tion . The situation  In the 

Imperfect conductor oate Is sim ilar I f  the Inequa lities | y/1 ■> >  1 and

In  th is  eaae, the f ie ld  within the conductor appears to  be van­

ish ing ly  small everywhere except In  a surface layer o f thickness of 

order where the lnfluenoe of th is  layer can bo taken in to

account by using boundary conditions fo r  ths external f ia ld

" V7 - »A> ’ V1* ‘ n.*V >ett-

i n

( i )



idler* Jg, Jy, *re the components of the  ourran t  density; n^, n^, 

a re  tbe u n it vector components normal to  the body aurfaoe. lead . N.A, 

Lsontovioh f i r s t  suggested tbe aforementioned conditions In a ra the r 

d if fe ren t fo ra .

Consequently, tbe approximate f  em ulation  o f the d iffrac tio n  

problem I s  thereby reduced to  a problem Involving the f ie ld s  ex terio r 

to  the  body. A fu rther e ssen t ia l s im plifica tion  in  problene of rad io- 

wave d lf f ra e tlo n  fro* bodies of a rb itra ry  shape re su l ts  fro* the prin­

c ip le  of tbe  f ie ld  being lo c a l in  tbe half-shadow region.

I f  tbe eleotrcnagnetlo f ie ld  near the  surface o f a conducting 

body were to  be determined successfully , and, the re fore , the  current 

d is tr ib u t io n  in  the  surface la y er, than the  solution of the d iffrac tion  

pro blocs would be a tta ined  bjr simple well-known formulae fo r  the vector 

p o te n tia l. Tbe f ie ld  in  the  illum inated region near the  body i s  subject, 

with a high degree of accuracy, to  the Fresnel lava of re f le c tio n , and, 

the re fo re , can be determined e as ily ; the f ie ld  decreases rap id ly  to 

sero In the shadow region.

Consequently, the  unattainable lin k  In  the  approximate solution of 

the  d if f ra c tio n  problems Is  the t ra n s itio n  region (half-shadow) located 

near the  geometric shadow boundary and with the shape of a band of width 

la  the radius of curvature of a normal eaotloc 

o f the body In  the Inoldent plans.

Pock succeeded in  showing th a t the  electromagnetic f ie ld  in  the 

half-shadow region i s ,  to  the accuracy of qu an titie s  of the  order of 

It



of local character, 1 ,* , ,  i t  depemfeonly on the values

of the incident w n  f ie ld  In tho neighborhood of the g i f t s  po in t, on 

tho geometric thtpo of th# body near th is  po in t, and on the a lac trlo  

properties of tilt conductor.

After tho principle o f tho lo c al f ie ld  had bean estab lished , there* 

remained only to  find the  solution of the  d if f ra c tio n  problem for a 

convex body of su ffic ie n tly  general shape, and to  d e rlfe  the approxi­

mate formulae fo r the f ie ld  on I ts  surface . I t  la  convenient to  take 

the paraboloid of revolution aa euoh a body, l a  solving the problem of 

plane wave d lffreo tlon  from a paraboloid, V.A, Pock usod separation of 

varlablaa In parabolic coordlnatae, Ha constructed the exact solution 

In the font of in teg rals and performed tha approximate calcu lation  of 

theae In tegrale under tho assumption th a t ka »  1, where k la  the 

wave number and a la  a  parameter o f  the paraboloid of revolution: 

x2 ♦ y2 -  2a» -  a2 -  0 .

Tha c harac terla tlc  d ireo tlou  of tho woric on d iffraetlo i. explained 

above le  su ffic ie n t to  Indica te  the Important prlneiplao of tha  methods 

developed. Basically, these  methods reduce to  the followingi

Pock Indicated an a ffec tiv e  method o f  approximately evaluating in -  

’ln lte  aerlea and Integra ls (containing a  la rge  parameter) which repre­

sent the exact solutions o f  certain  problems of electromagnetic wave 

d iffra c tio n . This method permitted him to  develop, fo r  example, e 

rigorous theory on radlowavo d lffreo tlo n  around th e  e a r th 's  surface 

surrounded by e homogeneous atmosphere '( 'D iffra c tio n  of Badlowavee



Around the Earth*» Surface",  1946)1. Ha w i  a lso  tha f l r a t  to  aatabllah 

tha vary Important prlncip la  of tha local charactar of tha electro®* g- 

natlo  f ie ld  l a  tha half shadow region,, u tir^  widely tha Laontovich 

condition*2 la  tha approximate formulatlon of radlo-«av* d iffrac tio n  

problem*.

This work afforded him tha opportunity to  conatruet an approximate, 

but ye t a u ff lc lan tly  accurate for p rac tic a l needs, theory of radlowave 

d if f ra c tio n  from conductor* of a rb itra ry  abape aa m i l  aa * theory of 

radlowave propagation around the earth  taking lahcmogeneltiee of tha 

atmosphere Into account. Tha explanation of th la  theory la  given In 

"Theory of Radlowave Propagation In an Xnhcnogeneous Atmosphere fo r a 

Raised Source", (1950)3.

These works on d if f ra c tio n  have played a very important part in  the 

h is to iy  of th la  question and, a t  tha present tin e  era  among tha  c lea rest 

attainment* In  d iffre o tlo n  theory and i t a  application*. Let ua tu rn  to 

a mere d e ta iled  explanation of some of those works.

The problem o f radlowave d if f ra c tio n  In a vacuum re la tiv e  to  a  oor>- 

dueting sphere la  solved in  "D iffreotlon of Radiowaves Around the  E arth 's  

Surface"^,

Let the sphere be of radius a  and be characterized by th e  d i­

e lec tr ic  constant C , tha conductivity <T end the magnetic permeability 

un ity , Let the  spherica l coordinate* ( r ,6 , f )  be introduced end l e t  t  

v e rtica l e le c tr ic  dipole be pieced a t th a  point r  -  b , 0 •  0, where 

b > a . Tha e leotronagnetie f ie ld  axolted by suoh a d ipole oan be ex­

pressed by mean* of the Hart* funotlon 0 ( r ,9 ,f )  which s a t is f ie s  the 
equation

v l



A u ♦ A  -  o

Bane*, 1® ori« r to  determine the value of the f ie ld  on tho sphere 'i 

surface, I t  la  w ff le lo n t  to  W w  tho quan titiaa:

(3) 0 .  -  U (»,e ,f) and o ; -  J M L I  .
v  r  I

In 190ft, Mia obtalnod an analy tica l roproaontatlon fo r the function 

0 as an In fin ite  a eries of apherloal functions, The a x trn e ly  poor 

convergence of the aarlss  prevented qua lita tiv e  physical consequences 

from being obtained and prevented p rac tic a l use of the aforaaentloned 

exact solution of the problmt. A major step toward a p rac tica l use of 

these se ries  was made by Watson In 191S. But the  transfom ed fo ra  of 

the  solution was s t i l l  un satisfac tory , both because of i t s  complexity 

and because i t  was only applicable in  the geometric shadow region 

( l . e . ,  f a r  from the horizon). Only In 1945 did Foek suoeeed in  obtain­

ing an expression fo r the  Herts funotlon su itab le  fo r a l l  cases.

Foek transforms the  se ries  fo r  Ua and O' in to  ocoplex In teg ra ls , 

But, In contrast to  the preceding authors who tended to  reduce the 

In tegra ls to  a sum of residues, Foek Iso la ted  from the In teg ra ls  a 

p rincipal term which y ie ld s su ffic ie n tly  exact values fo r the  functions 

Investigated.

I t  was shown in  th is  work th a t I f  waves passing through the th ick­

ness of the earth and waves olroumsorlblng the earth  because of d if ­

frac tion  a re  negleoted beoause of th e ir  n a l ln a s s ,  then the  value of 

Da  be r e p r e s s e d  by the following In teg ra l 

v i i

(2)



wke<“oft) UA

(5) 9™
C ^ a y - i Xr . ^ ) f r

J K d .)  '

(*) X n ^ =  J ^ i 2 L ; * «  I t O - i *  th*  w tv .ln jg th)
*,<P> '  *

(9) . T)*e *£*-■£.}
a) 1* th* hrp*rgean*trlo function; tb« oontour C 1* * lin*  

ln ta r*  acting th* po sltlr*  p*rt of th* r**l axlo going downward (to  th* 

lo f t  of th* pol*a of {f(r))»

A a ln i la r  In tegra l i s  obtained for 0^. Tb* **s*ntlal foataro  of 

th l*  aothod of approach 1* tha t th* Integral* obtain*d oan bo oalomlatod 

• ta l ly  and with groat aoouraoy fo r  a iy  rain* o f 9 .

Till



lb s  oha iae tnrletlo  pnraantnr o f  th« aforaom tlonad in teg ra ls  1*

tii* quantity  p oos y  where y  1* tbo angl* between tha

v e rtica l a t tbo observation point tad  tbo Mors* dlreo tlon , I f  p>> 1 

wA tbo oboorror la  In tbo lin o  of sigh t region (nor* aoeoratelyi I f  

kb cosT> > 1 ,  i t e r s  h la  th# height of tbo I sure a above tbo earth), 

than tbo a - 'o a t lo n  of tbo in te g ra l a loads to  tbo wall-known " rofloo-  

tlon  fornu la", This evaluation of tbo In tegra ls loads to  tbo Wofl-^ran 

dor Pol fonnila v a lid  fo r points a t  la rgo  dlotanoos fro* tbo oouro* 

but s t i l l  w ell w ithin Um lin * -o f-e ig h t.

the  half-shadow r*glsn ( i te r s  p « l ) ,  fo r whloh appraxlnato 

values of tbo f l* ld  worn not know) i s  o f grootost ln to ro r t. A nstbod 

Is lndioatod In th is  aork of evaluating tbo Intogrolo fo r th is  oaoo 

and th s  following fo ronli la  obtained

In which w^(t) Is  tbo complex Alrey funotlon re la ted  to  the Hank e l 

function of one th ird  order ty  tbo re la tio n

The contour J 1 goes fron l o  to  0  and froa  0 to  |

(10)
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The formula fo r  tho half-shadow region Is  tho main re su l t of th is  

work. I t  1* applicable In a l l  cases of p rac tic a l in  ta re  a t .  I t  trans­

forms Into tbe Weyl-ran dor Pol formula f a r  from geometric shadow In 

the  llne -o f-» igh t roglon. This fonaila  can b# reduced to  a rap id ly  

converging se rie s  whan the tra n s itio n  I s  nade In to  the  shadow region 

idlers ( -  p)>  > 1 .

In  the work "Solution of the  Problwa o f  Propagation of K lectrc- 

wagnatle Wave* Along the E arth 's  Surface h r  the Method of Parabolic 

Equations" (w ritten jo in tly  with M.A. Leontorlch)*, a  prohlma i s  

analysad which le  alad lar to  tho problma In the  paper mentioned a bore 

but the method la  e ssen tia lly  d if fe ren t.

The Influence of tho oa rth 'a  surface le  taken Into account by the 

Leontorlch approximate boundary conditions and ta rn s In  the f ie ld  equa­

tio n s are  neglected which are  m a ll  and are  o f  the  order of o ^  and 

. As a r e su l t, the "approxlnate" formulation of tho problem fo r 

the  spherica l aarth  ease la  sim plified  substan tia lly  and la  reduced to  

the  problem of solving the parabolic equation

In  the region e x te r io r  to  tho earth  and subject to  the  additional 

eondltlona



J t  la  d if f ic u lt to  estimate th« erro r Introduced ty  discarding the 

• j ^ l l "  terms vhsa using th le  method. To do th la  the vell-knom  

Pte«Ml " re flec tion0 formula n u t  a lso be considered. The essen tia l 

advantage of the parabollo equation nethod i s  l t a  grea t sim plicity as 

s e l l  as the p o ss ib i lity  of solving oor* cocgilsx problems (fo r example, 

save d iffra c tio n  from bodies of a rb itra ry  shape).

In  th la  work the f i r s t  oase considered Is  tha t in  which the 

earth  la  assumed to  bo p lanar. Than the apherloal earth  case Is con­

sidered and the sane formulas are obtained ty  using the parabolic 

equation nethod as bad been previously obtained ty  approximately 

n m ln g  the se ries  idiloh y ie ld  the exact solution of the proMsm.

The agreement between re su l ts  obtained ty  these two methods provides 

a Ju s ti f ica tio n  fo r  the  use of the parabolic equation method In 

problsns of radiowave d if f ra c tio n  from good conductors. Pock used 

th is  msthod widely In la te r  works on d if f ra c tio n .

In the work "Propagation of the D irec t Wave Around the Earth with 

Due Account fo r D iffraction and Rofraotion",^ the problom Is solved 

undsr the assumption th a t the surface of the earth  i s  homogeneous as 

wall aa th a t the d ie lec tr ic  oonstant o f the a i r  la  a function £ ^(h) 

only of the height b ■ r  -  a  of potato above the hotiaan. A v e rtic a l 

dipole performing harmonic ooc illa tlo iis defined ty  the fac to r e”i4>* 

la  placad on the surface of the earth  a t tha  point r  -  a ,  0 ■ 0 .

A rap id ly  varying fac to r  la  Iso la ted  from the Herts function 0 

■ad a nsw "slowly* varying function U2 I s  Introduced ty  moans o f the



formula

■*%
^0(h)r fa in  6

tdiors a •  a9 la  the l t f g th  of are on the te r r e s t r ia l  sphere from the 

po in t idler* tha dipole la  to  the point above tha earth  a t  iddeh tha 

obaeirar le  e itoated ,
/ 2 Vthe author neglecte quan titie s  o f  order r r ^ j  In  the  equation 

obtained fo r  Bj. After Introduetlon of the  noodlnenalonal variab les x  

and f  ty  naans of the formula*

(16)
vhor* “ ^  j ' ( o )  1* the  equivalent radlue of the

T *  I H o J

e a r th ’s surface, and a fte r  Introducing the new function ty  means of 

tho formula

a

H' ~ W '
th e  p reh lw  i s  reduoed to  determining the  funetion w^Cz*r) from tha 

aquation ,

(W ) ♦ 1 ♦ 7(1 ♦ «)wx -  0 (y >  0)
3 r

tinder th* condition*



end the natura l rad ia tion  eoodltlon fo r h >> 1 . Tha quantltlaa  q 

•a t g, entering l a  tha fonsulae raduead a bore, hare tha following

T*lU8»

( » )  q -  g -  _ ^ « qW - . 4 < 2 ) . ^ {o) ] .

Zmrastlgatlon of the aquation fo r *j_ above th a t I f  g -  0 and I f  

tha radlna a la  replaced ty  tha equivalent radlue of tha earth  a*, 

than tha nathaoatlcal prdhlan la  reduced to  exactly tha aana fora  aa 

whan tha atmosphere la  absent. In  tha general case, g can be eon- 

eldered aa a function of tha product f i y ,  Wiere /3 ■ — la

a small parameter. Tha so lu tion  of tha probloa Is  successfully  repre­

sented fay the contour In teg ra l:

*d»ere f ( y , t )  la  aa en tire  transcendental function with a d e fin ite  be­

havior a t  in f in ity  and sa tisfy ing  tha  aquations

(22) [ r  -  t  ♦ y g (£ y )J  f  -  0 | 

s i l l

A



The contour r  1* in f in i te  and encloses ths f i r s t  quadrant of the

t  plans.

Investigation of the so lu tion  of the p rob lai constructed shows

th a t the lavs o f geometric op tics are correc t In the  llne -o f-e igh t 

region f a r  from the  horlion . Ths following inequality  i s  the condition 

fo r th is
y2 kh2

(23) ----- ---------»  1 .
2s

The solution transforms Into th s  Keyl-ran d sr Pol forsrula fo r  a s l l  

values of x  and y end fo r la rge  values of p ■ cos J -  ,

Ths Investigation of ths so lu tion  In the half-shadow region permits the  

conclusion tha t the wave reaches the horizon w ith an amplitude uid 

phase corresponding to  ths laws o f geometric op tlos fo r  an unbounded 

Bsdlun and undergoes d if f ra c tio n  according to the  law of the focal 

H eld  in  th s  half-shadow region a t the  horizon.

This re su l t agrees completely with the ideas of L .I . H andel'shtan 

th a t the p roperties of the s o il a re  e ssen tia l not along the  W ide ray 

tra jec to ry  In ndiowave propagation along the e a r th 's  surface but only 

In th a t region where the transm itte r or receivers are located.

Let us turn to  the work In which the problem d if f ra c tio n  from an 

a rb itra ry  convex surface i s  analyzsd.

An electromagnetic wave Incident on a conductor excites surface 

currents Wilch, in  tu rn , a re  sources of sca ttered  waves. Consequently,
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ib  e ssen tia l step in  the  solution of the plane wave d lf f re e tlc a  prob- 

from a eonductor of a rb itra ry  shape Is to  find the  ourrents excited 

OO i t s  surface.

In  the  work, "The D istribution of Currents Induced by a Plans Ware 

M  the Surface of a Conductor", the current d is trib u tio n  excited by a 

plane wave on the surface of a convex, perfec tly  conducting, s u f f i -  

c iw itly  smooth body of a rb itra ry  shape i s  analyzed under the  condition 

tha t the length of the aleotrcnegnetlc wavs i s  very n a i l  in  comparison 

with the body dIran alone and the r a d ii of curvature of i t s  surface. A 

fundamental re su l t o f  the  work i s  the proof th a t the f ie ld  has lo e al 

character near the gecnatrlo shadow boundaries.

I t  ia  show in  the work th a t when the incident wave la  polarized 

with the e lec tr ic  vector in  the plane of incidence the current d i s t r i ­

bution nasr the boundaries c ited  i s  expressed through a  un iversal 

(Iden tical fo r a l l  bodies) function 0 (f)  of the argument f  “  - j - , 

where /  ia  the d istance froa  the gscaetric shadow boundaries meas­

ured in  the  Incident plane and d I s  the width of the half-shadow 

region. An analytlo  expression i s  derived fo r tho function 0 ( f )  and 

detailed  tab les a re  given.

The solution o f  the problaa of the  currant d is trib u t io n  i s  based 

e ssen tia lly  on the study of the solution of the In teg ra l equation fo r 

the current density  ?  on the surface of the pe rfec t conductor. I f  

the aonochrmeatle electromagnetic wave H ■ H** f a l l s  on the

eonductor and I f  the  following notation is  introduced



(24) '  -  (1 -  T  -  x H « ]

then the following In teg ra l equation le  obtained for the su rface  cur­

ren t density

(25)

idlers le  the u n it vector nonssl to  the conductor surface; "? and 

r*7 a re  radius vectors o f fixed points o f the surface and of points with 

the surface element d37 and R “ | ?  -  "?'] .

As an Investigation  of the In teg ra l equation In the case of very 

large values of k ( i . e . ,  sn a il wavelengths A  ) shows. I t  can be con­

sidered, with enough accuracy, th a t X “ 2J** on the  illum inated pa rt 

o f the surface (tdilch corresponds to  Fresnel refle c tio n  theory and 

J •  0 In  the shadow p a rt. In tha neighborhood of the geometrical 

shadow boundaries, the In teg ra l equation shows th a t In  a bandwidth of

(26) d -  R* ,

sdiere Bg i s  the  radius of curvature of a section of the  body surface 

by the Incident plane, the current density  and, therefore , the f ie ld  

has an approximate value dependent only on the value of the  external 

f ie ld  H** In the poin t under Investigation , the geometric character^ 

is t lo s  of the  eurfaoe element and on the e le c tr ic  properties of the 

conductor. Such a r e su l t means th a t un iversal fonm las fo r  the  current 

xvl



density on the surface of •  perfec t aonduotor in  the half-shadow re -  

fl«B can bo obtained from the solution of the d iffre c tio n  problen fo r 

^  pa rticu la r o im  of •  oonveac surfaoe, The universal formulas h b -  

tlenod oro obUlnod by considering tho probloo of piano wave d if f ra c ­

tion fro*  a paraboloid of ro re lu tion .

Tho rooult la

___ »iC  f  aK t
(27) t  - r w )  - ^ w ~ )  « ,

rfioro * ( t)  la  tho oonplax Alrey fimotion and T la  a contour In tho 

oo^ lex  plana going fro* in f in ity  to  Mro along tho lino  arg » y  IT  

and from taro to  in f in ity  along tho positive  pa rt of tho ra a l a x is . An 

investigation of tho asynptotle values of G(f) fo r largo positive  and 

Dogatlvo values of £  shows tha t tho curran t density  3* transforms 

continuously whan tho tran s itio n  i s  made from the half-shadow in to  tho 

line -o f-s lgh t or in to  the shadow regions, in to  tho values £3SX and 

J -  0, respectively. Detailed tab les a ra  constructed fo r tho function

0(f) .

Tho re su lt of tho preceding work i s  generalized in  "Field of a 

Plane Wave Hoar the Surfaoe of a Conducting Body" in  th a t ,  f i r s t ,  the 

fie ld  i s  determined not only on the body surfaoe i t s e l f  but also in  a 

certain  surface layer with thickness —i l l  in  comparison with the r a d i i  

of curvaturej second, the body is  considered to  bo not a po rfaet, bat 

® ly  a good conductor in  tho sense th a t the )M« teentovioh conditions 

hold fo r  tho tangen tial f ia ld  component* on i t s  su rf  ace. Furtheimore,

x r i i



the po la risa tion  o f the Inc id  ant wave nay be such th a t the e lec tr ic  

▼actor I lea  In  or la  perp* dloular to  the plana of Incidence.

Let ua dlecuaa the Fock work, "Fresnel D iffrac tion  f rtn  Convex 

Bodies", (1951)7.

Considered In th is  work la  the d if f re e tio n  from a sphere, h e re in  

refrao tlon  of the etnoaphere la  no t taken Into account. I t  la  con­

sidered tha t the source and the observer are  above the  surfaoe of the  

earth , where h^ la  the source height and h j  la  the height of the 

observation po in t. The f ie l d  Is  expressed through the two solutions IT 

and w of the equation A u  ♦ k^V -  0. The following notations are  

Introduced In addition to  those used previously:

(aa) r x -  ( - ^ ) ' Tich1, y2 -  1*2 ,

(29) q -  ( - I f f  (?  ♦ U *  l j  qt  -  (?) -  l /  1 .

The following fornulas bold noar the surfsea of the  sphere:

#lka0

(30) D * T y r m  v (l<7l' 72*q) *

•

and the attenuation  fac to r 7  Is  expressed b j a c e rta in  contour in teg ra l 

containing two Airey functions. A ll these re su l ts  a re contained In the 

work "Field fron  a V ertical and H orizontal Dipole, Raised S ligh tly  Above 

m u



th t  Bartli1* Surface*, (1949)® and In tha 1951 work, an approxiante «*- 

preoalon la  ji^ n i fo r T In tha region af tha ehadow oona. Henoe, i t  

la  o one id r  red th a t tha paraneter defined >7 tha fo rm ic

y ̂  v7 -
0 . )

la la rge  and tha quantity  £  ■ x  -  ~ la  f in i te  or m a ll .

Two funetione are lntrodaoad

(33)

(34)

1

f(aO -  a -1*2- 1^ ^  j  ,K ^  dee |

2 ^ , - 1

ppraxlmate exp res a Ion T(x^y^f y^ .q) la  tha  following for 

tha ahadow oona

-  - • UA p H f t .Q  -  g (f)  ♦ —i - g ' ( ^ ) l  ,

W* L J
Me do not c ite  tha axprwaalon fo r 4>o .  Tha principal tan s la 

/* f(£ )>  proportional to  tha fre en e l In teg ra l. I t  la  indepandmt of 

tha n o ta ria l of tha d if f ra c tin g  body. Superlnpoeed 00 the  d iffrac tio n  

ploture (Praanal d if f ra c tio n )  datamdned hf th ia  to m  la  the  background 

depandmt on tha function g (()  varleo »lowly in  comparison with tha 

p rincipal ta rn . Thia background deponda on tha s a te  r i a l  o f the d if ­

frac ting  body.
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I .  NEW METHODS IN DIFFRACTION THEORY

V. A. Foclc

The g e n e ra l p rob lem  o f  th e  th e o ry  o f  d i f f r a c t i o n  o f  e l e c t r o ­

m agnetic waves o o n a la ta  I n  f i n d in g  a s o lu t io n  o f  M axw ell'a  

e q u a tio n s , hav in g  p r e s c r ib e d  s i n g u l a r i t i e s  ( f i e l d  so u rc e s )  

and s a t i s f y in g  p r e s c r ib e d  boundary  c o n d it io n s  and c o n d it io n s  

a t  I n f i n i t y .

The s o lu t io n  o f  t h i s  p rob lem  p r e s e n ts  s e r io u s  m athe­

m a tic a l d i f f i c u l t i e s ,  w hich  a r i s e  c h i e f l y  from  th e  n e c e s s i ty  

o f  ta lcing I n to  a cc o u n t th e  g e o m e tr ic a l  shape  o f  th e  o b s ta c l e s  

on which th e  wave i s  f a l l i n g .  The p roblem  I s  somewhat 

s im p lif ie d  I f  o n ly  m onochrom atic waves o f  g iv e n  fre q u en c y  

a re  c o n s id e re d , b u t  th e  d i f f i c u l t i e s  a re  s t i l l  so  g r e a t ,  t h a t  

th e  p roblem  h as n o t  y e t  b een  s o lv e d , e x c e p t i n  c a s e s  when th e  

o b s ta c le  I s  o f  a  p a r t i c u l a r l y  sim p le  fo rm . The b e s t  known o f  

th e se  a re  th e  c a s e s  o f  a p e r f e c t l y  r e f l e c t i n g  h a l f - p la n e  o r  a  

wedge, th e  c a s e s  o f  a  sp h e re  and  a c i r c u l a r  c y l in d e r .

The c a s e s  o f  an e l l i p t i c  and a  p a ra b o lic  c y l in d e r  have 

• I s o  been c o n s id e re d , and th e  f i e l d  o f  a  p la n e  wave I n c id e n t  

on a  p e r f e c t ly  r e f l e c t i n g  p a ra b o lo id  o f  r e v o lu t io n  (o b liq u e  

In c id e n c e )  h a s r e c e n t l y  b een  o b ta in e d  by th e  a u th o r .  I n  th e  

f *w c a a c s  e n u m erated  a  r ig o r o u s  s o lu t io n  o f  th e  prob lem  I n  th e  

/ ° * »  o f  an  I n f i n i t e  s e r i e s  o f  I n t e g r a l s  h a s  been  o b ta in e d .

{'-)



2

The aim of a theory la  to  give a p ic tu re  reproducing a l l  

the q u a lita tiv e  and q u an tita tiv e  fea tu ree  of tha phenomenon 

considered . This aim is  not a tta in ed  u n t i l  the so lu tio n  obtained 

i s  o f a su f f ic ie n t ly  simple form. I f  the rigorous so lu tio n  has 

a complicated an a ly tic a l form, i t  c o n s ti tu te s  only the  f i r s t  

s te p ; a second s tep  must be made - the d e riv a tio n  o f form ulas 

s u ita b le  fo r  numerical c a lc u la tio n s .

This second s te p  may be as d i f f i c u l t  as the f i r s t  one. To 

give an example, we may mention th a t the problem of d if f ra c t io n  

o f electro-m agnetic  waves around a sphere was BOlved rig o ro u sly  

some 40 years ago (M ie). This problem includes th a t o f the 

propagation  of radio-waves along the su rface  o f the e a r th .

Owing to  the slow convergence of the s e r ie s  Involved, the 

general so lu tion  could, however, not be app lied  to  the l a t t e r  

problem u n t i l  1918, when a transform ation  o f the o r ig in a l s e r ie s  

in to  another rap id ly  converging s e r ie s  was found (W atson). But 

the improved form of tho so lu tio n  was B t i l l  u n sa tis fa c to ry  In 

sornt- re sp e c ts , being very complicated and ap p licab le  only In 

the region o f the geom etrical shadow ( f a r  beyond the  l in e  of 

h o riz o n ) . A f a r  more s a tis fa c to ry  form o f the so lu tio n , 

ap p licab le  in  a l l  cases o f p ra c tic a l importance, has been 

rec e n tly  found by the au th o r .1 <mus, the way from the rigorous 

th e o re tic a l so lu tio n  to  the approximate p ra c t ic a l  one took about 

40 years of research .

(2)



5

To f in d  f i r s t  a  r ig o r o u s  s o lu t io n  o f  a  d i f f r a c t i o n  problem  

and th e n  to  t r a n s fo rm  I t  i n to  a n o th e r  form  s u i t a b l e  f o r  n u m e rica l 

c a lc u la t io n s  -  t h i s  s t r a ig h t f o r w a r d  method I s ,  how ever, o f  a  v e ry  

l im ite d  a p p l i c a t i o n .  I t  c an  o n ly  be a p p lie d  t o  th e  few p ro b lem s, 

a d m ittin g  a  r ig o r o u s  s o lu t io n  In  form  o f  s e r i e s  o f  I n t e g r a l s .

In  o th e r  o a se s  ( e s p e c i a l l y  when th e  d i f f r a c t i n g  o b s ta c l e  

la  o f  a r b i t r a r y  sh a p e)  a t te m p ts  have  been  made to  red u c e  th e  

problem  to  I n t e g r a l  e q u a t io n s .  T hese  a t te m p ts  have proved  

s u c c e s s f u l  from  th e  t h e o r e t i c a l  p o in t  o f  v iew ; b u t w ith  th e
p

e x c e p tio n  o f  a  p a p e r  by th e  a u th o r ,  no u se  h a s been  made o f  

th e  I n t e g r a l  e q u a t io n s  f o r  th e  p r a c t i c a l  s o lu t io n  o f  th e  

p rob lem , th e  g e n e ra l th e o ry  o f  I n t e g r a l  e q u a tio n s  b e in g  q u i te  

u s e le s s  f o r  p u rp o ses  o f  n u m e rica l c a l c u l a t i o n .

An app rox im ate  m ethod , s u f f i c i e n t l y  g e n e r a l  and le a d in g  

to  s u f f i c i e n t l y  s im p le  fo rm u la s  i s  th u s  u r g e n tly  n e ed e d . In  

th e  f o l lo w in g  we s h a l l  o u t l i n e  th e  p r in c i p a l  Id e a s  o f  such  a 

m ethod, p roposed  and dev elo p e d  by th e  a u th o r .

E very app ro x im ate  m ethod I s  ba sed  on th e  s m a lln e s s  o f  some 

p a ra m ete rs  In v o lv ed  In  th e  p ro b lem . Ne have to  c o n s id e r  whloh 

o f  th e  p a ra m ete rs  o f  o u r  p rob lem  may be re g a rd e d  a s  s m a ll .

We a re  u s u a l ly  c o n ce rn e d  w ith  th e  p ro p a g a tio n  o f  waves In  

a i r ,  l . e . ,  I n  a  medium w ith  p r o p e r t i e s  w id e ly  d i f f e r e n t  from  

th o se  o f  th e  s c a t t e r i n g  b o d ie s  ( o b s t a c l e s ) .  The e l e c t r i c a l  

p r o p e r t ie s  o f  th e se  b o d ie s  a r e  c h a r a c te r iz e d  by  means o f  th e  

com plex d i e l e c t r i c  p e rm e a b i l i ty

(3)
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4

(6 denote# a# usual the d ie le c t r ic  con stan t, -r -  the conductiv ity  

of the medium, <o - the frequency}. Now i t  1b e s s e n tia l  th a t in  

moat c&Bes |ij) »  1 . Thus we may choose as one o f the email

Next, the wave-length X in  vacuo i s  usua lly  very much 

sm aller than the r a d i i  o f cu rva tu re  of th e  sc a tte r in g  bodies.

We thus have another small param eter - th e  q uo tien t >.:R, where 

R is  the rad ius of curvature o f the o b s ta c le . I t  i s  convenient 

to  take .netead  the quan tity

In add ition  to  the two sm all parameters defined above, 

there  may be o th e rs , depending on the p o s it io n  of the po in t 

o f observation . For in stance , in  the problem of the propaga­

tio n  of rad io  waves along the e a r th  su rface  the  angle of 

In c lin a tio n  of the ray to  the horizon may be regarded as sm all.

Let us consider the consequences o f the fa c t th a t the 

param eters 1 :. 4 h  and l:m  are  sm all. In  the l im itin g  case 

| i ) |« a o  (perfec t conductor) a g rea t s im p lif ic a tio n  a r is e s  

from the  fa c t th a t the f ie ld  i s  known beforehand in s id e  the 

conductor ( th is  f ie ld  being equal to  ze ro ) . Ve can confine 

ourselves to  the space ou tside th e  conductor by p re sc rib in g

param eters of the problem tue inverse va lue  of |q | o r the 

qu an tity  1:

(2)

(4 )
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proper boundary cond itions to  the f ie ld  In a i r  (the tan g en tia l 

components of the e le c t r ic a l  v ec to r should vanish a t  the su r­

fac e ) . A s im ila r  s i tu a t io n  a f ls e s  I f  - T u T  Is  very la rg e .

The f ie ld  Inside the body Is In th is  case very small except 

In a th in  surface la y e r  (sk in -e f fe c t) ,  and the Influence of 

th is  la y e r  may be accounted fo r  by s ta tin g  boundary conditions 

fo r the ex te rna l f ie ld .  These are  of the form

?  Jx “  ^ < Ex * nxEn> =  V z  '  nzHy '  e tc -  <’ )

where (Jx , Jy , J z ) Is  the surface curren t density  vec to r, 

(nx» riy, n^) the u n it v ec to r of the normal to  the surface,

Ejj the normal component o f the e le c tr ic  f ie ld ,  the meaning 

of the o th er symbols being ev id en t. These cond itions, f i r s t

e q u a lity  s ig n if ie s  th a t the th ickness o f the sk in  layer should 

be small as compared with the rad ius of curvature  of the 

o b s tac le . Conditions (3) may be e a s ily  generalized  fo r  

a rb i t ra ry  values o f the magnetic permea b i l i ty  m.

Consequently the sm allness of 1: J h i  perm its us to 

confine our a t te n tio n  to  the f ie ld  ou tside and on the body, 

which c o n s titu te s  an Important s im p lif ic a tio n  o f the problem.

We now proceed to  examine the Influence of the smallness

s ta te d  by Leontovlch^ In a somewhat d iffe re n t form, apply I f  

The l a t t e r  ln -

(5)

of the wave-length.
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As well known. In the lim itin g  case of small wave-lengths 

the laws of geom etrical o p tic s  become v a lid . P a r tic u la r ly , the 

boundary of the shadow on the su rface  o f the body becomes sharp 

and well defined . On the onp side of the boundary — In  the 

illum inated  region — the f ie ld  obeys very n early  F ren en e l's  

laws o f r e f le c tio n ,  and on the dark side the f ie ld  rap id ly  

decreases to  zero .

The approximation given by the geom etrical o p tic s  I s ,  

however, not s u f f ic ie n t  fo r our purposes. The p o in t o f In te r e s t  

fo r  us Is  the d if f r a c t io n  phenomenon In I t s  s t r i c t  sense, l . e . ,  

the  bending of the ray  around the o b s ta c le . This phenomenon 

cannot be tre a te d  by the means of geom etrical o p tic s , end to  

give a theory of th is  phenomenon a more accu ra te  so lu tio n  o f 

the  f ie ld  equations Is  requ ired .

The au thor succeeded In  find ing  th is  so lu tio n  by means of 

a new p rin c ip le  which may be c a lled  "The P rin c ip le  of the Local 

F ie ld  In the Penumbra Region".

This p r in c ip le  c o n s is ts  In  the fo llow ing: - The t r a n s i t io n  

from lig h t  to  shadow on the surface of the body takes p lace In 

a narrow s t r i p  along the boundary o f the geom etrical shadow.

The width of th is  s t r i p  Is  o f the order

where R0 Is  the rad ius o f curvature  o f the normal sec tio n  of 

th e  body by the plane o f Incidence. . I t  may be proved th a t .

(6 )
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with neg lec t of email q u a n tit ie s  of the order

f ie ld  In th le  s t r i p  has a local, ch a rac te r: I t  depends only

on the value of the f ie ld  of the Incident wave In the neighbor­

hood of the po in t considered, on the geometrical shape o f the 

body near the po in t and on the e le c t r ic a l  p ro p erties  of the 

m aterial of the body. The f ie ld  near a given poin t on the 

s t r i p  does not depend cn I t s  values a t  d is ta n t po in ts and can 

be ca lcu la ted  s ep a ra te ly .

To e s ta b lis h  the p r in c ip le  of the  local f ie ld  and to  derive 

e x p lic it  formulas fo r  th is  f ie ld  we have used two d if fe re n t 

methods.

One of these (2) ap p lies  to  the case of an abso lu te  con­

ductor and gives the values of the f ie ld  on I t s  su rface . We 

s t a r t  w ith the In te g ra l equation fo r  the su rface cu rren t density  

J. This is  o f the form

The vec to r Jex (ex te rna l cu rren t d en sity ) Is defined by the 

expression (3 ), where H i s  rep laced  by Hex, the magnetic 

v ec to r of the ex te rna l f ie ld j  z i s  the r a d i u B  vector o f the 

p o in t o f observation , z ' th a t o f the po in t of In teg ra tio n ;

(5)

where

f  -  (1 -  lKR)e1KB ( 6 )

Ro | z - z ' | Is  the length  of the chord between z and z ' ;

(7)



Is  the value of the u n it v ec to r of the normal, a t  z . A q u a lita ­

t iv e  study o f the In te g ra l equation perm its us to  e s ta b l is h  the 

p r in c ip le  o f the lo c a l f ie ld .  This p r in c ip le  once e s tab lish ed , 

we have to  fin d  a so lu tio n  o f the  d if f r a c t io n  problem fo r  a con­

vex body o f a p a r t ic u la r  shape and to  derive approximate formulas 

fo r the f ie ld  on I t s  su rface . In v ir tu e  o f the p r in c ip le  o f the 

lo ca l f ie ld ,  these formulas hold fo r any o th e r convex body having 

a t  the p o in t considered the same values of the p r in c ip a l ra d i i  of 

cu rva tu re . (The p a r t ic u la r  body must o f course be s u f f ic ie n t ly  

general to  possess po in ts  w ith any p rescribed  values of p r in c ip a l 

r a d i i  of cu rv a tu re ; a c tu a lly  a parabolo id  o f revo lu tion  has been 

used ). Proceeding In th is  way we a rr iv e  a t  a general formula 

fo r  the  su rface  values of the  ta n g e n tia l components of the 

magnetic f ie ld  o r, which amounts to  the same, fo r  the su rface  

cu rren t d en s ity  vec to r. This formula Is  o f the form

I being the d is tan ce  fra n  the boundary of the geom etrical shadow, 

measured along the ray ( l . e . ,  along the  l in e  o f In te rse c tio n  of 

the plane o f Incidence with the surface of the body) and taken 

p o s it iv e  In the d ire c tio n  of the  shadow and negative in  the 

opposite d ire c t io n .  The func tion  0(«, 0) Is  defined  by the In teg ra l

J -  Jex a (e ,  0) (7)

where the argument ■ In G denotes the qu an tity

(8 )

(8 )



(9)a ( t ’ 0) ^ V ( c r  ’

where C is  a contour in  the complex t-p lan e  running from 
In f in ity  to  zero along the l in e  are t  •  and from zero 
to  in f in i ty  along the p o s it iv e  re a l a x is .

The function <o(t) may be c a lled  the complex A iry’s  ' 
function; i t  i s  defined by the d if f e r e n t ia l  equation

u>"(t) -  Uo(t) ( 10)

and by the asymptotic behavior fo r  la rg e  negative values
of t

*o(t) -  e 1 *  ( - t ) ‘ 1/4  • exp [ l  |  (* t)3/ 2] .  ( 11)

The function  0 (« ,0 ) tends to  the l im it 0 - 2  fo r  large 

negative values of c , while I t s  modulus decreases exponen tia lly  

fo r large p o s itiv e  values of «. Formula (7) reproduces thus 

the gradual decrease o f the f ie ld  amplitude when passing  from 

l ig h t  to shadow.

The same re s u l ts  may be obtained by another method** 

which allows us to g enera lize  them in  two re sp e c ts . F i r s t ly ,  

the body need not be a p e rfe c t conduotor, but nay have a 

f i n i t e  co n d uc tiv ity . I f  only the boundary condltipns (7 ) are 

a p p licab le . Secondly, the f ie ld  Is  obtained not only on the 

su rface  o f the body, bu t a lso  near the aurfaoe ( a t  d is tan ces  

th a t a re  small as compared with the r a d i i  of cu rv a tu re ). The 

method c o n s is ts  In  s im plify ing  Maxwell’i 'e q u a tio n s  and boundary

(9)
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cond itions by neg lec ting  q u a n tit ie s  of the o rder o f the square 

of the small param eters 1-  J m  and 1 : m. The wave equation 

fo r  the amplitude I s  thereby rep laced by a parabo lic  equation 

of S chrodlnger's  type. The sim p lified  equations are  v a lid  In 

a lim ited  region near a p o in t on the penumbra s t r i p .

The so lu tio n  of these equations may be performed by means 

o f the separa tion  of v ariab les  and y ie ld s  the f ie ld  In the region 

considered and e sp ec ia lly  In  the penumbra s t r i p  on the body. 

In troducing  the complex q u an tity

* A ~
(the modulus I q f  is  thus the q u o tien t o f the two small 

m eters), we may w rite  Instead  o f (7 )

( 12 )

para-

j ex 0 (6 , q) , (13)

where

0 (6. q) -  e f  i - r c t r - v f t )  * (14)

the contour C being the same as In  (9 ) .  These form ulas give 

thus the d is t r ib u t io n  o f c u rren ts  on the penumbra s t r i p  on the ' 

body and g en era lize  our previous formulas (7) and (9$. The 

form ulas fo r  the f ie ld  near the su rface are more complicated 

and w il l  not be w r itte n  h ere .

I t  I s  to  be noted th a t In the  outward p o rtio n  o f the s t r ip ,  

where the Illum inated  reg ion  begins, approximate expressions can 

be derived  from our formulas th a t co incide w ith expressions fo r

( 10 )
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the f ie ld  obtained by superposing the Incident and the re f le c te d  

wave and using F re sn e l 's  c o e ff ic ie n ts  o f r e f le c t io n .  On the 

other hand, In the opposite p o rtion  of the s t r ip  the f ie ld  Is  

p ra c tic a lly  zero. Thus our formulas c o n s titu te  the missing 

lin k  Joining the two regions where the laws of geom etrical 

op tics may be applied . Together with F re sn e l 's  formulas they 

allow us to  compute the f ie ld  near and on the whole surface of 

the d if f ra c tin g  body. •

In some problems th is  I s  a l l  th a t 1b req u ired . In the 

problem of propagation of waves around the e a r th 's  su rface , 

fo r In stance , we a re  only concerned with the f ie ld  on heights 

not exceeding ten k ilom eters—a quan tity  th a t  Is  small as com­

pared with the e a r th 's  radius (6380km.). In th is  Instance 

our form ulas, I f  modified so as to  Include the case when the 

source Is  near or on the su rface , give the requ ired  so lu tio n .

In o th er problems, however, the f ie ld  a t  la rge  d is tances  

from the sca tte r in g  body Is  needed. In sp ite  of the f a c t  th a t 

our formulas are  v a lid  only in  the region near the su rface , 

they provide a means to ca lcu la te  the f ie ld  a t  la rg e  d is tan ces  

a lso . Indeed, the f ie ld  of the s ca tte red  wave Is  generated 

by the c u rren ts  Induced on the surface (In the sk in -lay e r) 

by the Inciden t wave. These cu rren ts  a re  given by our formulas. 

Thus, by applying well-known theorems on the vecto r p o te n tia l  

due to  a given cu rren t d is t r ib u t io n ,  we may, in  p r in c ip le ,  

c a lcu la te  the f ie ld  fo r  a rb itra ry  d is tan ces  from the r e f le c t ­

ing body.
( 11 )
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The p r in c ip le  of the lo ca l f ie ld  In the penumbra region 

provided thus a basis  fo r  the approximate so lu tio n  of the problem 

o f d if f r a c t io n  In  the general case o f a convex body of a rb itra ry  

shape.
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4. V. POCK, B u ll. Academy Sciences. U .S .S .R ., ee rie  
physique, &:171f 1946, (In  Russian).
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TT THE DISTRIBUTION OP CURRENTS INDUCED BY A PLANE WAVE 
ON THE SURFACE OF A CONDUCTOR

V. Fock

The d is tr ib u tio n  of cu rre n ts . Induced on the 
su rface of an p e rfe c tly  conducting body by an Inciden t 
plane wave Is considered. The body Is  supposed to  be 
convex and to have a continuously varying curvature . 
The wave length X of the In c iden t wave la  supposed to  
be small as compared with the  dimensions o f the body 
and with the ra d ii  o f cu rvatu re  of I t s  su rface . I t  
is  shown th a t the cu rren t d i s t r ib u t io n  In  the v ic in ity  
of the geometrical shadow Is  exp ressib le  In terms of 
an un iversal function  0(%) (the same fo r a l l  bod ies), 
depending on the argument £ » I / d , where I  I s  the 
d istance from the boundary of the geom etrical Bhadow, 
measured In the plane o f Incidence, and d I s  the width

of the penumbra region (d 16 the rad ius of

curvature of the normal sec tio n  of the body by the plane
of IncidenceJ . For the func tion  OU) an an a ly tic a l
expression Is  derived and ta b le s  a re  computed.

Let us consider a p e rfe c tly  conducting body on the surface 
of which a plane electrom agnetic wave Is  In c id en t. The surface 
of the conductor Is supposed to  be convex, with a continuously 
varying cu rva tu re . The Incident wave Induces on the conductor 
e le c t r ic a l  cu rren ts , which In t h e i r  tu rn  become a source o f the 
sc a tte re d  wave. I f  the cu rren t d is t r ib u t io n  on the conductor 
I s  determined, then the c a lc u la tio n  of the  f ie ld  of the  s c a t-  
te re d  wave may be performed by applying the well-known formulas 
fo r  the v e c to r-p o te n tia l.  Hence the e s s e n tia l  s tep  In so lv ing  
the problem of d if f ra c tio n  of a p lane wave by a p e rfe c t con­
duc to r Is to  find  the c u rren ts  Induced on I t s  su rface .

(1 )
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The presen t paper la  a p relim inary rep o rt on our work 
ooncamlng the approximate so lu tio n  of th ia  problem,

1. Let ub denote by J the surface cu rren t density  on the 
conductor. The veotor J la  defined fo r  every po in t on the su r­
face and la  d irec ted  along the tangent to  the aurfaoe. I t  ie  
com pletely determined by I t s  two tan g en tia l components, the 
th ird  component (normal to  the su rface) being equal to  aero .

I t  may be shown th a t  the vector j  s a t i s f ie s  the follow ­
ing In teg ra l equationt

j  -  2J«  + J d8, (1<01)

with
f  -  (1 -  lkR)elkR . (1 . 02)

In  th is  equation R Is  the length  of the chord Joining the two
p o in ts  of the s u r fa c tt  the fixed  poin t r ( x ,y ,z ) ,  fo r  which the 
In te g ra l Is  evaluated, and the v ariab le  po in t r ' f x ' . y ' j Z 1) , 
whose coord inates are functions of the In teg ra tio n  v a r ia b le s , 
n i s  a u n it vec to r of the normal to  the surface a t  the po in t 
r ,  dS1 la  the eurfaoe element a t  r* and k la  the abso lu te  value 
o f the wave v ec to r.

The q u an tity  Jex is  an " ex te rn a l" cu rren t density  defined 
by the  formula

["*«“ ] • <!•»>
where H** i s  the value o f the magnetio f ie ld  o f the Incident 
wave on the aurfaoe ("ex te rna l"  f ie ld ) .

I f  the dependence o f the ex te rna l f ie ld  upon the coord inates 
i s  given by the fa o to r

(a)
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(1 .01)

then the cu rren t den sity  may tje sought In the form of a product 
0f  a sim ila r fa c to r  w ith  a slowly varying function  of coordina­
te s . The In te g ra l ( l .O l)  a f te r  d iv id ing  by (1.04) takes the 
form

i » J e lk  [ R ^ ( * , - x ) ^ ( » , -y)+7 (* , -* )j gag. , (1.05)

where $ I s  a slowly varying fu n c tio n . I f  the wave length  la 
s u ff ic ie n tly  small as compared with the dimensions of the 
body, the value of the  in te g ra l w ill be approximately

I  * ^  « , (1 . 06)
:< cos 0

where the p o in t x 1 y ' z ' Is  connected with the po in t x y 2 as 
i t  is  shown In P igs. 1 and 2, and 0 Is  the angle of Incidence 
of the ray .

P ig. 1 F ig. 2

The an a ly tic a l connection between the po in ts x 1 y ' 2 ' 
and x y 2 Is  given by the fo llow ing  form ulas. Let n ’ denote 
the u n it v ec to r o f the normal a t  the po in t x ' y ’ z ' and l e t

(3 )
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a + 2n ' cob 6 

0 + 2n^ cos fl 

y  + Zn'x coe 6

where

(1.07)

cob ■ (<m'x + 0n^ + yn^ ) . ( l -06)

The q u a n tit ie s  o ' ,  0 ' ,  y 1 are  the  d ire c tio n  eoalnea o f the ray 
re f le c te d  a t  the p o in t x 1 y 1 z ' .

With these  n o ta tio n s , we have e i th e r :

o r

x -  x 1
f t

z -
R

=  y (1 . 09)

R R R

the formulas (1 . 09) being v a lid , i f  the p o in t x ' y ' z '  is  
s i tu a te d  on the illum inated  p a r t  o f the su rface  (F ig. 1 ), 
while (1 .10) a re  v a lid ,  i f  th i s  p o in t i s  s i tu a te d  on the 
shadow p a rt  o f the su rface . In the l a t t e r  case the " re flec ted "  
ray  i s  f i c t i t i o u s .

With the same degree o f approximation as in  formula (1.06) 
the In te g ra l equation (1,01) allows the fo llow ing  so lu tio n :

i =  2Jex on the illum ina ted  p a r t ,
J =a 0 on the shadow p a r t .

Near the boundary of the geom etrical shadow (where cos I t f O ) ,  
formula (1 . 06) ceases to  be v a lid  and expression  ( l  .11) does 
not give a gradual t r a n s i t io n  from l ig h t  to  shadow.

(4)
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2. In o rder to  o b ta in  fo r the cu rren ts  an expression 
valid  in  the t r a n s i t io n  region a lso , i t  i s  necessary to  use a 
sore exact so lu tio n . I t  i s  ra th e r  d i f f i c u l t  to  derive i t  
d ire c tly  from the in te g ra l equation , but we have succeeded 
to  obtain 1* in  an in d ire c t way, on the b asis  o f the follow­
ing con sid e ra tio n s.

F ir s t  o f a l l ,  i t  i s  seen from F igs. 1 and 2 th a t i f  the 
point x y z l i e s  near the geom etrical boundary of the shadow, 
the po in t x 1 y ' z ' l i e s  a lso  near th is  boundary and near the 
po in t x y z. T herefore, the value o f the in te g ra l (1.01) i s  
determined by the values o f the integrand  in  the neighborhood 
of the po in t fo r  which the in te g ra l is  evaluated . Thus, in  
the region of the penumbra (near the geom etrical boundary of 
the shadow) the f ie ld  has a  loca l c h a rac te r. Secondly, the 
in v estig a tio n  of the in te g ra l equation (ca rried  out under the 
assumption th a t the chord can be rep laced  by i t s  p ro jection  
on the tangent p lane) shows th a t the width o f the penumbra 
region ia  of the o rder of

where RQ is  the rad ius  o f curvature  of the sec tio n  of the body 
surface by the plane of incidence. But in  a region of width 
d and in  a c e r ta in  more extended region the nucleus of the 
in te g ra l equation depends e s se n t ia l ly  only on the curvature 
of the surface in  the neighborhood of a given poin t ( l .e .  on 
the second but no t on the higher d e r iv a tiv e s  of the surface 
equation with respec t to  co o rd in a te s ) .

Hence i t  fo llow s, th a t  a l l  bodies w ith a smoothly vary­
ing curvature have the  same cu rren t d is t r ib u t io n  in  the penumbra 
reg ion , i f  only the cu rva tu res  and the  inc id en t wave are the 
same near the po in t under co n sid era tio n .

(2 . 01)

(5)
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The re s u l ts  s ta te d  perm it us to  In fe r  th a t .  I f  we solve |
the problem fo r  any p a r t ic u la r  case , we oan o b ta in  un iversal t
formulas fo r  the f ie ld  on the surface o f a p e rfe c t conductor. I 
These formulas Immediately apply to  the reg ion  o f the penumbra, j 
but the  f ie ld  may be considered as known everywhere on the su r- ! 
face , since fo r  the Illum inated region and fo r  the  remote shaded 
reg ion  the expressions (X. 11) a re  v a lid . j

3 . The d e riv a tio n  o f these  u n iv e rsa l formulas Is  too 
complicated to  be given In  any d e ta ile d  fo ra  In a sh o rt paper.
We confine ourselves to  some In d ica tio n s  as to  the method, and 
to  the statem ent o f the r e s u l t ,  which may be done In q u ite  a 
simple way.

The considerations developed above show, th a t fo r  the 
d e riv a tio n  of the general formulas we can s t a r t  from an exact 
so lu tio n  of the problem o f d if f r a c t io n  o f a plane wave by 
some convex body w ith a smoothly varying cu rv a tu re . The su r­
face o f the body must, o f course, be s u f f ic ie n t ly  g en era l, l . e .  
must possess p o in ts  w ith given values o f the  p rin c ip a l ra d ii  
of cu rva tu re .

There are two cases In which exact so lu tio n s  o f the problem 
are  known, namely, the case o f a sphere and the ease o f a c irc u ­
l a r  cy lin d e r  (In  the l a s t  case the Incidence o f the wave Is  
supposed to  be norm al). These bodies a re , however, not s u f f ic ie n tly  
g en era lt fo r  a sphere the two r a d i i  o f cu rv a tu re  a re  equal, and 
fo r  a c y lin d e r one o f the r a d i i  I s  I n f in i t e .  The s im p lest of 
the bodies having a rb i t ra ry  values o f th e  cu rva tu re  r a d i i  a re : 
the e l l ip s o id  and the paraboloid o f re v o lu tio n . For these  bodies 
only the  general form of the so lu tio n  of the s c a la r  wave equation 
I s  known; the complete so lu tion  of Maxwell's equation  fo r  the 
given physica l problem appears to  be unknow ■>.

In  our work we have obtained the req u ired  so lu tio n  fo r  the 
parabo lo id  of rev o lu tio n  (p a r t ic u la r ly  th e  values o f the tan g en tia l

(6)
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components of the magnetic f ie ld  on I t s  surface) and have used 
th is  so lu tion  to  derive the approximate formulas.

Let the equation of the paraboloid have the form

x2 + y2 - 2az - a2 -  0 . ( J . 01)

I f  the parabolic  coo rd ina tes;

u -  k ( r  ♦ z) ;
« « k ( r  -  a) ; (3.04)

♦ -  arc t*  JC

(7)
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with

are Introduced, the equation of the parabolo id  becomes

« *  oQ -  ka . (3 .06)

For the generalized  (covarian t) ta n g e n tia l components of 
the ex te rn a l magnetic f ie ld  we have the expressionst

21 u H*x + H*x =  ^  _Juo e in  * , (3.07)

- 21u H®x + H*x «= J u o  e ltl '  10 . (5 . 08)
9 k

In the new coord inates the expression fo r  (1 hue the form

0 = i  (u - S') cos 6 + J  uo s in  4 cos d . (3.09)

For the same components o f the to ta l  f i e ld  expressions In form
o f F ourie r se r ie s  with respec t to  the angle t  a re  ob tained .
The c o e ff ic ie n ts  o f s in  s$ and cos s$ In these  s e r ie s  are 
d e f in i te  In te g ra ls  w ith re sp ec t to  the param eter t .  Involving 
some com plicated functions o f u, o, 4, s ,  t .  These s e r ie s  
and In te g ra ls  can be transformed In to  double In te g ra ls  of 
th e  form

21u H + H = - °
u * 2ir k s in  -

( 3 . 10 )
where the function  g ( s , t )  la  defined In the follow ing way. D 
5 ( o ,a , t )  be an In te g ra l o f the d if f e r e n t ia l  equation

(8)
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0 4  + * i  + ( 1 .  • !  « .1\  c .
de dp ^ 4  ' 4p 2y

having a t  tj-»oo an asymptotic expression

JL t  \ s± l « i ^ I t  , oTf t -1 ir -* + y  1 j
C (» ,s ,t)  • . 0

1 - s - I t

where F2Q Is  an asym ptotic s e r ie s  of the form

1 + a - I t  . l \
2 ' " V

ip to tlc  s e r ie s  of the

(Vs. 0  .1 + f& 2 + «i2̂ _&i6±Ui5+ ...

N (s ,t)  = |  e
C‘  ( t / B , - t - l )  + * ( s 2+ tZ) C2 ( 0 ,8 , - t + l )  

(3.14)
where p Is  considered to  be the quan tity  (3 -06) .

g ( s , t ) « e  2 ? ( u ,s + l , t )  ? ( c , s - l , t )  ( s - l t )  N ( s , t )  . (3 -15)

With g ( s , t )  having th is  value, the expression (3.10) 

Is  v a lid , I f  - i t /2  < $ < w/2. In the cases tt/2 < $ < 

jir/2  and - 3ir/2  < ♦ < -w/2  we have to take fo r  g ( s , t )  a 

somewhat d if fe re n t expression , which we sh a ll  not 

(9)
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w rite  down h e re . The In te g ra tio n  In (3 .1C) w ith resp ec t to  the 
v a riab le  t  I s  to  be made along the  re a l a x is  from -  oo to  + oo 
and with respeo t to  s a’.ong the Imaginary ax is  from -  1 ooto 
+ 1 oo. The value of -21u I s  obtained from (3 .10 ), I f
we rep lace  d by -d.

The double In teg ra l can be evaluated  approximately under 
the assumption, th a t the value of u « lea I s  very la rg e . Let us 
Introduce the q u an tity

J u o  s in  A cos d - o cos 0

>  '( » « ) ]  w  ( .I n  . ) W  ' (5 - l6)

Tt is  easy to  v e r ify  th a t on the geom etrical boundary of the 
shadow t « 0 j but In general I  w ill be la rg e , o f the order of 

o1^ .  T herefore, when evaluating  the In te g ra ls  we sh a ll  con­
s id e r  o to  be very la rge  and { to  be a rb i t ra ry  (in  genera l, 
f i n i t e ) . I t  can be shown, th a t  under these assumptions the 
follow ing approximate e x p lo s io n s  fo r  the in te g ra ls  are  va lid  

with a re la t iv e  e r ro r  of the o rder o f

Hu + Ĥ *  ^  - T "  eUl + 10 0 (4) * (?-17)

- 2iu  H + H. »  —  r S . “ -  W 0 ({) , (3 . 18)
v k

where

0(4) -  e1 3 —1= J  e l t ---dI  (3.19)
4 * J w' (t)

r l

the symbol denoting a oontour running from in f in i ty  to  the 

o rig in  along the ray arc z -  2/3  it and from the  o r ig in  to  In f in i ty  
along the ray arc  * » 0  (the p o s itiv e  re a l a x is ) .

(10)
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The f u n c t io n  w(t ) whose d e r iv a t iv e  i s  in v o lv e d  in  th e  
in te g ra n d  h a s 'b e e n  s tu d i e d  in  o u r  p re v io u s  p a p e r *  . w( t ) 
s a t i s f i e s  th e  d i f f e r e n t i a l  e q u a tio n

w" ( t ) «  tw  (1 ) , (3 .2 0 )

and can  be w r i t t e n  in  th e  form  o f  an i n t e g r a l

where th e  c o n to u r  d e no ted  by r g ru n s  from  I n f i n i t y  t o  th e  
o r ig in  a lo n g  th e  a rc  z«  -  2 /3  if and from  th e  o r ig in  to  
i n f i n i t y  a lo n g  th e  p o s i t i v e  r e a l  a x i s .

Com parison o f  (3 .1 7 )  and (3 .1 8 )  w ith  (3 .0 7 )  and (3 .0 8 )
g iv e s

%  “ Htg  0 ( i )  • (3 -2 2 )

Thus th e  ta n g e n t i a l  com ponents o f  th e  t o t a l  m agnetic  f i e l d  
a re  e q u a l t o  th e  t a n g e n t i a l  com ponents o f  th e  e x te r n a l  f i e l d  
m u l t ip l ie d  by a  c e r t a i n  complex f u n c t io n  o f  a s in g l e  v a r i a b l e  £ . 
A B lm lla r  r e l a t i o n  e x i s t s  betw een th e  t o t a l  and th e  " e x te r n a l"  
c u r r e n t  d e n s i ty ,  namely

J =  JCX 0 ( t)  . (3.23)

Let us examine the geom etrical meaning of the v a riab le  (  in  
more d e ta i l .  Consider the sec tion  o f the paraboloid surface 
by the plane of incidence passing through the given poin t 

,(F lg . 4 ) . We denote by f the d istance of the given poin t from

* J o u m . o f  P h y s ., 1945.

(11)
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the geom etrical boundary o f the shadow, considered p o s itiv e  In 
the d ire c tio n  o f the  shadow and negative In the d ire c tio n  o f the 
l ig h t .  The d is tance  I  Is  measured In  the plane of Incidence.
Let R be the rad ius  of cu rvatu re  o f the surface sec tion  and 

k «  & r/ \  the abso lu te  value of the wave v ec to r.

Then the quan tity

£ where d I s  the width (2 . 01) o f the  penumbra reg ionJ la  ea s ily  
seen to  co incide w ith the quan tity  (3 . 16) defined fo r  a paraboloid 
o f re v o lu tio n . Since we know beforehand th a t formulae (3-22) and 
(3 .23) a re  q u ite  gen e ra l, we conclude th a t  they  a re  va lid  fo r  a l l  
bodies with a given cu rv a tu re . I f  $ la  given by (3 .2 4 ).

( 12 )
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These formulae give the transition from the shadow to the 
light-

Por la rge  p o s itiv e  values of % the  func tion  0(£) i s  approxi­
mately equal to

1 ( * ~  + b ld U ) = ce \ 3 /  e-b * , (3 .25)

where a , b, c are  known numbers; namely

a -  0.5094 ; b «  0.8823 ; c «  1.8325 . (3.26)

Owing to the factor e'b  ̂the function 0 ( 0  decreased rapidly. 
This corresponds to the decrease of the amplitude In the Bhadow 
region.

For la rge  negative values of 6 the function  G (0  admits an 
asymptotic expansion of the form

0 ( 0  =■ 2 + + • • • (3 -27)
2 0

and tends to  a lim it  which Is  equal to  2. This l im itin g  value 
corresponds to  formulas (1.11) fo r  the Illum inated  reg ion . The 
discontinuous function (1 .11) is  thus replaced In our more exact 
so lu tio n  by the continuous function  (3 .2 3 ). This enables us to  
ca lc u la te  the d is tr ib u tio n  of cu rren ts  on the su rface o f a con­
ducting body with su f f ic ie n t  accuracy.

In the Appendix are given ta b le s  of the func tion  0 defined 
by (3 . 19) snd of the function  g re la te d  to  0 by the equation

0 <«) *  •  ’  «<x) ( 3 .88)

and exp ressib le  in  form of the In teg ra l

(13)
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8(x)=q r

The func tion  O(x) Is  tab u la ted  fo r  values of x from x - 4 .5  to  
x =1 w ith In te rv a l 0 . 1, and the function  g(x) Is  tab u la ted  fo r  a 
range of values o f x from x» - 1 to  x = 4.5 w ith the same In te rv a l, 
Por values o f x le s s  than x » -  4 .5 expression (3.27) may be used, 
and fo r  values o f x g re a te r  than x - 4 .5  formula (3 .25) becomes 
app licab le .

APPENDIX 

Table o f the func tion  d(x). g(x)

X Re 0 Im a 1 ° 1 arc G

- 4.5 1 .'998 -0.0055 1.9990 9 -30"
- 4.4 1.9997 -0.0059 1-9997 10 ' 10"

* 1.9997 -0.0063 1.9997 10 ' 50"
- 4.2 1.9996 -0.0067 1.9997 11'40"
- 4.1 1.9996 -0.0073 1.9996 12 ' 30"
- 4 .0 1.9995 -0.0070 1.9995 1 3 '20"
- 3 .9 1.9994 -0.0084 1.9995 1 4 '3C"
- 3 .0 1.9994 - 0.0090 1.9994 15'30"
- 3 .7 1.9992 -0.0090 1.9993 16’50"
- 3 .6 1.9991 - 0.0106 1.9991 10 ' 10"
- 3 .5 1.9990 -0.0115 ■ 1.9990 19140"
- 3 .4 1.999 - 0.012 1.999 21’
- 3 .3 1.999 -0.014 1.999 23’

(14)
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X Re 0 Im a Id arc 0

- 3-2 1-998 -0.015 1.998 26 -

.  3.1 1.998 - 0.016 ' 1.998 281
- 3.0 1.998 - 0.018 1.998 31'
- 2.9 1.997 - 0.020 1.997 34-
- 2.8 1.996 - 0.022 ■ 1.996 37'
- 2.7 1.996 -0.024 1.996 41'
- 2.6 1.995 - 0.026 1.995 46'
- 2.5 1.993 -0.029 1.994 51'
- 2.4 1.992 - 0 . 03? 1.992 56'
- 2 .3 1.990 -0.036 1.990 - l°0 3 '
- 2.2 1.988 -0.040 1.988 -  1° 10 '
- 2.1 1.985 -0.045 1.985 - l ° l 8 '
- 2.0 1.981 -0.050 1.982 - l°2 7 '
- 1.9 1.977 -0.056 1.977 - l°3 7 '
- 1.8 1.971 - 0.062 1.972 -  101*7 .
- 1.7 1.965 - 0.068 1.966 - 1° 58 '
- 1.6 1.956 -0.075 1.958 - 2° 11 '
- 1.5 1.946 - 0.082 1.948 - 2°25'
- 1.4 1.933 - 0.090 1.936 -  2°40'
- 1 .3 1.919 -O.098 1.921 - 2°55'
- 1,2 1.901 -0.105 1.904 -  3° 10 '
- 1.1 1.880 -0.113 1.884 -  3°27'
- 1.0 1.857 -0.119 1.861 -  3°40'
-  0.9 1.829 -0.123 1.833 -  3°51 '
-  0.8 1.798 - 0.126 1.802 - 4°00’
- 0.7 1.762 - 0.126 1.766 -  4°05’
- 0.6 1.722 - 0.122 1.726 - 4003"
- 0 .5 1.678 -0.115 1.682 - 3°54'
- 0.4 1.630 - 0.103 1.633 - 3°36'
- - .3 1.578 - 0.086 1.580 - 3°o6 '

0.2 1.522 -0.063 1.523 - 2° 22 '
- 0.1 1.462 -0.034 1.463 - 1°21 '

(15)
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X Re 0 Im 0 M arc 0

0 1.399 0 1.399 0° 00 '
0.1 1.333 0.040 1.334 1°44*
0.2 1.263 0.086 1.266 3°55'
0.3 1.189 0.137 1.197 6°35'
0 .4 1.111 0.193 1.128 9°51'
0.5 1.029 0 .252. 1.059 13°45'
0.6 0.941 0.312 0.991 18° 2f
0 .7 0.846 0.373 0.924 23°47'
0.8 0.744 0.432 0.860 30° 08 '
0.9 0.634 0.484 0.798 37°221
1.0 0.515 0.529 0.738 45°44'

T ab le  o f  th e  f u n c t io n  g (x )
T?

O(x)

X Re g In. g 1*1 arc g

-  1.0 1.794 0.495 1.861 15°26'
- 0.9 1.805 # 0.320 1.833 10°041
-  0.8 1.793 • 0.181 1.802 5° 47'
-  0.7 1.765 1.766 2° 28 '
- 0.6 1.726 1.726 0°04'
- 0 .5 1.681 - 0.045 1.682 -  1°31'
-  0.4 1.632 -  0.068 1.633 - 2°23'
- 0.3 1.578 - 0.071 1.580 - 2°35'
- 0.2 1.522 -  0.059 1.523 - 2°13'
-  0.1 1.462 -  0.034 1.463 -  1° 20 '

0 1.399 0 1.399 0° 00 '

( 1 6 )
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x Re e Im g 1*1 arc g

1.333 0.040 1.334 1°43-

0.2 1.263 0.083 1.266 3°45-

0.3 1.190 0.127 1.197 6°04'
0.4 1.115 0.169 1.128 8°37’
0.5 1.038 0.209 ■ 1.059 11° 21 '
0.6 O.961 0.244 0.991 14°l4 '
0.7 0.883 0.274 0.924 17°14'
0.8 0.806 0.299 0.660 20° 19-
0.9 0.732 0.317 0.798 23°271
1.0 0.660 0.331 0.738 26° 38 '
1.1 0.591 0-339 0.682 29°50'
1.2 0.527 0.343 O.628 33°02'
1.3 0.467 0.342 0.578 36°13'
1.4 0.411 0.338 0.532 39°25'
1.5 0.360 0.330 0.488 42°34'
1.6 0.313 0.320 0.448 45°421
1.7 0.270 0.309 0.410 48°48'
1.6 0.232 2.960 0.376 51°53'
1.9 0.197 0.281 0.343 54°56'
2.0 0.167 0.267 0.315 57°591
2.1 0.140 0.252 0.289 6l ° 00 '
2.2 0.116 0.237 0.264 64°00'
2.3 0.095 0.222 0.242 66° 5B'
2.4 0.076 0.208 0.221 69°56'
2.5 0.0596 0.1936 0.2025 72°54'
2.6 0.0453 0.1797 0.1853 75°51'
2.7 0.0330 0.1664 O.I696 78°47'
2.8 0.0224 0.1536 0.1552 8l°43 '
2 .9 0.0133 . 0.1414 0.1421 84°391
3.0 - 0.0055 0.1299 0.1300 87°3v

3.1 - 0.0010 0.1190 0.1190 90°30'
3.2 - 0.0065 0.1088 0.1089 93°25'

(17)
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* Re g Im g M a rc  g

3.3 -  0.0110 0.0991 0.0997 96°20*
3.* - 0.0147 0.0901 0.0913 99°15'
3.5 - 0.0176 0.0817 0.0836 102° 10 '
3.6 -  0.0199 0.0739 0.0765 105°05'
3.7 -  0.0216 0.0666 0.0700 108° 00 '
3 .8 - 0.0229 0.0599 0.0O41 110°55'
3.9 - 0.0237 0.0537 0.0587 H 3°50’
4.0 - 0.0242 0.0480 0.0537 116°45'
4.1 - 0.0244 0.0428 0.0492 119°40'
4.2 -  0.0243 0.0380 0.0451 122°35'
4.3 - 0.0240 0.0336 0.0413 125°30'
4.4 -  0.0235 0.0296 0.0378 128°25 '
4.5 -  0.0228 0.0260 0.0346 131°20 '

( 18)
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j j L  DIFFRACTION OF RADIO WAVES'AROUND THE EARTH'S SURFACE 

V. Fock

The problem  o f  th e  p r o p a g a tio n  o f  r a d io  waves 
a round  th e  homogeneous s u r fa c e  o f  th e  e a r th  i s  I n v e s ­
t i g a t e d .  The d i f f r a c t i o n  e f f e c t s  a re  c o n s id e re d  b u t 
th e  in f lu e n c e  o f  th e  Io n o sp h ere  I s  n e g le c te d .  The aim  
o f  th e  p a p e r  I s  t o  d e r iv e  fo rm u las  f o r  th e  wave a m p li­
tu d e  a s  a  f u n c t io n  o f  th e  e le v a t io n  o f  th e  s o u r c e , I t s  
d is t a n c e  from  th e  p o in t  o f  o b s e rv a t io n  ( s i t u a t e d  on 
th e  s u r fa c e  o f  th e  e a r t h ) ,  o f  th e  wave le n g th  and o f  
e l e c t r i c a l  p r o p e r t i e s  o f  th e  s o i l .  The m ain r e s u l t  i s  
th e  d e r iv a t io n  o f  an e x p re s s io n  f o r  th e  a t t e n u a t io n  
f a c to r  in  form o f  an  I n t e g r a l .  T h is e x p re s s io n  i s  
v a l id  f o r  a l l  th e  v a lu e s  o f  p a ra m e te r s  w hich a re  o f  
p r a c t i c a l  I n t e r e s t .  In  th e  l im i t i n g  c a se s  th e  w e l l-  
known fo rm u las  a re  o b ta in e d :  th e  W eyl—van d e r  Pol 
fo rm u la  f o r  i l l u m in a te d  r e g io n  and th e  fo rm u la  which 
co rresp o n d s  to  th e  f i r s t  te rm  in  W atBon's s e r i e s  f o r  
th e  shaded  r e g io n  ( th e  l a t t e r  in  a  s l i g h t l y  c o r r e c te d  
fo rm ). E s s e n t i a l l y  new I s  th e  I n v e s t ig a t i o n  o f  th e  
r e g io n  o f  th e  penum bra (n e a r  th e  l l . i e  o f  h o r iz o n ) .  
Form ulas a re  o b ta in e d  w hich g iv e  a c o n tin u o u s  t r a n s i ­
t i o n  from th e  i l l u m in a te d  r e g io n  to  th e  shaded  one . 
Methods f o r  n u m e rica l c a l c u l a t i o n s  o f  sums and I n t e ­
g r a l s  In v o lv ed  in  th e  prob lem  a r e  e l a b o r a t e d .

