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Doc. 2
Covariance Properties of the Field Equations of the Theory

of Gravitation Based on the General Theory of Relativity
by Albert Einstein in Berlin and Marcel Grossmann in Zurich

In a paper' published in 1913 we based a generalized theory of relativity upon
absolute differential calculus in a manner such that it also embraces the theory of
gravitation. Two basically different kinds of systems of equations occur in this theory.
For a gravitational field considered as given, we first established systems of equations
for material (e.g., mechanical, electrical) processes. These equations are covariant
under arbitrary substitutions of the space-time variables (“coordinates”) and can be
considered as generalizations of the corresponding equations of the original theory
of relativity. Second, we established a system of equations that determines the
gravitational field insofar as the quantities that determine the material processes are
given; and this system can be considered a generalization of the Poisson equation of
Newton’s theory of gravitation. In the original theory of relativity, there is no
corresponding system of equations for this. In contrast to the equations mentioned
above, we could not demonstrate general covariance for those “gravitational
equations.” The reason is that their derivation was based (besides the conservation
theorems) only upon the covariance with respect to linear transformations, and thus
left it an open question as to whether or not there exist other substitutions that would
transform the equations into themselves.

There are two reasons why the resolution of this question is of particular
importance to the theory. The answer to this question gives, first, information on how
far the basic idea of relativity theory can be developed; and this is of great import to
the philosophy of space and time. And second, the judgment about the value of the
theory from the point of view of physics depends to a high degree upon the answer
to this question, as is shown by the following consideration.

The entire theory evolved from the conviction that all physical processes in a
gravitational field occur just in the same way as they would without it, if an
appropriately accelerated (three-dimensional) coordinate system would be introduced
(“hypothesis of equivalence”). This hypothesis, which is based upon the experimental
fact of the equality between gravitational and inertial mass, gains additional
convincing force if the “apparent” gravitational field—which exists relative to the

'“Entwurf einer verallgemeinerten Relativitatstheorie und einer Theorie der Gravitation”
(Leipzig: B. G. Teubner, 1913). [In the following it is abbreviated as “Outline.” The paper is
printed in this journal, Zeitschrift fiir Mathematik und Physik, vol. 62, pp. 225—261.]
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accelerated three-dimensional coordinate system—can be viewed as a “real”
gravitational field; in other words, if acceleration-transformations (i.e., nonlinear
transformations) become permissible transformations in the theory.

At first glance it appears desirable to look for gravitational equations that are
covariant toward arbitrary transformations. However, in §2 of the present paper’ we
will show by a simple consideration that the quantities 8,y Which characterize the
gravitational field cannot completely be determined by generally-covariant equations.

In the following we shall demonstrate that the gravitational equations established
by us are generally covariant just to the degree imaginable under the condition that
the fundamental tensor g,, must be completely determined. It follows in particular
that the gravitational equations are covariant with respect to quite varied accelera-
tion transformations (i.e., nonlinear transformations).

§1. The Basic Equations of the Theory

We characterized the energetic response of a physical process by means of a
covariant tensor T,, or its reciprocal contravariant tensor ©,,, respectively. This
tensor satisfies equations (10) of the “Outline,” viz.,

[ i
D a0 t) =4 V=0T,
v <=

or respectively

9 st
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and they represent the energy-momentum equations of the material process. All
equations of the theory take a particularly comprehensive form if one introduces the
quantities
(1) iuv_Zl_g?u‘uTyv=Z‘—gga,ﬂ8‘ur )

M
which differ from the components of a mixed tensor’ only by a factor of /-g.

Conceptually we call them the complex of energy-density of the physical process. Our
equations above can now be rewritten as

2Compare also the remark in the appendix of the reprint in Zeitschr. f Math. u. Phys.,
vol. 62.
3Compare §1 of part II of the “Outline.”
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If one introduces in place of the energy tensor of the gravitational field the
“complex of the energy-density of the gravitational field,” that is, the quantities

(2) tﬂv HEl —g'yd.utuv -Zl _y.gd,u&'uv’
H W
then the “Outline” equations (14) and (13) respectively yield
09,,07 09,97
(2a) — 2xt,, V—y(Z?,;,ﬁ—' it — %260.7,.,,7,"—'—3—,51);
pet LS aper ® S
where §,, =0 or 1 dependingono # voro =v.
In place of the gravitational equations (21) and (18), respectively, of the
“Outline” we now get the equations
d O%us
(In) ;‘E(V-ymya,.a—%) = 2(Z,, + 1)
apu

In a manner analogous to the one used in §5 of the “Outline” one can now get
from (I) and (II) the general conservation theorems, which can take the form

() L (., +1,)=0.

