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Preface

For today’s physicist, steeped in the Newtonian and post-Newtonian tradi-
tions, it takes a real effort of the imagination to realize that, for by far the
longest stretch of time, the prevailing scientific efforts to understand the uni-
verse (to say nothing of pre- or non-scientific views, past or contemporary)
were based on the concept that uniform circular motion is higher, nobler, and
more natural than any other form of motion. Michel Blay has well described
the situation:

Since Antiquity and more precisely since the elaboration of the Aristotelian
conceptual outlook, circular motion was conceived as both the prime motion
and the natural motion. This motion, for example that of the stars, proceeded
from an internal principle and, contrary to violent motion, such as that of a
stone that is thrown, did not presuppose the action of some exterior motor in
order to continue. In the Aristotelian Cosmos, divided into two worlds, the
movement of the stars belonged to the celestial sphere of perfect motions and
incorruptible bodies, the motion of a thrown stone belonged to the sublunar
sphere (the earth and its surrounding space) of more or less chaotic motions
and bodies subject to decay.

Of course, in the ancient world the atomists opposed this viewpoint, their
atoms falling straight downward perpetually through the void, with an occa-
sion clinamen, or random deviation from their downward fall, to explain the
formation of worlds such as ours. But, for whatever scientific or sociological
reasons, the Aristotelian world view triumphed and atomism languished for
almost two millennia.

Even Galileo, a determined opponent of the peripatetics, as the followers of
Aristotle were called, succumbed to the appeal of circular motion in his first
attempts to formulate the concept of inertial motion. It was only with Descartes
and then Newton that the law of inertia in its modern form triumphed, and
uniform motion in a straight line came to be regarded as the natural standard,
deviations from it being attributed to forces, notably gravitation as understood
by Newton. Now it was uniform circular motion that required an external
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explanation. And, as Newton’s famous bucket experiment demonstrated, there
was a great dynamical difference between non-rotating and rotating frames of
reference. Since we live on such a rotating frame of reference, this difference
is of great practical as well as theoretical significance. But as long as the
Newtonian kinematical framework stood intact, both rotating and non-rotating
observers shared a common, absolute time.

With the advent of the special theory of relativity and its new kinematics,
the absolute time concept shattered, falling apart into two distinct concepts.

One is the proper time, associated with every time-like world-line and di-
rectly measurable by a clock travelling along that world-line. The proper time
is an invariant but one that is no longer independent of the world-line. The
time elapsed between two events depends on the history of the clock travelling
between the two. However, the concept of proper time survives the transition
to general relativity more-or-less unscathed.

In special relativity, one can also define a family of global times, one asso-
ciated with each inertial frame of reference, but each depending on a conven-
tional stipulation (such as the constancy of the one-way velocity of light in that
frame) and only measurable indirectly, in terms of the appropriate proper time
and proper length measurements in the frame in question. Once one ventures
beyond the class of inertial frames, the concept of a global time becomes even
more problematic, and the problem only becomes more acute when one ven-
tures into the general theory of relativity. Solutions exist, such as the Godel
universe, for which it is impossible to formulate such a concept.

What are the implications of the new kinematics for rotating frame of refer-
ence? This question early became the subject of an intense discussion among
relativists (to say nothing of their opponents!), a discussion that continues
down to our times. This book constitutes an important and fascinating con-
tribution to this ongoing discussion. One can hardly agree with everything
found in it, since many of the authors disagree among themselves; and it is not
the function of a preface to pass judgement on merit of the individual contri-
butions. That must be left to each reader in the short run, and to the scientific
community in the long run. But what is certain is that each reader will spend
many absorbing hours reading the papers in this book, and perhaps even more
trying to form and justify his or her opinions on the questions raised in them.

JOHN STACHEL



This book is in memory of
Jeeva Anandan
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Introduction

When Alwyn Van der Merwe asked us to edit a book on relativistic physics
in rotating reference frames, about a year ago, we had just published a paper
on the space geometry of a rotating disk. Our interest in this field dates back to
some years ago, when one of us came across the Sagnac effect, and thoroughly
studied this intriguing issue. Since then, we have been studying this field with
increasing interest and now we are well acquainted with the pertaining liter-
ature, which encompasses a lot of seminal discussions and debates that have
stimulated the development of relativistic physics for a century.

We must admit that it was not easy to find our way through the great number
of papers: a real mare magnum without any guiding light, where the same top-
ics were treated using very different approaches, and often different notations,
which made it difficult to compare them. Indeed, we think that many physicists
believe that nothing new or interesting can be found in this field, and the only
open questions are a matter of philosophy rather than of some interest in the
current development of theoretical and experimental physics. On the contrary,
carefully digging in the literature, we discovered problems still controversial,
viewpoints in contention, and open issues pertaining to the very foundations of
relativity.

Therefore a monograph on these subjects seemed to us really necessary,
not only to tidy up a little the various papers published here and there over
the years, but also to critically re-examine and discuss the most controversial
issues. For these reasons we accepted Van der Merwe’s kind invitation with
enthusiasm.

We started our work by collecting contributions from scientists who, though
having different and at times opposite viewpoints on these subjects, share a
common physical-mathematical background. We asked them to write their
papers with a clear and plain style and, also, with a somewhat pedagogical
aim: according to our purposes, this book should be a guide and a reference
for all those who, now and in the future, have an interest in this field. As you
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well know, the higher the ambitions, the greater the efforts; as to the results,
only the reader can judge.

We deliberately decided to confine ourselves to special relativity, and not to
consider rotating frames in curved space-times. This would have enormously
increased the material at our disposal: on the other hand we found it expedient
(and easier, of course) to understand the crucial problems and concepts in flat
space-time, avoiding the formal complications deriving from gravitation.

The first historical contributions to the study of rotating frames in relativity
date back to first decades of the last century, when the papers by Ehrenfest and
Sagnac shattered the foundations of the brand-new theory of relativity: these
papers, translated into English, are published in our book, as an ideal beginning
to this long-standing debate.

A glance at the contributing papers shows that, even now, a century later, in-
terest in these problems is not purely academic or philosophical. In his paper,
Ashby explains the relevance of the relativistic study of rotation for a mod-
ern technical device, such as the Global Positioning System. After all, we
must remember that we are living in a rotating frame, the Earth, and every ex-
perimental expectation, based on a relativistic approach, should take this into
account as an obvious fact. Another fundamental issue, developed by Mash-
hoon, is the so-called hypothesis of locality and its limitations in accelerating
systems. However, this hypothesis, together with other fundamental ones, are
questioned by those who find, in the relativistic approach to rotation, argu-
ments against the self-consistency of the theory. For instance, this is the case
of Klauber and Selleri who, though adopting different approaches, claim that
the special theory of relativity is not valid when it is applied to rotating frames,
and to this purpose they raise several stimulating arguments. The standard for-
mulation of the theory is defended against these “attacks”, by Dieks, Grgn,
Weber, Rizzi and Serafini, and an interesting debate develops about the fun-
damental problems of measurements of space, time, synchronization, that also
involves Nikoli¢, Bel and Tartaglia. Other topics related to these fundamental
issues, such as the isotropy of the velocity of light and the universality of the
Sagnac effect for matter and light beams, are dealt with in the papers by Sorge,
Pascual-Sanchez, San Miguel and Vicente, Rizzi and Ruggiero. The relativis-
tic approach to inertial forces and the role of rotating observers are examined
by Bini and Jantzen, while the mathematical properties of rotating space-times
are studied by De Felice. Finally, halfway between the classical theory of
relativity and the quantum world, the quantum-inertial effects are thoroughly
described in the papers by Papini, Anandan and Suzuki.

In order to give the reader a deeper insight into the most controversial issues,
we organized a sort of virtual round table. After the publication of the drafts
of the contributing papers at our web site, we asked the authors to comment
on the papers, and confront the various viewpoints. Then, we collected their
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comments, which resulted in a lively on-line discussion. The dialogues that
you can read at the end of this book are based on this discussion. However the
raw contributions of the authors to the on-line debate, which could not be pub-
lished as they were, have been supplemented by fragments that we borrowed
from their papers. During this editing job, we aimed at composing the material
at our disposal to obtain something like a real discussion about the main topics
of the book. We are well aware of the arbitrariness of this job; however we did
it with the greatest care in order to accurately quote the ideas and the opinions
of the authors. The final result should not be considered just as an appendix,
but as an integral and fundamental part of the book: we have attempted to of-
fer the reader a vademecum to find her/his way through the papers. Indeed,
the round table can also be read independently of the papers, to get a bird’s
eye view of the main subjects, or it can be read after the papers, for a direct
comparison of the viewpoints on the most controversial and interesting topics.
The underlying aim, which is actually the aim of the whole book, is to offer
the reader the possibility of understanding these opinions, and the subtleties on
which their differences are based: to this end, we have tried to write as clearly
as possible, having in mind this pedagogical purpose. We hope that, in this
way, the reader can shape his own ideas, which is our ultimate goal.

We do not know whether we have succeeded or not: what we know for sure
is that, at the end of this work we feel richer in knowledge and also in doubts,
and ready and willing to go on in this stimulating field. If you share these
feelings, there is a chance that we did not fail in our purposes; however, if we
bored you, be assured, we did not do it on purpose.

Last, but definitely not least, a thought for Prof. Jeeva Anandan, who passed
away during the making of this book, and whose last paper we are honoured to
publish here: a great loss for all physicists, and one which we feel deeply, first
of all because he was one of our collaborators, then because he wrote, during
his long scientific activity, many important and fundamental papers about the
main matter of this book, such as the Sagnac effect and relativistic rotation.
This book is dedicated to him.

Guido Rizzi and Matteo Luca Ruggiero
Torino, September 15, 2003
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Chapter 1

UNIFORM ROTATION OF RIGID BODIES
AND THE THEORY OF RELATIVITY

Paul Ehrenfest*
St. Petersburg, September 1909

In order to generalize the relativistic kinematics of rigid bodies in rectilinear
uniform motion to whatever kind of motion, following Minkowski’s ideas we
obtain the following statement:

To say that a body remains relativistically rigid means: it deforms contin-
uously by arbitrary motion so that each of its infinitesimal elements Lorentz
contract (relative to its rest length) all the time in accordance with the instan-
taneous velocity of each of its elements, as observed by an observer at rest.

According to me, as I am going to explain, the consequences of this state-
ment, applied to a very simply motion, result in a contradiction.

Recently, Born? has given a definition of relativistic rigidity, which applies
to all motions. Born’s definition - which is in agreement with the relativis-
tic principles - is not based on the system of measurements performed by an
observer at rest; rather, its definition is based on the (Minkowskian) measure-
ments performed by a continuum of inertial observers: as measured by these
observers, co-moving with each point of an arbitrarily moving body, each ele-
ment of the body remains undeformed.

Both definitions of relativistic rigidity, as far as I can understand, are equiv-
alent.

*Translated from Physikalische Zeitschrift, 10, 918 (1909), Courtesy of S. Hirzel Verlag.
2M. Born, Die Theorie des starren Electrons in der Kinematik des Relativitits Prinzipes, Ann. d. Phys, 30,
1 (1909), Phys. Zeits., 9, 844 (1908).
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4 P. Ehrenfest

Let me show a very simple kind of motion, for which the previous definition
bring about a contradiction: namely, the motion I am going to refer to is the
uniform rotation around a fixed axis.

Consider a relativistically rigid cylinder with radius R and height H. It is
given a rotating motion around its axis, which finally becomes constant. As
measured by an observer at rest, the radius of the rotating cylinder is R’. Then
R’ has to fulfill the following two contradictory requirements:

1 The circumference of the cylinder must obtain a contraction
2rR < 27R

relative to its rest length, since each of its elements moves with an in-
stantaneous velocity R'w.

2 If one considers each element along a radius, then the instantaneous ve-
locity of each element is directed perpendicular to the radius. Hence, the
elements of a radius cannot show any contraction relative to their rest
length. This means that:

R =R



Chapter 2

THE EXISTENCE OF THE LUMINIFEROUS
ETHER DEMONSTRATED BY MEANS OF THE
EFFECT OF A RELATIVE ETHER WIND IN AN
UNIFORMLY ROTATING INTERFEROMETER

M. Georges Sagnac*
introduced by M.E. Bouty

1. Principles of the Method

I let a horizontal platform rotate uniformly, at one or two revolutions per
second, around a vertical axis; on the platform I have firmly fixed the pieces of
an interferometer equal to that I used in my previous experiments, described
in 1910 (Comptes rendus, 150, 1676). The two interfering beams, which are
reflected by four mirrors placed on the rim of the rotating platform, are super-
imposed after the propagation in opposite directions along the same circular
horizontal circuit which encloses an area S. The rotating system contains also
the light source, a little electric lamp, the receiver, a fine grain photographic
plate which records the interference fringe. On the photographs d and s, ob-
tained respectively by a dextrorsum and a sinistrorsum rotation with the same
frequency, the centre of the central fringe has different positions. I measure
this displacement with respect to the centre of interference.

*Translated from Comptes rendus de I’Académie des sciences, 157, 708 (1913), Courtesy of Elsevier-France.

5
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6 M. G. Sagnac

1.1 First Method

On d and then on s, I look for the position of the central fringe with re-
spect to the images of the micrometrical vertical traits in the focal plane of the
collimator.

1.2 Second Method

I measure directly the distance between the vertical central fringe of a d
photograph and the central fringe of a s photograph exactly contiguous to the
first, below a sharp horizontal separation line. I get these photographs in a
direct way without touching the photographic chassis, giving, before each of
the images d and s, the contiguous positions that correspond to the illuminating
slit with cutting horizontal edges, in the focal plane of the collimator.

2. Optical vortex effect

The fringe shift z of the interference centre that I measured by the method
just outlined, turns out to be a particular case of the optical vortex effect de-
fined in my previous works (Congrés de Bruxelles de septembre, 1910 1, 217;
Comptes Rendus, 152 1911, 310; Le Radium, VIII, 1911, 1) and which, ac-
cording to the current ideas, should be thought of as a direct manifestation of
the luminiferous ether.

In a system, moving as a whole with respect to the ether, the time of propa-
gation between any couple of points should be modified as though the system
were at rest under the action of an ether wind, whose relative velocity turns out
to be equal and opposite to the one of those points, and dragging the light just
like the atmosphere wind drags the sound waves.

The observation of the optical effect of the wind relative to the ether will
constitute a proof of the ether, in the same way as the observation of the influ-
ence of the wind relative to atmosphere - in a moving system - on the speed
of sound allows to deduce the existence of the atmosphere around the moving
system, if no other effects are present.

The necessity of getting from the same point-like source the light waves that
are recombined in another point to obtain interference, cancels the first order
interference effect due to the motion of the whole optical system, unless the
matter that drags the ether provokes a circulation C' of ether in the light path,
spanning an area S, that is an ether vortex bS (Comptes rendus, 141, 1905,
1220; 1910 and 1911, loc.cit.). I showed by interferometrical techniques (1910
and 1911 loc.cit.), using a circuit having a vertical projection of 20 m? that the
ether dragging near the ground does not produce a vortex density greater than
1/1000 radians per second.
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In a horizontal optical circuit, at a given latitude «, the daily terrestrial rota-
tion, if the ether is at rest, should produce a ether-relative vortex whose density
is 47 sina/T, where T is the period of the sidereal day, or 47 sin /86164,
which is noticeably smaller than the upper limit 1/1000 that I established us-
ing a vertical circuit. I hope to be able to find out whether the corresponding
small optical vortex effect exists or not.

At first, it was easier to find out the proof of the existence of the ether using
a small rotating optical circuit. A frequency N of two revolutions per second
produces a vortex density b = 47N, that is 25 radians per second. A dex-
trorsum uniform rotation of the interferometer produces a sinistrorsum ether
wind; the rotation causes a backward shift x of the phase of the beam T, whose
propagation around the area S'is dextrorsum, and an equal forward shift of the
phase of the counter-propagating beam R, so that the relative displacement of
the fringes turns out to be 2x. The displacement z that I notice between a pho-
tograph s and a photograph d should be twice the previous one. Hence, using
the value of z that I gave before (loc.cit. 1910 and 1911), I obtained:

bS 167N S
z=4dr=4— = ———
N AV
where Vj is the velocity of light in vacuum and ) is the wavelength of light.
Using a frequency N = 2Hz and an area S = 860 cm?, the displacement z
(for the indigo light) turns out to be 0.07, and it can be easily seen; the inter-
fringe is from 0, 5 mm to 1 mm.

The interference displacement z, which is a constant fraction of the inter-
fringe for a given frequency of rotation /N, is not visible on the photographs
when the fringes are too close; this shows that the observed effect depends on
a phase difference due to the rotational motion of the system, and the displace-
ment of the interference centre, observed by a comparison between a photo-
graph d and a photograph s, does not depend on the random or elastic dis-
placement of the optical pieces during rotation (thanks to the counter-screws
that block the regulation screws of the optical system).

An air vortex, produced above the interferometer by a ventilator with ver-
tical axis (blowing down the air towards the interferometer) does not displace
the interference centre, thanks to the careful regulated superimposition of the
counter-propagating beams. The air vortex, similar but less strong, produced
by the rotation of the interferometer, does not cause any noticeable effect.

Hence, the observed interference effect turns out to be the optical vortex
effect due to the motion of the system with respect to the ether and it is a direct
proof of the existence of the ether, which is a necessary support for the light
waves of Huygens and Fresnel.
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THE SAGNAC EFFECT
IN THE GLOBAL POSITIONING SYSTEM

Neil Ashby

Department of Physics, UCB 390.
University of Colorado.

Boulder, CO 80309-0390 USA.
n_ashby @mobek.colorado.edu

Abstract In the Global Positioning System (GPS) the reference frame used for navigation
is an earth-centered, earth-fixed rotating frame, the WGS-84 frame. The time
reference is defined in an underlying earth-centered locally inertial frame, freely
falling with the earth but non-rotating, with a time unit determined by atomic
clocks at rest on earth’s rotating geoid. Therefore GPS receivers must apply
significant Sagnac or Sagnac-like corrections, depending on how information is
processed by the receiver. These corrections can be described either from the
point of view of the local inertial frame, in which light travels with uniform
speed c in all directions, or from the point of view of an earth-centered rotating
frame, in which the Sagnac effect is described by terms in the fundamental scalar
invariant that couple space and time. Such corrections are very important for
comparing time standards world-wide.

1. Introduction

The purpose of the Global Positioning System (GPS) is accurate navigation
on or near earth’s surface. GPS also provides an accurate world-wide clock
synchronization and timing system. Most GPS users are interested in know-
ing their position on earth; the developers of GPS have therefore adopted an
Earth-Centered, Earth-Fixed (ECEF) rotating reference frame as the basis for
navigation. Specifically, in the WGS-84(873) frame, the model earth rotates
about a fixed axis with a defined rotation rate, wp = 7.2921151247 x 1075
rad s~ 1.[1],[2]

In an inertial frame, a network of self-consistently synchronized clocks can
be established either by transmission of electromagnetic signals that propagate
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12 N. Ashby

with the universal constant speed c (this is called Einstein synchronization),
or by slow transport of portable atomic clocks. On the other hand it is well-
known[3] that in a rotating reference frame, the Sagnac effect prevents a net-
work of self-consistently synchronized clocks from being established by such
processes. This is a significant issue in using timing signals to determine posi-
tion in the GPS. The Sagnac effect can amount to hundreds of nanoseconds; a
timing error of one nanosecond can lead to a navigational error of 30 cm.

To account for the Sagnac effect, a hypothetical non-rotating reference frame
is introduced. Time in this so-called Earth-Centered Inertial (ECI) Frame is
adopted as the basis for GPS time; this is discussed in Section 2. Of course the
earth’s mass encompasses the origin of the ECI frame and has significant grav-
itational effects. To an extremely good approximation in the GPS, however,
gravitational effects can be simply added to other effects arising from special
relativity. In this article gravitational effects will not be considered. Even time
dilation, which is an effect of second order in the small parameter v/c, where v
is the velocity of some clock, will be neglected. I shall confine this discussion
to effects which are of first order (linear) in velocities. The Sagnac effect is
such an effect.

A description of the GPS system, of the signal structure, and the navigation
message, needed to understand how navigation calculations are performed, is
given in Section 3. In comparing synchronization processes in the ECI frame
with those in the ECEF frame, taking into account relativity principles, it be-
comes evident that the Sagnac effect is a manifestation of the relativity of si-
multaneity. Observers in the rotating ECEF frame using Einstein synchroniza-
tion will not agree that clocks in the ECI frame are synchronized, due to the
relative motion. In fact observers in the rotating frame cannot even globally
synchronize their own clocks, due to the rotation. This is discussed in Section
4. Section 5 discusses Sagnac corrections that are necessary when compar-
ing remote clocks on earth by observations of GPS satellites in common-view.
Section 6 introduces the GPS navigation equations and discusses synchroniza-
tion processes from the point of view of the rotating ECEF frame. Section 7
develops implications of the fact that GPS navigation messages provide satel-
lite ephemerides in the ECEF frame.

2. Local Inertial Frames

Einstein’s Principle of Equivalence allows one to discuss frames of refer-
ence which are freely falling in the gravitational fields of external bodies. (Suf-
ficiently near the origin of such a freely falling frame, the laws of physics are
the same as they are in an inertial frame; in particular electromagnetic waves
propagate with uniform speed c in all directions when measured with standard
rods and atomic clocks) Such freely falling frames are called locally inertial
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frames. For the GPS, it is very useful to introduce such a frame that is non-

Clocks in the GPS are synchronized in the ECI frame, in which self - con-
sistency can be achieved. Thus imagine the underlying ECI frame, unattached
to the spin of the earth, but with its origin at the center of the earth. In this
non-rotating frame a fictitious set of standard clocks is introduced, available
anywhere, all of them synchronized by the Einstein synchronization procedure
and running at agreed rates such that synchronization is maintained. These
clocks read the coordinate time ¢. Next one introduces the rotating earth with a
set of standard clocks distributed around upon it, possibly roving around. One
applies to each of the standard clocks a set of corrections based on the known
positions and motions of the clocks. This generates a “coordinate clock time"
in the earth-fixed, rotating system. This time is such that at each instant the
coordinate clock agrees with a fictitious atomic clock at rest in the local iner-
tial frame, whose position coincides with the earth-based standard clock at that
instant. Thus coordinate time is equivalent to time which would be measured
by standard clocks at rest in the local inertial frame. [4]

In the ECEF frame used in the GPS, the unit of time is the SI second as
realized by the clock ensemble of the U. S. Naval Observatory, and the unit
of length is the SI meter. In summary, the reference frame for navigation is
the rotating WGS-84 frame, but clocks are synchronized in the underlying hy-
pothetical ECI frame with a unit of time defined by clocks (essentially on the
geoid) and a unit of length determined by the defined value of the speed of
light, ¢ = 299792458 m/s.

3. The GPS

The Global Positioning System can be described in terms of three princi-
pal “segments:" a Space Segment, a Control Segment, and a User Segment.
The Space Segment consists essentially of 24 satellites carrying atomic clocks.
(Spare satellites and spare clocks in satellites exist.) There are four satellites
in each of six orbital planes inclined at 55° with respect to earth’s equatorial
plane, distributed so that from any point on the earth, four or more satellites
are almost always above the local horizon. Tied to the clocks are navigation
and timing signals that will be discussed below.
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14 N. Ashby
ior forward for the next few hours. This information is then uploaded into the
satellites for retransmission to users.

The User Segment consists of all users who, by receiving signals transmitted
from the satellites, are able to determine their position, velocity, and the time
on their local clocks.

The timing signals transmitted from each satellite are right circularly polar-
ized. A carrier signal of frequency 1.542 MHz is modulated with a series of
phase reversals; these phase reversals carry information bits from the transmit-
ter to the receiver. Such phase reversals are conceptually important because the
phase of an electromagnetic wave is a relativistic scalar. The phase reversals
correspond to physical points in spacetime at which - for all observers - the
electric and magnetic fields vanish.

The navigation message contained in these bit streams include values of
parameters from which the receiver can compute the satellite’s position in the
rotating ECEF frame, as a function of time of transmission. Also the GPS time
on the satellite clock is indicated by a particular phase reversal in the sequence.
A receiver distinguishes the signal from a particular satellite by comparing the
bit streams, that are unique to each satellite, with bit streams generated by
electronic circuitry within the receiver.

Additional information contained in the messages includes an almanac for
the entire satellite constellation, information about satellite vehicle health, and
information from which Universal Coordinated Time as maintained by the U.
S. Naval Observatory—UTC(USNO)—can be determined.

The GPS is a navigation and timing system that is operated by the United
States Department of Defense (DoD), and therefore has a number of aspects
to it which are classified. Several organizations monitor GPS signals inde-
pendently and provide services from which satellite ephemerides and clock
behavior can be obtained. Accuracies in the neighborhood of 5-10 cm are not
unusual. Carrier phase measurements of the transmitted signals are commonly
done to better than a millimeter.

For purposes of the remainder of this article, I shall think of a signal from
a GPS satellite as containing within itself information about the position and
time of a transmission "event". The position is specified in the rotating ECEF
frame. GPS time is time in an underlying local inertial frame. The signal
propagates with speed c in a straight line in the ECI frame to the receiver, where
it is decoded and its arrival time ¢z is compared to the time of transmission ¢7.
The receiver can then form the so-called pseudoranges

p=cltr —tr). (1.1)

A receiver continually forms such pseudoranges for each satellite being ob-
served. A signal can be imagined abstractly as propagating with speed ¢ from
transmitter to receiver in a straight line in the ECI frame, with position and
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Figure 1.1. Synchronization by transmission of a signal

time of the transmission event “known" by the receiver. Possible clock biases
in the receiver prevent the GPS time of the reception event from being known
a priori.

4. Relativity of Simultaneity

To establish the connection between the Sagnac effect and the relativity of
simultaneity, consider an observer moving with velocity v in the x direction
relative to an inertial frame such as the ECI frame. To be specific, one can
imagine measurements of unprimed quantities such as v and signal velocity
u to be performed in the ECI frame, while primed quantities such as u’ are
measured in the rest frame of the moving observer. Referring to Figure 1.1,
let a signal be travelling with speed components (u/;, u;) (measured in the
moving observer’s frame). The vertical lines represent planes at z’ and 2’ +dz’.
The signal travels a distance dz’ in the x direction and the moving observer
desires to use this signal to transfer time from clocks in the plane at 2’ to
clocks in the plane at 2’ + dx’. Here I am neglecting higher-order terms in
the velocity so dz = dx’, there being no appreciable Lorentz contraction. Let
the components of signal speed in the ECI frame be (u,, u,). The well-known
Lorentz transformations for speed include the expression

uly +v
Uy = —2——

== . (12)
14 %
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The terms in the denominator of this expression arise from the time-component
of the ordinary Lorentz transformation. In particular the second term in the
denominator arises from the relativity of simultaneity, a consequence of the
constancy of the speed of light. We wish to compare the propagation time
of this signal, measured by the moving observer, with the propagation time
measured in the ECI frame. The analysis is performed in the ECI frame.

If the moving observer moves a distance vdt in time dt, then the total dis-
tance travelled by the signal in the x-direction is u,dt, which is comprised of
two contributions: the distance dx, plus the distance vdt required to catch up
to the plane at 2’ + dx’. Thus

u,dt = dx + vdt, (1.3)
and therefore the time required is
d
dt = -2 (1.4)
Uy — U

But from the expression for the Lorentz transformation of speed, keeping only
terms of linear order in v,

/
Uy — v A — (1.5)
1+ %
and therefore d d
dt ==+ 28 (1.6)
U c

€T
The first term in this result is just the time required, in the moving frame, for
the signal to travel from the 2’ plane to the 2’ + dx’ plane. If the moving
observer ignores the motion relative to the ECI frame, this would be the time
used to synchronize clocks in the x’ + dz’ plane to clocks in the 2’ plane. The
second term is the additional time required to synchronize the clocks in the ECI
frame. Note that in this second term, the value of u/, has cancelled out, so that
the value of the signal speed is irrelevant. The signal could be a light signal
travelling in a fiber of index of refraction n, or it could even be an acoustic
signal. The signal speed could even be variable, the last term would not be
affected.

Consider for example an optical fiber loop of length L and index of refrac-
tion n which by means of a system of pulleys is made to move with speed v
around in a closed circuit, relative to an inertial frame. The circuit itself could
be of any shape, such as a figure 8 or an oval. In such a case it is not useful
to speak of rotation, although Eq. 1.6 applies to the rotational case as well.
Eq. 1.6 applies to each infinitesimal segment of the moving loop, since one
can imagine a sequence of moving reference frames each of which is instan-
taneously at rest with respect to the moving fiber loop and in which Eq. 1.6 is
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valid. If a signal travels around the loop in a direction parallel to the velocity,
then from Eq. 1.6, the total time required for the signal to make one circuit is

dr vl

and the time required for the signal to make one circuit in the direction opposite
to the velocity is

d L
At = u_:f_i—? (1.8)
The difference is oL
At = Aty — Al = 2’—2 (1.9)

and for two counterpropagating monochromatic beams this can be converted
into an observable interference fringe shift. If the beams are recombined in the
ECI frame where they have angular frequency w, then the phase difference will
be

Ap = wAt. (1.10)

The Sagnac effect in a moving fiber loop is independent of the fiber’s index
of refraction or of the shape of the loop. This has been confirmed in recent
experiments.[5]

For example for electrons of energy ¥ = hw, the phase difference will be

2EvL

he? -
Interference experiments with electrons have been reported in reference [6],
which also has a comprehensive discussion of the many different points of
view of the Sagnac effect that can be taken.

In the GPS, a decision was made to synchronize GPS clocks in the ECI
reference frame. The above discussion demonstrates that observers on earth, in
the ECEF frame, must apply a “Sagnac" correction (the second term in Eq. 1.6)
to their synchronization processes in order to synchronize their clocks to GPS
time.

The correction can be generalized slightly by noting that the distance dx is
in the same direction as the relative velocity v. If dr is the vector increment
of path in the direction of signal propagation, then the Sagnac correction term
can be written

Agp = (1.11)

v -dr
dtsagnac = —2 (1.12)

For applications in the GPS, it is useful to describe this correction term an-
other way, in terms of accounting for motion of the receiver during propagation
of signals from transmitters to receivers. Henceforth only signals propagating
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with speed ¢ will be considered. This assumption also applies to measurements
made locally by the moving observer in the ECEF frame, since at each instant
the measurements of distance and time intervals are the same as they would be
in an inertial frame which instantaneously coincides with the observer in the
ECEF frame and which moves with the instantaneous velocity v of the ECEF
observer. In Eq. 1.3, the velocity v is present to account for the fact that the
signal must catch up to the position at 2’ + dz’ which is moving with veloc-
ity v, and to first order in the small quantity v/c leads directly to the Sagnac
correction term in Eqgs. 1.3 and 1.12. The Sagnac correction can thus be in-
terpreted as an effect which arises in the ECEF frame when one accounts for
motion of the receiver during propagation of the electromagnetic signal with
speed c.