INTRODUCTION *

T here  a re  many p a p e rs  d e vo ted  to  th e  problem  o f  th e  d i f ­

f r a c t i o n  o f  r a d io  waves a round  th e  s u r fa c e  o f  th e  e a r th .  A 

rev ie w  o f  more r e c e n t  in v e s t i g a t io n s  may be found  in  a p a p e r  

by B. V vedensky .^

The i n t e r e s t  i n  t h i s  prob lem  i s  J u s t i f i e d  by th e  f a c t ,  

t h a t  a t  sm a ll d lo ta n c e s ,  o f  th e  o r d e r  o f  a few hund reds o f

*A s h o r t .a c c o u n t  o f  th e  r e s u l t s  o f  t h i s  p a p e r  i s  g iv e n  
in  o u r  n o te .
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k ilom etres , the re f ra c tio n  o f rad io  waves In the Ionized layers 

o f the atmosphere may be neglected and the d ec is ive  ro le  In the 

propagation o f rad io  waves is  played oy the d if f r a c t io n .

In  s p i te  of the fa c t th a t a rigorous so lu tio n  of the p ro ­

blem of d if f ra c t io n  by the sphere had been already  obtained 

some decades e a r l ie r ,  no p ra c t ic a l ly  su ita b le  approximate so lu ­

t io n  has been proposed up to  now. In th i s  paper we In tend to 

f i l l  up th is  gap.

1. STATEMENT OP THE PROBLEM AMD ITS SOLUTION 
IN THE FORM OP SERIES

We denote by r ,  6 , $ sph e rica l coord inates w ith o r ig in  

a t  the cen te r o f the ea rth  globe.

The equation of the e a r th 's  su rface (considered as smooth) 

Is  r  ■ a ,  where a Is the rad ius of the  e a r th . Let us suppose 

th a t  a v e r t ic a l  e le c tr ic  d ipo le  la  located  a t  the po in t r  -  b ,

6 * 0 (where b>a). Suppressing the time-dependent fa c to r  e~lu)t 

In  the f ie ld  components, we can express these components by 

means o f the Hertz function  U which depends on r  and 0 on ly . De­

noting  by k the abso lu te  value of the wave v ec to r we o b ta in  for 

th e  f ie ld  In the a i r ;

(2)
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the o ther components being equal to  zero.

S im ilar equations hold fo r the f ie ld  In the e a r th .

The function  U sa tlB fle ^  fo r r  > a the equation

LV + k2U - 0 , ( 1 . 02)

and the ra d ia tio n  cond ition  a t  in f in i ty

11m - lk r  U ) (1.03)

I f  b > a , 1. e . I f  the  source (d ipole) Is located  over 

the e a r th 's  surface and not on the surface I t s e l f ,  U must have 

a s in g u la r ity  a t  the p o in t r  ■ b, 8 * 0 , such th a t 
_lkR

U * S jp - + u f  (1.04)

and U* remains f i n i t e  I f  kR ■» 0. In th is  formula

R = Vr2 + b2 - 2rb cos S (1 . 05)

is  the distance IVora the d ipo le . On the e a r th 's  surfaoe the 

Hertz func tion  U has to s a t i s f y  the boundary conditions which 

ensure the co n tin u ity  of the tan g en tia l components Eg and H^.

I f  we denote the Hei^tl function w ith in  the ea rth  by Uj 

these boundary conditions w ill have the form:

k2U = k2 U2 ; £  (rU) « (rU2) fo r r  - a . (1 . 06)

For O ^ r ^ g  (w ith in  the ea r th )  the function  U2 has to  

s a t i s f y  an equation s im ila r  to  (1 . 02) and to remain f i n i t e .

The quan tity  k2 In formula (1.06) and In subsequent 

formulas I s  determined by the equation

i,2 = „„2 * , „ (1.07)
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and by the condition Im(kg) > 0. I t  Is u sefu l to Introduce 

Instead  of the  conductiv ity  of' the e a r th  0, a length I which 

ch a rac te rize s  the sp e c if ic  re s is ta n c e  o f the e a r th .  We put 

f  « c/4sfl. (1.08)

For sea water the values of I  vary from 0.05 cm (very s a l ty  

w ater) to  0 .5  cm (dcareely s a l ty  w a te r) . For the s o i l  th is  

length  Is hundreds or thousands tim es g re a te r . Introducing 

the complex lnduotlve capacity  of. the ea rth

1 H I 0*09)

, fcg '■ k. J T  ( i . i o )
The so lu tio n  of our problem In the form of s e r ie s  Is well 

known. We w rite , down the necessary ..formulas, w ithout giving 

th e ir  d e riv a tio n

*n <x> *V"5 "Jn+* W.».

Cn tx) (*>.■■
(1 . 11)

where J y(x) Is  the Beeeel function  and H ^ ( x )  I s  the Hankel 

function  of the f i r s t  kind. These functions are; connected by 

the r e la tio n

♦n (*) C^(x) - ^ ( * ) 'C n (x) ■ ' l . ‘ (1.18)

We Introduce a sp e c ia l n o ta tio n  fo r  the logarithm ic d e riv a tiv e  

of the function  Fn(* )i

*n<x >
. »A(«) 

*n(x) 
<*)

(1.13)



35

A8 se en  rrom  ( 1 .0 1 ) ,  th e  f i e l d  on th e  e a r t h 's  s u r fa c e  

aay be e x p re s se d  by th e  q u a n t i t i e s

° a  ” D| r  ■ a 5 * 5F  (rU> |r  -  a* ( * • » >

F or th e s e  q u a n t i t i e s  th e  fo llo w in g  s e r i e s  In  L egendre  

po lynom ials  may be o b ta in e d :

„ - - r V Y (2n + 1) <n(kb)
Pn(cos e),Ua kab Z.! ^(ka) - ^  Xn(k2a) Cn(ka)

D. = . k-F] (2n + 1 ) Cn(kb) x„(k2a)
r( (-'os e).

1 ^  xn ( V >  <n<ka>

(1 .1 5 )

( 1 . 16)

Our ta s k  I s  t o  p e rfo rm  an a p p rox im ate  summ ation o f  th e s e  

s e r i e s .

2. THE SUMMATION FORMULA

The sums we have to  ca lc u la te  are o f the form

S - ^ v * ( v ) P y_^(cos 6) ,  (2.01)

where the summation Is taken over h a lf  In te g ra l values of v.

I n  th e  sum (1 .1 5 )  th e  f u n c t io n  $ ( v ) ( d is r e g a r d in g  a co n ­

s t a n t  f a c to r )  i s  e q u a l to

*(v) .. ----------------- j-i-2 --------------------------- . (2 .(
‘ Xy-i(k2a)

In  th e  sura ( 1 .1 6 )  t h i s  f u n c t io n  d i f f e r s  from  ( 2 .0 2 )  by th e  

f a c t o r  xv_

(5)
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For the d ir e c t  computation of the eun I t  would be necessary 

to  take the number of the tarms approxim ately equal to  2ka, 1. e. 

to  double the number of the waves which may be put around the 

e a r th  circum ference. Since th is  number la  enormous. I t  la  e v i­

den t, th a t such a d ir e c t  summation Is  Im possible. For the c a l­

cu la tio n  of the sum S I t  Is  necessary to  make use of the fa c t 

th a t d(v) is  an a n a ly tic a l func tion  and to  transform  th is  sum 

in to  an In te g ra l,  which Is  to  be evaluated  by some approximate 

method. Such a transfo rm ation  was f i r s t l y  proposed by Watson^

In 1918 and was then  used by various au th o rs . But a l l  these 

authors aimed to  b rin g  the expression  obtained  by th is  tra n s ­

form ation to  the form o f a sum of re s id u e s , while our aim Is  

to  separate  out a main term which Is  e a s ie r  to  In v es tig a te  and 

to  estim ate  the magnitude o f the rem ainder. The method of com­

pu ta tio n  of the main term Is  not predeterm ined thereby .

When performing our transfo rm ation  we have to  bear in 

mind the follow ing general p ro p e rtie s  of the fu n c tio n  d (v ).

I t  Is  an a n a ly tic a l fu n c tio n  of v meromorphlc In  the r ig h t  

h a lr -p lane . I t  has po les only In  the f i r s t  quadrant and Is 

holomorphlc In the fo u rth  quadrant. I t  decreases a t  In f in i ty  

In such a way th a t a l l  the  In te g ra ls  considered  converge.

The Legendre fun c tio n s th a t e n te r  (2 .01) can be expressed 

by means o f the func tion

°v ■ £ {Y r { M t } p ( * '  * ' v + r a r * )  (2 ‘03)

(6)
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where F denotes the hypergeom etrlcal func tion . Denoting by 

Gf and by P*_^ the expressions which are obtained from G and 

from Pymj  = Py_j(cos ®) by rep lac ing  0 by 71 -  0 we g e t:

P , ■ — 7= =  f e iv0 ' 1T 0* + e ' lv ®+1?  o 1 . (2.0*.)
v' s 11V2 s i., 0 I v v J

It. i s  seen from (2.03) th a t I f  the values of v l i e  o u t­

side of a c e r ta in  s e c to r , which Includes the negative rea l 

a x le , and I f  | v s in  0 | Is  la rg e , then the function  Gy (and 

a lso  G*) I s  approximately equal to

Ov ~ t ^ A .  (2.05)

S u b s titu tin g  (2.05) In (2 .p4) we get the w ell known 

asymptotic expression fo r I f  we denote by B(v) the

f i r s t  term in  formula (2.C1.) :

B(v) = — -1--------- e lv ®-1¥  G* (2.06)
7i V2 s in  0

the follow ing r e la tio n  may be proved

P*_j ■ e 1^ - ^ "  Pv. j  + 21 cos vti B (v). (2.07)

We s h a ll  use th is  re la t io n  la te r  on. We note th a t B(v)

Is holomorphic In the r ig h t ha lf-p lan e .

Let us consider In the plane of the .complex v ariab le  v 

th ree  contours: 1) the loop which s t a r t s  a t  in f in i ty  on the 

p o s itiv e  re a l  a x is , runs above the re a l a x is , en c irc le s  the 7

(7)
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o rig in  counter-clockw ise and re tu rn s  to  the s ta r t in g  po in t a t  

In f in i ty  running below the re a l a x is ; 2) the broken lin e  Cg, 

which contains the f i r s t  quadrant and la described  ( in  i t s  

ho rizo n ta l p a r t  drawn s l ig h t ly  over the r e a l ax le ) from the 

l e f t  to  the r ig h t a ide ; 3) the s t r a ig h t  l in e  which crosses 

the o r ig in  and is  inc lin ed  a t  a small angle to  the Imaginary 

a x is . This l in e  is  described from the top to  the bottom and 

lie 3  in  the second and fou rth  quadrants.

He can w rite  the sum S in  the form

S • j  J" v$(v) sec vii dv, (2.08)

since the In teg ra l on the rig h t-h an d  side reduces to  the sum 

of the residues in  the po in ts v * n + 4 . The function  d(v) 

being hdlomorphlc in  the fou rth  quadrant, we may rep lace  the 

contour Cj by the contours C2 and and w rite

5 ■ '  *  J
C2

»♦(») ■
(2.09)

This transfo rm ation  of the sum corresponds to  the usual 

one; the In te g ra l along the contour is  neg lected  because o f 

the sm allness of the odd p a r t  o f $(v) (an estim ate  o f i t s  magni­

tude w ill be given below), and the in te g ra l along Cg is  reduced
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to the sum of re s id u es. But we sh a ll  go a step  fu r th e r  and 

d iv id e  the In teg ra l along Cg in to  two p a r ts :  the main term 

>nd the co rrec tio n  term. In se r tin g  in  the in te g ra l the ex­

pression  (2.07) fo r P*_£ we sh a ll  have

S = Sx + S2 + S y  (2 .10) '

where

S1 ’  ] v*(v) B(v) dv. (2.11)
C

S9 ■ - $ \  v*(v) sec vn e lvfl Pv . dv (2.12)
J
C2

S3 = |  j  v*(v) sec vn P j_ j dv. (2.13)

C5

The integrand in  S1 has no poles on the re a l ax is (and 

a lso  in  the fou rth  quadrant). Therefore, there  i s  no d iffe ren ce , 

whether we evaluate  the in te g ra l along Cg or along Cj We 

have denoted by C any contour, which is  equivalen t to  Cg o r C y

The rep re sen ta tio n  of S as a sum of th ree In te g ra ls  (2.10) 

is  exact—there  was made no neg lec tion  in  our d e r iv a tio n . But 

the  estim ation  of the magnitude of Sg and shows th a t these 

in te g ra ls  are  neg lig ib ly  small as compared to  S1 .

In f a c t ,  i f  we evaluate  the In teg ra l Sg as a sum of r e s i ­

dues a t  the po les of d(v) we s h a ll  see th a t i t s  r a t io  to  S1 is  

o f the order

(9)
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40

| #2 iv i  ( * - « ) |

where v1 Is the pole o f d(v) n ea re s t to  the r e a l ax is . The 

Imaginary p a r t o f Vj Is  p o s it iv e  and fo r  la rg e  values o f ka 

w ill  be

Im(vj) -  c (k a )1 /5 , (2.15)

where c I s  a pure number of the order of u n ity  ( fo r  the p e r ­

fe c t conductor c ■ 0 .7 0 ). Since ka Is  very la rg e ,o f  the order 

o f a m illio n  (fo r  X •  40 m, ka • 10^), I t  Is  c le a r ,  th a t  the 

quan tity  (2 .15) w ill be large (fo r  Instance, equal to  70) and 

the quan tity  (2.14) w ill  be n e g lig ib ly  sm all. (In  our problem 

6 cannot reach the value s since In th is  case we have to  take 

In to  account the Influence of Ionized layers o f the atmosphere 

and our formulas cease to  be v a l id .)

The value of the In te g ra l S^ Is determined by the odd 

p a r t  o f $ (v ). But the odd p a r t o f th is  function  w ill  be of 

the order

| e 21k2a | . (2 .16)

Since the imaginary p a r t  o f kga I s  a p o sitiv e  and very la rg e , 

th e  value o f  (2 .16) w ill be Inconceivably Bmall.

The follow ing physica l p :c .tu re  g jv e s  a no tion  of the 

sm allness of the In te g ra ls  S2 and S^. The In te g ra l Sg Is  the 

am plitude o f a wave which tra v e lle d  once o r sev era l times 

around the globe w ithout re f r a c t io n  (by means o f d if f ra c t io n  

o n ly ) . The in te g ra l Sj la  the amplitude o f a wave which

(10)
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traversed a path  equal to  the diam eter o f the globe with the 

absorption which takes p lace w ithin the e a r th . I t  Is  c le a r  

th a t both the In teg ra ls  a re  nefellglbly small as compared with 

the amplitude of the wave which reached the observer through 

the a i r  by the nearest way.

Therefore w ith the whole perm issib le  accuracy ( l .e .  with 

an e rro r  which Is  n e g lig ib ly  small as compared with the e rro rs  

Involved In the p o s itio n  o f our physical problem) the otu.i S 

defined by (2.01) may be put equal to  the In te g ra l Sj alone. 

This In te g ra l may be w ritte n  In  the form

= ^ v * ( v )  e lv 0  0 * d v ,  (2 .1 7 )

which follows from (2.11) when the expression (2 . 06) fo r  I 

Is  In serted .

I f  0(v) Is  the func tion  (2 .0 2 ), then the re la t io n  between 

urn S and the q u an tity  Ufl Is

ua '  '  TEafr S> (3.01)

approximate expression fo r  U& may beTherefore,

w ritten

2e = \v * { ,

V
elvO > d v .us s (3 .02)
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The p o s itio n  of the main p a r t of the In teg ra tio n  path In 

(3.02) depends on the p o in t fo r  which the In te g ra l Is  evaluated. 

In general the main p a r t  Is  In the v ic in i ty  o f the po in t v = v0 , 

where

(5.03)

The quan tity  h la  the length of the perpendicu lar dropped 

from the e a r th 's  c en te r on the ray (1. e.} on the s t r a ig h t  lin e  

which connects the source and the p o in t o f ob serv a tio n ).

For the  approximate evaluation  o f the In te g ra l I t  Is 

necessary to  ob tain  the asymptotic expressions fo r the func­

tio n s  0* and d(v) v a lid  on the main p a r t  o f the In teg ra tio n  

pa th . Since v0 and vq6 a re  la rge  as compared with u n ity , we 

may put according to  (2.05)

Q* = V w /v. (3 .0 4 )

For the Hankel functions Involved In ip(v) one may te n ta ­

tiv e ly  use the Debye expression

Cw_4 (P)
V i - ( v2/ p2 )

(3-05)

where

(3.06)

These expressions a re  v a lid  provided the cond ition  

Ip2 - v2 ! »  PV 3

U 2 )

(3.07)
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la s a tis f ie d -  As to  the function  i t s  value near

the po in t v * vQ nay be represen ted  with a s u f f ic ie n t approxi­

mation by the expression '

K - i  <k2a > “ - W 1 - T 7  (3-03)k2 a

In o rder to  make c le a r .  In which cases the In eq u a lity

(3.07) Is  s a t i s f ie d ,  l e t  us Introduce the parameter

(3-09)

where 7 la  the angle between the v e r t ic a l  d ire c tio n  a t the 

observation poin t and the d ire c tio n  from th is  po in t to  the 

source.

I t  Is  e a s ily  seen th a t fo r  v * vQ, p •  ka the In equa lity

(3 .07) Is equivalen t to  the condition th a t p should be large 

and p o s it iv e . Such values of p correspond to  the Illum inated 

region. The values of p o f the o rder of. u n ity  (p o sitiv e  and 

negative ones) correspond to  the region of penumbras the 

spec ia l value p ■ 0 gives the boundary of the geom etrical 

shadow (horizon l in e ) .  Large and negative values of p c o rre s ­

pond to  the shadow reg ion .

In th i s  sec tio n  we s h a ll  In v estig a te  the case of a large 

p o s itiv e  p (Illum inated  reg ion )j o ther cases w ill be in v e s tig a ­

ted in  the next sec tio n s .

We have seen thai, I f  p »  1 the Debye expressions fo r  the 

Hankel functions a re  v a lid . In se r tin g  these expressions In to

P cos 7 ,

(13)
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(3.02) and using  (3.04) and (3.08) we get

(3.10)

e 1<BV 7 dv

where

(3.11)

lea
I f  the condition

kh cos y  » 1 (3.12)

1b s a t i s f ie d ,  where h • b - a Is  the he igh t o f the source above 

the ea r th , the In teg ra l (3-10) can be ca lcu la ted  by means of 

the method o f the B teepest descent and the follow ing " re f le c ­

t io n  formula" Is obtained:

In  th is  formula

la  the d istance from the source, and W la  the " a tten u a tio n  

func tion"  which In our case Is  equal to

(3.14)

(14)

(3.15)



The quan tity  defined by the s e r ie s  (1.16) d if fe rs  

(in  our approximation) from Ua by a constant fa c to r  only.

We have '__________

®; ■ - ^  \ f l  - {£ s in 2 7 Ua . (3 .16)

The la s t  formula la  tru e  not only fo r the illum inated  

region, but a lso  In o ther cases.

I f  condition  (3-12) I s  not s a t i s f ie d ,  the denominator 

In the Integrand (3.10) cannot be considered as slowly vary­

ing. I f  Instead  of (3.12) we suppose th a t the conditions;

1 < < (ka)2 /3 , (3 .17)
n

1 «  kR « a /h , (3 .18)

are s a t is f ie d  (the  In equa lity  p »  1, being a consequence of 

these c o n d itio n s), the In te g ra l (3 .10) can be approximately 

ca lcu la ted  by introducing  a new In teg ra tio n  v a riab le  u, 

according to

» '  ^  ^  ■ (3>19)

For the func tion  W In  (3.13) the follow ing approximate 

expression Is ob tained;

(15)

■ <3 -20>



M-0 = h/R (3.21)

J*6

where

is  the in c lin a tio n  o f the ray to  the horizon . The contour T 

is  a s t r a ig h t  l in e  which crosseB the po in t u, * u0 passing  there  

from the fourth  to  the second quadrant o f the plane of n (or of 

u - u0 to  be more e x a c t) .  Hie In te g ra l (3 . 20) can be calcu lated  

w ithout any fu r th e r  approximation and gives the well-known 

Weyl— van der Pol formula.

I f  we put

<>•»>

we sh a ll  have

W » 2 - i(de"((3+T)2 f  e*2 
1®

(3 .2 »

To obtain  the f ie ld  components from our expressions fo r 

Uft and we have to  d if f e r e n t ia te  these expressions by 6 which 

Is ea s ily  done, since we may regard a l l  fa c to rs  in  ( 3 . 13) ex­

cep t e lkR, as co nstan ts .

it. ASYMPTOTIC EXPRESSIONS FOR THE HANKEL FUNCTIONS

In the follow ing we have to  consider the case when the 

p o in t of observation  is  in  the reg ion  o f penumbra.

This case is  charac te rized  by the values of the param eter 

p (p o s itiv e s  or negatives) o f the o rder u n ity . Aa the  in eq u a lity

( 16 )
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(» 01) is  not s a t i s f ie d  In thlB  case, the hebye expressions 

05) fo r the  Hankel functions are not v a lid  on the main p a r t  

0f  the In teg ra tio n  contour and must be replaced by some o thers , 

jhe new expressions f o r  the Hankel functions su ita b le  fo r our 

purpose c»n be ob tained from the  asymptotic expressions which 

are given In  our p”ev lous paper^, o r from the formulas given
h

in the well-known W atson's t r e a t i s e  , but i t  Is more simple to  

deduce them Independently.

Our aim Is  to f in d  an approximate expression fo r the 

Hankel func tion  in term s of th e  function  w (t), defined by 

the In teg ra l

w(t) = Ije12-1/ 5*5 dz, (<(.01)

the contour T running frun in f in i ty  to  the o rig in  along the 

ray arc c » - 2u/3  and from th e  o r ig in  to  In f in ity  along the 

ray arc z ■ 0 (the p o s it iv e  r e a l  a x is ) .  Tne function  w(t) 

s a t i s f ie s  th e  d if f e r e n t ia l  equation

w "(t) - tw (t)  (1. . 02)

with the i n i t i a l  cond itions:

"(0) = ■ o / l  = 1.0899290710 + 10.6292708b25,
32 /3  r  (2/5)

w' (0) -  e -i(it/6) .  0,791,5704238 - io.4587**5‘‘,'8 l.

3 / 5 r ( */ «  (<< . 03)

(17)
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w (t) ie  an In te g ra l transcenden ta l func tion , which can be ex­

panded Into a power aerlea  of the form:

w(t) w(0) 1 1 + 2T^ + (2.5)h-«>) + (5-5

;  t “ t i  t 10 i

(4.04)

I f  we separa te  In w(t) the r e a l  and the Imaginary p a r ts  

(fo r r e a l values o f t )  pu ttin g

w (tj ■ u ( t )  + l v ( t ) ,  (4.05)

then u ( t )  and v ( t )  w l l l ’be two Independent In te g ra ls  o f equa­

tio n  (4 , 0£) connected by the re la t io n

u ’ ( t )  v ( t )  - u ( t )  v ■ ( t )  -  1. (4.06)

The asymptotic expressions of these functions fo r large 

negative values of t  are  obtained by sep ara tio n  of the re a l 

and Imaginary p a r ts  In the form ulas:

For large p o s it iv e  values of t  the asym ptotic expressions 

u ( t ) ,  v ( t)  and th e i r  d e riv a tiv e s  are  of the form

, i t 3/ 2
i ( t )  = t* 1/"  e7  ;

, t t 3/2
= t 1/*  e3 ;

(18)

(4.09)
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2 ,.3/2
v ( t)  ■ K l/U • ’ 5  .

.  a t 3/2
v , ( t )  , . l t l / ^ e  3 k .

Prom the s e r ie s  (4.04) the following re la tio n s  

deduced: w

w ( te ^ )  • 2elE  v ( - t ) .

w(te "5”) = e 5  [ u ( t )  -  l v (t ) j .

These re la tio n s  describe the behavior, of w(t) In t l  

t-p lan e .

Ve note th a t  w(t) is  exp ressib le  In terms of th 

function  of the order 1/5 sccordlng to  the formula

« ( t)  ( -« )3 /2 ) .

After having enumerated '.he main p ro p e rtie s  of 

now proceed to  deduce the asymptotic expression fo r  

function  H ^ ( p )  where v and p are  la rge  and nearly  

th a t the ra tio

remains bounded, while p tends to  In f in i ty .

The Hankel function  H ^ ( p )  admits the in te g ra l 

ta tlo n

(19)

(*•10) 

are ea s ily

( « . l l )

(4.12) 

e complex

e Hankel

(*.13)

w (t), we 

the Hankel 

equal, so

{*1.10

repreaen-
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< ‘ » w . 4  p

where the contour C co n s is ts  of a p a r t  o f the s t r a ig h t  l in e  

Im(v) = - 7t described  from - n l -  onto some p o in t v = v w ith 

He(v0) < 0 [ e .  g . vo * ( -  n /V T ) -  lw}, a s t ra ig h t  l in e  Jo in ­

ing vo to  the o r ig in  and, f in a l ly ,  the p o s itiv e  r e a l ax is des­

cribed  from the o r ig in  to  In f in i ty .

Let us express v through t ,  according to  (4 .1 4 ), and 

Introduce a new In te g ra tio n  v a riab le

z  * I T J /Z ’V  (4.16)

Considering t  and z as f i n i t e  and p as la rg e , we can ex­

pand the ln tergrand  In  (4.15) In a a e r ie s  o f negative ( f ra c ­

tio n a l)  powers of p. Since the re lev an t p a r t  of the tra n s ­

formed contour C co incides with contour T we can w rite

-  A ( l ) ' 1/5  -  & ( f f *  * . . . ] « •

* (4.17)

and evaluate  the In te g ra l using  (4 .0 1 ). We thus ob tain

(4.18)

In v ir tu e  o f the d if f e r e n t ia l  equation  (4.02) the f i f t h  

d e r iv a tiv e  equals

* (5 ) ( t )  = t 2 w' ( t )  + 4 tw ( t) . (4 . 19)

(2 0)



51

In se rtin g  th is  In (4 .18) and using ( l . l l )  we get the 

following expression fo r  the function  ? v- l / 2 (p):

Cv- l / 2 (p )= - - ( f ) l / 6| " ( t ) - ^ { | ) * 2/ 3 [t2W ( t)+ 4 tw ( tj+ .. |  . (4.20)

D iffe re n tia tin g  th i s  expression with respec t to  p (with 

account of the dependence of t  on p with v constan t) we get 

the following expression fo r  the d e r iv a tiv e :

t ^ - l / 2 (p)= l ( f ) " l / 6| w ' ( t ) - ^  ( f ) ‘ 2/I?f*+9 )^ (t)-iltw '(t)]  + . . .} . ( * . 21)

These expressions w ill  be used In the next sec tio n .

§ 5. The expressions o f the Herz func tion  v a lid  In the 

penumbra region.

We rew rite  the expression  (3.02) fo r  the Herz function  

rep lacing  th e re in  the qu an tity  Oj by I t s  approximate value 

V jt/v and the quan tity  s in  6 before the In teg ra l by 9.

We get
f
U ( v ) e lve y r a v .  (5 .01)

8 kab J

The contour C may be taken Id en tica l with contour C2, 

which was defined In ^ 2 , o r may be rep laced by some contour 

equivalen t to  C? . The main p a r t of the In teg ra tio n  path  l i e s  

in  our case ( l . e .  fo r  f i n i t e  values o f the param eter p) near

(21 )
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the  po in t v = lea. Consequently, the function  _^{k2a) involved 

in  (2 . 02) can be rep laced  by the value o f (3 . 08) fo r  v = ka. 

I n t r o d u c e  th is  In d(v) we ob tain :

*(v)
____________ t v.j(K b)____________

(5.02)

For ( v j  and i t s  d e r iv a tiv e  we must uee expressions va lid  

near the po in t v ■ ka. Such expressions were obtained in  the 

preceedlng paragraph. R etaining In (<*.20) and (X.21) the p r in -

c lp a l terms only we g e t:

I v ^ O * )  -  - i ( j * )  V 6  •<*), (5.03)

Cv.*(ka) * l ( ^ )  1/6  w '( t ) . ( 5 .0 0

where the v a riab le  t  1* connected with v by the re la tio n

(5.05)

The numerator In (5 .02) la  ob tained from (5 . 03) by rep lacing

a by b and t  by t ' ,  where

(5.06)

Equating (5 . 05) and (5.06) we o b ta in  the connection between t  

and t 1. Since the r a t io  h /a ,  where h • b -  a , Is an a ll  £we 

s h a l l  consider I t  o f rhe sane o rder aa (ka)"2^ j  we must neg­

le c t  I t  as compared to  u n ity . We may then put

(2 2)



f  = t  - y,

where
kh ( 5 . 08)

(k a /2 ) ly

Is a quantity  proportiona l to  the height of the source over 

the e a r th 's  su rface . We may c a ll  y the reduced height o f the 

source. Hence, w ith neg lec t of terras of the o rder h /a  o r

Oca) -2/3 a

tv-i(kb) ‘ - 1 (!r )1/6 w(t • y)* (5.09)

where t  la  determined by (5 .0 5 ). (We have a lso  rep laced  b by 

a In the fa c to r  before w.)

S u b stitu tion  of (5 .0 3 ), (5-04) and (5.09) In (5-02) giver, 

the desired  approximate expression fo r  ${v).

I f  we put fo r  the sake of b rev ity

' W  iq \ (5 - 10)

* (v) ■ - ( | r )  / ?  •

:mberlng formulas (1 . 09) and (1 .10 ), v

Mty q

- _ , /naN1̂  V e  - 1 + 1(x/2ti/)Q ' 1 W  -eTilx/Lf)

( 5 .n )

■ may w rite  fo r
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q ■ 1 ( ^ ) 1/3 - = = = ? = = = = = =  (5.13)
V X /  V € + 1 + l(X /2n/)

This form is  s l ig h t ly  more convenient fo r c a lc u la tio n s .

We have now to  s u b s titu te  the value o f $(v) from (5-11) 

in to  (5-01) and Introduce the in teg ra tio n  v a riab le  t .  Making 

th is  s u b s t i tu t io n ,  we may rep lace  the quan tity  V""v"in the in te ­

grand by the constan t value V ka and a lso  w rite  b in stead  a t 

a in the fa c to r  before the in te g ra l.  The r e s u ltin g  formula may 

be w r itte n  in  the form:

Ua = e - ^  f e 1Xt I & ( t)  d t ,  (5.14)

c'

where x denotes the  q u an tity

x = ( t ) 1/3®' (5.15)

which may be termed as the reduced horizon ta l d istance from 

the sou rce, while y and q have the values given by (5.08) and 

(5 .1 3 ). The contour C must be such th a t a l l  the  poles o f the 

in teg rand  are  comprised w ith in  the contour; as we s h a ll  see 

l a t e r ,  they are a l l  s i tu a te d  in  the f i r s t  quadrant o f the t  

p lane . Thus we can carry  out the in teg ra tio n  in  (5-14) from 

loo to  0 and from 0 to  + oa

In o rder to  g e t a more c le a r  idea on the r a t io  of the 

h o riz o n ta l and the v e r t ic a l  sca le  in  the variab le s  x and y , 

we w rite  the expression fo r  the parameter p , as defined by 

(24)
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■)), in  terns of x and y. Prom the considera tion  of the 

trian g le  with v e r tic e s  In the e a r th 's  c en te r. In the source 

point and In the po in t o f observa tion , the follow ing approxl- 

pate expression la e a s ily  deduced:

I t  follows th a t the equation of the horizon lin e  Is  

x = V 7 .  Further we sh a ll  need the re la t io n  between the d i s ­

tance R from the source as measured along a s t r a ig h t  l in e  and 

the horizon ta l d is tance  afl as measured along the arc  of a 

grea^t c i r c le .  Assuming a® >> h, 1. e . (ka)1^  x >> y , th l6  

re la tio n  may be w ritten

kR ■ ka6 + u)o , (5.17)

where

“ o = h + ¥  - h  • (5 -18)

6. DISCUSSION OF THE EXPRESSION FOR THE HERTZ FUNCTION

The expression obtained for the Hertz function  Is  most 

conveniently w ritten  In the form: 

lka$
Ua * S-g— V (x ,y ,q ) ,  (6.01)

where

-  . ' V ?  " •  (6 -02>
c

(25)
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The q u an tity  V may be c a lled  a tten u a tio n  fa c to r  by analogy with 

the q u an tity  W, which waa Introduced e a r l i e r  ^see (3 .1 3 )] . Let 

us determine the connection between V and W. Since In the de­

nominators of expressions (3.13) and (6.01) the q u a n tit ie s  R 

and aO can be considered as equal. I t  follow s from (5-17)

W » Ve-lu)o. (6.03)

We have now to  In v es tig a te  the expression  (6.02) fo r V.

We sh a ll  f i r s t  consider the case of large p o s it iv e  values o f 

p (Illum ina ted  reg io n ). This case has been already  discussed  

by another methcd (f 3 ). But, as formula (6.02) w?i obtained 

fo r  the case of a f i n i t e  p . I t  seems to  be o f In te r e s t  to  v e r­

ify  th a t i t  13 a lso  va lid  in  the case of a large p . I f  p >> 1, 

the In te g ra tio n  path  may be deformed so as to  c ross the po in t 

where - / T  - P- I t s  main p a r t  w ill be s itu a te d  In the domain 

of la rge  nega tive  values of t ,  where expressions (it.07) and 

(<<.0c) i c r  w and w  are app licab le . Using them and applying 

the method of the s teep es t descent, we obtain

V ,1<uc 2
i - i(d /p ) (6.014)

and in  v ir tu e  o f (o .03)

• '  i - -  i h m  ■ |6 -°5 >

The l a t t e r  expression  p ra c t ic a l ly  coincided w ith (5 .15). 

We note th a t in  the case when x i s  of the order o f u n ity  or 

la rg e  the cond ition  p »  1 is  s u f f ic ie n t fo r  the a p p l ic a b i l i ty

(2 6 )
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0f the method of s te e p e s t descent. I f  x Is :-mall, the fu r th e r  

condition y2 »  2x is  necessary. I f  the l a t t e r  condition  Is  

not  s a t is f ie d  but l.ie In eq u a lity

x «  y «  1/x (6.06) *’

is  s a t is f ie d  In stead , the In te g ra l can be ca lcu la ted  by another 

method. Further s im p lif ic a tio n s  in  the asymptotic expression 

fo r w(t - y) can be then made, and the in te g ra l (6.02) reduces 

to  the form

l £  I T
V = e V s  ]  ----------- d t - (6.07)

C

Taking V - t  as in te g ra tio n  v a r ia b le , we are  led to  an 

In teg ra l o f the form (5.20) £with V - t  -  (k a /2 )1^  u ] and we 

get again the Weyl-van der Pol formula (3-23) with the follow ­

ing values of 6 and t :

6 - ¥ q V7, T - e 1 " — X—  . (6.08)
2 V x

These values p ra c tic a lly  co incide with (3 .2 2 ).

Let us now in v es tig a te  tne most in te re s t in g  case when p 

is  o f the order o f u n ity  (p o s itiv e  or n eg a tiv e ). Vfe know th a t 

th i s  Is the region o f the penumbra, where the d if f ra c t io n  

e ffe c ts  p lay the dominant p a r t .

I f  the values of x and y are  of the order of u n ity , the 

most e f fe c tiv e  method of ev a lua tion  o f the in te g ra l (6.02) is  

the rep re sen ta tio n  o f th i s  In te g ra l in  form o f a sum of residues

(27)
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ta k e n  a t  th e  p o le s  o f  th e  I n te g ra n d .

D eno ting  by t 8 * t g (q) th e  r o o ts  o f  th e  e q u a tio n

**'(t) - qw(t) - 0 ( 6 . OS)

we ob ta in

(6 . 10)

The ro o ts  t 9 (q) are functions o f the complex param eter q. 

For the value q ■ 0 they reduce to  the ro o ts  t^  = t g (0) of the 

d e riv a tiv e  w '( t )  and fo r  q * oo they reduce to  the ro o ts  t °  ■ 

t s (a} of the function w (t). The phases o f t ;  and t °  are  equal 

to n/3» so th a t

We g iv e  h e re  th e  m oduli o f  th e  f i r s t  f i v e  r o o ts  t^  and  t ° :

s

For la rge  values of s we have approximately

(28 )

( 6 . 1 2 )
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To ca lcu la te  the roo ts  fo r  f i n i t e  values of q we may use 

the d if f e r e n t ia l  equation

(6.13)

which can be e a s ily  derived from (4 .0 2 ). The root t 8 (q) Is 

determined e ith e r  as th a t so lu tio n  of (6.13) which a t  q * 0 

reduces to  t^ or as th a t so lu tio n  which a t  q ■ coreduces to  

t®. Both d e fin it io n s  are  e q u iv a len t. S to rtin g  from the f i r s t  

d e f in it io n , a s e r ie s  in  ascending powers of q may be e a s ily  

constructed  fo r t B; th is  s e r ie s  w ill converge fo r | q |  <|)/"t^*|. 

S ta rtin g  from the second d e f in it io n  we may construct a s e r ie s  

in descending (negative) powers of q; th is  w ill converge fo r 

M  > 1 ^ 1 -  These s e r ie s  s h a l l  not be w ritten  down here.

I t  may be noticed th a t the value of t ,  which fo r large values 

of | q | Is  close to  qc , Is  not a roo t o f equation (6 .09 ).

I f  the condition  y2 «  » I V s l  13 s a t i s f ie d ,  we have the 

approximate re la tio n

■̂w| t  • ch(y sh(y y f  t g). (6.14)

This re la tio n  perm its us to  estim ate  the value of remote 

terms In the s e r ie s  (6 .1 0 ). I f  s Is  3 0 'la rg e  th a t |q  | «  I V ^ I .  

we have approximately t g * t g (0) ■ t^ .  I t  follows from th is  

and from expression (6.14) th a t the s e r ie s  (6.10) Is  always

(29)
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convergent. But I f  x Is  small o r I f  y Is  la rg e , the s e r ie s  

converges slow ly, and to  ca lc u la te  I t s  sum a large number of 

terms may be requ ired .

In the shadow reg ion , where p Is la rge  and nega tive , the 

s e r ie s  (6 .10) converges very rap id ly  and I t s  sum approxim ately 

reduces to  I t s  f i r s t  term.

Our s e r ie s  (6.10) corresponds to  th a t o f Watson but has 

the advantage of s im p lic ity .

The fundamental formula (6.02) perm its us to  Investig a te  

not only the lim itin g  cases (large p o s itiv e  values of p - ll lu m l-  

r.ated reg ion , large negative values of p-shadow region) but 

a lso  the In term ediate cases, namely the region of the penumbra. 

While In the l im itin g  cases our formula leads to  an Improvement 

of formulas prev iously  known (the r e f le c tio n  formula and the 

Weyl-van der Pol formula fo r  the Illum inated region and the 

Watson s e r ie s  fo r  the shadow reg io n ). In the tra n s i t io n a l  

penumbra region I t  y ie ld s  e s s e n t ia l ly  new r e s u l ts .

The case when x and y a re  la rge  and p - f ln i te  (sh o rt waves, 

penumbra) Is  o f spec ia l I n te r e s t .  This case has not been In ­

vestig a ted  before  as the known formulas are  not v a lid  here .

In what follow s we sh a ll  derive approximate form ulas, which 

allow a complete d iscussion  of th is  case.

We Introduce the quan tity

* - V 7 .

(?0 )

2 = (6 .15)
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which rep resen ts  the reduced d istance measured from the boun­

dary of the geom etrical shadow (and not from the sou rce). In 

the region of geom etrical shadow we have z > 0, In the v lB lble 

region z < 0. Our param eter p , expressed In terms o f z and x, 

takes the form

In our case x Is  large an z Is  f in i te ;  hence we have approxi­

mately p = - z.

The main p a r t  o f the In te g ra tio n  path In (6.02) co rre s ­

ponds now to  values of t  o f the order of u n ity ; but I f  y Is 

large and t  f i n i t e  we may use fo r w (t-y) the asymptotic ex­

pression  (4.07) which gives

w(t - y) (6.17)

o r approximately

1? -1/4 i f  y5^2- 1 V y t .  (6.1ft)
w(t - y) = e "y e 5

In se r tin g  (6.18) In to  (6.02) and rep lacing  In the fa c to r

before the In teg ra l the q u an tity  x^ y '^  by u n ity , we get

y V 2
V (x.y.q) = e 5 V ^x  - V y . i l ) ,  (6.19)

where

f  eizt
= J  W*(t) - qw(t) d t ‘

(31)

(6 . 2 0 )
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The terms neglected In (6.19) are  ( fo r a f i n i t e  z) o f the 

order of 1 /V "y" (o r o f 1 /x ) .

Therefore, the function  V (x ,y ,q) o f two arguments x ,y  and 

of the parameter q reduces In our ease to  a func tion  V1(z,q ) 

o f a s in g le  argument z and of the same param eter q . The r e ­

su ltin g  s im p lif ic a tio n  Is qu ite  e s s e n t ia l .

Let us now derive the re la t io n  connecting the a tten u a tio n  

function  W with the function  V j. We have the Id e n tity

( 6 . 2 1 )

where u> has the value (5 .1 6 ). Omitting In (6.21) the la s t  

term we obtain  from (6.03) and (6 . 19)

i z ?
W ■= e^ V ^ z .q ) .  (6.22)

Thus, in  our approximation function  W depends on x and y 

only through z = x -\J~y".

The function V1(z ,q ) Is  an In teg ra l tran scen d en ta l func­

tion  o f the v ariab le  z. For a p o s it iv e  z we can eva lua te  the 

In teg ra l (6.20) as a sum o f re s id u es , and we get

V ^ z .q )  * 12 ^ L i (6.23)
. ( t .  - q j w(t_)

8 = 1 3
( fo r  z > 0 ),

where t s are  the ro o ts  of equation (6 . 09) which were d iscussed  

e a r l i e r .  The la rg e r  Is  z the more rap id ly  converges the se r ie s  

(6 . 23) .  For a su f f ic ie n t ly  large p o s itiv e  z I t s  sum reduces to

(32)
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the f i r s t  term. For f i n i t e  negative values of z (e .g . -  2 < z 

< o) the In teg ra l (6.20) has to  be evaluated  by quad ratu res.

For large negative values of z th is  In teg ra l may be 

evaluated by the method of s te e p e s t descent, and we get

v i ( z '«> e i V w ^ T  ’ (6 ' 21°

According to  (6 .2 2 ), th is  gives

W = 2 / ( l  + ^ ) .  (6 .25)

Since approximately z « - p , th is  co incides with expres­

sion (6 .05 ).

We note In conclusion th a t our fundamental formula (6.02) 

can be obtained by the method of parabolic  equation, proposed 

by M. Leontovich and applied  by him-' to the d e riv a tio n  of the 

Weyl-van der Pol form ula. The ap p lica tio n  of Leontovich’s 

method (in  a s l ig h t ly  Improved form) to  our problem w ill be 

given In a separa te  paper.
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... SOLUTION op  the problem op  propagation op electromagnetic  waves 
*'■ ALONO THE EARTH'S SURFACE BY THE METHOD OF PARABOLIC EQUATION

The p roblem  o f  p ro p a g a tio n  o f  e le c tro m a g n e tic  
waves a lo n g  th e  s u r fa c e  o f  th e  e a r th  i s  so lv e d  by 
th e  m ethod o f  p a ra b o l ic  e q u a t io n  p ro p o sed  by Leon- 
to v ic h .  In  th e  f i r s t  s e c t i o n  th e  s u r fa c e  o f  th e  
e a r th  i s  c o n s id e re d  a s  p la n e  and th e  w ell-know n 
W eyl-van d e r  Pol fo rm u la  i s  d educed . T h is  fo rm u la  
tu r n s  o u t to  be th e  e x a c t  s o lu t io n  o f  th e  p a ra b o lic  
e q u a tio n  w ith  c o rre sp o n d in g  boundary  c o n d i t io n s .
In  th e  second  s e c t i o n  th e  s u r fa c e  i s  c o n s id e re d  as  
s p h e r i c a l ,  and th e  r e s u l t i n g  fo rm u la  c o in c id e s  w ith  
th a t  o b ta in e d  by Pock by th e  method o f  summ ation o f  
i n f i n i t e  s e r i e s  r e p r e s e n t in g  th e  r ig o r o u s  s o lu t io n  
o f  th e  p roblem .

A new form  o f  th e  s o lu t io n  o f  th e  prob lem  o f  p ro p a g a tio n  
o f  e le c tro m a g n e tic  waves from  a  v e r t i c a l  e le m e n ta ry  d ip o le

th e  f i e l d  i s  c a lc u la t e d  f o r  p o in ts  on th e  s u r fa c e  o f  th e  e a r th ,  
b u t a c c o rd in g  to  th e  r e c i p r o c i t y  theorem  th e  same s o lu t io n  
g iv e s  d i r e c t l y  th e  f i e l d  a t  any  p o in t  above th e  s u r fa c e  i f  th e  
d ip o le  i s  lo c a te d  on th e  s u r fa c e  I t s e l f .  In  th e  p r e s e n t  p a p e r  
i t  i s  shown t h a t  P o c k 's  s o lu t io n  can  a l s o  be o b ta in e d  by 
a n o th e r  m ethod, nam ely by re d u c in g  th e  p rob lem  to  an e q u a t io n  
o f  p a ra b o lic  ty p e  f o r  th e  " a t t e n u a t io n  f u n c t io n " .

* In  th e  s e q u e l  th e s e  p a p ers  w i l l  be r e f e r r e d  a s  I .

M. L eo n to v ich
and 

V. Pock

s i t u a t e d  a t  a  g iv e n  h e ig h t  above th e  s p h e r i c a l  s u r fa c e  o f  th e  
In  t h i s  s o lu t io n

(1) OiL lL
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The method o f parabo lic  equation was proposed by Leontovlch 
and applied by him to  the so lu tio n  o f the same problem fo r  the 
case o f a plane ea r th . Since the considerations o f the o rig in a l 
paper by leontovlch  (^ )* *  need some m od ifications, we s h a ll  give 
In what follows a new exposition  o f the method, applying I t  
f i r s t l y  to  the case of a plane ea rth  and considering  then the 
case of a sp herica l e a r th .

1. THE CASE OP A PLANE EARTH

We assume the time-dependence o f a l l  the  f ie ld  components 
to  be of the form e”lu>t. In the follow ing th is  fa c to r  sh a ll  be 
o m itted .

Let us denote by k the  abso lu te  value of the wave vec to r 
and by q the complex Inductive capac ity  o f the ea rth :

I c - f S j  , - e + i M  .  e + 1 ,  ( i .o i )

The quan tity

having the dimensions o f a length  c h a ra c te r ise s  the sp ec ific  
re s is ta n c e  of the ea rth  ( th is  leng th  v a r ie s  from some ten ths 
of a cen tim eter fo r  sea w ater to  ten  and more meters fo r dry 
s o i l ) .  Let U be the v e r t ic a l  component of the Hertz vector 
(the Hertz fu n c tio n ). This function  s a t i s f i e s  the equation

AU + k2U -  0 . (1 .03)

We sh a ll  w rite  the Hertz function  In  the form

• • T h is  pap -  w ill  be re fe rre d  In the sequel as I I .

(2)
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where R la  the d istance from the p o in t o f observation to  the 
*ource and the fa c to r  W le  the so -ca lled  "attenua tion  function".
H3 i t  1® known, fo r  kR-*0 the H ertz  function  tends to  in f in i ty  
in such a way th a t W takes a f i n i t e  va lue . We nom allze  U in 
(uch a manner th a t th is  value sh a l l  be equal to  u n ity  ( i t  being 
gupposed th a t both the source and the observation poin t remain 
above the surface of the e a r th ) .

In the follow ing we assume, however, th a t the source la  
located on the e a r th 's  su rface . Let us introduce c y lin d ric a l 
coordinates r ,  z with the o rig in  Jr. the dipo le  and the z ax is 
drawn v e r t ic a l ly  upwardb . On the ear t h 's  surface we have z - 0 .
The d is tance  R w ill be R - - J r2  + z2 . Hie p r in c ip a l "large 
parameter" of our problem i s  the q u an tity  h  | . For la rge  In I 
the a tten u a tio n  function  W is  a slowly varying function  of 
coord inates. In o rder to  c h a rac te rize  the slowness of i t s  
v a ria tio n  i t  Is  u sefu l to  introduce the dimensionless coordinates .

p -  JS L . ; C = , (1-05)
2 Ini -J Ini

and to  consider W as a function  o f p and ? . The d e riv a tiv e s  
of W with respec t to  itB  arguments w ill be then of the same 
order of magnitude bb the func tion  W i t s e l f .

S u b stitu tio n  of (1 .04) in to  equation (1.03) gives fo r  
the function  W(p,?) an equation , which can be s im p lified  i f  
one supposes th a t the in c lin a tio n  angle of the ray to  the 
horizon Is  small and th a t the d is tance  from the source i s  a t  
le a s t  equal to  several wave len g th s . These assumptions y ie ld  
the In e q u a lit ie s :

|  «  1 ; kR »  1 , (1.06)

which a re  equivalen t to

i  « 2.JN ; P » •

(3)

(1.07)
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Since |i)| la  assumed to  be la rg e , the In e q u a lit ie s  (1.07) hold 
in  a wide range of the values o f p and (  (and In  any case fo r  
values of p and C o f the o rder of u n i ty ) . I f  the  In eq u a lit ie s
(1.07) are v a lid , the equation fo r  W(p,() assumes the form

The terms om itted in  (1.08) a re  of the o rder o f l / | q |  as 
compared with those re ta in e d .

The boundary condition  fo r  W on the e a r th 's  surface Is  
obtained from the condition  fo r  the Hertz v ec to r

—  * -------- U (fo r  z -0 )  (1 . 09)
az

given by Leontovlch. I t  has the form

+ qxw •  0 (for C -0 ) (1.10)
9C

where ____

ql -  1 P f  el ^  (l-H)
and « Is  the so -ca lled  lo ss ang le , defined by

6 -  arc  tg  ; 0 < 6 < |  . ( l  .IP )

In the lim it |n  | —wo the range o f the v a r ia tio n s  of p and
C l s 0 < p < o o , 0 < ? < ® .

As a "condition a t  I n f in ity "  we may requ ire  th a t  fo r  a l l  
p o sitiv e  values o f p and C [w ith  the possib le  exception of 
the sin g u la r po in t p - 0  of equation (1 . 08) J  the func tion  V 
should be bounded or such th a t  the Hertz v ec to r U Is  bounded.

00
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We now proceed to  the form ulation of the condition  fo r 
po O ,  Since th is  Is  a po in t o f some de licacy , we sh a ll  d iscuss 
I t  in  a more d e ta ile d  way. /

We must s ta te ,  f i r s t l y ,  th a t in the region clo se  to  the 
$ource, l . e . ,  fo r  small values of kR, the In e q u a litie s  (1.07) 
cease to  be s a t i s f ie d ;  the d if f e r e n t ia l  equation (1 . 08) and the 
expression fo r  W to be deduced from I t  become In v a lid . The 
region of small kR Is  a "forbidden zone" fo r  our approximate 
function W. Therefore, the cha rac te r o f the s in g u la r ity  of the 
exact Hert2 function  cannot be used fo r  the purpose of o b ta in ­
ing the required  condition  a t  p * 0 .  For the statem ent of th is  
condition we have to  consider the p ro p erties  of the Hertz 
function fo r la rg e  values of kR.

I t  Is  known th a t  fo r  la rge  values of kR the so -ca lled  
" re f le c tio n  formula" may be used. This formula gives an 
approximation fo r  the Hertz function  In the whole space 
above the e a r th ’s su rface , where the In c lin a tio n  of the ray 
to the horizon Is not very Bmall. I f  the Hertz function  Is 
normalized as s ta te d  above, the re f le c tio n  formula may be 
w ritten

Is the Fresnel c o e f f ic ie n t (7 Is  the Incidence angle and 
cos 7 m z/R lr. our ca se ) . The re f le c tio n  formula Is  c e r ta in ly  
va lid  In the region where the In eq u a litie s

(1.13)

where

<1.1*0

(1.15)

(5 )
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a re  s a t i s f i e d .
I f  |  t) |  l a  l a rg e  and I f

T S r  “  7  “  1 ■

th e n  th e  F r e s n e l  c o e f f i c i e n t  f i s  clOBe to  u n i ty ,  and we have

(1 .1 7 )

When e x p re s se d  I n  d im e n s io n le s s  c o o rd in a te s  p ,C , th e  I n e q u a l i t i e s  
(1 .1 5 )  and ( 1 .1 6 ) ,  which a r e  n e c e s s a r y  f o r  fo rm u la  (1 .1 7 )  to  be 
v a l id ,  become

i  «  i p  «  2 h l p , (i.i® )

i  «  |  «  a JpiT- (1-19)

To o b ta in  t h e  r e q u ir e d  c o n d it io n  f o r  W a t  p -* 0 , we must 
c a r r y  o u t a  d oub le  l im i t i n g  p ro c e s s :  f i r s t l y  | q | — and th e n
p -» 0 . In  th e  l i m i t  | q | —»Q vthe r ig h t- h a n d  s id e s  o f  th e  i n ­
e q u a l i t i e s  may be dropped and  we g e t

1 << 1 «  p • (1 ‘20)

I f  th e s e  r e l a t i o n s  a re  s a t i s f i e d ,  th e  H e r tz  f u n o tio n  te n d s  to
(1 .1 7 )  and th e n

W -r 2  . (1 .8 1 )

I n e q u a l i t i e s  (1 .2 0 )  a r e  v a l id  p a r t i c u l a r l y  f o r  p-eO , i f  i > 0 .  
Hence th e  d e s ir e d  s o lu t io n  o f  ( 1 .0 8 )  h a s  to  s a t i s f y  th e  c o n d it io n

|w -  2 | —♦  0 f o r  p -* 0  and  t  > 0 .

(6 )

( 1 . 22)
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However, s in e s  p ■ 0 1b a s in g u l a r  p o in t  o f  th e  e q u a tio n  f o r  V,  
c o n d itio n  (1 .2 0 )  tu m e  o u t t o  be n o t s u f f i c i e n t  f o r  th e  un ique  
d e te rm in a tio n  o f  th e  s o lu t io n .  Ve re p la c e  I t ,  t h e r e f o r e ,  by 
•  more s t r i n g e n t  c o n d it io n

f o r  p-eO and C > 0 , (1 .2 3 )

which I s ,  a s  I t  w i l l  be seen  l a t e r ,  a s u f f i c i e n t  one.
Thus, f o r  th e  d e te rm in a tio n  o f  th e  " a t t e n u a t io n  f u n c t io n "  

V we have th e  d i f f e r e n t i a l  e q u a tio n  (1 . 08) ,  th e  boundary  con­
d i t i o n s  (1 .1 0 )  and (1 .2 3 )  and th e  c o n d it io n  o f  f l n l t e n e e s  o f  
U In  th e  r e g io n  c o n s id e re d  ( f o r  p > 0 ) .

To s im p lif y  th e  d i f f e r e n t i a l  e q u a t io n , we make th e  su b ­
s t i t u t i o n

r 2
Wa . (1 .2M

Then th e  e q u a tio n  ta k e s  th e  form

•  0 (1 .2 5 )

The boundary  c o n d it io n  f o r  W1 w i l l  be

ow,

The c o n d it io n  a t  p *  0 becomes

1 J T

( f o r  C - 0 ) .

- ♦ 0  ( f o r p - » 0 ) .

(1 . 26)

(1 -2 7 )

S ince  p -  0 I s  a  r e g u la r  p o in t  o f  th e  e q u a tio n  f o r  «1 ( In  
d i s t i n c t i o n  to  th e  e q u a tio n  f o r  W) c o n d it io n  (1 .2 7 )  1« •  
s u f f i c i e n t  one .

(7)
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S o lv in g  (1 .2 5 )  by means o f  s e p a r a t io n  o f  v a r i a b l e s ,  we 
e a s i l y  o b ta in  a  p a r t i c u l a r  s o lu t io n  w hich s a t i s f i e s  th e  boundary 
c o n d it io n  (1 . 26) ;  namely

V1 -  e ' lv 2 P (cos vC -  s in  v f)  , (1 . 28)

w here v i s  th e  p a ra m ete r  o f  s e p a r a t io n .
For r e a l  v a lu e s  o f  v t h i s  e x p re s s io n  rem a in s f i n i t e  and 

s a t i s f i e s  a l l  c o n d it io n s  w ith  th e  e x c e p tio n  o f  ( 1 .2 7 ) .  F or 
complex v a lu e s  o f  v (ex c ep t th e  c a se  v - ±  lq ^ )  e x p re s s io n
(1 . 28) becomes I n f i n i t e  when C-e®  and th e r e f o r e ,  does n o t 
s a t i s f y  th e  n e c e s sa ry  c o n d i t io n s .  I f  lq ^  t h i s  e x p re s s io n  
tr a n s fo rm s  in to  th e  f o r a

W1
p -  c

( 1 . 29)

A ccord ing  to  (1 .1 1 )  and ( 1 .1 2 ) ,  we have

$  < arc qx < f  , (1 .30)

and , c o n se q u e n tly ,

Re (q x ) > 0 ; Re ( iq * )  < 0 . (1 .3 1 )

Hence th e  r e a l  p a r t e  o f  th e  c o e f f i c i e n t s  o f  p and (  In  (1 .2 9 )  
a r e  n e g a t iv e  and e x p re s s io n  (1 . 28 ) a l s o  s a t i s f i e s  a l l  c o n d it io n s  
w ith  th e  e x c e p tio n  o f  ( 1 .2 7 ) .

In  o r d e r  to  s a t i s f y  a l s o  th e  l a s t  c o n d i t io n ;  we c o n s t r u c t  
a  f u n c t io n  whloh I s  a  s u p e rp o s i t io n  o f  s o lu t io n s  o f  th e  two 
form s (1 . 28 ) and (1 .2 9 )

v l  m ^  • " 1V P ^c©* VC -  ^  s i n  v { ^  f  ^>) dv + Ae .

(1 .3 2 )
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Aa e a s i l y  aeen , th e  s in g u l a r i t y  o r  f o r  p_*0 la  d e term ined  
by th e  b e h a v io r  o f  f ( v )  f o r  la rg e  v a lu e s  o f  v . T h e 're q u ir e d  
s in g u l a r i t y  can be r e p r e s e n te d 'b y  th e  I n t e g r a l

w oo ► 2

—S - a* T  f  t' lv?P coa vC dv a ’ *P . (1 .3 3 )
X T  J

I t  i a  d e a r ,  th e r e f o r e ,  th a t  a t  i n f i n i t y  th e  f u n c t io n  f (v )  
te n d s  t o  a  f i n i t e  l im i t  e qual to  th e  c o n s ta n t  f a c to r  b e fo re  
th e  in t e g r a l  In  ( 1 .3 3 ) .  L et u s  s e p a r a t e  o u t in  (1 .3 2 )  th e  
term

w oo

»? =  e 1 J  ^  e - lv 2 P ^coa vf -  ^  s in  v ^  d v ^ l . 3 4 )

which co rresp o n d s  to  th e  l im i t in g  v a lu e  o f  f ( v ) .  T h is  te rm  
may be tran s fo rm e d  In to

W° s a t i s f i e s  e q u a tio n  (1 .2 5 ) and boundary  c o n d it io n s  ( 1 .2 6 ; .  

Por p-rO  we have

i !  w
11a ^  - - j l s  e1 ^  *  - a ^ T e 1 1  (1.36)

Hence i f  we p u t

Wl * V' l +Wl  * (1 ' 57)

fo r any C > 0.
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th e  f u n c t io n  has to  s a t i s f y  e q u a t io n  (1 .2 5 )  and c o n d it io n  
( 1 . 26) ,  w h ile  c o n d it io n  (1 .2 7 )  g iv e s

■ 1 £
W1 = 2 - n r e  “ q A ( f o r  P - 0 ,  c > 0) , (1 .3 6 )

I f  we p u t i n  (1 .3 2 )

f ( v )  =  - j | t e l l f  ( l  + g ( v ) )  . (1 .3 9 )

we g e t

w; e 1 *  J  e ' lv 2 P ( c o s  vC-  £  s in  v ^ g ( v )  g v A , lq l P’ , l C ,

0 (1 .4 0 )

and c o n d it io n  ( l . 36) becomes
od _1 71

J* (co s . —i  s in  8 (v) qv + Ae e " q i ^

=  |  ’ l  ( f o r  C > 0) . (1 .4 1 )

The e x p o n e n tia l  fu n c t io n  in  (1 .4 1 )  ad m its  an I n te g r a l  
repz * ea « n ta tlo n  ( v a l id  f o r  C > 0) 

ao

• qiC« ! qi J  *v • u>'*2)
o 1

M u lt ip ly in g  t h i s  e x p re s s io n  by q ^ d ( and  i n t e g r a t i n g  o v e r  (  from  
0 to  C we o b ta in

(10)
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q l C _  2 2 P  3 in  vC~ ; qi J (1.43)

Subtracting (1.42) frora (1.43) and m ultiplying by (11/ 2^  
Me ge t the equation

(cob v{ -----i  a ln  vC)

whleh ie  to  be compared with (1 .4 1 ). Iden tify in g  (1.44) with 
(1.41) we obtain

qi  ■— 1 Tg ( v ) «  -  y - j  J A - 4 j 7 e  4 qa . (1.45)
v ♦ Qj

According to  (1 .39 ), I t  follows

f ( v , « - ^ e ^  - g ^ Z  • U .* >
4 T  V + qx

In se rtin g  th is  and the value (1.45) fo r A In (132), we a rr iv e  
a t  the following expression fo r  the function  W1 :

I t  I s  convenient fo r  the in v es tig a tio n  of th i s  expression to  
rep lace the In teg ra l over the re a l axle by an in te g ra l over 
the l in e  arc v s .  tt/ 4, since the new in te g ra l converges more 
rap id ly .

(ID
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In the se c to r

-  t|  < arc v < o (1.48) j

between the o ld and the new in te g ra tio n  path th e re  i s ,  however, j 
a pole v ■ - lQ j . The residue in  th i s  pole exac tly  cancels the j 
add itive  te rn  In  (1 .47 ), and we obtain  |

„ » .-* < * /* >  !
W,»-j=s •  ^  f  « '1V p ■" cos vC -  q, s in  v£) .. v dvg

4* J 1 v
0

(1.49)

We can w rite  Instead  o f th is  

_ -woe' 1

I r iv cp ♦ ivc (1.50)

since the in tegrand  in  (1.49) i s  the even p a rt of the Integrand 
In (1 .50 ). We in troduce a new v a riab le  of in teg ra tio n  p p u ttin g

C P -1 |  v ■ —  + ----- e *
2p 4 T

(1.51)

we can s h i f t  the contour to  the r ig h t  a t  the d is tance  ( / 2p, 
then the new v ariab le  p w ill be a re a l quan tity  running from 
- oo to  + oo.

Putting  fo r  b rev ity

- M r -  M te ,1  j ? . . , •  .  T .

( 12 )

(1.52)
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«•*

(1.53)

I t  i s  convenient now to  go from W1 back to  the o r ig in a l 
"attenuation  function" W, according to  (1.2<»). We eha ll have

W 2

• F
(1.5*0

This In teg ra l can be e a s ily  evaluated . I t  rep resen ts d iffe re n t 
analy tic  functions according to  the sign  of the Imaginary part 
of fl + t . But from (1.30) and (1.52) i t  follows

Im(0) > 0 , Im (t) > 0 , (1 .5 5 )

so th a t in  our case Im(fl + t ) > 0 .  In th is  case the in te g ra l 
(1 . 5*0 ia  equal to

0-k

This is  the well known Weyl-van der Pol formula, which we 
have had to  derive.

As i t  i s  seen from the d e riv a tio n , the conditions s ta ted  
above are s u f f ic ie n t to  determine the function  W in  a unique 
way. On the con trary , any expression o f the form (1.32)
£wlth f(v) continuous and abso lu te ly  ln te g ra b le j  could be added 
to  th e  obtained so lu tio n  without in te r fe r in g  with condition  (1 . 22) .

(13)



78

As I t  was already pointed o u t, the neeeaslty  of condition 
(1.23) 1b connected with the f a c t  th a t equation (1.08) fo r  N 
haa a s in g u la r ity  a t p «0  whereas equation (1.28) fo r  ^  hae 
no s in g u la r i t ie s .

The deriv a tio n  of the Weyl-van der Pol formula by the 
method of parabolic  equation le  but l i t t l e  e a a le r  than the 
Usual d e riv a tio n . However, In caaea more com plicated than 
the considered case of plane ea r th  the use o f th le  method 
leads to  much g re a te r  s im p lif ic a tio n s .

2. THE CASE OF A SPHERICAL EARTH 

Let us denote by r ,  9 , $ sp herica l coord inates with the 
o rig in  In  the cen te r of the ea rth  globe and with p o la r ax is 
drawn through the source (v e r t ic a l  d ip o le ) . The e le c tr ic  and 
th e  magnetic f ie ld s  can be expressed by means of the Herts 
fu nc tion  as follows

„ -------- J—  i -  (  s in  0 —  \  ,
r  r  s in  8 J 8 \  i 9  J

i  JL (  _ a y \ .

Thr func tion  U s a t i s f ie s  the d i f f e r e n t ia l  equation

and a lso  c e r ta in  boundary conditions on the su rface o f the globe 
( r » a ) .  As In the plane case we sh a l l  consider the modulus of 
the complex Inductive capacity  t| as a la rge  qu an tity  (compared 
" l t t i  u n i ty ) . This assumption perm its us to  w rite  the boundary

( 1«)
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jndltiorU In an approximate form pointed out by M. Leontovieh,
* ^peated ly  used fo r the so lu tion  of s im ila r  problemsf2' v  , 

the plane case these co n d itio n s,a re  of the form ( I . 09)
^ rd  by us above; fo r  the spherica l case they become

^  M l  a  - - 1£ - rU {fo r  r  -  ai . (2 . 0*»)
3 r

Tnrse conditions lead to the following r e la tio n  fo r the f ie ld
tseponents:

Be “  - —  H0 ( fo r
A  n

T>.e character o f the s in g u la r ity  o f the Hertz 
faint where the d ipole is  locatea is  the same 
case. Namely, i f  the dipo le  and the po in t of 
located above the e a r th 's  surface and i f  R is  
distance, then i t  must be

11m RU -  1 fo r kR -»0  . 

kc shall look fo r the so lu tion  of the form 

lkR
U -  - ----- W , (2.07)

R

Vhere W is  the atten u a tio n  function . In the follow ing we sh a ll 
consider the d ipole to be located on the e a r th 's  surface i t s e l f ,  
•nd, therefo re:

R - - J r 2 + a 2 - 21a  cos e . (2.08)

^•t us examine what are the i-mall and " large" param eters,
*hlch ch arac te rize  our problem. F i r s t  o f a l l ,  in  the case 
considered the wave length is  extremely sn a i l  as compared with

r - a j  . (2.05)

function  a t  the 
as in  the plane 
observation  are 
th e i r  mutual

(2 . 06)

(15)
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the rad iu s  of the ea r th . Henee ka i s  very la rg e , as compared 
with u n ity  (of the order of severa l m ill io n s ) .

In so lving our problem we sh a ll  take th is  circumstance 
in to  account from the very beginning; our aim is  to  find  the 
asymptotic lim itin g  form of the so lu tio n  fo r  large values of 
ka. F urther, as pointed out above, we consider | n | to  be 
large as compared to  u n ity . The ra t io  o f the orders o f magni­
tude of these two large parameters is  to  be examined la te r .
At l a s t ,  we are concerned with d istances although large as 
compared with the wave length, but small as compared with the 
rad ius of the ea r th .