§2. Remarks on the Choice of the Coordinate System

We want to show now that, completely independent of the gravitational equations we
established, a complete determination of the fundamental tensor vy, of a gravitational

field with given Qw by a generally-covariant system of equations is impossible.
[p. 218] We can prove that if a solution for the y,, for given G‘w is already known, then
[9] the general covariance of the equations allows for the existence of further solutions.
Assume a domain L within our four-dimensional manifold such that no “material
process” shall exist within L, i.e., where the @w therefore vanish. By virtue of the
given @, the y,, are assumed determined everywhere outside of L and, therefore,

also inside L (assumption a).

Instead of the original coordinates x, we now imagine new coordinates x,
introduced in the following manner. Everywhere outside of L we have x; = x,
but inside L at least for part of it and at least for one index let there be x| # x,.
(10]  Obviously, at least for part of L, this substitution achieves y,, # y,,. On the
other hand we have @w‘ = @ , everywhere, that is, outside of L, because for this

B

(111 domain x,; = x,, and inside of L because for this domain @), =0=0,.
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Therefore, if all substitutions would be permitted, the same system of ©,, would
have more than one system of the y,, belonging to it, and this is a contradiction
to assumption a).*

Once it is understood that an acceptable theory of gravitation implies
necessarily a specialization of the coordinate system, it is also easily seen that the
gravitational equations, given by us, are based upon a special coordinate system.
An x -differentiation of equations (II) and summation over v, under simultaneous
consideration of equations (III), yields the relations

o My
(Iv) 2 9z,0a, (i’ "g?aﬂgup—af;;) =0,
apfuy

and these are four differential conditions for the quantities g,, . We want to write (IV)
in the abbreviated form B,=0.

These four quantities B, do not form a generally-covariant vector, as will be shown

in §5. From this one can conclude that the equations B, = 0 represent a true
condition for the choice of the coordinate system.’

§3. The Hamiltonian Form of the Gravitational Equations
In the following proof of covariance of the gravitational equations we will use the

fact that these equations can be brought into the form of a variational principle.®
The gravitational equations (II) can be shown to be equivalent to the statement

) J@H —2x D)Y=9T,,07,,)d7 =0,

4This train of thought is already among the notes in the appendix of the reprint of the
“Outline” in volume 62 of the Zeitschr. f. Math. u. Phys. The claim appended there about
the restriction on the coordinate systems, however, does not apply; the restriction to linear
substitutions follows from (III) only if the quantities ¢, / J—_g have tensorial character, and
this turned out to be not justified.

The equations B, = 0 can also be obtained by imposing the divergence operator upon
the gravitational equations in the manner of the absolute differential calculus, thereby using

the conservation law of matter.
SWe owe thanks to Mr. Paul Bernays in Zurich for suggesting the idea of simplifying
the proof by such a procedure.
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where
T ag. 3
(Vl) H= '}V_'g aﬁ a;? dzx
apzo ﬁ

and the y,, are varied independently of each other such that the variation on the
boundary of the four-dimensional domain of integration vanishes.
Utilizing for the calculation of §H the easily understood formulas

8(V—9)=—1 21/:59,‘.67,,.,

J(Z‘q’ ) 3.‘: (og'?) = 235 (gﬂtgevay,uv)!
a(ahe) az( Peoh

and considering the fact that vanalxons of surface integrals vanish, one finds

Jue 29,
Jomae~f S-m(V=onray )FA

,uvcfnq
3 29., 09
1 == 1 e fg
V 3: Ba; T 5IurVap g, 3-’6‘9) Pur* @

Utilizing the definitions (14) and (16) of the “Outline,” our condition (V) takes
the form

IZ(D!”@) : 3 %(t’" + Tpr))a?,uv -V _gd’ =0.
uv

As the 8y, are supposed to be mutually independent, the equations (21) of the
“Outline,” i.e., our gravitational equations in covariant form, now become a
consequence of this condition.