5. Time Transfer with the GPS

In the GPS navigation is accomplished by means of signals from four or
more satellites, whose arrival times are measured at the location of the receiver.
I now consider one such signal in space, transmitted from satellite position r7
at GPS time t7. Let the receiver position at GPS time ¢ be rg, and let the
receiver have velocity v in the ECI frame. Let the signal (considered abstractly
as a pulse) arrive at the receiver at time ¢r. During the time interval At =
tr — tr, the displacement of the receiver is vAt. Since the signal travels with
speed c, the constancy of the speed of light ¢ implies that

A(A1)? = (rg + VAL — 7). (1.13)
To simplify the equation, I define
R=rp—rr. (1.14)
Then to leading order in v,
A(At)? = (R+vAt)? ~ R? + 2v - RAtL. (1.15)

Taking the square root of both sides of Eq. (1.15) and again expanding to
leading order in v gives

-RAt
eAt = R4 20 (1.16)
R
This equation can be solved approximately for At to give
R ‘R
A== T2 (1.17)
c c

The second term in Eq. 1.17 is the Sagnac correction term, which arises when
one accounts for motion of the receiver while the signal propagates from trans-
mitter to receiver. This is illustrated in Figure 1.2.
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(Sagnac correction)

Figure 1.2. Sagnac correction arising from motion of the ECEF observer.

Suppose that the receiver is fixed to the surface of the earth, at a well-
surveyed location so that the receiver position rr is well known at all times.
The velocity of the receiver will be just that due to rotation of the earth with
angular velocity wg, so

V =wg X IR, (1.18)

We take rp to be the vector from earth’s center to the receiver position. Then
the Sagnac correction term can be rewritten as

WE X TR R QWE 1
AtSagnac = =2 =2 <§rR X R> . (1.19)
The quantity 2wg /c? has the value
2
T8 1.6227 x 1072 s/m” = 1.6227 x 107% ns/km? . (1.20)
c
The last factor in Eq. 1.19 can be interpreted as a vector area A:
1
A= rgxR. (1.21)

The only component of A which contributes to the Sagnac correction is along
earth’s angular velocity vector wg, because of the dot product that appears
in the expression. This component is the projection of the area onto a plane
normal to earth’s angular velocity vector. This leads to a simple description
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of the Sagnac correction: Atgugnac is 2wE / ¢? time the area swept out by the
electromagnetic pulse as it travels from the GPS transmitter to the receiver,
projected onto earth’s equatorial plane. This is depicted in Figure 1.3, in which
the receiver is on earth’s surface at the tip of the path vector R.

In the early 1980s clocks in remotely situated timing laboratories were be-
ing compared by using GPS satellites in "common view", that is when one
GPS satellite is observed at the same time by more than one timing laboratory.
In one experiment[7] signals from GPS satellites were utilized in simultane-
ous common view between three pairs of earth timing centers to accomplish
a circumnavigation of the globe. The centers were the National Bureau of
Standards (now the National Institute of Standards and Technology) in Boul-
der, Colorado; Physikalisch-Technische Bundesanstalt in Braunschweig, West
Germany; and Tokyo Astronomical Observatory. A typical geometrical con-
figuration of ground stations and satellites, with the corresponding projected
areas, is illustrated in Figure 1.4. The size of the Sagnac effect calculated
varies from about 240 ns to 350 ns depending on the location of the satellites
at a particular moment. Sufficient data were collected to perform 90 indepen-

dent circumnavigations (ASIREHTENESHOWS ISR aSatelifENSIEastWATdIoD

The mean value of the residuals over 90 days of observation was 5 ns, less
than 2 percent of the magnitude of the calculated total Sagnac correction. A
significant part of these residuals can be attributed to random noise processes
in the clocks.

Sagnac corrections of the form of Eq. 1.19 are routinely used in comparisons
between distant time standards laboratories on earth.

6. GPS Navigation Equations and the ECEF Frame

The navigation problem in GPS is to determine the position of the receiver
in the ECEF reference frame. A by-product of this process is the accurate de-
termination of GPS time at the receiver. In general neither the position nor
the time is known, so the assumptions used in previous sections regarding the
Sagnac effect are of little use. The principles of position determination and
time transfer in the GPS can be very simply stated. Let there be four synchro-
nized atomic clocks which transmit sharply defined pulses from the positions
r; at times ¢;, with j = 1,2, 3,4 an index labelling the different transmission
events. Suppose that these four signals are received at position r at one and
the same instant ¢. This is called "time-tagging at the receiver”, meaning that
observations of the various signals are made simultaneously at the receiver at
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Receiver

Figure 1.3.  Sagnac correction arising from motion of the ECEF observer.

time ¢. Then from the principle of the constancy of the speed of light,
At—t)=r—r;*, j=1,2,34. (1.22)

These four equations can be solved for the unknown space-time coordinates
of the reception event, (¢,r). The solution will provide the position of the
receiver at the time of the simultaneous reception events, ¢t. No knowledge of
the receiver velocity is needed. The Sagnac effect becomes irrelevant. At most
one can say that because the solution gives the final position and time of the
reception event, the Sagnac effect has been automatically accounted for.

However there are complications from the fact that the navigation equa-
tions, Eqgs. 1.22, are valid in the ECI frame, whereas users almost always want
to know their position in the ECEF frame. For discussions of relativity, the par-
ticular choice of ECEF frame is immaterial. Also, the fact the the earth truly
rotates about an axis slightly different from the WGS-84 axis, with a variable
rotation rate, has little consequence for relativity and I shall not go into this
here.

It should be emphasized strongly that the transmitted navigation messages
provide the user only with a function from which the satellite position can be
calculated in the ECEF as a function of the transmission time. Usually the
satellite transmission times ¢; are unequal, so the coordinate system in which
the satellite positions are specified changes orientation from one measurement
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Figure 1.4. Common-view signals from three satellites provide an Around-the-World Sagnac
experiment.

to the next. Therefore to implement Eqgs. (1.22), the receiver must generally
perform a different rotation for each measurement made, into some common
inertial frame, so that Eqs. (1.22) apply. After solving the propagation delay
equations, a final rotation must then be performed into the ECEF to determine
the receiver’s position. This can become exceedingly complicated and confus-
ing. I shall discuss this in a later section.

The purpose of the present discussion is to examine first-order relativistic
effects from the point of view of the ECEF frame. Consider the simplest in-
stance of a transformation from an inertial frame, in which the space-time is
Minkowskian, to a rotating frame of reference. Thus ignoring gravitational
potentials, the metric in an inertial frame in cylindrical coordinates is

—ds? = —(cdt)? + dr? + r’d¢? + d2* (1.23)

and the transformation to a coordinate system {t’, 7/, ¢', 2’} rotating at the uni-
form angular rate wg is

t=t, r=7, ¢o=¢ +wpt/, z=7. (1.24)

This results in the following well-known metric (Langevin metric) in the rotat-
ing frame:

2 w%rﬂ N2 12 711 34/ N2
—ds* = —(1- =5 (cdt’')® 4+ 2wpr“d¢'dt’ + (do’)*, (1.25)
C
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where the abbreviated expression (do’)? = (dr')? + (r'd¢’)? + (dz')? for the
square of the coordinate distance has been used.

The time transformation ¢ = ¢’ in Egs. (1.24) is a result of the convention to
determine time ¢’ in the rotating frame in terms of time in the underlying ECI
frame.

Now consider a process in which observers in the rotating frame attempt to
use Einstein synchronization (that is, the principle of the constancy of the speed
of light) to establish a network of synchronized clocks. Light travels along a
null worldline so I may set ds> = 0 in Eq. (1.25). Also, it is sufficient for
this discussion to keep only terms of first order in the small parameter wgr’/c.
Then

2wprdd/ (cdt’)

c

(cdt')? (do")? =0, (1.26)

and solving for (cdt’),

LUET/2 d(b/

cdt' = do’ + (1.27)

The quantity r"2d¢’ /2 is just the infinitesimal area dA’, in the rotating co-
ordinate system swept out by a vector from the rotation axis to the light pulse,
and projected onto a plane parallel to the equatorial plane. Thus the total time
required for light to traverse some path is

do’ 2
dt' = 2 L E dA’,.  [light] (1.28)
2
path path € & path

Observers fixed on the earth, who were unaware of earth rotation, would use
just [ do’/c for synchronizing their clock network. Observers at rest in the un-
derlying inertial frame would say that this leads to significant path-dependent
inconsistencies, which are proportional to the projected area encompassed by
the path. Consider for example a synchronization process which follows earth’s
equator in the eastwards direction. For earth, 2wp/c? = 1.6227 x 1072
s/m? and the equatorial radius is a; = 6,378,137 m, so the area is 7TCL% =

1.27802 x 10 m? . Thus the last term in Eq. (1.28) is

2
ZE [ AL = 2074 s, (1.29)

c path

From the underlying inertial frame, this can be regarded as the additional travel
time required by light to catch up to the moving reference point. Simple-
minded use of Einstein synchronization in the rotating frame gives only [ do’/c,
and thus leads to a significant error. Traversing the equator once eastward, the
last clock in the synchronization path would lag the first clock by 207.4 ns.
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Traversing the equator once westward, the last clock in the synchronization
path would lead the first clock by 207.4 ns.

In an inertial frame a portable clock can be used to disseminate time. The
clock must be moved so slowly that changes in the moving clock’s rate due
to time dilation, relative to a reference clock at rest on earth’s surface, are
extremely small. On the other hand, observers in a rotating frame who attempt
this find that the proper time elapsed on the portable clock is affected by earth’s
rotation rate. Factoring (dt')? out of the right side of Eq. (1.25), the proper time
increment d7 on the moving clock is given by

2 12 311 I\ 2
2 R P wgr! B 2wpr'“do B do
(dr)* = (ds/c)* = dt [1 ( . ) 2y dr .

(1.30)
For a slowly moving clock (do’/cdt’)? << 1 so the last term in brackets in
Eq. (1.30) can be neglected. Also, keeping only first order terms in the small
quantity wgr’/c,

wE,’,,/2 d(b/

dr =dt — 5

(1.31)
&

which leads to

2we
/ dt' = / dr + = / dA..  [portableclock]  (1.32)
path path c path

This should be compared with Eq. (1.28). Path-dependent discrepancies
in the rotating frame are thus inescapable whether one uses light or portable
clocks to disseminate time, while synchronization in the underlying inertial
frame using either process is self-consistent.

Egs. 1.28 and 1.32 can be reinterpreted as a means of realizing coordinate
time ¢ = t in the rotating frame, if after performing a synchronization pro-
cess appropriate corrections of the form +2wg fpath dA’ /c? are applied. It is
remarkable how many different ways this can be viewed. The different ways
discussed so far in this article include the fact that from the inertial frame it
appears that the reference clock from which the synchronization process starts
is moving, requiring light to traverse a different path than it appears to traverse
in the rotating frame. The Sagnac effect can also be regarded as arising from
the relativity of simultaneity in a Lorentz transformation to a sequence of local
inertial frames co-moving with points on the rotating earth, or as the differ-
ence between proper times of a slowly moving portable clock and a Master
reference clock fixed on earth’s surface.

This was recognized in the early 1980s by the Consultative Committee for
the Definition of the Second and the International Radio Consultative Com-
mittee who formally adopted procedures incorporating such corrections for the
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comparison of time standards located far apart on earth’s surface. For the GPS
it means that synchronization of the entire system of ground-based and orbit-
ing atomic clocks is performed in the local inertial frame, or ECI coordinate
system.

7. Sagnac-like effects due to rotation of the ECEF frame

By design, the ephemerides (positions) of the GPS satellites are broadcast
in such a way that the receiver can compute their positions at the instant of
transmission in the rotating WGS-84 reference frame. For time-tagging at the
receiver, the propagation delays from different satellites can vary from about
67 ms to 86 ms. During this approximately 19 ms transmission time variation,
the ECEF reference frame can rotate more than a microradian and the positions
of the satellites due to this rotation alone can vary by over 30 meters while the
satellites move in inertial space by as much as 60 meters. If this is not carefully
accounted for, unacceptable navigation errors can occur.

It would lead to serious error to assert Eqs. 1.22 were valid in the ECEF
frame. What the receiver must do is rotate the positions of each of the satellites,
that have been computed in the rotating frame, into some chosen ECI frame.
Then Eqs. 1.22 are valid and can be solved in the ECI frame. The resulting
position found in the ECI frame is finally rotated into the WGS-84 frame and
used for navigation.

To illustrate that these rotations give rise to Sagnac-like effects, suppose the
chosen ECI frame instantaneously coincides with the WGS-84 frame at the
instant of arrival of the earliest of the four signals. I denote the GPS time of
arrival of this particular signal by ¢1, and the position of this particular satellite
at this time as ry. Let the time intervals between the arrival of this signal and
the other three signals be denoted by

Ati=t;—t1, i=1,234 (1.33)

where for simplicity I have taken A¢; = 0. During the time interval At; the
ECEF frame has rotated the amount wgAt;. An active rotation of the satellite
position r;( EC E'F') by the amount +wpgAt; is necessary in order to express
the position of satellite ¢ in the inertial frame in which the position r; is ex-
pressed. This rotation operation can be expressed as

r;(ECI) =r;(ECEF) 4+ wp X ri( ECEF)At; . (1.34)

The navigation equations then become
At —t)? = |r —r;(ECEF) —wg x r{(ECEF)At;|* (1.35)
and if I put At = ¢ —t; (no subscript on t) and R; = r — r;(ECEF’) 1 obtain
A(At — At)? = |R; — wg x ry( ECEF)At;|? (1.36)
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Eqgs. 1.36 have within them the four unknowns (At, r). The position solution
for r will be in the ECI frame chosen for computation. After finding this posi-
tion, the result must then be rotated into the ECEF frame for navigation. Since
the ECEF frame rotates an amount wz At during the time interval At, the final
solution for the position in the ECEF frame will be

r(ECEF)=r —wg X rAt. (1.37)

The size of the correction term in this last equation can easily be estimated,
since At ~ .015 s and r ~ 6.4 x 10 m. A typical value will be about 9
meters. Eq. 1.36 can be solved approximately for At by expanding the square
on the right side, keeping only linear terms in wp, and then taking a square
root, similar to the approximations made in deriving Eq. 1.17. The result is

At — Ati i & i wWgE X I'Z(ECEF) Rz
c cR;

The last term in the above equation is a Sagnac-like correction. I can estimate
its magnitude by substituting in an approximate expression for At;:
R, R
Aty ~ — -1 (1.39)

C C

At; . (1.38)

So the correction term becomes, after interchanging dot and cross products,
wEg - I',L(ECEF) X Rz

c2

(1- Ri/R;) . (1.40)

Is this really a Sagnac correction? It is linear in the rotational velocity, the
coefficient can be interpreted in terms of an area, and it is relativistic (there is
a factor 1/c?).

In the case of time-tagging at the transmitters, signals are chosen for pro-
cessing which leave the transmitters at some chosen time ¢7. Then the broad-
cast ephemerides will all be calculated by the receiver in one and the same
ECEF frame. It would then be natural to choose for application of the navi-
gation equations (Egs. 1.22) an inertial frame which coincides with this ECEF
frame at the instant ¢7 of GPS time. But then the signals do not arrive simul-
taneously at the receiver, and the receiver motion during the interval between
arrival of the first and last signals must be accounted for.

To illustrate the size of the Sagnac-like effects that occur in this situation,
let r denote the receiver position at transmission time ¢, and let r; denote the
transmitter position at time ¢7. Imagine these positions to be expressed in an
inertial frame which coincides instantaneously with the ECEF frame at time
tr. Let t; denote the arrival time at the receiver, of the signal from the ith
satellite. The receiver position at time ¢; will be modified by earth rotation and
will be

r+wg xr(ti—tT). (1.41)
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The navigation equations in this inertial reference frame will be
2 2 _ 2
c (ti — tT) = |I‘ +wg X I'(ti — tT) - I'Z'| (1.42)

Because of the similarity of this equation to Eq. 1.13 it is clear that Sagnac-
like corrections will enter solution of the equations. The times ¢; are however
known only to within an added constant, because of a possible error or system-
atic bias in the receiver’s clock. If the arrival times actually measured in the
receiver are ¢, then

ti=t;+0b. (1.43)

where b is the receiver clock bias then the navigation equations become
20, 2 _ / 12
c(ti+b—tr)  =|r+wp xr(t; +b—tr) —ry (1.44)

and the unknowns are (b,r). Obviously there are many other ways of for-
mulating the problem of accounting for receiver motion. A technical note[8§]
discusses these issues in more detail, with numerical examples.

8. Summary

In the GPS, the Sagnac effect arises because the primary reference frame
of interest for navigation is the rotating Earth-Centered, Earth-Fixed frame,
whereas the speed of light is constant in a locally inertial frame, the Earth-
Centered Inertial frame. Additional Sagnac-like effects arise because the satel-
lite ephemerides are broadcast in a form allowing the receiver to compute satel-
lite positions in the ECEF frame. In the case of time-tagging of observations at
the receiver, it is necessary to rotate the satellite positions into a common ECI
reference frame in order apply the principle of the constancy of c. In the rotat-
ing frame of reference the effect appears to arise from a Coriolis-like term in
the fundamental scalar invariant. Whether synchronization procedures are per-
formed by using electromagnetic signals or slowly moving portable clocks, to
leading order the same Sagnac effect arises. The effect is of significant magni-
tude and must be taken into account for accurate navigation. It is also necessary
to apply Sagnac corrections when comparing remote clocks on earth’s surface.
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Abstract

1.

The peculiarities of rotating frames of reference played an important role in the
genesis of general relativity. Considering them, Einstein became convinced that
coordinates have a different status in the general theory of relativity than in the
special theory. This line of thinking was confused, however. To clarify the sit-
uation we investigate the relation between coordinates and the results of space-
time measurements in rotating reference frames. We argue that the difference
between rotating systems (or accelerating systems in general) and inertial sys-
tems does not lie in a different status of the coordinates (which are conventional
in all cases), but rather in different global chronogeometric properties of the var-
ious reference frames. In the course of our discussion we comment on a number
of related issues, such as the question of whether a consideration of the behavior
of rods and clocks is indispensable for the foundation of kinematics, the influ-
ence of acceleration on the behavior of measuring devices, the conventionality
of simultaneity, and the Ehrenfest paradox.

Introduction

In his Autobiographical Notes [1], Einstein relates how important Machian
empiricist ideas were for his discovery of a theory that could reconcile the idea
that all inertial frames are equivalent with the principle that the velocity of light
has a fixed value that is independent of the velocity of the emitting source. It
was essential, he states, to realize what the meaning of coordinates in physics
is: they are nothing but the outcomes of length and time measurements by
means of rods, clocks and light signals. This idea led Einstein to his famous
critique of the classical notion of simultaneity, one of the cornerstones of the
special theory of relativity.

29
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It soon turned out, however, that the special theory of relativity was not able
to accommodate gravitation, and the principle of equivalence, in a natural way.
Einstein fully recognized this problem in 1908, but it took him another seven
years before he succeeded in constructing the general theory. As he explains in
his Autobiographical Notes, the main reason for the slowness of his progress in
this period was the difficulty of abandoning again, in the context of the general
theory, the idea that coordinates should possess immediate metrical meaning.

From a systematical (as opposed to a historical or psychological) point of
view this emphasis on the different meaning of coordinates, in the context of
the two theories, is very odd. For the practice of physics before, during and
after Einstein’s days, even if governed by the severest empiricist norms, does
not at all indicate that coordinates should possess a metrical significance, re-
lating to the indications of rods and clocks. Think, for example, of the way
coordinates are used in observational astronomy: the essential thing is that the
coordinates are assigned to celestial objects in an objective and reproducible
way; how the coordinates relate to distances is a matter to be found out sub-
sequently. Coordinates are even routinely attributed to regions of the universe
in which rods and clocks could not possibly exist. This is obviously unob-
jectionable from an empiricist point of view, as long as the method by which
the coordinates are assigned is operationally specified. So, even within the
framework of special relativity general coordinate systems that do not reflect
the indications of rods and clocks are entirely permissible.

What finally led Einstein to abandon his special relativistic analysis of the
meaning of coordinates, he tells us, was the lack of metrical significance of co-
ordinates in accelerating frames of reference; the consideration of coordinates
on a rotating disc played an important role in reaching this conclusion [2]. But,
as we will see, there is confusion here: the metrical significance of coordinates
in accelerating frames can be determined completely through application of the
principles of special relativity, so there can be no need to revise the meaning
of the notion of coordinates, or to invoke a new epistemological analysis.

As it turns out, the difference between inertial and non-inertial frames of
reference, and between special and general relativity, is not in the epistemo-
logical status of the coordinates. Rather, the difference is that chronogeometric
characteristics become globally different. This is a physical rather than a philo-
sophical difference, and has nothing to do with the meaning or permissibility
of coordinate systems.

The rotating frame of reference nicely illustrates these points. There is no
problem in defining operationally meaningful coordinates in a rotating (and
therefore accelerating) frame. Furthermore, relating these coordinates to dis-
tances and time intervals, and the behavior of moving objects, can be done by
the means provided by special relativity. However, the spatial geometry be-
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comes non-Euclidean, and local Einstein synchrony does not lead to a global
notion of time. These latter features constitute the essential differences from
the situation in an inertial frame.

In the course of our discussion we will have occasion to comment on a
number of related issues, such as the status of rods and clocks, the behavior
of accelerating measuring devices, the conventionality of simultaneity, and the
Ehrenfest paradox.

2. The rotating frame of reference

Let us start from Minkowski space-time, coordinatized by inertial coordi-
nates r, o, z and ¢: r and @ are polar coordinates in a plane, z is a Cartesian
coordinate orthogonal to this plane, and ¢ is the standard time coordinate. It
so happens that r, z, and ¢ can be thought of as representing the indications of
rods and clocks, but that is not important for their role as coordinates, which
is just to pinpoint events unequivocally. The choice of coordinates is conven-
tional and pragmatic. In this case we choose polar coordinates because we are
going to describe a system that possesses axial symmetry: polar coordinates
simplify the description.

Once we have laid down coordinates, the metrical aspects should be intro-
duced via further stipulations. This is ordinarily done through the introduction
of the ‘line element’ ds?> = c2dt? — dr? — r?dyp? — dz?, plus a specification
of what this mathematical expression represents physically. The traditional
approach is to invoke standard rods and clocks: ds/c is the time measured
by a standard clock whose 7, ¢ and z coordinates are constant. Furthermore,
v/ —ds? is the length of a rod with a stationary position in the coordinates and
with constant coordinates and differences dr, dp, dz between its endpoints,
taken at one instant according to standard simultaneity (d¢t = 0). However,
it would be a mistake to think that rods and clocks are indispensable to relate
the coordinates to metrical concepts. In section 4 below we will discuss an
approach that does not make use of rods and material clocks.

We now introduce alternative coordinates for the events in this Minkowski
world: ¢ =t, 7" =r, ¢ = ¢ — wt and 2’ = z, with w a constant. Since rest
in the new coordinates obviously means uniform rotation with respect to the
old frame, we call the frame of reference defined by these new coordinates the
rotating frame of reference.

It is clear that if operational methods are at hand to fix the old coordinates,
the same methods can be used to assign values to the new coordinates (we
assume w to be known). So from an empiricist or operational point of view the
new coordinates are impeccable. However, from the special theory of relativity
we know that material bodies at rest in the new coordinates may not exist (wr
may be greater than c, the velocity of light). It is true, therefore, that the new
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coordinates will not always have a direct interpretation in terms of co-moving
bodies—but this is something to be distinguished sharply from the more general
question of whether they have adequate empirical significance at all.

Substitution of the rotating coordinates into the expression for the line ele-
ment yields ds? = (¢ — r?w?)dt’* — dr'® — 12dy’* — d2'* — 2wr’?dy'dt’.
As we already mentioned, it is a basic principle of the special theory of rel-
ativity that the line element supplies all information about the physics of the
situation, as described in the given coordinates. It was also mentioned above
that the traditional link between ds and physical concepts makes use of clocks
and measuring rods. However, there is another and more fundamental phys-
ical interpretation available that only makes use of the basic laws of motion:
as long as no disturbing forces act, point particles follow time-like geodesics
and light follows null-geodesics in the metric defined by ds2. The relation be-
tween these dynamical aspects (how particles and light move) and the metrical
aspects (rods and clocks) will be the subject of comments in section 4.

3. Rods and clocks

Let us for the moment stay with the physical interpretation of ds in terms of
measurements performed with rods and clocks. Concerning time, the coordi-
nating principle is that ds/c represents proper time, measured by a clock whose
world line connects the events between which ds is calculated. This principle
entails that a clock at rest in the rotating frame will indicate the proper time

ds/c=1/(1 —r"?w2/c2)dt’. (2.1)

Because ¢ = t and t has the physical meaning of the time indicated by a clock
at rest in the old frame, this implies that clocks at rest in the rotating frame are
slow compared to clocks in the original (“laboratory”) frame.

With regard to spatial distances, the interpretative principle is that v/ —ds?
gives the length of an infinitesimal rod whose endpoints are simultaneous ac-
cording to standard simultaneity in the rod’s rest frame ( [3], p.187). (A rod
is a three-dimensional object, so we need a stipulation about the instants at
which its endpoints should be considered in order to get a four-dimensional
interval for which ds can be calculated.) When we apply this rule to rods that
are at rest in the rotating frame of reference, we encounter the complication
that dt’ = 0 does not automatically correspond to standard simultaneity in the
rotating frame. The definition of standard synchrony of two (infinitesimally
near) clocks A and B is that a light signal sent from A to B and immediately
reflected to A, reaches B when B indicates a time that is halfway between the
instants of emission and reception, respectively, as measured by A. Suppose
that A and B, both at rest in the rotating frame, have positions with coordinate
differences dr, dp and dz—from now on we drop the primes of the rotating
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coordinates. A light signal between A and B follows a null-geodesic:
ds® = (¢ — r’w?)dt? — dr? — r’dp? — dz* — 2wridedt = 0. (2.2)

This equation gives the following solutions for d¢ when it is applied to the
signals from A to B and back, respectively:

+wr?de + /(2 — w?r?)(dz2 + dr?) + 2r2dy?

dtLQ = 5 5

(2.3)

c? — w?r?

If ty is the time coordinate of the emission event at A, the event at A with
time coordinate ¢ty + 1/2(dt; + dto) is standard-simultaneous with the event
at B with time coordinate g + dt;. It follows that standard synchrony be-
tween infinitesimally close events corresponds to the following difference in
t-coordinate:

dt = (tg + dt1) — (to + 1/2dt1 + 1/2dts) = (wrdy) /(¢ — wW*r?). (2.4)

As was to be expected, it is only for events that differ in their (-coordinates
that d¢ = 0 is not equivalent to standard simultaneity; indeed, the instanta-
neous velocity of the rotating frame is tangentially directed, and the relativistic
dilation and contraction effects only take place in the direction of the velocity.

The spatial distance between two infinitesimally near points, as measured
by a rod resting in the rotating frame, is found by substituting the just-derived
value of dt, (2.4), in the expression for ds?. The result is the following expres-
sion for the 3-dimensional spatial line element:

r2d<p2

l2 — 2 et
d dre + ey

+dz2. (2.5)

We could have found (2.1) and (2.5) in a simpler way by making use of the
standard expressions for the time dilation and Lorentz contraction undergone
by clocks and rods, respectively, that possess the instantaneous velocity wr.
However, the use of the line element as the central theoretical quantity pro-
vides us with a unifying framework that makes it easier to discuss the relation
between metrical and dynamical concepts.

4. Space and time without rods and clocks

In his Autobiographical Notes, Einstein already points out that from a fun-
damental point of view it is unsatisfactory to interpret ds via measuring proce-
dures with complicated macroscopic instruments. Indeed, this could create the
false impression that rods and clocks are basic entities without which the the-
ory would have no physical content. However, it is clear that rods and clocks
themselves consist of more fundamental entities, like atoms and molecules. In



34 D. Dieks

principle it would therefore be better to base the interpretation of the theory
directly on what it says about the fundamental constituents of matter. It is only
because no complete theory of matter was available, Einstein explains, that
it was expedient to introduce the theory through measurements by rods and
clocks. In principle they should be eliminated at a later stage.

This desideratum, to do without rods and clocks, becomes even more urgent
when accelerated frames of reference are considered, as in the case of our ro-
tating world. Obviously the motions of clocks and rods that are stationary in
the rotating frame are not inertial. Centrifugal and Coriolis forces will there-
fore arise, which will distort the rotating instruments. It is not a priori clear
that such deformed instruments will keep on functioning as indicators of ds.
Indeed, one could easily think of rods or clocks that would be torn apart by
centrifugal forces and would therefore certainly not indicate any length or time
intervals.

Fortunately, it is possible to found the space-time description of our rotat-
ing world on a more fundamental level than that of macroscopic measuring
devices. In fact, in general space-times one can use the basic principles that
time-like geodesics are physically realized by inertially moving point-particles
and that null-geodesics represent light rays, to define space-time distances be-
tween neighboring events ([4], section 16.4). In our case, Minkowski space-
time, we can start by constructing a set of elementary ‘light clocks’ by let-
ting light signals bounce back and forth between neighboring parallel particle
geodesics. If we confine our attention to the plane z = 0, we can take the
geodesics defined in the laboratory frame (the inertial system we started with)
by constant r, ¢ and r + dr, ¢, respectively. The thus constructed clock has
a constant period (the dt between two ‘ticks’) of 2dr/c. In other words, we
have here an elementary process that provides a physical realization of ¢; and
we have come to this conclusion on the basis of the dynamical postulates alone
(the only ingredient is that light follows null-geodesics). Length can be deter-
mined in a similar way: let a light signal depart from A, with fixed  and ¢ and
go to a neighboring position B with 7 + dr and ¢ + dy from which it returns
immediately to A. Let the round trip time measured at A be dt. We can now
define the spatial distance dl between A and B as cdt/2. From the postulate
that light follows null-geodesics it follows that di? = dr? + r2dp?. In this
way the laboratory coordinates obtain metrical significance, without reliance
on macroscopic clocks and rigid rods. When such (complicated) systems are
introduced at a later stage, we can study their workings on the basis of the fun-
damental laws of physics governing their constituents and see, on that basis,
whether they are indeed suitable to measure the just-defined intervals.