The idea of our method c o n s is ts  in  the follow ing. For 
large ka and large 11) | the a tten u a tio n  function  V i s  a slowly 
varying function of coord inates, 1 . e .  I t s  re la t iv e  v a r ia tio n  
over one wave length Is  very sm all. This i s  seen, fo r  instance, 
from the fa c t th a t in  a very la rg e  region W« 1 + f ,  where f  is  
the Fresnel c o e f f ic ie n t, (1 .14). To express the slowness of 
the v a r ia tio n  of W in  an e x p l ic i t  form we sh a ll  introduce large 
(as compared with the wave length) sca les  of lengths: mr  In
the d ire c tio n  of the rad ius v ec to r (in  the v e r tic a l d irec tio n ) 
and ne in  the d ire c tio n  of the meridian arc (in  a h o rizon ta l 
d ire c tio n ) .  Pu tting

r - a + m p r ;  ^  x (2 . 09).

we Introduce new dimensionless q u a n tit ie s  x ,y  and assume th a t

v - w ( * . y ) .  (2.10)

and th a t  the d e riv a tiv e s  SW/dx and 9k/9y arc  of the same order 
of magnitude as VI I t s e l f  ( th is  expresses the slowness o f the 
v a r ia tio n  of W). We s h a ll  show th a t  by a su itab le  choice of 
the sca le s  s^, and m0 we can (In the case o f la rge  ka) ob tain

( 16 )
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for V (x.y) 0,1 equation and boundary conditions which do not 
Involve la rge  parameters and which lead to  a so lu tion  valid  
in  the whole region considered .,

Under our assumptions the equation of the plane of the
horizon

( 2 . 11)

("the boundary of the d ire c t v i s ib i l i ty " )  can be w ritten  In
the for*

r  »  a a T (2 . 12 )

or
(2.13)

Prom considerations of physical nature I t  Is  c le a r  th a t the 
boundary o f d ire c t v i s ib i l i t y  must play an e sse n tia l ro le  In 
our problem. Therefore, I t  Is  convenient to  make I t s  aqua* 
tlon  free from any param eters. This can be done by connecting 
nu and m, by the r e la tio n

6 m2
mr « -sf > (2 -11*)

In v irtu e  of which the equation of the boundary of d irec t 
v i s ib i l i ty  assumes the form

y -  x2 . (2.15)

As mentioned above, we look fo r  the so lu tio n  In the region 
where 8 «  i t /2 . Therefore, we requ ire  th a t to  small values 
of 8 should correspond values of x of the order of un ity .
This w ill be the ease I f  me «  a or. I f  we put m » a/A, 
we must consider A as a la rge  number (as compared with u n ity ) . 
Equations (2 . 01) transform  In to

r “  a ( j +^ )  ; 6 * t  • <2'l6)
and the d lstenoe R from the d ipole ^formula (2 . 08)3  . when 
expressed In terms o f x and y , reduces to

(2.17)
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where In the cu rly  b rackets the omitted terms are  o f the  order 
1/A* and h igher.

Let us now derive the approximate d i f f e r e n t ia l  equation 
fo r  the a tten u a tio n  function  W. I f  K Is  the rad ius  vector drawn 
from the d ip o le , then from (2 . 03) and (2.07) follows the equation

AW + 2 ^lk  - W) m Q (2.18)

Transformed to  p o la r coord inates equation (2 .l8 )  takes the form

3 8W + 2 + 1 B2W + ctg  6 8w +
8?  r  8r  r^  de2 r  8$

+ I (lk - *) •) S  + V- Bln 8 S j"0 •<*•«>
Making a fu r th e r  transform ation from the v a riab le s  r  and 6 
to  x and y and re ta in in g  in  the d if f e r e n t ia l  equation thus 
obtained only terms of the h ighest order In A, we ge t

$ * $ { ( * * * )  2  * £ } * • ■
We note th a t  the om itted terms are of the o rder 1/A2 compared 
with those w r itte n  down.

As yet we have not fixed  the value of the la rge  param eter A. 
We cm  try  to  choose I t s  value in  such a manner th a t fo r  ka-#oo 
equation (2 . 20) does not contain  any parameters and th a t Is 
possesses a so lu tio n  sa tis fy in g  the necessary co n d itions. This 
la  only possib le  I f  I?  I s  p roportional to  ka. T herefore, we put

and equation (2 . 20) takes the form

( 2 . 22 )
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^  pot* th a t th is  equation Is  simply the equation fo r  the zero- 

orde*' term 111 the  ®xPanBlon

W -  M(°) + K  W(0) ♦ . . . (2.23)
t r

Besides the assumption that I? Is proportional to ka, one could 
consider two more possibilities. Firstly, we could suppose that

—  —* 0  fo r ka —sod (2.24)

or, secondly, th a t

—  —*oo fo r ka —wo . (2.25)
ka

In the f i r s t  case the l im itin g  fo ra  of the equation would be

H J t M I - ' ’ - <*•*>
and In the second case:

However, I t  Is  easy to  prove th a t the so lu tions of these equa­
tions cannot s a t is fy  the boundary conditions. Thus the only 
admissible assumption Is  th a t made above.

We have now to form ulate the boundary cond itions. Using
(2.17) and (2 . 21) and re ta in in g  only the terms of h ighest order 
with respect to  A we obtain  from (2.04) and (2.07)

* (e lkHW) ,  _ t  —A . (elkBw) (fo r y - 0 )  (2.28)
3y -IT

or in  the same approximation

(19)

0 (fo r y a  0) (2.29)3V
By
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This boundary condition lnvolvea the complex q u an tity

q - 1 77 ( 2 . 30 )

which may b« w ritten  In the form

q - | q |  . q /  . (2.31)

where the value o f qA la  given by (1.11) a n d jq j a  1. Since 
) q | le  the r a t io  of two la rge  param etera, the value o f th la  
quan tity  can be la rge  aa well aa em ail.

We Introduce a length  b (which le  Independent of the wave 
length)

and put

Then the q u an tity  q can be w ritten  In the form

q -  n5/ 6 1 -
- | l  + *n

(2 . 32 )

(2.33)

( 2 .3*0

Aa I t  le  eeen from Table 1, the param eter a varlee  fo r  aea 
water and fo r  d if fe re n t klnde of eo ll  In r e la t iv e ly  narrow

( 20)
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TABLE 1

S o i l
e

2ni I 

in  m

2nb

f t e r a
C o<

S ta  w a te r  v e ry  s a l t y .  . . 2 . 105 0.0032 26.6 60 0.010

Sea w a te r  s c a r c e ly  s a l t y . 10® 0.016 69.8 80 0.018

D itto  .......................................... 2 . 106 0.032 105 80 0 . 021*

Swamp .......................................... 107 0.16 27b 15 0.009

H o is t s o i l  " 1 ....................... 108 1.6 1110 15 0.022

and meadows J ............ 2 . 10® 3.2 1680 15 0.029

Fresh  c le a n  w a te r  . . . . 109 16 4J»20 8o 0,29

Dry s o i l ..................................... lo 10 160 17500 9 0 . 0E

Note. The f i r s t  column gives the ra t io  of the conductiv ity  o f 
mercury 6^ to  the conductiv ity  of a given s o i l  6 . The 
conductiv ity  of mercury taken to  be eo»10440 (0 ’ era)'

U n ite  (approximately from 0.01 to  0.03 and fo r  dry s o i l  to
0 . 08) ,  whereas the length 2irb v aries from tens to  thousands 
of rasters. Therefore, n w ill be very la rge  (such th a t ] q I 
is  o f the order of I? )  only fo r  very sh o rt waves and dry s o i l s .  
In the general case, however, we must consider | q I as f in i te  
and r e ta in  q in  the boundary condition which we s h a ll  w rite  
in  the form

U  + (* + 2* )  V -0  ( f o r y - 0 )  . (2.35)

( 21 )
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I t  le  In te re s tin g  to  compare the equations and the boundary 
conditions fo r  the two cases considered (the case of the plane 
ea rth  and th a t o f the sp h erica l e a r th ) . Pu tting

p - | q | 2 x, C - | q | y ,  (2 .56)

we go back from our variab le s  x ,y  to  the o ld  dim ensionless 
v ariab les  p ,(  used In § 1 . In troducing In (2.22) and (2.35) 
the v a riab les  pt (  we obtain  the equations

a ;

where the terms of the o rder « are  due to  the curvature  of
l« I

the e a r th . By om itting these term s, we re tu rn  to  equations
(1 . 08) and (1 .10) fo r  the plane e a r th .

We have now to  form ulate the cond ition  a t  x —0. The 
corresponding condition  fo r  the plane ea r th  has been discussed 
In  §1. I t  has been shown th ere  th a t we cannot u t i l i z e  d ire c tly  
the charac te r o f the s in g u la r ity  o f the Hertz function  in  the 
source, but have to  consider the reg ion , where the " re f le c tio n  
formula" (1 .13) o r I t s  l im itin g  form (1.17) Is v a lid  and have 
to  compare these formulas with the d esired  so lu tio n  In th a t 
region.

For the spherica l e a r th  the condition  a t  x »  0 does not 
d if f e r  e s s e n tia lly  from the corresponding condition  fo r  the 
plane ea r th , and we can w rite  I t  In the form

W_ ■ 0 fo r  x —»0 and y > 0

(22)

(2.39)
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w  close analogy to  (1 .23) .

Thua, our problem la  to  ob tain  the function W from the 
d lf f« re n tla l  equation (2 .22), conditions (2.33) and (2 .39 ), 
and the condition th a t W remalna f in i te  fo r  a l l  y > 0 .

The so lu tio n  of th is  problem, which I s  o f purely mathe­
matical n a tu re , can be obtained as fo llow s.

F ir s t  o f a l l ,  we sim plify the d if f e r e n t ia l  equation 
(2 . 22) by the su b s titu tio n

- 1(D
V -  e 0 V , (2.40)

where
o> »  £  + SL .  . (2 .ia )

° 4x 2 12

The geom etrical In te rp re ta tio n  o f the q u an tity  <o0 follows 
from formula (2.17) which can be w ritten  In the form

kR -  kafl + to0 . (2.U2)

Thus u>0 I s  th e  d if f e r e n c e  betw een th e  d is t a n c e  R m easured 
a lo n g  th e  s t r a i g h t  l i n e  and th e  c o rresp o n d in g  le n g th  o f  th e  
a rc  (m easured a lo n g  th e  e a r t h 's  s u r f a c e ) ,  bo th  q u a n t i t i e s  
be ing  e x p re s se d  in  wave num bers. A ccord ing  to  (2 .4 0 )  and 
(2 .4 2 )  we have

►lkR w _ e lkae v

so th a t the t ra n s it io n  from W to  V corresponds to  the separation  

of the phase fa c to r  e lka9 Instead  of ellcR.

In se r tin g  (2.40) In to  the d if f e r e n t ia l  equation fo r  W and 
using the rela tion*

(23)
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(2.44)

we obtain

(2.1*5)

This equation (like  th e  o rig in a l one) has a s in g u la r ity  
a t  x « 0, but th is  s in g u la r i ty  oan be removed by the su b s titu tio n

v » 4 * v (2.46)

The r e s u l t  is

n - i  + yW, -  0 .

The boundary condition  fo r Wj is  the same as fo r V, namely:

ow,
— =• + qW, -  0 ( fo r  y - 0) . 
3y 1

(2.48)

We note th a t th is  condition  I s  most simply obtained d lre o t ly  
from (2 .28) ^ ra th e r  than from (2 .5 5 )3  .

F in a lly , the oondltlon fo r  x —*0  i s  

1 ^
Wj - e ** —>0 (fo r x-*0 and y  > 0) . (2.49)

(24)
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Transition  from W to  s im p lifie s  the problem considerab ly , 
firstly*  equation (8.47) i s  not only free  from a s in g u la r ity  a t  
s « 0, but a lso  i t s  c o e ff ic ie n ts ,' do not contain the argument xj 
therefore, i t  is  so luble  by the method of separation  of v a ria b le s . 
Secondly, the c o e ff ic ie n t in  the boundary condition (2.48) does 
not Involve x. from the fa c t th a t x«  0 i s  a regu la r point of 
equation (2 .47 ), i t  follows a lso  th a t condition  (8.49) fo r  x * 0  
(together with the o ther boundary condition) i s  su f f ic ie n t fcr 
■ unique determ ination of Wj.

We sh a ll  solve equation (2.09) by the c la s s ic a l method of 
separation of v a r ia b le s . Considering p a r t ic u la r  so lu tions o f 
the form

W:  -  X(x) Y(y) (2-50)

we get the follow ing equations fo r  X and Y

Y" . X1 _  .
Y" y • 1 T  ~  * ' (2.51)

where t  la  the parameter of sep ara tio n . Hence

X’ -  i t  X , (2.52)

Y" + (y - t )  Y -  0 . (2.53)

The so lu tio n  of equations (2 . 52) and (2 .55) la

X(x) -  e l tx  . (2.54)

Y(y) •  w ( t  - y) , (2.55)

where w (t) is  an In teg ra l o f the equation

’( t ) - t w ( t )  . (2.56)
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For w (t) we may take the function

w ( t ) - (2.57)

r

where the contour r  I s  a broken lin e  drawn from In f in i ty  to  
zero along the s tra ig h t l in e  arc z •  - 2n/3  and from zero to  
I n f in i ty  along the p o s itiv e  re a l ax is . The function  w(t)
Is  an in te g ra l transcendental func tion  which ean be expressed 
through the Hankel function  of the  f i r s t  kind and o f the order 
1/3  according to the formula

The p ro p e rtie s  o f w(t) a re  summarized In I .  The function  
w(t - y) remains f i n i t e  fo r  y—> + oo. The second In teg ra l of 
equation (2 . 55) which may be w ritten  In the form

does not possess th i s  property  and must be re je c te d . Expression 
(2 .50) w ill  s a t is fy  the boundary condition  (2.48) I f  we choose 
the param eter t  so as to  s a t is fy  the re la tio n

As I t  was shown In  I  a l l  ro o ts  t  o f th is  equation l i e  
In the f i r s t  quadrant o f the t-p la n e i the d is ta n t ro o ts  are 
s itu a te d  near the s t r a ig h t  lin e  a rc  t» i r /3 .  Therefrom follows 
th a t the function

(2.59)

w '( t )  - qw(t) «  0 . (2 .6 0 )

( 26)



>(ts - y)w
ix t,

(2 .61 )

remains f in i te  fo r a l l  p o s itiv e  values o f x and y, s a t i s f ie s  
the d if fe re n tia l  equation (2.47) and the boundary condition 
(2 .48)• A11 these cond itions are  also  s a t i s f ie d  by the function  , ,

W1
»lx t  w(t -  y) 

w ( t )  - qw(t)
*{ t) dt (2 .62 )

where C Is  a closed contour In the t-p lan e  contain ing  the ro o ts  
of (2 .60) and 1» holomorphlc in side  th is  contour.

We have now to  s a t is fy  equation (2 .4 9 ). This can be done 
by a su itab le  choice of the  contour C and of the funotlon f ( t ) .  
I t  Is  c le a r  th a t the contour C must go to  In f in i ty ,  s ince the 
In teg ra l along any f i n i t e  contour cannot have a s in g u la r ity  
a t x > 0 . The s in g u la r ity  Is  oaused by d is ta n t p a r ts  o f the 
contour. But fo r la rg e  values of | t  | the follow ing asymptotic 
expressions a re  v a lid

where arc arc t  ^on the ray arc t « y l  o r arc t  -  - yE

the two expressions coincide j  . The contour C has two branches 
going to I n f in i ty .  We sh a ll  ydraw one o f them along the p o s itiv e  
Imaginary ax is (from loo to  0) and the o ther along the p o s itiv e  
re a l axis (from 0 to  + 00) ;  the  lower expression (2 .63) i s  v a lid  
on the f i r s t  branch, the upper -  on the second branch. The 
s in g u la rity  o f the In teg ra l (2 .62) fo r  x <0  I t  the  same as th a t 
of the In teg ra l

(27)
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W

1®J . l x t  + y J T  + elx t  -  f ( t)  .
-T T

(2.61*)

This i s  tru e  In s p ite  of the fa c t th a t the asymptotic expression! 
(2 .63) are Inva lid  fo r  small and f i n i t e  valuea o f t ,  because the 
in te g ra ls  over the corresponding p a r ts  o f the In teg ra tio n  path 
remain f i n i t e  and have no s in g u la r i t ie s .

Assuming the function  f ( t )  holomorphlc and bounded In the 
f i r s t  quadrant we can rep lace the upper l im it  In the second 
In teg ra l by 1 m  Then, p u ttin g  t  -  lp 2, we get

W j*  2s1 - * e rA ♦ • H 'y P  * ( i p2) dp . ( j .6 5 )
- oo

But we have
+ »  y f
J  .-*P2 +J Ty P  d p - j V ^  . (2.66)

Therefore, I f  we suppose th a t f ( t )  Is  a constan t q u an tity  equal 
to

-1  w
* (t)  ■ - = ~  e 1  , (2.67)

we obtain

‘ fe ( 2 .68)

which i s  the requ ired  s in g u la r ity  o f V>1 . In se r tin g  the obtained 
value of f f t -  in  (2 .62) we are  led to  consider the In teg ra l

(28)
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which s a t i s f ie s  the  d if f e r e n t ia l  equation and the boundary 
conditions and has the required  s in g u la r ity  fo r  x - 0 .  However, 
we cannot yet a s s e r t  th a t the In teg ra l (2 .69) g ives the so lu­
tion of our problem. In f a c t,  the more general form (2.62) 
of the In teg ra l w ill  have the same s in g u la r ity .  I f  the function  
f ( t )  Is  holomorphlc In the f i r s t  quadrant and tends to  a 
constant value (2.67) a t  In f in i ty .  The more general In teg ra l 
s a t is f ie s  the follow ing re la tio n

where f(y )  I s  some bounded function , the form of which depends 
on p ( t ) .  But I f  p ( t)  Is  a constan t, the function  f(y ) tu rns 
out to vanish Id e n tic a lly . This can be shown by evaluating 
the In teg ra l (2 . 69) by the swthod of s teep es t descent (the 
main p a r t  c f the In teg ra tio n  path l i e s  In  the neighborhood 

of the p o in t t  = -  £{y - x2) / 2x ] 2, 1 . e . fo r  la rge  negative 
values of t ) .  We sh a ll not perform these c a lcu la tio n s  since 
sim ila r ones are  made In  I .

Hence expression (2.69) s a t i s f ie s  a l l  conditions Includ­
ing (2 .49 ).

We sh a ll  not attem pt to  give here a rigorous proof of 
the uniqueness o f the so lu tio n , but I t  I s  c le a r  th a t by adding 
expressions of the form (2 .61) to  the so lu tio n  obtslned con­
d itio n  (2.49) la  v io la te d .

Going back, according to  (2 .46 ), to  the function  V, 
we get th e  follow ing expression fo r  th is  function!

(29)



v (x, y , q) -  e a t  . (2.71)
c

Using (2.1*5) and su b s titu tin g  In th« denominator o f (2.07) 
ad fo r R, we come to the f in a l  expression fo r  the H ert2 function

This expression oolncldes ex ac tly  w ith th a t  ob tained In I  by 
the method of summation of s e r ie s .

A de ta iled  discussion  of the expression obtained  was given 
In I  and sh a ll not be repeated here .

Comparing th e  two methods of de riv a tio n  o f formula (2.71) 
we a rr iv e  a t  the following conclusions. The method of the 
summation of s e r ie s  is  more e umbers ante but I t  Is  a t  the same 
time more rigo rous. This Is  connected with the fa c t th a t a l l  
approximations are  made In the ready so lu tio n , which makes the . 
estim ation  of the order o f d isregarded terms e a s ie r .  The method 
perm its also  to  use condition (2 . 06) d ir e c t ly  w ithout reso rtin g  
to  the " re f le c tio n  formula" which requ ires  a foundation I t s e l f .  
On the o ther hand, fo r the method of parabolic  equation I t  Is  
c h a ra c te r is tic  th a t a l l  neg lectlons are  made In  the I n i t i a l  
equations. This requires d e lic a te  reasoning which Is  d i f f ic u l t  
to  perform with a complete r ig o u r. The lack  o f r ig o u r Is  com­
pensated by the comparative s im p lic ity  o f the second method.
This sim p lic ity  Is  the oh le f advantage of the method since I t  
gives the p o s s ib i l i ty  to  find  approximate so lu tio n s o f o ther 
more d lf f lo u l t  problems o f the same kind where the exact solu- 
tlo n  Is  unknown.

U -  -------  V (x, y, q) . (2.72)

(30)
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V. THE FIEID OF A PLANE IfAVE NEAR THB SURFACE 
OF A CONDUCTINO BODY

V. Fock

For the f ie ld  Induced by an Incident plane wave 
on and near the surface of a convex body of f in i te  
conductiv ity  approximate formulas are derived . Since 
theae formulas give also the ourrent d is t r ib u t io n  In 
the sk in -lay er on the su rface , they may be used fo r  
the ca lcu la tio n  (by means of d e f in ite  In teg ra ls ) of 
the f ie ld  a t  a rb itra ry  d is tances  from the body, y ie ld ­
ing thus an approximate so lu tion  of the general 
d iffra c tio n  problem.

INTRODUCTION

In our paper "D istribu tion  of Currents Induced by a Plane 
Wave on the Surface of a Conductor"* the following fundamental 
re su lt  has been obtained . The values of the tan g en tia l com­
ponents of the to ta l  magnetic f ie ld  on the surface of a perfec t 
conductor are equal to  the surface values of the corresponding 
components of the f ie ld  of the incident wave m u ltip lied  by a 
certa in  un iversal function 0 ( t ) ,  depending on the argument 
l » l / d ,  where I  Is  the d istance from the geom etrical boundary 
of the shadow, measured in  the plane o f incidence and d Is the 
width o f the penumbra region. The q u an tity  d i s  equal to

5f T  2d — ^  — Rg , where X Is  the wave length and R0 la  the curva­

tu re  rad ius of the normal Bectlon of the surface by the plane 
o f incidence. The surface cu rren t density  being p roportional 
and d irec ted  a t  r ig h t  angles to  the magnetic f ie ld .  This 
r e s u lt  Immediately gives the curren t d is tr ib u tio n  on the sur­
face, the knowledge of which enables the ca lc u la tio n  of the 
amplitude of the s c a t te r  wave. ____________

(1 )
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In  th is  paper Me Intend to generalize  th is  r e s u l t  In two 
re sp e c ts .

F i r s t ly ,  we sh a ll  find  the f ie ld  d is tr ib u tio n  not only on 
the surface o f  the body, but a lso  In i t s  neighborhood (a t  d is ­
tances th a t a re  small as compared with the curvature  ra d i i  o f 
the su r fa c e ) . Secondly, we sh a ll  not consider the body to be 
a p e rfe c t conductor but sh a ll  regard I t  Instead  as a good con­
ductor only in  the sense th a t on I t s  surface the Leontovlch 
conditions fo r  the tan g en tia l f ie ld  components are  v a lid .

The method we sh a ll  use w ill a lso  d i f f e r  from th a t used 
In the previous paper. In the previous paper we have obtained 
our r e s u l t  by making use of the lo ca l charac te r o f the f ie ld  
In the penumbra reg ion . He s ta r te d  from the exact so lu tio n  
o !  problem fo r  a p a r t ic u la r  case and then performed the 
approximate summation o f the s e r ie s .  By the p r in c ip le  o f the 
lc ca j 1 le ld  the  re s u l t  could be applied to  the general case 
a lso  Now we sh a ll f ind  the so lu tio n  d ir e c t ly  fo r  the general 
case of an a rb itra ry  su rface , using the method o f parabolic 
equation proposed by Leontovlch and developed In our common 
paper2 f o r  the case o f a po in t source (d ip o le ), located  on a 
plane o r  on a spherica l surface

1. THE GEOMETRICAL ASPECT OF THE PROBLEM

Consider a convex body and a plane wave Incident In the 
d ire c tio n  of the x a x is . I f  the equation o f the surface of the 
body Is

f  (x ,y ,z ) -  0 , (1 . 01)

then the equation of the curve, represen ting  the boundary of 
the geom etrical shadow on the su rface , w ill be obtained from 
the equation o f the surface and the re la tio n

2 £ - o  .
Bx

(2)

(1 .02)
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L et ub ta k e  on th e  s u r fa c e  a  p o in t  ly in g  on th e  boundary  
ef  the  g e o m e tr ic a l shadow and  c o n s id e r  I t  to  be th e  o r ig in  o f  
oUr  c o o rd in a te  sy ste m . The t  a x is  we d i r e c t  a lo n g  th e  norm al 
to  th e  s u r fa c e  (tow ards th e  a i r ) .  S in ce  on th e  shadow boundary 
t he norm al I s  p e rp e n d ic u la r  to  th e  d i r e c t i o n  o f  th e  w ave, th e  
x a x is  so chosen  w i l l  be p e rp e n d ic u l a r  t o  o u r  x  a x i s .  The 
d i r e c t io n  o f  th e  y  a x is  we choose  In  such a way a s  to  o b ta in  
s  r ig h t-h a n d e d  c o o rd in a te  sy ste m .

In  th e  v i c i n i t y  o f  any g iv e n  p o in t  th e  e q u a t io n  o f  th e  
su r fa c e  w i l l  be o f  th e  form

z + i  (ax 2 + 2bxy + cy 2 ) - 0  . (1 .0 3 )

Since  th e  s u r fa c e  I s  convex and th e  z a x is  I s  d i r e c te d  to  th e  
convex s id e  we have

a  > 0 j c > 0 ; ac -  b 2 »  0 . (1 .0 4 )

The e q u a tio n  o f  th e  c y l i n d r i c a l  s u r fa c e  w hich s e p a r a t e s  
th e  r e g io n  o f  th e  g e o m e tr ic a l shadow I s  o b ta in e d  by e l im in a t in g  
x from (1 .0 1 )  and ( 1 .0 2 ) .  I n  o u r  c ase  t h i s  e q u a t io n  w i l l  be 
o f  th e  form

z + ac  '  b2 y 2 -  0 . (1.05)
2a

The c u rv a tu re  r a d iu s  o f  th e  norm al s e c t i o n  o f  th e  s u r fa c e  by 
th e  p la n e  o f  In c id e n ce  I s  e q u a l to

* o “ 7 -  f1 -06*

Our problem  I s  t o  f in d  th e  e le c tro m a g n e tic  f i e l d  n e a r  th e  
s u r f a c e ,  a t  d i s t a n c e s  (from  th e  s u r fa c e  and from  th e  o r ig in )  
t h a t  a re  sm a ll a s  compared to  th e  c u rv a tu r e  r a d iu s  R0 .

(3 )



2. SIMPLIFIED MAXWELL'S EQUATIONS

We suppose the time impendence of the f ie ld  components to  
be of the form e’ lo>t and omit th i s  fa c to r  In the follow ing. By 
k we denote the abso lu te  value o f the wave vecto r

k -  ~  |  . (2 .01)

Eaoh of the f ie ld  components s a t i s f ie s  H elm holtz 's equation 

AT + k2T -  0 . (2.02)

where A i s  the Laplace opera to r. Since we deal w ith a f ie ld ,  
due to  a plane wave trav e lin g  In the d ire c tio n  o f the x a x is , 
we. sh a ll  separate  out the fa c to r  e llcx in  T and put

Then T* w ill  s a t is fy  the equation 

*I f * ! -
3 ^

dZT* .
a ? "

«L*.
3x

The f ie ld  components s a tis fy  the  Maxwell equations 

3y 3z

3y Bz

Ik Hx , e t c . .

'  -  lk  Ex , e tc .

Let us now separate  out In each o f the f ie ld  components the 
fa c to r  e llot and put

, e tc ; H_ •  H* (2.07)

(M



101

In th is  way we ob tain  fo r the q u a n tit ie s  narked by an a s te r isk  
the equations:

in*

l z  ~ lk  Hx '

9E_*
—  lk E? =  Ik  K • , }*

3z ax z -  y

3 .
dx

dE*
- —  + lk  E* =  lk  H • j 

By y “

0H_* -

3y dz

dH* an*
— -  lk K.‘ =  • ik  E* ,z &x

cK* 3h*_y
ax

—x + lk MJ =  ■ lk  E* . 
By y

We sh a ll now Introduce an assumption which w ill be of 
primary Importance fo r  the follow ing; namely, we suppose th a t 
the q u a n titie s  w ith a s te r isk s  are  slowly varying functions of 
coordinates In the senee th a t th e ir  re la t iv e  v a r ia tio n  along 
the distance of one wave length  Is  sm all.

Besides, we suppose th a t the v a r ia tio n  of these q u a n titie s  
lr. the z d ire c tio n  (normal to  the surface) takes place more 
rap id ly  than In  the * and y d ire c tio n s  (p a ra lle l  to  the su rface ), 

‘m eat assumptions can be s ta ted  In the form

(5 )
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—  = 0 ^  I —  = 0 / ^  f ' \  ; ‘LJ_ * *  o A -  T A
3z m̂ J  3x la ' J  by \m' J

m and m1 being dimensionless parameters and 

m' »  m »  1 . ( 2 . 11)

The tru th  o f these assumptions follow s from th e  fa o t th a t  the 
f in a l  so lu tio n  (which Is  unique) ac tu a lly  s a t i s f ie s  them.

I t  fo llow s from these assumptions th a t  the second d eriv a­
t iv e s  w ith respec t to  x and y in  equation (2.04) are  small as 
compared to  the second d e r iv a tiv e  with respec t to  z . Hence 
th i s  equation  takes the form

a2?*
w 3x

( 2 . 12 )

I t  follows from (2.12) th a t m; is  o f the order of m2 and we caj 
put

m' =  m2 . (2 .1J)

The re la t io n s  (2.10) can now be w ritten  in  the form

I f  = °& ') ■ i f  ')  > i f -<;' )  • » •“ >

From re la tio n s  (2.14) ( th a t are  v a lid  fo r  a l l  the  f ie ld  
components) I t  follow s th a t  In equation (2 .12) the terms omitted 
a re  of the o rder 1/m2 as oompared with those w ritten  down.
Terms of t h i s  o rder of magnitude sh a ll  always be neglected  In  
th e  follow ing.

( 6)
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Let us estim ate  on the b asis  of (2.14) the order of magni­
tude of the d if fe re n t terms in  equations (2.08) and (2 .09 ). In 
doing th is ,  we consider and H* as the p rin c ip a l q u a n tit ie s  
to which e l l  the o ther q u a n tit ie s  are to  be oonpared. As to  
the re la tiv e  order of magnitude of Hy* and H*, we sh a ll suppose 
tne order of one of these q u a n tit ie s  to  d if f e r  from th a t of 
the order, a t  the most, by the  fa c to r  m.

From the f i r s t  equation (2.09) we get

*»(?».)• <*•»>

Inserting  th is  estim ation  in to  the second equation (2.08) we 

see th a t the term Is  very small (o f the order of 1/m2)

as compared to  the term lk  H*. On the o ther hand, i t  Is seen 

d irec tly  from (2.14) th a t the term Se*/3x is o f the order l /m £ 

as compared with lk  E*. The term of th is  o rder of magnitude 
must be disregarded . Then the second equation (2.08) gives 

simply E_*« Hy?. S im ila rly  the th ird  equation (2.08) gives 

EJ -  H*. and the f i r s t  equation (2.08) shows th a t K* w ill be 
of th j order

!l’ "  ° ( “ s  *y) * 0 (“  H* )  ' (2 ,l6 )

Ttiese values are  a lso  in  agreement with equations (2 . 09) .

Hence a l l  the  f ie ld  components may be expressed, with 
neglect o f small q u a n tit ie s ,  in  terms of H* and !.*. Since 
these expressions do not involve d eriva tives  with respec t to  
x, they have the same form fo r  the f ie ld  components w ithout 
An a s te r isk , namely:

(7)



iOll

x k \  3y Bz J 
V  « z *

Ez

Hx

- « y  '

1 ^  
k dy

^ z
3z

(2.17)

The la s t  equation can be obtained a lso  d ir e c t ly  fro*  dlv H -  0. 
To these equations we must add the Helmholtz equation fo r  each 
of the f ie ld  components or the equation of the form (2.12) fo r 
the q u an tit ie s  w ith a s te r is k s .

3. SIMPLIFIED BOUNDARY CONDITIONS

As shown by Leontovlch, I f  the abso lu te  value of the com* 
p iex  Inductive capac ity  of the medium

1 -  « + l  (3.01)

Is  g rea t as compared to  u n ity , th ere  Is  no need to  consider 
the f ie ld  w ithin the medium, but one may take in to  account the 
Influence o f the medium on the f ie ld  In the a i r  by meane o f 
the boundary con d itio n s, connecting the ta n g e n tia l components 
of th is  f ie ld  on the eurface of the r e f le c t in g  body.

Leontovlch1s cond itions (to  be more c o r re c t,  th e i r  genera­
l iz a t io n  to  the case when the magnetic perm eab ility  o f the 
medium la  d if fe re n t from u n ity ) can be w ritten  In  the form o f 
th ree  equations:

( 8 )
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« , '  " A  - J i( " y  H* '  "■ "» ) 

*r -  " A  *  J F ( n* '»  •  ”«■».) 

S  -  " A  •  J T £ .  ** - " »  " « )
only two of which are  Independent.

(3 .02)

In theae equations n^, nyl nz are components of the u n it 
vector of the normal to  the aurface and En haa the value

En *  nx Ex + ny Ey Ez • ^ .0 3 )

I t  can be shown th a t the conditions (3.02) are v a lid  I f  
the following In eq u a lit ie s  are s a t is f ie d

| tu| »  1 » (3.0fc)

where HQ la  the sm allest curvature rad ius of the normal sec tion  
of the su rface .

In the case of a conductor. In which the displacem ent cur­
ren t Is n e g lig ib le , these In eq u a litie s  have the follow ing mean- 
Ing. According to  the f i r s t  In equa lity  the square of the depth 
of the sk in -e ffe c t lay e r must be small as compared to the square 
of the wave length  In a i r .  According to  the second Inequality  
th is  depth must be small as compared with the curvature  radius 
of the normal sec tion  of the su rface .

In the follow ing we put th9 magnetic perm eability  equal to  
un ity  and transform  conditions (3.02) using the re la tio n s  

Mz  and Ez ■ - obtained above. Prom (3.02) we get

(9)
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( • - ■ " * ) * « *  ( " « * 7 = )  K " < -  " * s) • <’ •“ >

(‘ ' "0 * ("* * (\ “y * “0 ' ,5 07>
Using fo r Hx the estim ate  (2.16) and considering  the quan- 

t l t y  ,pf to  be large (of the o rder o f m o r la rg e r ) .  Me in fe r  that 
the le ft-hand  aide of (3 .07) la  small as compared w ith the sepa­
r a te  terms of the righ t-hand  s id e . Replacing th i s  quan tity  by 
zero we ob tain  Instead  o f (3 .07)

n y a jr + nB H8 - 0 .

Using th is  re la tio n  we ge t from (3.06)

We may in s e r t  In th is  re la t io n  the expression fo r  Ex from the 
f i r s t  equation (2 .17 ). Slnoe the y ax is has a tan g en tia l (o r 
an almost tan g en tia l)  d ire c tio n ,  we oan d if f e r e n t ia te  (3.00) 
with resp ec t to  y and put

We have omitted In  equation (3.10) sn a il  term s, depend­
ing upon the su rface curvature  and s im ila r  to  those which have 
been neglected when obtain ing  th e  cond ition  (3 .0 2 ). As a 
r e s u l t  we ob ta in  from (3 .09)

(3.08)

(3.09)

(10)
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boundary condition contalna only one component Hy. Having 
in mind the dependence o f Hy upon x, we can w rite  w ith the same 

curacy ,

where In the le ft-hand  s id e  the d e riva tive  Is  taken along the 
normal. Now, estim ating  the o rder of magnitude of the f i r s t  
term In the le ft-h an d  side of ( j l l )  and considering nx and 

to he small o f the order of 1/m, we In fe r  th a t th is  f i r s t  
term i s  small as compared with the second one. He sh a ll w rite; 
therefore .

In add ition  to the d if f e r e n t ia l  equation and the boundary 
condition on the surface of the body, the quantity  Hy must 
s a tis fy  the following requirement (condition a t  I n f in i ty ) .
In the Illum inated region a t la rg e  d istances from the shadow 
boundary the p a r t  o f Hy» whloh has the phase o f the Incident 
wave, must have a p rescribed  am plitude. (Under large d istances 
we mean the d is tances  whloh a re  a t l l l  small in  comparison with 
the surface curvature r a d i i  although they Involve many wave 
len g th s .)

Thus, the f ie ld  component Hy (and, th e re fo re , E) has been 
oonpletely separated  from the o ther f ie ld  componentsj i t  
s a t i s f ie s  a separate  d if f e r e n t ia l  equation, a separate boundary 
condition  on the surfaoe cf the body and a separate  condition 
a t  in f in i ty .  These conditions determine Hy in  a unique way.

A fter having determined Hy, we can fin d  Hg from the 
d if f e r e n t ia l  equation, condition  (3.08) on the surfaoe o f the

( 3 . 12 )

( 11)



106

body and from the cond ition  a t  I n f in i ty .  The l a t t e r  condition  
c o n s is ts  In  th s  requirem ent th a t  the p a r t o f Ht , which co rre s­
ponds to  the Incident wave, must have a given amplitude. F inally , 
knowing Hy and Hc> we can determine a l l  the o ther f ie ld  com­
ponents from equations (2 .1 7 ).

**. DETERMINATION OF THE FIELD COMPONENT Hy

Let us put

Hy -  H° alkx »• , (4.01)

where h£ la  the am plitude of the Inciden t wavegat In f in i ty .  
According to  (2.12) and (3.13) the function  t^ m u s t s a t is fy  
the equation

3t»
dx

and the boundary oondltlon

(*.02)

|I -*  + lk  ^ a x  + by + 1 *  •  0 (*.03)

on tne surface

z + \  (&x2 + 2bxy + cy2^  -  0 . (*.0*)

We have rep laced  nx In  (*.03) by I t s  approximate value 
ob tained from the equation of the su rface .

Suppose th a t the fu n c tio n  depends upon the coordinates 
x , y, z only by meana of two v a riab le s

« -  m (ax + by) , (*.05)

C -  2am2 [  z + I  (ax8 + tycy ♦ cy* J  ]  . (*.06)

(12 )
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where m la  a large parameter v.'.: ba defined telcw . The
scales of the q u an tit ie s  (  end r  c.-cser. In su :h  a way th a t
equation (1 .0 5 )  (giving the ah:.’.:,: c u r.is ry  In space) take a 
the fo n t

« -  S* . (*.07)

The values of the variab le  £ can be only non-negative ar.;.' 
these of the variab le  £ can be both p o s itiv e  and negative.

In the Illum inated region c f  the apace we have £ < 

and In the shaded or.e £ > - f~ C , where the square roo t le  taken 
with a p o s itiv e  sign.

C alcu lating  the d e riv a tiv e s  we o b ta in :

d:
1 . (If *' ̂  If) (t.OS)

(^-09)

and equation (*i.0i:) takes the form

j n
3 ? (as‘ ' h  )  '

We now choose the pars.-nster m in  ouch a way ae tc  make 
the c o e ff ic ie n t In th i s  eqv.itItn  equal tc  unity

=“ 'Jfe * J
Since we consider the wave length to  be very email as co;tr 

pared with the curvature radius of the surface, the value c f  
our parameter a  w ill a c tu a lly  be la rg e . The expressions fo r  
the d e riv a tiv e s  oar. now be w ritten  In the follow ing form:

(13)
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b»*  m k  f b r ;  t c£ by* \  
bx 2n? \ b t  b( /

(“ .12)

by* ^  k a t *  
9z m b(

( “ .13)

I t  la  aeen from these  equations th a t the estim ates (2 .1“) 
w ill be v a lid , provided the d e r iv a tiv e s  of t  • w ith respect to  
t  and to  C are  of the o rder of I *  I t s e l f .

Equation (“ .10) takes the form

The boundary condition  (4.03) becomes

(“ ■!“ )

| ^ +  U  * •  + q t » .  0 , (“ .15)

where we have pu t fo r  b rev ity :

q - - £ = - - = ! =  3| ^ .  (“ . 16)
J T  J T  ~\ 2a

The qu an tity  q w ill be. In genera l, f i n i t e ,  but can be 
a lso  small ( fo r  a ery good conductor) o r la rg e  (fo r an almost 
plane s u r fa c e ) .

The cond ition  a t  I n f in i ty  fo r  ?  * consist:: in  the follow ­
ing . In the illum inated  reg ion  th a t  p a r t  o f 1 *n, th? phase of 
which vanishes, must have an amplitude equal to  un ity .

To sim p lify  the d i f f e r e n t ia l  equation we put

. . .  - U f K « 3 /3 )T* * e V . ( “ .17)

( 1“ )
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Then the equation and the boundary condition  fo r  V w ill
be

+ CV -  0 . (4.18)
a t2 a t '

3 l  + qV »  0, C *0 . (4.19)
a t

The condition  a t  I n f in ity  (large negative values of () becomes

ItC - i ( t 3/3 )
V -  e - V • (4.20)

Vherj V* corresponds to  the re f le c te d  wave. We denote by 
d the phase o f the f i r s t  term in  (4.20)

d -  «  - . ( '‘•SD
3

and by 4 * the phase of V * . The phase d * can be determined 
by c a lcu la tin g  from geometrical considerations the phase d i f f e r ­
ence d • -  d between the re flec ted  and the Incident wave and by 
using the known value (4.21) of the phase d.

I t  can be shown th a t the phase d * so determined Is  equal 
to  the extremum value of the function

* * - t *  + |  (C - t ) ?/2  _ * ( .  t ) 3/ 2 , (4.22)

l . e .  equal to  the value of t # fo r which 3d* /d t  «  0. S im ilarly  
the given phase (4.21) I s  equal to  the extremum value of the 
function

d - t e - f  ( c- t )V* (*.a3)

We omit the deriv a tio n , slnoe i t  I s  ra th e r  cumbersome and 
since the r e s u l t  can be obtained In  a purely an a ly tic a l way 
from the f in a l form of the  so lu tion  (see § 6 ).

U5)
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Equation (4.16) coincides with th a t which occurs In the 
problem o f d if f ra c tio n  of rad io  waves around the e a r th 's  sur­
face . This equation (with d iffe re n t conditions a t  In f in ity )  
was Investiga ted  In our previous paper.2

Equation (4.18) admits p a r tic u la r  so lu tio n s o f the fo ra

V -  elt t :  w(t -  C) , (4.24)

where w(t) Is  an In teg ra l o f the ord inary d i f f e r e n t ia l  equa­
t io n  of the  second order

We s h a ll  need both In te g ra ls  of equation (4 .2 5 ). 
of these In te g ra ls  we take the function

W1 ( t )  “  T p r I . -
‘1

where the contour Tj goes from In f in ity  to  the o r ig in  along the 

ray arc z ■ - n and then re tu rn s  to  In f in i ty  along the ray 

arc  2 * 0  (along the  p o s it iv e  r e a l a x is ) .  Another ( l in e a r ly  
Independent) in te g ra l Is  the function

Zt -

where the contour Tg Is  an Image o f the contour In the rea l 

ax le  o f the z p lana. For rea l values of t  the functions wx ( t)  

and Wg ( t )  are  com plex ionJuga tes . We sh a ll  have 

Wj I t)  -  u ( t )  + lv ( t )  , 

w2 ( t )  -  u ( t )  -  lv  ( t )  . J  
(16)

(* .28)



re#l functions u ( t)  and v ( t)  and th e i r  deriv a tiv e s  exten- 
| lv< four-figure ta t le a  (range from t  ■ -  9.00  to  t*  + 9 .00, 
interval 0 .02) have been ca lcu la ted  by us.

The asymptotic expression fd r  W j( t ) ,  va lid  fo r  la rge  

r^gatlve veluea of t  (end a lso  In a c e r ta in  sec to r In the 
plane c f th e  complex v a riab le  t )  has the form

wx( t)  -  ( -  t ) ' 1/*  exp ( l  |  ( -  t )5/ 2 ♦ 1 . (4.29)

Similarly

w2( t)  =  ( - t ) - l /4  exp 1 |  ( -  t )3 /2  -  1 . (4.30)

From (4.23) and (4.30) we sea th a t the phase of the 
expression

eU t  w2 ( t  - ?) (4.31)

Is  Ju 3 t equal to d; and we know th a t the extremum of d gives 
'.he ph".se of the incident wave. Therefore, we car. expect th a t 
the In tegration  of the function  (4.31) along a contour which 
passes near the po in t o f the extremum of the  phase, gives an 
expression, the phase of which i s  equal to  th e t o f the Incident 
wave (4.21). In f a c t ,  rak ing  use of the re la tio n s :

5 *? » e (He x >  0) ,

the  following equality  may be proved

(4.33)

ItC - 1

(17)

( t  - C) d t , ( * . 34 ;
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where the contour C le  described along the ray arc z »  ^  n  fro* 

In f in i ty  to  the o r ig in  and along the ray arc z  m •  ■j u from the 
o r ig in  to  In f in i ty .

On the o ther hand. I f  the func tion  f ( t )  la  such th a t I t s  

phase fo r  la rge  negative values o f t  I s  equal to  -  ■j ( - t ) ^ / 2 

then the phase o f the expression

e1?t Wj ( t  -  C) f ( t )  (*.35)

la  equal to  $ • £in formula (4 .22 )^  . Hence, In te g ra tin g  exp­
rosalon  (4.35) along a contour, which passes In  the v ic in i ty  
o f the po in t o f the extremum of the phase, we ob tain  an expres­
sion  which has a  phaae equal to  th a t Of the Incident wave.

Prom these considera tions I t  follows th a t we may seek the 
expression fo r  V In the form

V = J e1^  {w2 ( t  - C) - f ( t )  WjCt - C)> d t . (4.36)

This expression s a t i s f i e s  equation (4.16) and the condition  
a t  in f in i ty  (4 .2 0 ). To s a t is fy  a lso  the boundary conditions 
(4.19) we have to  determ ine the function  f ( t )  from the re la t io n

W g(t) - qwg(t) -  f ( t )  { w j( t )  - qwx( t ) }  , (4.37)

whence

f(t)
Wg(t) -  qw2( t )  

w |( t)  -  qwx( t )
(4.38)

I t  le  not d i f f i c u l t  to  see from (4.29) and (4.30) th a t 
the obtained func tion  f ( t )  has the co rrec t phase.

( 18 )
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We, f in a l ly ,  ob tain

ŵ (t)-qw g( t)
^ ( t -<) |  d t  .

(4.39)

Wltb th is  value of V the expression

Hy -  H° e lkx e- l t t  + V (4. 40'

gives the y component of the magnetic f ie ld .

Using the r e la tio n

w j(t) wg( t )  -  wg( t )  w ^ t)  -  - 21 (4 .<*1)

I t  Is easy to  verify  th a t  a t  ? » 0  (on the surface of the body) 
the expression (4.39) fo r  V becomes

V

I
, i e t  at

w .(t)  - qWj(t)
(4.42)

In sertin g  th is  In (4 .40 ), we a rr iv e  a t  the following 
conclusion. The tan g en tia l components Htg  of the magnetic 

f ie ld  on the aurfece of the body are  equal to  th e i r  values 

<•'**' i0T  the ex te rna l f ie ld ,  m u ltip lied  by a c e r ta in  un iversal 

function of the reduced d is tance  (  from the shadow boundary 
and of the parameter q (the l a t t e r  depends upon the wave 
length and the p ro p e rtie s  of the body). We have

Htg *  Htg  '

(19)

(4.43)
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where

< . ( ( . « > - . 11’ ' 5 - i  [  . 1{t ■ (*•*<)-nr j  w.{t) - qw.(t)
c 1 1

This r e s u l t  Is  In agreement w ith th a t  ob tained In our p re­
vious paper1 by a wholly d if f e r e n t  method and rep re sen ts  I t s  
g en e ra liza tio n  to  the case of a f i n i t e  e l e c t r ic a l  conductiv ity  
of the body.

For a p e rfe c t conductor 4 > 0 w e  have

0 ( t , 0 ) - 0 ( * ) ,  (4.H5)

where G({) Is  a function  tabu la ted  In our previous p ap e r.1

We note th a t the quan tity  V determined by (4.42) occurred 
a lso  In our so lu tio n ^  of the problem of the propagation of rad io  
waves around the,“e a r th ' s surface f i t  was denoted there  by
V t , , ) ] .

5. DETERMINATION OP THE COMPONENT » z  

AND THE OTHER FIELD COMPONENTS

We have s t i l l  to  determine the component o f the magnetic 
f ie ld  H with help  of the conditions form ulated a t  the end of
* 3

We begin w ith a p a r t ic u la r  case, when the magnetic vector 
Is  p o la rized  p a ra l le l  to  the z a x is .  Then — 0 and, according 
to  the r e s u l ts  o f f  4, we have In our approxim ation «  0 In 
a l l  the reg ion  considered. Then, according to  the boundary 
condition  (3 .08 ), we s h a ll  have Hz =  0 on the su rface  o f the body.

( 20)
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Hz - « ° e lk  « * ,  (5.01)

dhere H° I s  th e  a m p litu d e  o f  th e  I n c id e n t  wave a t  I n f i n i t y .  

The f u n c t io n  must s a t i s f y  th e  e q u a tio n

+ 21k s  0 (5 .0 2 )
3z‘ 3x

an.l th e  boundary  c o n d it io n

♦  • * 0  on th e  s u r fa c e  o f

The c o n d it io n  a t  I n f i n i t y  w ll)  be 
fo ” TV

Wc .Hssumc t i u t  <1 •  depends on th e  
¥ • -’nd make th e  s u b s t i t u t i o n

1?C + l ( f 3/3 )
♦  •  =  e

the body. C5.05)

the same as the condition 

same variab le s  C as

■J • (5-04)

Since s a t i s f ie s  the same equation as T* , the equation 
fo r U coincides w ith equation (4.18) fo r V. Por the determina­
tion  of 'J we ob ta in , th e re fo re , the equation

+ + TX m  0 ,

the boundary condition

U «  0 fo r  C -  0 ,

and the condition  a t  I n f in ity

1 «  -  l ( t 5/3 ) .
U -  e -I* .

where U* corresponds to  the re f le o te d  wave.
(21 )

(5.07)
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I f  we assume fo r  U an expression o f the form (4 .36), the 
function  f ( t )  th e re in  w ill  be determined from equation (5.06) 
and we obtain

j w 2 (t-C) Wl( t - C ) j  d t . (5.08)

In se rtin g  (5.08) and (5.04) Into (5.01) we ob tain  the so lu tio n  
o f our problem fo r  the p a r t ic u la r  case e O ,

Consider now the general case. The boundary condition  on 
the su rface has the form

h8 =  - (bx + cy) Hy , (5.09)

where Hy Is  known. Using the Id e n tity

bx + cy e  |  (ax + by) + ac '  b y , (5.10)

we can w rite  Instead of (5 . 09)

Hz c  - I  + ^  «y - *C I  -  y Hy • (5 .H )

But, In v ir tu e  of the boundary cond ition  (3 .1 3 ), fo r  Hy we 
have on the surface

+ ' T - H y  . (5.12)

In se r tin g  th is  value In to  (5.11) we get

( 22)
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Tills e q u a lity  Is  c e r ta in ly  valid  or the surface of the 
to i y .  But owing to  the Tact th a t the d eriva tives  with respect 
t0 y are not Involved In equation (4 .02 ), the right-hand side 
of (5-15) [u n lik e  th a t o f (5 .11^ ] s a t i s f ie s  also  the apprcxl- 
j^ te  wave equation In space. Therefore, the value of Kz In 
epace can d i f f e r  from the value of the right-hand side (5-13) 
only By e q u an tity  which is  a so lu tio n  of the approximate wave 
equation and which vanishes on the su rface . But a quantity  
having a l l  these p ro p e rtie s  Is  e ith e r  the function e1^  
or any function p roportional to  I t  (where the p ropo rtio n a lity  
fa :to r  can depend on y ) .

The a'oeve considera tions permit us to  determine the com­
plete  expression fo r  Hz In a simple way. We rew rite  equation
(5.13) In se rtin g  fo r  the expression (4 .0 1 ). We get

-is •”“{*! [?—*■] ” ’*} ■
(5.14)

I f  we add to  the righ t-hand  side c f (5.14) terms p roport­
ional to  e lkx 0 ♦ and vanishing on the surface, we can also 
write

We sha ll now show th a t tM s  expression is  v a lid  not only 
on the surface hut a lso  In space (w ithin the whole region con­
sidered) . I t  Is  obvious th a t i t  s a t i s f ie s  the approximate wave 
equation and the boundary concltlona. I t  remains only to  show 
th a t I t  s a t i s f ie s  a lso  the condition a t  In f in i ty .  This becomes

*  MIC d c  a( 23)
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evident I f  Me note th a t In the  deriv a tiv e  and a lso  In

the d iffe rence  ?•. - $ •  the amplitude o f the tenn corresponding 
to  the Incident wave vanishes. Hence a t  In f in i ty  only the 
term proportional to  M ill correspond to  the Incident wave, 

and th is  term has a c o rrec t am plitude.

We have obtained the components Hy and The remaining 

components can be determined from the sim p lified  Maxwell equa­
tions (2 .1 7 ). Omitting small terms we obtain

I* -* .  « • “ >

I
The determ ination of the f i e ld  components Is  now complete.

6 . THE FIELD IN THE ILLUMINATED REGION

In o rder to  In v estig a te  the f ie ld  In the Illum inated region 
we have to  deduce fo r  the func tions U and V given by (5 . 08) and 
(A.39) asymptotic exp ressions, v a lid  fo r  large negative values 
o f  i .

We put according to  (4 - 21)

( 6 . 01 )

Then we have

U - e l * -  U » , (6.02)

V - e ^ - V * ,  (6.03)

(2*)
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1
” 2 j t

l* t  K ( t |
J  e  w^Ttl wi  ( t  - 0  d t  * (6 * 04}

c ,

p  i« t w i(t)  -  qw? ( t)
1 * 2 w <t - C) d t . (6.05)

i - qw j(t)

The phase of the Integrands In U* and V • Is equal to  the 
expression

♦ -  t*  + |  (C - t )3/2  ‘ 3  ( - *)3/2 , (6 . 06)

which was considered above ^formula (A.22)J  .

In the po in t of the extremum of the phase we have

J~-~* 6 - 1 « * (6.07)

where we put fo r  b rev ity

(6 . 08)

a -  - J t 2 + 3C , (6.09)

the roo t being taken p o s it iv e .

The extremum value of the phase Is  equal to

<* = 57  (*<? - 382t  - l i t ? )  • (6 . 10)

In the following we sh a ll  always use the symbol 4 * to  
denote th is  extremum valve. Applying the method of s ta tio n a ry  
phase we deduce fo r U* the asymptotic expression

(25)
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JTTT-
The Integrand In V* d iffe r*  from th a t In U* by a slowly 

varying fa c to r , which I s  fo r  large negative values of t  approxl. 
mately equal to

Therefore the asym ptotic value of V* w ill  d i f f e r  from that 
of U • by the fa c to r  (6.12) taken In the extremum p o in t. Hence 
we have

jits' 11 -f . (6.1,)
33 q + 5  (a - 2t)

Let us e lu c id a te  the geom etrical meaning o f the formulae 
obtained.

We consider the ray , which goes a f te r  r e f le c tio n  through 
the point ;,.v.z; Determining the coordinates xQ,yo of the point 
o f the su rface , where the re f le c t io n  took p lace , we obtain  the 
follow ing approximate form ulas, va lid  fo r  g lld ln -  Incidence

where

x0 -  x -  s { y0 -  y (6.14)

(6.15)

G eom etrically e Is  the leng th  of the path , traversed  by 
the ray a f te r  r e f le c t io n .  The cosine of the Incidence angle 
i s  equal to

(26)
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cos fl -  -  (m 0 + byo) •  j-jj. (o -  2t )  . (6.16)

T(.iC exact value o f the d iffe rence  xQ - x + s Is

xQ - x + s «  2s c o s 2® . (6 .1 7 )

The phase d iffe rence  of the re f le c te d  and the Incident wave 
Is proportional to  th is  q u an tity . We have

6* -  <t> -  k (x0 -  x  + s) ■ 2 ks o o s2® . (6 .1 8 )

I n s e r t in g  in  ( 6 . l 8 )  th e  v a lu e s  o f  a and o f  cos 6 from
(6 .15 ) and (6.16) and u s in g  (4 .1 1 ) we o b ta in

•  I f  (0 + I) (e -  2*)2 . (6.19)

I t  Is  easy to  v e rify  th a t (6.19) 1* equal to  the d i f f e r ­
ence of the q u a n titie s  (6.10) and (6 .01).

Hence the phase d iffe rence  of the two terms in  (6.02) and 
(6.03) la  lr. agreement with the re s u l ts  obtained from geom etri­
ca l o p tic s .

Consider r.ow the amplitude of the re f le c te d  wave.

In se rtin g  (6.11) In (€.02) we sh a ll  have

j n r  <«•»>
Using the expression (4.16) fo r q and the v a lu e  (6.16) fo r  
cos 0 and In se rtin g  (6.13) in  (6 . 05) we obtain

1̂ _ 2t 1 - cos fl -fiT
3 ”  M  cos 9 Jq”

(27)

V - e ^ - e 16' (6 . 21 )
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The fu n c t io n  U c o rre sp o n d s  to  th e  c ase  when th e  p o l a r i s e ,  
t l o n  o f  th e  In c id e n t  wave I s  such  t h a t  th e  e l e c t r i c a l  v e c to r  la  
p e rp e n d ic u l a r  to  th e  p la n e  o f  I n c id e n c e . The fu n c tio n  V c o r ­
re sp o n d s  to  th e  c a se  o f  an e l e c t r i c a l  v e c to r  p a r a l l e l  to  th e  
p la n e  o f  In c id e n c e . I t  I s  e a sy  to  se e  t h a t  In  b o th  c a se s  o u r  
fo rm u las  g iv e  th e  c o r r e c t  v a lu e s  o f  th e  F re s n e l  c o e f f i c i e n t s .

7 . CONCLUSION

The fo rm u lae  o b ta in e d  above g iv e  Im m ed iately  th e  f i e l d  
In  th e  v i o i n l t y  o f  any  p o in t  s i t u a t e d  on th e  s u r fa c e  o f  a  con­
d u c tin g  body on th e  boundary  o f  th e  g e o m e tr ic a l shadow. S ince  
t h i s  p o in t  may be ch o sen  In  an  a r b i t r a r y  way, o u r  fo rm u las g iv e  
a l s o  th e  f i e l d  I n  a  c e r t a i n  r in g -s h a p e d  r e g io n ,  a d ja c e n t  to  
th e  c lo s e d  l i n e ,  w hich r e p r e s e n ts  th e  boundary  o f  th e  geo­
m e tr ic a l  shadow on th e  s u r fa c e  (penum bra r e g io n ) . C o n sid er 
now th e  f i e l d  o u ts id e  t h i s  r e g io n , b u t  s t i l l  n e a r  th e  s u r fa c e  
( a t  d is t a n c e s  from  th e  s u r f a c e ,  t h a t  a re  sm a ll a s  compared w ith  
I t s  c u rv a tu r e  r a d i u s ) .  In  th e  shaded  p a r t  o f  t h i s  s p a t i a l  
re g io n  we may p u t vhe f i e l d  a m p litu d e  e q u a l to  z e ro . Indeed  
th e  o b ta in e d  s o lu t io n  d e c r e a s e s  e x p o n e n t ia l ly  a s  th e  d is t a n c e  
from  th e  shadow boundary  I n c r e a s e s ,  and I f  th e  q u a n t i ty  

(  + - J T  I s  p o s i t i v e  and l a r g e ,  t h i s  s o lu t io n  can  be c o n s id e re d  
p r a c t i c a l l y  t o  be z e r o .  We th u s  o b ta in  a  c o n tin u o u s  t r a n s i t i o n  
to  com p lete  shadow . L et u s  now c o n s id e r  th e  I l lu m in a te d  re g io n . 
In  % 6 we have se e n  t h a t  I n  th e  rem o te  p a r t  o f  th e  I l lu m in a te d  
r e g io n  o u r  fo rm u la s  g iv e  a f i e l d  w hich c o in c id e s  w ith  t h a t  
o b ta in e d  from  th e  F r e s n e l  fo rm u la s .  Hence I t  fo llo w s  t h a t  i f  
we u se  o u r  fo rm u la s  I n  th e  penumbra re g io n  and c a l c u l a t e  th e  
f i e l d  w ith  th e  h e lp  o f  F r e s n e l 's  fo rm u la s  I n  th e  I l lu m in a te d  
o n e , we s h a l l  o b ta in  a  c o n tin u o u s  t r a n s i t i o n  from  penumbra to  
l i g h t .

(28 )
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In th is  way our formulas permit us to determine the f ie ld  
gn end near the surface of the body (w ithin a ce r ta in
lfcycr) .  P a r tic u la r ly , they give the cu rren t d is tr ib u tio n ,  
induced by an Incident plane wave on the su rface of the body, 
got i f  the cu rren t d is tr ib u tio n  Is  known, the f ie ld  of the 
(eattered  wave can be determined in  the whole space (also  a t 
large distances from the body) by applying well-known formulas 
for the vec to r-p o ten tia l due to  given cu rren ts .

As a f in a l  re su lt  our formulas give thus e complete 
(though approximate) so lu tion  of the problem of d if f ra c tio n  
of a plane wave by a conducting convex body of a rb itra ry  shape.
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V I. PROPAGATION OF THE DIRECT WAVE AROUND THE 
BARTH WITH DUE ACCOUNT FOR DIFFRACTION AND REFRACTION

V. A. Fock

I n tr o d u c tio n

Having assumed th e  hom ogeneity  o f  th e  e a r t h 's  s u r fa c e , 
the  p ro p a g a tio n  o f  th e  r a d io  waves around  th e  e a r th  I s  con ­
d i t io n e d  b a s i c a l ly  by th e  f o llo w in g  th r e e  c o n s id e r a t io n s :  
d i f f r a c t i o n  a round th e  convex s u r fa c e  o f  th e  e a r th ,  r e f r a c ­
t io n  in  th e  low er la y e r s  o f th e  a tm o sp h e re , and r e f l e c t i o n  
from th e  io n o sp h e re . At s h o r t  d i s t a n c e s ,  o f  th e  o r d e r  o f  a 
hundred o r  s e v e r a l  hundred  k i lo m e te r s ,  th e  r e f l e c t i o n  from 
io n osphere  p la y s  no r o l e .  But a t  d i s t a n c e s  o f  th e  o rd e r  of 
a th o u - in d  o r  s e v e ra l  thousand  k i lo m e te r s  th e  r e f l e c t i o n  from 
the io n o sp h e re  beg in s t o  p la y  a s u b s t a n t i a l  r o l e ,  because  th e  
d i r e c t  wave b e g in s  to  have added to  i t  th e  r e f l e c t e d  waves 
which have s u b s t a n t i a l l y  g r e a t e r  i n t e n s i t y  th a n  th e  d i r e c t  
wave.

However, even a t  th e s e  g r e a t  d i s t a n c e s  i t  i s  p o s s ib l e ,  
under c e r t a i n  c o n d i t io n s ,  to  s e p a r a te  th e  d i r e c t  wave and to  
obse rv e  i t  in d e p e n d e n tly . I t s  s tu d y  i s  o f  im p o rta n t p r a c t i c a l  
i n t e r e s t  f o r  th e  i n te r fe re n c e  m ethods o f  d e te rm in in g  d i s t a n c e s .  
F or t h i s  rea so n  th e  developm ent o f  a  th e o ry  which would g iv e  
th e  a m p litu d e  and phase  o f  th e  d i r e c t  wave up to  th e  u l t im a te  
d i s t a n c e s ,  p r e s e n ts  a v e ry  im p o r ta n t p roblem  f o r  p r a c t i c a l  
p u rp o se s .

( 1 )
f-/a.C 

l - g g a r * *  d l
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The theory of d ire c t  wave must take account of both the 
d if f ra c tio n  and the re f ra c tio n .  N evertheless, In view of the 
complexity of the ta sk . In the m ajority  of the th eo re tica l 
In v estig a tio n s the atmospheric re f ra c tio n  e i th e r  I s  not taken 
In to  the account a t  a l l  o r la  tre a te d  very crudely , using 
methods of geom etrical o p tlo s . The extremely Important concept 
o f the equivalen t rad ius  of the e a r th  has not received adequate 
th e o re tic a l foundation in  th is  c a s e . The concept has been 
Introduced on the basis o f conslderatlonn  of bent rays, and 
y e t. In  the region of the penumbra and p a r t ic u la r ly  In the 
region of the umbra, the  concept of ray as such lo ses I t s  
s ig n ifican ce . In  connection w ith t h i s ,  those conditions 
under which the replacement of the e a r th 's  rad ius by the 
equivalen t rad ius  Is  perm issib le  have not been made c le a r .

In th is  paper we sh a l l  give an approximate so lu tion  
of the Maxwell's equations fo r  the H ertzian v ec to r which w ill 
take account of both the d if f ra c t io n  and the re fra c tio n . This 
so lu tio n  Is  v a lid  fo r  very general assumptions regarding the 
v a r ia tio n s  o f the Index o f re f ra c tio n  with h e igh t.

In c e r ta in  p ra c t ic a l ly  Im portant cases th is  so lu tion  
may be expressed by func tions introduced by ub In our so lu tion  
of the problem of propagation of rad io  waves in  homogeneous 
atmosphere. These functions are p a r t ia l ly  tab u la ted ; in  
those cases where there  a re  ta b le s  the computation of the 
f ie ld  w ith due account fo r  re f ra c tio n  presen ts  l i t t l e  work. 
In c id en ta lly , we sh a ll g ive the b a s is  fo r the concept of the 
equivalen t rad ius  of the e a r th  and sh a ll  show th a t th is  con­
cep t Is  ap p licab le  In the region of the umbra and penumbra 
(where the geom etrical op tica  are  not app licab le ) and sh a ll 
make c le a r  the conditions when the employment of the concept 
o f an equivalen t radius o f the e a r th  la  perm issib le .

(2 )
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1. D iffe ren tia l Equations end The Eoundary 
Conditions c f  The Problem

Tjet us designate by r ,  6, *and t> tr.e spherica l coordinates 
»-Vtn the o rig in  a t  the cen te r of the er.: . - ' .  apr.ere and with 
-.he polar ax is passing through the tran sm ittin g  d ipo le . We 
ch ill assume the d ipole to  be located on the surface of the 
f«rth and we sha ll study the f ie ld  in  the a i r .  The rad ius of 
vr.e earth  we sh a ll designate by a . The d ie le c tr ic  constan t o:' 
the a i r  we sh a ll assume to  be a function of height h » r  - a 
above the surface of the ea rth .

t  = e(h ). h -  r  - a (1.C1)

As in  the case of the homogeneous atmosphere, the com­
ponent f ie ld s  in  the a i r  may be expressed by Hertzian function 
C. We have:

whereas the remaining component f ie ld s  are equai to zero.
Tne time dependence of the f ie ld  we express by e"1"*' *here

f  s ko 1

Here \ Q is  the wave length  in  free  space (in  our problem 
i t  is  necessary to  d is tin g u ish  i t  from th a t in  the a i r ) . The 
value of the d ie le c tr ic  constan t of the a i r  a t  the surface of 
the earth  we sh a ll denote by eQ -  c (0 ), and we sh a ll denote by

O )  dopy avqJlaM* to DTIC dow not 
JuDt repioducttos
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c * TT • 1 > - F
(1.06)

the wave number evaluated a t  the surface o f the ea r th .

The f ie ld ,  expressed by the formulas (1.02) and (1.0^) 
w ill s a t is fy  Maxwell's equations I f  the function  U s a t is f ie s  
the equation

( I f  <•*») * - 2 ---- f  ( « " * - )\  € Br J  r  s in  9 d9 \  B e /

i Introduce a new function

k* erU = 0 .

(1.07)

Uj :  t r  ^Jsln  9 V 

This function  must s a t is fy  the equation:

L M no\

The f ie ld  a t  the surfaoe of the ea rth  must s a t is fy  
Leontovlch 's cond itions

where

Efl 1 -  — ; Y.. ,
6 J T  0

(1.10)

q « e2 + 1 (Utt/ o)' <r2 (1.11)

Is  the complex d le le o tr lc  constan t of the s o l i .  Leontovlch's 
condition  w ill be s a t is f ie d  I f  the function  s a t i s f ie s  the 
condition

(4)

(a t r  = a) (1.18)
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In the function Uĵ  l e t  us separate  out a rap id ly  varying 
factor by assuming

ar.ere K has the s ign ificance  (1.06) and s « ad Is  the length 
0f the arc along the e a r th 's  surface from the po in t where the 
dipole Is  located to  the point where the f ie ld  Is  being computed. 

y3r function 1'2 we obtain  the equation

where c  denotes the d e riva tive  of € (h)«e(r-a) with respect to  r .

The equation (1.14) Is  so w ritten  th a t the le ft-hand  
f-ortlon contains the most Important terms while the r ig h t 
h3nd side contains co rrec tiv e  terms, which, as we sh a ll  show, 
r.ay be replaced by zero.

Upon evaluating  the order of magnitude of the re su lta n t 
we may take advantage of the re s u l ts  obtained fo r  the case of 
homogeneous atmosphere. I f  we Introduce the la rge  parameter

,lka (1.13)

( i . :5 )

Then

where the symbol 0 stands fo r "of the order o f " .

(5)
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On the o ther hand. I f  Vie exclude from our consideration* 
the ionosphere (where « may become zero) then the grad ien t 
of the logarithm  of e w ill be of the o rder of the curvature 
of the e a r th 's  surface so th a t

-  0 ( f )  • (1.17)

Prom th is  I t  ie  seen th a t  separate  terms of the l e f t  side of 
2

(1.14) w ill  be of the order not le ss  than ^  U? ’ whl-la  on 
tn

the r ig h t side the terms contain ing  the d e r iv a tiv e s , w ill  be
u2 2

of the o rd e r - 5  Ug . As regards the terms contain ing  Bln 0 

in  the denominator then under condition

ks »  m (1 .18)

these terms likew ise w ill  be sm all. In th is  way, by dropping
the magnitude of the o rder i  as compared with un ity , we sha ll

ITl
be ab le  to  s u b s ti tu te  zero fo r the r ig h t side of equation (1.14) 
a f te r  which we sh a ll  ob tain

9*1

a ?
(1.19)

This i s  a parabolic  equation of our problem which resembles 
In form the Sehroealnger equation of the quantum mechanics.

We can make fu r th e r  s im p lif ic a tio n  in  th i s  equation by 
making use o f the approximate eq u a lity

1 - ^ * 2 $ .  (1.20)
r

In troducing , In ad d ition  to  th a t .  In place of the angle 0 the 
length  of the arc  s •  a t  and regard ing  s ar.d h as Independent 
va r ia b le s , we a rr iv e  a t

(1 . 21)
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- , c boundary condition fo r  V2 a t  the surface of the earth  w ill 
, f *r.e same as fo r  Uj, namely

The condition  a t  in f in i ty *  (tw o ) maybe obtained from 
consideration of the phase of the H ertzian func tion . I f  we 
je t

y - |u j e 10 U2 = |u2 | e1(* • ks) , (1.23)
Then, since we are considering  the wave coming from the source, 
the phase o f $ must Increase with in crease in  height h . -From 
th is  we ob tain  the condition

! * > 0 ,  (1.2H)

^Footnote:

We are taking an opportunity  to  co rre c t an inaccuracy 
permitted ir. the discussion  of the conditions a t  in f in i ty  
it: the a r t ic le  by tf. A. Leontovich ar.d V. A. Fock.2 In th is  
a rtic le- during the so lu tion  of the problem fo r  spherical ea rth  
there was s e t  a requirement th a t not only the H ertzian function 
but a lso  a l l  separate items of the s e r ie s  rep resen ting  i t  
(independent o a r tla l  so lu tio n s) remained f i n i t e  w ith unlim ited 
increase of the variab le  (proportional to  the height h ) . 
Actually th is  requirement i s  not met. N evertheless, the 
p a r t ia l  so lu tions were se lec ted  c o rre c tly  and a l l  o f the 
remaining re s u l ts  o f above a r t ic le  a re  a lso  c o r re c t.  The 
reasons given fo r the se le c tio n  of the per-tla l so lu tions 
must be replaced by the condition  fo r  the phase, analogous 

to  our condition  > 0. Instead  of th a t i t  was a lso  per-
to  require  exponential a tten u a tio n  of the wave in 

she presence of unlim ited increase of the v ariab le  x, pro­
po rtiona l to  the ho rizon ta l d is tance  s.