§4. Proof of a Lemma. Adapted Coordinate Systems

Our next task is the investigation of the covariance properties of equation (V). For
this purpose we look first for the transformational properties of the integrals

0929 01xq
—fHdr=fV'—92 apa,p 9z,
cFig
Let there be an arbitrary four-dimensional manifold M, referred to a coordinate

system K of the x,. Furthermore, we refer the same manifold M to a second
coordinate system K' of the x| such that
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ooy 2 » ’
32, 252, 0% = 2%,
I »
are the transformation formulas. J and J' shall be the values of the integral above
relative to K and K', respectively. This gives
’ " # ag'l'p ar'f@ ’
J gf'/—g -aﬂzf:yaﬂ—-—--aw; —--*-*-—ax;‘ df .
Considering that /=g" - dr is a scalar, the transformation of J' in terms of the
coordinate system K gives

psees [ 0
J —fV—' 92("r¢ g Vra Pia a—zi(p""p‘?y""')p*f*a_tt (”fuzve 7#1)) dr,
ot
MRt

E - fV—_-"Z(""‘ %@m,p.eym) ai;-. (%, 00)) .

urmnikpt

In further calculations we shall assume that the coordinate systems K and K’
differ only by infinitesimals, i.e., the transformation is infinitesimal. We then have
to set

hence

z, =1z, — dz,,

therefore _ ba, _ 5o _ 4z, 3 2(dz,) [p. 221]
b, FEA vu Fr 7 oz,
and
oz, d(dz,)
Tuy = 63,, o Jv,u 4 —aT}

where the Ax, are understood as infinitesimal quantities whose squares and products
are negligible. This results in

’ e aTi’l a'(dx"‘_ _)
J —J=— 4fV_92?ugmu 0%y 0%0% - d.

mnaike

Partial integration turns this into

(3) J' = -— 4f231_z’ (V_—gyu-gma Oes M) dt

3;1:,, 3:::‘
mnikr

* 4f S (V=97u9mn 52 42, dx (18]

mnikt

’. 1% 07en
_4-]'2‘-3-;,3_:0‘( —yyibgn.?"i;)da:m-dt_
muike

We notice that the first two integrals can be written as surface integrals which
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we abbreviated as 0, and 0,, respectively. The factor of Ax, in the third integral is
readily recognized as B,, according to the notation introduced subsequent to equation
(V). Equation (3) in abbreviated notation is now

(3a) J —J=0,+ 0,—4f D'B, 4z, dx.

The reasons which led to a preference for coordinate systems in which the
quantities B, = 0 have been explicated in §2. We want to call these coordinate
systems “adapted” to the manifold. It follows from equation (3a) that adapted
coordinate systems are selected such that under fixed boundary values of the
coordinates and their first derivatives (considered in an arbitrary coordinate system),
the integral J becomes an extremum.

We now want to call a transformation between appropriate coordinate systems
admissible.” When the transformation from K to K’ is admissible, equation (3a) yields

F o il % O,

§5. Proof of Covariance of the Gravitational Equations

In §4 we investigated a manifold M. We shall now consider a second manifold M
which differs only infinitesimally from the former, and for which the quantities g,
and their first derivatives coincide on the boundary of the domain L with those of the
corresponding manifold M. We impose the coordinate systems K and K' in the
following manner:
a) Both coordinate systems be adapted ones for the manifold M.
b) On the boundary of the domain L, let the coordinates x, coincide with the x,
and the x|, with the x’,.
¢) The coincidence of the coordinate systems shall not only apply on the
boundary of the domain, but also for quantities of first order that are
infinitesimally close to the boundary; this condition implies that the
d(Ax,)/9x, coincide with the d(Ax,)/ox,,.
Conditions (b) and (c) do not contradict each other, as can be seen in the
following manner. Since manifold M is referred to as an adapted coordinate system,
§4 shows the choice of coordinate system K is such as to make the integral J an

*Translator’s note. The word “berechtigt” in the German original is today mathemati-
cally understood as “admissible because of justification by previously stated conditions™;
modern German texts also favor “zuldssig” (= admissible) over the older “berechtigt” (=
justified).
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extremum under fixed boundary values of the coordinates and their first derivatives.
It is then possible to put into the varied manifold M an adapted coordinate system K
which coincides with the coordinate system K outside of L and deviates from K only
inside of L; because an extremum of the integral J must also exist for the manifold M
under unchanged boundary values—whereupon the satisfiability of the equations
B, = 0 follows also for the varied manifold.