We now turn our attention to measurements performed within the rotating
system, i.e. with instruments resting in the rotating coordinates. From Eq.
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(2.3) we see that the round trip time dt needed by a light signal between two
neighboring points that are stationary in the rotating frame of reference is given
by

\/(02 — w?r2)dr? 4+ c?r2dy?

dt = dt1 + dty = 2 5 3

2 —w?r?
If the laboratory coordinate ¢ is used as the measure of time, and if the defini-

tion dl = cdt/2 is used to fix spatial distances, we arrive at the metric

(1 —w?r?/c)dr? + r2dp?
(1 — w?r2/c2)2

However, it is more natural to link the measure of time intervals in the rotating
system to the indications furnished by light clocks that are co-moving, i.e. sta-
tionary in the rotating coordinates instead of stationary in the laboratory frame.
So let a light ray bounce back and forth between two points that only differ in
their r-coordinate, by the amount dr, in the rotating frame. It follows from the
expression (2.2) that the period of the thus defined clock is 2dr/v/c¢? — w?r?,
whereas the period of the similar and instantaneously coinciding clock in the
laboratory frame is 2dr/c. The period of the rotating light clock is therefore
longer, by a factor 1/4/1 — w?r2/c2, than the period of the laboratory clock.
When we now define distances as cdr/2, with 7 measured in the new ‘co-
moving’ time units, we have to multiply the distances we found a moment ago
by v/1 — w?r?/c?. The final result is

di? = dr? + r2de? /(1 — w?r? /).

dl? =

This is the same result as we found in Eq. (2.5).

S. Accelerating measuring devices

The above sketch shows how we can achieve a physical implementation of
the two systems of coordinates, and give them metrical meaning, by the sole
use of point-particles and light. The thus defined space-time distances can be
used to calibrate macroscopic measuring rods and clocks. Indeed, it is clear
that in general such instruments will be deformed by the rotational motion,
and that this will introduce inaccuracies in their readings.

The general effect of accelerations can be illustrated by the consideration
of a light-clock of the kind mentioned above: a light signal bouncing back and
forth between two particle world-lines. Light travelling to and fro between two
mirrors resting in an inertial system, with mutual distance L, defines a clock
with half period 7' = L/c. When the two mirrors move uniformly with the
same velocity @', in a direction parallel to their planes, a simple application of
the Pythagorean theorem shows that the half period of the moving clock be-

comes L/(cy/1 —v2/c?) = T/+/1 —v?/c?. This demonstrates the presence
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of time dilation in the case of a moving light-clock (by means of the relativity
principle this result can be extended to other time-keeping devices). Consider
now what happens if the velocity is not uniform but the system starts acceler-
ating when the light leaves the first mirror, with a small acceleration @ in the
direction of @". As judged from the inertial frame, the light now needs a time
T’ to reach the second mirror; during this time the accelerating mirror system
has covered a distance s ~ vT” + 1/2aT"*. Application of Pythagoras now
yields ¢2T"% = L2 + s2. It follows that

AET? = L2 + 2T + auT" + 1/4a2T’4. (2.6)

The half period 7" that follows from this equation obviously depends on a.
However, it is also obvious that the extent of the change in the period caused by
a depends on the magnitude of 7" itself. If we make 7" in Eq. (2.6) very small,
by reducing L, we find in the limiting situation 7" = T'/y/1 — v?/c?, just as in
the case of the uniformly moving clock. In other words, the acceleration has an
effect, but the magnitude of this effect depends on the peculiarities of the spe-
cific clock we are considering (in this case on L). This acceleration-dependent
effect can be made as small as we wish, by using suitably constructed clocks
(in the example: by reducing L). What remains in all cases is the universal
effect caused by the velocity.

This shows in what sense velocities have a universal effect on length and
time determinations, but accelerations not. There is no independent postu-
late involved here; everything can be derived from the dynamical principles of
special relativity theory, by considering the inner workings of the measuring
devices. It turns out that acceleration-dependent effects are there, but can be
varied, and corrected for, by varying the characteristics of the devices. This
is the real content of the textbook statement that acceleration has no metrical
effects. It should be stressed again that this does not constitute a new hypothe-
sis that has to be added to the dynamical principles of the theory of relativity.
Quite to the contrary, the effects of accelerations on any given clock or mea-
suring rod can be computed from the dynamical principles applied to these
devices.

Of course, that the magnitudes of distortions will depend on the specific con-
stitutions of the rods or clocks in question is only to be expected. Robust rods
and clocks will be less affected accelerations than fragile ones. One way of
correcting for the deformations is to gauge the accelerating instruments against
the light measurements results described in section (4). The expressions (2.1)
and (2.5) should be understood as applying to the results of space-time mea-
surements performed with thus corrected measuring devices.
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6. Space and time in the rotating frame

The spatial geometry defined by the line element (2.5) is non-Euclidean,
with a negative r-dependent curvature (see [5], pp. 330-337). One of the noto-
rious characteristics of this geometry is that the circumference of a circle with
radius 7 (in the plane z = 0) is 277/(1 — w?r?/c?)Y/2, which is greater than
27rr. The recognition that the geometry in accelerated frames of reference will
in general be non-Euclidean, which through the equivalence principle suggests
that the presence of gravitation will also cause deviations from Euclidean ge-
ometry, played an important role in Einstein’s route to General Relativity. We
will restrict ourselves to the special theory, however.

The properties of time in the rotating frame are perhaps even more interest-
ing than the spatial characteristics. Expression (2.4) demonstrates that standard
simultaneity between neighboring events in the rotating frame corresponds to
a non-zero difference dt. It follows that if we go along a circle with radius
r, in the positive ¢-direction, while establishing standard simultaneity along
the way, we create a ‘time gap’ At = 27wr?/(c? — w?r?) upon completion
of the circle. Doing the same thing in the opposite direction results in a time
gap of the same absolute value but with opposite sign. So the total time dif-
ference generated by synchronizing over a complete circle in one direction,
and comparing the result with doing the same thing in the other direction is
At = drwr?/(? — w?r?).

Now suppose that two light signals are emitted from a source fixed in the ro-
tating frame and start travelling, in opposite directions, along the same circle of
constant . We follow the two signals while locally using standard synchronys;
this has the advantage that locally the standard constant velocity c can be at-
tributed to the signals. We therefore conclude that the two signals use the same
amount of time in order to complete their circles and return to their source,
as calculated by integrating the elapsed time intervals measured in the succes-
sive local comoving inertial frames (the signals cover the same distances, with
the same velocity c, as judged from these frames). However, because of the
just-mentioned time gaps the two signals do not complete their circles simul-
taneously, in one event. There is a time difference At = 4rwr?/(c? — w?r?)
between their arrival times, as measured in the coordinate ¢. This is the cele-
brated Sagnac effect (see [6], p. 652 for a related derivation).

The Sagnac effect directly reflects the space-time geometry of the rotating
frame; it does not depend on the specific nature of the signals that propagate in
the two directions. Indeed, as long as the two signals have the same velocities
in the locally defined inertial frames with standard synchrony, the difference
in arrival times is given by the above time gap. So the same Sagnac time
difference is there not only for light, but for any two identical signals running
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into two directions. The Sagnac experiment directly probes the space-time
relations in the rotating frame.

Because of the difference in arrival times of the two light signals, the ve-
locity of light obviously cannot be everywhere the same in the rotating coordi-
nates. This is a consequence of the fact that in the rotating frame events with
equal time coordinate ¢ are not standard simultaneous. So £ may appear as an
unnatural time coordinate for the rotating frame: it would be desirable to have
a time coordinate that would reflect standard simultaneity everywhere. The
question can therefore be asked whether we could define a coordinate ¢ in such
a way that df = 0 would imply standard synchrony in the local inertial frame.
Suppose that = #(¢, 7, ), then we should have that df = 0 if Eq. (2.4) holds.
This implies that w?r?/(c? — w?r?)dt/ot + 0t/0p = 0 and dt/dr = 0. In
view of the axial symmetry in our frame we may assume that 9¢/9¢ = 0. The
only solution of our partial differential equations is therefore that 7 is indepen-
dent of r, ¢ and t, which clearly is unacceptable. Therefore, it turns out to
be a basic characteristic of the rotating frame that the locally defined Lorentz
frames do not mesh: they cannot be combined into one frame with a globally
defined standard simultaneity. Evidently it is possible to define global time
coordinates, like ¢; but the description of physical processes in terms of these
coordinates must necessarily differ from the standard description in inertial
systems. The non-constancy of the velocity of light in the rotating system fur-
nishes an example. It should be noted that this peculiarity of the description of
physical processes in the rotating system is not a consequence of the presence
of centrifugal and Coriolis forces: indeed, in our space-time determinations we
have compensated for the effects of such forces. It is the space-time geometry
itself that is at issue.

7. Simultaneity, slow clock transport and conventionality

As we saw in the previous section, the Sagnac effect is independent of the
nature of the signals that propagate into the two directions on the rotating disc.
So, if we transport two clocks along a circle with radius  around the center of
the disk, one clockwise and one counter-clockwise, while keeping their veloci-
ties the same in the locally co-moving inertial frames, there will be a difference
At = 4rwr?/(c? — w?r?) between their return times (measured in the labo-
ratory time t). It is well known that the indications of the clocks will conform
to standard simultaneity in the limiting situation of vanishing velocities. That
is, if the clocks are transported very slowly with respect to the rotating disc,
they will remain synchronized according to standard simultaneity in the local
inertial frames. It follows that slow clock transport cannot be used to define an
unambiguous global time coordinate on the rotating disc: in the just-mentioned
case the result will depend on whether a clockwise or counter-clockwise path
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is chosen. In general, the result of synchronization by slow clock transport will
be path dependent.

With regard to time in inertial frames, there has been a long-standing and
notorious debate about whether standard simultaneity (¢ = 1/2 according to
Reichenbach’s formulation) is conventional or not. One of the arguments often
put forward against the conventionality thesis is that the natural procedure of
slow clock transport leads to ¢ = 1/2, thus showing its privileged status. In the
case of the rotating world, this argument can only be applied locally. Neither
the Einstein light signal procedure, nor the slow transport of clock can be used
to establish a global notion of simultaneity on the rotating disc.

More generally, it cannot be denied that in inertial frames standard simul-
taneity has a special status: it allows a simple formulation of the laws, con-
forms to slow clock transport and other physically plausible synchronization
procedures, and agrees with Minkowski-orthogonality with respect to world
lines representing the state of rest [7]. So time coordinates ¢ that correspond
to this notion of simultaneity (in the sense that dt = 0 expresses simultaneity)
may be said to be privileged. In non-inertial frames this still is so, though now
the argument applies only locally. The rotating system illustrates the situation
very well: in each point on the disc standard simultaneity can be defined just as
in an inertial system, but this does not result in a global time coordinate. This
supports the general conclusion of this paper, namely that the difference be-
tween the status of coordinates in inertial and non-inertial frames of reference,
or special and general relativity, is not so much a matter of epistemology—or
philosophical analysis of the meaning of coordinates—but rather a matter of
physical facts. In global inertial systems privileged coordinates can be cho-
sen that have a global metrical interpretation. In reference frames that are not
globally inertial such privileged coordinates do not exist in general. This is
not a matter of a different philosophical status of coordinates, but rather a re-
flection of different global space-time symmetry properties—a factual physical
difference rather than a philosophical distinction.

The purpose of coordinates is to label events unambiguously, which can be
done in infinitely many different ways. The choice between these different
possibilities is a matter of pragmatics; though there may be very good reasons
to prefer one choice over another. Thus, in inertial frames of reference time
coordinates that reflect standard simultaneity lead for many purposes to an es-
pecially simple description. In this case there exists a physically significant
global temporal relation between events, and coordinates that are adapted to
this relation inherit its special status. But in the general case no physically
significant simultaneity relation exists. Global "simultaneity" can then only
refer to some global time coordinate, which is chosen conventionally. This is
true in non-inertial frames of reference, like the rotating disc, and in gener-
ally relativistic space-times in which there are no global temporal symmetries.
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These non-inertial frames of reference, and general relativistic space-times,
seem an arena where the thesis that (global) simultaneity is conventional can
be defended without controversy.

8. The rotating Ehrenfest cylinder

Not only in its temporal aspects, but also in its spatial physical properties
the rotating frame differs globally from an inertial frame. Until now we spoke
about a rotating frame of reference as defined by a set of rotating coordinates,
without discussing a possible material realization of this frame. It is clear from
the outset that the special theory of relativity sets limits to such a realization:
objects at rest in the rotating frame should not move faster than light as judged
from the inertial laboratory frame. This implies that wr < ¢ should hold for
such an object. In other words, there is an upper bound to the value of r that
can be realized materially.

However, even if this condition is satisfied there remain interesting ques-
tions, as made clear by Ehrenfest in his famous note on the subject [8]. Sup-
pose that a solid cylinder of radius R is gradually put into rotation about its
axis; finally it reaches a state of uniform rotation with angular velocity w.
It would seem that in the final state the cylinder has to satisfy contradictory
requirements: on the one hand the Lorentz contraction should make the cir-
cumference shorter, on the other hand the radial elements should not contract
because their motion is normal to their lengths. From symmetry it is clear that
the form of a cross section of the moving cylinder remains a circle, as judged
from the laboratory frame; but this would apparently mean that the circum-
ference of the circle has become smaller while the radius has stayed the same.
This is inconsistent (remember that Euclidean geometry holds in the laboratory
frame).

The solution of this paradox is that the various parts of the cylinder, be-
ing fastened to each other, cannot move freely and therefore cannot Lorentz
contract as freely moving infinitesimal measuring rods would do. What will
happen to the cylinder during its acceleration depends on the elastic properties
of the material: tensions will develop because the tangential elements want
to shrink, whereas the radial elements do not. A possible scenario is that the
tangential elements will be stretched as compared to their natural (i.e. Lorentz
contracted) lengths. Another possibility, if the material is sufficiently strong, is
that the radius will contract, allowing the circumference to contract too. How-
ever, if w becomes big enough one would have to expect that the tensions and
strains grow to such an extent that they cause the cylinder to explode. This
makes it clear that the Lorentz contraction can be responsible for clearly dy-
namical effects—the contractions are not just a matter of “perspective” (see [9]
and [10]). (Of course, this whole discussion is rather academical because cen-



Space, Time and Coordinates in a Rotating World 41

trifugal forces will tear the cylinder apart before the relativistic effects become
noticeable.)

As long as the cylinder survives, and keeps its cylindrical shape (as judged
from the laboratory frame), not all its elements will be free from deformations,
tensions or strains. However, the length determinations by measuring rods
at rest in the rotating frame, as discussed in section 3, were supposed to be
carried out with freely movable rods that are not hampered in their Lorentz
contractions. So measuring rods laid out along the circumference of the circle
will have undergone a Lorentz contraction, whereas rods laid out along a radius
will have retained their rest length (as judged from the laboratory system). The
measurement would reveal that the circumference is longer than 27 times the
radius, in conformity with equation (2.5).

The spatial geometry of the disc is therefore non-Euclidean. That means that
distance relations must be represented by a metrical tensor that cannot be put
into the Euclidean diagonal form everywhere. It remains possible, of course,
to choose coordinates locally in such a way that the Euclidean form results at
the point in question. The difference from the inertial system concerns global
aspects, not local ones. The impossibility to define a global coordinate system
in which the metrical tensor reduces to its Euclidean standard form implies
that there cannot be coordinates whose differences correspond to distances ev-
erywhere. The situation is analogous to the one we discussed in the context
of time coordinates: nothing changes in the status and meaning of coordinates
when we go from inertial to non-inertial systems. The things that do change
are the global characteristics of the physical geometry, which are coordinate-
independent.

Conclusion

The transition from inertial to non-inertial frames of reference, and the tran-
sition from special to general relativity, does not imply a change in the status
and meaning of coordinate systems. It is therefore a misunderstanding to think
that general relativity allows a wider class of coordinate systems than classi-
cal physics or special relativity. In classical physics and in relativity theory,
both in inertial systems and non-inertial systems, coordinates just serve to la-
bel events. The choice for a particular coordinate system from the infinity of
possible ones is dictated by pragmatic considerations.

What does change in the transition from inertial to non-inertial systems, and
from special to general relativity, are the global aspects of the physical spatial
and temporal relations. Pragmatic arguments for choosing one coordinate sys-
tem over another may therefore lead to different choices in the different situa-
tions: if geometrical relations have become different, coordinate systems with
different characteristics, adapted to the new geometry, may lead to a simpler
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description. But this does not change the conventional nature of the coordi-
nates.
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Chapter 3

THE HYPOTHESIS OF LOCALITY
AND ITS LIMITATIONS

Bahram Mashhoon

Department of Physics and Astronomy
University of Missouri-Columbia
Columbia, Missouri 65211, USA

Abstract The hypothesis of locality, its origin and consequences are discussed. This sup-
position is necessary for establishing the local spacetime frame of accelerated
observers; in this connection, the measurement of length in a rotating system is
considered in detail. Various limitations of the hypothesis of locality are exam-
ined.

1. Introduction

The basic laws of microphysics have been formulated with respect to ideal
inertial observers. However, all actual observers are accelerated. To interpret
the results of experiments, it is therefore necessary to establish a connection
between actual and inertial observers. This is achieved in the standard theory
of relativity by means of the hypothesis of locality, namely, the assumption that
an accelerated observer at each instant along its worldline is physically equiv-
alent to an otherwise identical momentarily comoving inertial observer. In this
way a noninertial observer passes through a continuous infinity of hypothetical
momentarily comoving inertial observers [1].

The hypothesis of locality stems from Newtonian mechanics, where the state
of a particle is given at each instant of time by its position and velocity. Thus
the accelerated observer and the hypothetical inertial observer share the same
state and are therefore equivalent. Hence, the treatment of accelerated systems
in Newtonian mechanics requires no new assumption. More generally, if all
physical phenomena could be reduced to pointlike coincidences of classical
point particles and electromagnetic rays, then the hypothesis of locality would
be exactly valid. However, an electromagnetic wave has intrinsic scales of
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length and time characterized by its wavelength A and period A/c. For instance,
the measurement of the frequency of the wave necessitates observation of a
few oscillations before a reasonable determination can become possible. If the
state of the observer does not change appreciably over this period of time, then
the hypothesis of locality would be essentially valid. This criterion may be
expressed as \/L << 1, where L is the relevant acceleration length of the
observer. That is, the observer has intrinsic scales of length £ and time £/c
that characterize the degree of variation of its state. For instance, £ = ¢?/a for
an observer with translational acceleration a, while £ = ¢/ for an observer
rotating with frequency €2 [1, 2].

The consistency of these ideas can be seen in the case of an accelerating
charged particle. Imagine a particle of mass m and charge ¢ moving under
the influence of an external force F.,:. The particle radiates electromagnetic
waves that have a characteristic wavelength A ~ £, where L is the acceleration
length of the particle. Thus the interaction of the particle with the electromag-
netic field violates the hypothesis of locality since A/L ~ 1. The radiating
charged particle is therefore not momentarily equivalent to an otherwise iden-
tical comoving inertial particle. This agrees with the fact that in the nonrela-
tivistic approximation the Abraham-Lorentz equation of motion of the particle
is

2 72
mi—z—gz—g%Jr...:Fm , G.1)
so that the state of a radiating particle is not determined by its position and
velocity alone.

Imagine an accelerated measuring device in Minkowski spacetime. The in-
ternal dynamics of the device is then subject to inertial effects that consist of
the inertial forces of classical mechanics together with their generalizations to
electromagnetic and quantum domains. If the net influence of these inertial
effects integrates — over the relevant length and time scales of a measurement
— to perturbations that do not appreciably disturb the result of the measure-
ment and can therefore be neglected, then the hypothesis of locality is valid
and the device can be considered standard (or ideal). Consider, for instance,
the measurement of time dilation in terms of muon lifetime by observing the
decay of muons in a storage ring. It follows from the hypothesis of locality
that 7, = 77’2, where -y is the Lorentz factor and 73 is the lifetime of the muon
at rest in the background inertial frame. On the other hand, the lifetime of such
a muon has been calculated on the basis of quantum theory by assuming that
the muon occupies a high-energy Landau level in a constant magnetic field [3].
One can show that the result of [3] can be expressed as [4]
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2 (2?
143 (3)
Here A = h/(mc) is the Compton wavelength of the muon, m is the muon
mass and £ = ¢?/a, where a = 7?02 /r is the effective centripetal acceleration
of the muons in the storage ring. The hypothesis of locality is completely ade-
quate for such experiments since A/L is extremely small. In fact, the hypoth-
esis of locality is clearly valid in many Earth-bound experimental situations
since ¢?/gg ~ 1lyr and ¢/Qq ~ 28 AU.

The hypothesis of locality plays a crucial role in Einstein’s theory of grav-
itation: Einstein’s principle of equivalence together with the hypothesis of lo-
cality implies that an observer in a gravitational field is locally inertial. Indeed,
the equivalence between an observer in a gravitational field and an accelerated
observer in Minkowski spacetime is useless operationally unless one specifies
what an accelerated observer measures.

The hypothesis of locality was formally introduced in [1] and its limitations
were pointed out. To clarify the origin of this conception, some background
information is provided in section 2. The implications of this assumption for
length determination in rotating systems are pointed out in section 3. Section
4 contains a discussion.

Ty Ty (3.2)

2. Background

Maxwell’s considerations regarding optical phenomena in moving systems
implicitly contained the hypothesis of locality [5]. The fundamental form of
Maxwell’s theory of electromagnetism, derived from Maxwell’s original elec-
trodynamics of media, is essentially due to Lorentz’s development of the theory
of electrons.

Lorentz conceived of an electron as an extremely small charged particle with
a certain smooth volume charge density. A free electron at rest was regarded
as a spherical material system with certain internal forces that ensured the con-
stancy of its size and form. An electron in translational motion would then be
a flattened ellipsoid according to Lorentz, since it would be deformed from its
original spherical shape by the Lorentz-FitzGerald contraction in the direction
of its motion. The internal dynamics of electrons therefore became a subject of
scientific inquiry and in 1906 Poincaré postulated the existence of a particular
type of internal stress that could balance the electrostatic repulsion even in a
moving (and hence flattened) electron. These issues are discussed in detail in
the fifth chapter (on optical phenomena in moving bodies) of Lorentz’s book
[6] on the theory of electrons.

In extending the Lorentz transformations in a pointwise manner to acceler-
ating electrons, Lorentz encountered a problem regarding the dynamical equi-
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librium of the internal state of the electron. To avoid this problem, Lorentz
introduced a basic assumption that is discussed in section 183 of his book [6]:

13

.. it has been presupposed that in a curvilinear motion the electron constantly
has its short axis along the tangent to the path, and that, while the velocity
changes, the ratio between the axes of the ellipsoid is changing at the same time.”

To elucidate this assumption, Lorentz explained its approximate validity as
follows (§183 of [6]):

“... If the form and the orientation of the electron are determined by forces, we
cannot be certain that there exists at every instant a state of equilibrium. Even
while the translation is constant, there may be small oscillations of the corpuscle,
both in shape and in orientation, and under variable circumstances, i.e. when
the velocity of translation is changing either in direction or in magnitude, the
lagging behind of which we have just spoken cannot be entirely avoided. The
case is similar to that of a pendulum bob acted on by a variable force, whose
changes, as is well known, it does not instantaneously follow. The pendulum
may, however, approximately be said to do so when the variations of the force are
very slow in comparison with its own free vibrations. Similarly, the electron may
be regarded as being, at every instant, in the state of equilibrium corresponding
to its velocity, provided that the time in which the velocity changes perceptibly
be very much longer than the period of the oscillations that can be performed
under the influence of the regulating forces.”

It is therefore clear that the hypothesis of locality and its limitation were dis-
cussed by Lorentz for the case of the motion of electrons.

Einstein, in conformity with his general approach of formulating symmetry-
like principles that would be independent of the specific nature of matter, sim-
ply adopted the same general assumption for rods and clocks. In fact, in dis-
cussing the rotating disk problem, Einstein stated in a footnote on page 60 of
[7] that:

“These considerations assume that the behavior of rods and clocks depends only

upon velocities, and not upon accelerations, or, at least, that the influence of
acceleration does not counteract that of velocity.”

The modern experimental foundation of Einstein’s theory of gravitation neces-
sitates that this assumption be extended to all (standard) measuring devices;
therefore, the hypothesis of locality supersedes the clock hypothesis, etc.

Though the hypothesis of locality originates from Newtonian mechanics,
one should point out that the state of a relativistic point particle differs from
that in Newtonian mechanics: the magnitude of velocity is always less than c.
Moreover, the hypothesis of locality rests on the possibility of defining instan-
taneous inertial rest frames along the worldline of an arbitrary point particle. In
fact, Minkowski raised this possibility and hence the corresponding hypothesis
of locality to the level of a fundamental axiom [8].

Another aspect of Lorentz’s presupposition must be mentioned here that in-
volves the extension of the notion of rigid motion to the relativistic domain: the
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electron moves rigidly as it is always undeformed in its momentary rest frame.
The notion of rigid motion in the special and general theories of relativity has
been discussed by a number of authors [9, 10, 11, 12, 13]. It is important to
note that the concept of an infinitesimal rigid rod is indispensable in the theory
of relativity (cf. section 3).

In some expositions of relativity theory, such as [10] and [14], the hypoth-
esis of locality is completely implicit. For instance, in Robertson’s paper on
“Postulate versus Observation in the Special Theory of Relativity” [14], atten-
tion is simply confined to “the kinematics im kleinen of physical spacetime”
[14]. However, when interpreting the observational foundations of special rel-
ativity, one must recognize that actual observers are all accelerated and that the
difference between accelerated and inertial observers must be investigated; in
fact, this problem is ignored in [14] by simply asserting that physics is essen-
tially local.

3. Length measurement

To illustrate the nature of the hypothesis of locality, it is interesting to con-
sider spatial measurements of rotating observers. Imagine observers A and B
moving on a circle of radius r about the origin in the (x,y)-plane of a back-
ground global inertial frame with coordinates (¢, x,y, z). Expressed in terms
of the azimuthal angle ¢, the location of A and B at ¢ = 0 can be chosen such
that o4 = 0 and pp = A with no loss in generality. The motion of A and B
is then assumed to be such that for ¢ > 0 they rotate in exactly the same way
along the circle with angular frequency Qo (t) > 0. Thus for t > 0 observers
A and B can be characterized by the azimuthal angles

t t
palt) = /0 Qo(¥)d! , en(t) = A+ /0 Qo(t)dt . (33)

According to the static inertial observers in the background global frame,
the angular separation of A and B is constant at any time ¢ > 0 and is given
by pp(t) — pa(t) = A; moreover, the spatial separation of the two observers
along the circular arc at time ¢ > 01is £(t) = rA.

Consider now a class of observers O populating the whole arc from A to
B and moving exactly the same way as A and B. At any time ¢t > 0, it
appears to inertial observers at rest in the background frame that these rotating
observers are all at rest in the (z', 4/, 2’) system that is obtained from (x, y, 2)
by a simple rotation about the z-axis with frequency Qo (t). What is the length
of the arc according to these rotating observers? It follows from an application
of the hypothesis of locality that for ¢ > 0 the spatial separation between A
and B as measured by the rotating observers is ¢/ = 4£(t), where ¥ is the
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Lorentz factor corresponding to v = TQO(t). Units are chosen here such that
¢ = 1 throughout this section. Indeed at any time ¢ > 0 in the inertial frame,
each observer O is momentarily equivalent to a comoving inertial observer
and the corresponding infinitesimal element of the arc d¢ has a rest length
d¢" in the momentarily comoving inertial frame such that from the Lorentz
transformation between this local inertial frame and the global background
inertial frame one obtains

V1—92 60 =6¢ 34

in accordance with the Lorentz-FitzGerald contraction. Defining

V=6, (3.5)

where each 6/’ is the infinitesimal length at rest in a different local inertial
frame, one arrives at ¢’ = 4/, since 0(t) is the same for the class of observers
O at time t. The same result is obtained if length is measured using light
travel time over infinitesimal distances between observers O, since in each
local inertial frame the two methods give the same answer. As is well known,
the light signals could also be used for the synchronization of standard clocks
carried by observers O.

It is important to remark here that equation (3.5) is far from a proper geo-
metric definition of length and one must question whether it is even physically
reasonable, since each §¢ in equation (3.5) refers to a different local Lorentz
frame. In any case, in this approach the length of the arc as measured by the
accelerated observers is

0 =4t)rA . (3.6)

The sum in equation (3.5) involves infinitesimal rest segments each from
a separate local inertial frame. Perhaps the situation could be improved by
combining these infinite disjoint local inertial rest frames into one continuous
accelerated frame of reference. The most natural way to accomplish this would
involve choosing one of the noninertial observers on the arc and establishing
a geodesic coordinate system along its worldline. In such a system, the mea-
sure of separation along the worldline (proper time) and away from it (proper
length) would also be determined by the hypothesis of locality. That is, at any
instant of proper time the rules of Euclidean geometry are applicable as the ac-
celerated observer is instantaneously inertial. It turns out that the length of the
arc determined in this way would in general be different from ¢’ and would de-
pend on which reference observer O : A — B is chosen for this purpose [15].
To illustrate this state of affairs and for the sake of concreteness, in the rest of
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this section the length of the arc will be determined in a geodesic coordinate
system along the worldline of observer A and the result will be compared with
equation (3.6).

In the background inertial frame, the coordinates of observer A are

l’ff‘ = (t,rcospa,rsinpy,0) , 3.7)

and the proper time along the worldline of A is given by

t
- / NI (3.8)
0

where 7 = 0 at ¢ = 0 by assumption. It is further assumed that 7 = 7(¢) has
an inverse and the inverse function is denoted by ¢t = F'(7). Thus dt/dr =
dF/dr = ~v(r) = (1 — v?)~1/2 is the Lorentz factor along the worldline of
A, so that v(7) := ©(t) and v(7) := 4(t). Moreover, it is useful to define
(1) = @a(t) and dp/dr = ~Qo(7), where Qo(7) := Qo(t). With these
definitions, the natural orthonormal tetrad frame along the worldline of A for
T > 01is given by

)\“(0) = (1, —vsin¢,vcos ¢,0) , (3.9)
Xy = (0,cos¢,5in¢,0) , (3.10)
)\”(2) = (v, —sin¢,cosp,0) , (3.11)
N (0,0,0,1), (3.12)

where M\ 0 = dz'y /dr is the temporal axis and the spatial triad corresponds
to the natural spatial frame of the rotating observer. To obtain this tetrad in a
simple fashion, first note that by setting » = 0 and hence v = 0 and v = 1
in equations (3.9) - (3.12) one has the natural tetrad of the fixed noninertial
observer at the spatial origin — as well as the class of noninertial observers
at rest in the background inertial frame — that refers its observations to the
axes of the (2/, 3/, 2’) coordinate system alluded to before; then, boosting this
tetrad with speed v along the second spatial axis tangent to the circle of radius
r results in equations (3.9) - (3.12).