(7)



which muat be f u l f i l l e d ,  a t  le a s t  fo r  s u f f ic ie n tly  large values 
of h .

In add ition  to  the above requirem ents, the Hertzian func­
tio n  U, and a lso  function  U2 must remain f i n i te  and continuous 
throughout the e n tire  space with the exception of the region 
Immediately ad jacent to  the source.

For a s in g u la r so lu tio n  to  the equation (1.21) i t  remains 
fo r  us to  form ulate a condition  which must be s a t is f ie d  by 
function  b'2 In the region lnm edlate to  the source. F ir s t ,  I t  
Is  apparent th a t In the Immediate neighborhood of the source 
equation (1 .16) I s  In v a lid , and equation (1 .21) i t s e l f  Is no 
longer co rre c t.  For th is  reason the region must, n evertheless, 
remain in  the "wave tone" . For example, we may take a region 
where a " re f le c tio n  formula” a p p lie s , and obtain  the desired  
condition  by demanding th a t the sought so lu tio n  In th is  region 
be In conformity w ith a r e f le c tio n  formula.

The re f le c t io n  formula has the form 

lkR
U = ?-----(1 + f)  , (1.25)

R

where f  la  the Fresnel c o e f f ic ie n t .  Because we are making use 
of the boundary cond itions of Leontovlch ( 1 . 10) we thereby 
assume th a t|q |> >  1. I f  we. In  add itio n , w ill assume tha t 
h << s, l . e . ,  consider low angles of ray above the e a r th 's  
su rface , then we can assume

r  i  8 + h f , f  = h 4 ?  - ° . (1 . 26)
2s h Jq" + B

S u b s titu tin g  these expressions In (1 .25 ), we come to  the con­
clusion  th a t In the region where the " re f le c tio n  formula" Is 
ap p licab le  the function
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r .jst be transformed Into the form

„ - u r
h J T + s

( 1 . 28)

A u to m a tic a lly , t h i s  c o n d it io n  la  e q u iv a le n t  to  th e  requlremert 
th a t  when s—*0 i.nd h > 0 th e  f u n c t io n  U., has a p ro p e r ty  
c h a ra c te r iz e d  b j the  c o n d it io n

1 in: 
s-#0

! ! oJ TJ T  J 0
(1.29)

More de ta iled  b a i ls  fo r the condition  (1.29) «*y be 
found In the referenced work by M. Leontovlch and V. Fock.2

Let ua note th a t In  place o f conditions (1.29) and (1.28) 
we could have se t up s t i l l  a more s tr in g e n t condition , requ iring  
th a t In th a t region where the Influence of the curvature of 
the e a r th 's  surface and of the nonhomogenelty of the atmaophere 
already ceases and where the formula of Weyl-van der Pol Is 
applicab le*  our so lu tio n  should pass In to  the so lu tion  by 
Veyl van der Pol.

2. T ransfer to  Dimensionless Q uantities

The d if f e r e n t ia l  equation fo r  function Ug, derived by 
us, takes the form:

dU„ A  - 2 h \
<2 . 01 )

Let ub consider the c o e ff ic ie n t o f Ug in  th is  equation. Having 
denoted by the value of the g rad ien t of the d ie le c tr ic

# Footnote:

The range of app lica tio n  o f the formula Weyl-van der Pol 
was investigated  In d e ta i l  In our work.1

(9)
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c o n s ta n t  n e a r  th e  s u r fa c e  o f  th e  e a r th ,  we can  s e p a r a t e  o u t 
o f  th e  e x p re s s io n  f o r  £ th e  l i n e a r  t e m  and e x p re s s  th e  co-

The q u a n t i ty  (2 .0 3 )  la  th e  d i f f e r e n c e  betw een  th e  c u rv a tu r e  
o f  th e  e a r t h 's  s u r fa c e  and th e  c u rv a tu r e  o f  th e  r a y ,  w h ile  
th e  q u a n t i ty  a*  i s  commonly d e s ig n a te d  as th e  e q u iv a le n t  
r a d iu s  o f  th e  e a r th .  A dopting  th e  nom encla tu re  o f  (2 .0 3 )  
we can w r i te  th e  fo rm u la  (2 .0 2 )  in  th e  form

k2 ( ~ T ^  + h U + 8) * (2 -04>

g: f t  ■ e0  • (2,o5)
As c an  be se en  from  (2 .0 5 )  th e  q u e n t l ty  g i s  e x p re sse d  

in  d im e n s io n le s s  u n i t s  and depends upon th e  a v e rag e  g r a d ie n t  
(av e ra g ed  a lo n g  th e  h e ig h t )  o f  th e  d i e l e c t r i c  c o n s ta n t  o f  th e  
a i r * * a n d  th e  v a lu e  o f  th e  g r a d ie n t  a t  th e  e a r t h 's  s u r f a c e .
I n  th e  c a s e  o r  norm al a tm osphere  th e  m agnitude  g i s  p o s i t i v e  
b u t i n  c a se  o f  te m p e ra tu re  in v e r s io n  i t  may.become n e g a t iv e  
and th e n  o n ly  s t a r t i n g  w ith  a  c e r t a i n  h e ig h t  w i l l  a g a in  
become p o s i t i v e .  The a b s o lu te  m agnitude  o f  g  i s  u s u a l ly  n o t 
g r e a t e r  th a n  0 .2  o r  0 .3 .  W ith h-#oo th e  t h e o r e t i c a l

* 9  F o o tn o te :

C a lc u la te d  from  th e  s u r fa c e  o f  th e  e a r th  to  th e  g iv e n
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a* .  .
#lg n lf icance of g becomes —-  and with h = 0 w ill be g » 0 .

the case of normal atmosphere the quan tity  g changes very 
■lowly« but In case of Inversion I t s  change takes place con- 
alderably f a s te r .

S u b stitu tin g  expression (2.04) In the d if f e r e n t ia l  equa­
tion (2 .01) we obtain

d2U„ 3U0 2k2
2 + 2iic — 1  + —  h (1 + g) U_ = 0 . (2.06)

dh2 3s a*  2

For In v estig a tio n  o f equation (2.06) I t  I s  convenient 
to change from h and s to  dlmenslonleBs q u a n tit ie s .  For th is  
purpose we sh a l l  Introduce v e r tic a l and h o rizon ta l sca les .

hi = IS* s>= r?
and we denote

(2.07)

(2 . 08)

In order to  sim plify  the condition  (1 .29 ), we w ill a lso  change 
to a new dim ensionless function  W1# assuming

02 = Wj . (2.09)

In add ition  to  th a t l e t

Using the new n o ta tio n , the d if f e r e n t ia l  equation, the 
boundary cond ition , and the condition determ ining s in g u la r ity  
a re  w ritten

(11 )
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d2W, *W.

^ + 1 s r + y (1 + 8) w* = 0 '  ( 2 U )

aw.
— i  + qVi :  0 (with y = 0) (2 . 12)
3y

1 £Um̂  - jl= e1 = 0 (y > 0) (2 .13)

In add ition  to  th a t,  th ere  remains In fo rce  the condition  fo r 
phase of « = ke + arg W1 , namely

> 6 (w ith y »  1 ) (2.14)
dy

The q u an tity  g en te ring  In the equation (2.11) was 
determined above ^formula (2.05)J as a fu n c tio n  of height h. 
Denote- by hQ some height charac te riz in g  the ra te  of change 
of the grad ien t o f the d ie le c tr ic  constan t of the a i r ,  e .g . ,  
th a t height In te rv a l w ith in  which the g rad ien t changes by 
e * 2.718 tim es. (For normal atmosphere h0 = 7400M; In o ther 
cases I t  I s  possib le  only to  denote the o rd e r of magnitude of 
h0 which la  a l l  th a t we need.) The q u an tity  g we may regard 
as a function  of the r a t io  h /hQ.

8 = g(h /h0) , g (0) = 0 , (2.15)

considering  th a t the d eriv a tiv e  o f th is  func tion  r e la t iv e  
to  l t a  "argument" w ill be of the order o f u n ity . With the 
t ra n s fe r  to  the dlmenalonle6B q u an tit ie s  (2 .06) ,  we must regard 
g as a function  of y. Since h ■ l^ y , we sh a ll  have

g * g(ey)

(12)

( 2 . 16)
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where

(2.17)

In the fu tu re  we sh a ll  regard the parameter 0 as a small 
quantity. In order to  evaluate I t s  order of magnitude assume 
h s 7400M (normal atmosphere) and replace the equivalent 
radius a*  by the geom etrical rad ius a . Then fo r  X • 1 M,
X ■ 100 M, and X - 1000 M there  sh a ll  be obtained correspond­
ingly p ■ 0 . 006, p « 0.0*7, P * 0.13, P = 0.58. In case of 
Inversion, the magnitude of hQ w ill be s ig n if ic a n tly  less  and 
the parameter p w ill become small only fo r  p roportionately  
shorter wavelengths.

3. Solution of Bquatlons 

I f  In the equation

32W, dw. ,  -
+ 1 + y [ l  + g(Py)J Wj = 0 (3 . 01)

we assume p * 0 , because g (0) * 0, the function g w ill l ik e ­
wise become equal to  zero , and the equation w lil U-cums the 
same as th a t which was d iscussed  and solved ^ together with 
the boundary conditions (2 .12) and (2 .13)] In our previous 
work devoted to  the in v e s tig a tio n  of the case of homogeneous 
atmosphere. However, I t  Is  Important to  note th a t the condi­
tion p ■ 0 corresponds not to  the assumption of the homogeneity 
of the atmosphere, but to  the more general assumption of con­
stancy of g rad ien t of the d ie le c tr ic  constan t. The formulas 
obtained are the same as in  the case of homogeneous atmosphere 
with the exceptions th a t In the expressions fo r  x, y, and q 
In place of the rad ius of the ea rth  a, there  Is  Involved the 
equivalent rad ius a*. In th is  way, the sm allness of the 
magnitude 0 determ ines the degree of exactness with which I t  

(13)



1b possib le  tc  employ ( fo r  f i n i t e  values of y) the concept of 
the equivalent rad ius.

The so lu tion  fo r 0 -  0 was obtained by us In the form of 
an In teg ra l containing the  complex Airy func tion . The la t te r  
i s  th a t so lu tion  of the d i f f e r e n t ia l  equation

w "(t) = tw (t) . (3 . 02)

which has, fo r  large negative values o f t ,  
expression

l i  - i  i l ( -  t )
« ( t)  -  e ’  ( -  t )  *  e 7

the asy rr “"otic 

3/2
. (3-03)

The so lu tio n  fo r  g(0y) ■ 0 has the form

where the contour ranges from t  * 1 op to  t  = 0 and from t  3 0 
to t  * ooela  (0 < a < -j) enclosing t i l  of the roo ts of the 
denominator of the func tion  under the In te g ra l.  (This contour 
can, of course, be rep laced  by some o ther equivalen t contour.) 
This so lu tio n  coincides w ith th a t which was obtained e a r l ie r  
In our f i r s t  paper . 1 

an
Uslng^analogous method we s h a l l  attem pt to  find  a solu­

tio n  fo r our equations fo r  the general case of 0 /  0. At 
the same time we sh a ll  n o t make the  assumption th a t 0 la  small 
and only la te r ,  with the aim of sim plify ing  the obtained general 
so lu tio n , w ill  we make use of a restric tion  'egardlng the small­
ness of 0 .

The equation (3.01) perm its separa tion  of the v a r ia b le s . 
P a r t ia l  so lu tions of the equation (3.10) having the form of 
a function  of x m u ltip ly ing  a function  of y contain ing  an 
a rb itra ry  parameter t ,  w i l l  be w r itte n  as 

( » )



f (y . t )  ,

f(y , t )  s a t i s f ie s  the aquation

^  + [y  - t  + yg .'py)] f

(5.05)

(3 . 06)

prom the theory of d if f e r e n t ia l  equations i t  i s  known tha t 
If the I n i t i a l  value ( i .e .  i t s  value with y ■ 0) of the 
function f  and i t s  deriv a tiv e  w ith respec t to  y are  e n tire  
functions of the parameter t ,  then the in te g ra l o f the equa­
tion (3 . 06) w ill be an e n tire  transcendental function o f t .
He sh a ll designate by f  (y, t )  th a t in te g ra l o f the equation 
(>.06) which la  an e n tire  transcendental function of t  and 
permits, fo r  large values of the d iffe rence  y - t  (o r I ts  
real p a r t ) ,  the asymptotic rep re sen ta tio n

f(y, t)  = Ce . exp l~ 1 f  J u  - t  + ug(flu) dul.
>  - t  + yg(Py) [  J  J

T (3.07)

The lo w e r  l i m i t  o f  t in  th e  i n t e g r a l  w hich a p p e a rs  In  
the e x p o n e n tia l  may be ta k en  a r b i t r a r i l y .  The c o e f f i c i e n t  C

1 Imay be a f u n c t io n  o f  p a ra m e te r  t .  The phase  f a c to r  e i s  
added in  o r d e r  t h a t ,  w ith  g  * 0 and t * t ,  th e  e x p re s s io n  
(> .07) w i l l  t r a n s fo rm  in to  th e  a sy m p to tic  e x p re s s io n  f o r  th e  
fu n c tio n

f (y ,  t )  = Cw(t - y) . (3.08)

The expression (>.07) was tfeken in  accordance with the 
requirement ^  > 0, imposed on the phase.

D esignating by f (y ,  t )  the in te g ra l o f equation (3.06) 
Just determined, we sh a ll  consider the expression

(15)



(3.09)

Where the contour r  has the fo ra  analogous to  contour C In 
the In teg ra l (3 .0U).

F i r s t ,  l e t  us note th a t the function  under the in teg ra l 
i s  uniquely determined by the conditions la id  down previously, 
because the fa c to r  C which remained unevaluated in  (3.07) has 
been elim inated .

F u rther, the function  under the in te g ra l In (3-09) repre­
sen ts  a meromorphlc function  of the complex v ariab le  t ;  tlio 
only s in g u la r po in ts In i t  are  the roo ts  of the denominator.

In v es tig a tio n  of the ro o ts  of the denominator in  (3-09) 
i s  d i f f ic u l t  to  ca rry  out with f u l l  r ig o r . For such inv estig a ­
tio n  i t  i s  necessary to  know the behavior of the function  g(py) 
with complex values of y in  the v ic in ity  of arg y • ^  . However, 
on the b asis  of c e r ta in  not fu l ly  rigorous considera tions which 
we sh a ll  not c i te  here , i t  can be expected th a t i f  the function 
g(Py) w ill remain Bmall in  the ind ica ted  complex region (e .g . ,  
l i t  < J)» then the roo ts w ill be located  in  the same way as in  
the case g = 0, i . e . ,  in  the f irB t quadrant of the plane t  in  
the v ic in ity  of a rg  t  = ^  . In any case i t  w ill be so fo r 
small values of param eter p.

I t  i s  a lso  necessary fo r us to  know the behavior of the 
function f (y , t )  fo r  p o s itiv e  values of t  - y (and a lso  in  the 
ce r ta in  sec to r  of the t-p lan e  including  the p o s it iv e  re a l a x is ) . 
The desired  asym ptotic expression w ill  be obtained by the 
an a ly tic a l co n tinua tion  of expression (3.07) through the th ird  
and fou rth  quadrants of the plane t ,  becauc.* in  the f i r s t  are 
located  the ro o ts  of f (y ,  t ) . I t  w ill  have the form

(16)
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I f  we assume here th a t g - 0 and take t  -  t ,  then th is  
expression w ill lead , aa did (3 .07), to  the asymptotic expree­
xion fo r  the function (3 .08 ).

Knowing the lo ca tio n  of the roo ts and the behavior of the 
function under the in te g ra l on both sides of the region where 
the roo ts are  located , I t  Is  then possib le  to  take in  the 
In teg ra l (3 . 09) the eontour T In such a way th a t I t  Includes 
a l l  the rootB of the denominator and goes away with branches 
to  In f in ity .  For the I n i t i a l  branch of the contour (d isappear­
ing in to  In f in ity )  w ill  hold c o rre c tly  the asymptotic re la tio n  
(3.07) and fo r  the term inal branch (disappearing In to  in f ln l ty ) -  
the expression (3 .1 0 ). At the same time the In teg ra l taken 
along th is  contour w ill be converging.

The preceding d iscussion  had the purpose to  show th a t the 
expression (3 . 09) fo r  the function has a d e f in ite  mathematical 
s ig n ifican ce .

Let us show now th a t I t  s a t i s f ie s  a l l  conditions which 
have been la id  down. F i r s t ,  I t  Is  c le a r  th a t  I t  s a t i s f ie s  
the d if f e r e n t ia l  equation (3-01) because I t  Is  s a t is f ie d  by 
the function  under the In te g ra l.  Further, I t  s a t i s f ie s  the 
boundary condition (2 .12 ).

— i- + qV. « 0 with y = 0 (3-11)
3y

In f a c t ,  by d if fe re n t ia t in g  In (3.09) under the sign of 
the in te g ra l and then asa-.mlng y • 0, we sh a ll  see th a t the 
numerator of the f ra c tio n  w ill cancel with the denominator 
and the function  under the In teg ra l w ill be holoaorphlc, fo r

(17)



which reason the In teg ra l w ill  become equal to  zero. Then the 
In teg ra l w ill become converging and, th e re fo re , f in i te  lo r  
a l l  positiv e  values of x and y . I t  la  not d i f f ic u l t  to  verify 

th a t I t  w ill  s a t is fy  the condition  fo r  the phase > 0^ . |

I t  remains fo r  us to  check whether the expression (J.Ogj J
has the s in g u la r ity  near x • 0, which I s  required by the |
condition  (2 .1 J ) , o r, what i s  equ iva len t, to  v e r ify  whether j 
a t  short d is tan ces  from the source I t  gives the Weyl van der Pol ; 
formula or the re f le c t io n  formula. I

With the a id  of the asymptotic expression (2-07) and (3.10) 
fo r  f(y , t ) .  I t  I s  po ssib le  to  show th a t I f  x and y are small, 
and the re la t io n  £  I s  la rg e , then the p r in c ip a l portion  of the 
In teg ra tio n  w ill l i e  l r  the region o f la rge  negative values of 
t .  (The e a r l i e r  contour can be deformed so th a t I t  passes 
through th is  reg io n .) Making use of the expression (3.07), 
we obtain fo r  large negative values of t :

f ^ r' - ^  * |~  : t  exp J"l P  J u  - t  + ug du "I .
f ( 0 ,  t)  J y  - t  + yg (py) [  J  ^  J

° (3.12)
From th is

?  = i  J y - t  + yg (py) (3.13)

( t  + « ) ■ 1 J 7 '* ’ + ■ (3 -l4 >
'  / y  « 0

But when y I s  small the term yg(Py) la small compared with y 
and we can w rite  In place of (3-12)

____________  y _
r(y> t )  .  
f ( o ,  t)

( 18 )
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vs note now th a t the sane asymptotic expressions w ill be 
attained fo r  the same region I f  In place o f f (y , t )  we 
•uM tltute

f (y , t )  = w(t -  y) . (3.16)

gut a f te r  Buch su b s titu tio n  the In teg ra l (3.09) w ill  transform  
jr.to (3-0*) and the l a t t e r  g ives, fo r  small values of x, y 
the Weyl-van der Pol formula, the re f le c tio n  formula, and the 
Boundary condition  (2 .13).

We can 
variable of 
y and y2 as

a lso  v e r ify  th is  more d ire c tly .  Introducing the 
In te g ra tio n  p «J  - t  and neglecting  the q u a n titie s  
compared with p we find th a t

f (y ,

f (o ,  -  p^)
: elyp (3.17)

( £ §  + q )  c ip  + q (3-18)
y » 0

S ubstitu tion  of these q u an tit ie s  In the In teg ra l (3.09) gives 

w : e ' 1 _ i_  f  p-1 (xP2 - yP) P dP1 F  J  * (3.19)

where the contour Tg In te rse c ts  the p o s itiv e  re a l ax is In the 
Plane of p from below upwards (In the v ic in i ty  of po in t p =
I f  we should compute the In teg ra l (3.19) without neglecting  
anything, we sh a ll  a rr iv e  a t  the Weyl-van der Pol formula. I f  
we compute I t  by the method of s ta tio n a ry  phase we a rr iv e  a t 
the re f le c tio n  formula. I f  we neglect the quan tity  | q | In 
comparison with , we obtain an expression which w ill reduce 
to  zero the l e f t  side of (2.13) even b rfore  taking the l im it .

By th is  I t  I s  proved th a t the expression (3.19) fo r  W2 
represen ts the desired  so lu tio n  of our problem.

(19)
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4. In v es tig a tio n  of The Solu tion  fo r  The Region of D irect 
V is ib i l i ty

Instead  of function W jiIt I s  more convenient to  consider 
another function  d is tingu ished  from by a fa c to r  J"x\ We 
sh a l l  l e t

Remembering the connections between the functions U, U-̂ , 
U2, and Wj, given by the formulas (1 .08 ), (1 .13 ), and (2 . 09), 
and neg lec ting  the d is tin c tio n  between r  and a and between 
e and «0 when these q u a n tit ie s  en te r In the ro le  o f fac to rs  
fo r  U we can w rite

Iks
U = e V(x, y , q) , (4.02)

J a s  s in  |

where s ,  as before Is  the ho rizo n ta l d is tan ce , measured along 
the arc  o f the e a r th 's  su rface , and x, y, and q, are connected 
with s , h , i) by the re la tio n s

where

(4.04)

I f  s is  small compared with the rad ius of the ea r th , then 
Instead  of s in  I t  i s  perm issib le  to  w rite  simply (as I t  
Is  u sua lly  w r i t te n ) . However, since the formulas remain 
co rrec t up to  very g re a t d is tan ces  where the d iffe ren ce  between 
the s ine  and the arc become s ig n if ic a n t ,  we re ta in  s in  ^  
under the ra d ic a l In  (4 .02 ).

( 20)
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The function V(x, y , 4) may be c a lled  the a ttenua tion  
factor; 1" those cases where I t  i s  perm issib le  to  consider 
^ : 0 and to  make use of the concept o f the equivalen t rad ius, 
iqustlon (4.01) fo r V transforme In to

». , )  = T ] ?  J  • J!llr.Jf.l. (4.05)

The function (4.05) Mas Investiga ted  In d e ta i l  In our 
paper1 and p a r t ia l ly  tabulated  (fo r q * 0 ).

The investig a tio n  which follow s w ill  In manj respects 
p ara lle l the sim ilar In v es tig a tio n  In our paper.

In the present sec tio n  we s h a ll  regard the l ln e -o f -s ig h t 
region which corresponds to sec tio n  VI o f our p ap e r.1

Geometrical o p tic s  Is  va lid  In  the l ln e -o f -s ig h t region 
remote from the horizon. I f  we make use of the expression 
(J.12) and Introduce the v ariab le  of In teg ra tio n  p * J  - t ,  
we sha ll ob tain  for V an In teg ra l of the form

J , .............................................................*j r  - j - “  ( r J i- yg (Py)/ p - i<i 
(4.06)

where fo r  b rev ity  we denote

' J T 7 7

(T ran s la to r 's  Note: Do not confuse th is  use -f x  fo r phase
with the use of x  fo r  angular frequency 1:: the time dependence

Computing the In te g ra l by the method of s ta tio n a ry  phase, 
s find the extremal o f the phase

( 21 )
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[T ra n s la to r 's  Note: Condition th a t ■ 0 in  (4 .0 7 )]. j
y

x * ?  f  7 ijdu 1 (*.08)
2 J  >  + pd ♦ ug (eu)

0 "

and a f te r  several operations we a rr iv e  a t  the expression

v ■ ■1“> P (*.09)

In th is  formula p rep resen ts  a function  of x and y 
determined from equation (4 .0 8 ). For g ■ 0 and a lso  fo r 
small values o f x and y.

p -  *  ■- , (4.10)
2x

and the expression under the sign  o r the rad ica l In (4.09) 
becomes equal to  u n ity .

Formula (4.09) is  v a lid  a lso  in  the case where the 
magnitude of p is  la rg e  and p o s itiv e  .

Our formulas perm it a simple d iscussion  from the po in t 
of view of geom etrical o p tic s .  Actually the complete phase

d = ks + u> (4.11)

of the function  U rep re sen ts  a so lu tio n  o f the elkonal equation

* ( t ij  ( - 5/  + . .
(4.12)

which, a f t e r  neg lec ting  small q u a n tit ie s  leads to  the follow - 
lnq equation for o>:

(W ♦ ■ ,*-1”
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to the rig h t i s  the q u an tity  (2 .04 ). After tra n s fe r  to  
variables x and y we obtain  from (4.13)

($J + 'k - y +'* «  («*> • (*■ »)

Relationship (4.08) ia  an equation of the tra je c to ry  of 
the ray passing through the o rig in  of the coord inates, and the 
quantity p i s  the param eter o f th is  t ra je c to ry .  The geom etrical 
significance of the param eter p i s :

( 't .lS )

where a is  the angle between the ray and the v e r t ic a l  lin e  
in the v ic in ity  of the source. The complete phase 4 is  the 
optical length of the path of the ray , reckoned from the source 
to the point x, y. The quan tity  p  i s  equal to

f |E I5  = 1 ♦ f  . (*..16)

where f  i s  Fresnel c o e f f ic ie n t.

Thus, in  those cases where geom etrical o p tics  is  app licab le , 
our formulas transform  in to  the formulas of the geom etrical 
op tics.

Formula (4.09) i s  app licab le  fo r  the ultim ate  values of 
x and y in  th a t case where param eter p i s  p o sitiv e  and la rge .
I f  x and y are  small the follow ing condition  becomes necessary

I f  the condition (4.17) 1« not f u l f i l l e d ,  in  the case of 
small values of x and y and la rge  values of p, the expression 
(4.06) remains in  fo rce , but the in te g ra l must be ca lcu la ted  
d if fe re n tly , namely <o must be rep laced by - xp2 + yp and the 

(23)
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fou rth  roo t must be replaced by un ity , a f te r  which the In teg ra  
Is  reduced to  form (3 . 19) (with a fa c to r  J"x) and w ill  give 
Weyl-van der Pol rormula.

l e t  us note th a t I f  x and Jy"  are la rg e , and the parameter ' 
p small compared w ith these q u a n tit ie s , then the equation of 
the tra je c to ry  (4.08) may be solved approxim ately fo r  p. We 
sh a ll have an approximation

y

P * \ f  | dU ■ - * ('♦•18)
J  J u  + ug (Pu)

Under the same conditions

® * ®0 (y) + 5  P5 » (*-19 )

where

®0(y) 1 ^  J u  + ug (pu) du , (4.20)

and the symbol p must be in te rp re ted  as an abbreviated designa­
tio n  fo r quan tity  (4 .16 ).

?i o equation p = 0 gives the geom etrical boundary of the 
shadow. 1 r  t;-.» r ig h t p a r t (4.18) becomes negative, then the 
equation '4 .08 ) w ill not have a re a l answer fo r  p ; however, 
function (4.1v) £and a lso  (4.10)} re ta in s  s ig n ifican ce  a lso  
in  th is  case . This apparent discrepancy i s  explained by the 
fa c t th a t the righ t-hand  p a r t  of (4.08) i s  not an an a ly tic a l 
function  of p near the region p « 0.

The expressions (4.18) and (4.19) w ill  be encountered by 
us in  the region of the penumbra where geom etrical o p tic s  la  
no longer app licab le .

(24)
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V vcc'-'Satlon of The Solution fo r The Region of The Penumbra 
(F in ite  X and Y)

The region of the penumbr^ Is  characterized  by the fa c t 
within I t  the param eter p, determined by the formula 

(i,lO) I0 e i th e r  & p o s itiv e  or a negative quantity  o f the 
order of u n ity .

I f  x and y are f i n i t e  we may construct a s e r ie s  fo r V, 
arranged according to  poles of the function  w ithin the In teg ra l 
t lg n .

He sh a ll  have

V(x, y, q) ■

where

D(t) • -

*  D ( t J  f(C
n ■ 1 n

- 1 —  ( i f i i + q *£>
f(0 , t )  \9 y d t  d t / y

(5 . 01)

( 5 . 02)

and t  rep resen ts a ro o t o f the equation

+ q f) -  o . (5.03)

y - 0

I f  p I s  not small then the computations using these 
formulas Is  extremely com plicated. For thlB reason In the 
fu ture  we s h a ll  lim it ourselves to  the case of very small 
values of p. At the same time, however, we sh a ll  not con­
s id e r as being small the product Py, but sh a ll a lso  consider 
large values of y (of the order 1/P and la r g e r ) .

I f  p Is  sm all, then In computing the f i r s t  rootB of the 
function (5.03) we can rep lace g(Py) by a l in e a r  function

g(0y) = [ e g '( o ) ] y  ■ p0y .

(25)
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The physical sign ificance  o f the c o e f f ic ie n t 0 Is

"'i OO.-
where h j I s  the scale  of height and «0 Is  the value of the 
second deriv a tiv e  of « with respec t to heigh t a t  the surface 
o f the ea r th .

For small values of 0O and f in i t e  values of y and t  In 
the ro le  of the so lu tion  o f the equation (3.06) we can take 
the function

■ y) - -  [
15 L

(3y + 2 t)  w(t - y) h

S u b stitu tin g  th is  expression In (5.03) we find  fo r  the 
desired  roo t the approximate expression

h (3y2 + **yt + 8 t2) w '( t  - y ) J  .

n (5.02

.  0„ P  „ 2 3 + * t° q*l
l n = fcn + ^  I 8 ( tn ) ~ ~ o~  " s  I » (5.07)

where t°  Is  the root o f the equation

o ’( t° )  - qo>(t°) - 0 . (5.08)

which was Investigated  In d e ta il  In reference [ l ] .  For function 
D (t) there  Is  obtained the expression

D(t) c ( t  - q2) (1 - ^  0O t)  

Lclents

r j y )

‘ 5  9o + j  po ’  ■ (5.09)

The height c o e ff ic ie n ts  encountered In  the formula (5.01) 

. f (y* *n>
f{0,

(26)

(5.10)
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p iy  be o b ta in e d  by n u m e rica l I n te g r a t io n  o f  th e  d i f f e r e n t i a l
equation

As lo n g  ae  y l a  f i n i t e  (even  though x may be v e ry  la rg e )  
the  v a lu es  o f  V (x, y ,  g) o b ta in e d  In  t h i s  way M il l ,  f o r  sm a ll 
v a lu es  o f 0 ,  d i f f e r  b u t l i t t l e  from  v a lu e s  f o r  p ■ 0 . More 
o r  l e s s  s ig n i f i c a n t  d i f f e r e n c e  may a p p ea r  o n ly  in  th e  co - 

l x t
e f f i c i e n t  e , g iv in g  th e  a t te n u a t io n  and added p h a se .
Por t h i s  r e a so n  I t  I s  s u f f i c i e n t  to  a p p ly  th e  c o r r e c t io n  to  
th e se  c o e f f i c i e n t s .

I f  no s p e c ia l  a cc u ra cy  I s  r e q u ir e d ,  i t  la  p o s s ib l e  to  
n e g le c t  t h i s  c o r r e c t io n  and sim p ly  a c c e p t th a t  In  th e  c a se  
under c o n s id e r a t io n  th e  e x p re s s io n  f o r  V (y, y , q) c o in c id e s  
w ith  th e  one d e riv e d  f o r  th e  case  o f homogeneous atm osphere  
(u n d er th e  c o n d it io n  th a t  th e  r a d iu s  o f  th e  e a r th  I s  re p la c e d  
by th e  e q u iv a le n t  r a d iu s ) .  I t  I s  then  p o s s ib l e  t o  make use 
o f  a l l  th e  fo rm u las  and ta b l e s  o b ta in e d  f o r  th a t  c a s e .

V I. I n v e s t ig a t io n  o f  The S o lu tio n  f o r  The Region o f  Penumbra 
(L arge  V alues o f  X and Y)

The c a s e  p r e s e n t in g  th e  g r e a t e s t ,  from  th e  p r a c t i c a l  
s ta n d p o in t ,  i n t e r e s t  i s  th e  one where x and y a re  ve ry  la rg e  
w h ile  the  q u a n t i ty

I s  f i n i t e .  We a lre a d y  p o in te d  o u t t h a t  th e  s ig n i f ic a n c e  o f  
p * 0 c o rre sp o n d s  t o  th e  l im i t  o f  d i r e c t  v i s i b i l i t y ,  where

fo r  th e  I n i t i a l  c o n d it io n s

f n (0) -  1 and f ^ O )  = -  q .

(5.11)

(5.1?)

(6 . 01)

(?7)
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p o s itiv e  values of p correspond to the region of l in e  of sight 
an the negative values of p to  the reg ion  beyond the horizon.

In th is  case. In computing the in te g ra l (4.01) fo r  
V(x, y, q) I t  Is  necessary to  keep In mind th a t the p rincipal 
sec to r of In teg ra tion  w ill correspond to  the f in i te  values of 
t  where y Is  la rg e . For th is  reason I t  Is  necessary to  find 
such a n a ly tica l expression fo r  f (y , t )  which would be valid  
both fo r  very large and fo r  f i n i t e  values of y - t .  This la 
found to  be possible fo r  the condition  o f small value of

Let us Introduce the  quan tity  X, defined by the equation
y _______ _________

|  (-  * J  J u  - t  + ug (0u) du (6.02)

2X3/*
7 J 1 J t  - u - ug (pu) du (6.03)

where t Is the root of the equation

t - t  + vg (0t) = 0 . (6.0*1-)

For small values of P0 and fo r  f in i t e  values of y and t .

X 1 t  - y ’ I 5 ( ^  + ^  + 8t2) ' (f5-05>

Then the function

f (y» t )  = - $  <d(X) (6.06)

w ill  presen t the so lu tio n  of the equation (3 . 06) with an e r ro r  
of the order of 0^ fo r f in i t e  values of x and y of the order o f

( 28 )



\ / l  ' fo r la :g e  values of y and f i n i t e  values t .  With the aid 
,  expression (6.05) I t  I s  not d i f f ic u l t  to  prove th a t In 

f upending (6.06) according to  the powers of 0O , the terms of 
lhe se rie s  up to  0O Inclusive are Iden tica l with (5 . 06) . How- 
fV(.r , the expression (6.06) 1? v a lid  In those ca6e6 when (fo r  
large values of y) the expansion o f (5.06) Is  not app licab le , 
i r  the quan tity  X Is ve-y la rge  and negative (which takes place 
f j r  large values of y) then the expansion (6 .06) Is  transformed 
Into the following:

r (y ,  t )  * u j
3 f y - t T y g  (py)

exp t ug (pu) du*]•
The l a t t e r  coincides w ith (J.07) I f ,  In th a t equation, 

one makes C -  1 and takes fo r  t  the roo t o f the equation (6 .04 ). 
In th is  way, through the use of the formula (6.06) we have 
verified  th a t the same so lu tion  of the equation (3-06) w ill 
have, fo r  f in i te  values of y , the expression (5 . 06) and fo r 
large values of y, the expression (6 .07).

We can now j.n evaluating  the In teg ra l

» . q> =  ̂JT J
r

, lx t  f  (y . t )

( M .
d t (6 . 08)

make use of both expresslcn? (5.06) and (6.07) a t  the same 
time, namely, su b s titu te  the expression (6 .07) In the numerator 
and expression (5.06) In the denominator. At the same tir.-- we 
car. to some ex ten t sim plify both expressions. Neglecting minor 
co rrec tio n s , we s h a ll .  In place of (5 .06), w rite simply

f(y , t )  » w(t -  y) .

(29)
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and In the formula (6.07) in  the c o e ff ic ie n t before the 
exponential function we s h a ll  neg lect the quan tity  t  as 
compared with y, and rep lace the exponent by the approximate 
expression

J*  J u  - t  + ug (pu) du = ^  J  u + ug (pu) du - |  t

I (6 . 10)
J u  + us (Pu)

Using the no ta tion  of (A.lS) and (*.20) we can w rite

|----5T“ i  ?  lto.y - i t  (x + p)
f (y , t ) =  2 ^ e 4 e °  . (6.11)

As a r e s u l t  we are  rep lac ing  the function  f(y , t )  In the 
denominator by the Airy func tion , and In the numerator by the 
exponential function .

S ub stitu tin g  (6 . 09) and (6.11) in  the in te g ra l (6.08) we 
w ill obtain

V(x, y, q) ______ d t______
w’ ( t)  - qw(t)

( 6 . 12 )

The remaining in te g ra l can be evaluated  by a known function. 
In our work £ l^  i t  i s  denoted by

V -  P. <*) = ~  f e'ipt -T------~ ---- (6.13)
J tT  «| W ( t)  - qw(t)

r
and in v estiga ted  In d e ta i l .  For the cases q » 0 and q « 
there  are  ta b le s .

Footnc *;e:
The tab le s  fo r  q « 0 e published In [ 3}. 

(30)
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Formula (6.12) gives the co e ff ic ie n t o f a ttenua tion  fo r 
jfve region close to  the horizon. . I t  i s  In te re s tin g  to  compare 
this formula with the formula (4.09) va lid  In the region where 
geometrical o p tic s  are  app licab le . Making use of ('♦.IS) we 
ehall w rite the expression (4.09) In the form

But In our work [ l ]  I t  was shown th a t the function  (6.13) has, 
for large p o sitiv e  values of p , the asymptotic expression

In th is  way our formula (6.12) Is  transformed in  the lln e -o f-  
slgh t region In to  the formula of the geometric o p tic s .

For negative values of p the expression fo r V1(- p, q) 
may oe w ritten  In the form

Where | p |  Is large (p < 0) th is  s e r ie s  Is reduced to  the 
f i r s t  term which gives the atten u a tio n  of the wave In the 
region of umbra according to  the exponential law.

Function p, q) was f i r s t  Introduced In our works 
devoted to  the d if f ra c tio n  by a body of a rb itra ry  form. In 
these works there  was estab lished  a p rin c ip le  of the local 
f ie ld  In the region of the penumbra and I t  was shown tha t 
In th a t region the f ie ld  Is  expressed by the function 
V j(- p , q) having a un iversal ch arac te r.

The comparison of the formulas (612) and (6.14) allows 
us to  say In  a ce r ta in  sense, th a t the wave reaches the horizon 
with amplitude and phase corresponding to  the laws of

(6.15)

(6 . 16)

(31)
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geom etrical o p tic s  fo r  unlim ited mediums and a t  the horizon 
su ffe rs  d if f ra c tio n  according to  the law o f lo ca l f ie ld  In the 
region of the penumbra.

This p ic tu re  Is  found to  be In complete agreement with 
the Ideas of L. I .  Mandelstam In th a t In the propagation of 
electrom agnetic waves along the surface o f the earth  the 
p ro p e rtie s  of the ground are  s ig n if ic a n t not along the 
e n tire  tra je c to ry  of the ray , but only In th a t region 
where there  Is located  on the ground the tra n sm itte r  and 
the re ce iv e r (" lin e  of departure" and " lin e  of a rr iv a l"  
a re a ) .

I f  we accept th is  p ic tu re  then the ro lu tio n  obtained 
In th is  sec tio n  may be applied to  th a t case where the 
p ro p e rtie s  of the e a r th 's  surface In d iffe re n t areas are 
not equal, under the condition  th a t In the function 
Vx(- p, q) the complex param eter q corresponds to  the 
p ro p e rtie s  of the ground In th a t area where the ray touches 
the e a r th .

REFERENCES

1. V. A. Fock, D iffrac tio n  of Radio Waves Around E arth’s
Surface. AN-USSR, Moscow, Leningrad, 1946.

2. M. A. Leontovlch and V. A. Fock, The Solution of the
Problem fo r  Propagation of Electromagnetic 
Waves Along the Surface of the Earth Using 
the Method of the Parabolic Equation.
Jour. Exp. Theor. Phys., USSR, 16:7, 557. 1946.

5. V. A. Pock, Jour. Exp. Theor. Phys., USSR, 1£:12, 693-702, 
19*5 •

(32)



159

VII.

THEORY OF RADIOWAVE PROPAGATION IN AN INHOMOGENEOUS ATMSOPHERE 
FOR A RAISED SOURCE

We have developed the theory of radiowave propagation In

fo r the case when the source Is a v e r tic a l e le c tr ic  dipole 
s itu a ted  on the e a r th 's  su rface . On the o ther hand, we have 
considered [ 2]  the case of a ra ised  source (ho rizon ta l and 
v e r tic a l e le c tr ic  and magnetic dipo les) assuming a homogeneous 
atmosphere.

The formulas derived In [ l ]  fo r  the general case of 
a rb itra ry  behavior of the re fra c tio n  Index, were developed 
there  in  more d e ta i l  assuming normal re fra c tio n  when the 
radiowave propagation has the same q u a lita tiv e  cha rac te r as 
In a homogeneous atmosphere. The case of super re fra c tio n , 
when the lower lay e r of the atmosphere acquires the charac te r 
o f a  wave guide. Is  o f Independent In te re s t  and wmrits sp ec ia l 
considera tion . In the presen t work, we consider th is  case in 
d e ta i l .  For I t s  q u a lita tiv e  c h a ra c te r is tic s ,  the analogy 
with the unsteady problem In quantum mechanics o f the d isp e r­
sion of a wave packet in  a given force f le id  appears to  be 
u sefu l: apparen tly , th is  analogy has not been observed u r t l l
now.

lhe question of radiowave propagation under the conditions 
when the atmsophere a c ts  as a wave guide was a lso  stud ied  by

V. A. Pock

In troduction

an atmosphere with d ie le c tr ic  constant dependent on height

(1)
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P. E Krasnushkln by applying the normal mode method to  p lanar- 
lavcred and spherica l-lay e red  media [ 3] .  However, the In te resting  
study of P. E. Krasnushkln has e predominantly q u a lita tiv e  
cha rac te r and a number of e e se n tla l  mathematical problems remain 
unexplained} In p a r t ic u la r ,  the question of the spectnm  of the 
complex eigenvalues of the "normal waves" and the boundary 
conditions fo r  the corresponding "normal functions".

In Sec. 1 of the p resen t work the fundamental equations 
and the boundary conditions of the problem are s e t  down. In 
Sec. 2 the approximate form of the equations Is  considered 
(Leontovich 's parabolic  equations) with the corresponding 
boundary conditions and the conditions determ ining the singu­
l a r i t y .  In Sec. 3 an analogy Is  ca rr ied  out between the 
formulated problem and the unsteady problem of quantum mechanics. 
A fter transform ation  to  nondimensional q u an tit ie s  (Sec. 4), 
a study Is  made o f the p ro p e rtie s  of the p a r tic u la r  so lu tions 
of the d i f f e r e n t ia l  equations (Sec. 5 ), from which there  Is  
then constructed  a general so lu tio n  In the form of a contour 
In te g ra l and a s e r ie s  (Sec. 6 ). The general theory Is  applied  
then to the case of super re f ra c tio n  (Sec. 7) where an example 
Is  considered In which the curve of the reduced re fra c tio n  
index Is  assumed to  be composed o f two r e c t i l in e a r  segments.
In the l a s t  sec tio n  (Sec. 8) there  are  derived approximate 
formulas, analogous to  the sem l-c lasslca l quantum mechanics 
formulas, fo r  the determ ination of the a tten u a tio n  c o e ff ic ie n ts  
and the height f a c to rs .  Questions on numerical computation 
methods are  not touched upon In th i s  work.

Section 1. Fundamental Equations and L im iting Conditions

Let us denote by r ,  6 , $, the sph e rica l coordinates with 
o r ig in  a t  the ce n te r  o f the ea rth  and with the po la r ax is passing 
through the ra d ia tin g  d ip o le . Let us denote the e a r th 's  rad ius

(2 )
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by a . We assume the d ipole  to  be found a t  a height h 1 = b - a 
above the e a r th 's  surface so th a t I t s  coordinates w ill be 
r  -  b, 0 • 0. We w ill consider the d ie le c tr ic  constant >f 
the a i r ,  e. to  be a function  of the height h » r  - a , above 
the e a r th 's  surface.

The f ie ld  In a i r  can be expressed according to  the w ell- 
known formulas through the Debye p o te n tia ls  u, v.

We have

1 d2 (cru) Its dv
? Bln S Or OS c 39

1 a2 (rv)
? s in  S Or 99

( 1 . 01)

(1 . 02)

The same expressions a re  applicab le  fo r  the f ie ld  w ithin the 
ea rth  i t  we understand by e the complex d ie le c tr ic  constan t 
o f the ea r th . The dependence on time Is  assumed here In the 
form of the fa c to r  e“lto t. The symbol A* denotes the Laplace 
operator on a sphere:

A  - Bis-* w (®ln e w) + ^  3? (103)

(3)
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Kaxweli . 
s a tis fy ;

and

1 3 ^ irv i + A  + ^  €v .  0 (1 . 05)
r  dr* tc c

The co n tinu ity  o f the tan g en tia l components of the f ie ld  
w ill be guaranteed I f  the q u a n tit ie s

m , 1 * ^  . „ , *tSl (1.06)

arc  continuous.
By means of well-known reasoning, there  Is  obtained the 

approximate form of the boundary conditions (Leontovich con­
d itio n s ) .  I f  we put k ■ jj- , denote the complex d ie le c tr ic  
constan t o f the ea rth  by t) and keep e fo r  the  d ie le c tr ic  
constan t o f u l r ,  then we w ill  have

and

Dr
lk  ~  ( tru ) (fo r r  = a) (1.07)

- - lk  f f r  (rv) ( fo r  r  = a) (1,08) 
dr *

L ater w«- e h . c i . :  f ie ld  fo r  which u /  0, v = 0
" v e r t ic a l ly  pci->r:z' o ' md the f ie ld  fo r  which u 1 0, v /  0 
"ho rizo n ta lly  po larized" In th is  sense, the f ie ld  o f a 
v e r t ic a l  e le c tr ic  dipole remains v e r t ic a l ly  p o la rized  In  a l l  
space. The f ie ld  of a v e r t ic a l  magnetic d ipo le  (horizontal 
frame) has ho rizon tal p o la r iz a tio n  everywhere. A ho rizon ta l 

(A)
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e lec tr ic  dipole ex c ites  fie ld #  of both fonas: both h o rizon ta lly  
gjK* v e r t ic a l ly  p o la rised . In the case o f a homogeneous atmos­
phere, the v e r t ic a l ly  p o la rised  f ie ld  decreases w ith Increasing 
distance more slowly than a h o rizo n ta lly  p o la rized . Consequently, 
the f ie ld  from c h o rizon ta l e le c tr ic  dipolo a t  small distances 
from the source w ill  be predominantly ho rizo n ta lly  po larized , 
but a t  la rg e  d istances (in  the reg ion  f a r  beyond the horizon) 
the p o la riza tio n  w ill  be predominantly v e r t ic a l .

The v e r t ic a l ly  p o la rized  f ie ld  can be expressed through 
the function  U (the Herts function  o f a  v e r t ic a l  e le c tr ic  
dipole) whicJ the follow ing p ro p e rtie s : U s a t is f ie s - th e
same d lf f e ? e n tia l  equetion (1.04) and the same boundary condi­
tions (1.07) as u and has, near the source, a s in g u la r ity  of 
the form

lkR
U « $ ----  + U* (1 OS)

R

where U* remains f i n i t e ,  and

R -  J r 2 + b2 - 2rb cos 9 ; k -  f  (1.10)

Sim ilarly , the h o rizo n ta lly  po la rised  f ie ld  ccn be expressed 
through the function  W(the Hertz function  of a v e r t ic a l  magnetic 
dipole) which s a t i s f ie s  the come d i f f e r e n t ia l  equation (1.05) 
and the same boundary conditions (1.08) as v and has near the 
source a s in g u la r ity  of the form

where W* remains f i n i t e .

The f ie ld s  of the v e r t ic a l  and ho rizon ta l e le c tr ic  and 
magnetic dipo les w ith moment M are expressed through the func­
tions 0 and W defined above.

(5 )



v e r t ic a l  e le c tr ic  d ipole we put

l6<i

For "he

u • U ; v - 0 (1.18)

For the v e r t ic a l  magnetic dipole (h o rizon ta l loop) we have

For the hc-izon*-9j e le c tr ic  dipole d irec ted  along the x axis 
which en te rs  in to  (1.01) and (1 .02), the functions u and v are 
de*f rrr.in«d from:

A -  - I l f  (32 +
30 \3 b  b J

• - lkM S'j  s in  0

where A* le  the Laplace operator on a sphere (1 03)

F in a lly , fo r  the h o rizon ta l magnetic d ipo le  d irec ted  along 
the x ax is we have:

A*u => - ikM sin  0
30

A*v •, M i - /?w  + w \
% \3b  * )

Therefore, in  a l l  fou r cases the study of the f ie ld  reduces to  
the etudy of the functions U and W.

Section 2. Approximate Form o f the Equations

Turning to  the approximate form of the equations, l e t  us 
denote by thr value o f the d ie le c tr ic  constan t of a i r  near 
the source (in  p ra c tic e  we can put « 1 ) and l e t  us put

(6)
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a « ad (2.01)

s .jch Chat a la  the h o rizo n ta l d istance between the source and 

tne point o f observation , measured along the a rc .

Instead of U and W le t  us Introduce the slowly varying 

functions U2 and Wg by p u ttin g

U s ( 2 . 02 )

As shown In £ l ] ,  a f t e r  neg lecting small q u an titie s  the 

equation In U2 becomes

3 %  3d8
— J -  + 21k — ‘  + k
Bh* da

U- = 0 (2.0A)

Instead of r  and 6 , the q u an tit ie s  h (height) and s (horizontal 

d istance) are taken as Independent v a riab le s . In our approxima­

tion , the equation fo r  Wg w ill have the same form; v iz ,.

+ 21k ^  + k2 ( t  .  ! + y ) = 0 (2.05)
Bh2 ' "  Be

We c a l l  (2.0A) and (2.05) the Leontovlch parabolic equations.

In construc ting  the boundary conditions on the e a r th 's  

surface (h - 0) we can neglect the d iffe rence  between the d i­

e le c tr ic  constant In  a i r  and un ity .

(7)
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On the other hand, we can Improve these cond itions some­
what by using our re s u l ts  which were obtained by the se r ie s  
summation method (see [2]  and £4] ) .  This Improvement reduces 
to  rep lacing  q by q + 1 In (1 .07 ), and rep lac ing  1 by T| -  1 
In (1 .08). As a re s u l t  we obtain

^  U„ (fo r h = 0) (2.06)

—2 = -  lk  h  - 1 W (fo r  h = 0)

Moreover, we should formulate the requirement th a t ,  in  the 
region near the source where the curvature of the e a r th 's  
surface and o f the rays can be neglected, th e re  should be a 
r e f le c tin g  formula fo r  the earth  plane. I f  the heigh t o f 
the source above the ea rth  Is  h ' = b -  a then th is  req u ire ­
ment means th a t in  the aforementioned region th ere  should be:

The fa c to rs  m ultiplying the second exponentials a re  the approxi­
mate values o f the F resnel co e ff ic ie n ts  fo r  v e r t ic a l  and horizontal 
p o la r iz a tio n . These la s t  two formulas are  g en era liza tio n s of our 
fom ula  (1 . 28) of [ l j .

(0 )
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Let us note th a t the expressions (2.08) and (2.09) s a tis fy  
approximately the boundary conditions (2 .06) and (2.07).

In
face h

th e  case of a f ie ld  above a p e rfec tly  conducting b u t-  
■ oo) the boundary conditions (2.06) and (2.07) become

(fo r  h - 0) (2.10)

and
w2 .  0 ( fo r h = 0) (2.11)

and the r e f le c t io n  formulas are w ritten  as

U2 S [lk 
and

«2 = j f  [ e*p

( 2 . 12 )

(2.13)

Section  3. Analogy With the Unsteady Problem 
of Quantum Mechanics

The problem, formulated In the preceding paragraph, of 
wave propagation In a spherica l lay e r with variab le  re fra c ­
tio n  Index i s  analogous to  the quantum-mechanical problem o f 
the motion o f  a wave packet In a given force f ie ld .

Let us w rite  Schroedlnger's equation fo r  the motion of 
a p a r tic le  o f  mass mQ In a force f ie ld  with the p o ten tia l 
energy 4. Denoting the p a r tic le  coordinate by x, the t in e  
by t ,  Planck’ s constant (divided by 2n$by h  we w ill have:

(9)

(3.01)
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Comparing Schroedlnger1a equation (3.01) with the Leontovlch 
equation (2.04) or (2.05) fo r  Ug and Wg we see th a t these 
equations have Id en tica l form with the coordinate x proportional 
to  the height h and the time t  p roportional to  the horizontal 
d istance s and the p o te n tia l energy *  proportional to the 

negative o f e -  1 + ^  which d if f e r s  from the so -ca lled  
reduced (or modified) re fra c tio n  Index

H -  106 + |  ^  » 106 (n  -  1 + (3 .0 2 )

only by a constant fa c to r .

Therefore, the Leontovlch parabolic  equation fo r  the 
amplitude of the steady process coincides with the unsteady 
form of the Schroedlnger equation.

The resemblance between the two problems Is  not lim ited 
to  the agreement of the d if f e r e n t ia l  equations but extends to  
the boundary and " In i t ia l "  cond itions.

There corresponds to  the case, considered In quantum 
mechanics, of the se lf-con juga te  d if f e r e n t ia l  equations and 
boundary conditions, the problem In electrom agnetics, of the 
absence of absorption In  a i r  and on the ea r th , i . e . ,  the case 
when the re fra c tio n  Index of a i r  Is  re a l and the ea rth  Is  a 
p e rfe c t conductor. This case 1b most In te re s tin g  fo r  the 
superre frac tlon  problem. B esides, the quantum-mechanical 
methods can be generalized  to the case when absorp tion  1b 
p resen t.

I f  the earth  Is a p e rfec t conductor, then the boundary 
conditions fo r Ug and Wg become (2 . 10) and (2 . 11) and the 
conditions of the quantum-mechanical problem corresponding 
to  them a re :

= 0 ( fo r x * 0)

( 10 )

(3.03)



169

1> ■ o (fo r x » 0) (3 . 0*1)

As regards the I n i t i a l  conditions, th e ir  general form co n sis ts  
in assign ing  the i n i t i a l  value of the wave function

■j = *0 (x) (fo r t = 0 , 0 < x < o o )  (3.05)

The function which s a t i s f ie s  the d if f e r e n t ia l  equation, 
the I n i t i a l  and boundary conditions can be sought In the form

* (x ,t)  - J  F (x ,x '. t )  *0 (x>) dx> (3.06)

For a l l  x ' the function F should s a t is fy  the d if fe re n tia l

3 x '
-9. ll o (3.07)

and boundary conditions of the fo ra  of (3 .03) or (3 . 0*t)
(the same as f ) . In order th a t (3.06) should reduce to 
^c (x) a t  t  * 0, F must, as t —*0 have a s in g u la r ity , the 
charac te r o f which Is  re la ted  to  the boundary conditions.
In the case of the condition

| f  = 0 (fo r x « 0) (3.08)

the  s in g u la r ity  of F must have the form

CoPT avoUabia to OTIC dm not 
P*nall (ally logtbls npmdactlas
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In the case of the condition

P - 0 ( fo r x ■ 0) (3.10)

the s in g u la r ity  of P should have the form

w , #  ■ ¥  p :  .  „p \ ^ A \
/|2ntlt \ L 2ht J I 2tlt

(3.11)
Comparing these formulas with (2.12) and (2.13) we see th a t fo r 
corresponding boundary cond itions, the s in g u la r ity  of F agrees 
exactly  with the s in g u la r ity  of Ug and Vg. A ctually , equating 
the height h to  the coordinate x we should put

h = x i h» ■ x< s £  « (3.12)

Expressing F through the v a riab les  h, h ’ and s we w ill have fo r 
the boundary condition (3 -08)

p : F 2 ( h ,h ',e )  (3.13)

where Fg s a t i s f ie s  the same equation as U2> the boundary condi­
tion

3?-
■—  • 0 ( fo r  h * 0 ) (3 .11*)

and has the s in g u la r ity

» , (» .» • . . )  ■ •  ^  JS ( « *  [a f e a u ? ]  ♦  .**  )

(3.15)
For the boundary oondltlon (3.10) we put

P :  O g (h ,h ',s )

( 12 )

(3.16)
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*here Qg s a t i s f ie s  the sane d if f e r e n t ia l  equation aa Wg, the 
boundary condition

Og •  0 (fo r h - 0) (3.17)

and hae the s in g u la rity

02 (h ,h '

(3.18)

We see th a t Pg d if fe rs  from Ug only by a constant fa c to r , aa
does Qg from Wg, and we have exactly

in  |------

U2 = *"r  JsSm  P2 (3.19)

and In  I-------

W2 = e_r J 5 ia  °2 (3 .20)

I f  we denote by f (h ,s )  the function  which e a tla f le a  the 
same equation and the same boundary conditions aa Ug and takes , 
fo r a = 0, the value

f(h ,a )  = f 0 (h) ( fo r  a = 0) 

then we can w rite , on the baale of (3 . 19)

U2(h ,h ',a )  f 0 (h ')  Uh'

(3.21)

(3-22)

S im ila rly , i f  f (h ,a )  e a tla f le a  the earn boundary condltlone 
aa Kg then

(13)



(3.23)f(h ,« ) w2( h ,h '(s) f Q(h ')  dh-

The l a s t  two formulae a re  c o rrec t no t only fo r  boundary condi­
tio n s  corresponding to  a p e rfe c tly  conducting ea rth  (when there 
Is  an analogy with quantum mechanics) but even fo r  the more ' 
general boundary conditions (2.06) and (2.07) where the singu­
l a r i t i e s  of Ug and Wg are  then given by (2.06) and (2 . 09) .  1

I f  the function  f0 (h) i s  not zero only in  the neighborhood ! 
o f the po in t h = h ' ,  where the In teg ra l o f f Q over th is  region 
is  f i n i t e ,  then f (h ,z )  w ill be p roportional to  Ug or Wg, 
re sp ec tiv e ly , fo r  not toe small s .  Therefore, Ug and Wg 
correspond to  a  po in t source a t  the height h ' ,  as i t  should be.

In  quantum-mechanical language. I t  can be sa id  th a t the 
function  if, p roportiona l to  Ug o r Wg, Is  the so lu tio n  of the 
problem of the  d isp ers io n  o f a wave packet o r ig in a lly  concentrated 
In the neighborhood of one p o in t.

Prom quantum-mechanics. I t  Is  known th a t the speed of d ls - : 
perslon  depends, e s s e n tia lly ,  on the form o f the p o te n tia l energy.i 
Let us Imagine th a t the p a r t ic le  motion 19 bounded on one side 
by an Impermeable w all. I f  the p o te n tia l energy Is  such th a t I 
the force Is  always d irec ted  out o f the w all, then dispersion  |
takes p lace ra p id ly . I f  the force holds the p a r t ic le s  In some )
region where the p o te n tia l  energy has a minimum, o r near the '
w all, then d isp ers io n  takes place slowly or not a t  a l l .  In th is  
case the Schroedlnger equation admits a so lu tion  corresponding 
to  the steady o r a lm ost-steady s ta te .

"  At the I n i t i a l  In s ta n t, the wave function  of the almost- 
steady s ta te  I s  no t zero only In the region of minimum p o ten tia l 
energy. In the oourse o f tim e, the amplitude of the wave function 
In  th i s  region decreases, and d is in te g ra tio n  o f the i n i t i a l

(1*0
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•m ost-steady  s ta te  takes p lace . The decrease In the amplitude 
oecurs exponentially  and the ra p id ity  of d is in te g ra tio n  Is  
characterized by the c o e ff ic ie n t In the exponent, which Is  
called the d is in te g ra tio n  constan t.

I f  the i n i t i a l  wave function I t s e l f  I s  not a wave function 
of the almost-sceady s ta te , the term corresponding to  the almost** 
steady s ta te  can be separated out In I t s  expansion and fo r large 
values of time th is  w ill be the p rin c ip a l term.

In  our electrom agnetic problem, the h o rizon ta l distance 
s acts the p a rt of the time t  o f the quantum mechanics problem.
The decrease In the amplitude o f the f ie ld  w ith Increasing  
horizontal d istance corresponds to  the d ispersion  of the wave 
packet, and the e a r th 's  surface (h -  0) a c ts  lik e  the w all.
The wall w ill be Impermeable I f  the earth  Is  an absolute 
conductor; fo r f in i te  conductiv ity , the wall w ill be absorbent 
and a decrease o f the amplitude w ill take place not only a t 
the expense of waves escaping Into the upper layers of the 
atmosphere but a t  the expense o f the earth  absorbing I t .  As 
we saw, the p a r t  o f the p o te n tia l energy Is played by the 
reduced re fra c tio n  index, M, taken with the opposite s ign .
The behavior of the reduced re fra c tio n  Index depending on 
height Is shown In Fig. 1.

(15)
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The s o lid  curve Is  the behavior o f M with superre frac tion , 
The dotted continuation  of the r e c t i l in e a r  p a r t of the curve 
corresponds to  the case when th e re  I s  no su perre frac tion  and 
the  "equivalent rad ius"  o f the e a r th  can be Introduced, which 
la  p roportional to  the angular c o e ff ic ie n t o f the l in e  re la tiv e  i 
to  the M a x is .

I f  th e  curve in  F ig. 1 i s  considered as the p o te n tia l !
energy curve, then I t  w ill  be c le a r  th a t the presence of the 
maximum f o r  (-M) (minimum fo r  M} whloh I s  c h a ra c te r is tic  fo r  
su p erre frac tlo n , I s  a necessary condition  fo r the ex istence 
an alm ost-steady s ta te .  A ctually , i f  we denote by the 
height corresponding to  maximum p o te n tia l  energy, then the 
force in  the  region h < h^ w ill be as though squeezing the 
wave packet to  the w all and not l e t t in g  I t  go in to  the 
h > hjj reg ion .

But In  our electrom agnetic problem, the presence of an 
alm ost-steady  s ta te  denotes such wave propagation In  which 
I t s  am plitude decreases with Increasing  d istance abnormally 
slow ly, bo th a t I t s  a tten u a tio n  co e ff ic ie n t (corresponding 
to  constan t d is in teg ra tio n )  Is abnormally sm all. Hence i t  
follow s th a t  the ex istence condition  of the alm ost-steady 
s ta te  i s  a condition of the p o s s ib i l i ty  o f e x tra - fa r  propaga­
tio n  o f rad io  waves.

The analogy w ith quantum meohanlcs, which was oarrled  out 
here , perm its formation o f a q u a lita tiv e  p ic tu re  of the phenomena 
o f e x tr a - f a r  radio wave propagation. This r.nalogy I s  u sefu l, 
so th a t,  c e r ta in  mathematical methods applicab le  In quantum 
mechanics can be tra n sfe rre d  In to  the radlophyslcs domain.
On the o th e r hand, the  methods, developed by us, of solving 
the radiowave propagation problems can be applied  In quanttn 
mechanics. However, th is  question I s  beyond the scope o f th is  
paper.

( 16 )
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Section 4. Transformation to  Nondlmenslonal Q uantities

Let us re tu rn  to the so lu tion  of the problem formulated 
in Sec. 2. I t  i s  necessary to  determ ine Cg and Wg which 
sa tis fy  the d if f e r e n t ia l  equations (2.04) and (2 .05 ), the 
boundary conditions (2 .06) and (2.07) and the conditions 
(2.08) and (2.09) charac te ris in g  the s in g u la r ity . This 
problem was solved, e a r l ie r ,  fo r  two casest a) inhomogeneous 
atmosphere, source on the ea r th , and b) homogeneous atmosphere, 
ra ised  source. Now we show th a t th is  problem can be solved 
fo r the general case o f the Inhomogeneous atmosphere and the 
raised  source.

Let us transform , in  our equations, to  the nondlmenslonal 
q u an titie s  used in  our previous work. To do th i s ,  l e t  us 
consider the c o e ff ic ie n t of Ug in  (2 .04 ). This c o e ff ic ie n t 
is  proportional to  the quantity

+ £  -  10'6 M(h)

where M(h) is  the "modified" re fra c tio n  index, 
s ta r tin g  with some height h ■ H, th is  quan tity  
mated by a l in e a r  function  of h and we put

where e* i s  the sc -ca lled  equivalen t rad ius of the ea rth  and 
a  i s  some small constant (fo r example, a < 0.0005). In the 
sim plest case, i t  i s  possib le  to  consider th a t « = 1 fo r  
h > H ; then i t  i s  necessary to  put a  * 0 and a* ■ a .

In th a t region where (4.02) i s  c o rre c t,  the equation fo r  
Ug becomes:

^  « 2i k ^ S  ♦ k2 ^ 2o Ug -  0 (4.03)

(17)
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Vie assume th a t,  
can be approxl-



In order to  get r id  of the a In the la s t  term, l e t  us make the 
su b s titu tio n

U2 ■ C e laltB 1 (A.04)

where C Is  a constant which we dispose of l a te r .  Then (A.03) 
Is  reduced to

+ 21k + k2 &  t  = o (A.05)
ds a*

Let us Introduce the abb rev ia tion

“ * ( t ^ ) 7  (*■<*>

and l e t  ue put

ks » 2m2x } kh ■ my ; kh' -  my' (A.07)

Then (A.05) ean be w ritten

^ |  + l J »  + y * S 0 (A. 08)
3y Jx

The sane su b s titu tio n s  reduce the more exact equation (2.04) 
to  the  forms

^ |  + i | ^  + [ y +  r ( y ) ]  * = 0 (A.09)

where

r(y ) -  m2 ( t  -  1 + - 2a  -  (A.10)

The quan tity  r (y ) c h a rac te rize s  the anomalous behavior o f the 
re fra c tio n  Index near the e a r th 's  su rface . S ta r tin g  w ith lone 
value y, r(y ) oar be s e t  equal to  zero . I f  we oonslder th a t 
a  ■ 0 and a* -  a , then simply,

( 18 )
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( * . U )

There remain# to express the boundary conditions and the con­
d itions characterising the s in g u la r ity  in the new va riab le s . 
Setting

we w ill have

|±  + q Y ■ 0 (fo r  y ■ 0) (if.13)
3y

Ve chose the constant C in  (4.04) so th a t the equation analogous 
to  (3 -22) can be w ritten  in  the form

f(x*y) a i ( x ,y . y )  f 0 (y ')  a y  <4 . i 4)

Then the equation defin ing  the s in g u la r ity  of 1, becomes

Prom the comparison of (2 . 08) w ith (4.15) we obtain

C = exp ( # )  (4.16)

The function  Wg d if fe rs  from U2 only in  th a t the q u an tity  

- r i L - i i  in  the boundary conditions and in  the equation
j m  ______
defin ing  the s in g u la r ity  i s  replaced by I i) ■ 1 . This 

(19)



corresponds to rep lacing  q by

q j • U» J i )  - 1 (*.17)

In p rac tice , i t  i s  possib le  to  pu t q^ = oo In a l l  

Along with T we w ill consider the function

cases.

v (x ,y ,y 'q )  ■ exp * (4.18)

which we w ill c a l l  the atten u a tio n  fa c to r . The q u a n titie s  
Ug and U are expressed through V as follow st

U2 « e1(* 3 J T  V

and

_l(l+o)lts ,

(4.19)

U = 3 V (x ,y ,y ',q ) 
J  ea s in  |

(4.20)

The function W I s  obtained from (4.20) by rep lacing  q by q^.

Section 5. Properties of P a r tic u la r  Solutions
of the D iffe re n tia l  Equations

In order to  construct the function  > sa tis fy in g  the fonsu- 
la ted  cond itions. I t  Is  necessary to  In v es tig a te  the p ro p erties  
of p a r tic u la r  so lu tio n s  of (4.09) which are  obtained by separa­
tio n  of v a r ia b le s . Putting

f  • e lx t f ( y , t )  (5.01)

+ [y ♦ r(y ) - t j  f  S 0

we obtain  fo r f ( y , t )

a i r

(20)
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l e t  as denote the so lu tions of (5.02) through f ° ( y , t )  and 
f* (y ,t) j which s a t is fy  the I n i t i a l  conditioner

(5-05)

and

(5.0*0

The general so lu tion  o f (5.02) w ill have the form

f ( y , t )  -  A0f ° ( y , t )  + A *f*(y,t) (5.05)

On the o ther hand, i f  r (y ) decreases s u f f ic ie n tly  rap id ly  
as y increases, then fo r  re a l t  (5.02) w ill have one in teg ra l 
(determined to  the accuracy o f a constan t fa c to r  independently 
of y) which w ill a c t  as Wj(t -  y) fo r  large y , and another 
in teg ra l which w ill behave as wg (t -  y) where Wj and w2 are  
complex Airy functions which rep resen t the so lu tions of the 
equation

^"2 + (y - t )  w * 0
<Jy

(5-06)

obtained from (5.02) by rep lac ing  r(y ) by sero . lh e  functions 
and Wjj have the asymptotic expressions

%  4  i ? ( y  t)V 2
w ,(t - y) - eT  (y -  t )  ¥  •  7  (5-07)

and

- in  _ 1
w2 ( t  -  y) -  e""5"" (y -  t )  T

f  (y -  t)3 /2

( 21 )

( 5 . 08)
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Consequently, the behavior of the general In teg ra l o f (5.02) 
as y— pa fo r  rea l t  can be charac te rized  by the constan ts 
C: and Cg In the expression:

f(y» t) -  C ^ t  -  y) + 02w2( t  -  y) (5 .09)

Let us e s ta b lish  the re la tio n  between the constan ts A0, A*, 
Cj. C2 (which can be functions o f the param eter t ) .

By v ir tu e  of (5.02) and (5 -06) , we have:

* y  ( » $  - f  S  )  -  - •*■»<* - y) (5 .1 0 )

In th is  eq u a lity , we can put successively  « ! » j  then w = w2 
and then In teg ra te  between 0 and 00 . As a consequence of the 
re la tio n

we w ill have

(5.11)

(5.12)

1 1 ^  («1  S f  - f  £ i )  = - 21C, (5.15)

and, a f t e r  In teg ra tio n , (5.10} y ie ld s :

21Cj = A°w2 ( t)  + A*w2( t) ■J * r (y )  f ( y ,t ) «a (t * y) oy

(22)

(5 . 1*)
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and
QD

.  21C2 = A°w|(t) + A*w1( t)  - J *  r (y )  f ( y , t )  w ^ t -  y) dy

(5.15)

I f ,  here , we su b s titu te  (5.05) In place of f ( y , t )  we obtain 
the desired  re la tio n  between the constan ts A0, A , C^, C2 
In the form:

21CX -

and

-21C2

^  r(y ) f ° ( y , t )  w2( t  -  y) d j ^

I r(y ) f * (y ,t )  w2( t  - y) dy

CO -j

-  J 9 r(y ) f ° ( y , t )  wx( t  - y) dyl- 

- J  r (y )  f*(y) w ^ t -  y) dy ^

(5.16)

(5.17)

Let us observe th a t the co e ff ic ie n ts  o f the A° and A* 
In these equations a re  In te g ra l,  transcendental functions 
of t .  A ctually , f ° ,  t * ,  Wj, wg a re  In teg ra l functions o f t ;  
the In teg ra tio n  ean be ca rr ie d  o u t. In p rac tice , between 
f in i te  l ln ltB  since r(y ) can be s e t  equal to  zero s ta r t in g

(23)
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with some y. (The sane conclusion w ill be co rre c t and without 
th is  l im ita tio n  on r(y ) i f  only r(y ) decreases s u f f ic ie n tly  
rap id ly  a t  I n f in i ty .)