Let us assume the coordinate systems K and K', which are used in the manifold
M, are both adapted. According to (3b) the equations

J —J= 0, + 0,
J' —dJ =0,+ 0,,
or after subtraction
(T —J)—(J —J) = (0, — 0,) + (05 — 0y).
are valid.
The specifications (b) and (c) and the relations between M and M , together with
(3), imply that both 0, - 0, and 0, - 0, vanish.
M can be called a manifold developed by variation of M. Therefore, we denote
analogously

J —dJ=120,J,
J —J =387,
and consequently get
(4) 0, J =4d,J.

The index « is meant to express that, together with the manifold, the coordinate
system is co-varied such that the varied coordinate system and the varied manifold
are always adapted relative to each other, while on the boundary the coordinate
system remains, of course, unvaried (so-called “adapted variation”).

Our aim is to demonstrate that an equation

0 =dJ

is satisfied for any variation of the manifold, not just for an adapted variation as
equation (4) says. However, we can let any variation of g, evolve from an adapted
one if we follow it with another variation of the coordinate system. It turns out that
for a variation of g,,, equivalent to just one variation of the coordinate system, the
variation of J, denoted by 8,J, vanishes, provided we assume the variations éx, and
their first derivations vanish on the boundary of the domain, and also provided
furthermore that the coordinate system to be varied is an adapted system. The reason
is that equation (3a) leads to the direct consequence

[p. 223]
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8J = 0, + 0, —4f D'B 0z, dx = 0.

Therefore, we can associate to equation (4) the equation
(5) 0, =08,J=0,

From these two equations—together with the fact that the superposition of an
adapted variation and a mere coordinate variation is equivalent to any variation of the
Y, —it follows that for such arbitrary variation one has

(6) dJ = dd.

From this equation, however, one can prove in a simple manner the covariance
of equation (V). The Sy‘w are after all contravariant, the T,, covariant, and thus
Y 7,8y, is a scalar; and the same is true of /~g *dr. Consequently,

uv
(7N J‘V--g’- 21‘,’.,67;\,- dt’ —fV—y. ET,‘,JH,» dr.
v ur

It follows from (6) and (7) that equation (V) is covariant toward all admissible
transformations of the coordinate systems, provided the variations are chosen such
that the 8y uv and their first derivatives vanish on the boundary of the domain. The
variational theorem whose covariance has been proven in this manner is then a little
less general than the one used in §3 for the derivation of the gravitational equations.
However, a glance at the development of §3 shows that the derivation of those
gravitational equations is not hampered by these restricting boundary conditions of
the variation. With this it is proven that:

The gravitational equations (Il) are covariant under all admissible transforma-
tions of the coordinate systems, i.e., under all transformations between coordinate
systems which satisfy the conditions

2
(IV) Bo -;g:ﬁf_a_g (V'__y " 7’aﬁga,u aa’;“:) =0.
We have claimed in §2 that the expressions B, do not form a covariant vector.

We shall give the proof of it only now because it is especially simple when we utilize
the results we have just obtained. All coordinate systems used in the foregoing (and
called adapted systems) would be arbitrary coordinate systems if the B, were
covariant. None of the steps in the proof would lose its convincing force due to this
circumstance. The final result of the proof would be the completely general
covariance of the gravitational equations. Then the following would be a general
mixed tensor

1 o T a" v *
%4, - .'—/_?—; (‘;:37" (V—g)'apga,u 'E_T:;)_ "tav) = .VT—, - &,

and consequently
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would be a scalar under arbitrary transformations. However, as is known from the
theory of differential invariants,” this quantity does not coincide with the only [p. 225)
differential invariant of second order, viz.,

Di lik, kom). [19)

imk
This new theory of gravitation gains convincing power by the far-reaching
covariance of the gravitational equations, even if the foregoing deliberations may not
provide complete transparency of adapted coordinate systems and admissible
transformations. We believe to have shown that the covariance of the equations is the
optimum imaginable, since the conditions B, = 0, by which we restricted the
coordinate systems, are a direct consequence of the gravitational equations.

Additional notes by translator

{1} “Sy'u” on the left-hand side has been corrected to “Sy’w.”
{2} The parenthesis “)” was missing after dy,,, /9x,.

"See §4 of part II of the “Outline.”

https://einsteinpapers.press.princeton.edu/vol6-trans/27

10/7/2023, 1:45 AM