It follows from the orthonormality of the tetrad system (3.9) - (3.12) that the
acceleration tensor 4,3 defined by

A\
= AL N (3.13)

is antisymmetric. The translational acceleration of observer A, which is the
“electric” part of the acceleration tensor (a; = Ay;), is given by
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dv
dr ’
with respect to the tetrad frame and similarly the rotational frequency of A,
which is the “magnetic” part of the acceleration tensor (£2; = %eijkAj k), is
given by

a= (=" , 7 0) (3.14)

Q= (0,0,4°Q) . (3.15)

Moreover, in close analogy with electrodynamics, one can define the invariants
of the acceleration tensor as

d 2
I=—a?+ Q% =202 — (—”) (3.16)
dr
and [* = —a - 2 = 0. The analogue of a null electromagnetic field is in this

case a null acceleration tensor; that is, an acceleration tensor is null if both 1
and I* vanish. A rotating observer with a null acceleration tensor is discussed
in the appendix.

The translational acceleration a consists of the well-known centripetal ac-
celeration 2v? /r and the tangential acceleration y2dv/dr. The latter formula
is consistent with the corresponding result in the case of linear acceleration
along a fixed direction. To interpret equation (3.15) as the frequency of rotation
of the spatial frame with respect to a local nonrotating frame, it is necessary
to construct a nonrotating, i.e. Fermi-Walker transported, orthonormal tetrad

frjme M (o) 2long the worldline of observer A. Let M 0 = A 0 M 3) =
A 3) and
)\“(1) = cos®d )\”(1) —sin® /\“(2) , (3.17)
)\“(2) = sin® /\“(1) + cos ® )\“(2) , (3.18)
where the angle ® is defined by
o = / Q(rdr' (3.19)
0

so that d® /dr = ~%€). It remains to show that e (i) 1 =1,2,3, correspond

to local ideal gyroscope directions. This can be demonstrated explicitly using
equations (3.17) - (3.19) and one finds that

N _ s

7 = a; A (0) > (320)
where a is the translational acceleration with respect to the nonrotating frame,
as expected. It is straightforward to study the average motion of the spatial
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frame A\ (@) with respect to the background inertial axes and illustrate Thomas

precession with frequency (1 — 7)(20 per unit time ¢. That is, the frame of
the accelerated observer rotates with frequency Qo(t) about the background
inertial axes, while the Fermi-Walker transported frame rotates with frequency
—fAyQO per unit time ¢ with respect to the frame of the accelerated observer
according to equations (3.17) - (3.19); therefore, the unit gyroscope directions
precess with respect to the background inertial frame with frequency (1—%) Qo
as measured by the static background inertial observers.

Along the worldline of observer A, the geodesic coordinates can be intro-
duced as follows: At a proper time 7, consider the straight spacelike geodesics
that span the hyperplane orthogonal to the worldline. Anevent z# = (¢, z,vy, 2)
on this hyperplane is assigned geodesic coordinates X* = (7', X) such that

ot =zt (1) + XiAu(i)(T) , T=T . (3.21)

Let X = (X,Y, Z) and recall that along the worldline of A,t = F(7) and
wA(t) = ¢(7); then, the transformation to the new coordinates is given by

t = F(T)+~(T)w(T)Y | (3.22)
x = (X+r)cosop(T)—~(T)Y sing(T) (3.23)
y = (X +7)sinp(T) +y(T)Y coso(T) (3.24)
z = (3.25)

For » = 0, the geodesic coordinate system reduces to (t', 2,1/, 2"), where
t' = t; that is, the standard rotating coordinate system is simply the geodesic
coordinate system constructed along the worldline of the noninertial observer
at rest at the origin of spatial coordinates.

The form of the metric tensor in the geodesic coordinate system has been
discussed in [1, 15, 16]. It turns out that in the case under consideration here
the geodesic coordinates are admissible within a cylindrical region [16]. The
boundary of this region is a real elliptic cylinder for I > 0, a parabolic cylinder
for I = 0 or a hyperbolic cylinder for I < 0, where the acceleration invariant
1 is given by equation (3.16).

The class of observers O : A — B lies on an arc of the circle 22+y? = r%in
the background coordinate system; therefore, it follows from equations (3.23)
and (3.24) that in the geodesic coordinate system the corresponding figure is
an ellipse

(X +7)? n Yy?
r2 (ry1)2

=1 (3.26)
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with semimajor axis 7, semiminor axis 7v/1 — v2 and eccentricity v. The latter
quantities are in general dependent upon time 7', hence at a given time ¢ each
observer lies on a different ellipse. It is natural to think of the ellipse (3.26) as
a circle of radius r that has suffered Lorentz-FitzGerald contraction along the
direction of motion [1, 15].

The measurement of the length from A to B in the new system involves the
integration of dL,dL? = dX? + dY?, along the curve from A : (T4,0,0,0)
to B : (ITp,XpB,Yn,0) corresponding to A : (¢,7cospa, rsinpa,0) and
B : (t,rcospp,rsinppg,0) in the background inertial frame. To clarify the
situation, it is useful to introduce — in analogy with the elliptic motion in the
Kepler problem — the eccentric anomaly 6 by

X+r=rcosf , Y =rv1—1v2sinf . (3.27)

Then, for a typical rotating observer O : (¢, r cos ¢, 7 sin ¢, 0) on the arc from
A — B with

t
¢:6+/‘deﬁ’ (3.28)
0

one has in geodesic coordinates O : (T, X, Y, 0), where X and Y are given by
equations (3.27), and equations (3.22) - (3.24) imply that

t=F(T)+rv(T)sind |, (3.29)

=04+ ¢(T) . (3.30)
As O ranges from A to B, § : 0 — A in equation (3.28) and hence 6 : 0 — ©.

For a fixed t,t = F(T4), equation (3.29) can be solved to give T as a function
of 0; then, a detailed calculation involving equations (3.27) - (3.30) shows that

S]
L:r/ V1—v2Wcos26 df . (3.3D)
0
Here W is defined by

22

5 1 —729%sin? 0

—_— 3.32
(y+rosing)? ’ (3-32)

W =~

¥ = dv/dT and © can be found in terms of A by solving equations (3.29) and
(3.30) at B:

t=F(Tg)+rv(Tp)sin® , (3.33)
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t
A+ / Qo(t)dt' = © + ¢(Tp) . (3.34)
0

In practice, the explicit calculation of L can be rather complicated; there-
fore, for the sake of simplicity only the case of constant v (i.e. uniform rota-
tion) will be considered further here [1, 15]. Then, W = 1 and equation (3.31)
simply refers to the arc of a constant ellipse for which a Kepler-like equation

0 —v?sinf =46 (3.35)

follows from equations (3.29) and (3.30). Furthermore, the proper acceleration
length of the uniformly rotating observer A is given by £ = /2 = (y0) 1.
The case of uniform rotation, where L and ¢’ are independent of time and
L # ¢ in general, has been treated in detail in [1, 15] and it is clear that
irrespective of the magnitude of A, L /¢’ — 1 as r/L = vy — 0; on the other
hand for A — 0, L/¢' — 1 irrespective of v < 1. That is, consistency can be
achieved only if the length under consideration is negligibly small compared
to the acceleration length of the observer.

4. Discussion

It is important to recognize that the hypothesis of locality is an essential
element of the theories of special and general relativity. In particular, it is
indispensable for the measurement of spatial and temporal intervals by accel-
erated observers. Therefore, relativistic measurement theory must take this
basic assumption and its limitations into account. This has been done for the
measurement of time in [17]. In connection with the measurement of distance,
it has been shown that there is a lack of uniqueness; however, this problem
can be resolved if the distance under consideration is much smaller than the
relevant acceleration length of the observer [1, 15]. This means that from a
basic standpoint the significance of noninertial reference frames is rather lim-
ited [16]. In practice, however, the difference between L and ¢’ (discussed in
section 3) is usually rather small; for instance, in the case of the equatorial
circumference of the Earth this difference amounts to about 10~2 cm [15].

The application of these concepts to standard accelerated measuring devices
that are by definition consistent with the hypothesis of locality results in a cer-
tain maximal acceleration [18, 19] that is imposed by the quantum theory. For
aclassical device of mass M, the dimensions of the device must be much larger
than h/(Mc) according to the quantum theory of measurement [20, 21]. On
the other hand, the dimensions of the device must be much smaller than its
acceleration length £ . It follows that £ >> h/(Mc) for any standard classi-
cal measuring device [2, 4]. Thus for £ = c? /a, the translational acceleration
a must be much smaller than Mc3/h, while for £ = ¢/$Q, the rotational fre-
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quency €2 must be much smaller than M c?/h. Further discussion of the notion
of maximal acceleration is contained in [22].

The hypothesis of locality is compatible with wave phenomena only when
the latter are considered in the ray limit (\/£ — 0). To go beyond the ba-
sic limitations inherent in the hypothesis of locality regarding the treatment of
wave phenomena, a nonlocal theory of accelerated observers has been devel-
oped [23, 24, 25]. In this theory, the amplitude of a radiation field as measured
by an accelerated observer depends on its history, namely, its past worldline in
Minkowski spacetime. This acceleration-induced nonlocality constitutes the
first step in the program of developing a nonlocal theory of gravitation.

Appendix: Null acceleration

The relativistic theory of an observer in arbitrary circular motion is treated in section 3. In
this case, the proper acceleration length of the observer is defined to be |1 |’1/ 2 where T is
given by equation (3.16). It is interesting to study the circular motion of an observer with a
constant prescribed magnitude of . In fact, equation (3.16) can be written as

AN 2
(%) = iQ *(1—9%)% - I(1 -0,

T

which for constant I can be simply integrated. For the null acceleration case I = 0, the solution
is

7% = 1+7]6I2%

for n > 0. The upper sign refers to motion that asymptotically (¢ — oo) approaches the speed
of light, while the lower sign corresponds to an asymptotic state of rest.
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Abstract Transformations of space and time depending on a synchronization parameter ,
e1, indicate the existence of a privileged inertial system Sy. The Lorentz trans-
formations are obtained for a particular e; # 0. No classical experiment on
inertial frames depends on the choice of e1, but if accelerations are considered
only e; = 0 remains possible. The choice e; = 0 provides a rational resolution
of the long standing mystery connected with the relativistic interpretation of the
Sagnac effect.

1. History: 1913 - 2003

In the Sagnac 1913 experiment a circular platform was made to rotate uni-
formly around a vertical axis at a rate of 1-2 full rotations per second. In an
interferometer mounted on the platform, two interfering light beams, reflected
by four mirrors, propagated in opposite directions along a closed horizontal cir-
cuit defining a certain area A. The rotating system included also the luminous
source and a detector (a photographic plate recording the interference fringes).
On the pictures obtained during a clockwise and a counterclockwise rotation
with the same frequency, the interference fringes were observed to be in differ-
ent positions. Sagnac measured the relative displacement Az by overlapping
the two figures.

This displacement Az is strictly tied to the time delay with which a light
beam reaches the detector with respect to the other one and turned out to de-
pend on the disk angular velocity. Sagnac observed a shift of the interfer-
ence fringes every time the rotation was modified. Considering his experiment
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Figure 4.1. Simplified configuration of the Sagnac apparatus. Light from a source S is divided
in two parts by the semitransparent mirror A. The first part follows the path ABC' D AO concor-
dant with the platform rotation, the second part follows ADC B AQO discordant from rotation.
The interference fringes are observed in O.

conceptually similar to the Michelson-Morley one, he informed the scientific
community with two papers (in French) bearing the titles "The existence of the
luminiferous ether demonstrated by means of the effect of a relative ether wind
in an uniformly rotating interferometer"[1] and "On the proof of reality of the
luminiferous ether with the experiment of the rotating interferometer"[2].

The experiment was repeated many times in different ways, with the full
confirmation of the results obtained by Sagnac. Famous is the 1925 repetition
by Michelson and Gale[3] for the very large dimensions of the optical inter-
ference system (a rectangle about 650m x 360m); in this case the disk was the
Earth itself at the latitude concerned. The light propagation times were not the
same, as evidenced by the resulting fringe shift. Full consistency was found
with the Sagnac formula [Eq. (4.3) below] if the angular velocity of the Earth
rotation was used.

An important question is the following: can light propagate with the usual
velocity crelatively to the rotating platform? The question was directly faced in
the 1942 experiment by Dufour e Prunier[4], in which the mirrors defining the
paths of the interfering light beams were partly fixed in the laboratory (directly
above the disk) and partly in the spinning disk. The fringe shifts were the same
as in a repetition of the test with all mirrors fixed on the disk, confirming that
the light does not adapt to the movement of the disk, and that it is physically
connected with some other reference system, in all probability inertial.

Surprisingly theoreticians were little interested in the Sagnac effect, as if it
did not pose a conceptual challenge. As far as I know Einstein’s publications
never mentioned it, for example. A first discussion by Langevin came only 7-
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8 years later[5] and was as much formally self-assured as substantially weak.
One of the opening statements is this: "I will show how the theory of general
relativity explains the results of Sagnac’s experiment in a quantitative way".
Langevin argues that Sagnac’s is a first order experiment, on which all theo-
ries (relativistic or prerelativistic) must agree qualitatively and quantitatively,
given that the experimental precision does not allow one to detect second order
effects: therefore it cannot produce evidence for or against any theory. Then
he goes on to show that an application of Galilean kinematics explains the em-
pirical observations! In fact his approach is only slightly veiled in relativistic
form by some words and symbols, but is really 100% Galilean.

The impression that Langevin, beyond words, could not be satisfied with
his explanation is reinforced by his second article of 1937[6] in which two(!)
relativistic treatments are presented. The first one is still that of 1921, this time
deduced from the strange idea that the time to be adopted everywhere on the
platform is that of the rotational centre (which is motionless in the laboratory).
The second one is to define "time" in such a way as to enforce a velocity of
light constant and equal to c by starting from a non total differential, falling so
flatly in the problem of the discontinuity for a tour around the disk that we will
discuss later.

In 1963 was published the very influential review paper by Post[7], who
seems to agree with the idea that two relativistic proofs of the Sagnac effect are
better than one. The first proof (in the main text) uses arbitrarily the laboratory
to platform transformation of time ¢’ = ¢ R where R is the usual square root
factor of relativity, here written with the rotational velocity. The second proof
(in an appendix) starts from the Lorentz transformation t’ = (¢ + ¢ - 7/c?) /R,
but it hastens to make the second term disappear with the (arbitrary) choice of
7’ perpendicular to /.

The tendency to cancel the spatial variables in the transformation of time is
thus common to Langevin and Post and shows once more the great difficulty
in explaining the physics of the rotating platform with the TSR. The final re-
sult can only be a great confusion, to the point that Hasselbach and Nicklaus,
describing their own experiment[8], list about twenty different explanations of
the Sagnac effect and comment: "This great variety (if not disparity) in the
derivation of the Sagnac phase shift constitutes one of the several controver-
sies ... that have been surrounding the Sagnac effect since the earliest days of
studying interferences in rotating frames of reference".

In the present paper we will show that the problems concerning the Sagnac
effect are overcome by adopting on the rotating platform the one way velocity
of light given by

A0) = T Geost @1
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with = w r/c, where r is the distance from the platform rotation centre, w
the angular velocity and 6 the angle between the light propagation direction
and the rotational velocity in the point where light is moving. In general c;(0)
varies from point to point of the light path, but it equals constantly either ¢;(0)
or ¢1 () if light is moving on a circle centered in the platform rotation centre.

Equation (4.1) is valid in inertial systems, where the "inertial transforma-
tions" give the best description of the empirical evidence[9]: see Appendix
4.B for a short review. It applies also to the rotating platform, a small seg-
ment of which for a short time can be considered as practically belonging to a
comoving inertial system.

2. The Sagnac Correction on the Earth Surface

As recounted by Kelly[10], in 1980 the CCDS (Comite Consultatif pour la
Definition de la Seconde) and in 1990 the CCIR (International Radio Consulta-
tive Committee) suggested rules - later universally adopted - for synchronizing
clocks in different points of the globe. Two are the methods used to accom-
plish this task. The first one is to transport a clock from one site to another
and to regulate clocks at rest in the second site with the time reading of the
transported clock. The second method is to send an electromagnetic signal in-
forming the'second' site of the time reading in the first'site? The rules of the
committee establish that three corrections should be applied before comparing
clock readings:

(a) the first correction keeps into account the velocity effect of the theory of
special relativity (TSR). It is proportional to v?/2¢2, where v is the velocity of
the airplane, and corresponds to a slower timing of the transported clock;

(b) the second correction keeps into account the gravitational effect of the
theory of general relativity (TGR). It is proportional to g(¢)h/c? where g is
the total acceleration (gravitational and centrifugal) at sea level at the latitude
¢ and h is the height over sea level. It corresponds to a faster timing of the
transported clock;

(c) the "Sagnac correction” is assumed proportional to 24 pw/ 2, where
AFp is the equatorial projection of the area enclosed by the path of travel of the
clock (or of the electromagnetic signal) and the lines connecting the two clock
sites to the centre of the Earth, and w is the angular velocity of the Earth.

There are no doubts about nature and need of the first two corrections, but

the justification of the third one is unconvincing. (Hagfeeicompletelywitiikells)

@ v hen he says that the only possible reason to include (c) is that the east-
ward velocity of light relative to the Earth is different from the westward.
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Figure 4.2. An electromagnetic signal travels between two points W and 7" on the Earth via a
geostationary satellite S (seen from the North pole).

In fact we will next deduce, for a real experiment, the "Sagnac correction”
from Eq. (4.1) applied to a geostationary satellite, for which the satellite itself
and the Earth surface can be thought to be at rest on the same rotating platform.

Saburi et al. carried out their experiment in 1976, before the CCDS and
CCIR deliberations, and made clear that "corrections" were indeed necessary
already in the title of their paper[12] ("High-Precision Time Comparison via
Satellite and Observed Discrepancy of Synchronization"). They had two atomic
clocks, not quite synchronous, one in a first station W (near Washington, USA)
the other one in a second station 7" (near Tokyo, Japan) practically on the same
parallel of the two cities. The time difference between the two clocks at 02h
34m UTC on August 27, 1976 was measured with two different methods:

(i) by sending an airplane carrying a third clock (initially synchronous with
the one in W) from W to T', via Hawaii (westward);

(i1) by sending an electromagnetic signal, via a geostationary satellite, from
W to T', again westward.

The uncorrected airplane clock found the 7" clock 9.42 ps fast with respect
to the W clock. The velocity correction and the gravitational correction to-
gether were estimated to be about 0.080 w5 (to be subtracted to the time shown
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by the transported clock). By applying such a correction the 7' — W time
difference increased to 9.50 us.

The electromagnetic signal carried with itself the time shown by the clock of
the transmitting station. Assuming that the signal velocity was c, it was found
that the T clock was 9.11 ps fast with respect to the W clock.

Thus, the discrepancy between the two measurements was about 0.39 ps.

Let Ly s and Lgr the Washington-satellite and Tokyo-satellite distances,
respectively (see figure 4.2). As most physicists in similar experiments, Saburi
and collaborators synchronized clocks by imposing that the velocity of light is
¢, that is in such a way that

L L
tr — ty = Lws + Lst 4.2)
c
tw and t7 being the times of signal departure from W and arrival in T" as
marked by the respective clocks. In order to ensure that Eq. (4.2) applied to
their clocks they had to apply the so called "Sagnac correction" to the clock of
the receiving station. Such a correction is given by

QQJAE

Aty = 5 4.3)
c

where Ap is the area of the quadrangle OW ST O of figure 4.2.

By adopting (4.2) Saburi and collaborators made an error because, as we
now know (see Appendix 4.B), the correct velocity of light is that given by the
inertial transformations, which in the appropriate directions is

C C

- = 44
1 + Bcosaws st 1 + Bcosagr )

Cws =
where = w r/c (r is the radius of the W — T parallel and w is the Earth
angular velocity), ayy g is the angle between the line W S and the local velocity
(normal to the radius OW), agr is the angle between the line ST and the
normal to the radius OT' in figure 4.2. Therefore

T T
aws = 0w — Siasr = 0r — 4.5)
2 2
where 0y and 67 are the angles OW S and OT'S of figure 4.2, respectively.
But (4.4) is not the velocity adopted in this experiment. Having imposed the
impossible condition (4.2) the quoted authors had now to apply the mysterious
"Sagnac correction" At7 on the time of arrival in 7. Such a correction, from
our point of view, can be calculated by replacing c with cyy g and cgr as follows
Lws  Lws | Lsr  Lgr

Aty = - + - (4.6)
Cws C CST C
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which is positive because ¢ > cwg, cgr. One can also write

B (Lwscosaws + Lgrcosasr)

Atr = 4.7
c
whence, using (4.5)
Aty — wr (Lws sindw + Lgr sinfr) 4.8)

c2

But r Ly g sin Oy +rLgr sin 0 = 2AE, where A is the area of the quadran-
gle OW STO of figure 4.2. We have thus provided a full physical justification
of (4.3). We see that the mystery of the "Sagnac correction" of Earth physics
is fully eliminated by adopting the inertial transformations. The procedure
which we can suggest to experimentalists is to avoid using a wrong velocity of
light and correcting the result with an ad hoc term, but rather to use from the
beginning the velocity of light (4.1) of the inertial transformations.

Our present results confirm the following qualitative observation of Hayden
[13]: electromagnetic signals need more time for a full tour around our planet
toward east than toward west and this can only mean that relatively to the Earth
the velocity of light in the two senses is not the same..

3. Rotating Platforms

In this section we review earlier results and show that the comparison be-
tween the relativistic descriptions of rotating platforms and inertial reference
systems points out to the existence of a fundamental difficulty. Furthermore in
the next section we show that this difficulty can be overcome only by substi-
tuting the Lorentz transformations between inertial systems with the "inertial"
ones[14]. The problem is tightly bound to the Sagnac effect.

It is well known that no perfectly inertial frame exists in practice because
of Earth rotation, of orbital motion around the Sun, of Galactic rotation. All
knowledge about inertial systems has therefore been obtained in frames hav-
ing small but non zero acceleration a. For this reason the mathematical limit
a — 0 taken in the theoretical schemes should be smooth and no discontinu-
ities should arise between systems with small acceleration and inertial systems.
From such a point of view the existing relativistic theory will be shown to be
inconsistent.

Consider an inertial reference system Sy and assume that it is isotropic so
that the one-way velocity of light relative to Sy has the usual value ¢ in all
directions. In relativity the latter assumption is true in all inertial frames, while
in other theories only one such frame exists.

In this system there is a circular platform having radius r and centre con-
stantly at rest in Sy which rotates around its axis with constant angular velocity
w and peripheral velocity v = w r. On its rim, consider a single clock Cx,
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(marking the time t) and assume it to be set as follows: When a clock of the
laboratory momentarily very near C's, shows time g = 0 then also C'y; is set at
time ¢ = 0. When the platform is not rotating, Cs; constantly shows the same
time as the laboratory clocks. When it rotates, however, motion modifies the
pace of C'y; and the relationship between the times ¢ and tg is taken to have the
general form

to = tF (v, ...) (4.9)

where I’ is a function of velocity v and eventually acceleration and higher
derivatives of position (not shown). Eq. (4.9) is a consequence of the isotropy
of Sp. Its validity can be shown in three steps:

1. In the inertial system Sy all directions are physically equivalent. If a
clock is moving on a straight line ¢ with a certain speed v relative to Sy, the
modification of the rate of advancement of its hands cannot depend on the
orientation of £.

2. A similar case is the clock C'y, at rest on the rim of a platform, whose cen-
tre is at rest in .Sy, rotating with constant angular velocity. If space is isotropical
the speed of its hands cannot depend on the angle between the clock instanta-
neous velocity vector and any given direction in Sy but only on speed v and
eventually acceleration.

3. This conclusion, clearly correct by symmetry reasons, was confirmed
experimentally by the 1977 CERN measurements of the anomalous magnetic
moment of the muon[15]. The decay of muons was followed very closely in
different parts of the storage ring and the results showed a decay rate constant
in the different points of the trajectory.

Thus we have every reason to believe (4.9) to be correct. We are of course far
from ignorant about the function F'. There are strong experimental indications
[15] that the dependence on the acceleration is totally absent and that:

Flo, ) = —— (4.10)

V1—0v2%/c?

Important as it is, Eq. (4.10) is however irrelevant for our present needs, be-
cause the results obtained below hold for all possible factors F'.

On the rim of the platform besides clock Cy; there is a light source > placed
in a fixed position very near Cy. Two light flashes leave X at the time ¢; of Cyx;
and are forced to move on a circumference, by "sliding" on the internal surface
of a cylindrical mirror placed at rest on the platform, all around it and very
near its border. Mirror apart, the light flashes propagate in the vacuum. The
motion of the mirror cannot modify the velocity of light, because the mirror
behaves like a source ("virtual") and a source motion never changes the veloc-
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ity of the emitted light signals. Thus, relative to the laboratory, the light flashes
propagate with the usual velocity c.

The description of light propagation given by the laboratory observers is
the following: two light flashes leave 3. at time ¢g;. The first one propagates
on a circumference, in the sense discordant from the platform rotation, and
comes back to S' at time (o after a full circle around the platform. The second
flash propagates on the same circumference, in the sense concordant with the
platform rotation, and comes back to 3 at time ¢z after a full circle around the
platform. These laboratory times, all relative to events taking place in a fixed
point of the platform very near Cy, are related to the corresponding platform
times via (4.9):

toi = t; F (v, ...) (i =1,2,3) 4.11)

The circumference length is assumed to be Lg and L, measured in the labo-
ratory Sp and on the platform, respectively. Light propagating in the direc-
tion opposite to the disk rotation, must cover a distance smaller than L by
x = wr (toa — to1) , the shift of ¥ during the time tg2 — to; taken by light
to reach Y. Therefore

L()—l‘:C(tgg—t()]);x:wT(th—t()l) (4.12)
From these equations it follows:
L
t02 - t01 - C(l——?—ﬁ) (413)

with 3 = wr /c. Light propagating in the rotational direction of the disk,
must instead cover a distance larger than the disk circumference length Lg by
aquantityy = w r (tp3—to1) equalling the shift of X during the time ¢o3—%;
taken by light to reach . Therefore

Lo +y = c(tos —to1);y = wr (to3 —to1) 4.14)

One now gets
Lo
tos — top = ————— (4.15)
c(l = p)
The difference between (4.15) and (4.13) gives the delay between the arrivals
of the two light flashes back in ¥ which is

2Ly 3
c(l =)
This is the well known delay time for the Sagnac effect calculated in the lab-

oratory. We show next that these relations fix to some extent the velocity of
light relative to the disk. In fact Eq. (4.11) applied to (4.13) and (4.15) gives

Lo Ly

cirp WSy @

tos — to2 = (4.16)

(ta — t1) F =
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Figure 4.3. By symmetry reasons, the velocity of light relative to the rotating disk between
two nearby points A and B does not depend on the angle ¢ fixing the position of the segment
AB on the rim of the disk.

If ¢ (0) and ¢ () are the light velocities, relative to the disk, for the flash prop-
agating in the direction of the disk rotation and in the opposite direction, re-
spectively, we have from the very definition of velocity

1 o t2—t1 . Lo/L . 1 o tg—tl o Lo/L
ém) L Fc(1+p)’é0) L  Fc(1-p)
(4.18)
From (4.18) it follows : 5
am 1+
0 - 13 (4.19)

Notice that the function F' has disappeared in the ratio (4.19).

Next comes an important remark. Clearly, Eq. (4.19) gives us not only the
ratio of the two global light velocities for full trips around the platform, but the
ratio of the instantaneous velocities as well. In fact the isotropy of the inertial
system Sy ensures, by symmetry, that the instantaneous velocities of light are
the same in all points of the rim of the rotating circular disk whose centre is at
rest in Sy. There is no reason why the light instantaneous velocities relative to
the disk in the different points of the rim should not be equal to one another.
With reference to figure 4.3 we can therefore write the equations

Eon(0) = E,(0) 3 Eg(m) = Egy(m)

where ¢1 and ¢ are arbitrary values of the angle ¢.

Therefore the light instantaneous velocities relative to the disk will also co-
incide with the average velocities ¢(0) and ¢(7), and Eq. (4.19) will apply
also to the ratio of the instantaneous velocities [thus we do not need a different
symbol for the instantaneous velocities].
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The consequences of (4.19) applied to instantaneous velocities will be dis-
cussed in the next section.

4. Absolute simultaneity in inertial systems

The result (4.19) holds with the same numerical value for platforms having
different radius, but the same peripheral velocity v. Let a set of circular plat-
forms be given with centres at rest in Sy. Let their radii be 71, ra, ... 75, ...,
withr] < 7rg < ... <17; < ..., and suppose they are made to spin with angular
velocities wy, wa, ... w;, ... such that

Wiry =Wery = ... = Wil = ... = U (4.20)

where v is constant. Obviously, then, (4.19) applies to all such platforms with
the same 3 (8 = v/c). The centripetal accelerations decrease regularly with
increasing 7;. Therefore, a small part AB of the rim of a platform, having
peripheral velocity v and large radius, for a short time is completely equivalent
to a small part of a "comoving" inertial reference frame (endowed with the
same velocity). For all practical purposes the segment AB will belong to that
inertial reference frame. But the velocities of light in the two directions AB
and BA has to satisfy (4.19). It follows that the one way velocity of light
relative to the comoving inertial frame cannot be ¢ and must instead satisfy

am 148
a0 1-7

4.21)

As shown in Appendix 4.A the equivalent transformations (of which the
Lorentz transformations are a particular case) predict the inverse one way ve-
locity of light relative to the comoving system .S:

01(9)

where 6 is the angle between the light propagation direction and the absolute
velocity ¢ of S. Eq. (4.22) applied to the cases § = 0 and 6 = 7 gives

1 1
p + [g + e1 R] cos 4.22)

1 1 8 1 1 8
c1(0) c [c “ } ey (m) c [c ! ] (429
whence

Cl(ﬂ') B 1+ﬂ+0€1R
c1(0) 1 -3 —ceR
Clearly Eq. (4.24) is compatible with (4.21) only if

(4.24)

e1 =0 (4.25)
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Figure 4.4. The ratio p = ¢&(m)/¢(0) plotted as a function of acceleration for rotating plat-
forms of constant peripheral velocity and decreasing radius (increasing acceleration). The pre-
diction of the TSR is 1 (black dot on the p axis) and is not continuous with the p value of the
rotating platforms.