Hence I t  follows th a t I f  the constan ts A° and A* w ill be 
In teg ra l transcendental functions of t ,  than the constan ts Cj 
and Cg w ill have the same ch a rac te r. This allows us to  apply 
(5.16) and (5.17)* derived fo r  re a l t ,  In the oaae of a rb itra ry  
complex values of t  a lso .

I f  we put

A0 = A j(t) = wx( t)  - 

and

A = Aj{t) * - w j(t) -

J  r (y ) f * (y ,t )  1

► J  r(y ) f°(y» t)

-  y) dy

wx{t - y) dy

(5.18)

(5.19)

then

f x(y ,t )  * A j(t) f ° ( y , t )  + A*(t) f * (y ,t )  (5.20)

w ill  be th a t so lu tion  o f (5.02) which behaves as w1( t  -  y) as 
y—aoo and which Is  a t  the same time an In teg ra l transcendental 
function  of t .

S im ila rly , I f  we put

A0 - A |( t)  = w2(t)  -  J r(y) f ' ( y . t )  w2( t  - y) dy (5.21)

and

(24)
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/  * A *(t) -  -  w2 ( t )  -  ^  r ( y )  f ° ( y , t )  w2 ( t  -  y) dy (5.22) 

then

f 2 ( y , t )  -  A ° (t)  f ° ( y , t )  + A *(t) f * ( y , t )  (5.23)

w il l  behave as w2 ( t  -  y ) aa  y— *oo an d  w i l l  be an  I n te g r a l  
f u n c t io n  o f  t .

The I n t e g r a l  f ( y ,  t ) w i l l  have th e  a sy m p to tlo  e x p re s s io n

i j  r  ^
f  ( y . t )  = = = = = =  exp [ 1 f j u  -  t  + r ( u )  du

J y  -  t  + r{y ) [  J

(5.8*)

and th e  I n te g r a l  f 2 ( y , t )  w i l l  have th e  a aym pto tlc  e x p re a a lo n

-l7f

W & T T T B !

where c 1, c" and r  are oonatanta. I f  we put r(y ) = 0, i “ t ,  
c 1 » c" » 1 then (5-2*) and (5.25) w ill  transform  Into the 
aaymptotlc expressions (5-07) and (5.08) fo r  Wj and wg .

We already  used the In teg ra l f ^ y j t )  In [ l ]  where, how­
ever, I t  was assumed without proof th a t such an In teg ra l e x is ts ,  
which has the asymptotic expression (5.2*) and I s ,  meanwhile, 
an In teg ra l transcendental function of t .  The proof of th is  
sta tem ent, which Is  reproduced here , aan be used a lso  fo r 
p ra c tic a l (numerical) construction  of th is  In te g ra l.

(25)

J u  - t  + r ( u )  d u j

(5.25)
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Por oomplex t  the function  f ^ y . t )  w ill  Increase as y 
increases and the In teg ra l o f the square o f f ^ y . t ) ,  taken 
over y from 0 to  ® w ill  d iverge. However, fo r  o e r ta ln  assump­
tions on the behavior o f r (y ) In the complex p lane, f j ^ y . t )  
w ill behave as w^(t-y) fo r  complex y and w ill  converge to  zero 

on the ray y -  r e io  (where a = ^  ) ,  so th a t  the In teg ra l 

eoela
I  -  £  f i ( y , t )  dy (5.26)

w ill converge. Let us evaluate  th is  In te g ra l.  D iffe re n tia tin g  
(5*02) with respec t to  t ,  we obtain

*(£)♦ [’♦*'-
Henoe, from (5.02) we obtain  the re la tio n

(5.27)

(5.28)

Putting , here , f  ■ f j f a i t )  and considering  the upper lim it  of 
In teg ra tio n  to  be equal to  ooel a  we w ill  haver

(5.29)

Seotlon 6. Construction o f the  S olu tion  
as a Contour In te g ra l o r  S eries

In the previous paragraph we estab lish ed  the exletenoe o f  
two In teg ra ls  o f the ordinary d i f f e r e n t ia l  equation

( 26)
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0  + [y  + r(y ) - t ]  f  * 0 (6 . 01)

which a re  In teg ra l transcendental functions o f the parameter t  
and have the asymptotic expansions (5.2*) and (5.25). These 
In te g ra ls , which we denoted by f j^ y . t )  and fg ( y , t ) ,  are  de te r­
mined by (5 .20) and (5 .23) .

We show now th a t with the aid of f j  and fg we can construct 
contour In teg ra ls  fo r  V and T which a re  the so lu tions of our 
problem. Our reasoning w ill be s im ila r to  the reasoning 
explained In Sec. 3 o f [ l  J , and the f in a l  formulas wllL be 
analogs o f (2 . 2*) and (3 -10) o f [ 2̂ .

Let us denote the Wronsklan by D^g(t):

(6 . 02)

and l e t  us put

F ( t ,y ,y ',q ) ^(y’.t) jfg(y,t
fg (0 , t l  + qfg(0, t )  

f j ( o , t )  + q f j ( 0 , t )

(6 . 03)

where the primes of the f j  and fg denote d eriv a tiv es  with 
respec t to  y. Let us consider y ' > y, and l e t  us form the 
In teg ra l

T * H  * ^ e U t  *(t»y.y'»<i) a t  (6 . 0*)

taken around a contour which envelops a l l  the poles of the 
Integrand In a p o s itiv e  c. tlo n .

(27)
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Prom the d e f in it io n  of P I t  follows th a t P Is  meromorphlc 
In t  ( l .e .  fo r  f i n i t e  t  haa no s in g u la r i t ie s  except po le s).
The function P la  com pletely determined even I f  the functions 
f x and f gf which a re  p a r t  of I t ,  a re  determined only to the 
accuracy of a fa c to r  Independent o f y . S ince, fo r  a l l  values 
of t  the  In te g ra ls  f j  and fg  are  Independent ( th is  Is  seen 
from th e i r  asymptotlo exp ressions), then the  Vronsklan D12( t)  
has no roo ts and the unique poles o f P are  the ro o ts  of the 
equation

f^ (0 , t )  + q f^ O . t)  ■ 0 (6.05)

I f  r (y ) * 0 In  (6.01) then we can put

f x( y . t )  ■ Wj(t -  y) j f g (y ,t )  = w2( t  -  y) (6.06)

Then
I>12 ( t )  ’  -  21 (6 .0 7 )

and the expression (6.05) fo r  P reduces to  the formula 
(2.21) considered In our work f 2^.

Let us show th a t I ,  defined by the contour In teg ra l 
(6 .04 ), s a t i s f ie s  a l l  the cond itions.

P l r s t  o f a l l .  I t  Is  ev ident th a t T s a t i s f ie s  the 
d if f e r e n t ia l  equation  (4.09) because the Integrand s a t i s f ie s  
I t .  Furthermore, T s a t i s f ie s  the boundary condition  (4.15) 
since we have fo r  a l l  t  and y '

—  + q P e 0 ( fo r y = 0) (6.08)
dy

There remains to  show th a t 7 has the necessary s in g u la r ity .

With the a id  o f the asymptotic expressions (5.24) and
(5.25) we oan show th a t I f  x ,y  a re  small and the r a t io  y/x 
la  la rge  then the  p r in c ip a l p a r t  o f the In teg ra tio n  In (6.04) 
w ill  l i e  a t  la rg e  negative values of t .  But I f  t  I s  large 

( 28)
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and negative, then the te rn  - t  w ill  play the main p a r t  in  the 
c o e ffic ien t o f f  In  the d if f e r e n t ia l  equation (6 .01). Con­
sequently, fo r  large negative t  we w ill have, approximately:

^ ( y . t J 'V  f j f o , t )  e l y -P* (6.09)

and

f 2(y ,t )  f 2(0 ,t )  e ‘ ly  (6.10)

S u b stitu tin g  these expressions In  (6.03) fo r  P, we obtain 

F « — = J  « P  [ l ( y ’-y) - p t ]  -  * '  * exp [l(y '+ y )  ]

I  (6 .11 )

S u b stitu tion  of th is  value of P In the In teg ra l (6.04) y ields 
the Weyl-van der Pol formula fo r  Y, which a f te r  neg lecting 
small q u an tit ie s  (in  the second term) reduces to (4.15) 
charac te riz ing  the s in g u la rity  of Y.

Therefore, the correctness of (6.04) fo r  Y I s  e s tab lished . 

I t  I s  not d i f f ic u l t  to  transform  from the contour In teg ra l 
(6.04) In to  a s e r ie s ,  around the residues, re fe rred  to  the 
roo ts of (6 .05 ). Let us w rite th i s  equation In some d e ta il .

Using (5.20) fo r  f j ( y , t )  and the I n i t i a l  values (5.03) 
and (5.04) o f f°  and f* , we obtain

f x(0 ,t ) -  A°(t) ; f | ( 0 , t )  = A^(t) (6.12)

* J ( t)  + q A°(t) -  o 

(29)
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S u b s titu tin g  here the values (5.18) and (5.19) of Â  and A* 
we w ill have:

* j ( t )  - q w ^ t) -  j  r (y )  [ f ° ( y , t )  - q f * ( y ,t ) ]  w ^ t-y )  dy « 0

(6.14)

We w ill  c a l l  th is  the c h a ra c te r is tic  equation.

I t  Is  e s s e n tia l ,  fo r  us, th a t  the l e f t  side  of the charac­
t e r i s t i c  equation be an In teg ra l transcendental function  o f t  
and th a t I t  contain  only the functions f ° ( y , t )  and f #( y , t ) ,  
which can be obtained fo r  a l l  values o f t  by means o f numerical 
In teg ra tio n  of the d if f e r e n t ia l  equation (5.02) with the 
i n i t i a l  conditions (5.05) and (5 .04 ). In  th a t case when r(y ) , 
s ta r t in g  with some y * yJf i s  zero, (6.14) can be In teg ra ted  
and the c h a ra c te r is tic  equation reduces to

w^(t-y) [ f ° ( y , t ) - q f * ( y , t ) j  + w ^ t-y )  ^  [ f ° ( y , t )  -  q f* (y ,t ) J  - 0

(fo r  y .  yx) (6.15)

The c h a ra c te r is tic  equation fo r  the case of a homogeneous 
atmosphere Is

w j(t)  -  qwA(t)  = 0 (6.16)

This equation Is  obtained from the previous formula by pu tting  
r(y ) ■ 0 In (6.14) o r by pu ttin g  y = y1 * 0 In (6 .15).

We denote the ro o ts  o f the c h a ra c te r is tic  equation by

t A(q). t 2 (q), . . .  (6.17)

These ro o ts  w ill be functions o f the parameter q.

(30)
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Let ub compute the residues (6.04) num erically. From 
(6.02) and (6.05) fo r y ■ 0 and t  ■ t # r e s u lts

fg (o ,t)  + q fg (0 ,t )  _ 1

Di2 (t ) ‘ f jtO. t)
(6 . 18)

Moreover, the deriva tive  with respect to  t  of the denominator 
in  (6.18) Is

* 1
iyd t

. * 1 . ,  *  ( i r l ( o .«) * (6.19)

Consequently, the residue of F a t  t  :  t g w ill  be

d t ,  r ^ y . t , )  f 1 ( y . t g) 

dq ^ ( o . t , )  f j t o . t , )

Taking the sum o f expressions (6 .20 ), m ultiplying by 
we obtain  the desired  expansion of T In the se rie s

(6 . 20 )

r =V , lx t .  f i (y ,< t<
Z - »  dq f ^ O . t , :

^ ( y ' . t , )  f ^ y . t g )

T  f 1 (o , t8)

The q u a n titie s

can be oalled  the height fa c to rs . Let us note th a t the height 
fac to rs  a re  expressed, according to  (6 .22), through the func­
tions f °  and f *  which are  evaluated d ire c tly  by means of 
numerical In teg ra tio n  of (5 .02 ).

(3D
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In  th a t case when q la  very la rge  o r equal to  In f in i ty  
(horizontal p o la r iz a tio n , p e rfe c t conductor) (6.21) ahould 
be transformed by means of termwise m u ltip lica tio n  In to

The re s u l t  can be w ritten

(6.25)

(■•SO ^ ( y 'A , )  ^ ( y . t , )

The quan tity

(6.25)

w ill be f i n i t e  fo r  q —yeo .
(5 .29) re s u l t

f l ( ° ’t )  n 7

us note th a t from (6 . 19) and 

f f ( y . t )  dy ( . - ^  ) (6 . 26)

Consequently, the s e r ie s  (6.21) oan be w ritten

t  •1“* ^ ( y ’. tg )  f ^ y . t , )

00 e la  >
e-1 i

J  ^ ( y . t 8)dy

.  »

(6.27)

In  such a form. I t  re c a l ls  expansions In terms of eigenfunc­
tio n s . In  (6.27) the "eigenvalues'’ a re , however, complex and 
the "normalized In teg ra ls"  In the denominator converge only 
fo r  complex paths o f In teg ra tio n .

(32)
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In order to  transform  from T to  the a ttenua tion  fa c to r  V,
I t  Is  su ff ic ie n t to  re c a l l  (4.18)

V ( x ,y ,y ',0  = z j f lx  exp T

In the case o f a homogeneous atmosphere, when I t  I s  possible 
to  put r(y) « 0 and f ^ y . t )  « w ^ t-y )  which r e su lts  from our 
formula, the expressions fo r  V reduce to  Just what was derived 
In our e a r l ie r  work [ 2J  by another method.

Section 7 . A pplication of the Oeneral Theory to  the Super- 
re fra c tio n  Case (Schematic Example)

The analog, considered in  Sec. 3, with the unsteady prob­
lems of quantum mechanics perm its the formation of a q u a lita ­
t iv e  p ic tu re  of the euperre frac tlon  phenomenon and those 
conditions fo r  which th is  phenomenon may occur. On the o ther 
hand, the general expression, obtained In Seo. 6, fo r  the 
a ttenuation  fa c to r  Is  su itab le  fo r  qu an tita tiv e  computations 
which, by r ig h t,  requ ire  s u f f ic ie n tly  complex ca lcu la tio n s .

Let us w rite  the expression fo r T which Is  re la te d  to  the 
attenua tion  fa c to r . For b rev ity , pu tting

f ( y , t )  -  f ° ( y , t )  -  q f* (y ,t)  (7 .01)

we w ill have, on the b asis  o f (6.21) 
co

E l x t ,  d t .
e ■ — Z  f ( y ' , t #) f ( y , t #) (7 . 02)

s=l

where the are  the roo ts  o f the transcendental equation
(6 .14 ). I f  r (y ) -  0 fo r  y > y1? th is  equation can be w ritten  
according to  (6 . 15) asr

( » )
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where ŵ  denotes the deriv a tiv e  with resp ec t to  the argument 
( t-y ) hut not the deriv a tiv e  with respect to  y . The parameter 
q en te rs  in to  th is  equation by means of (7 .01 ).

The determ ination o f the conditions fo r  which e x tra - fa r  
propagation la  possib le  reduces to  the study of the ro o ts  of 
the ch a ra o te r ls tlo  equations (6.14) or (7 .0 3 ). In the absence 
of su p e rre frac tio n , the imaginary p a r t o f the roo ts of th is  
equation, which aooordlng to  (7.02) y ie ld s  the a tten u a tio n  o f 
the waves w ith Increasing  d istance , w ill  be o f the same order 
as the r e a l  p a r t .  When there  i s  supe i r e  f ra c tio n ,  th ere  e x is ts  
one o r more roo ts with abnormally small Imaginary p a r t .

In o rder to  form ulate the rep re sen ta tio n  of the conditions 
under whloh e x tra - fa r  propagation can occur, l e t  us consider 
the follow ing schematic example.

Let the function r(y ) be the following

r(y ) -  (1 + u3) (yx -  y) (fo r 0 < y < yx)
(7.04)

r(y ) «= 0 (fo r y x < y)

This corresponds to  the assumption th a t the graph of the 
re fra c tio n  index I s  a broken lin e  as shown in  P ig. 2.
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I f  the d le lectr lo  constant • Is co:itlder#d to vary thu*»

« « 1 -  g(h -  lu ) (for h < hj)
• * (7.05)

( ■ 1 (for h > hj)

then the paraaeter and w ill  equal

V? = ^  -  1 J y j  • h j  (7.06)

Therefore the parameter p. depend# on the wave lengthy hut 
the parameter y^ (the reduoed height o f the break point) '  
w ill he proportional to X~2/̂ .

We write the equations for f  aa

, + [  ( i  ♦  u3 ) y2 -  u3y -  t ]  t  •  o

(for y < y2)

+ (y -  t )  f  * 0 (for y > yj)

(7.07)

Let ue lntroduoe lnetead of t the new parameter 

t  - (1 + \? )71'»-- i --
and instead of y , the new variable

t  M 0 ♦ wr
The value (  » w il l  oorreepond to y ■ where

(7 . 08)

(7.09)

- t - yx 

(55)
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Equation (7.05) becomes

^ 5  « er («0 < « < «i> (7.11)
dt

The Airy function* u(g) and v (() w ill  be 1 .dependent so lu tions 
o f the l a t t e r .  The functions r°  and f  w ill  equal

f°(y> • u '( e 0> v ( t)  - v ( t 0) u ( t )

(7.12)

r #(y) -  J  [v (* 0) u (()  -  u(*0) v ( „ ]

By v ir tu e  o f the re la tio n

u '( t )  v{4) - V(ft) u({) ■ 1 (7.13)

the functions f °  and f * w i l l  s a t is fy  the I n i t i a l  conditions 
(5.03) and (5 .04). Introducing aocordlng to  (7.01) the 
function

f(y) * - £  [q v (5 o) 4 u v  ( tQ) ]  u ( t)  4 ^  [q u ({ 0) + u u '( t ) ]  v ( l)

(7.14)

we obtain  the c h a ra c te r is tic  equation I f  we su b s titu te  the 
values o f f(y ) and f ' (y) fo r  y ■ y1 in  (7 .0 3 ). This charac­
t e r i s t i c  equation oan be w ritten  as

M-V' ( t 0) + q v (t0) a HV1 ( t 1)w1(u2t 1) 4 v j^ jw j ju 2^ )

|AU'(t0) 4 q u (t0 ) UU'^JW jCn2^ )  + U ^ W ^ H * ^ )

Let us assume th a t the magnitudes of y^ and the parameter u 
are  su f f ic ie n t ly  la rg e . This mean* th a t the " p o ten tia l well" 
on Pig. 2 la  s u f f ic ie n tly  wide and deep. In  such a oaee, the

(36)
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q u an tit ie s  and £the arguments o f the functions In the 
r ig h t side  o f (7.15)] w ill be la rg e . By v irtu e  of the asymp­
to t ic  expansions

» < « ■  r  * « .  [ i  «, / 2 1 i v ( t ) ■ i « ' *  w  [ -  j  t ’* ]
(7 . 16)

the r ig h t side of (7 .15) w ill be very sn a il  and the charac­
t e r i s t i c  equation reduces, approximately, to :

nv’ ( t 0) + q v (tQ) ■ 0 (7.17)

This case w ill  occur when the grad ien t o f the d ie le o tr ic  
constant o f a i r ,  a t  a su f f ic ie n t ly  high region, w ill be 
negative and la rg e r  than ~ , where a Is  the e a r th 's  rad ius; 
then the curvature of the ray w ill be la rg e r  than the e a r th 's  
curvature and formal computations of the "equivalent radius" 
a re  negative.

The wave atten u a tio n  w ith Increasing horizon ta l d istance 
Is  re la te d  to  the imaginary p a r t  of t  and, thus, with the 
imaginary p a r t  o f i 0 ; I f  (0 were rea l there  would be no a tten u a­
tion . A ttenuation may occur fo r  two reasons: absorption by
the ea r th  and escape through the upper layer o f the atmosphere. 
Absorption In the ea rth  i s  charac te rized  by the complex para­
meter q. Equation (7.17) corresponds to  th a t ease when the 
atten u a tio n  occurs a t  the expense of absorption by the ea r th .
I f  the earth  be considered an absolute conductor. I t  la  
necessary to  put q ■ 0 fo r  h o rizo n ta l po la riza tio n  and q » co 
fo r  v e r t ic a l  p o la r iz a tio n . Por q • 0, (7.17) reduces to

v ' ( t 0 ) • 0 ( fo r q « 0) (7.18)

The ro o ts  w ill be re a l negative numbers

t 0 * -1.019 i -3.2i*8 j -4.820 ; . . .

(37)
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Por q ■ oo, (7.17) becomes

v ( t0) • 0 ( fo r q -  ® ) (7.20)

and has the roo ts

t 0 = -2.338 , -4.088 j -5.521 : (7.21)

Because ( 0 I s  re a l in  these cases, there  I s  no a tten u a tio n .

Bquatlon (7.17) w ill  rep resen t a b e t te r  approximation to
(7.15) I f  (o r I t s  re a l p a r t)  be p o s itiv e  and s u f f ic ie n tly  
la rg e . Since

*1 " *o ♦ " ' I

th is  condition  w ill be f u l f i l l e d  s ta r t in g  w ith some root ( Q. 
Consequently, the number of ro o ts  with small Imaginary p a r t 
w ill  be f in i te .

I t  Is  possib le  to  derive an approximate formula fo r  the 
co rrec tion  to  ( 0, ob tainable by computing the r ig h t side of
(7 .15 ). Let us denote by t ^ t h a t  roo t of (7.17) which we w ill 
consider as the Inaccurate value of (Q and by &(0 - the Increment. 
This co rrec tion  Is  obtained I f  we s u b s titu te  the value of { j.
In the r ig h t side of (7 .15)* which equals

<1 s «®+ ^ 1

The approximate value of the co rrec tio n  Is  obtained from the 
equation

(38)
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where

S - f  <»’  4 1) « ,* * (7.25)

Let us note th a t the imaginary p a r t  o f the co rrec tion  i s  p o s i­
t iv e .  This corresponds to  the f a c t th a t leakage in  the upper 
lay e r increases a tten u a tio n .

The a p p lic a b ili ty  condition o f these formulas i s  a su f­
f ic ie n t ly  la rg e  value o f (iy^. Let us re c a l l  th a t we have, 
according to  (7 .06):

where g is  the grad ien t o f the d ie le c tr ic  constant with opposite 
s ign , a is  the e a r th 's  rad iu s , and h^ i s  the h e ig h t o f the break 
p o in t on F ig . 2.

The la rg e r  the value of uy1 the la rg e r  the number of the 
alm ost-steady s ta te s  w ith small a tten u a tio n . I t  can be sa id , 
roughly, th a t the number of such s ta te s  equals the number o f 
ro o ts , i 0 , not exceeding the parameter ^  (in  absolute m agnitude).

The concept of the ray re f lec ted  from the upper boundary 
lay e r  and from the e a r th 's  surface becomes applicab le  only when 
the number o f almoat-ateady s ta te s  (the number o f terms In  the 
s e r ie s  (7 .02) with low a ttenua tion ) becomes la rg e . Oenerally, 
the necessary condition fo r  the a p p lic a b ili ty  o f the concepts 
of geometric op tica I s  the slow convergence of (7 .02), when 
a la i^ e  number of terms w ill play a p a r t .  I f  there  are  one o r 
two terms In I t  (which can correspond to  both alm ost-steady 
and atten u a tio n  s ta te s )  then the ray concept I s  not applicable 
a t  a l l .

(59 )
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Section 8. Approximate Pormulaa fo r  Terms 
With Low A ttenuation

Using a method sim ila r to  th a t  which Is  applied  In quantum 
mechanics, approximate expressions can he derived fo r the height 
fac to rs  corresponding to  terms w ith low a tte n u a tio n , and a lso  
estim ates can be given fo r th a t p a r t  o f the damping co e ffic ien t 
which corresponds to  leakage through the upper lay e r .

In (6.01) l e t  us put

In the su p erre frac tio n  case, the function  p (y ), proportional 
to the reduced re f ra c tio n  Index, w ill  have a minimum and w ill 
Increase on both s ides  o f I t ;  to  the l e f t  o f the minimum the 
la rg es t value w ill  be p(0) and to  the r ig h t p(y) w ill  Increase 
as y. I f  t  l i e s  between the le a s t  value of p(y) and p(0), 
then the co e ff ic ie n t of f  In (8.02) becomes zero fo r  two values 
of y which we w ill  denote by yx and y ^ .  In the In te rv a l 
yl  < y < y2 the quan tity  £ p(y) - t ^  w ill  be negative, and 
outside th is  In te rv a l, p o s itiv e .

The so lu tio n  of (8.02) In the  in te rv a l y^  < y  < y 2 can 
be expressed approximately, through Airy func tions. Let us 
put

y + r(y) = p(y) 

and l e t  us w rite  th is  equation thus

(8 . 01 )

(8 . 02)

and

(40)
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y2 ________
J * J t  -  p(y) dy = 3  t 23 /2 (8.04)

y

and l e t  ue denote by S the sum of these q u a n titie s  which is  
independent of y

S ■ ^  J t  -  p(yy dy (8.05)

We can consider the nagnltude of S to be la rg e . With such 
notation  we have approximately*

f '  K  [ W  ♦ »1  • « ! > ]  (9 -* >

and also

f =  J r r f ^  * v « w ]  !» •">

where

! « i 3/2 + ! « 2V 2 = 3 t8 *08)

and the constan ts B1, Ag, Bg are re la te d  through

A2 = 7 V ’ S j B2 = 2AieS (8.09)

which re s u l t  from comparison of the asymptotic expressions 
fo r (8 . 06) and (8.07) a t  la rge  values o f and (g .

For y > y2 we can determine t 2 by means of the eq u a lity

(*D



(8 . 10)
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- f  <-t2)3'

and using the previous expression (8.07) fo r  f .

S im ila rly , fo r  y < y1 we oan pu t. In place o f (8.03) 

yl  _________
J*  J p ( y )  -  t  dy = |  f - ^ ) 3/ 2 (8 . 11)

and apply (8 . 06) fo r  f .

Let us chose the constan ts 
w ill be p roportional to  f j ( y , t )

A, B such th a t 
We must put

the function f

A2 = C1 { b2 = i Cl (8.12)

and th ere fo re

A1 ” I  Cl e‘ S ; B1 * 2Cl*3 (8.13)

Then (8.06) and (8.07) become

f j t y . t )  = 2C^ 3  { v ( e i )  + -£  e ’ 2S u ^ j J -  (8.11.)

and

’ Cl - i (e2) <8 ->5>

S im ila rly , the follow ing approximate expressions a re  obtained 
fo r f g ( y , t ) »

(42)
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f 2 (y»t) » 2C2eS '(6 i)  - t * '25 (0 -16)■}

In th is  approximation, the Wronsklan D12( t)  appears to  equal

Por y < the functions and ) w ill  be of one order.
Ab a consequence of the sm allness of the fa c to r  exp £-2s3 th * 
second terms In (8 .1A) and (8.16} w ill rep resen t small co rrec­
tio n s  [generally  speaking, le s s  than the e r ro r  o f the whole of 
expression (8.1^) o r (8 .16Q . Consequently, the functions 
f j  and fg in  the y < y1 region w ill be almost p roportional to 
each o ther.

D iscarding the small Increments, the equation defin ing  t  
can be w ritten :

I t  y ie ld s  ju s t  th a t p a r t  o f the a tten u a tio n  co e ff ic ie n t 
of the wave which occurs fo r absorption by the e a rth . Since 
the complex parameter q which charac te rizes  the p roperties  
of the ground, Is  known only very roughly. I t  i s  su f f ic ie n t

D12( t)  = -  210^2 (8 . 18)

Here {0 "nd

y « 0. ThlB equation is  analogous to  (7 .17).

to  take the co e ff ic ie n t 

to  p u t, according to  (7.06),

( « )

in  a rough approximation and



(8 . 20)
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0 y ) o S * = ^  ■ 1

where e Is  the rad ius of the e a r th  and g I s  the g rad ien t of 
the d ie le c tr ic  constant taken with opposite sign . Then (8.19) 
w ill reduce to  (7.17) which was stud ied  In the preceding 
paragraph. The roo ts l 0 of (9.19) w ill  he re la te d  to  the 
corresponding values of the param eter t  through

where h* I s  the le s se r  o f the two values o f the heigh t h , h* 
and h*, fo r  which the ra d ic a l becomes zero.

I f  l 0 I s  r e a l ,  then h* and t  are  real} I f  i s  complex, 
then evaluation  o f the In te g ra l (8 .21) requ ires  ana ly tic  
con tinua tion  of the In te rp o la tio n  formula fo r  € in to  the 
complex domain.

A necessary condition of the a p p lic a b ili ty  of the previous 
formulas la  the sm allness of the quan tity  e ' 2^, where S has the 
value (8 .0 5 ). In the customary u n its ,  the In teg ra l which 
expresses S, i s  w ritten

Determining t  from (8 .21 ), I t  Is  necessary to  verify  th a t the 
In te g ra l S le  s u f f ic ie n tly  la rg e  fo r  th is  t .

In  the case of an abso lu te  conductor (q « 0 ; q •  oo ) 
the approximate values of ( 0 and t  obtained from (8.19) and

( H )
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(8.21) are  re a l .  In th la  case. I t  can be sa id  th a t the approxi­
mate value o f the Imaginary p a r t  la  the co rrec tion  to  ( Q.

Putting

«o " «o " <  <8-»>

we will have

J - «o - *o = T e"2S (8.24)

We w ill not dwell on the d e riva tion  o f th is  formula.

Since ( 0 is  a sm all q u an tity , then the Increment - 
A(0 1 i?0 w ill  correspond to  the increment At • i t  •  A<q . 

But the quan tity  (8.24) m u ltip lied  by 1 i s  the increment to  
the In teg ra l (8 .21). Consequently, we can determine t  
(the imaginary p a r t o f t )  from

’£(* /  f J 77777?  *)■
Since the d e riva tive  o f the in te g ra l le  negative, then t  i s  
p o sitiv e , which corresponds to  a tten u a tio n .

The formulas which were obtained permit the d e r iva tion , 
a lso , o f approximate expressions fo r  ^  . According to  (6.19) 
we have

do - lQg f l  
«  ■ ‘  ay 5 t

( 8 . 26)

S u b stitu tin g , here, the value of f 1 from (8.14) and neglecting  
small q u a n tit ie s , we obtain

( « )
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Here we can put. In a  rough approximation,

( # ) „ ■ “ > j t ' 7  (8 2B >

[eee formulae (7 . 08) and (7 . 09) ] .  Uelng the d if f e r e n t ia l  equa­
tio n  and the l im itin g  condltlone fo r  v, we ob tain :

4*  = 4 ‘ -  (8 . 29)d t u y.

The f l r e t  terme of the ee riee  (6 .21) which poeaeae low a tten u a ­
tio n , w ill be equal. In  our approximation, to

v (« j) l e lx t  ^ ( t x )  v ( t l )
V5({0) - i 0 v2(«0)

(8.30)

where r e f e r s  to  the reduced height y \

I f  t 0 la  ao much la rg e r  In ahaolute value, th a t asymptotic 
expreaalona can be used fo r  v ( l0) and V ( 40) then the denominator 
In th le  formula w ill  equal approximately

v'2(«0) * «o v2(«o) “ f - to (8-31)

In conclusion. I t  Is  necessary to  emphasize th a t the formulae 
derived In  th le  paragraph a re  baaed on rough approximations and 
are  Intended fo r  rough computations. More exact computations 
ehould be baaed on the rigorous theory explained In the previous 
paragraphs.

( *6)
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V II. THE FIELD FROM A VERTICAL AND A HORIZONTAL DIPOLE, 
RAISED 3LI0HTLY ABOVE THE EARTH'S SURFACE

V. A. Fock

In the book "D iffraction  o f Radio Waves Around the E a rth 's  
Surface"1 we developed a general method fo r  the summation o f the 
se r ie s  rep resen ting  the f ie ld  from a d ipole  on the e a r th 's  su r­
face . The shape o f the earth  i s  assumed sp h e ric a l.  In  th a t 
work our method was applied  to  the  case o f  a v e r t ic a l  d ip o le , 
located on the su rface . The case of a s l ig h t ly  ra ised  v e r tic a l 
dipole Is  of no le ss  in te r e s t .  We propose to  analyze th is  case 
in  the p resen t paper.

1. V e rtica l Raised Dipole. Solution in  S eries  Form.

We w ill  employ the no tation  used in  r e f .  1 . Let k be 
the wave vector In a i r ,  n the complex d ie le c tr ic  constan t o f 
the e a r th , and kg « kq J' 2 the complex wave vector fo r  the 
ea r th . For s im p lic ity  wc w ill no t oonslder the atmospheric 
re f ra c tio n , and remember only2 th a t  c a lcu la tio n  o f the r e ­
frac tio n  e f fe c t can be accomplished approxim ately, i f  we 
replace the e a r th 's  geometric rad ius  a by an e<julvalent 
rad ius a*.

We introduce sp herica l coordinates r ,0 ,$  re fe rre d  to  the 
o rig in  a t  the cen te r o f the e a r th  and w ith the dipole  along 
the po la r ax is . The f ie ld  components in  a i r  are expressed in  
terms of the Hertz function  U by the equations:

__  ±,

* r  "  r  sin ' fl 6 I f ) ( l . D

(1 .2 )

(1.3)
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Let the elev a tio n  of the d ipole above the e a r th 's  surface be 
denoted by h»b-a (so th a t b Is  the d istance of the dipole froa 
the cen ter o f the e a rth ). We Introduce the functions *nW  4T>d 
Cn (x ) , re la te d  to  the Bessel and Hankel functions as followst

<*> <>•»>

and we denote by ^ ( x )  the logarithm ic deriv a tiv e

X„(*) -  *„ (*) /  ♦„(*) (l-« )

and by PR (cos 6 ) ,  the Legendre polynomial.

The expansion of the Hertz function  U In the range 
a < r  < b w ill then have the fo ra :

(2n+l) ?n (kb) £*n (kr) -  A,, Cn (k r)J  Pn

n-0

where

k2»;(lca) ■ k»n (te )  f r O y )

^  k2C^(ka) - *Cn \ka) ^ (k g a )

(cos 9)

(1.7)

( 1 . 8 )

lfce3e equations are l is te d  on p. 5 of r e f .  1. Further 
c a lc u la tio n  th e re , however, i s  c a rried  out only fo r the case 
r  -  a .  We s h a ll  now free ourselves f ro a  th is  lim ita tio n .

(2 )
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_. Approximate S eries Suanstlon for the Hertz Function 

For the approximate summation of the a e rie s  we can apply 
unchanged the method o u tlined  in  r e f .  1. We w rite  the se r ie s  
(1 .7) In the form:

(n + £) *(n ♦ £) Pn (eos 9) (2.1)
n-0

where

♦ ff) '  M r [*«<*> ‘ *n «„<*>] * <2 -2 >

We put n + g- » v and consider v as a complex v a r ia b le .
The function $(v) is  an an a ly tic  function  of v with poles 
only in  the f i r s t  quadrant. As shown in  sec. 2 ,  r e f .  1, fo r 
the condition ka »  1 the sum (2.1) can be replaced to  a good 
approximation by the In teg ra l 

-1 W n
U - * ^  / e lv ® d(v) J T  dv (2.3)

J2rr s in  6 J

where the contour C goes from in f in i ty  in  the second quadrant, 
includes a l l  poles of $(v) and extends to  in f in i ty  In the f i r s t  
quadrant with the complex va riab le  v .

Hie p r in c ip a l portion  of the contour w ill be th a t in
which

1/3
v -  ka + (k a/2) t  (2.A)

while 11 1 is  bounded (since ka i s  assumed very la rg e ) . The 
quantity

1/3
■ -  (k a /2 ) (2.5)

rep resen ts the "large param eter" of our problem (we w ill  
discard  terms o f the order o f 1/m2 in comparison with u n i ty ) . 

(3)
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This quantity  w ill  frequen tly  be encountered In fu r th e r  
c a lcu la tio n s .

Over most o f the In teg ra tio n  range we «an replace the 
functions pn and {n by th e i r  asymptotic expansions In Airy 
fu n c tio n s. Investiga ted  In  d e ta il  In r e f .  1. We sh a ll  consider 
fou r Airy functions: u ( t ) ,  v ( t ) ,  w^ ( t ) and w? (t ) .  These
functions represen t so lu tions o f the d if f e r e n t ia l  equal'.on

w" ( t ) -  t  w(t) (2 .6 )

connected by the re la tio n s

w. ( t ) -  u (t ) + 1v (t ) w2(t) - u(t) - iv ( t)  (2 .7 )

For re a l t the functions u (t ) and v(-t) are  re a l .  The function 
w1(t)  i s  expressed In terms of the Hankel function of 1 st kind 
and of 1/3 order by the equetlon

» i ( 0  -  e1 T  (V 3 )1/2 (-T )1^  [ |  (-t )3/2J  (2.8)

Sometimes we w ill  w rite  w(-r) Instead  of w^ ( t ) .

The asymptotic expansions fo r  the functions (n and th e ir  
d e riv a tiv e s  have the form:

Cn (ka) -  -  lm1/ 2 ŵ t ) ? > a )  -  In f1/ 2 ŵ t ) (2 .9) 

Taking the re a l p a r t s ,  we obtain

f n (ka) -  m1/ 2 v (-) * > a )  -  -m '1/ 2 v ' ( t ) (2 .1 0 )

The q uan tity  xn (ka) may, according to  equation (5*21) In 
r e f .  1 , be replaced by the expression

00

( 2 . 11)



putting  also

arid su b s titu tin g  In (1.8) Me obtain

, ± v ' ( t ) -  a v M
^  wj(T) -  qw^T)

(2.13)

In the equation (2.2) fo r  *(v) the functions f n (k r ) ,  Cn (kr) 
and („(> * ) en te r . Their asymptotic expansions way be re a d ily  
obtained fron the foregoing. Ve se t

*1 -  |  <*->  -  ^ (2 . 1*)

y2 -  |  (*-a) -  ^ (2.15)

where hg I s  the source h e ig h t, h j Is  the height o f the po in t 
o f observation, and y2 and y1 are  the corresponding 'reduced 
e lev a tio n -.'. We then have

1/2
^ (k b )  -  -  la  w^T-yg) (2.16)

1/2
Cn (kr) -  -  in  v1(-r-y1) (2-17)

1/2
Wn (Wr) -  at v(T-yj) (*.1C)

and the function $(v) Is  w ritten  In the fo ra

*(v) -  »{T,yl f yg,q) (2.19)

where

J- ( 2 .2 0 )

(5 )
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Expressing v In  te rn s  of w1 and tie

'  •  *  “ ! < ' - * * > ( » • « )

We must now su b s titu te  the expression fo r f(v ) In to  (2 .3 ) . 
Introducing the h o rizo n ta l d istance s •  a9 , measured along 
the circumference o f the e a r th ,  and the 'reduced ho rizon ta l 
d is ta n c e 1

■-(aT*-* <•■“>
1 /2  ^ '

and rep lacing  v In (2 .3) by the constant (lea)1/ 2 , we obtain  

. Ik s
U -  - • ■  ■■ ■■= V (x ,y l f y2 ,q) (2.23)

^ sa  s in  ( s /a )  ‘

where
lir

F(T,yl t ys ,q) dt

(2.24)

This equation Is  v a lid  fo r  y1 < y2; I f  on the o ther hand 
?1 > y2 '  lfc 18 necessary to  Interchange y1 and y2 In the equa­
tio n  fo r P. The function  V nay be ca lled  the a tten u a tio n  
fa c to r .

3. The A ttenuation Factor 

Turning now to  a study o f the a ttenua tion  f a c to r ,  we examine 
f i r s t  several l im itin g  cases . We put y j * 0 , corresponding to  
the case when one of the p o in ts  (source of po in t o f observation) 
i s  located  on the e a r th 's  su rface . We then obtain

" i ( T '  rg>F(t*o ,y2 »q)
" 2(-t) -  q*a (T) 

( 6)

(3 .1)
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and equation (2.24) fo r  the a tten u a tio n  fa c to r  la  reduced to  
equation (6.02) In r e f .  1.

We now conalder a eeeond c a se . We take x and y2 very 
la rg e , but the d iffe rence

aa f in i t e .  Replacing In (2.21) the function  w ^ x -y ^  by I t s  
asymptotic expansion (equation 8.04 In r e f .  1 ), we have

Hie In teg ra l co incides w ith the expression obtained In 
our work "The P ieId of a Plane Wave Hear the Surface of a 
Conducting Body"^ (equation 4 .3 9 ). Hi la  agreement Is e n tire ly  
understandable. Indeed, fo r large x and y2 , the source la 
remote from the po in t of observation  and from the e a r th 's  
su rface , so th a t a wave, proceeding from the source, may be 
regarded as plane.

In the general case the In teg ra l (2.24) fo r  V may be 
evaluated as a sum of d iffe ren ces , ftie function  P, defined 
by (2.20) and (2 ,2 1 ), may be w ritten  In  the form

(3.2)

(3.4)

where

(3 .5)
(7)
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We note th a t fo r  > 0 the function f  and l t a  deriv a tiv e  take 
on the valuea

f  -  1 ^  -  - 4 (3 .«)

Hence I t  Is  not d i f f i c u l t  to  conclude th a t I f  t  I s  a roo t of 
the equation

*»j(T) - QWj Ct ) -  0 T - T j . t g . . .  (3 .7)

then the value of th e  func tion  f  coincides with the value of 
the  expression

r (y 1 ,T B) -  W
wl<Ts '  y l>

* V Ts>
(3 .8)

which nay be ca lled  the "height fa c to r" .

Evaluating the In te g ra l (3.24) as the sun o f d iffe rences 
at. the p o in ts  t -  t 8 , we obtain  the following expression fo r 
the a tten u a tio n  fa c to r  V: V ^ y ^ y g .q )  -

-  : £  ^2 Jmc
Wi (t6) " l ( Te)

which d i r f e r s  fron our previous expression fo r  V, corresponding 
to  the case ŷ  ̂ -  0 (see e q 'n . 7.06 in  r e f .  1) only In th a t now 
two height fac to rs  e n te r  Instead  of one. The e leva tions y^ and 
y2 en te r  symmetrically lr. (3 .9 ) . Using (3 .7) we can write 
(3 .9) In  the forms

ri ( y y i >  " i ( y y 2>S T ”

!J=2 ITTa/*  wl ( V  wl<Ts>
(3-10)

This form Is  convenient fo r q la rg e . In p a r t ic u la r ,  fo r q -  oo 
we have

(8)
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where the q u a n titie s  t° are  roo ts  o f the equation

«1<*2> ■ 0 (3.12)

The s e r ie s  thus obtained are convenient fo r  ca lcu la tio n s In 
the; region of Bhadow. In  the Illum inated  region they converge 
very slow ly, but there  one may use a re f le c t io n  formula, which 
w ill be developed In the neat se c tio n . In the penumbra region 
one must re so r t  to  quadrature fo r  the ca lc u la tio n  of V. .

We now consider the f ie ld  In the Illum inated reg ion . We 
may expect th a t In th is  case a r e f le c tio n  formula w ill be 
obtained which applies to  the r e f le c tio n  o f spherical waves 
from a spherical su rface . In the In te g ra l (2.24) we may take 
the expression (2.21) fo r  F. This expression contains two 
term s. The In teg ra ls  from each of these ternB separately  may 
not converge (only th e i r  d iffe rence  converging) b u t, applying 
the method of s ta tio n a ry  phase, we can confine ourselves to 
the consideration  of th a t po rtion  o f the  in teg ra tio n  lying near 
an sxtrteMia o f the phase, and may then examine each In teg ra l 
separa te ly .

4. R eflection  Formula

We put

e13”  Wj(t - ya ) w2(t -  y i ) dx (4.1)

^ (T -y j)  w ^x-yg) dT

(4.2)
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Then the a tten u a tio n  fa c to r  V w ill be equal to  the d iffe ren ce  

V -  V° - V* (4.3)

Assuming th a t  the moat of the range of In teg ra tio n  l i e s  In the 
region of large negative x and crosses the negative r e a l  ax is 
of t from l e f t  above to  r ig h t below, we can rep lace  ŵ  and w2 
by th e i r  asymptotic expansions, appropriate  to  th is  reg ion . 
According to  equation (6.03) In r e f .  1, we may put

1 ?  l / t  * \  (y-'O 5'^2
wx( w )  » e ?  (y-T )-1/** e 3

S u b s titu tin g  (4 .4 ) and (4.5) In (4 .1) we obtain  

,.o 1 - 1 V  f T  lm(x) dxy Jy *

(4 .4)

(4 .5)

(4.8)

<u(x) -  XT + |  (y2 -  t )3/ 2 -  |  ( y j- T ) 3/ 2

Evaluating t from the condition u> ( t ) -  0 ,  we have

i—  y2 'yr * 2 I-------- y2 'yi +x2
-J 71 T 2x ’ -I yZ T 2x

We note th a t fo r (4.4) and (4.5) to  apply , both q u a n titie s  
(4 .8) must be much g re a te r  than u n ity . The value <u( t ) a t  a given 
t  we denote by ui. This quantity  Is  equal to

(y i-y2 )2 i  . . 1 3
■ 2 + J  * (yi+y2 ) -  £  x (4.9)

A pplication of the method of s ta tio n a ry  phase to  the In te g ra l 
(4 .6) gives

V9 -  e1® (4.10)
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The q u an tity  u> has a simple geom etrical meaning, namely

where R la  the distance between source and observation p o in t,  
considered as a s tra ig h t l in e ,  and s Is  the corresponding 
h o rizon ta l d is tan ce , measured along the e a r th ’s circum ference. 
Prom th is  I t  la  c le a r  th a t the q uan tity  V° corresponds to  an 
Incident wave.

We now examine the In teg ra l V*. S u b s titu tin g  In (4.2) 
the asymptotic expansions (4.4) and (4 .5 ) , we obtain

where p > 0 . The quantity  p is  the roo t o f the equation

which i s  reduced to  a cubic equation . We denote by $ the value 
of the phase $(t) a t  t -  -p2 . Using (4.14) we can elim inate  
a l l  the rad ic a ls  except p and w rite  $ In the form:

♦ -  - 3P2 * + 2p(y i+y2-x2) + x(yx+y2 ) -  ^  x5 (4.15)

Evaluation of the In teg ra l V* by the method of s ta tio n a ry  
phase gives

o  -  k(R-s) (4.11)

where

♦ <T) -  XT + |  (yx -  T)1^  + |  (yjj-7)1/ 2 - £  ( - t ) 1/ 2 (4.1?)

We denote by t  -  - p2 the root o f the equation <t> ( t )  « 0;

V» - (4.16)

where

(*.17)
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The equation obtained has a simple geom etrical in te rp re ta ­
t io n .  The quantity  p Is  expressed as

p -  ■ CCS 7 -  cos 7 . 16)

where 7 i s  the angle of incidence of the beam (Fig. 1 ).

P ig . 1

The fac to r (q - lp ) / (q  + ip ) i s  the Fresnel c o e ff ic ie n t 
with reversed s ig n . A2 is  the product o f H /rj tin ea  the co r­
re c tio n  fo r spreading o f the bundle of rays a f te r  re f le c t io n ,  
ftre phase d is  approximately given by

* -  k [ r 1 + r 2 - s) (iJ.19)

where r 2 is  the path trav ersed  by the beam a f te r  re f le c t io n .
The expression fo r  the In te g ra l V thus obtained by the method 
of s ta tio n a ry  phaBe

v -  •*" " $$ J* (*•»>

agrees exactly  w ith the re f le c t io n  formula. I t  must be emphasized 
th a t th i s  expression (and consequently a lso  the re f le c tio n  formula) 
i s  v a lid  only under the condition th a t p be s u f f ic ie n tly  large 
compared with u n ity  ( i t  i s  su f f ic ie n t  to  requ ire  th a t p be g rea te r 
than 2 , or b e t te r ,  p > 3 ) .

(18)
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I f  x ,  y ^ , and a re  g iv e n , th e n  p la  de term ined  from 
(4 .1 4 ) .  T hl6 e q u a tio n  c an  be moat s im p ly  ao lved  In  th e  
fo llo w in g  way. We In tro d u c e  a  nfw unknown, z ,  p u t t i n g

-  p  -  \  (x  + z) (H .21)

-  p  -  \  (x -  z )  (4 .2 2 )  

S o lv in g  (4 .2 1 )  f o r  p ,  we o b ta in

P -  - ■ ? (*  + 2) (*-23)

w hile  (4 .2 2 )  g iv e s

p -  ^  |  (x  -  z )  (4 .2 4 )

Adding th e  two e x p re s s io n s  f o r  p ,  we o b ta in  a c u b ic  e q u a tio n

z3 - z(x2 + 2yj + 2y2) + 2x(y i -  y2) -  0 (4.25)

which Is  not d i f f ic u l t  to  so lve . We se t

p2 -  j  (x2 + ayj * 2y2) ;  (p > 0) (4.26)

• m  a .  y i l  ( - |  < a  < ^  ) (4.27)
r

Then the roo t of (4.25) In which we are In te re s ted  Is

z » 2p s in  (o/3) (4 .28)

U sing  th e  c u b ic  e q u a t io n , one may w r i te  an e x p re s s io n  f o r  p 
I n  term s o f  z I n  th e  form

(13)

(*.29)
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The expression fo r V can be s im p lified  I f  we Introduce the 
quantity

p x2 - zg _ 2px x2 - y i - yg 
1 2x x

(*•30)

V - - * "  0 - t ^ !  J ^ )  *a lP l"2 ( » • » )

We note th a t x ,z ,  and p j can be w ritten  approxim ately as

r 2)

* - < $ r

2rl r 2 (*•32)
(r l  + r 2>

i f  ya -  o,

z -  - x , p -  (y2 - x2) /2 x; Pj  -  0 (*.33)

I f  y j -  y2 ■ y» ws have

z -  0 , p -  y /x  - £ P1 ■ § (*•3*)

We now se t x - J y ^  -  t  as In  (3-2) and Increase x and J y ^ ,  
holding £ f i n i te .  This corresponds to  the tra n s i t io n  to  an 
Incident plane wave. Pu tting  fo r  b rev ity

J t 2 + 3y: -  a (*.35)
we have

x ■ -  * + ^  (o  + 0 , P -  y  (o  -  2 0  * P j ■ j  ( m  ( )  (**36)

(1*)
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and equation (4.31) g ives an expression fo r  the In te g ra l of 
(3 .3) which colnoldes with th a t obtained in  (  6 , r e f .  3 , fo r  
the case of a plane wave (Note,: The fa c to r  2/27 in  equation
6.19 of r e f .  3 should be changed to  4 /27).

5 . H orizontal B lec trio a l Dipole. Primary F ie ld .

The f ie ld  of an e le c tr ic a l  d ipole nay be w ritten  In the
form:

E -  grad d lv n -  AH, H -  -  lk  cu r l D (5 . 1)

where H Is  the Hertz v ec to r, d irec ted  along the  axlB o f the 
d ipole and p roportiona l to  the quan tity

nQ -  e lWl/R (5.2)

wher®
H -  _Jb2 + r a - 2br cos 9 (5-3)

Our spherical coord inates are  connected to  c a r te s ia n  coord i­
nates by the re la tio n e

x -  r  e ln  0 cos <t, y -  r s in  0 s in  $, z - r  cob 0 (5*4)

Taking the d ip o le , looated a t x « 0 , y ■ 0 , z - b ,  as 
d irec ted  along the x a x is , and s e tt in g  the c o e f f ic ie n t of 
p ro p o rtio n a lity  between nx and no as u n ity , we can w rite

Dx "  V  ny * ° '  nz “ 0 (5-5)

The f ie ld  conponents are  obtained a f te r  su b s ti tu tin g  
the veotor (3 . 5 ) In to  equation (5 . 1) .  In the following we 
sh a ll  need only the ra d ia l  components of the primary dipole  
f ie ld  or the q u a n tit ie s  rSp and rHp, p roportional to  them, 
which because of the conditions

d lv E -  0 , dlv  E -  0

(15)

(5 .6)



are  so lu tions of th s  sc a la r  wave equation. (5 .1) and (5.5) 
give the following expression fo r  rEp: 

s * dll s in  0 dO v
rEr  * 008 •  -35 CC0B •  S p --------- ~  " S T  )  “

cos 6 dn \
■+ — —  w O (5.7)

’ through R, we have

dno
' • (5.8)

1 *>0
' 'b s t

’)

(5-9)

♦ * > (5.10)

The quan tity  rHp Is  Immediately obtained from (5.1) In  the form 

rH^ -  lk  Bln <t> (5.11)

In the l a s t  two equations we used the sup e rsc rip t o to  
emphasize the  f a c t  th a t these equations r e f e r  to  the primary 
f ie ld .

On the o ther hand, the complete f ie ld  can be expressed 
by means o f two au x ilia ry  functions u and v according to  the 
equations
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.  I

(5.13)

where 6* ie  the Laplace operator on the ephere

A*u - (5 -U )

The functions u and v may be considered as e le c t r ic a l  and 
magnetic Hertz functions; sometimes they are  ca lled  Debye 
p o te n tia ls .  Both of these functions s a t is fy  the s c a la r  wave 
equation.

The equations (5.12) give both the f ie ld  in  a i r  and In 
the ea r th . For a i r  one must put fo r  the ea rth  k -  kg »
(<i>/c) Jq ” where <o Is  the frequency; In the follow ing we 
w ill take k to  mean the value of th is  q u an tity  fo r  a i r .

The boundary conditions fo r  the e le c tr ic a l  and magnetic 
Hertz function a r ise  from the co n tinu ity  of the tangen tia l 
components of the f ie ld  a t  the e a r th ’s su rface . Denoting by 
the sup e rsc rip t 2 those q u a n titie s  which r e f e r  to  the f ie ld  
in  the e a r th , we can w rite the  boundary conditions In the formt

k2u -  k2 u<2> ; -  d I g (1)3 , r  -  a (5-15)

We must find  the form of the functions u -  u° and v -  v°, 
corresponding to  the primary f ie ld  in  a i r .  Adding the 
expressions fo r  rE^ from (5.10) and (5 .1 2 ), we obtain

r  -  a

(17)

(5.17)



and analogously

* - lit s in  0 -gg—

Out of these re la tio n s  I t  I s  easy to  determine u and \ 
i f  we w rite  n In  s e r ie s  fo ra

9 R kbr L __ 1
(2n+l) (n <W>) f n (kr) Pn (cos 6) 

n-0 (5 -19)

valid  fo r  r  < b. The re s u l ts  are  more conveniently  w ritten

v -  -  sin  0 -i (5 -20)

where P and Q are  new a u x ilia ry  functions which a lso  s a t is fy  
the s c a la r  wave equation , but do not depend on the angle.
We have

■

p0 ■ - h  y  \  n f jS r r  ^  (kb) *h (k r> Pn <c°8 <5 -21'

ft° " h y t n^rry <n (kb> *n Pn (c0“
n-1

6. S eries fo r  the Total F ie ld  

We represen t the functions u and v. In terms of which, 
according to  (5*12) and (5 -1 ? ), the to ta l  f i e ld  I s  expressed. 
In the fo ra :

u -  -  cos 0 -g£ j v -  - Sin 0

( 18)

(6 . 1)
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where F and Q sa t is fy  the sc a la r  wave equation and the follow­
ing boundary cond itions, a r is in g  from (5 *15) and (5 .16)1

A . k f F l * ) ,  ; (6 .2,

6 ^ 5 1 .  (6*5,

and do not depend on the angle 4 . Keeping in  mind the form 
of the primary e x c ita tio n  (5 .21) ,  we can w rite  s e r ie s  for 
F in  a i r  and In the ea r th  aa follow s 1

p - - & X  {» (kb) &.<“>
n-1

(a < r  < b)

*h « „ (!» )] Pn (cos 9 )

(6-4)

P(D
Er n(5+l)‘ ?n (kb) \> *r

n-1

(k2r )  Pn (cos 6)
(6 .5)

0 < r  < a
The boundary conditions (6.2) give fo r  the co e ffic ien ts  

and Ajj the equations

k2 Ajj Cn (ka) + k2 Â  4n (k2a) -  k2 *n (ka) 

k An C„ (ka) + kg Â  4^ (k2a) -  k (ka) 

fran  which
kg (ka) »n (kga) - k »n (ka) ^  (kga)

^  "  k2 ?n (ka> *n <k2a> ’ k Cn (ka> *n <k2a)

.    lk 2A 2______________ _______
A" ’  k2 ^  (ka) f n (kga) - k Cn (ka) ^  (kga) 

(19)

(6 .6)

(6.7)

(6. 8)
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We note th a t the co e ff ic ie n t An here le  exactly  the same ae 
In the s e r ie s  (1 .7) fo r  the Hertz function D of a v e r tic a l 
d ipo le . Comparison of the s e r ie s  (1.7) and (6.4) fo r U and 
fo r  P shows th a t these functions are  connected by the re la tio n

This connection between P and U perm its us In the following 
to  use the r e s u lts  a t  hand fo r  the summation of s e r ie s  and to  
express P In terms o f the atten u a tio n  fa c to r  V which we have 
already s tud ied .

In analogous manner we can obtain  s e r ie s  fo r  the function 
Q in  a i r  and In the ea r th . Remembering (5 .22 ), we can w rite

(6.9)

1 -  nTHTTT Cn<kb) [* n (k r ) * Bn 5n(k r>] Pn (c08 •)

(a < r  < b) (6 .10)

n-1
(0 < r  < a) (6 . 11)

The boundary conditions (6.3) give

Bn ; n 0«0 + Bn *n (>c2a) -  *n(ka)

4Sn + k2 Bn *n(k2a) " K*nO“ )
(6 . 12)

(20)

from which
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B _ *n (k2a) ’ k2*n(ka)*n(k2a) (6 1?)
n k ^ (k a )  *n (k2a) - k2Cn( k a ) ^ ( k 2a)

-  i k /  kC^(ka) *n (k2a) - k2 Cn (ka) ^ ( k 2a) (6.1<0

Thus we have determined s e r ie s  fo r the function  Q. We 
note th a t Q Is  connected with the Hertz function fo r  a 
v e r tic a l magnetic d ipole (ho rizon ta l space an tenna). The 
f ie ld  from such a d ipole can be represented by equations 
(5-12) and (5-13), where we must put

u -  0 , v - g w  (6.15)

where the fa c to r  M Is  the magnetic moment, and the function 
W Is  of the same nature as no and s a t i s f ie s  the same boundary 
conditions (5-16) as v.

For the function W In a i r  we obtain an expansion of the
form

oo

W * EBr ^  (2n+1) Cn (kb) | > (kp> " Bn Cn (kr)]  pn (coa e >
n=0 (6 . 16)

where Bn la  given by (6 .1 3 ). Comparison of the s e r ie s
(6.10) and (6.16) fo r Q and fo r  W y ie ld s  the r e la t lo r

-  ik  W (6.17)

The same re la tio n  (with the same value of k -  cc/c) Is  obtained 
fo r the value of these functions in  the e a rth .

(21)
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Series fo r  our functions P and ft a re  constructed  analogously 
to  the s e r ie s  fo r  U which was summed approximately in  the preced­
ing se c tio n s . In ad d itio n , P i s  re la ted  to  U through (6 .9 ) . 
Therefore, i t  i s  not necessary to  repeat the arguments which 
led us to  the summation of the s e r ie s  fo r  U, and we can use 
the re s u l ts  a lready obtained. For the determ ination of P we 
use the re la tio n

A»p U
¥ (7.1)

and the value (2.22) fo r  Ut

U V(x,y1 ,y2 ,q) (7.2)

I t  can be read ily  seen th a t in those approximations in  
which (7-2) is  v a lid , the ap p lica tion  of the operato r A* to  
functions of the type U o r P is  equivalent to  m u ltip lica tio n  
by -k2a2 . On the o ther hand, on the r ig h t side of (7-1) we 
can neglect the term U/b in  comparison with the d eriva tive  
du/db and express th is  deriv a tiv e  according to  (2.15) as the
d e riv a tiv e  with respec t to  yg . (7.1) then gives

- a 2 p -  = 5 -m dy2 (7.3)

from which

P -  - \  —  
ka5^  dy2

(7.4)

Analogously, one can express Q in  terms of W on the 
(6 .1 7 ). Me obtain

b asis  o f

ft -  - (1A »2) « (7.5)ft -  - (1A »2) W 

( 22)
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We have already  derived an approximate expression (7.2) 
fo r U. An analogous expression can be derived fo r  W. The 
se r ie s  (6.16) fo r  W d if fe rs  from the s e r ie s  (1 .7) fo r  U only 
In th a t the c o e f f ic ie n t An , determined by (1 .8 ) , Is  replaced 
In I t  by the c o e ff ic ie n t Bn , determined by (6 .1JK  With the 
same degree of accuracy to  which (2.12) i s  v a lid , we can 
w rite

v ' ( t )  -  q , v ( t )
B_ -  1 i------

WX(T) - QjWjtT)
(7.6)

where

q ' -  qq -  lm(T,-l)1/2 (7-7)

Therefore W d if fe rs  from U only by the su b s titu tio n  
of q fo r  q1# and we have

e lks 

J s a  s ln (s /a )
V(x,y1 ,y2 ,q1) (7.8)

In p rac tice  one can put q1 -  co In a l l  cases. Then the s e r ie s  
fo r  V acquires the form (3 .11 ).

We must now s u b s titu te  the expressions obtained Into the 
equations fo r the f ie ld .  To do th i s ,  we find  f i r s t  the 
e le c tr ic a l  and magnetic Hertz functions u and v. On the 
basis  of (6.1) we have

v r  - i  W sin  * (7.10)

We su b s titu te  these expressions In to  (5.12) and (5 .13 ). 
re ta in in g  only the Important terms and neglecting  q u a n titie s  
of order 1/m2 compared with u n ity . We then obtain  the follow ­
ing simple expressions:

(23)
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Er  -  - l^au -  - | L  coa d

Ee -  0 (7.11)

E0 -  A v  -  - k2 W s in  d

Hp -  A t  -  -  V? W s in  d

Hfl ■ ^  T  ^  Bln •  (7.12)

"d -  k2au -  ^  cos d

These expressions give the f ie ld  in  'reduced ' u n its  (the 
moment of the e le c tr ic a l  d ipo le  i s  taken as u n i ty ) . To obtain 
the f ie ld  in  conventional u n i ts ,  the expressions must be 
m ultip lied  by the magnitude of the e le c t r ic a l  moment.

We now compare the re la tio n s  (7.12) w ith those fo r  a 
v e r tic a l magnetic dipole w ith un it moment. In accordance 
with (6 . 15) we put u -  0; bv -  W, obtain ing

Er  -  0 , Ee -  0 ; E^ -  k2W (7.13)

Hp -  A j  «e -  A*! |jL  i -  0 (7.14)

Thus in  the plane perpendicular to  the e le c tr ic  d ip o le , i t s  
f i e ld  e i th e r  coincides with the f ie ld  of a v e r t ic a l  magnetic 
dipo le  (d  -  3 r / 2 ) , o r d if f e r s  from i t  in  s ign  (d  -  r/z).

(24)
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In conclusion wo may make t  remark about the charac te r 
of the f ie ld  a t  d iffe ren t distances from the source. At 
f in i te  values of reduced horlzor'.al d istance x , the functions 
U and W are of the same order. Since (7.11) and (7.12) 
contain the large parameter m, t.-.en a t  such distances the 
d iffe re n t f ie ld  components w ill lo t  be of the same order; 
the e le c tr ic a l  f ie ld  w ill be almost h o rizon ta l and the 
magnetic f ie ld  almost v e r tic a l (the r a t io  of "small* 
components to  "large" w ill be of the order o f 1/m). However, 
In the region of deep shadow W w ill decrease f a s te r  than U. 
Indeed, the decrease of these functions I s  ch aracterized  by 
the fac to rs

ix r?  ix r ,
e 1 ( fo r V) and e 1 ( fo r  U)

where and are the roo ts of the following equation 
which have the sm allest moduli:

Wl ^ l )  * ql V Tl ) "  °* Wi (‘r l ) " “ 0

For so i l  with good conductiv ity  we may se t q « 0; 
q^ -  oo whence

-  2.338 eln /3  -  1.019 e ln /3

so th a t the Imaginary p a rt of t °  w ill be la rg e r  than the 
Imaginary p a r t  o f t ^ .  The same r e la tio n  holds In the 
general case , because |q 1 j Is  always much la rg e r  than | q | .  
Therefore the attenua tion  o f W w ill occur more rap id ly  than 
the a tten u a tio n  of U, and fo r su f f ic ie n t ly  large x, the 
terms comprising U can. In sp ite  of the small fa c to r  l/re, 
predominate over the terms comprising W. This denotes fo r  
the e le c tr ic a l  f ie ld  a constant tr a n s i t io n  from horizontal 
to  v e r tic a l po la riza tio n  (with the reverse  t ra n s it io n  fo r  
the magnetic f ie ld ) .

(25)



REFERENCES

232

1. V.A. FOCK, D iffrac tion  of Radio Waves Around the E arth 'a
S urface. Iad a te la tv o  Adademli Nauk USSR,
Moscow and Leningrad, 1946.

2. V.A. POCK, "Propapitlon of a D irect Wave Around the E arth ,
Taking Account of D iffrac tio n  and R efraction", 
Symposium Studies on the Propagation of Radio 
Waves, Izd a te ls tv o  Adademli Nauk USSR, Moscow 
and Leningrad, 1940.

3. V.A. POCK, The F ie ld  o f a Plane Wave Near the Surface of
a Conducting Body. Iz v e s tl la  Adademli Nauk USSR, 
S e rlla  F lz lk a , 1946.

(26 )



IX. FRESNEL DIFFRACTION FfcOM CONVEX BODIES

233

V. A. Fock

The method of approximation based on Huyghens’ p rin c ip le  
fo r computation of the d if f ra c tio n  perm its u s, as i s  well known, 
to  determine the f ie ld  of a wave which la  d iffra c te d  by a th in  
opaque Bcreen. This f ie ld  i s  expressed by F re sn e l's  In te g ra ls .

However, In the case where the d if f ra c tin g  body has a 
f i n i t e  curvature (rad ius o f curvature large with respect to  
wavelength) the problem of an approximate determ ination of 
the f ie ld  in  the region of the geom etrical shadow boundary 
a t  la rg e  distance from the body has been unanswered up to  now; 
in p a r t ic u la r  i t  could not be c la r i f ie d  whether in  th is  case 
the same expressions fo r  the f ie ld  (the Fresnel in te g ra ls ) ,  
with which one s ta r t s  In analogy to  the case of an In f in i te ly  
th in  screen, are  ap p licab le . In  the following paper we show 
In the  example of d if f ra c tio n  from a sphere, th a t a lso  fo r  a 
body with f in i te  curvature the main term in  the expression 
fo r the f ie ld  behind th is  body i s  given by the Fresnel In te g ra ls . 
This term does not depend on the m ateria l of the body (In  the 
sane way as In the usual F resnel D iffra c tio n ) . To the main 
term there i s  added here an a d d itio n a l term, which co n s titu te s  
a s o r t  o f background, above which the Fresnel zones l i e .  Thb 
add itio n a l term (and with i t  the background) depends, on the 
con tra ry , on the e le c tr ic a l  p ro p e rtie s  of the body from which 
the wave i s  d iffra c te d .

1. Formulas fo r  The A ttenuation Factor

We s t a r t  out from our fom ulas  fo r  d if f ra c tio n , which were 
developed In our paper [ l ]  . We have to  euxmarlxe here the main 
r e s u l ts  o f th is  paper.

(1)
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The f ie ld  of a l ig h t  po in t source (d ip o le ), located  a t  some 
d istance from the surface of the sphere. Is  given by two functions 
U and W, which rep resen t so lu tions of the wave equation .

AU + k2U -» ?  (1 .0 1 )

and becomes s in g u la r a t  the source-poin t ln :<-such a manner th a t 

lkR
U -  + u° , (i.o 2 )

Where fl le  the d letanoe from the source and U° remains f in i te  
fo r kH-eO.

The equations defin ing  U, W d if f e r  In the form of the 
boundary cond itions, which we are  not going to  d iscuss here .

Let r ,  0, 4 be p o la r coordinates with o r ig in  a t  the cen ter 
o f the sphere, and ax is  In d ire c tio n  of the d ip o le . The quantity  
s — a0 , where a Is  the rad ius of the sphere, gives the distance 
from the source to  the observation  p o in t, computed on a large 
c ir c le .  The height of the source above the sphere Is  denoted 
by the height of the observation poin t - by hg. Fu rther 
we Introduce the param eter

- s (1.03)

which we assume la rg e , and l e t

3 n r  8 
X *  * “ mS ;

(1.0*)

yl  m '  y2 m (1.05)

( 2)
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The complex d ie le c tr ic  constant of the m ateria l o f the sphere 
we designate by I), and assume |t ) | »  1. F ina lly  we l e t

Q - J T T T qx -  1» J n  -  1

In our paper we showed, th a t In the v ic in ity  of the su rface 
of the sphere ( th a t i s ,  a t  d istances small compared to  I t s  
rad iu s), the functions U and W are to  be expressed by an 
atten u a tio n  fa c to r . In accordance w ith:

.Ik s
} • V (x ,y1>y2,q)----1 y  *^ s a  s in  —

.Ik s
W «  , g . V (x ,y1,y 2 ,q 1) . (1 . 08)

-Jsa s in  f  1 2 1

The a ttenua tion  fa c to r  V may be represented fo” y 1 < y2, by 
the contour In te g ra l:

V (x ,y i ,y 2 ,q) *  e ’ 1 1  J f ^  c lx t  F ( t ,y i ,y2 .q) d t  , (1.09)

where the function  F may be w ritten  In  the form:

F » Wl( t  - y ) J v ( t  -  yx) -  t - CS). -- ‘g f e l -  *  ( t  - y ^ T ,
1 2 \  1 w1 (t)  -  qw1( t )  1

( 1 . 10)

or In  the form:

F «  |  wx ( t  -  y ) L  ( t  -  y ) -  w ( t  -  y ^ l -21 l  »!<*) - 1̂̂ ) J
( 1 . 11 )(3)
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Here W j(t) and Wg(t) are the complex A iry-functlons, which 
rep resen t so lu tions of the d i f f e r e n t ia l  equation

w " ( t ) » tw ( t )  ( 1 . 12)

and which tend fo r  la rge  negative t  asym pto tically  to  the 
follow ing expressions:

t( t ) — (
1

- t ) ' *

w 1
, ( t ) - . * 1 * (-  t )  '  ’

In the formula (l.lOfc th tr e  appears a lso  one of the functions 
u ( t ) ,  v ( t ) ,  which are defined by the equations

wx( t)  « u ( t )  + lv ( t )  ; w2( t )  m v ( t )  - l v ( t )  (1 . 1**)

For t  re a l both functions u ( t ) ,  v ( t)  are  r e a l .  For a l l  values 
o f t  we have:

' )  -  ( « . l5  ’)  =  * *  , ( t>  .

(1.15)

The contour C o f the In teg ra l (1.09) encloses In p o s itiv e  
d ire c tio n  the f i r s t  quadrant o f the complex v ariab le  t  (In  th is  
f i r s t  quadrant a l l  the poles of the In tegrand are  lo c a te d ) .
We can choose fo r  contour C a broken l in e ,  which goes from 

in  |
oo e J  to  0 and from 0 to  oo .