We thus see that our fundamental result (4.21) is consistent with the physics of
the inertial systems only if absolute simultaneity is adopted.

For a better understanding of the reasons why the TSR does not work con-
sider again the ratio

[N
—~

™)

(0)

which, owing to (4.19), is larger than unity. Therefore the light velocities par-
allel and antiparallel to the disk peripheral velocity are different. For the TSR
this conclusion is unacceptable, because a set of platforms, all endowed with
the same peripheral velocity locally approximates an inertial system better and
better with increasing radius. The logical situation is shown in figure 4.4.

Thus the TSR predicts for p a discontinuity at zero acceleration.

While all the experiments are performed in the real physical world [where,
of course, a # 0,p = (1 4+ 3)/(1 — 3)], the theory has gone out of the world
(a=0,p= 1)'

This discontinuity is the origin of the problems met with clock synchro-
nization on or near the Earth surface we discussed in section 2. This is not a
surprise: after all also the Earth is some kind of rotating platform!

Notice that the velocity of light given by Eq. (4.22) withe; = 0is required
for all inertial systems but one, the isotropic system Sp. In fact, for every small
region AB of every such system it is possible to imagine a large rotating plat-
form with center at rest in Sy and rim locally comoving with AB and the result

(4.26)

e
Il
ﬁz‘
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(4.25) can be applied. Therefore the velocity of light depends on direction in
all inertial systems with the sole exception of the privileged one Sj.

S. The impossible defense of orthodoxy

It was pointed out by T. Van Flandern[16] that an "orthodox" way of deal-
ing with the rotating platform problem should assume a position dependent
desynchronization, with respect to the laboratory clocks, as an objective phe-
nomenon, concretely applicable to the clocks placed in different fixed points
of the rim of the platform. The Lorentz transformation of time

tR — tg = —xgu/c? (4.27)

can be read as follows: the difference between the time ¢ of the "moving" frame
S (corrected by a R factor in order to cancel the time dilation effect) and the
time ¢ of the "stationary" frame Sy has a linear dependence on the coordinate
xq of Sy as given by (4.27). This difference is called "desynchronization".
Applied to the rim of the circular platform of radius » Eq. (4.27) would
become
tR —tyg = —rbyv/c? (4.28)

where 6y is the angle between the radius on which the given clock is placed
and any fixed direction.

Why the orthodox idea cannot work? Well, for at least three reasons. First
of all because the whole argument leading to (4.19) and then to (4.21) was
based on a single clock in a fixed position, for which it does not make sense
to assume a position dependent desynchronization. Secondly because exper-
imental evidence shows that many small clocks (muons) injected in different
points of the CERN muon storage ring behave in the same way, independently
of their position: in such a case it is certainly not possible to conceive a human
intervention desynchronizing the muons! Thirdly because, anyway, such an
approach would end in a mess.

Let us see how. Assume that the disk rotation is counterclockwise in figure
4.5. Two flashes of light are emitted at laboratory time ¢ty = 0 by the source
. in opposite directions along the platform border. Assuming Eq. (4.28) to be
applicable, when the right-moving (left-moving) flash reaches point A (point
B) at lab. time to4 (top) after covering a distance x4 (xop) (measured in the
lab. along the platform border), it will find a local clock desynchronized by
Aty > 0 (Atp < 0) with respect to the laboratory clocks given by

Aty = zoav/c® + a; Atgp = — zopv/ + « (4.29)

where « represents whatever desynchronization the clock placed in 3 might
have had at time {5 = 0 with respect to the laboratory clocks. We will now
show that the desynchronization (4.29), far from eliminating the discontinuity
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~ 2

Figure 4.5. Two light flashes emitted by X in opposite directions along the platform border at
the laboratory time to = 0 meet in the point P in which the local platform clock should mark
two different times.

of figure 4.4, gives rise to a further discontinuity in the time shown by clocks
placed on the platform rim.

From the point of view of the laboratory observers the space between X and
the right-moving (left-moving) flash opens at a rate ¢ — v (¢ + v). Therefore:

(c—v) toa = @oa; (c+v) top = wop
From Eq. (4.29) we then get
Aty = (c—v) toav/*+ a;Atp= — (c+v) topv/c® + a (4.30)

There will be a time ¢gp in which the two flashes meet in point P after describ-
ing different paths. When this happens one should have

toa = toB = top (4.31)

The problem is that Egs. (4.30) should both apply to the same clock at the
common time top, but they are instead incompatible if (4.31) is satisfied, as
Aty = Atp would then give ¢ = —c.

We can add that Eq. (4.29) is in sharp contradiction with the rotational
invariance assumed above to prove the existence of the discontinuity of figure
4.4: if the inertial system Sy (in which the centre of the circular platform is
at rest) is isotropic and if the platform is set in rotation in a regular way, no
difference between clocks on its border can ever arise. It is impossible to
understand why the clock in point A should be desynchronized differently from
the clock in B, unless this is achieved artificially by some observer.
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In conclusion this "orthodox" way of dealing with the rotating platform
problem is only a useless complication. The only rational possibility remains
the adoption of our inertial transformations.

6. New proofs of absolute simultaneity

We will now present a more general proof of the absolute simultaneity con-
dition e; = 0, by deducing it in the broader context of the "general transfor-
mations" [Egs. (4.32) below]. In this way absolute simultaneity will be shown
to be necessary in all theories avoiding the discontinuity between inertial and
accelerated systems.

Given the inertial frames Sy and .S one can set up Cartesian coordinates and
make the following usual assumptions:

(i) Space is homogeneous and isotropic and time homogeneous, at least if
judged by observers at rest in Sp, so that relatively to Sy the velocity of light
is the same (”¢”) in all directions, clocks can be synchronized in S with Ein-
stein’s method, and the one way velocities can be measured in Sy ;

(ii) The origin of .S, observed from .Sy, is seen to move with velocity v < ¢
parallel to the +x axis, that is according to the equation xy = v #g;

(iii) The axes of S and Sy coincide at ¢t = g = 0;

The general transformations from Sy to .S are then necessarily

xr = fl(ﬂjo — Ut())
Yy = 92Y; 2 = g2 20 (4.32)
t = e xg + esty

where f1, go, €4 and e are v dependent parameters. The transformations in-

verse of (4.32) can easily be shown to be

(ea/fi)x + vt

1 eqster v 1

Yo = ¥ %0 = 7 (4.33)
tg = L= (e1/fi) =

eq+er v

g =

The one way velocity of light relative to the moving system S, ¢1(#), can be
found by applying (4.33) to the equation

24y + 22 = Pt (4.34)

describing a spherical wave front born at time ¢y = 0 in the origin of the axes
of the isotropic system Sy. A calculation lengthy but devoid of conceptual
difficulties leads to the following result:
1 1 eq €4 2 2 . 2,1/2
T = ) {(61 + ?B> cosf + (C— + e1 [5’) [cos 0 + v sin 9} }
(4.35)
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where 3 = v/c, 6 is the angle between the light propagation direction and the
absolute velocity ¢ of .S, and

o H0-7)

7 (4.36)
From Eq. (4.35) one obviously gets
{ 01%0) = 7 (11—52) (2 + ¢e)(1 + P) “437)
cjw) - h (11752) (& —e)(1 - 9
whence
a(m) (2 +e)d+ 5 w3s)

a0) (2 —e)( - p)
As we know, the assumed continuity between rotating platforms and inertial
systems leads to Eq. (4.21) which we repeat here:

Cl<ﬂ') o l—i-,B

= 4.39
a®) ~ 15 )

By comparing (4.38) and (4.39) it follows
eg =0 (4.40)

Therefore the most general transformations of space and time between inertial
systems allowed by continuity are

xr = f1($0 — ’Ut())
= g2Y;: 2 = g2 2 (4.41)
t = €4t0

Y

and imply the necessary existence of absolute simultaneity. In fact, two point-
like events with coordinates x 1o and xoo (zg1 # z2) taking place at the same
time tg, according to the fourth of (4.41) are judged simultaneous also in .S.
Once more the absolute simultaneity is seen to be unavoidable. Withe; = 0
the velocity of light becomes
1 e . 1/2

) = 7 (14_ 7 { [00520 + 728m29] / + 6089} (4.42)
showing that the (3 cosf term in the one way velocity of light is a fixed ingre-
dient in all theories of inertial systems satisfying the continuity condition with
the accelerated ones.

The Galilean transformations are of the type (4.32) with

=98 =ef =1:ef =0 (4.43)



Sagnac effect: end of the mystery 73

Using (4.43) the one way velocity of light of the Galilean theory can be ob-
tained as a particular case from (4.42) and turns out to be given by

1 1 9 . 9,11/2
0 = a-® {[1 B%sin 9] + B 0039} (4.44)
Naturally Eq. (4.44) contains the characteristic term [ cosf of all theories
treating inertial systems in a way continuous with the accelerated ones. The
absence of this term in the TSR, in which ¢; = c is isotropic, gives rise to
the discontinuity of figure 4.4 which, as we saw, can be eliminated only by
adopting e; = 0.

We can conclude that the famous synchronization problem is solved by na-
ture itself: it is not true that the synchronization procedure can be chosen freely
as the usually adopted convention leads to an unacceptable discontinuity in the
physical theory.

Appendix: A - The Equivalent Transformations

According to Poincare[17], Reichenbach[18], Jammer[19] and Mansouri and SexI[20] the
clock synchronization in inertial systems is conventional, but the choice based on the invariance
of the one way velocity of light made in the TSR was legitimate on reasons of simplicity. In [21]
I showed that a suitable parameter e; can be introduced to allow for different synchronizations
in the transformations of the space and time variables. The TSR is obtained for a particular
nonzero value of e;.

These developments are briefly reviewed in the present section. I also found, however, that
the choice e; = 0 is the only one allowing for a treatment of accelerations rationally connected
with the physics of inertial systems. This result is deduced once more in the main text as far as
centripetal accelerations are concerned. Another proof of e; = 0 is reviewed in Appendix 4.B.

Given the inertial frames Sy and .S one can set up Cartesian coordinates and make the fol-
lowing assumptions:

(i) Space is homogeneous and isotropic and time homogeneous, at least if judged by ob-
servers at rest in Sp;

(ii) In the isotropic system Sy the velocity of light is ”¢” in all directions, so that clocks can
be synchronized in Sy and one way velocities relative to Sp can be measured;

(iii) The origin of S, observed from So, is seento move with velocity v < ¢ parallel to the
+x0 axis, that is according to the equation x¢ = v to;

(iv) The axes of S and Sy coincide for t = tg = 0;

The system Sy turns out to have a privileged status in all theories satisfying the assumptions
(i) and (ii), with only one exception, the TSR. Two further assumptions based on direct experi-

mental evidence can be added:

(v) The two way velocity of light is the same in all directions and in all inertial systems[22];
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(vi) Clock retardation takes place with the usual velocity dependent factor when clocks move
with respect to the isotropic reference frame So ([23]1-[26]).

These conditions were shown[21] to imply for the transformations of the space and time
variables from Sy to .S

xg — v tg

]

yo s = 4.A.1)
t = Rty + e1 (330 — ’Uto)

R = /1 — v2/c? (4.A.2)

Eqgs. (4.A.1) and the assumption (ii) imply that relative to the moving system S the one way
velocity of light propagating at an angle 6 from the velocity ¢ of S relative to Sy ("absolute
velocity") is[21]:

where

C
with
T = c% + e R (4A4)

while, of course, the two way velocity of light is ¢ in all directions.
The inverse transformations of (4.A.1) are

zo = (R—ew)z + %
Yo =Y; 2 =2 (4.A.5)
tO — t— Rejx
R

All theories with different values of e; imply the existence of a privileged inertial system,
So, in which the velocity of light is isotropic, as it is clear also from (4.A.3)-(4.A.4) since
c1(0) — cif v — 0, given that in this limit the transformations (4.A.1) must become identities
and therefore e; — 0 and I' — 0. This is very important. If our theory describes correctly the
physical reality a particular inertial system has to exist in which simultaneity and time are not
conventional but truly physical. This should be the system in which the Lorentz ether is at rest,
of course.

The TSR is a particular case of the previous theory, obtained for

e = — é (4.A.6)

givingI' = Oand c¢1(f) = cand reducing (4.A.1) to the Lorentz form.

Appendix: B - The Inertial Transformations

The inertial transformations are obtained from the equivalent transformations, by setting
e = 0:

vo s = (4B.1)
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where R is the usual square root given by (4.A.2).
Egs. (4.B.1) imply that relative to the moving system S the one way velocity of light propa-
gating at an angle 6 from the velocity ¥ of S relative to S ("absolute velocity") is[21]:

C
61(0) = m (4.B.2)

with

B=v/c (4.B.3)

while, of course, the two way velocity of light is ¢ in all directions.
The inverse transformations of (4.B.1) are

o = R [Jc + “—t]
Yo = Y320 = 2 (4.B.4)
to = &

The theory of the inertial transformations implies the existence of a privileged inertial sys-
tem, So, in which the velocity of light is isotropic, as it is clear from (4.B.2) if § = 0.

The usually assumed indifference of the physical reality about clock synchronization exists
only insofar as one neglects accelerations. When these come into play every inertial system
exists, so to say, only for a vanishingly small time interval and it is physically impossible in
the accelerated frame to adopt any time-consuming procedure for the synchronization of distant
clocks (such as Einstein’s procedure based on light signals). Yet physical events take place and
synchronization must somehow be fixed by nature itself. In the text we saw how this happens
for rotating platforms. Here we will review the argument for linear accelerations.

The accelerating spaceships In the isotropic system Sp clocks have been synchronized
with the Einstein method, by using light signals. Two identical spaceships A and B initially at
rest on the xo axis of Sy have internal clocks synchronized with those of Sp. At time to = 0
the spaceships start accelerating in the direction +x¢, and they do so in exactly the same way,
so that they have the same velocity v(to) at every time to of Sp. At time %o they reach a
preestablished velocity v = wv(fo) and their acceleration ends. For to > o the spaceships
are at rest in a different inertial system S (which they concretely determine) in motion with
velocity v with respect to So. The relationship between the coordinates of Sy and S is given
by the transformations (1) with e; = 0 (not by the Lorentz transformations), because the delay
between the times marked by clocks on board of A and B and those in So does not depend on
position: since A and B had at every time exactly the same velocity, their clocks accumulated
exactly the same delay with respect to Sp. Therefore two events simultaneous in Sp, taking
place in points of space near which A and B are passing, must be simultaneous also for the
travellers in A and B, and thus also in the rest system of the spaceships, S. This is clearly a
situation of absolute simultaneity which cannot be accounted for if the Lorentz transformations
are applied, but is obtained from (4.B.1) and (4.B.4).

Not only the absolute simultaneity arises spontaneously in .S, but it provides the only rea-
sonable description of the physical reality. To see this, suppose that in A and B there are two
passengers who are homozygous twins. Naturally nothing can stop them from re-synchronizing
their clocks, once the acceleration has ceased. However, if they do so, they discover to have
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different biological ages at the same time of .S, as they cannot re-synchronize their bodies!
Everything is regular, instead, if they do not modity the times of their clocks.
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Abstract The Sagnac effect allows a plain geometrical interpretation in Minkowskian
spacetime, involving a geometrical time-like gap known in the literature as the
“time-lag”. However the time-lag seems to be a mere ‘theoretical artefact’,
whose crucial feature is the use of Einstein synchronization, extrapolated from
local to global along the rim of the rotating disk. This paper straightforwardly
shows the deep physical, non-conventional, nature of the time-lag. In particu-
lar, the physical root of the Sagnac effect is revealed as the desynchronization
of slowly travelling clocks after a complete round-trip in opposite directions.
Moreover, the paper shows that slow transport synchronization agrees with Ein-
stein synchronization also in rotating frames. These results are compared with
the experimental results found by Hafele and Keating about thirty years ago,
by means of atomic clocks flying around the world in eastward and westward
directions, respectively. Our approach makes use of a general synchronization
gauge, which allows for the description of different synchrony choices in any
(local or global) inertial frame. In such a context, we point out that the “un-
acceptable discontinuity” found by Selleri in Special Relativity is not a physical
discontinuity, but a mere artefact: indeed it expresses nothing but the adoption of
different synchrony choices in different (local or global) inertial frames. In fact,
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this discontinuity disappears if the same synchronization procedure is adopted
everywhere.

1. Introduction

One of the most outstanding features revealing the non time-orthogonality
of rotating frames is the appearance of a global desynchronization effect, ex-
perimentally revealed by Sagnac interferometry. Consider a rigid circular plat-
form of radius R, rotating with constant angular velocity {2 with respect to
a central inertial frame Sy, and two counter-propagating coherent monochro-
matic light or matter beams travelling along the rim of the platform'. As well
known, the Sagnac effect is a shift of the interference fringes occurring in a
suitable interferometer at rest on the platform, and is due to the proper time
difference between the arrivals on the detector, after a complete round-trip, of
the co-rotating and counter-rotating beam.

In the case of light beams in vacuum, which is the most investigated in the
literature, the customary explanation [1, 52, 3, 4] ascribes such a time differ-
ence to the anisotropy of light propagation along the rim of the platform, due
to rotation.

On the one hand, since a rotating frame is not a (global) inertial frame,
such an anisotropy can be easily understood in the background of relativistic
physics.?

On the other hand, it is often taken for granted that global anisotropy should
imply local anisotropy of light.

This seems to be more difficult to understand, because it apparently chal-
lenges some of the most sacred principles of relativistic physics. In fact, ac-
cording to the hypothesis of locality[5], an infinitesimal region of a rotating
disk should be indistinguishable, by means of any physical experiment, from
the local comoving inertial frame (LCIF), where Special Relativity Theory
(SRT) must hold; so that light signals, according to the principle of invariance
of the velocity of light, should propagate isotropically.

We have already showed that this is not really a problem [6]. In fact the
principle of locality implies that the light velocity must be the same, both for
the accelerated frame and the LCIF, if and only if both frames share the same
synchronization procedure (see also [7]). But if the global (round-trip) and the

IWith the same (absolute) velocity with respect to any local comoving inertial frame, provided that such a
frame is Einstein synchronized (see [13] for details).

2 According to Peres [2], on the rim of a rotating disk “there is no reason to demand that the speed of light
be the same eastward and westward.”
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local synchronizations are defined in different operational ways, as often - but
rarely explicitly - authors do, the global synchronization holds no implications
at all about the local synchronization (i.e. about the local velocity of light).3

However, the synchronization usually shared (at least locally) in the rel-
ativistic community is Einstein synchronization, that implies local isotropic
propagation of light. Notice that an explanation of the time difference respon-
sible of the Sagnac effect, which is in tune with this widespread assumption,
acually exists. First proposed by Cantoni [9] in 1968 and, more extensively,
by Anandan [10] in 1981, it has been recently developed by Rizzi-Tartaglia
[11], and independently achieved by Bergia-Guidone [12]. Moreover, in the
present book it has been extended to a more general case (light beams in a
comoving refracting medium, matter beams etc.), with a deeper insight about
the crucial role of synchronization [13]. This explanation is consistent with
both global anisotropy (as measured by a single clock) and local isotropy (as
measured by a couple of near Einstein-synchronized clocks) of light propaga-
tion. It ascribes the proper time difference responsible of the Sagnac effect to
the “non-uniformity of time” on the rotating platform, and in particular to the
synchronization gap

2 2 P2
i (), Q) =4/1- L

. (5.1

Tlag = 2

2
The time interval 7,44 has been called “time-lag” by Anandan himself [10]. It
arises in synchronizing clocks along the rim according to the standard Einstein
procedure (in spite of the lack of self-consistency of Einstein procedure at large
in non time-orthogonal reference frames).

This explanation has the agreeable feature of allowing a geometrical inter-
pretation of the time-lag (5.1), but encounters a serious hitch. The time-lag is
defined [10, 11] as a measure of the geometrical gap between the circumfer-
ence of the disk (as viewed in the central inertial frame) and a suitable open
curve in spacetime, defined as the locus of the events simultaneous, accord-
ing to Einstein synchronization, along the rim of the disk (see Sec. 4). As a
consequence, the geometrical interpretation of the time-lag seems to be a mere
‘theoretical artefact’, due to the use of Einstein synchronization arbitrarily ex-
trapolated from local to global (we recall, once again, that the extension of

3Usually the global (round-trip) velocity of light is measured by a single clock; therefore this velocity is
a synchrony-independent concept. On the other hand, the local velocity of light is measured by a couple
of near clocks, synchronized according to some procedure [6, 8]: therefore this velocity is a synchrony-
dependent concept. As a consequence, the global and local velocity of light turn out to be operationally
different concepts.
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Einstein synchronization from local to global is not allowed in a non time-
orthogonal frame).*

In this paper we will see why and how the time-lag, although actually intro-
duced as a theoretical artefact, hides a strict physical meaning.

First of all, we will point out that the synchronization is not “given by God”,
as often both relativistic and anti-relativistic Authors assume, but it can be ar-
bitrarily chosen within the Cattaneo gauge (which is the set of all the possi-
ble parametrizations of a given physical reference frame). In particular, we
will show that the Cattaneo gauge encapsulates the “Anderson-Vetharaniam-
Stedman” gauge [14], which in turn encapsulates the “Selleri gauge” [3]; the
latter includes, as a particular case, the Einstein synchrony choice.

That having been said, we will see that the relativistic explanation of the
Sagnac effect is independent on the choice of any of such conventions about
synchronization (in particular, it is independent on the Einstein synchroniza-
tion procedure).

In Sec. 5, a straightforward calculation will bring to light the dark physical
(“non conventional”) root of the Sagnac effect. The underlying physical root
could be expressed in the following way: “a clock, slowly transported along
the rim of the platform, turns to be out of synchronization, after a complete
round trip, with respect to a clock enduringly at rest on the platform”.

To better clarify this point, let us now tell a short tale. Two twins live in a
(point-like) town 3. on the rim of a (large) platform. They are not aware of the
rotation: they just experience an outwards gravitational field. The twins share
a standard secondary education; in particular, they share a firm faith in clas-
sical physics and traditional Euclidean geometry. One day, the twins (which
are first-class experimental physicists and explorers) leave their home country
and move along the rim in opposite directions, as slowly as possible. Both
explorers carry standard rods and standard clocks,’ carefully synchronized in
the starting-point 3. At each step the explorers lay down one rod, tail to head
of the previous one; and carefully keep count of them. After many years, the
two explorers meet again in their town X, and confront their measurements.
Of course they agree about the circumference lenght, as measured by the total
number of rods laid down along the rim, but they find something weird in their
counting: the length is not 27 R, as expected, but 27 Ry(2) (see f.i. [15] for
demonstration).

This is astonishing enough, but it is not the actual matter ot this paper. The
most astonishing thing - which we have to deal with - has yet to come: when

4We would like to thank F. Selleri and R. D. Klauber, who brought this remark (the time-lag as a ‘theoretical
artefact’) to our attention.

5The rods could be the wavelengths of a monochromatic light source at rest on the platform, while the
clocks could be ensembles of slow unstable particles, whose decay time defines a natural unity of time.
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they compare the readings of their two clocks, they find a desynchronization
of the amount A7 = 27,,. The twins, open-mouthed, realize that their ages
are different!

In particular, the co-rotating twin is younger: his clock is late of an amount
given by the time-lag (5.1) with respect to the clock Cx; at rest in X. The
counter-rotating twin is older: his clock is ahead of the same amount.

The faith in classical physics, in the Euclidean geometry, and more gener-
ally in the rationality of the physical world is lost. The consequent nervous
breakdown disappears much later, when the younger twin finds the solution of
the mistery in the local library. Of course, the reader knows the title of the
timely book: “Relativity on Rotating Frames™!

In the real world, a very similar experiment has been actually realized by
Hafele and Keating [16] about thirty years ago, by means of commercial flights
(carrying caesium beam atomic clocks) around the world in eastward and west-
ward directions. The result seems to confirm the first order theoretical pre-
dictions. However, the approximations used by these Authors seem to us a
bit foolhardy; in fact, any trustworthy theoretical prediction at first order ap-
proximation should be found out as a first order Taylor expansion of an exact
theoretical prediction. Strangely enough, an exact theoretical prediction in full
theory seems to be lacking (or maybe lost somewhere in the literature); there-
fore a straightforward computation is performed in this paper.

Let us make a further remark on the time-lag (5.1). Being a difference
between proper times, such a desynchronization is obviously a synchrony-
independent quantity. Therefore the computation performed in this paper straight-
forwardly reveals the deep physical, non conventional, nature of the time-lag,
characterizing the non time-orthogonality of the rotating frame and responsible
of the fringes’ shifts in Sagnac interferometers.

Moreover, this computation also reveals that slow transport synchronization
agrees with Einstein synchronization also in rotating frames, although in these
frames Einstein synchronization is not allowed at large. As far as we know, this
(absolutely non trivial) fact is usually maintained® but nowhere demonstrated -
with the significant exception of Ashby[18], though his demonstration is con-
fined to first order approximation.

We have found instructive to carry out the computation of the desynchro-
nization effect both in a coordinate system adapted to the central inertial frame
and in a coordinate system adapted to the rotating platform.

Summing up, though acknowledging the well known ‘privilege’ of the iner-
tial time of the central inertial frame (which is the only one providing a con-
sistent global synchronization of the rotating frame), our analysis shows once

6See for instance Dieks[17].
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more that, contrary to a reiterate claim of Selleri [3, 19, 20, 21], the desyn-
chronization effects arising on a rotating platform cannot force the choice of a
particular synchronization procedure. This complies with the fact that the ob-
servable physical quantities do not depend on the local synchronization choices
(which are arbitrary within the Cattaneo gauge) in the LCIFs along the rim.

2. The many choices of synchronization in a physical
reference frame

Although in this paper we intend not to go beyond the special relativistic
context, we shall adopt the most general description in order to take into ac-
count arbitrary (in general, ‘non-Einsteinian’) synchronization procedures.

The formalism and concepts introduced in this section refer to inertial frames
in the Minkowskian spacetime of Special Relativity. Of course, they also ap-
ply to LCIF’s in a non-inertial frame: in this way the ‘synchronization gauges’
to which this section will be devoted can be locally extended to non-inertial
frames - in particular to rotating frames.

2.1 A physical reference frame and its parametrization

The Minkowskian spacetime of Special Relativity is an affine pseudo-Euclidean
manifold M?*, with signature (1, —1, —1, —1). A physical reference frame is
a time-like congruence I' in M“made up by the set of world lines of the test-
particles constituting the “reference fluid”.” The congruence I is identified
by the field of unit vectors tangent to its world lines. Briefly speaking, the
congruence is the (history of the) physical reference frame.

Let {zV} = {:1:0, xb, 22, m3} be a system of coordinates in a suitable neigh-
borhood Up of a point p € M?*; these coordinates are said to be admissible
(with respect to the congruence I') when®

goo >0 gijdr'da? < 0. (5.2)

Thus the coordinate lines ° = var can be seen as describing the world lines

of the oo particles of the reference fluid, while the label coordinates {z'} =
{xl, z2, ac?’} can be seen as the name of any particle of the reference fluid.

When a reference frame has been chosen, together with a set of admissible
coordinates, the most general coordinate transformation which does not change
the physical frame (i.e. the congruence I') has the form [22, 23, 24, 25]

{ 20 = 2020 2t 22, 23)

l’li — $/i(m1’$2’x3) 9 (5-3)

"The concept of ‘congruence’ refers to a set of word lines filling the manifold, or some part of it, smoothly,
continuously and without intersecting.
8Greek indices run from O to 3, Latin indices run from 1 to 3.
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with the additional condition 9z°/9x° > 0, which ensures that the change
of time parameterization does not change the arrow of time. The coordinate
transformation (5.3) is said ‘internal’ to the physical frame I" or, more simply,
an internal gauge transformation. In particular, Eq. (5.3)2 just changes the
names of the reference fluid’s particles, while Eq. (5.3); changes the “coordi-
nate clocks” of the particles. In the following we will refer to this gauge as to
the Cattaneo gauge.

Remark. An “observable” physical quantity is, in general, frame-dependent,
but its physical meaning requires that it cannot depend on the particular pa-
rameterization of the physical frame. This means that, once a physical frame
is given, any observable must be gauge-invariant.

2.2 Re-synchronization as a particular case of
re-parametrization of the physical frame

Inside Cattaneo gauge, which is the set of all the possible parametrizations
of a given physical reference frame, the transformation

(5.4)

x/l — xl

{ 70 = x/O(:EO’ xl, 332, x?’)
defines a sub-gauge (the synchronization gauge) that describes the set of all the
possible synchronizations of the physical reference frame; ° it will play a key
role in the following. it will play a key role in the following.

Within the synchronization gauge (5.4), Einstein synchronization is the only
one which does not discriminate points and directions, i.e. which is homoge-
neous and isotropic [26]. Starting from Einstein synchronization, any inertial
frame can be re-synchronized according to the following transformation [14]

t=t—-k-x
{y_ﬂ : (5.5)
where t is the Einstein coordinate time of the physical inertial frame, and
k = k(x) is an arbitrary smooth vector field.!® The set of all the possible
synchronizations described by Eqns. (5.5) defines a gauge: the Anderson-
Vetharaniam-Stedman gauge (briefly “AVS-gauge”).!!

“Borrowing a picturesque phrase from [8], the synchronization gauge (5.4) describes the set of all the
possible ways to “spread time over space”.

10A non-null vector field breaks isotropy, and the possible dependence of this vector field on the vector
position x breaks homogeneity.

1Such a gauge freedom, actually in the instance 1~<(x) = const, had already been brought to attention by
Mansouri and Sexl [29].
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The re-synchronization (5.5) redefines the simultaneity hypersurfaces, that
are now described by ¢ = const. Therefore, the set of these hypersurfaces
defines a foliation of spacetime which depends not only on the physical frame,
but also on the field k(x).

A trivial particular case is k(x) - x =const(x): in this instance, Eq. (5.5)
simply means a change in the origin of Einstein coordinate time.

Now, let us stress a more interesting particular case. Let Sy be an inertial
reference frame (IF) in which an Einstein synchronization procedure is adopted
(by stipulation) and let S be an IF travelling along the x-axis (of unit vector ey)
with constant adimensional velocity 5 = v/c. If both Sy ans S are Einstein
synchronized, the standard Lorentz transformation follows

t = 7(to — L)

x = y(xg — Peto) (5.6)
Y=Y ’ '
Z =20

where v = (1 — 52)_1/2

S according to transformation (5.5), in which the vector field k is chosen as

follows:
L'(B)
c

is the Lorentz factor. Now, let us re-synchronize

k= —

€1, 5.7

I'(3) being an arbitrary function of 5. We get:

t=1t+ F(f):c = y(tp — ga:o) + F(cﬁ)’y(a:o — Betp)

T =1z =y(xg — Bcty) . (5.8)
Yy=y=1%

Z=2z=z

If the function I'(/3) is written as follows:

I(B) =B+ e(B)ey (5.9)

where e1 () is an arbitrary function of /3, then Eqns. (5.8) take the form

t =~"o + ex(B) (w0 — Beto)

rT=z= ’7(%‘0 - ﬁCtO) (5.10)
¥=1y=yo ' '
Z=2z=z

This is the ‘Selleri gauge’ [19]. It is interesting to note that, as Selleri exhaus-
tively shows, this is the most general gauge (inside the AVS-gauge) compatible
with the standard Einstein expression of time dilation with respect to Sg. The
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arbitrary function e (/) is Selleri’s “synchronization parameter” . In particu-
lar, the synchrony choice e1(3) = —(v/c (i.e. T'(8) = 0) gives the standard
Einstein synchronization, whereas the synchrony choice e1(3) = 0 gives Sell-
eri synchronization'2. In Selleri synchrony choice, Eqns. (5.10) read

%v: ’y_lto
¢ =z =1(z0 — feto) (5.11)
J=vy=1yo
Z=z=2

Remarks and discussion about Selleri’s viewpoint: absolute synchroni-
sation in SRT. As one can see from the first equation in (5.11), the re-
synchronization defined by the choice e;((3) = 0 cancels out the term —fy% 0
appearing in Lorentz time transformation and responsible for the relativity of
simultaneity [12, 6]. Thus the notion of simultaneity between “spatially sepa-
rated” events turns out to be, in such a gauge choice, independent from the con-
sidered inertial frame. Because of this fact the synchronization resulting from
e1(f) = 0 has been called “absolute” by Selleri himself [3, 19, 20].13 In other
words, the relativity of time, expressed by the first equation in (5.11), does not
clash with the absolute character of simultaneity: At = 0 < Atg = 0. As al-
ready remarked by Mansouri and Sexl [29], an ‘absolute simultaneity’ can be
reintroduced in Special Relativity without affecting neither the logical struc-
ture, nor the predictions of the theory. Actually, it’s just a simple parametriza-
tion effect.

In particular the choice e; = —[(3v/¢, corresponding to Einstein synchro-
nization, involves a spacetime foliation depending on the chosen reference
frame. Such a foliation is realized by the hypersurfaces which are Minkowski-
orthogonal (briefly ‘M-orthogonal’) with respect to the world lines of the test-
particles by which the reference frame is made up.

On the other hand, the choice e; = 0 involves a frame-invariant foliation
(which is Einstein foliation of the IF Sy, that we assumed to be optically
isotropic by stipulation).

The main difference between our point of view and Selleri’s lies in a com-
pletely different paradigmatic background. Which, in our opinion, does not
properly belong to physics, but rather to the interpretation of physics. Sell-

12The synchrony choice e1 (3) = 0 is equivalent to the choice

~ v

k=—-—e

2!

for the AVS vector field.
13Qperatively, the absolute synchronization in an IF S can be realized by setting to v~ 'to the reading of
each clock of S just when its spatial position matches the one of a clock of the optically isotropic IF So
displaying the value ¢g.
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eri’s work develops on the paradigmatic background of the ether hypothesis,
which we consider as an unnecessary (and misleading) superstructure - a sort
of ‘ideological fossil’. Nevertheless, the actual possibility of an ‘absolute syn-
chronization’ in the orthodox background of SRT is not affected by such con-
siderations.

A major point of disagreement is constituted by Selleri’s position about the
relativity principle. According to him “transformations (5.11) violate the rela-
tivity principle for any value of e, except for the relativistic value”.

This belief rests on a misunderstanding. The transformation described by
Eqns. (5.11), although formally correct, could be misleading if a pertinent
physical interpretation is lacking. Indeed, from the mathematical point of view,
Selleri’s belief arises from the formal asimmetry of Eqns. (5.11) between the
optically isotropic frame Sy and the optically anisotropic frame S. However,
it should be clear that one cannot require the transformations’ simmetry with-
out imposing the fundamental condition: “provided that the synchronization
is the same in every IF”. Since this condition is manifestly violated in Sell-
eri gauge’s synchrony choice, there is no reason at all to claim that the non-
symmetrical character of Eqns. (5.11) does violate the relativity principle. Ac-
tually, the asymmetry of kinematical transformations (5.11) does not expresse
any kind of physical privilege of frame Sy (it is merely the frame in which
one has performed an Einstein synchronization procedure by a “conventional
agreement”): rather, such an asymmetry simply reflects the asymmetry of the
synchronization procedures in the IF’s Sy and S'!

A further subject of dispute with Selleri constitutes a crucial issue of this
paper. We agree with him that synchronization is a matter of convention as
far as inertial frames, translating with respect to one another, are concerned.
However, Selleri claims that, as soon as rotating frames are considered, syn-
chronization cannot be conventional any longer: when rotation is taken into
account, the synchronization parameter e; is forced to take the value zero and
the ‘absolute synchronization’ is the only legitimate one [3, 19, 20, 21].

Instead we believe that no empirical evidence is able to force the choice of
e1: neither the Sagnac interference fringes, nor the ages of the slow travelling
twins depend on the choice of e1. More generally, no observable effect, neither
in translational instances nor in rotational ones, can distinguish between Sel-
leri’s “theory” and SRT. Actually, Selleri’s “theory” is not properly a theory,
but just a syncrony choice inside the synchronization gauge - the only physical
theory being the SRT, for any synchrony choice. This will be better clarified in
section 6.
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3. Sagnac effect and its universality

We can now move back to rotating platforms. Let K be a rigid circular
platform of radius R, rotating with constant angular velocity {2 with respect to
the central inertial frame Sy. Let 3 be a point of the rim where a clock, a source
of “entities” and an absorber are located. The “entities” are supposed to be
couples of equal physical objects of whatever nature (e.g., classical particles,
De Broglie matter waves, electromagnetic waves in vacuum or in a refracting
comoving medium, acoustic waves, Cooper pairs, ...), travelling in opposite
directions along the rim. Besides, the two objects’ velocities are supposed to
be the same (in absolute value) with respect to any LCIF, provided that the
LCIF’s are Einstein-synchronized [13].

The world line of X is a timelike helix, say -y, that wraps around the cylin-
der representing the disk in 2 + 1 dimensions. The world line of the counter-
propagating “entities” are two (timelike for massive, null for non massive “en-
tities”) helixes vg, . The two “entities” meet the source again at two different
events X, , which correspond to the intersections between the helixes vg,
and the timelike helix vy. The “entities” take different proper times 7., as
measured by the standard clock Cx; located in ¥, for a complete round-trip.
Moreover, such times 7 do obviously depend on the velocity of the “entities”
with respect to the LCIF’s. However, it can be proved [13] that the difference
between these times is always given by the following equation

4TQR?
OT=74 —T_ = ﬂy(ﬁ) (5.12)
c

This proper time difference'# is always the same, both for matter and electro-

magnetic waves, regardless of the physical nature of the interfering beams and
of the possible presence of a comoving refracting medium. The astounding
“universality” of this effect (experimentally well proved at first order approx-
imation) commandingly invokes a geometrical interpretation in minkowskian
spacetime. Next section will be devoted to this aim.

4. The time-lag as a “theoretical artefact”

Let 3, be the event “emission of the two counter-propagating beams from
the source located in >”. Then the locus of events simultaneous to X, ac-

14The proper time difference (5.12) can be experimentally measured (in first order approximation) by an
interferometric device, located in 3, as a fringe shift 2 = cd7 /AT, provided that the two “entities”
are monochromatic coherent beams. This means, in particular, that the massive “entities” are not single
particles, but ensembles of particles prepared as monochromatic coherent wave beams (briefly, “De Broglie
matter waves”).
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cording to Einstein synchronization can be defined only locally in a consistent
way. It is well known that this local simultaneity criterium cannot be extended
globally on the whole platform. In fact if we transport, step by step, this local
synchronization on a complete round-trip along the rim, a synchronization gap,
with respect to the proper time of clock Cy; in 3, arises [10, 11, 12]. Let us
now show how one can evaluate this gap.

To this end, we start from the event Y, and move along the rim of the plat-
form, transporting Einstein simultaneity criterium as defined in the LCIF at-
tached to 3,. Although the expression “Einstein simultaneity” cannot be prop-
erly used at large, the outlined procedure is well defined on the operational
ground, and establishes an equivalence relation between events in spacetime.
In order to avoid any confusion, we will refer to this equivalence relation as
to “Extended Einstein local simultaneity” (briefly “EE-simultaneity”). As a
result, the set of events taking place on the rim and EE-simultaneous to 3, is
mapped! into a spacelike helical curve g, belonging to the cylindrical sur-
face o generated by the wordlines of the circumference » = R at rest in the
central inertial frame. The spacelike helix g starts from 3, and is everywhere
M-orthogonal to the timelike helixes associated to the points of the rim, whose
tangent vectors form a constant angle with respect to the time axis of .S. The
M-orthogonality is shown in the plot by the E-symmetry, with respect to the
local light cone,!® between the tangent vector to g and the tangent vectors to
the timelike helixes of the rim’s points (see Fig. 5.1).

Let 3, be the first intersection of the helix vy, with the helix vg (Fig. 5.1)."7
The timelike distance between X, and >, along vy, as measured by the clock
Cy atrestin X3, is given by [11]

1 [ 2rQR?
Tlag = E/ ds = T’Y(Q), (513)

which is exactly half the proper time interval (5.12) between the arrivals of
the co-rotating and counter-rotating beams on the absorber in ¥. Expression
(5.13) gives the synchronization gap which, because of rotation, arises in syn-
chronizing clocks around the rim according to Einstein prescription.

3Tn the 3-dimensional plot of the (2 4 1) Minkowskian spacetime (see Fig. 5.1).

16 As it is well known, a spacetime diagram is a topological map from a Minkowskian space to an Euclidean
space, which changes the metrical relations (angles and lengths) in a well defined way; in particular, the
M-orthogonality between two directions is depicted in the diagram as an E-symmetry with respect to the
light cone.

170f course the event 3, though “EE-simultaneous” to ¥, according to the previous definition, belongs
to the future of X,! This is a well known argument which displays the impossibility of a self-consistent
definition of Einstein simultaneity at large on the disk.
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Figure 5.1. The cylinder lateral surface or represents the spacetime belonging to the rim
of the rotating disk, the vertical axis of the cylinder coinciding with the ¢-axis of the central
intertial frame frame S,. The curve s is the world-line of the point 3, while the helix s is
the locus of space-time events “EE-symultaneous” to 3,. The proper length of the path laying
between 3, and X, is what we have called the “time-lag”. The E-symmetry between the tangent
vectors to s and s, with respect to the light-cone in 3J,, is a pictorial manifestation of their
M-orthogonality.

This gap (the so-called “time-lag” [10, 11]) exactly coincides with the syn-
chronization gap found by Bergia and Guidone [12] with a rather similar ap-
proach.!8

Some Authors [27] take issue with this approach, pointing out that the time-
lag seems to be a mere theoretical artefact, due to the use of Einstein synchro-
nization incorrectly extrapolated from local to global. We partially share this
remark but we stress that the time-lag, although introduced by Cantoni [9],
Anandan [10], Rizzi-Tartaglia [11] and ourselves in a rather formal way, hides
a deep physical meaning: it is nothing but the geometrical interpretation of the
Sagnac effect in spacetime. As a matter of fact, the time-lag (5.13) turns out
to be exactly (half) the proper time interval (5.12) between the arrivals of the
co-rotating and of the counter-rotating beams on the absorber in 3. So, the

18Gluing togheter all the Lorentz transformations from the central inertial frame to any LCIF along the rim,
Bergia and Guidone find the same synchronization gap, without a geometrical interpretation in spacetime.
Of course the use of the Lorentz transformation shows that also this procedure is strictly dependent on the
Einstein synchronization extrapolated from local to global.
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physical Sagnac effect can be fully explained as an observable manifestation
of the geometrical time-lag (5.13).

However, we feel that the physical meaning of the time-lag should be better
clarified in an even more direct way, in which Einstein synchronization plays
no role at all. We will address this issue in next section.

S. The time-lag as an observable desynchronization

Two clocks A and B, initially at rest in the point 3 of the rim and here
synchronized, are separated: clock A stays in point 3, while clock B travels
along the rim, in co-rotating (cr) or counter-rotating (crr) sense, with a constant
angular velocity +w with respect to the rotating disk (time of the central inertial
frame, see Sec. 5.1 below). After a complete round-trip, the clocks meet again,
and compare their times. They find different times: the two clocks, initially
synchronized, are now desynchronized because of their different kinematical
histories. We now propose to compute such a desynchronization.

Since this result is simply due to the difference in Lorentz factors with re-
spect to the central inertial frame .S, such a desynchronization is just a variance
of the well known twin paradox. Of course, in the case {2 = 0 (traditional for-
mulation of the twin paradox), the limit w — 0 makes the desynchronization
disappear. But what about the case {2 # 0? If one performs this calculation
and takes the limit w — 0, one encounters an amazing surprise: the difference
between the times showed by the two clocks goes to a finite non null value, de-
pending on §2. This is known in the first order approximation [16, 28]. But we
want to stress a very interesting feature of this time difference: its expression,
as calculated in full theory, exactly coincides with the time-lag (5.13). This
reveals, in a straightforward way, the concrete physical meaning hidden in the
time-lag.

Let us now directly prove the previous statements. Since this paper also
retains a didactic purpose, we find instructive to carry out the calculation of the
desynchronization effect both in the central inertial frame and in the rotating
frame.

5.1 The time-lag seen from the central inertial frame

Let ¢ be the (inertial) time of the central inertial frame Sy, where light prop-
agates isotropically and the standard SRT holds. Let (r,4,t) be a cylindrical
chart adapted to the rotating frame K. In particular, let ¢4 (p—) and ¥4 (9-)
be the azimuthal coordinate of the cr (crr) clock with respect to Sp and K, re-
spectively. In the following, a + (—) label will refer to the cr (crr) case. The
passage from the rotating frame K to the central inertial one Sy is described
by the external transformation

o+ =Q+ V4. (5.14)
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If the relative angular velocity w is the same in the cr and crr instance, deriva-
tion of Eq. (5.14) with respect to ¢ gives

wi=0tw, (5.15)

where the superior (inferior) sign stands for the cr (crr) travelling clock. The
time interval At after which the two clocks A and B meet again in X is defined
by

(O + )AL = QAL+ 27 — At = 27
w

We will call A74 and A7p the proper time intervals measured, respectively,
by clock A and B between the “separation” event and the “meeting again”
event. The usual time-dilation formula, with respect to the clocks of the inertial
frame Sy, gives

A At 27
TA = o =
)~ ()
2
Ary — At _ T

Y(Q+tw) wy(Qtw)’

—1/2
where y(z) = (1 — “”2652) is Lorentz time-dilation factor.

Performing the Taylor expansion of 1/v(€ 4+ w) with respect to w, one can
write!”

Zr_ 1
w Y(Q+w)
21 21 < R? 1 R? w3R3)>

_em 4T Loy 1 L7 o
() + " () 2 Quw 27(9) e +O( 3

o R? R? w2 R?
= 2 Fomy(Q) Q- () Lz
@ T ™(Q) z Q=1 () Fw+O0(=5-),

2 p2 .
w;’« ) stands for a term of the second order in

At =

wR

c °

where O(

9Taylor development of 1/~(x) centered in £, reads:
1/2
1 o, @xw’R /
Y(Q +w) c?
1 R? 1 R? w3R?

@JFW(Q)?Qw*i’Y(Q)CTWzJFO( 3 )

where we call O(z3) a term of the third order in .

Even if the results of this section could be achieved just by a two-terms Taylor expansion, the second
order term will be required in order to discuss the Hafele-Keating experiment, in which the limit w — 0 is
not performed (see sect. 5.2 below).
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Therefore, the desynchronization ATE — A7 4 of the cr-clock, at the end of
its eastward trip?’, is given by

2 2 2 p2
AT — Aty = —2777(9)}5—29 - wv(Q)%w + O(w i

). (5.16)

c2

Likewise, the desynchronization ATé — AT 4 of the crr-clock, at the end of
its westward trip, is given by

_ R? R? w?R?
At — ATy = 27r7(Q)c—QQ — 7r7((2)c—2w + 0(7) . (5.17)
From Eqns. (5.16), (5.17) the following important result follows
. _ . 21O R?
“1)12% (ATB - ATA) = ulJlL% (ATA - ATE) = Tv(Q) = Tlag - (5.18)

Conclusion 1. The physical root of the Sagnac effect: desynchronization
of slowly travelling clocks.

Eq. (5.18) shows that:

(i) the limit w — 0 does not cancel the desynchronization;

(ii) such a limit is just the time-lag (5.13) responsible of the Sagnac effect.

Conclusion 2. Compatibility between Einstein synchronization and slow
transport synchronization.

We have directly shown that the slow transport of a clock on a complete
round-trip along the rim results in the same synchronization gap as the one
obtained through the equivalence relation introduced in Sec. 4, with the la-
bel “EE-synchronization”, between events belonging to the spacetime surface
op.2!

Such a conclusion shows that slow transport synchronization agrees with
Einstein synchronization not only in inertial frames [29, 14], but also in rotat-
ing ones. As far as we know, this (absolutely non trivial) fact is often main-
tained, but until now never demonstrated in full theory.??

Remark. The appearance of w (that is |d¥ 1 /dt|, where ¢ is the time of the
central IF) in Eq. (5.18) could arouse the suspicion that this equation depends

20The terms “eastward” and “westward” refer to a trip around the Earth, along a parallel. In particular, these
terms hint at the Hafele-Keating experiment.

21The label “EE-synchronization” (sorry for this disagreeable acronym) recalls that this equivalence relation
comes from the formal extension of the local Einstein synchronization along the whole rim.

22The only demonstration we know is given by Ashby[18], and is carried out at first order approximation.
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on the local synchronization, namely the synchronization of the central IF.
Of course this is a nonsense, because Eq. (5.18) is an observable quantity,
and any observable quantity must be independent on any convention about
local synchronization. In Appendix we show that, actually, Eq. (5.18) does not
depend on the local synchronization.

5.2 Remark on the Hafele-Keating experiment

Eq. (5.18) is jocularly commented in the twins’ introductory tale. How-
ever, we can rely on something more tangible than a tale. In fact, a famous
experiment has been actually realized in October 1971 by Hafele and Keating
[16], by means of two jet aircrafts flying along a parallel in opposite directions.
Therefore, further comments are in order.

For the sake of simplicity, just consider two equatorial around-the-world
trips, in eastward and westward direction respectively. The velocity of the
Earth at the equator, with respect to the IF of its axis, is 1670 km/h; the velocity
of a (commercial) jet aircraft with respect to the Earth is about 1000 km/h. This
means that QR/c =2 1.548 x 107% and wR/c = 9.259 x 10~7. Therefore,
both QR /c and wR/c are same order small with respect to the unity.

As a consequence, Eqns. (5.16) and (5.17) reduce, at first order approxima-
tion with respect to wR/c and QR/c, to

R? R? 2QR R
A,rgast — ATy = _271-_29 —Tsw = —ﬁR% , (5.19)
& c c
R2 R? 20R — wR
ATESt — ATy = 25N —r—Hw= TFR42w ) (5.20)
c c c
respectively. The numeric computation gives A7§! — A7y = —268 ns

and ATgeSt — AT4 = 145 ns, so that Arge“”t — ATEF“ =~ 413 ns. Tak-
ing into account the latitude (and the variations of the direction of fly with
respect to the parallel), Hafele and Keating found A" — Aty = —184 ns;
ATpest — Aty = 96 ns. Of course a gravitational red-shift term, coming from
General Relativity, must be added, due to the different gravitational potential
experienced by the flying clock with respect to the one on the ground. Such
a term is about the same for both flies. The net observable desynchronization
effect is just the algebraic sum of the kinematical and gravitational effect.

The experiment seems to confirm quite well the first order predictions of
both special and general theory of relativity. In the words of the Authors, “the
effects of travel on the time recording behavior of macroscopic clocks (...)
can be observed in a straightforward and unambiguous manner with relatively
inexpensive commercial jet flights and commercially available caesium beams
clocks”.
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53 The time-lag seen from the rotating platform

We now perform the calculation of the time-lag 7,44 in a coordinate system
adapted to the rotating frame K. Such a choice results in the adoption of
the ‘generalized Born metric’, which can be derived from the usual pseudo-
euclidean one by means of two simple tranformations:

m =94 Qt: an external transformation characterizing the passage from
the central inertial frame Sy to the rotating one K, ¢ and ¥ being, re-
spectively, the azimuthal coordinates of Sy and K;

mf=4/1— (%)Qt = v~ 1(Q) t: a temporal rescaling which introduces

the coordinate ¢, measured by actual clocks on the rim of the disk.

Let us notice that the adoption of time # reflects the adoption of Selleri “ab-
solute” synchronization in every LCIF, which can be achieved by setting each
clock on the rim to 0 when it coincides with a clock of Sy displaying the time
t = 0. This complies with the fact (previously stated) that Selleri choice pro-
vides a consistent parametrization of the rotating frame at large.

The generalized Born metric reads [15, 30]

Adr? = Adi? — R2dv? — 2v(Q)QR?dvdi (521

R being the radius of the disk.

The world-lines of clocks A and B, respectively standing on the rim and
performing a round-trip, can be parametrized by the proper times 74 and 75
and are described by the following equations

dds = 0, (5.22)
ddp = @dt

(w stands for the angular velocity of B with respect to the temporal coordinate
t).

In terms of £, the time interval between the departure and the arrival of clock
B is given by

~ 9
9 = OAF = Af = 28

w
Exploiting (5.21) and (5.22) one has, for the proper time intervals A7, and
A7p measured by the two clocks while B is moving along the rim:

Aty = Ai=2"
w

2 2
Arg = 7{ \/ diz — ]:—dﬁQB - —27“?% v pdf
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_ 7{ dt\/ 1 _w2 ((?ZQRQ

2m R2 29(Q)QR? _
= 1— g2 2R
w Pt c?
The development in @ = 0 of the square root factor yields 1 — 7((22—291%2&) +
O(‘“ i ), so that
2 2 Q)QR? . 2 2my(Q)QR? ”
Arp =21 e MWTW—MW(@)-
w c c w c c
Eventually
2my(Q)QR? oR
A7y — Arp = IO o 2R
c c
from which
2my(Q) QR
lim A74 — A1 = % = Tlag -
w—0 C

A result that, as one should expect, matches the preceding computation,
which had been performed using standard coordinates of the central inertial
frame Sp.2

6. Exploiting Selleri gauge freedom

We know from Sec. 2 that the synchronization is not “given by God”, as of-
ten both relativistic and anti-relativistic Authors assume, but it can be arbitrarly
chosen within the Cattaneo gauge (5.3). In particular, it can be chosen within
the narrower Selleri gauge. Amidst Selleri gauge, Einstein synchrony choice
(corresponding, on the rotating frame, to e; = —QRy/c? in every LCIF) has
the agreeable feature of being the only one which complies with slow transport
synchronization; its remarkable drawback consists in being restricted to the
infinitesimal domain of any LCIF. On the contrary, Selleri synchrony choice
(corresponding to e; = 0 in every LCIF), although being incompatible with
slow transport synchronization, is the only procedure allowing a global syn-
chronization of clocks on the platform.

In fact, Selleri’s absolute time is nothing but the inertial time ¢ read on the
clock of Sy by which an arbitrary clock on the platform K passes at a given in-
stant, rescaled by a factor v ~! [ see Eq. (5.11)]. Because of this, the synchrony

23Actually, one could object that the limit process has been taken here for @ — 0, while, in section 5.1, it
had been taken for w — 0. However, it is easy to see that the two limits imply each other.
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criterium in K is nothing but the synchrony criterium in Sy: this is Selleri’s
synchrony choice.?*

An important application is the GPS. In fact, the synchronization of the
clocks carried by the GPS satellites requires a Selleri-like synchrony choice:
no other synchronization can be carried out in the rotating frame of the Earth
[31],[18]. More explicitly, because of the elliptical orbit of the satellites, the
synchronization must be performed in the central inertial frame Sy. This is
the so-called “absolute” (in Selleri’s term) synchronization, which agrees with
Selleri’s synchronization on the rim?>.

We agree with Selleri that synchronization is a matter of convention as far
as inertial frames, translating with respect to one another, are concerned. How-
ever, as we have anticipated in Sec. 2.2, a strong objection can be raised against
Selleri’s belief according to which synchronization is a matter of convention
only in case of translation, but not in case of rotation. In his words, “the fa-
mous synchronization problem is solved by nature itself: it is not true that the
synchronization procedure can be chosen freely, because all conventions but
the absolute one lead to an unacceptable discontinuity in the physical theory”
(31, [21].

The discontinuity to which Selleri refers descends from the comparison of
the global velocity of light on a round-trip along the rim, as measured by a
single clock, and the local velocity of light, as measured by two clocks in a
LCIF on the rim. Such a discontinuity persists even when the limit 2 — 0 is
considered.?® This is the reason why Selleri properly regards this discontinuity
as an “unacceptable” one.

However, we are in a position to give a very simple solution of this ‘para-
dox’. The discontinuity is uniquely originated by the fact that Selleri compares
two velocities resulting from different synchronization conventions; in partic-
ular, an isotropic synchronization is chosen in Sy and an anisotropic synchro-
nization is chosen, according to Eqns. (5.11), in any LCIF on the rim [26]. In
other terms, the discontinuity found by Selleri is not a physical discontinuity,
but merely expresses different synchrony choices. This discontinuity disap-

24The Selleri’s synchrony choice results in the choice of a coordinate time £ on the platform that coincides
with the proper time of the clocks at rest on the platform (£ = y~'t = y~1(y7) = 7). However, the
global simultaneity criterium is given by the spacetime foliation ¢t = const, that implies { = const on the
rim (t = const,r = R=const =t =y~ 1t = vfl(QR)t = const), but not on the whole platform.
As a consequence, one can see that the time coordinate allowing a global synchronization on the whole
platform (i.e. for 0 < r < R) is actually the time ¢ of the central inertial frame S,.

250n the rim the Lorentz factor is constant; so it plays the irrelevant role of a factor scale.

26More explicitly, the limit is: 2 — 0, R — oo in such a way that QR turns to be unchanged (see [3] for
details).
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pears if the same synchronization procedure is adopted in any (local or global)
inertial frame: this is a necessary condition (altough often not explicitly stated)
for the validity of a proper formulation of the relativity principle.

Let us stress that it doesn’t matter whether the “absolute” or the Einstein
synchronization is used: according to a meaningful formulation of the rela-
tivity principle, the only necessary condition is that in any (local or global)
inertial frame the same synchronization procedure must be adopted. This sort
of obviousness is, unfortunately, quite clouded by the standard formulation of
SRT. As a matter of fact, the optical isotropy of every IF is usually considered
as a physical property of the IF itself, rather than a consequence of a “suitable”
synchrony gauge choice.?’

7. Conclusions

The time-lag (characterizing the non time-orthogonality of the rotating
frame and responsible of the fringes’ shifts in Sagnac interferometers) has been
introduced by Cantoni and Anandan in Minkowski spacetime as a ‘theoretical
artefact’, whose crucial (and odd) feature is the use of Einstein synchroniza-
tion extrapolated from local to global along the rim. However, the computa-
tion performed in this paper straightforwardly reveals the deep physical, non-
conventional, nature of the time-lag. In particular, it reveals the dark physical
root of the Sagnac effect: desynchronization of slowly travelling clocks.

Moreover, the same computation also reveals that slow transport synchro-
nization agrees with Einstein synchronization also in rotating frames, although
in these frames Einstein synchronization is not allowed at large.

To conclude, we claim that, in the light of the results shown and of the
considerations presented here, no empirical evidence related to rotation can
force the choice of a privileged synchronization procedure, in the context of
Cattaneo internal gauge freedom.

The physical nature of the desynchronization effect, also in connection with
the Hafele-Keating-like experiments, has been thoroughly investigated. Quite
remarkably, this effect lets only one synchronization procedure to be consistent
at large on the rim of a rotating turntable.

Despite of this fact, the desynchronization time-lag, although introduced as
a ‘theoretical artefact’ strictly related to a well particular synchrony choice,
turns to be inherently ‘gauge-invariant’: it can be explained by adopting any
synchronization convention on the LCIF’s of the rim of the turntable.

2T The previous statement obviously concerns the one-way velocity of light. Any IF is isotropic on “two-
way” paths, regardless of the synchronization choice. According to SRT, this is a crucial physical property
of any IF.
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Appendix

According to Eq. (5.15), let v+ = w+ R = (2 £ w)R be the velocity of the cr/crr-particle
relative to the central IF.® Now, let v/, = w’, R be the velocity of the cr/crr-particle relative to
an Einstein synchronized LCIF.*® Then the velocities v+ and v’y are related through the standard

Lorentz law
v +QR
14+ 20

As a consequence, the angular velocities are related through the following law:

Wi +Q
QR-w\ R’
14 —=

Qtw=

which reduces, at first order approximation with respect to w’s R/c, to

2 p2
Qtw=0+7(Quwl +O(wt2R ) -

Therefore, at first order approximation the following relationship holds:
w=47"(Q) .

Therefore, Eqns. (5.16), (5.17) can take the form

R2 B R2 w/2R2
+ _ 1 ’ i
Aty —Atq = _QW’Y(Q)CTQ — Ty (Q)C—2w+ + O( &2 ),
_ R? R w?R?
Atg —Atq = 2#’7(9)0—29 + 7y (9)6—20.), + O( = ),
from which
2
lim (ATA — AT;) = lim (ATE — ATA) = 2W?2R V() = Tiag,
w/+~>0 w’ —0

that is nothing but Eq. (5.18), with o/, and w’_ instead of w.