( 4 )
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2. Reformulation o f The A ttenuation Factor

In  our previous pages £ l,  2^|we Investiga ted  the a ttenua­
tio n  fa c to r  V, f i r s t  In the illum inated  reg ion , where the 
formula of re f le c tio n , corresponding to  geom etrical op tics 
holds, second In the shadow region, where the amplitudes of the 
f ie ld  decay exponentially , and f in a l ly  In the tra n s it io n  region 
(region of half-shadow). The region of the shadow-cone was 
not Investiga ted , and I t  Is  the purpose of the presen t work 
to  derive approximations fo r th is  region.

The shadow cone Is  th a t cone, tangent to  the sphere, whose 
apex Is  the source p o in t. The equation of the shadow cone may 
be w ritte n  In the form

or, a f te r  t ra n s it io n  to  the v ariab les  x .y ^ y g ,  and neglect of 
small q u an tit ie s :

- x  • (2.02)

ThuB, we have the task  of In v estig a tin g  the a ttenua tion  fac to r 
V fo r  the case, where the q u a n titie s  x ,y1#y2 are very la rge , 
but the difference

i  « x - _|ŷ  - JyJ (2.03)

remains f i n i t e .  We note th a t the shadow region corresponds to  
p o s itiv e  values of 4 , the  Illum inated region to  negative values 
of

(5)
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Under the in te g ra l (1.09) fo r  V we nay su b s titu te  fo r  P 
one of the  two expressions (1 .10) o r (1 . 11), which a re  id e n tic a l.  
We decompose the contour C of the in te g ra l (1.09) in to  two

segments: th a t from o o e ^  to  0 we denote Cj^ th a t from 0 to
oo- Cg. On the f i r s t  segment we use fo r  P the expression ( l . l l ) ,  
on the second segment the expression (1 .10 ). Then we may w rite

V • •  + Y , (2.04)

where

1 n f  f* -

’ •  Mi J e lx t  wx( t  - y2) wg( t  - yx) d t +I %
>(2.05)

elx t  W j(t -  y2) v ( t  - y2) d t Y  ,

C2
J -

Y «  - - - s <‘ i < -l< t -  yg) dt1 l i ^ ( t )  - q w ^ t) 1 1

j elx t  v | ( t )  -  q v (t) ( t  _ } 
**1( t )  -  qw^(t) 1 1

w, ( t  - y j  dt

C2

1 '  2 '

(2 . 06)

The In teg ra ls  which e n te r  in to  0 do not depend on the parameter 
4 , which appears only in  Y. Consequently, 9  does not depend on 
the e le c tr ic a l  p ro p erties  of the d if f ra c tin g  body; they Influence 
only the q uan tity  Y. We see th a t * corresponds to  the Fresnel

(6 )
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portion  of the d iffra c tio n  and » to  the background, on which 
the Fresnel D iffrac tion  term Is superimposed,

3. Computation of Tne In te g ra l •

In the expression (2.05) fo r  ♦ we may replace the In teg ra- »' 
tlon  over C1 by an In teg ra tio n  from - os to 0. Using the 
re la tio n  - fiiv we obtain :

•  * * *2 ' (3,01)

where 1 w °p

* i - 1  J ? «  *  I *i x t  « i<*  -  y 2 ) wi ( t  -  y i J d t  ' ( ? 0 2 )

71 +°°
®2 =  J f Y 1 * J  e lx t  wa ( t  - y2) v ( t  -  ya ) d t . (3 .03)

F . r s t  we compute th e  I n t e g r a l  *2 . For t h i s  pu rpose  we make 
u se  o f  th e  fo llo w in g  I n te g r a l - r e p r e s e n t a t i o n  f o r  wx ( t  -  y2 ) :

" i ( t  - y2) •
< t-y2) a -  \  z l

(3.0*1)

r
Where th e  cu rv e  i~ c o n s is t s  o f  th e  segm ents from -1  co to  0 
and from 0 to  o o . We n o te  t h a t  on th e  cu rv e  f~  we h a v e :
Rez 0 . S u b s t i tu t in g  (3 .0 4 )  and ( 3 .0 3 ) ,  we can c a r ry  th r u  
th e  I n te g r a t io n  ovei* t  w ith  h e lp  o f  th e  fo rm u la :

(7)



21*0

^  e^Z + v{t -  yx) at - e * p  J y x(8 + lx ) + j  (z + lx )3l  

-  ® (3.05) ̂

which hoi is  fo r  Rez V  0. Thereby we find

• , - J i Y 1 *  r  e! « 2 - («* ♦ y2 - 7 1 ) . a,  .
fL  (3.06)

The l a t t e r  in te g ra l 1b e a s ily  computed, and we ob ta in  f in a l ly

(3.07)

with

“ (*) -  -  75 x5 + |  * (yx + y2) + —  kx̂  • (3.08)

As we showed In our paper £ l j  , the quan tity  a> Is  the phase Of 
the lno ldent wave, and we have approximately:

(D - k ( R  -  s) , (3.09)

where R and a designate  the same q u a n titie s  as In  Section 1.
Thus the In teg ra l corresponds to the inc iden t wave.

We now pass to  the eva lua tion  o f the in te g ra l $x . Using 
the in te g ra l-re p re se n ta tio n  (3 . 0b) fo r  both fa c to rs  wx ( t  -  y?) 
and wx( t  -  yx) we a r r iv e ,  carry ing  out the In teg ra tio n  over 
t ,  a t  a double contour In te g ra l,  fo r  which one In teg ra tio n  may 
be ca rr ie d  th ru  a f t e r  a ohange o f v a r iab le s . Thereby we g e t:

(0)
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I eM * )  .
J T ( z  -  x)

(3 . 10)

Where th e  c o n to u r  C comes from  p o s i t iv e  Im ag inary  I n f i n i t y ,  
I n t e r s e c t s  th e  r e a l  a x is  to  the  r i g h t  o f  th e  p o in t  z » x ,  

and th e n  p ro ce ed s  a lo n g  th e  r a y  a rc  z «= -  -g .

The v a lu e  o f  th e  I n t e g r a l  (3 .1 0 )  a t  th e  p o in t  z « x  I s  
a cc o rd in g  to  (3 .0 7 )  e q u a l to  th e  q u a n t i ty  «2 . T h e re fo re , we 
g e t .  I f  we d eno te  by Cj a  c o n to u r ,  w hich I s  s im i l a r  to  C, b u t 
c u ts  th e  r e a l  a x is  to  th e  l e f t  o f  th e  p o in t  z  »  x .

By means o f  t h i s  fo rm u la  we can  e x p re ss  th e  fu n c t io n  $ 
ap p ro x im ate ly  by means o f  F r e s n e l 's  I n t e g r a l s .  To t h i s  pu rpose  
we make u se  o f  th e  s a d d le - p o in t  m ethod, where we n o te ,  how ever, 

t h a t  th e  r a t i o  -j-—- j  I s  n o t a  s lo w ly -v a ry in g  f u n c t io n .  I f  we 

e q u a te  th e  d e r iv a t iv e  o f  th e  phase  a>(z) to  z e ro , we a r r iv e  a t  
th e  e q u a tio n :

2“ -  2z2 (y i + y2) + (yx - y2 ) 2 -  o , (3.12)

w hich has r o o ts

2 « * J y ^ ± _ | y 7 .  (3 .1 3 )

Of th e s e  fo u r  r o o ts  o n ly  th e  l a r g e s t  p o s i t iv e  one I s  I n t e r e s t i n g :

zo = - F r +J y 7 '

(9 )

(3.1*0
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S in ce  I t  l i e s  c lo s e s t  to  th e  c o n to u r  C. We c a l l  CQ 
a  c o n to u r  w hich r e s e a b le s  C and C , b u t c u t s  th e  r e a l  a x is  
a t  a  p o in t  z »  zQ. U sing  th e  r e l a t i o n  (2 .0 3 )  we s e t

x '  *o “  * ■ 4 * i  ■ 4*2" ■ <3,15)

I f  t  < 0 , th e  c o n to u r  CQ i s  e q u iv a le n t  to  C and th e  I n te g r a l  
o v e r  I t  y ie ld s  ^ . I f  \  > 0, th e n  th e  c o n to u r  CQ I s  e q u iv a le n t  
to  c' and th e  I n t e g r a l  o v e r  I t  y i e ld s  

N ear z ■  z we have

• 0 - - ( S )  ♦ - y 15 /* * - y aa / f e .o 0 3 1 3 2

__ .
4 ^ + 4 V

fo r  an approximate evaluation  of the In teg ra l

I = J 2 l  f  M * ) .
2al c i 4 T ( z  - x)

We replace the q u an tity  J T  by the constant value _["s£ and 
the function a>(x) by the expression (3 .1 6 ). I f  we se t

z -  z + pe (3.20)
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Then we can in teg ra te  over p from - ooto t o o .  Thereby we 
get

The l a t t e r  In teg ral 1b expressib le  in  terms of F re sn e l's  
in te g ra ls ,  where fo r  I  > 0 and t < 0 i t  has d iffe re n t an a ly tic  
forms, namely:

f
f(n O  fu r I  > 0 , (5.22)

- f  (-  |i() fu r i  < 0 ,(3 .23 )

with

’ - F

00

1
One sees ea s ily , th a t

f (a )  + f ( -  a)

(3.2*)

(3.25)

I f  we introduce the usual Fresnel In te g ra ls

C (3.26)

( H )

we may w rite



. (3.27){ $ - • ) ♦  . f t - $]■

The asymptotic expression fo r  f ( a ) ,  which holds fo r  large 
values of a,  is

’ ) • (,s9>
I f  one expresses the In teg ra l I  by f (a )  and remembers th a t 
th is  in te g ra l rep resen ts, fo r  I  > 0 the function  fo r  t  < 0 — 
the function  defined by (3 .07 ), one ob tains
f ln a l ly t

0 = e}* W

l<u_
» • uf(uS) (fo r  i  > 0)

J E L 0 . n f (- u () ( fo r t  < 0)

(3.29)

(3.30)

These expressions hold under the condition  th a t and J y J

are very large (the quan tity  u2 la  o f the order of the sm aller 
of these numbers). The q u an tity  ( may be regarded as f in i te  
and sm all, the product may be an a rb itra ry  (la rg e , f in i te  
o r small) number. I f  { Is very small (and I t  may have a rb itra ry  
s ig n ), then both expressions fo r $ p r a c tic a lly  co incide. Thle 
follows from the equations of approximation;

(3 .3D

®(x) m ®0 - 

(12 )

.2 t 2 (3.32)
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In  conjunction with the formula (3 .25 ). For I * 0 the two 
expressions fo r  ® coincide exac tly .

4. Evaluation of The In teg ra l

We turn  now to the re s u l t  o f the approximation formulas 
fo r  the In teg ra l T. We f i r s t  Inquire  about the value of the 
In teg ra l fo r th a t ease, fo r  which we have computed the value 
of the in te g ra l • ,  namely fo r the case where the q u a n titie s  

Jy ^  , _Jy2 (and with these a lso  u.2) are  very la rg e , while

remains f i n i t e .  Under these conditions th a t 
p o rtion  of the contour o f In teg ra tio n , on which the variab le  t  
Is  f i n i t e ,  y ie ld s  the p r in c ip a l p a r t .  For f in i te  t,  and y j and 
y? la rg e , the product o f the function  Wj and the exponential 
appearing under the In teg ra l In (2.06) equals:

wi< t  -  *1> wl ^  -  y2> m J

[**$ ' °(?)]

*1 y2

l i t

(4.01)

Where fo r  the sake of b rev ity  we used the re la tio n  (3 .17).

I f  we su b s titu te  th is  expression In to  the In teg ra l T, 
we obtain :

(4.02)

(13)
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where

gU ) =
- F

» ^(t)  -  qwg( t)

W j(t) -  qw j(t)

/ V t t  y > ) .  .-.Av.( t )  «
J  wx( t )  -  qwx( t)

(4.03)

Making use of the p ro p e rtie s  o f the Airy function  (1 .16 ), 
we see Immediately, th a t with

. . . . i f (4.04)

there  follows

t  Wg(t) -  qw2( t)  

2 w j( t)  -  qw1(t)

, 1 \  n
v ( t 1) - qe 3 v ( t ')

i 1 -I it
w2( t ' )  - qe 5  W g(t')

(4.05)

S ub stitu tio n  of (4.04) converts the f i r s t  In teg ra l In (4.03) 
in to  an in te g ra l over the p o s it iv e -re a l ax is . Omitting the 
prime or t ,  we g e t:

g ( t )

„  CD

0

, - ¥ * * > .  t ' l t )  -  . . ‘ 3

l l
Wg(t) - qe 5

. at .
t» j(t) -  qw j(t)

V(t ) d t +

* a (t)

(* • « )

(14)
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The function v ( t)  In the numerator decreases rap id ly  with 
increasing  t ,  while the functions w^(t) and w2( t)  In the 
denominator Increase as rap id ly . Therefore, both In te g ra ls  
converge very rap id ly , and may be evaluated by quadratures.
The function  g(?) may be developed In a T aylor-serlee  In ( j  
the c o e ff ic ie n ts  o f th i s  s e r ie s  may a lso  be evaluated by 
quadrature. For la rg e , p o s itiv e  t  the function g ( 0  has 
asymptotic behavior:

l . e .  of an expression, which no longer depends on q. The 
remainder 1b of o rder e1^  where t x i s  the f i r s t  roo t o f 
the equation

w j( t)  -  qwx( t )  - 0  (4.08)

For la rg e  negative i  the asymptotic expression fo r  g(4) ha6 
the form:

H i J  (..OS!
2 f r * 2 q - j |

I f  we su b s titu te  th is  expression In  (4 .02), we have to  remember, 
th a t th is  formula fo r  T applies only when the co rrec tio n  term, 
which contains |i2 In the denominator, Is  small compared to  ths 
main term. Necessary fo r  the a p p lic a b ili ty  of l ik e  expressions 
(4.02) and (4.09) Is  the condition

1 «  I 2 «  u ( t  < 0) . (4.10)

(15)



5. The Attenuation Factor in  The Region of The Shadow-Cons

2<t8

In the preceding paragraph we found approximate expressions 
fo r  the in te g ra ls  •  and f ,  whose sum y ie ld s  the atten u a tio n  
fa c to r  V(x,y1,y 2j4 ) • Forming th is  sum, we obtain  fo r  $ ^  0.

- A  >
_J*1 y2

and fo r  $ ^  0

f
(no  • q<«) + - S  «"(«)

! p r r

) |  (5.01:

{ * ( -  n«) + s ( «  - —5 « " U )J .

These expressions are va lid  under cond ition , th a t the parameter 
U, which is  determined from the equation

(5.03)

is  very la rge , while the quan tity

I  ® * - _[y^ - .Jy J  (5.o«o

i s  small o r f i n i t e .

Let us re tu rn  to the geom etrical meaning o f these qu an titie s . 
According to  the formulas (1.03) to (1.05) we have:

( 5 .06)



These large values o f p correspond to  short wavelengths and 
are re la t iv e ly  la rge  d istances from the surface of the body 
(the l a t t e r  should s t i l l  be small compared to  I t s  r a d i i  o f 
cu rva tu re ). The quan tity  ( Is  p roportional to  the distance 
taken along (more exactly , p a ra l le l  to) the surface o f the 
body, from the boundary of the geometrical shadow (the shadow 
cone). For 4 < 0 the magnitude le  approximately equal
to  the phase d ifference between the Incident and re f le c te d  
waves. The value 4 »  0 corresponds to  the boundary of the 
shadow, p o sitiv e  correspond to  the shadow, negative 4 to  the 
Illum inated reg ion .

Our formulas give the t ra n s it io n  between lig h t  and shadow 
a t  r e la t iv e ly  large d istances from the surface of the body.
Since the functions f  and g and th e ir  deriva tives  with respect 
to  th e i r  arguments a re , fo r  f i n i t e  values of these arguments, 
of order 1, the term |if(n4) y ie ld s  the main term In 
fo r  large values o f p.. This term la  proportional to  the Fresnel 
In te g ra l.  I t  represen ts a rap id ly-vary ing  function of 4, since 
the argument of the Fresnel In teg ra l Is p4, where u Is  a large 
number. Thus the main term In the expression fo r  V y ie ld s  the 
Fresnel d if f ra c tio n .  On th is  d iffra c tio n  p a tte rn  there  Is 
superposed an In ten s ity  which Is represented by the function 
g(4) and Is  slowly varying In comparison with the main term.
This "background" depends on the m ateria l o f the d if f ra c tin g  
body {since g(4) depends on q ) ,  while the Fresnel term Is  
Independent thereo f.

The expression derived here fo r  the a ttenua tion  fa c to r  
should reduce, as going fu r th e r  away from the shadow cone In 
both d ire c tio n s , to the prev iously  derived formulas fo r  the 
shadow and the Illum inated reg ion . Ve check thlB : In  the
shadow zone we have to  have an exponential amplitude decay.
In the Illum inated region — the re f le c tio n  formula.

(17)
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Since  we n e g le c te d  in  th e  fo rm u la  (5 .0 1 )  and In  th e  a sym pto tic  
e x p re s s io n  (4 .0 7 )  f o r  g ( £ ) ,  te rm s w hich d e c re a se  e x p o n e n tia l ly  
f o r  l a r g e  p o s i t io n  { , we sh o u ld  g e t  z ero  i n  o u r  app ro x im atio n  
in  th e  shadow zone. A c tu a lly  we g e t  from  th e  a sy m p to tic  
e x p re s s io n  (3 .2 8 )  f o r  th e  F r e s n e l - f u n c t lo n  f ( a ) :

u f (u « )
2 ^ O'shO 15-07)

On th e  o th e r  hand , th e  fo rm u la  (4 .0 7 )  y i e ld s :  

i  w
8(4) - A  «"(«) - — -=  e *  . A  - , (5.08)

4u2 2 ^  V4 2u2 Vj
T hat i s ,  th e  same e x p re s s io n . Thus f o r  l a rg e  p o s i t i v e  t  th e  
e x p re s s io n  (5 .0 1 )  f o r  V a c tu a l ly  te n d s  to  z e ro  in  o u r  approxim a­
t io n .

Now we c o n s id e r  la rg e  n e g a tiv e  v a lu e s  ( .  In  th e  form ula  
(5 .0 2 ) th e  f i r s t  te rm  o f  th e  a sy m p to tic  e x p re s s io n  (4 .0 9 )  
f o r  g (£ )  c a n c e ls  a g a in s t  | i f ( -  u 4 ) .  th e  second  te rm s (which 
c o n ta in s  the  e x p o n e n tia l  fu n c t io n )  y i e ld s :

. e lo ( x )  _ ■STL ‘ 4 - h ? (5.09)

On th e  o th e r  .land , in  th e  i l lu m in a te d  re g io n  th e  r e f l e c t i o n  
fo rm u la

h o ld s , a s  shown in  o u r  p re v io u s  p a p e r  [ l ]  [ th e  fo rm u la  (4 .31 ) 
o f  t h a t  p a p e r^  . T here  u> ■ u>(x), and th e  q u a n t i ty  p  (which is  
p r o p o r t io n a l  to  th e  c o s in e  o f  th e  a n g le  o f  in c id e n c e )  i s  
d e f in e d  by th e  e q u a t io n :

(18)



251

x (5.11)

and fo r  p, we have

Pl =  2p + x - i  (ya + y2) . (5.12)

To the approximation in  which formula (5.09) ho lds, we have

I f  we vse these approximate equations, we see e a s ily  th a t the 
formula (5.09) gives Just the approximate form of the equation 
of re f le c tio n  (5.10).

Thus, the formulas (5.01) and (5 .04), which were derived for 
the region near the shadow cone, reduce to  those formulas which 
hold In the regions ad jo in ing  th is  shadow cone on both sides, 
and which were derived In our previous pages.

In  conclusion, we make the following remarks about the 
formulas derived h e re .

In the same manner as the s ta r t in g  formulas fo r V, a lso  
the approximate formulas admit of tra n s it io n  to  the case of 
a plane wave a t  su itab le  change of the expressions fo r  the phase 
of the Incident wave. This tra n s it io n  co n s is ts  In le t t in g  x and 
J y ^  tend to  In f in i ty ,  while keeping th?*r d ifference f i n i t e .
As was shown in  our papers [2]  and , our s ta r t in g  formulas 
are va lid  In  the case of a plane wave not only fo r  a sphere, 
but a lso  fo r  a body of a rb itra ry  shape. Therefore, we may 
regard the approximation formulas derived here , which contain 
the F resnel in te g ra ls  as special e sses , as proven also  fo r a

Pl a  2 u2 + ? - -  2 u2 . (5.14)

(19)
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body o f a rb i t ra ry  shape. I t  Is  a lso  very probable th a t the 
d if f ra c tio n  p a tte rn  found here (a Fresnel d if f ra c tio n , super­
imposed on a background) Is  v a lid , a t  le a s t  q u a lita tiv e ly , 
a lso  in  large d istances from the body. One may, th ere fo re , 
expect th a t the In te n s ity  of the background decreases with 
Increasing  d istance from the body.
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V. A. Fock

In 1821, the French s c ie n t is t  Fresnel estab lished  formulas 
determ ining the In ten sity  and d irec tio n  of o s c il la tio n s  In re ­
flec ted  and refracted  rays of l ig h t  Incident on the plane su r­
face of a transparent body.

Fresnel obtained h is  formulas on the basis  o f the e la s t ic  
theory of l ig h t under the assumption of the transverse  o s c i l la ­
tions of the e la s tic  medium (ether) where he was obliged to  
Introduce special hypotheses on the e la s t ic i ty  and density  of 
the e th e r  In media which d iffe red  from each o ther by the Index 
of re fra c tio n . This d e riva tion  does not correspond with the 
modem view on the nature  of l ig h t and has only h is to r ic a l  
in te r e s t  a t  the presen t time. However the formulas themselves 
were ju s t i f ie d  b r i l l i a n t ly  by experiment and, l a te r ,  as touch­
stones fo r  the v e r if ic a tio n  of the whole new theory of l ig h t .

In 1865, the electrom agnetic theory of l ig h t ,  created  by 
Maxwell, appeared, which would su sta in  th is  v e r if ic a tio n  and, 
moreover, would give an explanation of an unusually wide c lre la  
of phenomena Including those which were detected many years 
la te r  ftuch asr radiowaves (Hertz, Popov), l ig h t pressure 
(Lebedev) and many o thers .

The Fresnel re f le c tio n  laws emerge from the Maxwell equa­
tions and the appropriate boundary conditions w ithout any 
ad d itiona l hypotheses, where I t  appears th a t the transverse 
o s c il la tio n s  analyzed by Fresnel must be understood as the 
o s c il la tio n s  of the e le c tr ic  vector.

The Fresnel laws are  applicab le  not only to l ig h t but to  
electrom agnetic o sc il la tio n s  of any frequency, including rad io- 
waves. On the other hand, the Fresnel lawB are generalized
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e a s i l y  t o  th e  c a se  when th e  waves f a l l  on th e  p la n e  s u r fa c e  o f  
an a b so rb in g  body . The F re sn e l fo rm u las r e t a i n  t h e i r  form , 
w ith  t h i s  s o le  d i f f e r e n c e ,  t h a t  th e  index  o f  r e f r a c t io n  n 1 
m ust be r e p la c e d  by a  com plex q u a n t i ty ;  nam ely , th e  sq u a re  ro o t 
o f  th e  com plex d i e l e c t r i c  c o n s ta n t  o f  th e  medium.

The F re sn e l fo rm u las  p e rm it th e  d i r e c t  e x p re s s io n  o f  th e  
a m p litu d e  o f  th e  e le c tro m a g n e tic  f i e l d  o f  th e  r e f l e c t e d  wave 
th ro u g h  th e  a m p litu d e  o f  th e  I n c id e n t  wave f i e l d ,  where t h e i r  
v a lu e s  on th e  r e f l e c t i n g  s u r fa c e  a re  u n d e rs to o d  to  be th e s e  
a m p litu d e s . I f  a p la n e  wave f a l l s  on th e  s u r fa c e , and I f  th e  
r e f l e c t i n g  s u r fa c e  I t s e l f  I s  a  p la n e , th e n  th e  r e f le c te d -w a v e  
f i e l d  a m p litu d e s  a t  a  c e r t a i n  d is ta n c e  from  th e  s u r fa c e  w i l l  
be th e  same a s  on th e  s u r fa c e  I t s e l f ;  on ly  th e  phase  w i l l  depend 
on th e  d is t a n c e  from  th e  s u r fa c e .  I f  th e  r e f l e c t i n g  s u r fa c e  
I s  convex , th e n  th e  I n c id e n t ,  p a r a l l e l  beam o f  r a y s  becomes 
d iv e rg e n t  a f t e r  r e f l e c t i o n .  In  such  a  c a s e ,  when c a l c u la t in g  
th e  r e f le c te d -w a v e  a m p litu d e s  a t  a  g iven  d is t a n c e  from th e  
p o in t  w here th e  r e f l e c t i o n  would o c cu r . I t  I s  n e c e s sa ry  to  
In tro d u c e  a  c o r r e c t io n  f a c t o r  In to  th e  a m p litu d e  which would 
ta k e  I n to  a cc o u n t th e  beam sp re a d in g  a f t e r  r e f l e c t i o n .  T his 
f a c to r  can  be found from p u r e ly  g eo m etric  c o n s id e r a t io n s .

The e lec tro m ag n e tic -w a v e  r e f l e c t i o n  law s a re  ve ry  s im p le  
and c o n v e n ie n t f o r  th e  a p p rox im ate  fo rm u la tio n  In  F re sn e l 
f o rm u la s .  I t  I s  a  much l e s s  s a t i s f a c to r y  m a tte r  In  th e  c ase  
o f  th e  a p p rox im ate  f o rm u la tio n  o f  th e  d i f f r a c t i o n  law s; l . e . ,  
th e  e n v e lo p in g  o f  an o b s ta c l e  by th e  wave and I t s  e n tra n c e  
I n to  th e  g e o m etric  shade r e g io n . A ll th e  known u n t i l  v ery  
r e c e n t l y  app rox im ate  m ethods r e f e r  to  th e  c a se  o f  wave 
d i f f r a c t i o n  from  an o b s ta c e le  w ith  sh a rp  e d g e s , f o r  exam ple, 
from  an opaque s c re e n  w ith  o r i f i c e s .  B a s ic a l ly ,  th e se  methods 
a re  r e f in e m e n ts  o f  th e  Huygens p r in c i p l e .  The p r in c i p a l  s te p  
In  t h i s  d i r e c t i o n  was made by F re sn e l h im s e lf .  A ccording to  
th e  Huygens p r in c i p l e  In  th e  F re sn e l fo rm u la t io n , p a r t  o f  th e  
l i g h t  wave c o v ered  by th e  s c re e n  does n o t a c t  a t  a l l ,  b u t th e

(2)



255

uncovered re g io n s  a c t  j u s t  a s  though th e re  were no s c re e n  a t  
a l l .  A f u r t h e r  Improvement was made In  1882 by K lrch h o ff  
who proposed a fo rm u la  f o r  th e  am p litu d e  o f  l i g h t  waves o u t­
s id e  a  s c re e n . The K lrc h h o ff- fo rm u la  I s  a v e ry  f l e x i b l e  and 
conven ien t means o f  so lv in g  a p p ro x im ate ly  th e  problem  o f  
d i f f r a c t i o n  from  a s c re e n  w ith  sh a rp  edges b u t  I t  does n o t 
ta k e  In to  a cc o u n t th e  I n f lu e n c e  o f  th e  s c re e n  m a te r ia l  and .
In  g e n e ra l, does n o t ta k e  th e  l im i t  c o n d it io n s  f o r  th e  f i e l d  
which r e s u l t  from th e  Maxwell e q u a t io n s . I n to  a c c o u n t.

The n e x t s u b s t a n t i a l  s te p  In  th e  s o lu t io n  o f  th e  d i f f r a c ­
t i o n  problem from a s c re e n  w ith  sh a rp  edges I s  r e l a t e d  to  
th e  f in d in g  o f  r ig o ro u s  s o lu t io n s  to  th e  Maxwell e q u a tio n s  
f o r  c e r ta in  p a r t i c u l a r  c a se s  ( h a l f - p la n e ,  w edge). Here t*. 
work o f Sommerfeld sh o u ld  be m entioned  and a l s o  th e  work o f
S. L. Sobolev and V. I .  Sm irnov, who app roached  th e  problem  
from a new p o in t  o f  view ( n o n s ta t lo n a r y  p r o c e s s ) . The 
ex trem ely  I n t e r e s t i n g  problem s o f  th e  p la n e  and c y l in d r i c a l  
w aveguides w ith  open ends (where th e  d i f f r a c t e d  wave can be 
s e n t  backward) were so lv e d  r e c e n t ly  by th e  young S o v ie t 
s c i e n t i s t  L. A. V a in sh te in .

In c o n t r a s t  t o  th e  prob lem  o f  d i f f r a c t i o n  from  bod ies  
w ith  sha rp  edges (s c re e n s  and d ia p h ra g m s), no g e n e ra l 
approxim ate  methods o r  app rox im ate  fo rm u las  ( s im i l a r  to  
th e  K lrch h o ff fo rm u las) have been proposed  to  so lv e  th e  
problem  o f  d i f f r a c t i o n  from  b o d ie s  w ith  c o n tin u o u s ly  v a ry in g  
c u rv a tu re , to  the  p r e s e n t  tim e . In  o rd e r  to  f in d  th e  f i e l d  
o b ta in a b le  b ecause  o f  th e  d i f f r a c t i o n  o f  th e  In c id e n t  wave.
I t  was p roposed  to  so lv e  th e  Maxwell e q u a tio n s  w ith  th e  
l im it in g  c o n d it io n s  f o r  each s e p a ra te  c a se ,  w hich I s  a ve ry  
complex m a th em atica l p rob lem .

The F re s n e l  r e f l e c t i o n  fo rm u las  a re  i n t e g r a l  law s In  th e  
sense  th a t  t h e i r  u se  does n o t r e q u i r e  th e  s o lu t io n  o f  th e  
d i f f e r e n t i a l  e q u a tio n s  b ecause  th e se  fo rm u las g iv e  e x p l i c i t  
e x p re ss io n s  f o r  th e  r e f l e c t e d  wave a m p litu d e s . Not on ly  was

( 3 )
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th e  form o f  th e  a p p ro p r ia te  I n te g r a l  law  n o t known f o r  the  
phenomenon o f  d i f f r a c t i o n  from  b o d ie s  o f  a r b i t r a r y  shape , 
b u t  th e  f a c t  o f  th e  e x is te n c e  o f  such  a law  was n o t e s ta b l i s h e d .
In  o th e r  w ords, th e  p o s s i b i l i t y  was n o t  e s ta b l i s h e d  o f  w ri t in g  
e x p l i c i t  e x p re s s io n s  f o r  th e  f i e l d  a m p litu d e  o f  waves bending 
around  a  body u n d e r any g e n e ra l  a ssu m p tio n s  o f  th e  e l e c t r i c a l  
p r o p e r t i e s  o f  th e  body m a te r ia l  and on th e  shape  o f  i t s  s u r fa c e ,

To a  known d e g re e , t h i s  gap was f i l l e d  in  o u r  w orks on 
th e  d i f f r a c t i o n  o f  p la n e  waves from th e  s u r fa c e  o f  a convex , 
c o n d u c tin g  body o f  a r b i t r a r y  sh a p e .

The a ssu m p tio n  th a t  th e  body m a te r ia l  I s  a  good con d u cto r 
I s  e s s e n t i a l  b ecau se  I t  a f f o r d s  th e  p o s s i b i l i t y  o f  u s in g  th e  
s im p l i f i e d ,  boundary  c o n d it io n s  f o r  a  f i e l d  w hich M. A. Leon- 
to v lc h  e s t a b l i s h e d .

C o n s id e r in g  th e  f i e l d  n e a r  th e  body s u r fa c e  ( a t  d is t a n c e s  
w hich a re  sm a ll In  c o u p a r iso n  w ith  th e  r a d iu s  o f  c u rv a tu re  o f  
th e  s u r f a c e ) ,  we e s ta b l i s h e d  th a t  t h l6  f i e l d  has lo c a l  c h a r a c te r  
in  th e  penumbra r e g io n .  T h is  means t h a t  th e  f i e l d  i n  th e  
penumbra r e g io n  f o r  a g iv e n  I n c id e n t  w av e le n g th , am p litude  
and p o la r i z a t i o n ,  depends o n ly  on th e  shape and p r o p e r t ie s  o f  
th e  body n e a r  th e  g iv e n  p o in t ,  where I t  1b e x p re ssed  th rough  
c e r t a i n  u n iv e r s a l  f u n c t io n s  which can  be t a b lu la te d  once and 
f o r  a l l .  Hence, I t  a p p ea rs  to  be p o s s ib l e  to  fo rm u la te  c e r ta i n  
g e n e ra l  d i f f r a c t i o n  law s th e re b y .

Our fo rm u las  f o r  th e  f i e l d  c an  be  c o n s id e re d  a s  a g e n e r a l i s a ­
t io n  o f  th e  F re s n e l  fo rm u las  -  a  g e n e r a l i z a t io n  w hioh In c lu d e s  
bo th  th e  r e f l e c t i o n  and th e  d i f f r a c t i o n  law s.

L e t us move, m e n ta l ly ,  a lo n g  th e  s u r fa c e  o f  a  body from 
I t s  i l l u m in a te d  s id e  to  th e  sh a d e . The in c id e n t  and r e f l e c t e d  
waves can  be  d i f f e r e n t i a t e d  on th e  i l l u m in a te d  B ide, where th e  
l a t t e r  w i l l  be d e s c r ib e d  w e ll by th e  F re sn e l fo rm u la . H ear 
th e  g e o m etr ic  boundary  o f  th e  sh a d e , I n  th e  r e g io n  o f  o b liq u e  
in c id e n t  o f  th e  r a y , bo th  waves a r e  a lr e a d y  I n s e p a ra b le  from  
eac h  o th e r  so t h a t  o n ly  c o n s id e r a t io n  o f  th e  r e s u l t a n t  f i e l d

<*)



257

has meaning. Here, our formulas become va lid  while the Preenel 
formulas become Inapplicab le . We do not have waves of more or 
le ss  constant amplitude beyond the geometric shade boundaries 
but we have a damping wave, l . e . ,  a wave with amplitude decreas­
ing exponentially  as the distance from the geometric shade 
boundaries Increases. Here, the d if f ra c tio n  phenomenon occurs 
In I t s  proper sense, where the d if f ra c tio n  law Is  transformed 
by our formulas.

Prom the above, I t  Is  c le a r  th a t a region e x is ts  (namely, 
the region of oblique ray incidence) where both our d iffra c tio n  
formulas and the Fresnel formulas a re  co rre c t sim ultaneously. 
Evidently , one formula must transform  Into the o th er In th is  
region.

L ater, we w ill c i te  the Fresnel formulas fo r  an e le c tro ­
magnetic f ie ld  and we w ill give th e i r  gene ra liza tio n  which 
permits tak ing  Into account the broadening of the beam a f te r  
I t  Is re f le c te d  from a convex body. Furthermore, we w ill 
w rite  the d iffra c tio n  formulas we obtained, we w ill analyze 
th e ir  l im itin g  case and we w ill tra ce  how they transform  Into 
the Fresnel formulas In the region of oblique ray Incidence.

1. Fresnel R eflection  Laws

Let us denote the amplitudes of the e le c tr ic  and magnetic 
vectors of an Incident wave a t  a given p o in t o f the body su r­
face through 2°(E£,Ey,E*) and 9X,H®,H|). us denote the
corresponding q u a n titie s  fo r the re f le c te d  wave through 
S*(E*,E^,E*) and B*(H*h£,H*) . Furthermore, l e t  * (ax,ay ,a 2) 
be the u n it vector In the Incident ray d irec tio n  and le t  
a (ax,a* ,a*) be the u n it vector In the re f le c te d  ray d irec tio n  
and l e t  n(nx ,ny ,n2) be the u n it vector normal to  the body su r­
face a t  the Incident p o in t. According to  the re f le c tio n  law, 
the t m, t  and n are re la te d  thus:

V  -  t  .  i f i i t . f i )  

(5)

(1 . 01)
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where

a**n = - a - n  * cob 8 , (1 -02 )

where 8 I s  the Incident angle . The a and a* are proportional 
to  the grad ien t of the phases of the inc iden t and re flec ted  
waves. Considering the amplitude to  be a qiA ntlty  which varies  
slowly in  comparison with the phase, we obtain  from the Maxwell 
equations fo r a vacuum:

[a  x B°] = H*; a>E° » 0 , (1.03)

from which

[a x H°J = - E°; a-H° • 0 , (1.0b)

and s im ila rly  fo r the re f le c te d  wave:

[a*x = H* a*-E* = 0 , (1.05)

[a*x hJ  * -E*; a* H* = 0 . (1 . 06)

Let us denote the magnetic perm eability  through ji. th e  
complex d ie le c tr ic  constant o f the substance of the re f le c tin g  
body through:

q * « + i  ^  (1.07)

and l e t  us introduce the Fresnel c o e f f ic ie n ts :

„  -  n c o s 8 -  J m  - e m ^ e  ( 1 . 08 }
tj coe G + J  nn  -  Bin*d

U B u cos 8 - j j jj_ -_ sln ^8  
U cos 8 + J  pi) - 's ln ^ S

(6)

(1.09)
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Then the Fresnel formulas e s tab lish in g  the re la tio n  between 
the amplitudes of the Incident and re f le c te d  waves can be w ritten  
thus:

(n-E") = N(n-B‘ ) (1.10)

(n-H*) = M(n-H“) (1.11)

The amplitudes of the transm itted  waves (penetrating  the 
substance of the body) are not of In te re s t  and we w ill not 
w rite the corresponding form ulas.

Equations (1 .05), (1.10) and (1.11) can be solved with 
respect to  the E* and H* v ec to rs . Introducing the no ta tion :

n-E0 ■ E* ; n-H* * (1-12)

and expressing a* through a according to  (1 .01), we w ill have: 

s in 2 0E* « - NE*(n coa 20 + a cos 0) + MĤ  [n x a ]  , (1.13) 

s in 2 0H* * - MH£(n cos 20 + a cos 0) - HE" [n x a ]  . (1.1*0

Such are  the amplitudes of the re f le c te d  waves on the 
body surface which re s u l t  from the Fresnel formulae.

R elations fo r  the to ta l  f ie ld  can alBo be derived from 
the preceding formulas. Denoting the to ta l  f ie ld  on the body 
surface through E and H and th e ir  normal components through 
En and Hn and assuming:

X - J 1 - , (1.15)

we w ill have:

s in 2 0(B * nEn) = X f a '  n<a -n >} + «n [n x a ]  '
"i L J (1 .1 6 )

(7)
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s in 2 fl [n x H] = E,, {a -  n(a-n)} ♦ X J " j f  H,, fn x a ]  .

(1.17)

I f  |ijn | »  1, then x = 1 approximately and the rig h t side 
o f (1.16) and (1.17) are mutually p rop o rtio n a l. In thlB case:

E - nEn = J"£"  [n x H] . (1.18)

The la s t  re la tio n  already  does not contain  the vector a, 
l . e . ,  I s  Independent of the Incident wave d ire c tio n . As shown 
by M. A. Leontovich, I t  holds not only In  the Illum inated reglo 
where the Fresnel formulas are  applicab le  but on the whole body 
su r fa c e .

The follow ing re la tio n s  can a lso  be derived from (1.16) 
and (1 .17 ):

(a-*) ' ( -  cos®+ X j O En ’

(a-H) - ( -  cosfl + x J T ) Hn •

I f  the Incident wave Is  plane so th a t the vecto r a has a 
sp ec if ic  value, then the la s t  re la tio n s  can be used Instead of 
the Leontovich conditions (1 .18 ). This Is  convenient when 
oblique ray Incidence Is  considered where s in 2 8 « 1 can be 
su b s titu te d  fo r  y In (1 .15).

2 . C ross-Section o f a Beam of Reflected Rays

In order to  find  the amplitude of the re f le c te d  waves a t 
a c e r ta in  d istance from the body su rface . I t  Is  necessary to  
have formulas fo r  the c ro ss -sec tio n  of a beam re s tin g  on the 
dS a rea  of the body su rface , having traversed  the given path 
s a f te r  re f le c t io n .  These formulas can be derived from w ell- 
known formulas of d if f e r e n t ia l  geometry.

( 6 )

(1-19)

( 1 . 20)
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x •  xQ( u ,v ) ;  y = y0 ( u ,v ) ;  z * zQ(u ,v )  , (2 .0 1 )

where u ,v  a re  th e  G auss ian  c o o rd in a te  p a ra m e te rs . The sq u a re  
of th e  e lem en t o f  a rc  on th e  s u r fa c e  can be w r i t te n  th u s :

d i2 = gyydu2 + 2guy<Ju <*v + SvyOv2 ^ 8uydu dv , (2.02)

where th e  sum I s  a sh o r th a n d  n o ta t io n  f o r  th e  m idd le  term

o f  t h i s  e q u a l i t y .

We w i l l  u se  n o ta t io n s  f o r  th e  c o v a r ia n t  and c o n t r a v a r ia n t  
components o f  th e  v e c to r s  and te n s o r s ,  by r a i s in g  and lo w e rin g  
th e  s ig n s  u s in g  th e  'm e t r i c ' t e n s o r  which e n te r s  I n to  ( 2 .0 2 ) .  
We w i l l  w r i te  th e  s u r fa c e  e lem e n t th u s :

dS -  J"g”du dv (2.03)

L et us w r i te  th e  fo rm u las  f o r  th e  v e c to r  com ponents norm al 
to  th e  s u r fa c e  and f o r  t h e i r  d e r iv a t iv e s  w ith  r e s p e c t  to  u ,v .
We w i l l  ha v e:

3y0 3z0 3y0 3zo
du dv dv du

e tc . (2.04)

dn,

du
(2.05)

The l a s t  fo rm ula  can  be used  to  d e f in e  •  th e  mixed 
component o f  th e  second que r a t l c  form o f  th e  s u r fa c e .  I f  
R^ and Rg a re  th e  p r in c i p a l  r a d i i  o f  c u rv a tu re  o f  th e  norm al 
c r o s s - s e c t io n  o f  th e  s u r f a c e ,  th e n  we w i l l  ha v e:

(9)
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K ■ °u °v - °v °u * (2.06)

(2.07)

The quan tity  K la  the Oauaslan curvature  of the su rface. He 
w ill require  the formula fo r  the RQ rad ius of curvature of a 
normal c roes-sec tlon  o f the surface by the plane of the 
Incident ray. I t  can be shown th a t I f  k f  i s  the phase of the 
Incident wave, where

(grad * )2 = 1 , (2.08)

then

V  SUV ^  ‘ 8l"2 • > (2-09)Z__1 ou dv
u.v

wh»re 9 1b the Incident angle and the deriv a tiv e s  are  taken 
a t the f  ■ values of the phase of the body su rface. The 
q u an tity  H0 is  then determined from the eq u a lity :

Let us use the formulas w ritten  here to  ca lcu la te  the 
normal c ro ss-sec tio n  of a beam of rays re f lec ted  from the dS 
surface element.

Let us consider the equations:

y r yo + flav

z -  z .  + S.-"

( 10 )

(2 . 11 )
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in which b I s  a ce r ta in  given quan tity  and x0 «y0**0»a*  ay»a*  
are functions of u,v determined from the equation (2.01) of 
the surface and from the re la tio n :

a* ■ a - 2n(a-n) , (2.12)

where n is  the normal vector a t x0,yQ,z 0 •

Evidently , s Is  the path traversed  by the beam a f te r  
re f le c tio n .  For constant b , (2.11) are  the equations of a 
c e rta in  surface p a ra l le l .  In a known sense, to  the re f le c tin g  
body su rface. I f  we wrt-e to  vary u,v between (u,u + du),
(v,v 4 dv), we would obtain a ce r ta in  section  of the surface 
(2 .11). This sec tion  can be considered as the c ro ss-sec tio n  
of a beam of re f le c te d  rays re s tin g  on the element of the 
surface dS -  - J g  tiu dv . In order to  obtain a normal beam 
c ro ss -sec tio n , we must p ro jec t th is  section  onto a plane 
perpendicu lar to  the re flec ted  ray . Denoting the area of 
the normal sec tion  through D(s)dS, we w ill have

D(s)dS

from which:

D M  =

^  a -

dx dy 3z

du du du 
dx dy dz

du dv

dv dv dv

dx dy dz

du du du 
dx dy dz 

dv dv dv

(2.13)

(2 .11*)
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We c a lcu la te  th is  determ inant under the assumption th a t 
the Incident wave la  p lanar and th a t ,  th e re fo re , the vector 
a Is Independent of u ,v .

A fter su f f ic ie n t ly  complex computations, which we omit 
here, the following r e s u lt  i s  ob tained!

+ “  ( — 5 T S T

uv * o  20UV — 2 __2 I + 4Kb* cos 9 . 
ou dv /

Using (2,06) -  (2.10) c ite d  above, we can w rite!

D(s) = cos fl + 2s | j ^  + j Q  cos2 9 + • -

( 2 . 16)

where the values of R^Rj^Rg are taken a t  the po in t where 
re f le c tio n  occurred.

B vldently, y ie ld s  the beam broadening, i . e . ,  the
ra tio  of th is  c ro ss-sec tio n  a t  the d istance a from the surface 
(we measure along the ray) to  the c ro ss -sec tio n  a t  the surfrce 
I t s e l f .

-XT
(2.15)

3. Electromagnetic F ield  of the Reflected Wave 

Let the f ie ld  of the inc iden t plane wave equal:

bV *  , H 'V * , (3.01)

where E° and H° are constant am plitudes and 

d • k f • k(xax + yay + zaz ) 

is  the phase o f the wave a t  th is  apace p o in t.

( 12 )

(3 . 02 )
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= k *0 * k (*0ax * yoay + z0az '

o f the phase t  on the body surface, we w ill have fo r the 
Incident wave f ie ld  on the body surface:

The re f le c te d  wave f ie ld  c the body surface w ill equal: 

o „ •  lk *o

where E*and H# are  re la te d  to E° and H° through the Fresnel 
formulas (1 . 13) and (1 .1b). [L e t us no te , apropos o f the 
n o ta tion , th a t In (1 . 13) and (1 . 1b), we considered the phase 
fa c to r  e to  be Included In E°, H° and In E* H* but 
since th is  fa c to r  Is Iden tica l In both sides  of (1.13) and 
(1 . 1b) then I t  dees not m atter whether we understand the 
to ta l  expressions (3 . 0b) and (3 . 05) in  these e q u a lit ie s  or 
th e i r  am plitudes.]

In the no tation  of th is  paragraph, E° and H° a re  constants 
and E*and H* are  slowly varying functions of the coordinate 
po in t on the surface.

Let us denote one of the re flec ted  wave f ie ld  components 
through F. The value of F on the su rface w ill  be: 

ik* (u,v)
F ■ f(u ,v )  e 0 , (3.06)

where f(u ,v )  Is  a blowly varying function  and k Is  a large 
param eter. In order to find  F a t  a ce r ta in  distance a from 
the su rface, we must know the so lu tion  of the wave equation:

hF + k2F ■ 0 , (3.07)

which s a t i s f ie s  the rad ia tio n  condition  and the l im it condition  
(J.06) on the su rface. Treating k as a large parameter, the 
approximate form of such a so lu tion  can be shown e x p l ic i t ly .

(13)
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A ctually , l e t  us consider the expression:

P * f <u' v> J § f ? }  .e lk(,f,0+B> . (5.08)

The u ,v ,s  q u an titie s  can be In te rp re ted  as c u rv ilin e a r  coordinate) 
o f a apace po in t re la te d  to  the x ,y ,z  rectangu lar coordinates 
through (2 .11 ). The geometric meaning of these cu rv ilin ea r 
coord inates Is  ev iden t: the u ,v  parameters determine the posi­
tio n  of th a t po in t on the body surface from which the ray, 
oomlng from x ,y ,z , i s  re f le c te d ; the quan tity  e Is the distance 
trav ersed  by the ray a f te r  r e f le c tio n .

Therefore, P In (3.08) can be In te rp re ted  as a function of 
the space p o in t. I t  i s  evident th a t th is  function takes the 
value (3.06) on the su rface. I t  i s  a lso  evident th a t I t  B atlsfle i 
the rad ia tio n  condition  and I t  corresponds to  a sca tte red  wave. 
But, moreover. I f  the parameter k Is  la rge , then P s a t i s f ie s  the 
wave equation approxim ately. A ctually , I t  can be shown th a t 
the e q u a lit ie s :

{g rad (*0 ♦ e )J2 - 1 , (3.09)

d iv  j f 2 i f ? }  «r *d <*0 + *>} 8 0 • (3 -10)

r e s u l t  from the d e f in it io n s  o f and D(s) and from (2 .11 ).
On th e  basis  o f these e q u a lit ie s .  I t  Is  easy to  verify  

th a t second and f i r s t  power terms In k drop out of (3 . 07) 
a f te r  P I s  su b s titu ted  th ere in  and only zero degree terms 
rem ain.

The co rrec tness of (3.08) r e s u l ts ,  Independently of the 
reasoning Just explained, from geometric op tics considerations. 
A ctually , th is  expression must give the re fleo ted  wave. But, 
ev iden tly , the phase of the re f le c te d  wavs equals k(p0 4- a).
As regards the am plitude, then, i f  we tra v e l along a fin e  beam 
o f re f le c te d  rays, the amplitude must vary in  Inverse propor­
tio n  to  the  square ro o t o f the beam crosa-eeotlon , as I s  given 
Dy (3-08). (1J0



267

Therefore, th is  formula gives the re f le c te d  wave f ie ld  
a t the distance s from the surface when the f ie ld  on the 
surface I t s e l f  Is  known.

Applying th is  formula to  the e le c tr ic  and magnetic f ie ld
components, >*e obtain :

B ■ E*(u,v)
• J S I

lk (*  +s) 
e , (3.11)

H * H % ,v )
• J i $

elk (p0+s)
(3.12)

where E*(u,v) and H*(u,v) are the f ie ld  amplitudes on the 
body surface obtained from the P resnel formulas.

The formulas we obtained fo r  the f ie ld  are  n a tu ra l 
combinations of the re f le c tio n  and geometric (ray) op tics 
lews. Both, separa te ly , were known over a hundred years 
agoi Fresnel found h is  r e f le c tio n  laws about 1620 and 
Hamilton found the ray op tics  laws about 1830. In p a r t i ­
c u la r, Hamilton knew th a t the q u an tity , corresponding to 
our D (s), Is a second degree polynomial In s .  However, we 
have not been able to  f ind  any In d ica tio n , In the l i t e r a tu r e ,  
of the app lica tion  of these r e s u lts  to  the approximate 
rep resen ta tion  of re f le c te d  electrom agnetic waves.

4. D iffrac tion  Laws In the  Penumbra Region

In the In troduction , we already  mentioned th a t the In c i­
dent and re f le c te d  waves become m utually Inseparable near the 
geometric shade boundaries. In the region of oblique ray  
Incidence, and the Fresnel formulas become Inapp licab le .
He explain here, on the basis  of our work, 1 the idea o f the 
d eriv a tio n  of the d if f ra c tio n  formulas which give the f ie ld  
In th is  region and also  In  the penumbra and umbra reg ions.

Let us v isu a lize  a convex body on which a plane wave 
f a l l s  In the x d ire c tio n . Let us se le c t a po in t on the body

(15)
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surface which lleB on the boundary of geometrlo shade and le t  
us make I t  the o r ig in . Let us d ire c t the 2 ax is along the 
normal to  the surface (towards the a i r ) . Since the normal 
on the shade boundary Is perpendloular to  the wave d irec tio n , 
then our x and 2 axes w ill be mutually perpendicular. We 
s e le c t the y ax is so th a t we w ill ob tain a right-handed 
coordinate system.

The equation of the surface In the neighborhood of th is  
p o in t w ill  be:

2 + ^  (ax2 + 2bxy + cy2) • 0 , (* .01)

in  which

a > 0 ; c > 0 ; ac - b2 > 0 . (4.02)

The rad ius  o f curvature  of the normal c ro ss-sec tio n  o f the 
surface w ill  equal:

R - 1  o a (4.03)

L ate r, we w ill  Introduce the 'la rg e  param eter1 m according 
to  the formula:

and we w ill  solve our problem by neglecting  q u a n titie s  of 
o rder - 5̂ In comparison with un ity .

Our Idea la  to  find  the electrom agnetic f ie ld  a t  a sm all, 
compared to  the rad ius of curvature R0, distance from the o rig in . 

Under our assumptions, each f ie ld  component w ill be:

P -  e1** F* (4.05)

where P* s a t i s f ie s  the d if f e r e n t ia l  equation:

a ? - ■r
m

0 . (* .06)
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All the f ie ld  components can be expressed through My and Hz 
thus:

which can be considered as s im p lified  Maxwell equations.
M. A. Leontovlch e s tab lished  the approximate lim it  

conditions fo r a f ie ld  In a i r  on the boundary of a good- 
conducting body. They are co rreo t under the conditions:

| t)|i | »  1 ; kR0 | J 5 1  »  1 (4.08)

and have the form jsee ( l . l 8) J  :

S - nKn -  J h" [n x H] . (4.09)

L ater, we w ill consider ti « 1. The normal vector 
component in  (4.09) la  determined from the equation (4.01) 
of the surface. He can put, approximately:

nx - ax + by ; iiy * bx + cy j n z -  1 , (4.10)

because the squares of nx and riy can be neglected In comparison 
with u n ity . He w ill consider the q u a n titie s  i ^ ,  n ^ ,  g  , to  
be small of one order. ■‘S1)

(17)
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Under these assumptions, the lim it  conditions fo r  f ie ld s  
which contain only Hy tnd Hz can a lso  be derived from (4.07) 
and (4 .09). They w ill bet

= -  «V «y > (*-U>

(,U)
Because of the smallness of iiy, the rig h t s ides  of these equa­
tio n s are  co rrec tion  term s. In a f i r s t  approximation, they can 
be replaced by zero and the sim pler lim it  conditions can be 
analyzed:

Hz * 0 , (4.13)

In the second approximation, Hy and Hz values obtained by 
so lv ing  the d if f e r e n t ia l  equations w ith the l im it  conditions 
(4.13) and (4.14)* can be su b s titu ted  in to  the r ig h t sides 
of (4 .11) and (4 .12).

The so lu tion  must s a t is fy  the conditions a t  in f in i ty  as 
well as the d if f e r e n t ia l  equation and the l im it  conditions.
These former are the requirement th a t the p a r t  o f the so lu tion  
whloh corresponds to  the plane wave should have a given 
am plitude a t  in f in i ty .

* In  our basic  work1, an inconsistency was admitted hare , 
namely, (4 .1 l)  and (4.14) were considered as the lim it  conditions. 
Consequently, both the p rlno ipa l and th e .o o rrec tio n  t e n  mere 
obtained in  the f in a l expression fo r  I L [ i i i  (4.30) belo iy  and 
only the p rin c ip a l t a n  in  the expression fo r  H (4 .29). This 
inaccuracy i s  corrected in  th is  work. *

(18)
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The mathematical problem formulated has a unique so lu tion  
which we w ill give here minus a l l  the computations and being 
lim ited  to  d e f in it io n s .

I f  we do not consider the e lkx fa c to r , the f ie ld  w ill 
depend on the coordinates only through the q u a n titie s

( = m (ax + by) , (4.15)

{ = 8am2 [z  + I  (a* **2 + 2bxy + cz2 ) J  , (4.16)

of which the second becomes zero on the  su rface. The constan ts, 
charac te riz ing  the e le c tr ic  p ro p e rtie s  of the re f le c tin g  but- ^  
face, en te r In to  the f ie ld  expression through the q u a n titie s  *

All th ings considered, the f ie ld  Is  expressed through 
one universal ( i . e . ,  Independent of the  surface shape) 
function V jU jC .q) and through i t s  l im it  value:

Va («,C) ■ Vj (e,C,oo) . (4.18)
The function  can be represented as a d e f in ite  In teg ra l 
containing the complex Airy functions W j(t) and w? ( t ) . These 
l a t t e r  are defined as the so lu tion  of the d if f e r e n t ia l  equation:

w "(t) - tw (t) , (4.19)

*Horeover, the co rrec tio n  te rn s  w ill  contain  y In  a l in e a r  
way.

* * I f  we should use (1 .19) ®nd (1 .20) Instead of the Leon- 
tovlch conditions, we would ob tain  fo r  q the somewhat more 
exact expression: q ■ ^  J  q -  1 .

(19)
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wx(t)

*2 ( t)

large negative t ,  the asymptotic expansionst 

•  -5jL = . exp ( l  |  (- t ) 5/ 2 + i  ^  (4.20)

= Tjji== exp ( -  1 |  (- t ) 3/2 -  1 (4.21)

The expression fo r V1 has the form.-

V jU .C .q) -  —  T « 1 { t /w 2 (t-C) - W i f t - o l l t  ,

® (4 .2 2 )

where the C oontour goes along the ray arc  t  « ir from In f in ity  
to  zero and along the ray arc  t  ■ -  n from zero to  In f in i ty .

7or (  K 0 (on the body surfaoe) the expression s im p lifies  
and becomes:

V t . o . o  t f . 1' 1 -
J tT  ^  w ](t) -  qw j(t)

(4.23)

This function  Is  tabulated  fo r  a number of values of 4 ; the  
tab le s  fo r  q * 0 (absolutely-conducting body) a re  p rin ted  In 
our work.2

Having the d e fin it io n  of V1( ( JC>q ), we oan w rite  the 
expression fo r the f ie ld .  To do th is ,  l e t  us in troduce the 
fu n c tio n s:

T * e ' 1*  V j U , : , * )  > (4 .2 4 )

•  .  s ' 1* V2 ( t ,C )  ,

(20)

(4.25)
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♦ - «  - 3  t 3 , (*»-26)

and l e t  us form the follow ing expressions with th e ir  aid*

p = - 1 a I f  ■* C1 i « ♦  iS r "  « y )  <♦-*) • (*-27) 

* ( - 1 £  « + asr -  ■») (♦-*> » (4-28)

Then the Hy and H£ magnetic f ie ld  components w ill equal:

e1** f  + 1  H“ e1** Q , (4.29)

" . • i  1 elkx P ♦ H° e 1** •  , (*• >30)

where h£ and H° a re  the amplitudes of the Incident wave. All 
four of the functions, *, t ,  P, ft, s a tis fy  the d if f e r e n t ia l  
equation of (4.06) type and w ill  be of the same order of 
magnitude. Since i  i s  t  large parameter, then the terms 
containing * and I  w ill be the p rinc ipa l,and  the term 
containing P and Q w ill be c o rrec tiv e . The Sx and f ie ld  
components w ill be of the same order as the co rrec tio n  terms, 
namely:

* ' i  eUt* 1? ' (*.31)

« * = i  " S '* * *  | f  > (*-38)

As regards the remaining e le c tr ic  f ie ld  components, they 
w ill equal:

*y ‘  H* > *z ‘  * »y ‘ (*-33)
because of the s l i v l l f l e d  Maxwell equations (4 .07).

Hence, we have determined a l l  the f ie ld  components.

( 21)
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5- Inv estig a tio n  of the Expressions fo r  the 
P ields In the Itabra and D ire c t-V is ib il i ty  

Regions

The d iffra c tio n  formulas we derived , give the f ie ld  near 
a c e r ta in  point on the surface o f a conducting body In the 
geometric umbra boundary. We show th a t they give a continuous 
t r a n s it io n  from the f ie ld  corresponding to  the F resnel formulas 
( fo r the d ir e c t - v i s ib i l i ty  region) to  to ta l  shadow. Let us 
s t a r t  w ith the umbra region.

The In teg ra l (4.22) can be represen ted  as the sum of 
residues re fe rred  to  the ro o ts  o f the denominator o f the 
In tegrand . We have t

a=l

, i 4 t » (5 . 01)

where t g Is  a roo t of the equation:

• i t * , )  -  ■ 0 . (5.02)

The t B roots l i e  near the ray arc t  * ■j and Increase in 
absolute value. For s u f f ic ie n tly  la rge  p o s itiv e  values of 
{ we oan be lim ited  to  one term in  the s e r ie s  of (5 .01 ).
Moreover, i f  the asymptotic expansion (4.20) fo r  w  ̂ i s  used 
and i f  (  i s  considered to  be large in  comparison with t 1 in  i t ,  
then we obtain the approximate expression fo r  V^t

, .* 1 !  '5/2 ‘ (t -J T ) t,

(5.03)

The q u an tity  t j  has the follow ing values fo r  q = 0 and q « oo i

( 22 )



275

1
t x = 1,01879 • e (Q = 0) , (5 .OK)

1 w
t j  s 2,33811 • e 3 (q = oo ) .  (5.05)

In every case, both the rea l and the Imaginary p a r ts  o f t^  are 
p o s it iv e . Hence, there  follows th a t the and Vg are  the 
t ,  1, P and Q functions re la te d  to  them and, th ere fo re , the 
f ie ld ,  w ill decrease exponentia lly  as (  - J"c~ Increases.

Let us note th a t the equa lity  (  - J X  * 0 y ie ld s  the 
geometric boundary of the umbra. The Increasing, p o s itiv e  
values of { - correspond to  po in ts ly ing  fa r th e r  and 
fa r th e r  In the umbra region.

Where the magnitude of (  la  small ( I t  can be of 
e i th e r  sign) we there  have the penumbra. We w ill  not dwell 
on methods of computing the Vĵ  function In th is  region; l e t  
us say only th a t th is  function and, there fo re , the f ie ld  
v aries  continuously th e re .

Now, l e t  us tu rn  to  the l ln e -o f-s lg h t region where 
(  - _JT"Is la rge  and negative. In  th is  case. I t  Is  Impossible 
to  use the s e r ie s  (5.01) fo r and I t  i s  necessary to  re tu rn  
to  the (K.22) In te g ra l.  The tens  containing the Wg(t - C)
In th is  In teg ra l can be computed exactly . I t  y le ld s t

which agrees with (* .2 6 ). Therefore, th is  t e n  y ie ld s  the 
component u n ity  In  the ♦ and ? functions and I t  corresponds 
to  an Incident wave In the f ie ld  expressions.

(5.06)

where $ has the valuei

♦ * «  -  5  t 3 (5.07)

(23)
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The second term can he evaluated according to  the sta tionary  
phase method as shown In £ l j . The phase extremum Is  obtained for 
J -  t  * p, where:

- 2 t)  . (5.08)

I t  is  oonvenlent to  introduoe the sp ec ia l n o ta tion :

0 = J « 2 + ■ (5.09)

fo r  the square root In the above formula. Let us note th a t p 
has the same sign a s  -  (  slnoe p > 0 corresponds to  the llne- 
o f-s lg h t reg ion , p * 0 to  the geometric boundary of the umbra 
and p < 0 to  the umbra. Ve are  In te re s te d  now in  large positive 
values of p . Use of the s ta tio n a ry  phase method fo r  th is  case 
y ie ld s  fo r  a l l  the Vj:

V ^t.C .O ) * e1* - e1** • J f * -  f - = - g  . (5-10)

where the phase d equals (5.07) and the phase d* equals:

d* • (•«* - 382e - 2?  )  . ( 5 . i i )

Let us note th a t the phase d iffe ren ce  d* - d equals: 

d* -  d « -§T (8 + *) (0 * 24)2 " - P) P2 • (5-12)

Since d* -  d goes to  zero on the  body su rface , d • p • - < 
fo r  ? ■ 0.

The q u a r t l ty  Vg Is  obtained from (5*10) fo r  q ■ oo . The 
•  and T func tions re la te d  to  V1 and V2 w ill  equal approximately:

(a'*)
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•  = 1 - .

(5.13)

(5.1*)

Not only the functions I  and $ themselves e n te r  In to  
the f ie ld  expression but a lso  th e ir  de riv a tiv e s  w ith respec t 
to  ( .  A ll the fa c to rs , except the phase, can be considered 
constan t when forming the d e riv a tiv e s . Because:

^  Z f  8 - 3  * = (5 .!5 )

we w ill have:

= 21p ( f  - 1) ; = 21p (•  - 1) . (5.16)
d? d{

Evaluating P and Q by using these values, we o b ta in :

V S  (5.17)

There remains but to  su b s titu te  the expressions found 
In to  (4.29) - (4<52) fo r  the f ie ld .  Hence, I t  Is  convenient 
to  denote the plase of the re f lec ted  wave by the one l e t t e r :

X - k x  + d * - d  (5.18)

With th is  n o ta tion , we w ill have:
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J T  -1*- » • «

»X = S  H2 ■ 2P J T  #1X (5.22)

and, moreover, *y r  ■ - Hy.

The f i r s t  terms In (5.19) and (5.20) ev iden tly  y ie ld  the 
Inciden t wave and the remaining terms the re f le c te d  wave. In 
the next paragraph, we show th a t the re f le c te d  wave corresponds, 
In accuracy, to  the Fresnel formula with a co rrec tion  fo r beam 
broadening.

6. Comparison of the D iffrac tio n  Formula With the 
F resnel Formula fo r  the L lne-of-S ight Region

Now, l e t  us tu rn  to  the Fresnel formulas. P u tting  |i * 1 
In  the F resnel co e ff ic ie n ts  and considering J V  a large quantity  
and cos 0 to  be small (o f the order of — , we obtain fo r  N 
and Mr J ’'

N ■ J ^ C0B 0 ~ 1 ; M ■ - 1 (6.01)
J V e o s  0 + 1

We must pu t ax -  1, Sy • a2 * 0 In the F resnel formulas (1.13) 
and (1.14) and we must oonslder nx and small q u an tit ie s  fo r  
which the squares can be neglected . Then these formulas y ie ld  
fo r  the e le o tr lo  f ie ld t



(6 .0 2 )

B * . - 2Nnx Hj ,

B j -  -  -  (N ♦  1) Hy ^  ,

bJ  = -  W $ ♦ (N + 1) ny

and fo r tha magnetic f ie ld :

K * .  -  2Nx Hj ,

H* * NH£ -  (H + 1) H® , 

Hx ■ -  -  (N + D  ny H j .

(6 .03)

In order o t obtain the re f le c te d  wave f ie ld  a t  a c e r ta in  
d ietance from the su rface, I t  le  necessary, according to  (3.11) 
and (3 .12), to  m ultiply these expressions by the fac to r :

(6.04)

The value of these q u an tit ie s , except s ,  must be taken a t  th a t 
xo<yo , zQ poin t where the re f le c tio n  of the ray s tr ik in g  the 
x ,y ,z  p o in t, occurred. Since the equation of the re f le c tin g  
eurface I s :

z o * l  < « !  + 2bxoyo + ^ o  > 5 0 ' <6 -05)

then we have:

nx * ax0 + by0 j iiy -  bx0 ♦ cy0 ; nz  ■ 1 . (6 .06)

In  evaluating  S (s) according to  the general formula (2 .23), 
we must neglect the l a s t  te r*  since we are  In te re s ted  In the 
f ie ld  a t  d istances which are small In comparison with the 
rad ius o f curvature . The remaining terms y ie ld :

(87)



D(s) * cos 9 + 2as * 2as - axQ - by0 . (6.07)
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In o rder to  make a comparison of the d if f ra c t io n  formulas 
(5.19) - (5.22) and the Fresnel formulas (6 .0 2 ), (6 .03 ), we 
must e s ta b lish  the re la tio n sh ip  between the x0 ,y Q,s  q u an titie s  
and the x ,y ,z  coordinates (or the (,C ,y  q u a n t i t ie s ) .  This 
re la tio n sh ip  I s  given by (2 .1 1 ), which becomes In our case*

x - x0 + s - 2snx2 ,

y = y0 - 2snxny , ’ (6.08)

t  = z0 - •
Solving these equations, approxim ately, w ith resp ec t to  x0 ,y0,s ,  
we ob tain :

u o + **0 “ '  '  m *

• ‘  1 T 552  ‘

nx '  - I  '* - V s " I  * <*•“ >

Furthermore, according to  (5*12), (5 .13), the phase x equals:

X ■ lex + d*  - 0 • kx + (0 -  p) p2 ■ k(x + 2anjj ) ■ k(x0 + s) ,

( 6 . 11)

th a t I s ,  I t  equals the phase of the re f le c te d  wave calcu lated  
according to  geometric o p tlo s . Let us now ca lc u la te  the 
maenltuds of D (s). S u b s titu tin g  (6 . 09) in to  (6 .0 7 ), we ob ta in :

( 28)



In Mhlch, ev idently .

(6 . 12)D(s) = 8

D(0) * cos 0 

The la s t  th ree formulae y ie ld :

(6.13)

(6.14)

Therefore, the fa c to r  (6.14) Mhlch en te rs  in to  a l l  the 
expressions fo r the re f le c te d  wave in  the d if f ra c tio n  fo rau las 
(5*19) - (5.22) agrees w ith the fao to r whloh en te rs  in to  
(3.06) -  (3.09) which are  genera lisa tio n s of the Fresnel 
formulas. The q u an tity :

here y ie ld s  the co rrec tion  fo r  beam broadening.
There remains to  v e r ify  th a t a l l  the o ther q u a n titie s  

in  (5.19) * (5.22) agree Mith the F resnel.
According to  (4.17) and (6 .13 ), Me have:

(6.15)

q ■ . p * m cos 0 .
4 ^

Consequently:

( 6 . 16)

where N i s  the Fresnel c o e ff ic ie n t (6 .01).

(6.17)

* The value q r —  

value of N, namely:

ij -  1 leads to  a ra th e r  more exact

(29)
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Using (6.19) and (6.17) as no ta tio n , we can w rite (5 .19) - 
(5.22) fo r  the f ie ld  thuet

Hy - h£ e ltat + [ nh£ - (N + 1) ny H°] J f *  e1* , (6.18)

\  * H® elkx + [  -  -  (M + 1) ny J " f  e1* , (6.19)

Kx « -  2 Nnx e1* , • (6.20)

«x * -  * *  k  j r  «ix  • *

Comparing these expressions with the F resnel formulas 
(6.02) and (6.03) we s ta te  th a t the fac to rs  with the magnitude 
of (6.14) agree in  accuracy with th e i r  Fresnel values H^, H* 
e£, . The e q u a lit ie s  Ey = H2 and Ez « - Hy are  s a t is f ie d
both in  the case o f our formulas and in  the case of the Fresnel 
form ulas.

Therefore, we showed th a t our formulas transform  in to  the 
generalized  [by the in troduc tion  of the (614) fa c to r^  Fresnel 
formulas in  th a t p a r t  of the l ln e -o f -s ig h t region where the 
slope of the angle made by the ray with surface o f the body 
is  sm all.

In the penumbra and umbra regions our formulae y ie ld  a 
d if f ra c tio n  p ic tu re .
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C . GENERALIZATION OF THE REFLECTION FORMULAS TO THE CASE OF 
REFLECTION OF AN ARBITRARY WAVE FROM A SURFACE OF ARBITRARY FORM

V. A. Pock 

ABSTRACT

Fresnel formulas and the la m  o f Hamilton's ray 
op tics  are used as a b a sis  fo r  de riv a tio n  of expressions 
fo r an electrom agnetic f ie ld  of an a rb itra ry  wave r e ­
f lec ted  from a surfaoe of a rb itra ry  form. A co rrection  
Tor the d i la tio n  of the penc il o r rays a f te r  re f le c tio n  
la  considered. In the de riv a tio n  the tensor form of 
the d if f e r e n t ia l  geometry of the re f le c t in g  surface Is 
used. The Cause Ian parameters o f the surface in  the 
po in t o f re f le c t io n  and the phase o f the re f le c te d  wave 
ere considered as c u rv ilin e a r  coo rd inates. For the 
sp ec ific  case o f a sp h erica l wave re f le c te d  from a 
sphere, the formulas obtained a re  compared wlih those 
obtained from d if f ra c t io n  theory .