This shows that Eq. (5.18), which gives the (observable) desynchronization between the
clocks A and B at the end of the slow round-trip performed by B, turns out to be independent
on any convention about local synchronization: just as one should expect for an observable
quantity.
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Abstract

Part 1: Traditional Analysis Conundrums. Although most physicists pre-
sume the theoretical basis of relativistically rotating systems is well established,
there may be grounds to call the traditional analysis of such systems into ques-
tion. That analysis is argued to be inconsistent with regard to its prediction for
circumferential Lorentz contraction, and via the hypothesis of locality, the pos-
tulates of special relativity. It is also contended that the traditional analysis is
in violation of the continuous and single valued nature of physical time. It is
further submitted to be in disagreement with the empirical finding of Brillet and
Hall, the global positioning system satellite data, and a light pulse arrival time
analysis of the Sagnac experiment.

Part 2: Resolution of the Conundrums: Differential Geometry and Non-time-
orthogonality. 1t is postulated that physical constraints on time (its continuous
and single-valued nature) limit the set of possible synchronization/simultaneity
schemes in rotation to one, the “flash from center” scheme. A differential ge-
ometry analysis based on this simultaneity postulate is presented in which the
rotating frame metric is constrained to be locally non-time-orthogonal (NTO)
and due to which, all inconsistencies and disagreements with experiment are re-
solved. The hypothesis of locality is shown to be invalid for rotation specifically,
and generally valid only for non-inertial frames in which the metric can have all
null off diagonal space-time components (i.e., time is orthogonal to space.) The
analysis approach presented does not contravene traditional relativistic theory
for translating systems and makes many (but not all) of the same predictions for
rotating systems as does the traditional (time orthogonal) analysis.

Part 3: Experiment and Non-time-orthogonal Analysis. Experiments per-
formed from the 1880s to the present to test special relativity are summarized,
and their relevance to NTO analysis is presented. One test, that of Brillet and
Hall, appears capable of discerning between the NTO and traditional approaches
to relativistic rotation. It yielded a signal predicted by NTO analysis, but not by
the traditional approach. Other evidence in favor of the NTO approach may be
inherent in the global positioning system data, and the Sagnac experiment.
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1. Traditional Analysis Conundrums
1.1 Introduction

Part 1 outlines the traditional approach to relativistic rotation and discusses
various apparent inconsistencies associated therewith. Following an analysis
of synchronization/simultaneity in rotating frames and seeming traditional ap-
proach problems therein, a new postulate is introduced, which will be used in
Part 2 to pose an alternative approach to resolving the inconsistencies.

1.2 Relevant Relativity Principles

Special relativity theory (SRT) is restricted to inertial systems and is derived
from two symmetry postulates:

1 The speed of light is the same for all inertial observers (it is invariant)
and equals c.

2 There is no preferred inertial reference frame. (Velocity is relative, and
the laws of nature are covariant, i.e., the same for all inertial observers.)

The first postulate, applied to the one-way speed of light, is equivalent to
demanding that Einstein synchronization of clocks holds. In Einstein synchro-
nization, one starts from a first clock at time ¢ 4 on that clock and sends a light
pulse to a second clock fixed in the same frame as the first. The light pulse is
reflected back at the second clock and returns to the first clock at time ¢ g on the
first clock. The time on the second clock is then set such that its reading when
the light was reflected would have been (t 4 + t5)/2, the time on the first clock
half way between the emission and reception times. This ensures the one-way
speed of light, measured as the distance travelled between clocks divided by
the time difference of the two clocks, is always c.

In recent years, many relativists have come to consider Einstein synchro-
nization merely a convention, or gauge, that affects no measurable quantities
[1]1,[2]. For example, in all such gauge theories of synchronization, the round
trip speed of light is ¢ (though the one-way speed of light need not be.) Nev-
ertheless, underlying SRT is the assumption that Einstein synchronization is
always one of the possible conventions that makes valid predictions about in-
ertial frames in the physical world.

General relativity is applicable to non-inertial systems and is based on ad-
ditional postulates, including the equivalence principle and the hypothesis of
locality (or sometimes, the “surrogate frames postulate”). The hypothesis of
locality stands as a linchpin in the traditional approach to relativistic rotation,
and thus, I number it among the postulates of importance to this article.
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3 Hypothesis of locality: Locally (i.e., over infinitesimal regions of space
and time), neither gravity nor acceleration changes the length of a stan-
dard rod or the rate of a standard clock relative to a nearby freely falling
(i.e., inertial) standard rod or standard clock instantaneously co-moving
with it. See Mgller[3], Einstein[4], and Mashoon[5].

Stated another way, a local inertial observer is equivalent to a local co-
moving non-inertial observer in all matters having to do with measurements
of distance and time. It follows immediately that Einstein synchronization can
be carried out locally, and that for such synchronization, the local one-way
speed of light measured in a non-inertial frame is c. Hence, a Lorentz frame
can be used as a local surrogate for the non-inertial frame. This has a basis in
differential geometry, in which a curved space is locally flat and can be repre-
sented locally by Cartesian coordinates.

Minguzzi[6] and Mgller[7], among others, note that the hypothesis of local-
ity is only an assumption. It is, however, an assumption that, historically, has
worked very well in a large number of applications. See, for example, the treat-
ment of acceleration by Misner, Thorne, and Wheeler[8] using instantaneous
local Lorentz frames.

1.3 The Traditional Approach

The traditional approach to relativistic rotation assumes the hypothesis of
locality is a fundamental and universal truth. As done successfully in other,
non-rotating, cases, values in local co-moving Lorentz frames are integrated to
determine global values for quantities such as distance and time, which would,
in principle, be measured with standard meter sticks and clocks by an observer
in the rotating frame.

The oft - cited example, first delineated by Einstein[9], is the purported
Lorentz contraction of the rim of a rotating disk. (Or alternatively, the cir-
cumferential stresses induced in the disk when the rim tries to contract but is
restricted from doing so via elastic forces in the disk material.) A local Lorentz
frame instantaneously co-moving with a point on the rim, it is argued, exhibits
Lorentz contraction of its meter sticks in the direction of the rim tangent, via
its velocity, v = wr. This infinitesimal length contraction is subsequently inte-
grated over all of the local Lorentz frames instantaneously at rest with respect
to each successive point along the rim. The result is a number of meter sticks
that is greater than 277, and thus, the disk surface is concluded to be non-
Euclidean, or Riemann curved[10],[11].

14 Inconsistency of Circumferential Lorentz Contraction

According to SRT, an observer does not see his own lengths contracting.
Only a second observer moving relative to him sees the first observer’s length
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dimension contracted. Hence, from the point of view of the disk observer, her
own meter sticks are not contracted[12], and there can be no curvature of the
rotating disk surface. The traditional analysis is thus, inconsistent[13].

Consider further the disk observer looking out at the meter sticks at rest in
the lab close to the disk’s rim. Via the hypothesis of locality (in which she is
equivalent to a local co-moving Lorentz observer), she sees the lab meter sticks
as having a velocity with respect to her. Hence, by the traditional logic, she
sees them as contracted in the circumferential direction. She must therefore
conclude that the lab surface is curved. But those of us living in the lab know
this is simply not true, and again the analysis is inconsistent.

Although these arguments seem to be rarely considered by traditionalists,
when they are brought to their attention, the usual defense is that “the rotating
frame is not an inertial frame and thus is different”. Yet, the hypothesis of
locality, the starting point for the analysis, assumes that they are not different
in this regard.

Furthermore, if the non-inertial argument has any validity, then it must im-
ply that the length contraction of the rim is absolute, i.e., both the lab and disk
observer agree that the disk meter sticks are contracted. Yet, consider the limit
case of low w, high r, such that a = w2r &~ 0, while v = wr is close to the
speed of light (the “limit case”). Advocates of the traditional approach contend
that, since the limit case observer fixed to the rotating disk rim feels no inertial
“force”, she becomes, effectively, a Lorentz observer. In this case, each of the
lab and disk observers must see the other’s meter sticks as contracted and their
own as normal. Yet, the non-inertial argument started with the assumption that
the disk observer’s meter sticks contracted in an absolute way, agreed to by all
observers[14].

Conclusion:  Length contraction applied via the traditional analysis to
rotating systems appears self-contradictory.

1.5 Second SRT Postulate Not Valid in Rotation

Without looking outside, an observer on the rim of a rotating disk can de-
termine her angular velocity w, using, for example, a Foucault pendulum. She
can also use a spring mass system to measure kx/m = w?r, and hence deter-
mine 7, the distance to the center of rotation. (The Newtonian limit is used to
simplify the example. The conclusion is also true for relativistic calculations.)

That is, contrary to the dictate of the second postulate, there are experiments
an observer can perform locally from entirely within the rotating frame to de-
termine her speed in an absolute sense. (To be precise, her speed with respect
to the inertial frame in which her center of rotation is fixed.) Her velocity is not
relative. Both the lab and the rim fixed observers determine the same value for
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Figure 6.1. Rotating Disk Observer Measuring Light Speed

it. With respect to circumferential speed, there is a preferred frame, and both
observers agree it is the one where such speed is zero, i.e., the non-rotating lab
frame.

Conclusion: The second relativity postulate does not appear to hold for
rotating systems

1.6 First SRT Postulate: Thought and Sagnac Experiments

1.6.1 Thought Experiment. Consider the following thought experi-
ment (see Selleri[15]) involving an observer fixed to the rotating disk of Figure
6.1 who measures the speed of light.

The observer shown has already laid meter sticks along the rim circumfer-
ence and determined the distance around that circumference. As part of her
experiment, she has also set up a cylindrical mirror, reflecting side facing in-
ward, all around the circumference. She takes a clock with her and anchors
herself to one spot on the disk rim. When her clock reads time 7" = 0 (left
side of Figure 6.1) she shines two short pulses of light tangent to the rim in
opposite directions. The mirror will cause these light pulses to travel circular
paths around the rim, one clockwise (cw) and one counterclockwise (ccw).

From the lab, we see the cw and ccw light pulses having the same speed c.
However, as the pulses travel around the rim, the rim and the observer fixed
to it move as well. Hence, a short time later, as illustrated in the right side of
Figure 6.1, the cw light pulse has returned to the observer, whereas the ccw
pulse has yet to do so. A little later (not shown) the ccw pulse will have caught
up to the observer.

For the observer, from her perspective on the disk, both light rays travel
the same number of meters around the circumference. But her experience and
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her clock readings tell her that the cw pulse took less time to travel the same
distance around the circumference than the ccw pulse.

She can only conclude that, from her point of view, the cw pulse travelled
faster than the ccw pulse. Hence, the speed of light as measured on the rotating
disk is anisotropic and different from that measured in the lab. Thus, one could
conclude that the first relativity postulate, in the context of the hypothesis of
locality, is violated.

Arguments against this conclusion are rooted in two interrelated concepts: 1)
purported differences between the global (as measured in the above thought ex-
periment) and local, physical speeds of light[16],[17],[18], and ii) the synchro-
nization/simultaneity employed[19],[20]. The author has extensive remarks on
this in a subsequent section, but for now, submits that the appropriate synchro-
nization scheme comprises the following.

Consider the ccw light pulse and the time difference on the clock held by
the observer in Figure 6.1 between the emission (assume initial clock time is
t4 = 0) and reception (clock time ¢p) events. Employ the synchronization
method of Section 1.2, only instead of using a back and forth round trip for
light (Einstein synchronization), use a circular round trip. That is, the time on
the clock half way along the round trip ccw path (at 180° of the disk here), at
the instant the ccw light pulse was there, should be (t4 + tp)/2 = t /2. With
this time, the ccw speed of light will be the same as that computed for the
round trip, i.e., it will be less than c. Now synchronize the clock at 90° the
same way. Assume its setting at the instant the light pulse passed was half that
on the clock at 180° when the light passed that clock (or equivalently, /4 of
tp.) Doing this, one again finds the ccw speed of light to be the same value,
which is < c. Repeat over smaller intervals until, in the limit, one finds the
local speed of light to be the same, and therefore not equal to c.

The entire procedure can be repeated for the cw light pulse, and one will
find the clocks at each location done via the cw and ccw methods are synchro-
nized, i.e., they are the same clocks. One will also find that the local speeds
of light are anisotropic and equal to the same values as the global ones deter-
mined using a single clock at the emission/reception point.

Conclusion: ~ While it may appear that the local speed of light, being
anisotropic, violates the first relativity postulate, there is still the possibility
that Einstein synchronization may be valid locally (as one of the possible lo-
cal synchronization schemes). This would mean that for such synchronization,
the local speed of light would be ¢, and one could get correct results using the
hypothesis of locality and local Lorentz frame analyses.

Challenge to traditionalists: The author does not believe this and chal-
lenges advocates of the traditional approach to begin with the assumption of
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local isotropic light speed, and without looking outside of the rotating frame,
kinematically derive the result that the cw light pulse arrives back at the emis-
sion point before the ccw one.

1.6.2 The Sagnac Experiment. In 1913, G. Sagnac[21] carried out
a now famous experiment, similar in many ways to the thought experiment
of Figure 6.1. On a rotating platform, he split light from a single source into
cw and ccw rays that travelled identical paths in opposite directions around
the platform. He combined the returning rays to form a visible interference
pattern, and found that the fringes shifted as the speed of rotation changed. A
number of others[22],[23] subsequently performed the same test with the same
results.

If the speed of light were locally invariant and always equal to c, then speed-
ing up or slowing of the rotation rate of the platform should not change the
location of the fringes. However, the fringes do change with speed and once
again we have a test (Sagnac) whereby we can determine a preferred frame,
in seeming violation of the second relativity postulate and the hypothesis of
locality.

Putative explanations for this in the context of the traditional approach hinge,
once again, on synchronization/simultaneity and global vs. local arguments.
These are addressed in the following section.

I do contend that the thought experiment of Figure 6.1 makes it clear that any
explanation for the Sagnac experiment, from the point of view of the disk ref-
erence frame, must account for different arrival times for the cw and ccw light
pulses. Analyses based on Doppler shifts[24] or DeBroglie momentum/wave
length[25] changes are simply not sufficient to explain this.

The calculation of this arrival time difference, derived from the lab frame,
is well known and is repeated for reference in the Appendix.

1.7 Synchronization/Simultaneity in the Traditional Approach

1.7.1 The Traditional Approach “Time Gap”. Consider the non-
rotating (lab) frame as K; the rotating (disk) frame as k. Figure 6.2 depicts
inertial measuring rods in inertial frames K; to Kg with speeds wr instanta-
neously at rest with respect to eight points on the rotating disk rim as shown.
For practical reasons, only eight finite length rods are shown, and one can con-
sider them as a symbolic representation of an infinite number of such rods of
infinitesimal length. A and B are events located in space at the endpoints of the
K; rod which are simultaneous as seen from K;; B and C are events located
in space at the endpoints of the Ko rod which are simultaneous in Ky; and so
on for the other events C to J. A,B, ...J can be envisioned as flashes of light
emitted by bulbs situated equidistantly around the disk rim.
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F E _ Spacelike path
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2 Timelike path
of 3D point p
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Figure 6.2. Inertial Co-Moving Frame Figure 6.3. Co-Moving Frames Integra-
tion Path

p is a spatial (three-dimensional) point fixed to the disk at which both A and
J occur. q is the spatial point on the disk at which B occurs. In principle, A, B,
... J, as well as p and q are located on the disk rim though they may not look so
in Figure 6.2, since the co-moving rods shown are not infinitesimal in length.
In the traditional analysis, the hypothesis of locality is invoked to claim that
times and distances measured by standard measuring rods and clocks in the
local co-moving inertial frames are identical to those riding with the disk.
Note that although events A and B are simultaneous as seen from K, they
are not simultaneous as seen in K (via SRT for two inertial frames in relative
motion). As seen from K, A occurs before B. Similarly, B occurs before C, and
so on around the rim. If the events are light flashes, a ground based observer
looking down on the disk would see the A flash, then B, then C, etc. Hence we
conclude that as seen from K, A occurs before J even though A and J are both
located at the same 3D point p fixed to the rim. As seen from K, during the
time interval between events A and J, the disk rotates, and hence the point p
moves. (As an aside, Figure 6.2 can now be seen to be merely symbolic since
events A to J would not in actuality be seen from K to occur at the locations
shown in Figure 6.2. That is, by the time the K observer sees the B flash, the
disk has rotated a little. It rotates a little more before he sees the C flash, etc.)
According to the traditional treatment of the rotating disk, one then uses the
K; rods and integrates (adds the rod lengths) along the path AB ...J, moving
sequentially from co-moving inertial frame to co-moving inertial frame. This
path is represented by the solid line in Figure 6.3, and one can visualize small
Minkowski coordinate frames situated at every point along the curve AJ (see
Ky in Figure 6.3) with integration taking place along a series of spatial axes
(such as X5 in Figure 6.3). By doing this one arrives at a length for AJ, the
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presumed circumference of a disk of radius r, of

2
Al = UL > Circumference in lab, 6.1)

V1 —w?r2/c?

and thus, the disk surface is concluded to be non-Euclidean (Riemann curved.)

But consider that since point p moves along a timelike path as seen from
K (see dotted line in Fig. 6.3), a time difference between events A at 0° and
J at 360° must therefore exist as measured by a clock attached to point p. To
continue from J to A requires a jump in time, and thus, the traditional analysis
approach leads to a discontinuity in time (or alternatively, multi-valued time),
a seemingly impossible physical situation. Further, as noted by Weber[26],
this means that if light rays are sent 360° around the rim to synchronize the
clock at J with that at A, then the two clocks (which are really one and the
same clock) are not in synchronization. That is, each clock on the disk is out
of synchronization with itself.

Still further, according to the traditional analysis, time all along the path AJ
is fixed. Thus, by that analysis, which depends on the locality hypothesis and
integration of values (time in this case) from local frame to local frame, A and
J must be simultaneous. But they are not.

1.7.2 Traditional Approach to Resolve the “Time Gap”. In recent
years, this problem has been treated as if this “time gap” were a mathematical
artifact, and approaches labelled “desynchronization”[27],[28],[29] and “dis-
continuity in synchronization[30],[31] have been proposed that entail multiple
clocks at a given event. These approaches seem motivated by the gauge the-
ory of synchronization philosophy that time settings on clocks are inherently
arbitrary.

Furthermore, the time gap is often said to be identical in nature to travelling
at constant radius in a polar coordinate system. The ¢ value is discontinuous
at 360°. Similar logic applies for time, with the International Date Line for
the time zone settings on the earth. If one starts at that line and proceeds
360° around the earth, one returns to find one must jump a day in order to
re-establish one’s clock/calendar correctly.

1.7.3 Arguments for Physical Interpretation of the “Time Gap”.
The gauge synchronization philosophy champions innumerable, equally valid,
synchronization schemes. Yet, within any one of those schemes, time is single
valued and continuous, and clocks are all in synchronization with themselves.
For a given synchronization method, each event within a given frame has a
single time associated with it.

In the desynchronization approaches, a given event in a given rotating frame,
for a given synchronization method, can have any number of possible times on
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it. For example, the clock at point p in Figure 6.2 has one time on it at event
A. If one Einstein synchronizes the clock at 360° (i.e., the same clock at p)
with ccw light rays, one gets another time setting. Thus, one has a choice
of which of two times one prefers for any given event at point p. If, on the
other hand, one synchronizes the clock at 360° via cw light rays, one gets
yet another setting, and a third possible time to choose for any given event.
Consider yet another path in which the light ray goes radially inward 1 meter,
then 360° around, then radially outward 1 meter. One then gets yet another
setting for the clock at p. Since there are an infinite number of possible paths
by which one could synchronize the clock at p, there are an infinite number of
possible times for each event at p. (This does not happen in translation. Any
possible path for the light rays results in the same unique setting, for a given
synchronization scheme, on each clock in the frame.)

This plethora of possible settings for the same clock results from insisting
on “desynchronization” of clocks in order to keep the speed of light locally ¢
everywhere. And thus, one is in the position of choosing whichever value for
time one needs in a given experiment in order to get the answer one insists
one must have (i.e., invariant, isotropic local light speed.) One can only then
ask if this is really physics or not. Can an infinite number of possible readings
on a single clock at a single event for a single method of synchronization be
anything other than meaningless?

The polar coordinate analogy, I believe, confuses physical discontinuity
with coordinate discontinuity. In 2D, place a green X at 0°, travel 360° at
constant radius, and then place a red X. The red and green marks coincide in
space. There is no discontinuity in space between them, although there is a
discontinuity in the coordinate ¢.

Flash a green light on the equator at the International Dateline, then trace a
path once around the equator along which no time passes. If you flash a red
light at the end of that path, the red and green flashes are coincident in space
and time. There is no physical discontinuity, although your time zone clocks
show a coordinate discontinuity.

In Figure 6.3, flash a green light at event A. Travel 360° on the disk along
the space-time path AJ (along which no time passes according to the traditional
analysis), then flash a red light at event J. The two lights are not coincident.
There is real world space-time gap between them, and they exist at different
points in 4D. The discontinuity is physical, not merely coordinate.

Peres was aware of this time discontinuity, calling it a “heavy price which
we are paying to make the [circumferential] velocity of light ... equal to ¢”
[32]. Dieks[33] noted that though arbitrary in certain senses, time in relativity
must be “directly linked to undoubtedly real physical processes”. This author
agrees.
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1.7.4 The Only Physically Possible Synchronization/Simultaneity.
There are potential choices for synchronization/simultaneity in the rotating
frame other than Einstein’s. The traditional one with local Einstein synchro-
nization around the disk rim is based on the Lorentz transformation from the
lab to the local co-moving inertial frame, i.e.

cdT; = (cdT — %dX) = (edT — %dX) 6.2)

1
V1—0v2/c?
where v = wr, dT is the time interval in the lab, dX is the space interval in the
lab along the disk rim, dT'; is the time interval in the local co-moving inertial
frame, which we presume, by the locality hypothesis, equals the time interval
on the disk. We could just as well have chosen[34]

cdl; = y(cdT — kdX) (6.3)

where « could have any value other than v/c.

However, for any x # 0, we would again have a time discontinuity, and all
the issues with multiple event times and clocks being out of synchronization
with themselves of the prior section.

I suggest that, prior to all else, any theory of rotation must be compliant with
the physical world constraint that time be continuous and single valued (within
a given frame, and for a given synchronization scheme.) That is only possi-
ble for a synchronization/simultaneity scheme where x = 0. For this scheme,
events in the lab that are simultaneous (i.e., have dT = 0 between them) are
also simultaneous in the rotating frame (have dt = 0).

Postulate: Any synchronization/simultaneity scheme for the rotating frame
for which that frame and the lab do not share common simultaneity results in
a physical time discontinuity and is thus unacceptable on physical grounds.

The traditional approach to rotation is at odds with this postulate.

1.8 Experiment and the Traditional Approach

In Part 3, virtually all of the experiments that have been carried out to verify
SRT are reviewed. One of these, the Michelson-Morley type experiment per-
formed by Brillet and Hall[35], found a persistent, anomalous, non-null signal
at the 1013 level, which is not predicted by SRT. The approach to relativistic
rotation of Part 2, which is based on the above postulate, predicts this signal,
and otherwise, makes the same predictions as the traditional approach for the
remaining tests.

Furthermore, as a result of studies on the Global Positioning System (GPS)
data for the rotating earth, recognized world leading GPS expert Neil Ashby
states
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“Now consider a process in which observers in the rotating frame attempt to
use Einstein synchronization..... Simple minded use of Einstein synchronization
in the rotating frame ... thus leads to a significant error”.[36]

He also recently noted in Physics Today,

“.. the principle of the constancy of c¢ [the speed of light] cannot be applied
in a rotating reference frame ..” [37].

1.9 Summary of Part 1

Thought experiments, actual experiments, and the physical nature of the
space-time continuum appear discordant with the traditional approach to rela-
tivistic rotation.

2. Resolution of the Conundrums: Differential Geometry
and Non-time-orthogonality

“«

. a good part of science is distinguishing between useful crazy ideas and
those that are just plain nutty.” Princeton University Press advertisement for
the book “Nine Crazy Ideas in Science”

2.1 Introduction

Part 2 poses an alternative approach to relativistic rotation that resolves the
inconsistencies, and as will be seen in Part 3, appears to have better agreement
with experiment than the traditional approach. There are two fundamental
steps to the alternative approach.

1 Postulate that, in accord with physical world logic as presented in Part 1,
simultaneity/synchronization in the rotating frame can only be such that
time in that frame is continuous and single valued.

2 Apply differential geometry and note resulting predictions.

Before beginning the analysis, relevant background material from differen-
tial geometry is presented in Section 2.2.

2.2 Physical vs. Coordinate Components

If one has coordinate components, found from generalized coordinate tensor
analysis, for some quantity, such as stress or velocity, one needs to be able to
translate those into the values measured in experiment. For some inexplicable
reason, the method for doing this is not typically taught in general relativity
(GR) texts/classes, so it is reviewed here. (Note that often in GR, one seeks
invariants like dr, ds, etc., which are the same in any coordinate system, and in
such cases, this issue does not arise. The issue does arise with vectors/tensors,
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whose coordinate components vary from coordinate system to coordinate sys-
tem.)

The measured value for a given vector component, unlike the coordinate
component, is unique within a given reference frame. In differential geometry
(tensor analysis), that measured value is called the “physical component”.

Many tensor analysis texts show how to find physical components from co-
ordinate components[38]. A number of continuum mechanics texts do as well
[39]. The only GR text known to the present author that mentions physical
components is Misner, Thorne, and Wheeler[40]. Those authors use the pro-
cedure to be described below, but do not derive it[41]. The present author has
written an introductory article on this, oriented for students, that may be found
at the Los Alamos web site[42]. The following is excerpted in part from that
article.

The displacement vector dx between two points in a 2D Cartesian coordinate
system is

dx = dX'é; + dX?%e, (6.4)

where the &; are unit basis vectors and dX* are physical components (i.e., the
values one would measure with meter sticks). For the same vector dx ex-
pressed in a different, generalized, coordinate system we have different coor-
dinate components dx’ # dX' (dx' do not represent values measured with meter
sticks), but a similar expression

dx = dz'e; + dz’es, (6.5)

where the generalized basis vectors e; point in the same directions as the cor-
responding unit basis vectors €;, but are not equal to them. Hence, for &;, we
have

R €; e; €;

ei = — = =

\ei| ,/ei-ei 4/g@
where underlining implies no summation.
Substituting (6.6) into (6.4) and equating with (6.5), one obtains

dX!' = \/giida? dX? = \/gpda?, (6.7)

which is the relationship between displacement physical (measured with in-
struments) and coordinate (mathematical value only) components.
Consider a more general case of an arbitrary vector v

(6.6)

vV = vlel + U2€2 = vlél + v2é2 (6.8)

where, e; and ey here do not, in general, have to be orthogonal, e; and &;
point in the same direction for each index ¢, and carets over component indices
indicate physical components. Substituting (6.6) into (6.8), one readily obtains

vl = /g, (6.9)
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which we have shown here to be valid in both orthogonal and non-orthogonal
systems.

As a further aid to those readers familiar with anholonomic coordinates
(which are associated with non-coordinate basis vectors superimposed on a
generalized coordinate grid), physical components are special case anholo-
nomic components for which the non-coordinate basis vectors have unit length.

It is important to recognize that anholonomic components do not transform
as true vector components. So one can not simply use physical components
in tensor analysis as if they were. Typically, one starts with physical compo-
nents as input to a problem. These are converted to coordinate components,
and the appropriate tensor analysis carried out to get an answer in terms of
coordinate components. One then converts these coordinate components into
physical components as a last step, in order to compare with values measured
with instruments in the real world.

As a basis vector is derived from infinitesimals (derivative at a point), one
sees (6.9) is valid locally in curved, as well as flat, spaces, and can be extrapo-
lated to 4D general relativistic applications. So, very generally, for a 4D vector
v* and a metric signature (-,+,+,+)

v = ,/gﬁvi - \/—ggo'UO, (6.10)

where Roman sub and superscripts refer solely to spatial components (i.e. ¢ =
1,2,3.)

23 Alternative Analysis Approach

We begin with the simultaneity postulate of Section 1.7.4, repeated below
for convenience.

Postulate: Any synchronization/simultaneity scheme for the rotating frame,
for which that frame and the lab do not share common simultaneity, results in
a physical time discontinuity and is thus unacceptable on physical grounds.

2.3.1 Disk Transformation and Metric. As will be discussed, the
global transformation from the lab to the rotating frame apparently first used
by Langevin[43] to find a suitable metric for the rotating frame incorporates the
above postulate. This transformation is used in the following analysis, which
parallels that of Klauber[44]. The correctness of the transformation can be
judged by whether the predictions made by using it match experiment.
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This transformation, between the non-rotating (lab, upper case symbols)
frame to a rotating (lower case) frame, is

cl' = ct
R=r
O =¢+wt (6.11)
Z =z.

w is the angular velocity of the rotating frame as seen from the lab, and cylin-
drical spatial coordinates are used. The coordinate time ¢ for the rotating sys-
tem equals the proper time of a standard clock located in the lab. Substituting
the differential form of (6.11) into the line element in the lab frame

ds® = —c*dT? + dR? + R*d®* + dZ* (6.12)
results in the line element for the rotating frame

ds* = —c*(1 — Ti—“f)dt2 +dr? + r2d¢? + 2r’wdgdt + d2? = gapdz®ds’.

(6.13)
Note that the metric in (6.13) is not diagonal, since g4 # 0, and this im-
plies that time is not orthogonal to space (i.e., a non-time-orthogonal, or NTO,
frame.)

2.3.2 Time on the Disk. Time on a standard clock at a fixed 3D loca-
tion on the rotating disk, found by taking ds? = —c?>dr and dr =dp=dz =0

in (6.13), is
dr = /1 —r2w?/c?dt = \/—gudt, (6.14)

This varies with radial position r. At the axis of rotation (where r = 0), the
standard clock agrees with the clock in the lab. At other locations, standard
clock time is diluted by the Lorentz factor, as in traditional SRT. The coordi-
nate time everywhere on the disk is ¢, and that equals the time 7" in the lab.

The time difference between two events at two locations (each having its
own clock) on the disk, in coordinate components, is df. The corresponding
physical time difference is

Atphys = dt = /—gudt = /1 — r2w? /c2dt. (6.15)

If the two locations happen to be one and the same location, one obviously gets
(6.14).

Note that two events seen as simultaneous in the lab have dT = 0 between
them. From the first line of (6.11) and (6.15), the same two events must also
have dt,pys = 0, and thus they are also seen as simultaneous on the disk. This
statement is true for all standard (physical) clocks on the disk. Though the
standard clocks at different radii thereon run at different rates, and thus can
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not be synchronized, they can share common simultaneity. The lab shares this
common simultaneity with all of the disk clocks, and thus our postulate above
holds for transformation (6.11), and the resulting (NTO) metric of (6.13).