In our paper "The laws of F resnel re f le c tio n  and the laws 

o f d iffra c tio n "  [subsequently  re fe rre d  to  as (Ref. 1 )J , a r e ­

f le c tio n  formula considering  the c ross sec tion  of the bundle 

of re f le c te d  rays was derived fo r the case of a plane wave 

re f le c te d  from a surface of an a rb itra ry  form. This formula 

was then compared with d if f ra c t io n  formulas v a lid  In the half­

shadow region.

In the presen t work the re f le c t io n  formula Is  derived 

fo r the case of re f le c t io n  o f an a rb i t ra ry  (not a plane) wave. 

Our c a lc u la t io n  are  based on the a p p lica tio n  of the laws of 

Fresnel r e f le c tio n ,  ea tab llehed  by him around 1820, and the

i -
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laws of ray op tica  estab lish ed  by Hamilton around 1830. Our 

r e s u l ts  cannot there fo re  be considered as p rin c ip a lly  new. 

Inasmuoh as the Presnel formulas are  applied  by us to  the 

electrom agnetic f ie ld ,  however, and Inasmuch as the laws of 

the ray o p tlc s-a re  formulated by us w ith the a id  of geometry 

in  i t s  presen t day tenso r form (whleh leads to  ex traord inary  

la rg e  s im p lif ic a tio n s ) , our re s u l ts  may prove to  be u sefu l 

fo r  a p r a c tic a l ap p lica tio n . For the eonvenlence o f the read­

e r  unfam iliar w ith the tenso r form of d if f e r e n t ia l  geometry, 

we p resen t a com pilation (In Sect. 2) of the necessary form­

u la s .

1. F resnel formulas 

l e t  the f ie ld  of an Incident wave be represen ted  by

E°elk *, H°elk^ , (1.1)

where E° and H° denotes am plitude, and f  le  the phase expressed 

In u n its  o f leng th , and

(grad f ) S * 1. (1.2)

For a plane wave, the amplitudes g° and fl° are  constan t;

In the general case we s h a ll  consider the components of veotore 

E° and yP  as slowly v ariab le  functions of coo rd ina tes . In the 

fo llow ing, E° and H° are understood to  be the values of the 

am plitude o f the f ie ld  on the surface of a re f le c t in g  body.

The corresponding values fo r  a re f le c te d  wave w ill  be designa­

ted  by E^and H?.

L e., furtherm ore, a (azayaz )be a sin g le  v ec to r in  the d lreo -

v’ (2)
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tlon  of an inciden t ray , a 1(a^a^a j)- a a ingle vector in  the 

d irec tio n  of a re f le c te d  ray , and n ^ n ^ ) -  the sing le  

vector o f a normal to  the surface of the body in  the po in t of

re f le c tio n . According to  the law of re f le c tio n , the values 

a1, a and n are  re la te d  by a re la tion*

e 1 = a - 2 r>(a^n), (1 .3)

moreover
a 1**! « -  smi = cob 6 , ( l .M

where 0 i s  the angle of incidence. The values a and a^ are 

p roportional to  the g rad ien t o f the phase of incident and r e ­

f lec ted  wave. Neglecting the v a ria tio n  o f the amplitude over 

one wavelength, we obtain  from the Maxwell equation fo r  the 

vacuum

[a x Ef] ■ K°{ a^E° * 0, (1.5)
whence

[a x H°J - - E?j a^H? • 0, (1.6)

and analogously fo r  the re f le c te d  wave

[a1 x E1] « H1; a 1^ 1 = 0; (1.7)
[ a l  x H1] -  - E1,* a^-H1 = 0. (1 .8)

We designate by p the magnetic perm eability . and by

t} = e ♦ lHTd/o (1.9)
the complex d ie le c tr ic  constan t o f the aubetance of the r e ­

f le c tin g  body, and Introduce the Preanel c o e ffic ien ts  

>1 coe t
\ oos g

e +Vun - T Tn* 8 ’

M ■ a cos 6 -V u^ - ^ ln * g  
p. cob 9 *V (xv) - eln* 0

(3)

(1.11)
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Then Fresnel form ulas, which define the r e la t io n  between the 

amplitudes of the incident and re f le c te d  wave, oan be w ritten  

In  the form:

(SJL1) '  " ( n j ° ) .  (1.12)
(n jf1) '  » ( n J P ) .  (1.15)

The amplitudes of the transm itted  wave (which p en e tra tes  the 

body of the substance) are of no In te re s t  to  u s , and we do not 

w rite  out the corresponding equations.

Equations (1 .7 ) , (1.12) and (1.13) can be solved with 

respec t to  vector E1 and H1. Introducing no ta tions

n j °  = B°j njH° ■ h£ , (1 .1 * )

and expressing a 1, according to  (1 .3 ) , as a  function  o f %, we 

Shall have:

s in 2 flg1 = - NEfl (n cos 26 + ft cos 9) + MH°[n x a ] ,  (1.15)
s in 2 9H1 ■ - MHfl (n cos 29 + a cos 9) - NEg[n x f t] . (1.16)

The l a t t e r  formulas oan be w ritten  In a somewhat d iffe re n t 

form, i f  we rep lace a and a 1 by a vecto r tangent to  the surface 

b « a + n cos 9 - a1 - r) cos 9, (1.17)

the square of which equals >

b2 -  s in 2 9. (1.18)

We s h a ll  have:

e ln 2 dg1 a NE8 (n s in 2 9 - cos 9) + M ^Jn x fe],(1 .19) 
Sin2 9H1 » (n s in 2 9 - b cos 9) -  HEg^n x fcJ.(l.SO)

Such are  the amplitude valuee of a wave re f le c te d  from 

the su rface of the body as derived from the F resnel formulas.

(*)
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2. D iffe re n tia l  geometry of the re f le c tin g  surface 

Let equation o f the r e f le c tin g  surface In a parametric

form be:

x = x „ (u ,v ) ; y * y0 (u ,v ) ; c • z0(u»v)» (2-D

where u,v are  Oauaalan coordinate parameter# (cu rv ilin ea r 

coordinates on the su rface ).

Assuming
dx0 *x0 oy0 c 

guv —  W  + ~5u ~

and determ ining analogously gyy and gvv> we w rite  the square

o f the arc element on the surface In the form of:

dfl8 = g,jU<Ju2 + 2guvdudv + gvvdv2 (2 .3 )

&y0 dyo d*o **o (2 .2 )

or sh o rte r

dfl2 * ■uvdutfv- (2 .4)

We sh a ll  u t i l i z e  the no ta tions fo r  covarian t and contra- 

v a r ia n t components of vectors and tensors by ra is in g  and 

lowering the symbols with the a id  of the "metric" tenso r guv 

contained In (2 .4 ).

I f  we le t

* ’uu «vv • (Buv)2 / (2.5)
then the co n tra -v a rian t components of the m etric tenso r w ill

equal to :

UVB &UV 
8 g 1 9 .’ }

The to ta l i ty  o f the values (2 .6) Is a lso  ca lled  a ten so r , which 

le  Inverse to the ten so r guV. The element o f the surface w ill

(3 )
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be w ritten  in  the form:

dS = V g  du dv. (2.7)

In the follow ing we sh e ll  d e s l with e covarlen t d iffe re n ­

t ia t io n  on the su rface . For th i s ,  we assume

-̂ gx 0 dy0 <)gy0 
c  w 5iT"3v + ttw flu Dv

ogp d  gz0 
' Tw“ 8u flv r (2 . 8 )

where Instead o f the combination of u ( v , we can a lso  w rite  u,u 

or v ,v  and the l e t t e r  w may take on the value of u ,v . The 

values uv,w ca lled  C h r is to f fe l 'a  symbols, can bo expressed 

by deriv a tiv e s  of guy, and namely:

a*vw £*uw\ « .9 >

In our case there  are s ix  C h r is to f fe l 'a  symbols -  th ree values 

of the form:

L . v  ^ 9guv - 1 4«uuI J 9u > v ’
and the o ther th ree  values obtained from the preceding ones 

by su b s titu tio n  o f u with v , and oonversely. With th e ir  a id  

we form "ten ao rla l param eters1' (o r " C h r ls to f fs l 's  symbols of 

the second k ind"), l . e .  values:

r j r  ■ *Pu [ v ,u ]  + gpv [q r,v ], (2.11)

where each of the l e t te r s  p , q and r  may take on the values

L et f ( u ,v )  be a  c e r t a i n  f u n o tlo n  o f  th e  p o in t  on th e  s u r -

( 6 )
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face. The covarian t components of l t a  g rad ien t on the su r- 

face w ill  be equal to i

fu ■ df/du j fv * df/dv, (2.12)

and the co n tra -v arian t components w ill be

fu = guufu + guvfv ; f v • guvfu + gvvfv , (2.13) 

with the square of the grad ien t being equal to t

v u  ♦  v *  = «" u( l f  ♦  « " > I f  I f  *  ‘ " " ( I f ) '  " - 1 * 1

The square of the grad ien t Is sc a la r , l . e .  I t  Is not depen­

dent upon the se le c tio n  of the coordinate parameters u ,v .

The second eovarlan t deriv a tiv e  o f the function f(u ,v )  

d if f e r s  from the usual second deriv a tiv e  by the terms l in e a r  

In the f i r s t  d e r iv a tiv e s . We have

« &  _ r« df . rv df
1 5 ?  ^  du fuu dv '

- ^ f  df - r v 3f' 3037 3u uv 37 ' (2.15)

I t  can be proved th a t the to t a l i t y  o f values fuu, f uv 

and f vv rep resen ts  a syimaetrlcal tenso r, and the expression 

fuu du2 + 2fuv du dv + f vv dv2 (2.16)

does not depend upon the choice o f coordinates u,v .

Let us go over now to the formula fo r  the vector compo­

nents o f the normal to  the surface and th e i r  deriv a tiv e s  with 

resp ec t to  the param eters u and vj thess l a t t e r  are  connected

(7)
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w ith the r a d i i  of the ourvature <*f the normal orose-sectlone 

o f the au rfaee . We havet

where le t t e r s  "etc." mean two analogous expressions, obtained 

by a cy c lle  re-arrangem ent o f l e t t e r s  (x, y and c ) .

I t  I s  obvious th a t

On the s tren g th  of the equations (2 .16 ), we can replace 

here the usual second de riv a tiv e s  of x 0 , y0 , s0 by the covariant 

ones. As a m atter o f f a c t ,  by assuming In (2.15) successively 

f  ■ Xq, tm “ y0 , and f  ■ s0 , m ultip ly ing  by i^ ,  iiy and nz , and 

adding, we obtain  on the le ft-h an d  side the lin e a r  combina­

tio n  o f oovarlan t second d e r iv a tiv e s , and on the r ig h t ,  the 

expressions (2 . 19) , as on the r ig h t  hand s id e , the members with 

ths f i r s t  d e r iv a tiv e s  w ill  be oanoelled as a r e s u l t  of (2 .18). 

Bence, I t  follow s th a t  the t o t a l i t y  o f values d ^ ,  0 ^  and 0 ^  

rep resen ts a  te n so r , which w ill  obviously be symmetrical.

(2.17)

(2.18)
We assume

(2.19)

( 8 )
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On the streng th  of the sane equations (2.18) taken with 

the opposite s ign , the values 0.JV e tc . can be w ritten  In the

.  0. .  ^ x  dxo «, d*o + dns ^ o
°uv 3u“  3v“ * 3u 3v“  + 3u~ Bv~ ■

Hence I t  follows th a t

- 0UV du dv « dn* dx0 * dny dy0 ♦ dnj

(2 .20)

(2 .2 1 )

Assuming th a t

dnx -  (dx0/R) + in* e tc .  (2.22)

where the In f in i te ly  small vector in  Is perpendicular to  the 

normal n and to  the vector of displacement (d*0, dy0 , dz0 ), 

we obtain

' <»uv du dv ' d<52̂ » (2.23)

where dds Is  the square of the displacement vector producible 

by expression (2 .5 ). R elations (2.22) Ind icate  th a t R I s  the 

rad ius of curvature of the In te rsec tio n  of surface and the 

plane containing the normal and displacement v ic to r . Thus, 

the formula (2.23) gives us an expression fo r the rad ius of 

cu rvatu re , R, In dependence upon the d irec tio n  of the plane 

of the normal c ro ss-sec tio n .

Solving equations (2.20) with respeet to  d e riv a tiv e s  of 

n*, ny and nz w ith respec t to  u ,v , we obtain : 9

(9)
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(2.2*)
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where value* <f$ are  obtained from Quy through formula* analogous 

to  (2.13)

Designating the p r in c ip a l ourvature r a d i i  o f the normal 

c ro ss -sec tio n  by and Rg, we have

1C - lA .(* i 1^) -  0* °v - °v °u » {2 . 2 5 )

( lA l )  + d A g )  -  - 0 ■ -  -  0$ . (2.26)

The value 1C la  the Gaussian curvature of the su rface .

3. C roaa-aectlon o f the bundle of re f le c te d  ra y s .

Preanel formulas give the amplitude value of the re f le c te d  

wave on the surface of a body. For finding the amplitude of 

the wave re f le c te d  a t  a c e r ta in  d istance from the su rface , i t  

is  necessary to  have the formulas fo r  the c ro ss-sec tio n  of the 

bundle, passing through a surface area dS o f the body, and which 

a f te r  re f le c t io n  has trav ersed  the given distance a . Such formu­

las were oarrled  out by us [ in  Ref. (1) ] fo r the case, when the 

inc iden t wave Is  p lana. In the presen t work we s h a ll  derive 

them fo r  a general case of an a rb itra ry  Incident nave.

According to  the law o f r e f le c tio n  w ritten  In the fo ra  of

(1 .1 7 ), s in g le  vectors g and a 1, charac te ris in g  the d irec tio n  

of the Incident ind  re f le c te d  ray  are  expressed by the vector 

£  tangent to  the eurfaoe according to  the formulas 1

(10 )
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a * b - n cob 8 , (3 .1)

a 1 ■ b + n coe 8 , (3 .2)

and moreover,

n - t  ■ 0; b2 « B ln2 8.  (3 -3 )

We designate by a>(u,v) the value of phase f  o f the wave 

Incident upon poin t (u ,v) on the surface of the body. Since 

the vector a 1b the g rad ien t of the phase function  f ,  the 

components of vector a , £which are tangent to  the surface which, 

on the streng th  of (3 .1 ) ,  are  equal to  the tangents of compo­

nents of vector b J can be expressed with the d e riv a tiv e s  of <a, 

by u and v. These de riv a tiv e s  a re . In tu rn , expressed by com­

ponents of vector b. We have

dm
57 * “v

h dx0 . h *y0 
b* ST + by 3S“

h dxo . h ayo 
”x S T  + by 3 T

(;■*)

Combining th is  with the f i r s t  equation (3 .3 ) . we can solve 

these th ree equations fo r bx , by , and bx . We obtain ; 

i 3xpU ax0
‘ “  5 u - 4 c e t c .

where the values ®u , <ov are  connected with the d e riv a tiv e s  

m^, av by re la tio n sh ip s  analogous to  (2 . 13) .

The second equation in  (3 .3 )  can be w ritten  In the form: 

^  8uv ®U ®V * ^  8UV c\i «v s °\i ®U ♦ ®V * BlI>8 (5-6)

(11)
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®U' ®v-
Me examine equations

x = xc + sax e tc .  (3.7)

which can be w ritten  In the form of

x = xQ + sbx + s cos 0 nx e tc .  (3.8)

All valuea on the r ig h t a id e , except a , rep resen t c e r ta in  

known functions o f p o in t (u,v) on the su rface . Considering 

(u ,v) as co n stan t, and varying a , we obtain  the aquation of the 

ray  re f le c te d  o f f  p o in t u, v. The parameter a la ,  obviously, 

the path traversed  by the ray a f t e r  re f le c t io n .  Since the 

phase of the inc iden t wave a t  the po in t o f re f le c tio n  is  <d(u , v ) ,  

the phase y of the re f le c te d  wave w ill  then be equal to :

X ■ s + ®(u,v). (3.9)

Expressing s In (3.?)ln>.tenne of y, we obtain : 

x • *o + * “ )»x,

y •  y0 * (x * ®)«yi (5.10)

* - *0 + (x - ®)«*

With a constan t y formulas (3*10) rep resen t param etric equa­

tio n s  of the wave su rface of the re f le c te d  wave.

I f  in  formulas (3 .10) we vary the values u , v w ith in  the 

: ’units (u,u ♦ du), (v ,v  ♦ dv), we sh a ll  have a c e r ta in  area of 

the wave su rface . This area can be considered as an In te rse c ­

tio n  by the wave eurfaee of the bundle of re f le c te d  ra y s , which 

is  passing through an a rea  dS »V g du dv. Since the rays are 18

(18)
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perpendicular to  the wave su rface , 

normal. Designating I ts  a rea with

• i *y

D(s)dS dx
3u &

da
5u

dx
37 &

da
37

ttx *y 4

D ( s )  v f
dx
5u 5u

da
3u

dx dv da
57 37 37

th is  c ro ss-sec tio n  w ill  be 

D{s)dS, we sh a ll  have

du dV (3.11)

(3.12)

In these formulas, the values d x/du e tc .  denote d eriv a­

tiv e s  of expressions (5 .10 ), evaluated fo r a constant y. The 

value of the determ inant, however, w ill not change, I f  they 

a re  replaced by d e riv a tiv e s  with constant s as was done In  our 

w orlJ1). Aetuelly , we have

(dx/du)x = (dx/du)y - oiq a i  e tc . (3 . 13)

and, as a r e s u lt  o f such replacem ent, the second and th ird  

lin e s  of the determinant w ill  change to  values proportional to  

the elements of the f i r s t  l in e .  Geom etrically, th is  means 

th a t the In te rsec tio n  of the bundle by any surface (fo r example, 

by the surface s » co n st.)  being pro jec ted  on a plane perpendi­

cu la r to  the re f le c te d  ray , w ill produce a normal c ro ss-sec tio n  

of the bundle.

(13)
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A d ire c t ca lcu la tio n  of the determinant (3.12) Involve# 

I n tr ic a te  computations. Such computations may, however, be 

considerably sim p lified , I f  in  vec to rs contained In the f i r s t ,  

second and th ird  lin e  o f the determ inant, one would go from 

components along the axes x, y , z  over to  the components along 

two tangent d irec tio n s  and d ire c tio n  o f the normal to  the r e ­

f le c tin g  su rface .

Suppose we have a determinant

A , Ay A,

A - B , By B*

Cx Cy Cz

(4.1)

He assume th a t

*u = A* 5 r +A y 5 r +A * 5 i r

Ay . 8x0 . . **0 . . 3*0 
Ax 5 v " +A y 5 v " +A * 5 v -

An -  Axnx + Ayny + Aznz , 

whence conversely

(4.2)

*x = A“ K T  + A* S T  + A ^ ,

” *u & + *v W2 + AnrV '

** s A“  35^ + aV Bv* + V a  •

Here Au and Av are  connected with Ay and Ay by formulas analo­

gous to  (2.13)* An analogous transform ation w ill  be. Introduced

(14)
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fo r two other vec to rs , B and C, contained In the determ inant. 

We sh a ll have then

*v* *n
A - y t  Bu By Bn , (».*)

Cu Cv Cn

A .V g
\ i

Bn

In order to  use these formulae fo r  ca lc u la tio n  of determinant 

(3 .12 ), we must assume th a t

*x a ax* *y “ 5 ai»

•x » &  f c  .  &  B. :  &  (*•«)

According to  (3 .2) and (3*3), Me ob tain  then:

Au = u\,; Ay - av; An » cos 9 .  (*t.7)

The ca lcu la tio n  of the new components o f vectors B and C Is 

considerably more complex. We have

3x0 ,
®X m 3 t r  * °*» “i (A.6)

and according to  (1.17)

(15)
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According to  formula (2 .20 ), we have

&  &  * J ?  %r * I ?  S r
Moreover, th le  expression Is  symmetrical w ith respect to  u ,v . 

Now we ca lcu la te  the value

x ,  dbx e*o i 8by *y0 . ftbs ° 2o
' ^ r ^ r  ^ r w  ^ ' s ^ r  • ( * . n )

As a re su lt  o f formulas (3.4) th is  value can be w ritten  In the 

form:

b«v a 3 r S v  * ( b* W tv  + hy I t s ? + b* s r $ v ) ’ ( “ -12)

whence i t  Is  ev ident th a t  le  likew ise syrenetrloal with 

resp ec t to  u ,v . Replacing here bx , by, bz by expressions from

(3.5) and using (2 .8 ), we can w rite  th is  value In the form:

buv = - «u |uv, uj - ®v |uv, vj. (4.13)

In troducing according to  (2.11) the " tensor parameters" 

r{Jr , we can a lso  w rite :

buv = " r uv “ u '  r uv ®v- (4 .14)

Comparing th is  e g re s s io n  with (2 .15 ), we receive a simple

re s u l t :  o
buv ■ ®uv. (4.15)

where a^y la  the  second covarian t deriv a tiv e  of the^phase ®.

This r e s u l t  Is v a lid  not only fo r  n o ta tions (u ,v ) , but a lso

fo r  o th e r combinations o f n o ta tions (u,u) and ( v ,v ) .

( 16 )
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The obtained formulas enable us to  find values Bu, By, Cu 

and Cv (shown fu r th e r  on). In to  expressions fo r B„ and Cn 

there e n te r  values

dbx dbv dbz
Pu “ nx S T  + ny Su + ”* 3u“  '  (*-16)

bb db„ db,
pv ,n* ? r  + ny F  + " * F  • (4,17)

Let us c a lcu la te  one of them. As a re s u l t  of (b-n) * 0 we 

have:

I ?  ♦ “• & ) .  ( * • « )

In place of bx> by and bz> we su b s titu te  here expressions

(3 .5 ), and making use of (2 .2 0 ), we obtain:

Pu ’ °uu ♦ Guv »v ; < *» -19)

analogously

Py = 0yU (0U + Gyy . (*.20)

Now we can w rite  out the new components of a l l  v ecto rs.

We have

By ■ 6uu -  “ u <“u + s (“\jU -  cos 8 0UU),

By ■ guy -  ®u ffly + s(a>uv • cos 8 Ouv),

Bn = - ©u cos $ + s(0uu <uu 0UV csv + 51S2S_5l^; (*.21)

Cu = gyu -  U>y OJq + s(o>yU - COS 6 0yu ) ,

®v r 6vv " ®y o>y + s(a>w “ cos 8 Oyy),

cn = - a»y cos 8 + S^Oyu a>u + 0VV <ov + . (*.22) 17

(17)
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Besides, according to  (4.7)

*u -  ®ui *v * ®vi A„ = cos 0.

With these values of A, B, C, the determ inant D(s), which 

gives the c ro ss -sec tio n  of the bundle of rays , w ill be equal to i

*u Ay A„
D ( s ) - 1  By Bv Bn

Cu Cv Cn

(*.23)

This expression fo r  the determ inant can be considerably 

s im p lified  w ith the a id  o f re la tio n s

Ay ®u + Ay ®v + An cos 9 ■ 1,

By ®u + By ®v + B„ cos 9 -  0, (4.24)

Cu u>u + Cv ®v + Cn cos 9 = 0.

These re la tio n s  can be e a s ily  checked. According to  (3 .6) we

have

My <uu + aiy ©v = s in 2 9 ■ 1 -  cos2 9. (4.25)

Taking from th is  expression the oovarlan t d eriv a tiv e  with 

respec t to  u and v ( i t  co incides w ith the usual d e r iv a tiv e ) , 

we obtain  by d iv id ing  by 2

(Dyy «u 4- ©uv «v ■ -  cos 9

a/ ^  (4.26)
(Dyy <DU + ©vv UV ■ '  COS 9 S i ,

S u b stitu tin g  in to  (4.24) the evident expressions (4 .7 ) , 

(4.21) and (4.22) fo r  the components o f vectors A, B and C,

( 18 )



301

and making use of (4.25) and (4 .26 ), we are  convinced In the 

v a lid ity  o f re la tio n s  (4 .24 ). The geom etrical sense of these 

re la tio n s  Is  obvious. They express the fa c t th a t A Is  a 

vector normal to  the wave su rface , while vectors B and C are 

perpendicu lar to  A.

M ultiplying the th ird  column In (4.25) by cos e, and 

making use o f (4 .2 4 ), we obtain

D (e ) cos B « -A 8

Au Av

®u ®v 

Cu Cv

0

0

l |* U  ®V
« L  „

(4.27)

This expression  acqu ires a more "elegant” form, i f  we 

Introduce a symmetrical tenso r

Tuv ■ Suv - “ u <“v + s(®uv '  009 e  °uv)- (4.28)

According to  (4.21) and (4.22) we sh a ll have then

B,, * Tuu, By - Tuv, (4.29)

CU « TyUi Cy - Tyy, (4.30)

and the determ inant (4.27) w ill  take on the form o f:

, I Tuu Tuv I 
»  ( s )  COB S •  i  (4 .3 1 )

•  TVU Tw |

I f  we in troduce the mixed components of tenso r Tuv accord­

ing to  the form ulas:

Tv ' 2 * Ur (4.32)

(19)
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then  Instead  o f (4 .31) we can w rite

lTSD (s) cos e -
lTU

I$ l

T$|
(**.33)

o r expanding the determinant

D (s) cos e  ■ T{{ T* ■- (*.?<*)

Thus, the ca lcu la tio n  of tha determ inant D (a) la  reduced to  the 

c a lcu la tio n  o f the ten so r Tuv, which p resen ts no d i f f ic u l t ie s .

5. D iffe re n tia l  geometry o f the wave su rface .

According to  (3 .10 ), equations

* ■ *o + (x -  * tc . ( ? . l )

rep re sen t, w ith constant x» the param etric equations o f the 

re f le c te d  wave su rface . Rvery poin t on the wave surface co rres­

ponds to  a d e f in ite  p o in t on the re f le c te d  su rface , and namely, 

with the one th a t l ie s  on one and the same ray . To these two 

po in ts  there  correspond one and the same values o f parameters 

u ,v . Parameters u,v and phase x can ba In te rp re ted  as cu rv i­

l in e a r  coordinates In the space.

The square of the d is tance  between two In f in i te ly  close 

po in ts w ill be In the form o f:

d l8 " ^  «uv Ov + dx2 . (5.2)

In th i s  expression the products o f d if f e r e n t ia ls  dud* and dvdx 

w ill be absent, but the square o f the d i f f e r e n t ia l  dx w ill  en ter

(2 0 )
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with co e ff ic ie n t u n ity .

The q u a d ra t lo  form

d t2 ' 2  *uv du dv (5 .3)
u ,v

repreaenta a aquare o f  an arc element on the Nave aurface.
We ah a ll now find  the co e fflc len ta  of th la  quadratic 

form. Recalling equatlona (4 .6) fo r vectora B and C, we can 

analogoualy to  (2 .6) w rite

« i u - ! 2'  (5 .*)

I n  c a l c u l a t i n g  th e  a c a l a r  p ro d u c t and th e  aquarea  o f  v e c to ra  

B and C, we can make u se  o f  t h e i r  componenta (4 .2 1 )  and (4 .2 2 )  

We a h a l l  h a v e , f o r  exam ple

52 = £ 8UVBu Bv +B n- (5.5)

U sing  (4 .2 4 )  and In tro d u c in g  n o ta t lo n a :

*UV .  guv + (<DU CDV/COB2 6 ) ,  ( 5 .6 )

we may w ri te

B2 = J ^ - y uv Bu By . (5 .7)

R e p la c in g  the- n o ta t lo n a  be n ea th  th e  auim iatlon a lg n  by 

l e t t e r s  p ,q ,  and making u se  o f  ( 4 .2 9 ) ,  we o b ta in  a c c o rd in g  

to  th e  r a y s  from  (5 -4 ) :

®uu * ^  >P<1 Tup Tuq ( 5 .8 )

(21 )
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Analogously,

«iv " ^  ^  t«p tvq» (5-9)

(5.10)

Thus, th* co e ff ic ie n ts  of quadratic  form (5-3) are  expressed

d ir e c t ly  through tenso r Tu y . By designating  with g"1 the determ l.

nant

* * ®uu ®vv " ®uv ®vu (5.11)

(a discrim inant o f a quadratic  form) we have on th* b asis  of

equations (5.8) to  (5.10)

g1 • Det ■>*"* (Det Tuv)2, (5.12)

whence

I 1 = g D (s)2 . (5.13)

The element dS1 of th* su rface of a re f le c te d  wave. correspond-

lng to  the element dS o f the r e f le c tin g  su rface . Is equal to:

dS1 = du dv * D(s) ]/& du dv ■ D(s)dS, (5 .U )

as i t  should be.

Values Tuy are  l in e a r ,  and values g^y are  quadratic func-

tlo n s  of s .  With s ■ 0, we have

*iv (0) '  Tuv (0) s «uv - “\l V (5-15)

Vs not* th a t th is  tenao r le  Invars* to  th a t o f >uv. 

With an a rb itra ry  a , we oan w rite

(22)
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Tuv <■) l T uv <°> + eTuv « » •  (5 ‘l6)

where, according to  (M,28)

Tuv <°> “ ® uv- 008 8 «uv, (5.17)

and also

(■> = Tuv (0 ) ♦ 2a ^  (0) + ^ 8 V  < p (0) T*v (0)

W  (5.18)

We go over to  the ca lcu la tio n  of the second quadratic 

form, determining the curvature ra d ii  o f the wave surface.

The determ ination o f I t  le  analogous to  (2 .20), only Instead 

of the vector n, we must su b s ti tu te  vectoi g1 of the normal 

to the wave su rface, and In place of values d*Q/&v e tc .  - -  

the values dx/dv e t c . ,  l . e .  the components of "vector" c 

( it.6 ). According to  th is  determ ination we have

- °iv  <•> + <5 -19)

But th is  expression has already been found by us when ca lcu ­

la tin g  g^y . Using (A.8 ), we can write

- e0iv ^  s <B* ‘ + ®uax) cx + (5-20)

where the punctuation denotes the products of components 

according to  axes y and z.

Hencei

-■<£„ (a) • B-C - Cu * g^v (s) - Tuy (e ) . (5.21)

Thus, the co e ff ic ie n ts  of the f lrB t and second quadratic  form 25

(25)
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are  connected with tensor Tuy(s) by a re la tio n :

s iv  (•)  + 8°uv (8) = Tuv (5.22)

From th is  as well as from (5.16) and (5.18) we can fin d  a lso  

the ev ident expression fo r  0*y ( s ) ,  namely

- o ;v ( s ) .  t^v (o) 4 s ^ ^  (o) T; v (0)> b<23)

In p a r t ic u la r ,  with a - 0, as a r e s u l t  of (5-17), there  w ill

be ,
-  (0) * ®uv -  cos 6 0 ^ .  (5.2*)

In t h i s  m anner, f o r  th e  r e f l e c t e d  wave we have found b o th  

th e  f i r s t  a s  w e l l a s  th e  Becond form .

Analogous ca lcu la tio n s  can be ca rr ied  out a lso  fo r the 

inciden t wave. For t h i s .  I t  Is  su f f ic ie n t  to  replace In (3 .7 ) 

and In o ther formulas a 1 with a i  ft ^formula (3 .1 ) ] ,  and consider 

s as nega tive , so th a t ( -s )  Is a distance ca lcu lab le  along the 

ray up to  the po in t Incidence on the su rface . We sh a ll  lim it 

ourselves by In troducing the formulas fo r the values of c o e f f i ­

c ien ts  g£y (0) and 0®y (0) o f the f i r s t  and second quadratic 

form of the in c id en t wave In  the po in t of Incidence of the ray . 

We sh a ll  have

’  «uv - ®u V (5 ‘25)

* C < ° )  = % v + C08 9 °uv (5.26)

From these form ulas. I t  la ev ident th a t values g£y and
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gjjv converge on the r e f le c tin g  body, but those fo r d£v and 

0yV d if f e r  by th e ir  sign  in  the te rn  containing cob 0 . I t  is  

convenient to  use r e la tio n  (5-26) in  the case, when the in c i­

dent wave is  plane: then 0°v - 0 and, consequently,

«uv - - cos 6 Guy (5.27)

In sertin g  th is  value in  .28) we obtain

Tuv = *uv * %  “v " 26 008 6 °uv (5.28)

C alculating the value D(s) according to  formula ( t . J t )  

and using ( t .2 5 ) ,  we s h a ll  have a f te r  reduction  by cos e ,

D (s) = cos e  -  2s ( a c o s2 e + \  Q a>u <DV ) + t s 2 cos fl K.

'  f e *  '  (5.29)

Here K and 0 have values (2.25) and (2 .26 ). In order to  ex­

p la in  the geometrical sense of the sum, contained in  the 

second term of (5-29), we note th a t i f  du and dv are  compo­

nents of displacement on the surface of a re f le c tin g  body in  

the plane of the inciden t ray , and d is  the value of th is  

displacem ent, then we have

du -  “L— . dv - mV /-38 ‘  S ln T ' 36 s in - ?  ■ (5.30)

Therefore, with RQ designating the rad ius of curvature of the 

in te rsec tio n  of the surface with the plane of incidence, we 

have

<*•»> 25

(25)
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In se rtin g  th is  value of the sun Into (5.29) and expressing 0 

and K, according to  (2.25) and (2.26) through p rin c ip a l r a d ii  

of curvature we have fo r  the case of the inciden t plane wave 

the following expression fo r  DU):

+ h- t -  oos e. 
H1 "2

This formula was derived by us In our previous work ( 1 ).

6. R eflection  formula 

The re s u l ts  obtained enable us to  find  (In the approxima­

tio n  of geonetrlc  o p tica ) the electrom agnetic f ie ld  o f the r e ­

f lec ted  wave. The f ie ld  of the Incident wave we wrote In the

f0rB g S 1**, H° e 1*^. (6 .1)

As a> (u ,v) Is the value o f the phase f  on the surface of the 

re f le c t in g  body, then on the surface of the body the f ie ld  of 

the incident wave w ill be equal to

E° (u. v )e lk“ ; H° (u, v je11™. (6 .2)

where E° (u ,v) and H° (u,v) - are values of amplitudes E° and 

H° on the surface of the body. Knowing E° (u,v) and H° (u ,v ) , 

I t  Is  possib le  to  find  from Preanel formulas (given In S e c t.l)  

the amplitude values of E1 (u ,v) and H1 (u ,v) o f the f ie ld  of 

the re f le c te d  wave on the surface of the body. The f ie ld  of 

the re f le c te d  wave on th is  surface w ill  be equal to 

E1 (u, v )e l t o ; H1 (u, v )e lktu. (6.3)
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Thus, the values (6 .3) can be considered as known (a t le a s t  

on the illum inated p a r t  o f the su rface, s u f f ic ie n tly  d is ta n t 

from the boundary of the shadow).

We must find  the f ie ld  a t  a c e rta in  d istance from the 

surface. For each o f the components of the electrom agnetic 

f ie ld  th is  problem Is  reduced to  the following: I t  Is neces­

sary to  find  function  F sa tis fy in g  the wave equation

AF + k2F = 0 (6.K)

and the condition of ra d ia tio n , and acquiring  on the surface 

of the body the given value

P -  f (u , v) e ik“  <u ' v>. (6.5)

In our case k Is the major param eter, and f(u ,v )  1b a slowly 

variab le  function . The la s t  a sse r tio n  Is to  be understood In 

the sense th a t the d e r iv a tiv e s , divided by k , of the function 

in  d irec tions tangent to  the surface are  small In comparison 

with the values of the function i t s e l f .  I t  is  easy in  th is  

case to Ind icate  an approximate so lu tion  of our problem. 

Obviously, the phase of the desired  function  w ill be obtained 

by replacing a> with

X ■ cd + s ,  (6.6)

where s is  the path traversed  by the ray a f te r  the r e f le c tio n .  

I t s  amplitude, however, w ill change Inversely p roportional to  

the square roo t of In te rse c tio n  area of the bundle o f re f le c te d  

rays. Thus, we a rr iv e  a t  the form ula:

F -  f  (u .v) VD(0)/D(s) e lk *. (6 .7)

(27)
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where x has the value of (6 .6 ).

Formula (6 .7 ) can be derived in  the follow ing manner. Let 

us try  to  find  F In the form:

F - / p e lk X,' (6 .8)

where p and x - are c e r ta in  function# of the coord inates, not 

dependent upon the parameter k . In se r tin g  (6 .8) Into the wave 

equation (6 .4 ) ,  we find

► k2P = e lk * ' [k2Vf^l - (grad x ') 2^ ^ r d l v  (p  grad x ')  + A ( i f )  
^  (6 .9) I

The equation  of o sc illa tio n #  w ill be approximately s a t i s ­

f ie d , i f  In  expression (6 .9) terms o f the k2 and k order are 

equated to  zero . For th is  the phase x 1 and the amplitude square 

p must s a t is fy  the equations

(grad x')2 ■ 1. (6.10)
dlv (p grad x1) * 0. (6.11)

Let us Introduce now the c u rv ilin e a r  coord inates u ,v ,x , 

connected with rec tangu la r C artesian  coordinates x, y , z by 

means of r e la tio n s  (5 .10 ), and w rite  equations (6.10) and (6.11)

In these c u rv ilin e a r  coo rd inates. Introducing according to  

form ulas, analogous to  (2 .6 ) , the tensor g*uv, Inverse to  th a t 

o f g^v determ inable by formulas (5 .8) to  (5 .1 0 ), we sh a ll have 

Instead  of (6 .1 0 ),

y y “v S f i f *  «•»>

( 28)
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and Instead of (6 .11),

o- “ •»>

Equation (6.12) la  s a t i s f ie d .  I f  we l e t

X' = X• (6-1*0
Equation (6.13) Is then reduced to  the form:

g* ( p / ? )  ■ 0, (6.15)

and Blr.ce according to  (5.13)

] / ?  -- ^gD(e), (6.16)

where g la  not dependent on x> I t  w ill be s a t is f ie d  i f  we 

assume th a t

pD (s) * p (u ,v ) , (6.17)

where $ Is an a rb itra ry  function of u ,v .

In order to  have an agreement with (6 .7 ) , I t  i s  s u f f i ­

c ien t to  assume tha t

]/p » f (u ,v )  V b(0)/D (s). (6.16)

Thus, we have proved th a t function  (6.7) approximately 

s a t i s f ie s  the wave equation (6 .4 ) . Obviously, I t  a lso  s a t i s ­

f ie s  the rad ia tio n  condition  ( I t s  phase Increases with a 

growing a ) .  F in a lly , w ith s = 0, I t  Is reduced to  the given 

function  (6 .5 ) . Consequently, i t  s a t i s f ie s  a l l  the req u ire ­

ments th a t were s e t  up.

Applying expression (6 .7) to  the f ie ld  of the re flec ted

(29)
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wave, and adding to  I t  the  f ie ld  of an Incident wave, we sh a ll 

ob tain  the r e f le c tio n  formula In the form:

E - eV * *  + EX(u , v) D(0)/D (a) e1*4*, (6.19)

H * H4̂ 114'*' + HX(u, v) D(0)/D (a) e lk *. (6.20)

In conclusion, we wish to  mention th a t I f  the re f lec ted  

body Is convex, the re f le c tio n  formula Is  app licab le  In the en­

t i r e  Illum inated space su f f ic ie n t ly  removed from the boundaries 

of the shadow (and a t large d is tances  from the body as w ell).

I f ,  however, the body Is  concave, then w ith c e r ta in  valueB of 

b I t  Is  possib le  to  transform  denominator D(a) Into zero (focal 

surfaces and l in e s ) .  In the neighborhood of the focal lines  

and su rfaces , the geometric op tics  and. In p a r t ic u la r ,  the r e ­

f le c tio n  formula, are not ap p licab le , since the condition  tha t 

an amplitude be a slowly varying function  of coord inates Is 

not f u l f i l l e d .

Conversion of r e f le c tio n  formula on the shadow boundary 

to  the d lf f ra c tlo n a l ones has been in v estig a ted  (fo r the plane 

Incident wave and fo r  small d istances from the su rface of the 

body) In our w o r k ^ '

7. R eflection  of the spherica l wave from the surface of a sphere.

As an example fo r the ap p lica tio n  of the derived formulas, 

le t  us examine the r e f le c tio n  of a sp h e rica l wave from the su r­

face of a sphere. Let r ,  8 , 0 be sp h e rica l coo rd ina tes . Equa­

tio n  of the re f le c te d  surface Is  In the form o f r  * a .  The p a r t

(30)
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of the Qaueslan parameters u ,v  la  played by the angles 6 , $,

ao th a t In our general formulas we may assume

u « 0; v - ♦. (7.1)

Let the source be located  In po int 0 “ 0, r  = b. The 

phase value of the wave Incident on the surface of a sphere 

w ill then be

®(0,d) = / a 2 + b2 - 2ab cos 0. (7.2)

The element of the surface of the  sphere Is w ritten

dd2 = a2 (d02 + s in 2 0 d*2 ), (7.3)

whence

B ee 1 s “ "2 #ln2 •* <7.4)
Vg = a2 s in  0, (7.5)

g6® = 1 /a2; g*• = 0; gW = l / ( a 2 s in 2 0 ). (7 .6)

According to  the property  of the sphere, the second 

d if f e r e n t ia l  formula w ill be proportional to  the f i r s t ,  and 

we sh a ll have

* - a ; 0Sq = 0; 0 ^  * - a s in 2 0. (7.7)

The covariant d e r iv a tiv e s  of phase u  w ill be equal to

a>0 = ab e ln  0/u>; = 0, (7 .8)

and the con tra -v a rian t de riv a tiv e s  w ill be w ritten  as

a>9 ■ b s in  0 /(a  ®); ®* = 0. (7-9)

The Incidence angle of the ray (which we sh a ll  designate 

now with >, since the le tte r©  has already been assigned) w ill 

(3D
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be determined from equations:

s in  7 ■ b a ln  9/a»{ cos 7 ■ (b cob 9 - a ) /« , (7.10)

re su ltin g  from (4 .25 ). In order to  ca lcu la te  the seoond 

covarian t deriv a tiv e s  of the phase, l e t  us construc t according 

to  formulas (2 .8) to  (2.11) the C h rls to ffe l  symbols. Me have

r 99 = ° i r 90 8 °* r J*  = • »ln  9 cos °> (7.11)

r e0 1 otg 9; * 0.

S u b s titu tin g  these values In to  the  general formulas (2 .15 ), we 

obtain

(egg = (ab/<o^)(b cos 9 - a )(b  -  a cos 9 ),

'  0, (7.12)

• (ab/co) s in 2 9 00a 9.

Now we can construc t tensor Tuy . We have

Tg0 = (a2j<io2 )(b cos 9 -a )2 + (ea/ic?)(b cos 9-a) (to2 + b2- ab cos 9), 

%  ■ 0, (7.13)

« a2 s in 2 9 + (sa/cc) s in 2 9 (2b cos 9 - a ) .

Let ua go over now to  the mixed components of Tg e t c . ,  and 

express b s in  9 and b cos 9 with the a id  of (7-10) by a , to and 7 . 

We ob tain  .
*5 • ^ ( ( • + < 0) 0 0 0 7  + ^ ) .  (7.14)

T{ S i ( 8 + “ + 2 f £ co » - ' ) '

whereas T® * = 0.

(32)
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A ccord ing  to  (4 .3 4 )  D (a) cob y  I s  eq u a l to  th e  p ro d u c t 

o f  v a lu e s  ( 7 .1 4 ) .  Hence

a?  D(a) * ^(s + m) cob y  + + ® + ^f2 cos T^- (7.15)

The expression la  symmetrical with respect to  b and ®.

Our r e su lts  enable us a t  once to  wrflte out the r e f le c ­

tio n  formula fo r the v e r t ic a l  component of the e le c tr ic  and 

magnetic H ertzian vec to r; which s a t i s f ie s  the sc a la r  wave 

equation.

D esignating with l e t t e r  R the d istance from the source, 

which equals

R « V^b2 + r 8 - 2br cos 6 (7.16)

we sh a ll  have fo r  the H ertzian e le c tr ic  vector

where N Is the F resnel c o e ff ic ie n t (1 .10). For the H ertzian 

magnetic vector, the formula w ill be the same, only Instead 

o f N there  w ill be another F re sn e l's  co e ff ic ie n t M.

Introducing fo r  D(a) the expression (7 .15 ), and assuming 

fo r  the sake of s im p lif ic a tio n  th a t

2s<o/a(s + <o) = Cj, (7.18)

we s h a ll  have

n - a 1* * -- N </ cos y  .lk(o> ♦ s)
u " "T r" '''' tu + s V loos y  + C j)U  + cx cos y )  e

(7.19)

(33)
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T h is  fo rm ula  can be compared w ith  th a t  o b ta in e d  from  the  

d i f f r a c t i o n  fo rm u lae  d e r iv e d  in  o u r  p a p e r ^ )  f o r  th e  caee  o f 

g ra z in g  ray  in c id e n c e , and f o r  d i s t a n c e s  from  th e  s u r fa c e  o f  

th e  s p h e re ,  w hich a re  e m ail a s  com pared w ith  i t s  r a d iu s .  The 

fo rm u la  in d ic a t e d  I s  reduced  to  th e  form :

Here

p * m cos >; p j  = mclt* q •  im (V q  -  1 / q ) , (7 .2 1 )

w h ile  ?

m -  * / k a / 2 .  (7 .2 8 )

The n e c e s sa ry  c o n d it io n s  o f  a p p l i c a b i l i t y  o f  th e  r e f l e c t i o n  

fo rm u la  (7 .2 0 )  a re  th e  la rg e  p o s i t i v e  v a lu e s  o f  th e  m agnitude  

p ; i f ,  how ever, p i s  o f  th e  o r d e r  o f  u n i ty ,  th e n  th e  d i f f r a c ­

t io n  fo rm u las  w i l l  be v a l id .

I t  l a  n o t d i f f i c u l t  to  see  t h a t  fo rm u la  (7 .2 0 )  in  i t s  due 

a p p ro x im atio n  c o in c id e s  w ith  ( 7 .1 9 ) .  As th e  v a lu e s  Cj and cos y  

a re  sm a ll r e l a t i v e  t o  u n i ty ,  t h e r e f o r e ,  t h e i r  p ro d u c t in  (7 . 19 ) 

can  be n e g le c te d .  F u r th e r ,  th e  q u a n t i ty  u> + s in  th e  denom ina­

t o r  can  be re p la c e d  w ith  R. For th e  same q u a n t i ty  i n  th e  exponen­

t i a l  f u n c t io n ,  we can  u se  e x p re s s io n

u» + e - B g g ; V (7.25)

whence a p p ro x im ate ly

k(u> + s  -  R) * k a c j  c o s2 y  * 2p^p2 .

(5*)

(7.2**)
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COB 1 
COB > + Cj

F in a lly , we have fo r small cos y  and fo r u :  1

(7.25)

N = (p + iq ) /(p  - lq ) . (7.26)

I f  we use these approximate expressions, the agreement between 

(7.19) and (7.20) w ill be complete.
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XII. APPROXIMATE FORMULA FOR DISTANCE OF THE 
HORIZON IN THE PRESENCE OF SUPERREFRACTION

V. A. POCK

A derivation is given of a form ula for the distance of rediowave 
propagation (horlaon dietance) In the p reience  of euparrefTactlon.
The form ula obtained la eultable for an a tm ospheric waveguide next 
the earth  In which the modified refractlva  index depends on the height 
according to a  hyperbolic law.

1. INTRODUCTION 

A general form ula for the attenuation factor was derived as  acerihur 
in tegral In our Work on the theory of radiowave propagation in an 
inhomogeneous a tm o sp h e re .1 The expression we obtained is ap­
plicable for the very  general case of a rb itra ry  behavior of the 
refractive  index depending on height. The basic difficulty in using 
our general form ula is in solving the d ifferential equation for the 
height fac tor. This difficulty can be bypassed by using an asymptotic 
solution of the equation (this method is based on the presence  of a 
la rge  pa ram eter in the equation). Obtaining an approxim ate ex­
p ression  for the height fac to r, the integrand in the contour integral 
can be w ritten in explicit form  and then it can be studied. A quali­
ta tive Investigation of the integrand perm its an estim ate  to be given 
of these distances a t which the attenuation factor s ta r ts  to decrease  
rapidly, in other w ords, the estim ate of the horison distance.

In the general case the field from  a vertica l and horlson ta l 
e lec tric  and magnetic dipole is expressed  by means of two H erts  
functions, U and W, which satisfy  the sam e differential equations;

2. INITIAL FORMULAS

/>■ 3 / F
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the iim it condition* lo r U and W a re  a lio  of the la m i type but with 
different value* for the coefficient*. 1 Bach of the H erts  function* caa 
be expressed by mean* of the attenuation factor V thus:

where a  i* the radiu* of the earth; • i* the horizontal distance 
m easured along an a rc  of the earth 's  globe; k * ~  1* the absolute 
value of the wave vector.

The attenuation fac tor V i* expressed  m ore conveniently through 
the nondimensional quantities: the modified horizontal distance.

and the modified heights of the corresponding points (source and 
observation points):

where h and h' a re  heights in length units and m  is the pa ram eter:

The equivalent radius of the earth  does not play the role in 
problem s re la ted  to superrelraction  that it plays in the norm al 
refraction  case ; consequently, we do not introduce it h e re . In addition 
to the quantities lis ted , the attenuation fac tor V depends on the 
param eter q which en ters into the lim it conditions. The p a ram eter q 
foT the H ertz  function U (vertical polarization) equals:

k _k_•h'

im

(2)



where i) i* the complex die lec tric  con*tent of the medium. The 
pa ram eter q (or the H erts  function W (horizontal polarisation) 
equals

381

q « ini y t)  - 1 . (6)

In p rac tice , we can put q  » oo in the la s t case  since both the p a ra ­
m eters m  and q a re  la rge .

H eace( the attenuation fac tor V is a function of the nondimensional 
quantities x, y, y’( q  :

V « V(x, y. y-, q). (7)

In addition to  the attenuation fac to r V, it is convenient to analyse 
the function f  re la ted  there to , whereby V is thus expressed:

V = 2 V 5 * a '4 T . (8)

The function T sa tisfie s  the differential equation

+ l - | f  + ry>r<yH  * « 0 ,  (9)

r(y) * m 2 (€ - 1), '  (10)

In which £ « £(h) is the a ir  d ie lec tric  constant a s  a function of the 
height. Equation (9) is obtained by a  transform ation to  the nondimen- 
sioual quantities from  the equation

^ J  + 2 ik - - ^  + k2^ . 4 «  - 1 )T = 0 , (11)

(J)
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in which the 9 coefficient ia proportional to the modified refractive

M(h) .  106 ( -S -j-i ♦ £ ) .  (U ,

The 9 coefficient in £q . (9) i* conveniently denoted by a ■ ingle 
le tte r; we put

p(y) ■ y ♦ r(y)- (1J)

We will have

p ( y ) - m 2(C . I + i t ) .  (14)

•o  that p(y) ia , in aubatance, the aame m odified refractive  index but 
expreaaed through the nondimeneional height y.

Uaing the notation of Eq. (13),Eq. (9) ia w ritten aa

i-|t* + p (y )9  = 0 . (15)
*y2 **

The function 9 aatiafiea the differen tial Eq. (15) and the lim it 
condition

- | t  + q , e O ( f o r y -  0); 

aingularity of the fo rm  4

(4)
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In the general expression* for the (unction Y a* •  contour

integral the integrand waa expressed  through the aolution of the 
equation

where t  i i a  complex param eter. (Theee solution! were called the 
height factor* above )

In o rder to form  the integrand, it i* necessary  to know both 
solution* of Eq. (18); let u* denote them by fj(y , t) and f2(y ,t).

These functions have ths following asymptotic expressions for 
U rge  y:

Here c ',  c", T a re  constants whose values a re  not essen tial since 
they drop out of the expression  for Y- In the homogeneous a tm osphere 
case when p(y) * t , the functions f j(y ,t)  and f2(y ,t) reduce to the 
complex A iry functions Wj(t - y) and w2(t - y), in which we can then 
put e' < e" > 1 and t « l .

L et us put

^  + p(y)f « t f , (18)

(21)
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Because of Eq. (18), which f j  and f2 sa tisfy , thi# quantity

The function T determ ined fo r y'^>y by the contour in teg ra l1

J  e ^ F U . y . y ' . q M t .  (23)

taken over the contour endowing a ll the pole* of the Integrand in a 
poeitlve d irec tion , e a tii f ie i a ll the condition* se t above and yield* 
a  solution to our problem .

3. NORMAL REFRACTION CASE 

The norm al refraction  case  is charac terised  by the modified 
refractive  index M(h) being a m onotonically increasing function of 
the height h and, the re fo re , the coefficient p(y) is a monotonically 
increasing function of y. In th is case , f j(y ,t)  and f ^ y ,! )  can 
be expressed  approxim ately by the complex A iry functions of argum ent ( 
defined by the equalities

b
* P(u)‘du * \  t *  , (23)

y
(6)



325

where h i l t  root of the equation

p(b) * t. <26>

The value of i  near y « b will be a holomorphic function of y,

I  - y) ♦ ...

We can put approxim ately

fl*>/^$ Wl(W’ f2*Nf ¥ W2‘t)

and to the aame approxim ation 

from  which
Du = - 2 i .  <30>

H ere, replacing y by y ' and t  by f .  we ob u in  expreaaiona 
for f jfy ’.t)  and f jty ’.t) . The value of t  correaponding to y •  0 
ia denoted by Uaing theae notation#. we obtain the following 
approxim ate expreeaion for F . defined by form ula (22):

(27)

(26)

-rftyyFit' wi u ,> | w2
w2(t0> * *»<dft .* 2 (to>

1^[>owl « T

(7)
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When being substituted in formula. (23), this expression can be 
used to  calculate the field  in both the shadow region and in the line - 
of-sight region. The a ttenuation fac to r (as well as the function f ) 
is calculated in the shadow region by a residue se rie s  corresponding 
to the roo ts of the denominator

w'i (?0l + q(||P) W j(to) -  0 . (32)

The function T is calculated d irec tly  in the line-of-sigh t region 
by using ths contour in tegral in which the principal pa rt of the 
Integration will lie near rea l negative values of t. But the quantities I 
t  and ( ' will a lso  be negative for negative t values. Assuming these 
quantities to be sufficiently la rg e , the functions Wj and w2 can be 
replaced by th e ir  asym ptotic expressions:

w2(«  =
IT 1 . 2 . ..1-»-r -~r
4 (-?) 4 e 3 (34)

Such a substitution reduces to the use of the asymptotic 
expressions in E q s . (19) and (20) for f j(y ,t)  and f2(y ,t). Con­
sequently, the following expression  is obtained for the function F  
(according to  form ula (22)]:

• V/ffilufc i j^ * 1 ~1 *” *1 JvW"> •' J 

(6)
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Thi* form ula is a generalisation of form ula (6. 11). * The Latter can
be obtained from  Eq. (35) by substituting aero  for p(y).

Substitution of Eq. (35) into the contour Integral yield* an 
expression, composed of two term *, for the a ttentuation factor, 
the f i r s t  of which corresponds to an incident wave and the seccnd to  
a wave reflected once from  the earth 's  surface  with a F rasnel coef­
ficient. The incident wave is the superposition of a wave with the

and the reflected wave is the superposition of a wave with the phaee

These expressions correspond to those of geom etric optics. The 
in tegrals can be evaluated by the method of sta tionary phase, where 
the phase of the incident wave w ill equal the extrem um  value of w(t) 
and the phase of the reflected  wave will equal the ex trem um  value 
of $ (t). The function u(t) attains its extrem um  value fo r t determ ined 
from  the equation

V*

y

y
and the function $(t) for t determ ined from

(39)
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The distance  of the horizon from  the geom etrical optica 

viewpoint ia de term ined from  the condition that a  reflected  wave 
with a  rea l phaae could reach  up to  thi* point. The leaa t value 
of t  fo r which thia ( t ill  occur* i* t  = p{0). Thi* value m u tt 
• im ultaneou*ly be a root of Eq. (39).

T here fo r* , the following relation mu*t ex ist between x, y and y1

which yiald* the form ula for diatance to the horlxon under 
norm al refraction .

The m ore exact expre**ion in Eq. (31) for F  *how* that it 1* 
a lread y  im poadb le  to u*e Eq. (35) at t  = p(0). Actually, the 
quantity become* aero  a t thi* value of t and it i*, understandably, 
inadm issible to  u*e form ula* (33) and (3d). N everthele**, it can 
be c o n s id e r*  m at the value of x, determ ined from Eq. (40), 
approxim ately give* the boundary defining the line-of-sigh t region 
where the reaidue aeri** 1* applicable. In other word*, it can 
be considered tha t the field amplitude atart*  to decrease  rapidly 
when x, Increasing , passe* through the value in Eq. (40). The 
term inology "horison  d istance" can be used in diffraction theory 
in  this sense.

4. ASYMPTOTIC INTEGRATION OF A DIFFERENTIAL EQUATION 
WITH A COEFFICIENT HAVING A MINIMUM

The m odified index of refraction  will not be a m onotcar: 
function of the height in the presence of superrefrac tion  but it 
w ill have one o r m ore  minimum* corresponding to the separata 
waveguide channels. We will consider the case of a single minimum;
we will ca ll the corresponding height the inversion height 
will denote it by h..

(40)

(10)
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Th« coefficient p(y) proportional to M(h) of the differen tial 
equation

will aloo have one minimum a t y = y . corresponding to h > h..
We will consider p(y) to be an analytic function of y- The 

equation p(y) * t will have two root* in the region inte re ttin g  u t:

Both roots w ill be rea l for t rea l and lying between p(0) and 
p (y ); the roots can be complex for other t values.

We m u tt have such an asym ptotic expression for the functions 
fj(y), f2(y) as would be valid uniformly for a ll the values of 
y and t considered, with the exception of the value t » piy;) at 
which the Toots bj and b£ coincide.

The expressions used in section 2 fo r fj and f2 in te rm s of 
the A iry function a re  not applicable here . Its validity was bated  
on Eq. (41) reducing approxim ately to

in which the coefficient for the unknown function now ha t the same 
monotonic c harac ter as in the initial equation, by means of the 
substitution Eqs. (24)>(25) which defines f as a holomorphic 
function of y. Now, we m u tt take as the standard equation

for the parabolic cylinder function instead of Eq. (42) for the A iry 
function, since th is is the m ost sim ple equation in "h ich  the

d*fH  ♦ p<y)f = tf (41)

y = b j and y = b j .

(42)

(43)

(ID
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coefficient fo r the unknown function he* the seme charac toer (with 
s  single minimum) ns docs the coefficient p(y). It is neeesinry  
to se lec t the substitution rela ting ( to y so that the quantity p(y) 
becomes aero  sim ultaneously with the quantity + v and so 
that the c o rrec t asymptotic expressions would be obtained for 
la rge  values of these quantities. The substitution

sa tisfie s  these  conditions under the condition that the param eter v 
is chosen so that

“ l‘l -2lVv

The in tegral in the right aide of (4S) equals

2 iV 7 ,
(44)

-2i fT
Consequentlyi Eq. (45) can be w ritten thus

(47)

02)
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It give* v a s  a function of t. Thi» function will be holomorphic 
near t « p(y.)> namely, we will have

PtVil ‘ «
= W (y,i ■*

Putting

y

(48)

(49)

(50)

we can w rite the aubetltutlon (44) ae

C ____
5 *®o “ t  y?+4wd< (si>

The fire t p a rt of this expression  equals

(52)

Hence we can conclude that the quantity 5 - + -jln  v will be a 
holomorphic function of v near v « 0 for ( ^ 0  and the quantities 
5 - SQ In v and S w ill be holomorphic for £<0- But since 
we know 0 a t y * 0 (on the e a r th 's  surface), the sum  In v
will be a holomorphic function of v. This rem ark  will be needed 
la te r .

(13)
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The aolutiona of Eq*. (41) end (43), in the asym ptotic approx­
imation* under conaideration, a re  rela ted by the rela tion

* '> / $ * ■  <53)

Solution* of Eq. (43) a re  function* which a re  expreaaed by mean* of 
the parabolic cylinder function D (a) which aatlafiea the equation

,54,
da2

The function* I>n(*) have been well investigated. We w ill not 
enum erate the ir propertie* but will re fe r to the book by W hittaker 
and Wataon "Courae of M ordern A naly tic" where the principal 
form ula* a re  given. The following aerie* can be taken aa adefinition 
DnU)

- i - 1 * r  “  r < = ^  f
Dn<*> * - r c r e f i s t t i t 2 < * ■  ,55>

Equation (43) i* obtained from  Eq. (54) by replacing z oy '  
exp(-i ^) and n+ ^ by iv. The function*

•*T
*! (c> - | ( «  C>*l v - T

‘T
*2l?) * D ^  ^  (e 0  •

(56)

(57)

will be tolutiona of Eq. (43). The quantitie* gj((> and gg(C) will be

(14)
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complex conjugate* for rea l v and £•
There reeult* from  the propertlea  of 3  (a)

-vw-i-J \fT7
•  j K J - *  1 1 . ( 0  ♦ — I---------- - 4 4 g*(C) (58)

1 1 H * -- iv)

•ve+ ii J 2 *-^f -
gz(-C )-«  r «2<C)+ - g _ e  4g K>. (59)

Aeymptotic expreealone for g ^ O  and g2<0 *r e eaeential to u*.
In the region adjoining the poeitlve rea l axle, we have

Ueing Eq- (52), we can a leo w rite

I j K) = « 4 + ^ «  ** ^  ««p^  4 4v t‘ »

The la tte r  expreeelon ie valid aleo for la rge  v. The aeymptotic 
expre ieion  for g2(C) i» obtained by replacing 1 by - 1.

In o rder to  obtain a form ula valid near the negative rea l axie, 
we m u lt uee relation (58). We will have

8,(0
1*1. i l l  

4 8.
- ^ 7 7 7

«*p £f fC *  4* (62)

(15)
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ri* - iu
- T + iT  .  ‘I * * * 1’ ( t  J a **4*'**]-

We ere  now In e poeition to conatruct the eolution of Eq. (41) 
which aatiafiea e ll the requirem ent*.

L et u* put

(til

Baceua* of the propertiea of S noted ehove, the exponential in 
Sq. (63) la * holomorphic function of v a lao near v * 0.

The function

= c , ( v ) J ^  »,«)■ <“ >

will be * auiteble aolution of the equation for the height fac to r. Above 
the inveraion layer (for S -  S< ^  1) thia function haa the aaymptotic 
expreaaion

^(V.t) =(
Vp<y' * ‘

(65)

which reault* for Eq. (61).
Below the inveraion layer (for SQ - S ^ l )  the aaym ptotic expreaaicn 

for fj(y<t) will be

*j<y.0 X,(v) is - 2iS

(66)

(16)
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r l
» In v) (67)

Using the known asymptotic expression  for the function r ( £  - iv),
it ie eney to ehow that the function Xj(v> tend* to unity for la rge  
poeitive value* of v. Inasmuch a* the aecond te rm  ir  Eq. (66) become* 
■mall in com parison with the fir* t for i ^ l ,  both expressions 
for f j(y .t)  will then agree  in form . However, it i* e»*ential that our 
expression* for f ^ y .t )  be valid not only for la rge , but also for sm a ll, 
values of v down to v * 0 and that they be holomorphic functions of v 
near v > 0.

The appropriate expression* for f2(y.t) a re  obtained from  the 
preceding by substituting - i fo r i. In o rder to w rite ‘hem expli­
citly. le t u* put

(68)

r «i + »->

Then

(70)

and the asymptotic expression* for f2(y,t) will be following

(17)
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f2(y.t> -is 2iSo ; for S - So*M
(71)

f2( y . t )  = X2 (v) 2iS

for SQ - S ^ l

(72)

Hence, the problem  of the asym ptotic integration of the height 
factor equation ha* been eolved.

5. INVESTIGATION OF THE ATTENUATION FACTOR 

We m u it now substitute the expreseions found for f j(y ,t)  and 
f2(y, t) into form ula (22) for F  and we m u tt investigate the attenuation 
factor V o r the function Y rela ted  there to . For sim plicity  of w riting , 
we will lim it ourselves to the q » <n case , which corresponds to 
horizontal polarization. The function F  becom es in this c a te

F l t . y . y .  » > = - ^ f 1( y - . . ) J f 2( y . t ) - 7̂ T rf 1(y .t)J . (73)

The W ronakiian for the functions (64) and (70) equals the constant

D 12 • - 21 , (74)

which is m ost easily  derived from  the asymptotic expressions (65) and 
(61). We will assum e that y*^y. so tha t S(y') •  3 ^  1 and le t us 
consider two cases; when the second height is a lso  high and when it 
i t  below the inversion layer. In the f irs t c a te , we will consider

(IB)
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S(y) - s 0^ > >  which perm it* expressions (65} and (70) for f j and f j  
to be used. In the aecond caae, w« ih a ll con iider SQ • S (y )^ l and 
we ih a ll use e x p re ia ioo i <(6) and (72).

In the f ir s t caae, we a hall have

The aepara te  te rm s of thie expression admit of an interpre tation 
on the basis of geom etric optica. It is evident that a wave going

(75) ahowa that the re  ia only one wave going from  above downward, 
namely, an incident wave with the to ta l phase

we added the term  xt here  from  the exponential in integral (23) .
Thie phase ag rees  with the phase Eq. (36) of the norm al refraction  
caae, as ia na tura l, since this wave did not reach the inversion layer.

As regards the wavea going upward from  below, they will be an 
innumberable set; these wavea a re  obtained by expanding the aecond 
te rm  of Eq. (75) in a pow er aerie* in e* . They will correepond 
to wave*, multiply reflected from  the earth '*  surface and from  the in ­
version  layer. The phase of wavea reflected once from  the e a r th 's  
surface  w ill be

E xpression

<40 = xt ♦ Sly') - S(y) (76)

♦ (0 *
Xl ‘ (77)

(19)
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This expression differ* from  Eq. (37) in iU l**t te rm  which cannot 
be obtained from  geom etric optic*. Thi* te rm  equal*

(78)

It become* zero for la rge  positive v but it play* an Im portant pa rt for 
•m a ll v *ince, becauae of it, the whole phase 4(0 rem ain* a holo* 
morphic function of v n e a r  w * 0, in other word*, near t  * p(yj).

Now le t u* analyae the ca*e when the point y i* below the in ­
version  layer, w her* Sq - 5 ^ 1 .

Using expression* (66) and (72) and the equality

In thi* case, the re  is not one but an innum erable quantity of 
waves going downward from  above since wave* reflected from  the 
inversion layer a* well a* from  the upper boundariee a re  added to 
the incident wave. M oreover, the re  1* an infinite quantity of wave* 
reflected  from  the earth  and going upward from  below. All these 
waves a re  obtained form ally by expanding Eq. (80) in a geom etric 
progression  in pow ers of •"* .

The total phase of waves not reflected  from  the earth  equals

(79)

we obtain after certa in  computations

w(t) ■ a t ■» S(y') - S(y) - a re  * j (81)

(20)



u(t) « xt ♦ S(y') - S(y) + arc
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and the to tal phaae of a wave reflected once ia

1 X v
d>(t) = xt + S(y') + S(y) + y  a r c y i - . (83)

The expreaeion for w(t) doea not agree  with Eqa. (36) or (76), which 
ia na tura l, aince the incident wave paaaed through the lnvereion layer. 
E xpreaeion (83) differa from  Eq. (77) by the additional te rm  having a 
f a c t o r y .

Up to  now, we apoke of the phaaea of the d ifferent te rm a  of the 
integrand. An integral over t  in the attenuation fac tor correaponda 
to  each auch te rm . If theae integrate a re  evaluated by the method of 
e talionary phaae, then each one glvea a te rm  in the attenuation factor 
which repreaenta a wave with a phaae equal to the extrem um  value of 
the phaae of the integrand.

It ia underatood that we uae auch a method of evaluating the 
attenuation fac tor only in the line-of-eight region; reaidue aeriea  muat 
be uaed m the ehadow region.

6. FORMULA FOR THE DISTANCE

We defined the horieon diatance for normal refraction  (aection 2) 
aa auch a value of the horieontal range x aa would give the boundary 
between the region of applicability  of the reflection form ula and the 
region of applicability of the reaidue aeriea . F or thia value of x, 
the extrem um  of the phaae of the reflected wave muat be the leaat 
value of t for which the phaae itaelf ia a till rea l.

There a re  many reflected  wavea in the preaencc of auperrefraction . 
But we can expect that the principal pa rt will be played by a wave

(21)



re f le c t 'd  once form  the e a r th 's  surface . Inasmuch as the "horizon 
dietance" 1> not a str ic tly  defined concept, we rightly make it m ore 
prec iee  by in te rpre ting  it ae the horizon dietance for a  eingle reflected

MO

The phaeee of a eingle reflected  w a/e a re  found in eec. 4. 
A ccording to t q i  (77) and (63), we w ill have for y'> Yj, y>)$

♦<t) e xt 4 J u) - 1 <*» ♦ Jjpiu T -T  du + a r c - ^ -  (64) 

and for y '^ y ^  y < y ;

t _____  y _____  x
♦(t) « xt + JVp<“) - t  du + J s fr M  - t  du + •£ a r c y y -  (®5)

Theee form ulae can be combined by putting

S»(y,t) = J ^>(u) - t  du ♦ * r c ^ 2 - ( y ^ y .)  . (86)

y _____
S*(y,t) = J v t< “> - t  du (y ^ y j) .  (87)

Then, both for y ^ y .  and for y.<y. we will have

♦(t) z x t4 S * (y 't )  + S*(y,t). (88)

Let ue note that S* ie a holomorphic function of t  n ear t  * p(yj).
Reasoning ae in see- 2, we obtain the following expreeeion for 

the horizoi^dietance

(22)

(89)



L«t > '  write thle exprcaalon in a m ore explicit form . A cording to 
Eq. (48) near t  = p ly j we will have

Ptyt> • t .
V Z p"lyJT  ‘ (W)

On the other hand, near v * 0

r< ‘ -  iv) 
c—i---------
n *  ♦ iv

(C 4 2 In 2). (91)

and therefore

y a r c - j i .  v (C - 1 4 In 4v) 4 ... , (S

where C = 0.577 i t  the E uler conetant. Consequently, fo r y > y .

S3* 1 p ^  i
* ot J ^ r r ^ p - i y j i  *c  +

Thie expression  hae a lim it for t-pply^), v-»0. The la s t te rm  i t  
ab ten t for y< .fi and the value t = p(y^) can be substituted d irec tly  
into the in tegral. Consequently, for y< yJt we will have

' (94>
The p re te n ce  of the te co id  te rm  in form ula (85) tp ecifie t the 

dependence of the horizon diatance on the wavelength. In order to 
c larify  th li dependence, let u t turn form  the modified x, y coordinate! 
to the uaual t , h coordinate!, where a la the horlcontal range

(23)



and h i» the height.
Denoting the m odified refrac tive  index without the 10^ by p(h), 
will have

3*2

ply) * 2m 2p(h), (95)

where m i t  the quantity Eq. (4). We introduce the pa ram eter t 
instead of t  by means of the rela tion

Then

(W>

(97)

xtzfcsT- (98)

N ow, the quantity v will equal approxim ately

The distance form ula is obtained from  the condition

a 0 for t  = . (100)

where the phase 4 is assum ed to be expressed  by the new quantities. 
L et us put

r(h>
h

(101)

(i4)



f  f  dh 1 4 k M M - t )  I

r(h> I {  ^  VP"*RTCc + ln > W  J (l02>

(for h > h .)

Then the form ula for the hoTiaon dietance obtained from  condition 
Eq. (100) ia w ritten aa

Let ue compare the value* of the horieon dietance for identical 
height* but for different wave length*. The wavelength enter* into 
the expression  for F(h) only for h ^ h j  and only into the logarithm ic 
term . Let the horiaon distance equal ■l for X * Vj and
*2 for X :  i j  S'ET' ' Comparing the difference of expression* (103) 
we obtain ^

Thi* difference depend* only on the behavior of the modified r e ­
fractive index near it* minimum except for the ratio  of the wave 
length*.

Let ua apply our general form ula to the case when the modified r e ­
fractive index p.(h) depends on the height according to a hyperbolic law

• » F(h’) + F(h>. (103)

(106)

(25)



where a is the radiu* of the earth ’* globe; I 1* a  pa ram eter. In 
thia ca*e

= a(h! + t)  ' U07>

The Integral* in  f(t)  will he elliptic  but they a re  evaluated e lem en­
ta ri ly  for t  = pO^) and we obtain the following expression* for F(h);

fcr  h ^ h t

H ere

(110)

C j * 7 In 2 - 4 + C x 1.429 . ( I l l )

(24)



3*5
F or com parison, le t u* note that the horizon distance in the 

absence of refraction  equals, as is known,

Hence, the inc rease  in the horizon distance because of refraction

We assum ed in a ll  the preceding reasoning that the heights h 
and h ' a rc  sm all in  com parison with the radius of the e a r th  a . But 
the preceding form ulae a re  applicable when a wave comas from  in ­
finity (for example, from  the sun). The difference F(h ') - ,J2ah' 
has a finite lim it fo r h '-^oo , namely:

Replacing the f i r s t  two te rm s  in Eq. (112) by th e ir  lim it values, 
we obtain the following expressions for the increase  in  the horizon 
distance:

s ' -\/5ah’ +\/5ah . (112)

s - s ' • [F(h') ♦ CF(h) - V S h J  (113)

J im  iF (h ’) (114)

(115)

for h <hj

(27)
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corresponds to  th is inc rease  in the d istance. Since the p rese n t theory 
does not take refraction  in the high la y e rs  of the a tm osphere  into 
account, i t  is necessary  to  add the value of norm al refrac tion  on the 
horison  to  Eq. (117) for a  comparison with the observed lead  angle.
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X3H. ON BAD1CWATB PROPAGATION NEAR THE HORIZON 
WITH SUFHSEFRACTIGN

V.A. Hook 
L.A. TalnabUln 

M.Q. Belkina

Thl« work i* drrot*d to th* o amputation of cnenalou* 
rmdiowar* propagation m h  tho horiton *im  an lnrorolon 
Layer o l i t i  n u r  tho oorth (dilah lo Invariant In tho 
taorloonUl directions) for oorortl typical au p loo , Carroo 
i n  ooootractod for tho att*matlcn footer In tho oooo <di*n 
tho tranmittlng ontonno lo *itu*t*d high above tho lnr*rtlen 
layer and tho receiving antenna la within tho Inversion layer 
a t a low deration (or oonraraoly).

Tho remit* obtained Indicate tho oi^odloney of Intro­
ducing tho horlaon In analysing Tory renot* propagation, th v  
giro an ootlnato of th* pooalhl* value* of th* attwuatlon 
faotor a t th* horlaon and aloo lndleat* th* dopondone* of th* 
attenuation factor naar th* horizon on th* dlatano* and « t t -  
length. Th* remit* obtained can bo of ralua In analysing 
th* propagation of doelaotor, oentlnotor and ohertor waro- 
langtha In th* tropesphor*.

1. INTBCDUCTICN

Th* th*oi7 of radiowar* propagation abort a epherloal earth In th* 

pr***no* of an lnhoaog*n*ou* ataoepher* for tdiloh th* refractive lnd«x 

daptnda only on th* height waa workad out In th* work of T.A. Pock (1,2). 

An lnvaatlgation w i  given In th* a*cond of th*** work*, of th* attmu- 

•tlon factor In an lnhonog«i*oua ataoepher* naar th* horlaon, i*er* th* 

ooncapt of th* horltcn 1* defined for an lnhcaog*n«oo* ataoaphar* of 

any kind, Th* definition of th* horlaon Introduced In (2) In th* cat*

1 -



3*8

of an luh<ao(*n*ooj ataoapharo without an lswaralon of tho rodueod 

Index of refraotlon oolncldoa with tho boundaries of tho abadow idlch 

results fP»n tho lawa of gsanstrle optloi. I f  an Inversion of tha re­

duced tmtaar of raftaotloa salats, thw tha horlaon la found f r a  aoro 

axaat wave oonaldaratlaaaj In thin oasa, lta  stateaont dapanda on tho 

wavolangth*

I f  I t  la asawad that tha attaonatlaa factor doorcases rapidly 

with dlataaoa by  end tha horlaon, than (aa wna dona In (2»  tha range 

of tha horlaon aan conditionally bo oonaldarod to dstamlno tha mags 

of radlawava propagation, Therefore, a alnpla fomula la obtalnad for 

tho rai*e of radieuave propagation with super -̂raf motion. Iha holghta 

af tha noalTlag and trannalttlng antennas, tho wavelength and tha 

paraaaters oharaotorlalag tha K-proflls a ll  antar Into thla famila,

Tha rang a fam ila for a nduoad lads* of rofnotlon dspaadmt on tha 

height aooordlng to a hyperbolic law ((2), I  5) aaawae an especially 

alnpla fom.

Tha analysis of to 17 long propagation ualng tha horlaon cmoapt, 

glTan la  (2), minima oartala l^provansuts, bowarar. f i r s t  af a ll.  I t  

la desirable to clarify ahloh values tha attaanatlon faotor at tha 

horlaon a iim u  and how tha attonuatlan faotor noar tha horlaon dapanda 

an tha dlataaoa, tha wavalaagth and tha paraaatara of tho lnrarador. 

layer (tha height of this layor, l ta  awaraga gradlont, a to .). lo do 

thla. I t  la evidently accessary to evaluate tha attonuatlan factor In 

aartala particular easaa 1no aw oh a* thla problan la  not subject to

(a)
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solution in  a general fo ra . Hence, IT no explain how rapidly tha a t -  

tonuatlon fa s te r  daeroasai in  tha shadov ragLon (beyond tha horlaon) 

and ho* rapidly i t  ineroaaaa to  a value of tha ordar of unity Mton do- 

pa rt log f ra a  tha horlaon in to  tha lln s -o f-s ig h t region, th a t va there­

by e o n f in  to  what dagrao tho horlaon datoialnaa tha range of radlo- 

n r a  propagation la  p rao tlea l eaaoa.

In rlaw of tha anomour ta d lm  Involved In  ceaiputailen of tha a t -  

tanuatlon fac to r during sups: -re fraction , tha calculations oaa only bo 

aada fo r a sa*U ouabor of typ ical oasca. Bara I t  la  i^ o s s lb ls  to  

porfoltt ary axbauativa calcu lations, as fo r norual radlovove propaga­

t io n . Banco, vs vara l l id ts d  to  tha oalculatlfln  of tha a ttenuation 

fac to r aa a funotloa of tha noodlusnslonal coordinate (  In  four eaaoa 

Miioh anablad tha dapandanca of tha attenuation factor on tho horlaon- 

t a l  dlitanas batvoan po in ts , fo r a fixed M-curro and for fixed heighta 

of ooTToapondlng points to  be eon* true tad for four wsTalangths, re-  

farrod  as 1:3:9>27 (ooa Saetlon 7).

In t h l l  any, I t  appears to  bo poeelhl* to  n*ks aoro proolsa tha 

weaning of the range of tha horlaon and tha range of propagation and 

to  anovar a mubar of quootiona fonaolatod above, In pa rtlou lar, tha 

question of tha dependence of tha rary-lnog propagation phenomenon on 

tha wavelength.

Lot us r ec a ll th a t tha analysis o f anouloua propagation given in  

(2 ) i s  applicable I f  and only I f  one of the corresponding points la  

a'oova tha lnvaraion layer near tha earth  Mills tha other point ean bo 

0 )
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e ith e r  within th ia  le y sr  or above I t .  Consequently, tdian computing 

the  e ttenua tl®  fac to r wa war* llo l ta d  to  tha oaaa whan ona point la  

high a bora tha lnrerelon layer and tha otbar la  within tha la ja r  a t  a 

height aqual to  one^flfth tha halght of tha Inaaralon point.

2, 01 THE HGRIZOI CONCEPT Si THE PHSSQKS Of A 
TRDPOBPHHUC HAVEDUIDB NEAR THE EARTH

lo t  na consider In  nora d e ta i l  tha horlacn aoncapt wtiwi a wara- 

fulde (Inversion layer) exists noar tha earth .

Firet, la t «a raoall tha ray tree tew t of nomal and encnelons 

propagation (aaa (3), pp. 16, 17). Tha reduced Index of refraction la

verted eanvaxly to  tha a axle (Fig. la )  on tha a, h plana (a la  tha 

diatanoe along tha earth , b la  tha  ha lgh t). Tha horiaon 00' la  de ter­

mined ty  tha r a j  Q001 «dtloh touch aa tha aarth  a t  tha  point 0.  1b tha 

rig h t of tha heart too U na 00* la  tha shadow region which tha f ie ld  

panatrataa only beoauao of d if f ra c tlo a j to  tha l e f t  la  tha  lln e -o f-  

algfat region. Tha raflao tlon  fonaila , according to  Wiloh the f ie ld  la  

obtained aa a raao lt of the In terference of the  d irec t ray QP with the 

ray QP'P rafleeted fren  the earth , le  approximately appUeeble fo r  

obstipation points In  tha llne -o f-n igh t region (to  the l e f t  of the 00* 

borlion).

R«ya fron the oouroe Q looated w ithin en etaoepherlo waveguide, 

naer tha aarth , of height bt  (Pig. lb )  are eonrax upward (fron tha a

(4 )
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PI*. 1. To tho horison concept.
•  -  for n o m l refraction; 

b -  for Mperrefraotion -  according to jeonetrle optioej 
o -  for ■aperrefraotlen -  aacordln* to mw* optic*

On)



abora the waregulds. Consequently, tha n j  Q1 peseta Into apae« abort

352

the mregalde bat the r t j  02 appear* to ba 'trappad' within tba wave­

guide. Ihaaa two kind* of raja a rt aaparatad ly  tba Uniting ray Q0 

Wdoh approaches tba height h -  aayaptotloally aa a—»«• . Besides 

tba dlract raja, rays raflaotad froa tha aerth, aa QJ.* *1* for eranqile, 

ara Incident on tba apaea abora tha inversion layer and ara aaparatad 

froa tha trappad ray* by another Uniting ray 00*0' which approach* a 

tba height b^ aay^totleally aftar a *lngl* raflaction froa tha earth. 

All my loaning froa a aooraa within tha angle 000* foiaad ty both tha 

Halting ray* appear to ba trappad.

In  th ia  sxaapla, tba laws of geaaatrlc op tlea lead to  tha conclu­

sion th a t a  horlaon la  »os«nt both w ithin and abora tba wareguida. 

Actually, d lr a c t raya Issuing froa  Q w ithin the angle 100 and raflactad 

rwys Issuing froa  within tha angle 1"Q0* pass through obaarratlon 

points situ a te d  abora tha wareguida to  tha  r igh t of tha raya 1 and 1*. 

Thay penetrate tha whole apace abora tha wareguida to  the righ t of tha 

raya 1 and 1 * and, consequently, tha raglon of geenetrle abadow and, 

tharafora, tha  horlaon a ra  abaant.

HoMoror, i t  la  aaay to  asa th a t the law* of geoaotrle optlos ara 

not applicable to  tha  U n itin g  raya 40 and QD*0' and to  raya eloaa to  

tha U n itin g . Froa tha preceding, I t  la  e laa r th a t praoiaely these 

raya tran spo rt (aooording to  tha gsaastrlc  optics la m ) elaetrooeg- 

netle  anargy to  long dlatanoaa shore tha waveguide. Banoa, there

(5)



follows that m ti considerations

353

be draw  upoo in  order to  solr* 

tha queatlon of tho borlaon and tho rant* of propagation with raper- 

ro free tlen .

D ili aa i don* In (2 ) whsr* I t  M  *h<MQ tha t th*r* la  a certain  

boundary O'O* (Fig. la )  In th* span* abort th* w raguld*, to  th* righ t 

of idilob a ray raflooU d from th* oarth cannot penetrate. Bile boundary 

O'O1 la  th* horlMo In th* preeaoc* of an lu rartlon  layer *lnc* to  th* 

r l ^ t t  of th l*  boundary, 1.* . ,  In th* ahadov region, th* f ie ld  (a* la  

Fig. la )  can only penetrate b*oaoa* of d iffra c tio n .

Beald** th* boundary O'OJ thar* la a t l l l  tho boundary 00, to  the 

r igh t of tdiloh d irec t r*ys Wlch do not experience refloe tlon  fro* th* 

oarth, cannot penetrate, Tha boundary O'O1 la  to  tho righ t of tho 

boundary 00 alnea a ray, when raflaetad from tho oarth , appear* to  be 

to  tha righ t of a direc t ray p a ra lle l thereto (■■• th* ray i QL and 

Ql’ l 1 on Flgur* lb ) .  D irect ray* do not paaa Into tho 00 -  O'O' band, 

consequently, tb* to ta l f la ld  In  th l*  band 1* not subject to  th* ray 

treatm ent. Dm to ta l alaotroeagnetle f ie ld  to  th* l e f t  of tb* boundary 

00 1* obtained by th* superposition of tha d irec t and re f le c t ad ray a.

Boeaua* of such a ra in s  fo r th* boundary 00 -  tha U n it*  of ap­

p lic a b i lity  of tho reflec tion  fonolle -  i t  1* expedient to  introduce a 

special designation fo r i t i  «e c a l l  I t  tho d irec t » n  h o iitsn , In 

oontrect, ** oa ll tho boundary 0 ' 0 'th a  refleotod ear* horiacn. tfcila 

thee* horlacoa coincide fo r nom al propagation, they n e t  bo d if fe ren ti­

ated In th* cae* of anonaloua propagation.

(6)



Ih« horitons 0*0' and 00 on r i | .  lo  r tpU ea tba U n iting  rays 

QPO' and 00 (Pig. lb ) ,  obtain ad from (aoaatrlo  o p tlo t, In  tha wart 

plotura.

Theaa gm aral conaldaratlona w ill ba oada Bora praelaa In Saotlan 4 ,

3. nVDtifBITAL FORMUUS

Tba a ttanuatloo fao to r T In an Inhonoganaona atnoiphara for which 

tha  ra fra c t ira  lndax dapanda only on baight can ba rapraaantad a t  tha

(1) T ( * ^ ',y )  -  a x j^ -i-S ) ^  / a1** F(t,y*y) dt

Whan an lnvaralon layar la  praaant naar tha aarth . I f  ona of tha oorra- 

apeodlng polnta la  abort tha  layar and tba  othar la  w ithin I t ,  than tha 

following approxlnata txpraaalons (aaa (2 ) ,  Saotlon 4 )  ean ba takan fo r  

tha Intagrand Pi

(2 ) K t.P 'f )
_____«P (l[a(y>) - 230]| alp 3(y)______
ytfcT') " tffe(y) -  t  [X(w) «*P (-2U„) - la"*^]

Bar* y* and y a r t  tha nondlnanalonal ha lgbts of th a  aourea and tha 

obaaraatlon point (y1 >  y , *>ara y 1 >  y^ and y <  yJ# ldiara yA la  tha 

nondlnanalonal halght of tha luraralon p o in t); s  l a  tha nondlwanalonal 

dlatanoa batwaan tha  am rea and tha obaanrmtlon point and p(y) la  a 

fra c tio n  ra la tad  to  tha radnoad ra f ra a t lr a  lndaz X(b) by tha fo n u la i

(7)



'*'> «h> - * - ( 7 )

taaro  a i s  th s  rofractiTa iadsx of s i r ;  •  i s  ths radios of ths ssrtli .

Ws assuas tha t tbs function M(h) has tbs saas shaps as on Pigs, lb  

and le .  Conssqusntly, fo r j I tsc t ,  tbs aquation

(4) p(r) -  t  -  0

has too roots y^ aad y2. B>asa roots aro ro s l sad p o s it lrs  fo r  pty^)

<  t  < p ( 0 ) i  thsy aro coaplax oonjugatss fo r  t  <  p(y^) j thqy eolaelds 

fo r t  ■ pCjj) aad than y^ ■ y2 "  P i1 I® gonsral, th s rs  oan bs o thsr 

reots (nsgstiTs or oonpltx) hosldss thsss too t a t  thsy aro of no Talus. 

Tbs quantitls s 3(y ), Sty1) and S0 aro givsa by ths fbranlaai

3(y) -  f  /p (y ) -  t  dp J S(y«) -  f  fi>(y) -  t  dr
0 o

(5) >1 ______  Ja
so "  j  J  /p tr5  “  * *r ♦ ^  J  f6 (p> -  t  dy

0 0

uhsroin tbs rsd loal /p (y ) -  t  ao st bs tab so la  tbs i r i t t a o t l c  ssnss 

for positios ro sl y  fo r t  <  pty^). In  ordsr to sra luats  3fl fo r 

t  <  p(y^), ths rsd loal j/p(y) -  t  onst bs continued a naly tica lly  in to  

ths region of oo d les  y . Ms w ill oonaidsr th a t p<y) i s  an saalytlo  

fnaotien (sss F o ra la  (LA) balm ) admitting of snob a oontim atioo.

(S)



>56
The quantity  V  1* determined t r m  tha formulat

(6) IFj

The quantity f  la  alao raa l fo r rea l n l u a  of t ,  tdiero the sign of 

V  la  ehoaan from tha following re la tio n e , the  function p(y) can ba 

replaced, fo r y  •  yy  Itr tha f l r e t  U n a  of tba  Taylor aarlaa

p<r) -  p ^ )  bi)< T  -  Pt )2

and tba in teg ra l (6 ) can, afterward, ba calculated a d  wo obtain tba 

following appreodaata formula for t  «* p(yt )

(7) Pfrj.) ~ t

In  oonfoimanca with th la , wo conalder v  > 0 fo r t  < pCy^) and y<  0 for 

t  > p (y i ). Ponaula (6 ) la  raw rlttan thua fo r pCyj^c t  < p ( 0) :

*2

(«) V •  -  £  /  / t  -  p(y) dy
yl

where / t  -  p(y) > 0 and r x < 72 -

lha function %{y) la  determined ly  tha foraulai

(9) X(v> 7 ^  «*P [ -  - f  ^ ♦ K»f -  w In

r f t - ) -------------

(9)



where the principal value is  taken for In  y  a t  r  > 0 < p(y^)] .

Hanee

(10) X(y)—^1 a» ■£-*•<*•

Mien evaluating the a ttenuation fac to r fo r large values of y , i t  

i s  necessary to  take into account th a t the function p(y) Bust sa tisfy  

the following rela tion  as y— »eo :

(11) y“ T. f r w  -  y] -  0

Consequently, representing S(y‘ ) as follows:

J , y.

3 (7 ')  -  J  ♦ j  [ypty) * t  -  -/y -  t ]  dj

we see tha t the f i r s t  component increases without lim it as y '_ ^ ^ ( th e  

In fin ite  part equals ■ y y * “ tV ? 7) and the second tends to  a f in ite  

lim it i f  the difference p(y) -  y  approaches zero rapidly enough (for 

example. Just as for the function p(y) according tc (18) ,

lo t  us introduce the quantity 4  as the lim it

(12) 40 • y ^ j 3^ )  -  ®e - J  r *  • t  y r ]

Substituting the following for la rge  values of y '

9 **
s ( y ' ) - 2 s 0  -  f y

and replacing the quantity ^ p (y ')  -  I in  the denominator of (2) by 

yy i' , we obtain the a ttenuation fac to r a t

(10)
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(13) J(x*7',T ) “  •*? p. j j  7 *  \ ( ( , 7 )

(U )  \ { ( , r )  -  *1{ t * ( t ,y )  d t

and

m p(l£ ,)  ( in  3(y)

(15) V(t'r> “ "*55r^[»vW {i*i) - i . - r1

Th* function 7 ^ (f ,7 )  le  re la ted  to  the attenuation fac to r T by th* 

mb* fororala (13) *■ la  th* theory of nornal r a d lo w e  propagation.

J u t  in  title  l e t te r  theory. I t  le  na tura l to  o a ll the  a ttenuation 

fao tor of plane wave*. Since we a b all eraluate only eubsequently, 

we aball often deelgnat* 7^ u  einply the a ttenuation fao to r.

Let u  lntrodnoe the variable £  which equal*

(iA) f  -  * -  S F

Into 7^. The geeaetrloa l nooning of (  follow* frea  Pig. 2 , where T

____ ^  t  denotae the point a t  tdtlah the  incident

plane w e  (or opherioel w e  frcn  a  re­

note aouroe) touch#• the earth '*  eiufaoe. 

The quantity  {  i e  rela ted to  the  angle 

9 ■ TCP (P le  the o b tu ra tio n  point, C la  

the center of the earth) or with the H a -  

tana* e -  *0 along the  earth whiob cor- 

a of Uu re la tione

(U)
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(17) f -  *

Let us note th a t the point o f tanganey T corresponds to  the peth of n 

ray In a hoaogeneoue ataoephere.

The In fin ite  o on tour C In the plane of the  eoesplez variab le  t ,  

e rer which the integrele  fo r 7 end 7^ e re  taken, le  a rb itra ry  to  e con- 

eld arable degree end should be obossn ee th a t the in teg ra l een be 

evaluated with the leee t d if f ic u lty , p a rticu la rly , In each e nay thn t 

the p rincipal pe rt of the in tegration  Mould be ee enell ee poeeible. 

Braoe, the eonteur C ehould encircle  a l l  the  pelee of the Integrand in  

e positive direc tion  eo th a t they *'rold be above the  contour C. I t  

«ould appear to  be sore convenient to  take the contour shown in Fig. 3 ,

Pig. 3. Contour C in  the tl<0* 
oonplex t  -  p(yi> plane.

Aa la  aeon fron (5) and (6) ,  In tegra te  of the  fon t j / p ( y )  -  t  dy 

for d ifferen t t  and fo r d iffe ren t U n ite  of in tegration , incl uding the 

coeplez, enter into the Integrand " ^ ( t .y ) .  In order to  f a c i l i t a te  the 

evaluation of theae in teg rate , the hyperbolic law ($4 ) aee taken for the 

reduced index of refraction  K(h) and, consequently. the function p(y) 

ia  obtained according to  (3 ) aa

with l ta  b reakpo in t e ith e r  a t t  -  pCy^ 

or aoeowhat to  the l e f t  (see the rad of

Section (6 ) ae the contour of ln tegra-

(ia )

(u)
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whereupon there  resu lts  from (11) tha t

(W) pCli) -  Jt  **7i.

Two paranstera, ^  and j ,  ere in (IS), where la tha nondlmano local 

halcht of tha lnreralon point. I t  la also expedient to Introdooe tha 

■paelal notation

(20) T - 7 * 7t

than

( a )  p»(yt ) -  -2-

Lot ns nota that (4) la a quadratic aquation with tha two root* jy  and 

y2, idiioh Join a t t  ■ pC^), In tha oasa of tha hyperbollo law.

Iha Integrals whloh *e naad In tha eaaa of tha hyperbolle law ara 

■xpreased through alllptlo integrals of tha f lra t and second kinds. 

Howarar, In tha oasaa wa oana Id trod, I t  appaarad to ba nora convenient 

to  araluata thasa lntagrala by expansion In powers of tha paraastar a2,

I t  la  anfflo lan t to  taka several of tha f l r a t  tam a  In thasa axpaneione, 

whloh a lao  oontaln logarlthmio ooaponente, alnoa tha prlnolpal part o f 

tha  ln tagratlon  o rar C oorraaponda to  vary m i l  ra luas of tha para- 

■atar a2. L atar tam a of tha expansion ara essen tia l fo r  the large 

waluoa of tha paraaeter T which wa took (see tha beginning of aaotloo 9)

<U)
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only od tho** part* of (bo contour idler* tbo whole Integrand i«  l ts o lf

M il .

In  eonoluslon, lo t  u* dwell on tho analytic continuation of tbo 

function* F ( t ,y ',y )  end '{r ( t ,y )  over th* liiol* eoaplan t  plan*, Th* 

foot 1* tha t th* quantities 8(7 ) , S (y ') , S# and ! ( / ) »  idilob sntor 

In to  tho** function*, or* orig ina lly  defined only on th* r*ol ozl* fo r 

t  <  p(yt ) (y- >  0} «di*r* tbo a rith n rtlc  T*ln«o w«r* tak«i fo r th* 

redloal* v^pty')  -  t  tad -  t .  How or or, kncafing th* in te ­

grand * t t  pCy^) oppotro to  b* o u f f l c ln t  only for o tlou lttlono  with 

th* reflec tion  foraula (•** Section 1 ) . lh* Integrands mist b* Imoua 

for oooplax t  l a  order to  o tlo n l tt*  th* oootour in teg ra ls , ond th l*  1* 

occcopllohod by using anolytle oontlaootloa.

Her*, i t  ai*t b* kept la  Bind that th* ozaot functiono P(t,y»,y) 

tad if (t,y) hot* ao tlagularltl** at th* point t  -  pty^). ftaw tr, 

th* aoyuptotle expression (1$) for the function ^  (t,y) ha* a singular 

point (a branch point} at t  * p(7 ) (for expression* -^(y ) -  t  and for 

S(y)) and at t  -  p(0) (for 3(y) and ( 0). Thsse singular point* ar* 

obtained because we u**d the aeyi^totio oxprooeion*. Actually, thor* 

ar* ao braaoh point* *lno* th* «xaat lnt*gr*od Boat b* aaroaorphlo. 

Consequently, we bypass th* 'spparait singular points' froa below by 

oonsldsiing, for snapls, that arg[p(y) -  t] -  T  for t  > p(y) and 

that 1^(y) -  t  ■ 1 y t  -  pty), obaro y  t  -  p(y) > 0. In aobstanoa, 

this bypass Is oondltlonal sine* (2) Is not applicable for t  >  p(y) 

b*caua« of th* s x s l le d  3tok*t pbnoaanon. thl* ph«nr«*nsn can only b*

( H )
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neglected idisn the esotlon t  >  p(y) (It**  a n a i l  contribution to  the 

▼aloe of Ux contour in teg ra l, »« oocora In tha oaaaa which to  coneldsa-. 

The cheek calculation* idiioh to  aade hr using parabolic cylinder t a c ­

tion* (see ( i ] ,  Section 3 ), idiioh glee a nor* exaot asjnptotio  repre- 

•ecU tloo  of the integrand i r ( t ,y ) ,  con fined  both the quail to  t i r e  and 

the quantita tive  v a lid ity  of the  resu lt*  obtained h r using (15).

The ta o t lo n  i f  ( t ,y )  a lso has poles corresponding to  the root* of 

Equation (43) .  When the poles approach doe*  to  tha contour o f in te ­

gration , they oast be typaased f r a  below.

4 .  BBrUCTKB FOBM0L4

I t  is  natural to  evaluate the attenuation factor in the line of-

sight region by the eetbod of etatlonaiy phase sine* this aetbod glees 

the transition to the laws of geonatrio optics which is applicable far 

enough f r a  the horlson. The nethod of stationary phase can be applied 

to the integral of (14) as follow*. Let us reprssent tha integrand

on the real aid* aa:

(23) *

where

A ( 0

(24)
$ ( t )

X  -  e1* ^ )
2 # S ) T t  | H r) I (1 -  A )

t o -  3(y) ♦ 230 -  arg X w

( a ♦ 3(r) ♦ 230 -  arg X(r) -  f l ( t )  ♦ 23(y)

-  arg X(W -  V  ta r  -  r  ♦ a r g f^  -  iv )

(15)

(25)
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<26) A  -  y ^ y  aq> [ - W  ♦ 21SC]

tha follawinf axpraiaiea e u  b* writ tan for a ll tha intaprand* la

(14) for raal it

1Ct .  1 a i - > ( t ) - . l * ( t )
(27) a“ * f    j j  ■ , ii ----------

2 vW r) ” |H v ) | ( i - A )

{« (t )  . ( f i 3 ( t )

<T<t) -  f t . # ( t )

Sine* V 1* *l*e m l  bar*, that

(29) |X<Vi| -  y i  ♦ • 2 m r

•ad If  r  > 0, than

(30) IA | ■ y x ]  w v

Tha last fomala above that tha ab* data valo* of A  la laaa tbaa 

onit* (la partloolar,|A|- £ t ~ r  •O ltfV 'a O  [t  < pti’i) ]  and 

It tanda rapidly to aaro aa r  Ineraaaaa. GeoaoqoaaUy, i f  m  ahooId 

aoak tha atatlooaqr phaao point at t  d  p ^ ) ,  vo aaa Daglaat tha phaaa 

of tha daacalantor 1 -  A  . than tha oUtlaaaiy phaaa point* ^  and 

t j  of tha firat and (aooad ocnpoMBta la  tha rl«ht a Ida of (27) ara 

attained frea tha aquation*

^ '( t j )  -  0 |  f 'C tg) ■ 0 

16

(31)
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(32) ( -  -  f  •  -  4«(ta)

*oro tho mloot of t j  and t j  aro dlfforont for (ivwa ond y.

Calculation* oho* tbit tho funatl oca - f l '  (t) and (t) have o 

oarlowi, Conooquaotlf, no find two value* of t^ ond too valooa of t j  

(ai laait, I f (  i t  not too lorgo). Chlf volooo of tĵ  oad t j  rttodld bo 

tok«> ihioh corroopood to tho lo ft half of tho curve# t  <p(f1) (a3*0) 

InooiMoh u  tho phooo of tho donowlnator 1 - A o u b o  neglected only

rinding tho potato t^  oad t j ,  we oaa avolaoto (U )  b f applying tho 

nethod of o totloaoiy phooo to  oooh ooapoMnt o f (27). Brae, wo orrlvo 

o t tho roflootloo fonwila fo r  tho a ttenuation  fa c to r  T^i

(33)
oop [lo (ti)]  A(tx) « » [ l f M  A(t2)

1 * m r^ q y= m q f^ T ^ vw ^ i

(3b) K t)
|X(v)i a - A )

Iho f l ir t  toxm of tho roflootloo forwulo (33) lo tho (round wove, 

tho oooood to n  la tho wavo roflaotod frpa tho oorth. fhlo forwulo hoc 

tho oaao otnraturo 00 tho uaoal roflootloo forwulo of goowatrlo optloo, 

however, oorreotioo*, arlalac la  tho ozoot onal/olo of w o  pnooage 

through 0 layer adjoining tho lavoroloo point, oro roflootod therein, 

lo t u  aoto that t^ and t j  dooroaoo oa (  daorooaoo a d  tho volooo 

of V  oomopniHm thereto laoraooo. I t  la pooolhlo to wrlto for larto 
enough pooltlvo V

(17)



(35) A -  0; X(V) -  lj  1 -  I
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G ( t )  and § ( t )  fm o tloo i

£Xt) -  Z 0 -  S(y)
(36)

$ ( t )  •  2 0 o « (y )

wharo

S  * ^ » 2 3 o  ’

• axpraooicoe ooa be wood for tho

♦ t * T

Ibe reflection foraola (33), for ouch etapliflootloao, tronafoma 

Into tb# oaaal reflection forala reeolttng f r a  tho lava of gaoaetrlo 

opt la i  In on iahnieteoeoua ataoepfcaro, fhoroforo, tho latter 1» oj>- 

pUeobla to rtjo eofflciantly for f r a  tho l t r t t l i f  reye 00 owl QVO on 

Fig, lb, aero exactly, to thooa royo for which V(t^) tad r ( t j )  oro 

lotto enough pooltiro nuaboro. ia It io eooy to oenaldar, wo hare 

V ■ 0 for tho Uniting reyo thaaaalToo and gacaetrlo optica la not

tho following notation for tha m zlxa  toluaa of -A '(t)  and - t ' ( t ) i

& )  £  ■ [-f l '( t ) ]M , £  -  [ -♦ ' ( t ) l^ x

Beoauae of (24), tho follmrti^ Inequality la alaaya aatlafladr

(33) ^

( l i )



■•no*, ue see th a t th« sta tionary  phase point t^  and t 2 oan only bo 

found fo r both oflupoaenta In  (27) I f  • ®>e equation n> '(t)  « 0 

boa no roo l eolation fo r  ( >  and tho (round vara lo  not a ap r tee d  hr 

tho f i r s t  o— o n stt of (33). Oonaospootl/, tho ra lne  f  m deter* 

adnoe tho borloon of tho (round w o o  (too Sootlon 2 ) . S im ilarly , tho 

value f  •  doton&noa tho borloon of tho <ot«i roflootod froa  tho 

aarth .

Tho physios! toning of lo that tho alootroaafiatie tr e e  

ooeapo In tho C>C% ro(lon on!/ booaoao of diffraction, consequently,

C  -  { z  lo tho boundary of tho shado* region. tho physical tailing of 

la that reflection fo r t la  (3d) la applloabla for C< ( v , consequently, 

(  * i t  tho boundary of tho lino nf-olght region. Tho region 

< (  < ( 2  In to madia to region betueen both boilaou,

Slnoe tho t i l —  la l t o  of the fUnotiona - i l ' ( t )  and - $ ' ( t )  are 

attained near tho point t  * p(yj), than tho quantities

(*°) * [ - i J K t ) ] ^ ^ )  1 4  “ [ “ ^ '^ I t - p f o )

will be Tory olote to tho quaatitlaa  determined ly (32), aa t  u lll oboe 

by enab le #  la  Seotloe 3. Consequently, th e  looatlan of the borloon oan 

be detem laed a p p re n lt te ly  by a fomula mob as (Jfi), th loh la — b aore 

oiaplo than to oonetruot the greihe of tho fUnotlono -A '(t)  and - $ ' ( t )  

A la h  are required for tho use of (32). th e  fo r tie s  (10) to r  the  hyper- 

bolls lav (12) redoes to

(U) -  0# -  (Ky) |  (7 -  ^  o o(y)

(17)
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(« )  o. - f i ,  • 4 > 4 ‘*(tJ»]

(O ) OW -  - y S - T T . y f  4[-yf
and

(44) Cj •  C ♦ 7 In  2 -  4. •  1.429

(C 1* B ular'a  oom tan t),

Tha aaoend fo rn ila  o f (41) (!▼•• (115) o f CO fo r  tho dlotanoo o f 

tho borlw n of tho rofloctod w m  whai tho tranaforaation la  nado to  

tho uoual (dlBonaional) coordinate*. l i  m  *lr**4f  u U |  the f l r o t  

foraula determine* the distance of the (round war* horlaon.

In conclusion, lo t  us not* th a t ro floo ticn  foraula (33) la  applica­

b le  to  tho calcu lation  of tho a ttenuation fac to r alaoot up to  tho 

(round wars horieac P ^  i t a a l f .

5. HWE8ICAL RESULTS Dt HOHSDOISlaUL OOOSDUAns

Va ehoM tho followlnp mmerioal valuoa of tho paraaotora Wtlch 

ontor Into tho function p(y) ponwlao (lfl)-(20)} uhon calculating tho 

attenuation factor for a hyperbolic lnroreicn lawt

U U 1
Jo. *1 7 I P(7l) P(0H>(T4)
1 10.40 19. .51 200.00. 210 .a 0.542 2.00
2 5 95 100 105 0.250 1
3 2.40 45.57 4>.07 50.44 0.125 0.42
4 1.15 21.95 23.U 24.27 0.050 043

(SO)
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luraraion layar. Ha took tho othor point a t a froat bai*ht abova tbo 

lnToralon lajrw -  00 groat a bol^it that tbo attonuatloo faotor 

of (13) ooold bo mod.

Tho four ourvaa of tbo attonuatlon faotor V1( adlob wa oalmilatod

foaetl
I j ^ J j

Ml Of ttM1 varlabl*■ C . (loaa  on T i t . 5. Tho anbaorlpta 

1 Ml 
o f  
IS  
a t

-*«

NMl\JT
7 'V '

*!* * a o f

I'
IT
\

K S f  Pi 

e » l£ \ \ N
» ■ 10 >€ so i«  j10 «  1O 0*  a*0 4W f

r i f ,  3 . Dapaadaoeo o r ta a  a tto raa tion  fao to r Tx on £
1,2,3,4 oorroapond to tho a r t in  of tho row of TaUo 1 and to 

tho aabora of tho avoao of Mg. 4.

(a)



369
1,2,3) and 4 on the currea ehow to  which row of Table 1 and to  A ich  

p-ourra of Fig. 4  tha (Ivan curve fo r the a ltern a tio n  fac to r oorra- 

eponda, the po in t on aaoh curve naika tha  location  of tha (round 

wave horlaon and tha point Tg narfca tha location  of tha horicen of 

a m  rofleotad from tha earth . Tha po in ti £*# near tha  o rig in , which 

ara provided with tha aana auhocrlpta 1, 2,  3,  and 4, determine tha 

horlaon (tha lina -o f-a i*h t U n it)  fo r  a hcooganaoua etnoepherej tha 

oorraaponding valuei ( g a ra  obtained fron tha alnpla fom ula ■ / f .

Aa la  aaan, long dlatanea propagation ooours In a l l  fe w  of the 

oaaoa oonaldarod, and aa ahonld bo axpaotod, the se c t eberplp onpreaecd 

la  In Curve 1. Tha phenomenon of long-dlatanoe propagation a ttanuataa 

■oootcnloalljr when tha tran a ltlcn  la  aide to  Curvoa 2 , 3, and 4 , how­

ever, the  a ttaouatlon fac to r |v |»  0 .1  fo r ( m  5 according to  Curve 4 

A l la  |V1 | aavunaa a value four orders lower ( | 7 j  m  0.000013) fo r 

the aana (  and 7  but In a hcnoganecua atnoaphara.

The value* of tho funotloo JTjJ at tha horlaona and I""2 ara 

given In thble 2,

It la aaan tharafron that tha valuaa of tha attenuation factor at 

both horlioea and f j  vary within aufflclantlr wide lladta, from 

3 - 3 , 3  tinea. The value* of |TjJ at the P0 horlaon for noiaal 

propagation and for tha aana value* of 7 arc given for oo*>arleon an 

Tebl* 2. A oanparleon of tho ooltona ahowa that tha valuaa of tha at- 

tanuaUcn factor at tha horlaon for no real propagation have appreod- 

natdj tha aana eoattor aa for enenaloui propagation to tha ? x and 

r 2 horlaona, booauao of tho dopandanca on 7 ,

(22)
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Table 2 Table 3

Do. nq nr 7 lo . *1 * '7
1 0.096 0.070 0.24 2.08 1 49.11 49.11 52.26 52.26
2 0.095 o.oeo 0.19 1 2 28.56 28.56 30.74 30.74
3 0.047 0.03J 0.14 0.48 3 16.08 15.99 17.52 17.50
4 0.Q31 0.023 0.083 0.23 4 8.67 8.45 9.52 9.50

I t  u n  be noted th a t a sudden varia tion  1a the character of the 

propagation does not occur a t the and P ^  horlzonst The a ttenuation 

fac to r a ta r ta  to  decrease aonotonlcally In the llne -o f-a igh t region to  

the l e f t  o f  both horliono. In  p a rticu la r, th is  leads to  the a ttenuation 

fac tor being 2 - 4  tinea  leas  a t the P ^  and Tg horlsona, according to  

Tabls 2, than a t  the horlson fo r normal propagation. 3uch a be­

havior of the attenuation fac to r la  apparently explained by d iffra c tio n  

(■ore accura tely , w ee) phenomena, taken In to  account by the reflec tion  

fo rm ic  (33) and not Included in  the laws of geometric op tics, haring 

ta lu s  not only beyond the 1^ and P 2 horizons but to  the l e f t  as w all.

In  order to  explain the a p p lica b ility  of the simple formulas (40)- 

(44) to  c o ^ u te  the d istancei o f the P ^  and P 2 horizons, l e t  ua oca- 

para tha re su l ts  which they give in  the caaea we considered with the 

r e su l ts  obtained fro* formula (38).

Table 3 ahows tha t both formulae give vary eloae number*. Conse­

quently, the  e lnple formulae of (2) can be used to  compute the distance 

to  the horlsona In prac tica l computetions.

6 . ATTDU1TI9 PACTCB I I  DEEP 3BADB. BBSXDUK SERIES 

I t  la  convenient to  lnveatigate the attenuation  fac tor In deep 

shade hy using tha residua aarlaa which i s  obtained from th s  integral (14) 

(23)
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by tho usual method (yw D-l# Section 6J .  In order to  obtain tho 

reoldue s e r ia l ,  I t  lo f i r s t  neceiisry  to  obtain tho a » o t  location  of 

tho polos o f tho function f '  ( t .y ) ,  l - o , ,  tho roo ts of tho equation

(45) 1 -  A  -  0

Those roots are found near tho contour C (Fig. 3) or w ithin I t .  I f  wo

(46) A t  •  t  -  p(yt )

then tho values of A t  fo r  tho roo ts which wo found fo m  Table 4 In  

whlah tho f i r s t  aoltsm shows tho number o f  tho row In Table 1 and tho 

second c o l w  shows tho iranbar o f tho root fo r th is  oaee.

Table 4

Mo* m A t ,

1 1 0.10653 ♦ 1 0.00019
2 -0.06364 ♦ 1 0.05523
3 -0.1633 ♦ 1 0.2107
4 -0.2495 * 1 0.3913

2 1 •0.06338 * 1 0.06518
2 -0.1733 ♦ 1 0.3293

3 1 1 -0.1038 ♦ 1 0.2238
2 -0.1883 ♦ i  0.6934

4 i  1 -0.0852 ♦ 1 0.4661
2 -0,1275 ♦ 1 1.1318

Tho location of the r e a l parte of the  f i r s t  throe roo ts o f  tho

curve lo shown on Fig. 6 fo r tho f i r s t  case. Wo see th a t  only tho 

root corresponds to  tho 'trapped ' wavs In tho usual In te rp re ts -

the  other two roo ts j l e ld  waves which easily  eaarge b^end  the

(24)
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Halt* a* tin Inversion lv ir ,  fro* th* gm drloal optic* viewpoint. 

However, the** 'leakage* » m  bav* alight attenuation and portloiptto

U t l r t l j  la  th* very-long propagation proa***, l o t  u* re e a ll tha t 

■ 1.17  * 12.08 f o r  ao iaa l propagation k  th a t tfa* t h i r l  wav* a t -  

tesmatee ten tlaoo  h n  slowly la  th l*  sa*o than th* laa* t attom atod  

WTO andar a o im l propagation cond i t ion*,  i l l  th* root* oorrospond to 

th* 'laakaga' o n *  fo r  th* raa t o f th* oa***.

lo t  u  tranaforo (4J) to  a alapla  a p p m laa t*  form drloh w ill 

p a n d t eonparloon with othor vary-long propagation thoorlo*. l o t  no 

d a r t  with th* 'trapped1 m t h  whloh hav* a laoat r* a l t  b d w**a 

p f r j )  aad p(0) (each as  th* f i r s t  r o d  la  Tahl* 4) and, tharaforo , 

bar* negative Taloao of Y  .  fo r V >  0, wo pot

(47) Y  -  (-V )*1^  J In  Y  -  l a  ( - y )  ♦ I T

Than w* t i l l  hatr* la  addition to  (10)

(4«) X(V)------- ► 1 a* Y ------► - -

and w* obtain f r a  (5)

t t t )  »0 •  -  * £  r

wb*ro

h
(50) \  -  J tWr) -  t  dy

*

aad P j  danoto* th* lo a d  pooltiv* r o d  of (4) .  U d i g  th*** foranlaa

(25)
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(51) 1 *>*(213!) -  X (/ )

I t  Y  la  large  And negative (etrongly trapped wavos) then we 

obtain the following more iin p le  aquatlon becauae of (4B)

(52) ^  -  ( » - | ) i r ,  .  -  1 ,2 ,. ..

thloh oorraaponda to  the known ehA notoria tio  equation of trapped 

•a ra t (aaa 0 1  p. 20).

How. l e t  ua Imagine th a t V  la  p o a itlre  o r oonplex with positive  

re a l pa rt, i . a , ,  Be t  < p(yt ) or Ba A t ^  0. la  th la  oaaa, i t  la  not 

poaalbla to  determine the  quantity  h r  uelng (50), I f  only beoanae I t  

la  not knom vAioh of th e  complex roota yx and y2 ahould be tek ra .

However, inverting (49), we can alwaya determine S by using the 

rela tion!

(53) h  "  S o * 1- ? '

and wo again obtain (51) fro* (45). 31noa we w ill alwaya have X(V)-*1 

for a editable ohoiae of are N’|aa in  (47)] and fo r  |K |—ea» with the 

exaeption of aro V  •  -  - j  and, noreover, X (0) -  9? , than we oan 

oonalder X (/)  -  1 aa a f l r a t ,  quite rough apprexlnetlon for the 

'leakage1 rave and we again obtain (52).

Let ue note tha t the l ia p lif le d  equation (52) la  alao aulUblo for 

normal propagation whan I t  la  neoaaaaiy to  put p(y) * 7 and y^ -  t  

thua obtain fron  (52) ^

*» -  [ K * - ^ ]  “ >(■?)
(26)

In  (50). No 

(54)



which td y  to  tho root* of tho ehorootoriotle

o q u tio o  fo r tho hoaofooootu otaocphoro.

In ordor to  T »riff ($2), wo coloidotod tho t»1u» of ^  fo r tho 

root* tfiloh ww fo o d  icoordlng to  (53) oad wo obtolaod tho fo llo w i^  

naboro  u  * rood ltt

ToUo $

>0. >1 V*

1 1 2.356 2.326 -  1 0.001 -0.76d .  i  0.0014
a 9 .4 * •.537 ♦ 1 0.047 0.499 -  1 0 .3 *
3 ••639 9.646 0 1 0.009 1.178 -  1 1.919
4 11.7®. 11.704 ♦ 1 0.009 1.800 -  i  2.821

2 1 2.356 2.444 ♦ 1 0.062 0 J 1 7  -  1 0.376
2 5 .4 * 9.501 ♦ L 0.011 0.867 -  1 1.646

3 1 2.396 2.315 ♦ 1 o .o n 0.360 -  1 0.776
2 5 .4 * 5.516 « 1 0.014 0.656 -  1 2.402

k 1 2.356 2.436 ♦ 1 0.079 0.207 -  1 1.120
2 9 .4 * 5.499 ♦ 1 0.007 0.319 -  1 2.718

Honeo, ty  odcnlA tln* 3^ fo r tho rooto found, wo con u o r lb o  tho 

ouboerlpt a  to  I t  by ualnf tho opprcotlaoto re la tio n  (S3).



faotor fo r i  >  1J0, 1 .* .,  fo r ?. ■ on k t i i  a t  •  >  10QC In . Sinoo 

the f l r o t  t o n  has neg lig ib le  a ttenuation , than the abaoluta value of 

tha a ttanuatlon fac to r w ill  be alaoat oonatant a t  auoh le n t range*, tha 

aeyaptote on Fig. 7 1* a laoat ho rlaon tal. l e t  ua note th a t tha attenua­

tion  fac to r approaches tha aeyaptote ooaplatlng tha a ttanaatlon of the 

oaclllatlona  In the deep ahade on Fig. 7 . These o sc illa tions sauced 

tha lntarfaranoa of tha  f l r o t  and aaoood 's lap le  w vee‘.

Hence, tha f l r o t  s tap le  wave with tha la aa t a ttenuation la  em ited  

rery eU ghtiy by a wave Incident f re a  above onto tha tropospberli wave­

guide besause of which th la  alnple ware can have a decisive value only 

a t  vary long ranges, Tha aaoond and tha th ird , l a  p a rt, t a n a  of tha 

realdue earlae have fundaaantal value near tha and P 2 horlaana.

Thla phanonaoon auat have a gen oral oharaoter elos a I f  tha staple wave 

la  'trapped* (aaa above) and alaoat doea not leak out of tha Inversion 

layer (whloh le  explained ty  l t a  neg lig ib le  a ttenuation) than I t  la  

alaoat net exolted by rad la  to  re above the inversion layer aooordlng to  

rec iprocity  eoneldaratIona. Waver; with large  attenuation to a large 

degree penetrate the epaoe above tha inversion la y e r , oonaequsntly, they 

are exolted nere strongly and play a  fundaaantal part naar the horlaona.

Because of tha o irew atanoo noted, tho P ^  and P 2 borlaona 

astually  detem lne (although In  an appradaa ta  enough aonao) long d lo - 

tanea radiowave propagation aven fo r strongly axprasead euperrafraetion, 

aa la  eeen fren  Fig. 7 .

( * )
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11m reaidue aerlec la nauaHy need U  the basla for analysing 

▼sir leaf propagation. Bara It la aetmed that only trapped ecvea can 

hero low attenuation ( le  A t^> 0). Acteally, m tm  *dch 'leak' alao 

attenuate allghUy la a mbar of aaaoa (la A t^ < 0 ) . Coneeqcnjtly, 

waraa ldilch are aeveral tinea longer than the 'critical' wavelength ^  

defined aeoordlag te GO (p. 258) contribute to Tory long propagation 

la a trcpoepherlo waveguide.

l a  ecaelnelon, l e t  aa note th a t  aarare l o f the  f l r a t  te rm  of the 

realdae eerlee , aa ocagntatleea showed, permit the a ttenaatlan  fac to r 

te  bo calculated a n t i l  I t  alaoet Jd n e  tha re f le c tio n  fem ale  and, hence.

7. L HZ3ULT3 POB A COKdBTB CASK

In  order te  f a c i l i t a te  the physical analysis of the m nerlea l 

reao ltc  d la h  we obtained In Seotlon 5, we concldor the  oorreepondlng 

eonorete caae herein.

H e  ((-profile  abown on Pig . 8 can be taken aa an a m p le  and tha 

a ttm n a tlc n  fac to r can be 

oonctroctcd fo r  the follm dng 

wcTelangthii 1) 3.35 anj 2 )  10 

cat 3) 30 on) 4 ) 70 on ac la  

done In P ig . 7 . The n a b erc  en 

the  curves of Pig. 9 Indicate 

2 3  AfW-Mrtij) the  wavelengths H ated  here.
I .  Dependence e f  1m en I  

( I - p r o f i l e )
U .5 n i 1 - M4.0n| 1 -  930.3 

) -  153.5J * 0 )  -  K kj) -  0.381.

(29)
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The lower ho rlton te l eeale la  Um rung* a In k iltn e te ra  and the uppar 

la  tha angle 9 in  degree# (aaa Fig . 2 ). Tha l e f t  ra r t io a l  aoala la  

tha  l f j  VjJ ( to  tha baaa 10) and tha righ t hand aoala la  fo r waluea

Lot ua not* th a t tha  dlaperalen voa not takan Into account In our 

ocaiputatlone. We a a r a a  th a t tha X eorra baa tha aana ahapa fo r a l l  

four waTelengtha fo r which tha  a ttanuatlon fao to r Vj_ la  givan on Fig. 9. 

Tha K eurre on Fig. 6 la  eonatruetad according to  tha hyperbolic

law

(55) H(h) -

In  tdiioh

(56) X ^ )  -

Two pa ran# ta re  a ra  lnoludad in  tha  hppeitolle lawt h^ and I  with tha 

dlaaoalonalltgr o f a height and re la te d  to  tha  nrwrtlaenalonal oonatanta 
f  t  and j  In (Id ) waana of tha rela tione  

(30)
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In  idiloh 1^ In Um h * l# t  of tho lnroralon point o r, ahat 1* tbo Mao, 

th* holght of tho ataoopfcorlo aaToguido. A* lo  000II7  ohovn, tho 

boight

( » )  B -  hj ♦ I (t -  ^

dotomlnoo tho radio* of curraiur* o f  tho I  o u t * a t  tho lnroralon po in t,

lla o  aarkod o ff  along tho borloontal wd* o f Pig. 9 1* th* horlaon 

r # fo r propagation In a  boasganoou* otaoopfcor*. Thlo horlaon 1* dotor*- 

nlnod hy tho holght of tho Oboorratloa poin t h and 1* lndopoodoct of 

tha aaralangthi Lot o* not* th a t a  have takon h “ -^■hl  har*. Oto 

point T \  dotomlnoo tbo pooltlon o f  tho ground n r o  horlaon on oaoh 

o u r*  and tha poin t dotonaino* tho pooltlon of tho horlaon for 

KOTO* roflootod fro* tho oarth  (Suction* 2 and 4 ) . Tho and T j  

horlaon* Yarp ao tho aavalongtho n r j  and, oontaqum tly, fo r  oaoh o o n  

l to o lf .

In  a l l  aooaa tho pbaaonanon of Tory long radloaaY* propagation o t-  

tonuatod a* th* aaralongth lnoroaoo* oan ho cxprooood, Toklng Into 

aoooukt th* lnt*n*o Yoriotlon o f  th* aaraloagth idian naklng th* tra n -  

a ltlo n  fron on* o u r*  to  a u th o r  (th* aarolongth* aro In  th* 1iJi9>27 

ra t io ) .  I t  ohoald b* rooognliod th a t  th* dopondono* of th* attonuatlon 

f u t o r  on th* aaralongth 1* oonparatlTaly o llgh t naar th* horlaon.

01)
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horlton (aaa (2], 3action 5) only under the logarithm, Conaequently, 

tho dlataneea to  tho borlteno generate an a rlth aa tlo  progression i f  

tha wavelengths, aa in  F l f .  9, (anara ta  a gacostrlc progreaalan. Bara, 

however, tha value* of tha  a ttenuation fac tor a t  both tha and the 

r 2 horlaoaa depend oo tha wavalaagth to  tha ease degrae aa fo r  no rani 

radlcwave propagation (aaa Table 2),

Bacauae of thaaa o lrew ta n ee a , to  iden tify  tha ramotaiess of 

rmdiowave propagation with tha raaotanaaa of tha  borloon o f tha gromd 

and raflao tad  w t d i Boat be done with m a  oara, Tha diatanoa of 

propagation oan bo doflnad otharwiie, fo r  a w sp le , aa th a t rangt in  

tfileh tho a ttm ua tion  fao tor haa tha abaoluta Talua 0 ,1 , idiare tha 

valu ta  of tha a ttam atlo n  faotor are a t i l l  laaa  a t  longer dlataneea.

For th la  la s t  de fin ition , tha 'diatanoa of propagation* la  included 

between tha dlatanaaa of tha and P j  borlaona fo r tho Curve 1 on 

F ig , 9 and fo r  tha other ourree, th la  diatanoa la  laaa than tha dis­

tance r ^ l  aa eoac f r a  tha f igure, thaaa four dlataneea p e a  ra ta  an 

a rlth n a tla  progreaiion In a Tory rough approximation. Let na nota tha t 

I t  la  usually  au ffie ian t to  conpute only ty  ualng tha ra f la c tio n  formila 

o f Seotlon A and by extrapolating tha ounrao thtta obtalaad in  order to 

e a tlaa te  tha diatanoa of propagation according to  tho 0.1 value.

Tha d lreo t purpose of th la  paper (aaa Section 1) aaa to  ve rify  tha 

fonm laa fo r tha diatanoa of rtdlowave propagation darivad In  PX, tfa 

hare ahoan abora th a t a s l ^ l e  ar* graphic p ic tu re  of Tery-loo* radiowavo

(32)
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propagation In tbo pm oe<  of an lnranion layar oan ba obtalaod ty 

introdsolng tha borlaoaa of tbo diroot and roflootad w m ,  Hoaarar, 

tha diataaoa of propagation out only bo ldantlflod tdth tbo dlitanca of 

oao of tbo horlaoao 1b only a oaffloloatly roogh oonao. Tbo foot 1« 

that tbo daoraaao la  tbo attowutlcn factor (aftar tbo ooolllotloiia 

tondaato la  tbo llno-of-algbt roglon) otorto oorllor than «o arrlTo 

at tbo flro t borlaon. Conaoquantly, ao abtwn la  Sootlon 5, tbo attoaa- 

ation foe tor taboo oolaoa on tbo and F a horltoao tdiloh aro 2 -  

4 tlaoo looo tbaa a t tbo osnal borlooe for propagation la  a bon- 

gtnoooa atasofboro. k rooror, tbo attooaatlaa faotor doeroaooa boot 

tbo J \  oad f a  borlooaa anch aoro aloidy, undoratandably, tbaa for 

Miaal propagation.

All that* oauaoo roduoa to tbo 1*  ̂ and F j  borlaooo obaraotorltlac 

tbo dlotaaoa of radlowaro propatotloa aoro roughly for anooalouo propa­

gation tbaa dooa tbo P 0 borlaon undor aoraal propagation. Koooror, tbo 

pooalbillty of nolac tbo and borlooaa for an approzlnato ootl- 

aato of tbo dlotaaoa of propagation dooo not canao doubt*, aa la aoon 

If  only froa a oa^arlaoa of tbo attoanatlon faotora aoar tbo borlaona 

and la  doap abado oa fig . 7.

I t  aboold bo otrooaod that tbo b-profilo va obooo hao a vaak onougb 

lavaraloni tha diffaraooa 11(0) -  KO )̂ dooo not ocoood aoraral tontho. 

Ia aorta la oaaoa, oooh on laroroloa eon roaala nnootobliriiod la practloo* 

Bootrar,  oor oaloolatlaao *oa that oran aoob aa N-profUo rodloally 

altora tbo obaraotor of rodlonoro propagatloo aad loada to vary long 

propagation.
Leningrad tfalrareity

03)

April 27, 1996
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Appendix A

APPROXIMATE BOUNDARY CONDITIONS FOR THE 
ELECTROMAGNETIC FIELD ON THE SURFACE 

OF A GOOD CONDUCTOR 

M. A. Leontovich

The approxim ate boundary condition* on the surface  of bodies 
which have a la rg e  com plex pe rm ittiv ity  have found application in 
tolving a number of problem * concerning the propagation of e lec ­
trom agnetic wave*. * In view of the fac t that a  very  detailed  derivation 
of *uch boundary condition* ha* yet to be published, thi* p re le n t 
paper derive* theae boundary condition* and indicate* the lim it* of 
the ir  applicability .

1. A* we know, the prob lem  of the propagation of e lec trom ag­
netic wave* when "ideally  conducting" bodie* a re  p reeen t reduce* to 
the lo lu tion  of the problem  involved in the propagation of a field 
out*ide the*e bodie* under (pacific boundary condition* a t the aurface 
of the*e bodies (the tangential component* of the ?  vecto r a re  equal 
to  aero). The problem * involving the propagation of a field  outcide 
good conductor* (or, in general, outside bodie* with a perm ittiv ity  
which ha* a la rg e  modulu*) can al*o, under known condition*, be 
approxim ately reduced to  the aolution of the Maxwell equation* for 
ex ternal (with re ip e c t to theae bodies) space when homogeneous 
boundary condition* obtain a t the surface*  of the** bodies.

* l a .  L. A l'p e r t, Application to L osses in Waveguide*.
J .T e ch . Phy*.(No. 16) 10:1358, 1940.

The approxim ate boundary condition* being exam ined here  a re  
a l to  given in a  book by A. N. Shchukin titled  "The P ropagation of 
Radio W aves," 1940, p. 50, but the  fully developed application* of 
the** boundary condition* a re  not given.



If the complex d ie lec tric  (or magnetic} pe rm eability  of the body 
hea a  U rge  m odulus, then the wavelength ineide the body (and in the 
caee  of an absorbing body the depth of p enetration  of the field  into 
the body) will be (m a ll, eo tha t inside the body the conditions obtain 
for the application of geom etric op tics. If, in  a ddition to th is , the 
field  va rie s  slowly from  point to  point a t  the su rface  of the body on 
the scale  of a wavelength ineide the body, and th e re  a re  no sou rces 
inside the body, then the field  in the v ic in ity  of the su rface  (inside 
the body) will consis t of a  wave which is  propagated and a ttenuated 
in the direc tion of the norm al to  the su rface  (into the In terio r) of the 
body. This wave, generally  speaking, is  not a  plane wave, but its  
rad ius of curvature  is U rg e  in  com parU on to  the w avelength of the 
wave la the body and  the depths of its penetration . T here fo re  to  a 
f i r s t  approxim ation the e lec tric  and m agnetic vecto rs  in the body 
a re  pa ra lle l to  the surface  of the wave; they lie  in the plane which 
is  tangent to  the su rU ce  of the body and a re  reU ted  with one another 
in the sam e way tha t the e lec tric  and m agnetic v ecto rs  a re  reU ted  
in a  pUne wave (that is ,

h  = V f£ .H j

w here ft, is the ex ternal norm al to  the su rface  of the body; e and p 
a re  the complex e lec tr ic  and magnetic perm eab ilities  of the body).

Since the tangentU1 components of E  and I f  a re  continuous, the 
tangential components of i f  and ?  a re  reU te d  by the sam e expression  
on the ex ternal s ide  of the surface  of the body; it th e re fo re  follows 
tha t the following boundary conditions a re  fulfilled the re :

(S. S ^ ffe lS S O  <11

Introducing the coordinate system  (g, j ,  g) which is  such tha t g  
and lie in the pU ne which U tangent to  the su rface  of the body a t 
the point being investigated, and the g  ax is  is  d lrsc ted  into the



305
in te rio r of the body, it is possible to  w rite th e ie  boundary condition* 
in the following manner:

Ex * N /r Hy; u>

2. Our p roblem  coneie ti of making the limit* of applicability  
for theae boundary condition* m ore p rec iae  and of evaluating the e rro r*  
which a re  aaaociated with th* u*e of theae boundary condition*. We 
m u*t the re fo re , in the f i r a t  plac*, evaluate e rro r*  which a re  a**o- 
ciated with the depiction of the field in the form  of a  wave which i* 
propagated into the in te r io r  of th* body according to  the law* of 
geom etric optic*, and, in the aecond p lace, w* mu*t clarify  under 
what condition* thi* field  can be rep rea m te d  in the form  of a wave 
of thi* type. The anew er to the f ira t problem  i» contained in a paper 
by S. M. Rytov.* We *h*U reproduce he re  the reault* of hi* paper 
in the fo rm  required  for our analyai*.

We aha 11 exam ine a body with a complex perm ittiv ity  e, with a 
magnetic perm eability  p, both of which vary  from  point to  poi .1 in 
the body. H ere we ih a ll tn u m e  that the complex index of refrac tion  
y/eji i* a quantity which ha* a la rge  modulu* everywhere in the body. 
T here fo re , we a u u m e  that

,

where q 1* a sm a ll p a ra m eter.
Having w ritten  the Maxwell equations:

• ik cX  * C urlH , ik p r O C u r lE  (3)
(k i* the wave num ber in a  vacuum, and the tim e function i* assum ed 
to  be of the form  e**1"*) in the following form :
-------*5TR. Rytov., J .  EtVl M l  T lH T PhYf- (No. 2) 10{ 18R (1940).
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-  Ik v C  ( / * * )  -  C u rl (V£h ) 4 .

t o ' f i i  * C url (V<£> ♦ •

■ad having taken a rt d^ipH  in tha capacity  of tha field  vactora, 
« a  can convince ouraalvaa of tha tha fac t tha t tha la rg e  quantity « 
or p ia only included in tha  f o r m ic ? ;  how ever tha quantitiea < 
and p taken aapa ra ta ly  a re  included in tha fo rm  ~  y *  and.1 y x  
( i . a . , only the ir  rela tive  varia tlooe  have an effect).

In o rd er to compoee a  aolution which yield* an  approxim ation of 
geom etric optic* w* the re fo r*  aeeum e that

and making u*e of form ula  (4)t we obtain the following equation*:

The aolution for A and B 1* (ought in tha form  of a power aeTie* of q:

X - V  q V , 2X2 + ...

4 qt, ♦ ,% ♦...

Then w* obtain the following ayatem  of equationa:

vAq 4 B J -  0; A^j -  vBo -  0. («)
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V*1 ♦ f t* * .  * , ]  - - i j c u r l B ,  + J;

4fr* H  - v»j ■ ®jCuri \  * h } :

-& *• *2] ■ v*2 - nr|Curl*i 4t K  ■ * uel}

(9)

(10)

The xero-approxim ation Eqa. (9) yiftld the approxim ation of 
geom etric optica. The condition for th is eolvability i» the "eikonal

from  which the complex function H&X' i l  m v t  bo determ ined . At the 
•urface  of the body the tangential component! of the field  in the body 
muet coincide with the tangential component! on lte ex ternal eurface. 
Since we aeeume that the field outelde the body variee  el owl y . 
it followe that 0 on the eurface of the body. F rom  thie it follow! 
that the re a l and Im aginary parte  of f  a re  p roportional to one another: 
eurfacea with equal phaeee and equal am plitude! lneide the body 
(In thie aero-approxim ation) coincide, and the norm ale  to  theee 
eurfacee a t point! lying on the eurface of the body coincide with the 
norm al to the eurface of the body.

Thu* it ie true  in thie caee that

(11)

V * ’  -flkv. (12)



w here a  la the e x ternal norm al to  th* surface  of the body. Equatlom(S) 
provide the the re la tionsh ip  between toe {laid vecto ra , and thla r e ­
latione hip la the eaxne aa  that fo r a  plane wave; thua It follow* that 
to  the degree  tha t we can lim it oureelvee  to thla approxim ation, the 
conclusion draw n In ^  1 is  valid , la  o rd e r  to {lad the  boundaries of 
applicability  for th la  derivation  it la neceaaary  to calculate  the eub- 
a e luen t approxlm atlona. The covraapondiag calculationa a re  made 
la the paper by 5 .M. Kytov which we have cited  above. Making use 
of form ula  (M) of th la  paper and introducing the x e n d  X  a x e l In the 
tangent plane which a re  d irec ted  along the m ain c ro ss  sections of the 
su rface  of the body, we obtain the following condition ( p ■ const)
Instead of the boundary Condition (1), (2):

1111
and a corresponding one for H ere p j and p2 a re  the m ain rad ii 
of curvature  to  the su rfa ce  a t the point being examined. From  thla 
eaprsealon  It la  evident that we w ill obtain a  correc tion  of the 
— 1 - U J F  d  (d Is the depth of penetration). When the 
m ain ra d ii of cu rvature  a re  equal the curva tu re  doea not yield any 
c o rrec tion  in  th is  approxim ation: in  addition, the co rrec tion  a sso ­
ciated  w ith an  Inhomogeneity depends so le ly  upon the va ria tion  of g 
along the norm al.

F o r  a  plane su rface  of a  homogeneous body the f lre t-o rd e r  
co rrec tions a r s  equal to  se ro , and la  o rd e r  to  evaluate the e rro rs  
la th is c s s s  It is n e ce ssa ry  to calculate the second approxim ation. 
Making use of Form ula  (21) in  the paper by 8.M . hytov, we obtain 
the boundary condition in  the following fo rm  fo r this case:

■■Nth' (U )
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Let u i  note that 1/ e and |i depend upon & and X, it follow! that 

tha corresponding correc tion*  a re  aleo included in thle approxim ation.

In deriving a ll of the form ula* in thi* section w* mad* the 
following postulate: the field  on ths ex ternal aurface of th* body varie*  
•lowly. In o rder to  anaw er the aecond question whlc'> ha a been poaed 
and in o rder to thua eatabliah the lim its of applicability  of the boundary 
Conditions (1) it is n e ce ssa ry  to c larify  when the above postulate is 
valid.

We shall at f i r s t  suppose that ths body has a la rge  absorption (i. e . , 
we shall assum e that y S T  Is complex and that im  tp  is a la rge  quantity). 
In that case  we can a s s e r t  that the condition of a  slow field  varia tion  
when the wave tra v e rse s  ths surface  of the body is fulfilled a t a ll 
d istances from  ths source  which a re  la rge  in com parison to a wave* 
length inside the body and in com parison to the depth of penetration d 
Inside the body. Sven  if the sources of the field a re  located on the ve ry  
surface of the body, waves which a re  propagated in the body and which 
produce a rapidly varying field will be attenuated a t such distances.

Thus the conditions for the applicability  of the boundary Conditioned) 
for absorbing bodies will be the following. The depth of penetration 
into the body and the wavelength in it m ust be sm all in com parison to 
tha wavelength in the surrounding space, in com parison to  the distances 
from  the sources of the field and in com parison to the rad ii of curva tu re  
of th* su rface  of the body. V ariations of c and p of the body at a  d i s ­
tance equal to the w avelength in the body (or at a  distance equal to  the 
depth of penetration) a re  sm all.

In the case w here e and p a re  both rea l and the re  is no absorp tion  
ths situation is different, and the fulfillm ent of considerably more 
rigorous conditions is requ ired  in order for the boundary condition (1) 
to apply.

In fac t, in this case  even if the sources lie  far  away from  the 
surface of the body (outside it), waves m ay be p resen t in the body which 
trave l not only from  the surface  into the in te rio r of the body but a lso
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from  lnalde the body into the apace outeide. For exam ple, if our 
body i» a plane •p a ra lle l plate and ia ir rad ia ted  by a plane wave, then 
a wave w ill eniat in it  which ia re f le c te d  from  ita re a r  aurfaca and 
which trava la  in  the d irec tion  of the forw ard  aurfaca. T herefore  the 
derivation of the boundary 'oonditione (1) which wae made above ia 
inapplicable he re .

In the caae w here a  body with la rge  valuer of c and u haa a  plane 
boundary and occupiea an infinite half>apace (the o the r ha lf-»pace ie a 
vacuum) there  w ill be no auch wave*; however in thie caae the boundary 
conditiona a ra  applicable only in  the caae when the eourcea a re  at 
dietancoe from  the body which a re  la rg e  in com parieon with the wave- 
lenjth_Jnjhe_vajj£»jin. H owever, if the aource ia located a t the aurfaca 
or d o e e  to the aurface then, aa we know, not only wavea with a velocity 
£  a re  p ropagated along the aurface  of the body, but e lao wavea with a

a rapidly varying field  ia the plane of the aurface; thua in thie caae the 
aeeumption concerning the alow variationa of the field  on the ex ternal 
aurface of the body (which we made la our derivation above) ia untrue.

In coaeluaion le t ua provide the reeu lt of the aolution of the problem  
involved in  the reflection  of a plane wave from  an infinite homogeneoua 
half*epace (u -  1, !  >■ large); thie aolution ia obtained by m ean t of 
applying the approxim ate boundary conditiona. A coefficient of re* 
flection ia obtained which ia equal to the following expreeaion:

which (from' the upper tide  of the aurface aa well) c reate

where ♦ la the angle of incidence. A com parieoo with the accura te  
F reene l expreeaion;
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s / f  c°»9 - *

T X c o .  * + ̂ 1  - -S-*in* 4>

■ how* that an e rro r  U  obtained which i* in com plete agreem ent with 
our general derivation*; thia e r r o r  appliea for re a l value* of e and i* 
of the order o f-r^» in*
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