Note further, that the simultaneity chosen here is equivalent in the physical
world to what is sometimes called “flash from center” simultaneity (or syn-
chronization if one is confined to clocks at fixed radius). In that scheme, one
imagines a flash of light on the axis of rotation whose wave front propagates
outwardly in all radial directions. Events when the wave front impacts individ-
ual points along a given circumference are considered simultaneous.

It is significant that the “flash from center” synchronization is the same as
that proposed (via other logic) near the end of Section 1.6.1.

233 Local Speed of Light on the Disk. For light ds? = 0. Inserting
this into (6.13), taking dr=dz=0, and using the quadratic equation formula, one
obtains a local coordinate velocity (generalized coordinate spatial grid units per
coordinate time unit) in the circumferential direction

Vlight,coord,circum — % =-—w=x ;, (616)
where the sign before the last term depends on the circumferential direction
(cw or ccw) of travel of the light ray. The local physical velocity (the value
one would measure in experiment using standard meter sticks and clocks in
units of meters per second) is found from this to be

VIsedd —Tw * ¢ —v £ ¢
Ulight,phys,circum = ﬁdt = — = == (6.17)
tt 1— wcg’ /1 _ 2_2

Note that for this approach, the local physical speed of light in rotating frames
is not invariant or isotropic, and that this lack of invariance/isotropy depends
on w, the angular velocity seen from the lab. Note particularly that this result
is a direct consequence of the NTO nature of the metric in (6.13). If w=0,
local physical (measured) light speed is isotropic and invariant, the metric is
diagonal, and time is orthogonal to space.

I thus call this alternative analysis method, the NTO approach to relativistic
rotation.

24 Implications of NTO Approach

24.1 Hypothesis of Locality. = Local physical light speed in the rotat-
ing frame, according to the NTO approach, is not equal to c. Yet, in a local,
co-moving, Lorentz frame, which via the hypothesis of locality is equivalent
locally to the non-inertial frame, the physical speed of light is always c. Thus,
a local co-moving Lorentz frame is not equivalent locally to the rotating frame,
and the hypothesis of locality is not valid for such frames. One does nor mea-
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sure the same values for velocity, and hence by implication for time and space,
in the two frames.

This is a direct result of the simultaneity postulate, required to keep time in
the rotating frame continuous and single-valued. That requirement results in
a rotating frame that can only be NTO, i.e., it can only have a metric with off
diagonal terms in the metric.

I submit that the hypothesis of locality remains true only for those non-
inertial frames in which it is possible for the metric to have all null off-diagonal
space-time components. This set of frames comprises the vast majority of
problems encountered in GR. Rotation is a critical exception.

24.2 Absolute Nature of Simultaneity in Rotation. In NTO analy-
sis, simultaneity/synchronization on the rotating disk, unlike that in the gauge
theory of synchronization, is unique (absolute.) The gauge theory validity, it
is submitted, is restricted to translating frames and does not apply to rotation.
This is not unlike other differences between rotation and translation. Velocity
in rotation, for example, has an absolute quality, whereas in translation it does
not. There is a preferred frame in rotation, upon which everyone agrees (the
frame with no Coriolis effect, for example); in translation, there is no such
frame.

243 Lorentz Contraction Revisited.  To determine Lorentz contrac-
tion of meter sticks, we merely need to compare physical length in the circum-
ferential direction in both the lab and rotating frames, i.e., look at the physical
component for d® and d¢. This is equivalent to finding the proper length when
dT = 0 in the first frame (lab here), and df = O in the second frame (disk here),
which is what one does in SRT.

The distance between two points along the circumference in the lab in meter
sticks is

d®ppys = AP = \/gppd® = RAD = R(®y — &1), (6.18)

which is not surprising, and which (for dR = dT = dZ = 0) equals ds. (6.18)
represents the number of meter sticks between points 1 and 2 in the lab. Now,
consider two 3D points on the disk located instantaneously at the same place
as points 1 and 2 in (6.18). We ask, how many meter sticks span that distance
as measured on the disk? That distance between points 1 and 2 in meter sticks
is

dpphys = dd = \/Gogdd = rdp = r(¢2 — $1). (6.19)

According to (6.11), 1 = 1 — wt; and ¢ = Py — wty. Since, r = R and
dt =t9 —t; =0, (6.18) and (6.19) are equal. The disk observer sees the same
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number of meter sticks between two points as the lab observer does between
those points, and hence, there is no Lorentz contraction.

Note that we would need a metric component g4y # r? in the rotating
frame to have Lorentz contraction. The postulate of simultaneity/time continu-
ity leads to the metric of (6.13), which is NTO, and which has g4 = r2.

The Lorentz contraction issue is treated more extensively, and with graphi-
cal illustrations, in Klauber[44]. The limit case for NTO analysis is also dis-
cussed therein though it is treated at great length in Klauber[45], and found to
be free of inconsistencies.

244 Sagnac and Thought Experiments. A complete and general
derivation of the Sagnac result from the rotating frame using NTO analysis
can be found in Klauber[46]. Shown below is the simpler derivation for a cir-
cumferential light path whose center is the axis of rotation. Note that different
speeds for light in the cw and ccw directions is inherent in the NTO approach,
and thus that approach is completely consonant with the thought experiment
of Part 1, Section 1.6.1.

The difference in time measured on a ccw rotating disk between two pulses
of light traveling opposite directions along a circumferential arc of length dl is

dadl
dtphys == ’U__ - E, (620)
where v is the speed for the cw light ray and v_ is the speed for the ccw ray.
Using (6.17) this becomes

din/1—=v2/c?  dl\/1—-v?/c2 v 2dl 621)

dt = il ]
phys c—v c+v /1= 02/
By integrating the RHS of (6.21) from 0 to 27r (recall there is no Lorentz
contraction), the LHS becomes the time difference on the clock fixed at the
emission/reception point,

wr  2(27r) B dwA
2 J1-—w??/2 21 —w??/c2’

which agrees with the derivation from the lab frame of the Appendix.

Atlpys = (6.22)

2.4.5 Brillet and Hall. The Brillet and Hall[35] experiment is de-
scribed in Part 3. It remains to this day the only test of sufficient accuracy to
detect any non-null Michelson-Morley (MM) effect due to the surface speed of
the earth rotating about its axis. Brillet and Hall found null signals for the solar
and galactic orbit speeds. However, they noted a persistent non-null signal at
2 x 10713, which had fixed phase in the lab frame.
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This signal is not predicted by traditional SRT, which insists on local Lorentz
invariance for light speed, and was thus simply deemed “spurious” without fur-
ther explanation. However, this signal is predicted by NTO analysis due to the
earth surface speed (see Klauber[47]).

2.4.6 Gravitational Orbit vs. True Rotation.  One could ask why any
test should get a null signal for the solar and galactic orbital velocities, but a
non-null signal for the earth surface speed from its own rotation.

The answer is that a body in gravitational orbit is in free fall, and is therefore
Lorentzian. No centrifugal “force” is felt, and no Foucault pendulum moves,
as a result of revolution in orbit. There is no experimental means by which one
could determine (without looking outside at the stars) one’s rate of revolution
in orbit. Hence, you can not determine any absolute circumferential speed,
and the second postulate of relativity holds. Related logic[48] leads to the
conclusion that the speed of light on such a body is invariant and equal to c as
well.

Thus, the usual form of relativity should hold for gravitational orbits and
one should expect a null Michelson-Morley result for orbital speeds, which
is just what is measured. However, one can use instruments to determine the
speed of the earth’s surface about its axis, and therefore we should expect that
relativity theory will not hold in precisely the same form for that case. It is
submitted that the Brillet and Hall result justifies that expectation. This subject
is treated in depth in Klauber[48].

2.4.7 NTO vs. Selleri Transformations. In treating rotation, Selleri
[49] uses the same simultaneity as the lab (though he advocates an “absolute”
simultaneity that pervades translation as well.) He finds anisotropic one-way
light speed on a rotating disk as

—wrtc
Vlight,phys,circum,Selleri = m (623)

for the cw and ccw speeds of light along the circumference.

Comparing this with the NTO relation of (6.17), one finds the two differ by
a factor of (1 — w?r?/c?)~1/2,

Selleri shows that his relation (6.23) results in a circular round trip speed
for light (one way around the rim) that agrees with (the first order) Sagnac
experimental results. However, for a back and forth round trip for light along
the same path, he shows his relation results in a round trip speed of precisely
c. Thus, he predicts a null result for any Michelson-Morley type experiment.

NTO analysis on the other hand, due to the Lorentz factor difference from
(6.23), predicts a back and forth round trip speed for light as not equal to
c. Therefore, it predicts a non-null result for MM experiments (which are
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sensitive enough to detect effects from the earth surface speed due to its own
rotation.)

This difference can be attributed to the lack, in the NTO approach, of cir-
cumferential Lorentz contraction, as opposed to the inclusion of such contrac-
tion in the Selleri approach. Given Lorentz contraction, light rays will travel a
greater number of meter sticks, and thus speed will be increased by the magni-
tude of that contraction. This is the difference between (6.23) and (6.17).

24.8 Co-moving vs. Disk-fixed Observers. It should be clearly noted
that in the NTO approach, the rotating disk fixed observer and the local co-
moving Lorentz observer are not equivalent. They do not, for example, see
the lab meter sticks as having the same length. This is in accord with ear-
lier statements regarding the invalidity of the hypothesis of localityfor rotating
frames.

From another perspective, it could be claimed that the two observers are not
truly co-moving, as the disk observer at r is rotating (at w), whereas the local
Lorentz observer is not.

2.5 Summary of Part 2

By adopting

1) the postulate that time in a rotating frame must be continuous and single
valued (each clock must be in synchronization with itself), and

2) the specific transformation of form (6.11) that incorporates that postulate,
one can develop an NTO theory for rotation that resolves all conundrums of
Part 1, and in which the physical speed of light is constrained to be locally
anisotropic. One finds agreement with experiment, including the Brillet and
Hall test result, which is not predicted by the traditional approach to relativistic
rotation.

One also finds the hypothesis of locality can only be true for non-inertial
frames in which the metric can be expressed in diagonal form and still maintain
continuity in time. In rotation, this is not true, and the local co-moving observer
does not see events (in particular, meter stick lengths) in the same way as the
disk-fixed observer.

3. Experiment and Non-time-orthogonal Analysis
3.1 Introduction

Part 3 reviews the experiments that have been performed to test special rel-
ativity, and implicitly therein, the hypothesis of locality and the traditional
approach to relativistic rotation. Results of these experiments are examined in
order to compare the predictive capacity of the NTO and traditional analysis
approaches.
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3.2 The Experiments

Table 6.1 is an extensive list of experiments performed since 1887 capable
of evaluating at least one aspect of SRT. Particular experiments are referred
to herein via the symbol in the first column. A terse description of each is
given in column two, with the year and author citations in column three. Note
the acronym SRT implies both special relativity theory and the traditional ap-
proach to rotation. Column four briefly summarizes how the NTO effect in a
given experiment compares with the traditional approach effect. The last two
columns compare the predictions of NTO and the traditional approach (Trad)
for the given experiment. For a summary of JPL, Mossbauer, TPA, and GPA,
see Will[50]. For a summary of Hughes-Drever, BH, NBS, UWash, and M&ss-
bauer see Haugan and Will[51].

Three experiments known to the author are not included in the table because
their results were contrary to both SRT and NTO theories. What these results
mean is subject to debate, though most physicists who are aware of them be-
lieve they must be in error. The earliest of these was by Miller[52], a highly
respected colleague of Michelson. He repeated the Michelson-Morley test four
times over many years, with various equipment in various places, and much of
the work was done jointly with Morley. The other experiments reporting re-
sults contrary to SRT were by Silvertooth[53] and Marinov[54]. In any event,
these experiments do not discern between the Trad and NTO approaches, and
are referenced here for completeness.

3.3 The Comparisons

Both the traditional and NTO approaches predict time dilation, and experi-
ments measuring this, such as PartAcc (see Table 6.1), would, for the most part,
provide no capability of differentiating between approaches. Also, Doppler
shift effects tend to be the same in NTO and Trad, though, for certitude, each
experiment comprising Doppler measurement needs to be evaluated on its own.

Tests of the speed of light itself, such as MM, should be more directly in-
dicative. These must, however, have i) sufficient accuracy to detect any effect
from the relatively low earth surface speed about its axis, and ii) apparatus that
turns with respect to the earth surface. The MM, Post MM, and Joos tests, for
example, lacked the first of these. The JPL and CORE experiments lacked the
second. The LFV test did not meet either criterion.

For some tests, there is uncertainty. For example, in the ODM experiment,
rotation of the apparatus yielded a persistent ~1.5 km/sec variation, which was
attributed to the earth’s magnetic field. This would, however, mask any NTO
effect (at ~0.35 km/sec), and yield uncertainty as to whether Trad predicts the
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result or not. In the Hughes-Drever test, Doppler shifts are measured and NTO
usually predicts the same shift as Trad. Extensive analysis would be required,
however, to be certain.

The most interesting of the tests is BH (Brillet and Hall), as this is the only
one for which NTO and Trad differ with certainty with regard to results. BH
used a Fabry-Perot interferometer that rotated with respect to the lab. A frac-
tion of the light ray incident on the interferometer emerged directly from the far
end. Another portion of the ray was reflected at the far end and forced to travel
round trip, rear to front to rear, before emerging. The different portions inter-
fered to form a fringe pattern. If the round trip speed of light were anisotropic,
the time for it to travel back and forth inside the interferometer would vary
with orientation of the apparatus. This, in turn, would cause the fringe pattern,
and thus, the signal BH monitored, to vary. In Newtonian theory, this variation,
peak-to-peak and to second order, is %v2 /c?, where v is the maximum change
from c of the speed of light. As shown by Klauber[47], the NTO effect on light
transit time is quantitatively the same (though subtle calculational differences
exist from the Newtonian analysis.)

The speed of the earth surface about its axis at the location of the BH test is
.355 km/sec. For this, the amplitude of the variation via NTO theory should be

102 1/ 355 \? s

at twice the apparatus rotation rate. The BH test found a “persistent” ~ 1.9 x
10~ 13 signal at that rate and with fixed phase relative to the earth surface. They
deemed this signal “spurious”, because it seemed inexplicable. The character
of the BH signal and its proximity in value to (6.24) should, of themselves, be
intriguing. However, there is a secondary effect of light speed anisotropy on
the BH signal.

The path of travel is altered slightly when the light ray direction is transverse
to the principle direction of anisotropy. In a heuristic sense, the ray seems to
be pushed “sideways”. In the BH experiment, this would result in a shifting of
the fringe pattern, and a concomitant change in the measured signal. Klauber
[47] calculated this effect and found it dependent on certain dimensions of the
apparatus, which are not known. However, by using values for these dimen-
sions estimated from the figure of the apparatus shown in the BH report, he
found an expected net signal from all effects of ~ 2 x 10713,

34 Comparison to Selleri

As noted in Section 2.4.7, the Selleri theory, like the NTO approach, is based
on what this author considers a physically defensible simultaneity scheme. The
Selleri theory, on the other hand, predicts a null signal for the BH experiment.
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It would be interesting to compare predictions of the Selleri theory to results
of other tests such as Mdssbauer.

3.5 GPS and Sagnac

I do not profess expertise in the GPS system, though I have noted earlier the
remarks by Ashby, who does have extensive expertise. Those remarks appear
consonant with NTO analysis and its requisite non-Einstein synchronization
and local light speed anisotropy.

Furthermore, in the context of the thought experiment of Section 1.6.1, the
traditional approach seems incapable of deriving the Sagnac effect from within
the rotating frame. That is, considering the local physical speed of light to be
isotropic does not seem sufficient to derive different arrival times for the cw
and ccw light rays. This is not the case for the NTO approach, and in this
context, the Sagnac experiment may be considered empirical support for it.

3.6 Future Experiments

Tobar[55][56] (WSMR in Table 6.1) expects to complete a modified version
of the Michelson-Morley experiment, accurate to several orders of magnitude
beyond that of BH, by the end of 2004. He will use a whispering spherical
mode resonator and rotate it with respect to the lab. Preliminary analysis by
the present author suggests that the WSMR experiment may be capable of
detecting an NTO effect on light speed, if it exists, due to the surface speed of
the earth.

3.7

Only one non GPS/Sagnac experiment appears capable of distinguishing
between the traditional and NTO approaches to relativistic rotation, that of
Brillet and Hall. That test, sensitive to 10715, found a signal at ~ 1.9 x 10713,
which is strikingly close to the signal predicted by the NTO approach from the
earth surface speed about its axis of rotation, and which is not predicted by the
traditional approach.

Summary of Part 3

Table 6.1: History of SRT Experiments

Symbol Description | Authors Effect NTO | Trad | NTO
of the test (Year)

MM Original Michelson Accuracy Y Y
Michelson- &  Morley | too low
Morley [57] (1887) ~7-10
experiment km/sec
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Ww Electric field | Wilson and | NTO predic- Y Y
effect of ro- | Wilson[58] tion = Trad
tating mag- | (1913); [60]
netic insula- | Hertzberg
tor in mag- | et al[59]
netic field (2001)
Post Repeats of | Kennedy Null results: Y Y
MM MM inter- | (1926); 1 km/secto 7
ferometer Piccard km/sec accu-
tests & Stahel | racy
(1926-8);
Michelson et
al ((1929)
Joos Version of | Joos[61] Accuracy Y Y
MM (1930) too low
~1.5 km/sec
KT Original ex- | Kennedy Not rotated. Y Y
periment on | and Low accu-
time dilation | Thorndike racy ~10
[62] (1932) km/sec
Ives- | Doppler fre- | Ives and | Accuracy Y Y
Stilwell| quency time | Stilwell 100X  too
dilation in H | [63](1938, low for NTO
canal rays 1941) effect[64]
PartAcd Particle Mid 1900s | NTO predic- | Y Y
accelerator to present tion = Trad
time dilation
on half lives
ODM | Two oppo- | Cedarholm Rotated ? Y
site direction | et al [65] | 180°, ~1.5
NH3; maser | (1958) km/sec
beams. variation.
Ether wind Attributed
Doppler to earth mag
variation as field
rotate
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Maser on
rocket and
maser on
ground.
Classical
Doppler
varies from
SRT

(1979), Ves-
sot et al [72]
(1980)

Hughes; Isotropy Hughes et al | Significant
Drever | of nuclear | [66] and Dr- | analysis
energy lev- | ever (1960) | needed
els. Doppler for NTO
shift of prediction
photons
emitted by
2 different
atoms
PDM | Perpendicular| Jaseva, Accuracy
direction Townes et al. | too low.
He-Ne [67] (1964) Systematic
masers. signal as
Rotated rotated
Moss- | Mossbauer Champeney | NTO  pre-
bauer | rotor. Clas- | et al [68] | dicts same
sical fre- | (1963); frequency
quency shift | Turner and | change as
different Hill [69] | Trad
from SRT (1964)
HK Time di- | Hafele and | NTO predic-
lation on | Keating[70] | tion = Trad
atomic (1972)
clock flown
around
world
BH Fringe shift | Brillet and | 2"¢  order
in interfer- | Hall [35] | effect at
ometer as | (1978) 1013, NTO
rotate predicts[47]
GPA | Gravity Vessot and | NTO shift =
probe A. | Levine [71] | Trad. Anal-

ysis done in
non-rotating
earth  cen-
tered frame
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Refract| Light splitin | Byl et al. [ 1 order | Y Y
air and glass. | [73] (1985) effect NTO
Ist order = Trad +#
fringe effect Galilean or
in Galilean Fresnel drag
&  Fresnel [74]
ether drag
theories
NBS Isotropy Prestage Apparatus Y Y
of nuclear | [75] et al | not rotated.
energy lev- | (1985) at | NTO effect
els. Doppler | National = Trad
shift. Rota- | Bureau
tion of earth | Standards
changed
orientation
TPA 2 photon | Kaivola et | Apparatus Y Y
absorption al. [76] | not ro-
in  atomic | (1985); Riis | tated. Beam
beam. et al. [77] | aligned N-S
Doppler (1988) [78]. NTO
shift op- effect = Trad
posite
directions
affected by
ether wind
UWash | Isotropy Lamoreaux Apparatus Y Y
of nuclear | et al. [79] | not rotated.
energy lev- | at Univ | NTO effect
els. Doppler | Washington | =Trad
shift. Rota- | (1986)
tion of earth
changed
orientation
JPL Jet Propul- | Krisher et al. | Apparatus Y Y
sion Lab. 2 | [80] (1990) not rotated.
earth fixed NTO effect
masers. =Trad
Fiberoptic
comparison
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LFV Laser  fre- | Hils and | Apparatus Y Y
quency Hall [81] | not rotated,
variation as | (1990) plus  accu-
earth rotates: racy too low
stabilized for NTO
laser com- effect
pared to
stable cavity
locked laser
Sat GPS satellite | Wolf  and | Analysis Y Y
test of SRT Petit [82] | done in
(1997) non-rotating
earth  cen-
tered frame.
NTO effect
= Trad.
CORE | Cryogenic Braxmaier Apparatus Y Y
Optical et al. [83] | not rotated.
Resonators (2002) NTO effect
measure = Trad.
anisotropy
of light
speed as
earth rotates
WSMR| Whispering | Tobar [55], | Appears TBD | TBD
spheri- [56] (2004) capable of
cal mode discerning
resonator between
Michelson- NTO  and
Morley Trad
experiment

Appendix: Deriving Sagnac Result from the Lab Frame

Consider Figure 6.1 of section 1.6.1 with time (7" > 0) in the right side of the figure when
the cw light pulse reaches the disk observer designated as 7T'1. Consider the time when the ccw
pulse reaches the disk observer (not shown) as 7>. Then lengths travelled as seen from the lab
by the ccw light pulse and the observer at 77 must sum to equal the circumference, i.e.

clt + wRT) = 27R

Similarly, at time 7%

cly = wRT> + 2R

—

2T R

1=

T, = 2TR

c+wR’

c—wR’

(6.A.1)

(6.A.2)
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Hence, the arrival time difference in the lab is

2WR 2R 4qwA

AT =T, —-Th = — = .
2 ! 2 (1-w?R?/c?) (1 —w2R?/c?)

(6.A.3)

As is well known, the standard (physical) clocks on the disk rim run more slowly than the lab
clocks by 1/1 — w?2R?/c?, so the observer on the disk must measure an arrival time difference

of
4qwA

2\/1—w?R2/c2

Atynys = (6.A.4)
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Abstract Elementary methods of synchronization on rotating systems are discussed. It is
argued that the continuous time synchronization preferred by Klauber and oth-
ers is not the time synchronization for making distance measurements but rather
leads to a velocity of light which depends on direction. A paradox discovered
by Selleri will also be discussed. This paradox involves a limiting case of the
rotating disk in which the edge of the disk approximates an inertial frame where
the velocity of light depends on direction. In addition, a paradox on the con-
servation of charge will be resolved by referring to the geometry of the rotating
disk. Finally, the isotropy of the velocity of light on rotating frames is discussed
along with the experimental evidence of Brillet and Hall.

1. Introduction

Since special relativity was first introduced, there have been numerous dis-
agreements on the interpretation of the time and geometry for a rotating coor-
dinate system. More recently, Pellegrini and Swift [1] question the use of local
co-moving inertial frames to describe a rotating system and thus cast doubt
on the interpretation of the famous Wilson and Wilson experiment[2] which
employed a rotating cylindrical shell of a magnetizable insulator in a constant
magnetic field. The experiment purported to show that a moving magnetic
dipole generates the field of an electric dipole as predicted by special relativity.
Pellegrini and Swift argue that using local co-moving frames for the rotating
system does not fully account for the absolute nature of the acceleration of
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rotation, and furthermore, introduces a discontinuity in the synchronization of
time. Weber [3] analyzed the experiment along traditional lines and resolved
some of the questions raised by Pellegrini and Swift by evaluating physical
quantities observed in the laboratory in terms of the values as would be mea-
sured in the rest (rotating) frame.

Klauber [4] also contends that the traditional approach to the description of
a rotating disk is unsatisfactory and proposes a time synchronization that is
continuous. He develops a new perspective for the rotating disk that replaces
the special relativistic postulate of the invariance of the speed of light with
the postulate that the speed depends on direction as indicated by the Sagnac
experiment [5].

In the next section, it is shown that the traditional method of accounting for
time on the rotating earth leads to Universal Time, a synchronized time with no
discontinuity. Similarly, the time synchronization of clocks on a rotating disk
to a master clock at the center of the disk also provides a synchronized time
with no discontinuity. In a subsequent section, time and space coordinates
are introduced for the rotating frame along with their interpretation. Next, a
paradox on the conservation of charge is resolved along with a paradox dis-
covered by Selleri[6]. Selleri’s paradox involves the apparent lack of a smooth
approach of the velocity of light to ¢ in a limit for which the edge of a rotating
disk approximates an inertial frame. In the penultimate section, it is argued that
the velocity of light is isotropic in a rotating frame. The experimental evidence
of Brillet and Hall supporting isotropy is examined.

2. Time synchronization on rotating systems

Time synchronization by the standard method of sending a light signal back
and forth between the clocks can not be extended globally over the rotating
system. As will be shown in Sec.3, a discontinuity in time is introduced in any
attempt to synchronize clocks in the standard way around a closed path. There
are two other apparently equivalent methods, however, that lead to a continuous
time synchronization. One is Universal Time or Mean Greenwich Time on the
surface of the earth and the other uses light signals from a master clock placed
at the center of a rotating disk. Klauber uses the latter in his development of
special relativity on the rotating disk.

As will be seen, it appears that the two methods of synchronization, Uni-
versal Time on the rotating earth and signals from a master clock at the origin
of the rotating disk, are equivalent. It will be noted that in either case, the
synchronized time can be used as a time coordinate of an inertial frame from
which the rotating system is observed. Furthermore, the rotating earth (without
gravity) could be used as the master clock at the center of the rotating disk.
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2.1 Clocks synchronized on the rotating earth

The determination of time requires some periodic phenomena as a clock.
The earliest clock was simply the rotating earth. Noon, for an observer at a
given location on the earth, is defined as the time the sun crosses the meridian
[7]. The meridian is the great circle that passes through the celestial poles
(extension of the rotation axis of the earth) and the zenith (overhead) of the
observer. The hour angle of the sun is the angle between the meridian and
the great circle that passes through the sun and the celestial poles measured
positively toward the west. Apparent solar time is simply the hour angle of the
sun plus 12 hours. This means, of course, that each longitude on the surface of
the earth would have its own local time. Now there are corrections necessary to
account for the seasonal variation in the length of the day and so one speaks of
the “mean” sun. This gives us local mean time (LMT). Universal Time (UT),
usually stated in the 24-hr system, is the local mean time at 0° longitude, by
definition, the position of a line engraved in a brass plate in the floor of the Old
Royal Observatory at Greenwich, England. The relation between local mean
time, UT, and longitude is given by

P
T =LMT + ——12h 7.1
U + 1gge 12hTs; (7.1)

where @ is the longitude arbitrarily taken positive toward the west and where
24hrs should be added or subtracted as needed. Using this equation, all clocks
on the surface of the earth can be synchronized to read UT. Note that UT can be
used as the time in an inertial frame from which the rotating earth is observed.

There are some humorous stories related to longitude and time. In the 17th
and 18th centuries much effort was made developing methods of determining
longitude since great wealth was lost at sea due to ships getting lost. The above
equation would solve the problem if seamen had an accurate clock giving them
Mean Greenwich Time or UT. Sobel [8], in her delightful book on longitude,
recounts the efforts made with the Powder of Sympathy or the wounded dog
theory put forth in 1687. The Powder of Sympathy could supposedly heal at
a distance by simply applying the powder to a bandage from the wound. The
idea was to send aboard a wounded dog as the ship set sail while leaving ashore
a trusted individual to dip the dog’s bandage in a solution of the powder every
day at noon. The dog’s reaction would give the captain a time cue of when it
was noon in London. Umberto Eco [9] gives us an esoteric recounting of this
and other methods in his fictional story “The Island of the Day Before”.

There are other corrections to UT due to the varying rotation rate of the
earth and the definition of the second by atomic clocks instead of a fraction of
the mean solar day. This gives us Coordinated Universal Time which is closely
related to the time used in the Global Positioning System.
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2.2 Clocks synchronized on the rotating disk

On a rotating disk clocks may be synchronized by sending a light signal
from a master clock at the origin (axis of rotation) to a clock at some fixed
radial distance r and then back to the master clock at the origin. The clock
at radius r is synchronized by setting the time of arrival of the signal to the
time midway between the sending and the receiving of the signal at the origin.
This is the time synchronization used by Klauber. Because of symmetry, all
the clocks at a fixed radius r will read the same time. But these clocks at radius
r are not synchronized with each other in the standard way of sending a light
signal back and forth between them. Note that the time on the master clock at
the center can be used as the coordinate time of an inertial system from which
the rotating system is observed.

3. Time and space coordinates on a rotating disk
The invariant line interval has the general form
ds? = ga@dxadx’g, (7.2)

where repeated Greek indices are summed over 0, 1,2, and 3. Start with the
invariant line interval of the inertial frame,

ds? = 2dt? — dr? — r?dg¢?, (7.3)

where the spatial part is described by cylindrical coordinates with the z coor-
dinate suppressed. Transformation to arbitrary coordinates leaves this interval
unchanged; only the space - time description of events will be different.

In the transformation to a rotating frame of reference, the following notation
will be useful:

v = wr, (7.4)
B=v/c, (7.5)

and
v=(1-p%)712, (7.6)

where w is the angular velocity of the rotating frame as observed from the
inertial or laboratory system. The transformation to the rotating frame, with
coordinates denoted by primes, has the Galilean form,

t=t,r=7r, ¢p=¢ +uwt, (7.7)

where the coordinates ¢ and ¢’ both have the range 0 to 27. In terms of these
new coordinates the invariant line interval given by Eq.(7.3) is

ds* = 472 2dt"? — 2c0r'dd' dt’ — dr'? — "%d¢”. (7.8)
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Note that coordinate clocks on the rotating frame, although fixed in that frame,
read the same time as the clocks in the inertial system. These clocks have the
continuous time synchronization of Sec.2.2. In the following, a rotating disk
is used as a concrete realization of a rotating reference frame. The problem
of accelerating a disk from rest is not discussed. The coordinates of Eq.(7.8)
are just one set of an infinite number that could be used to describe the rotat-
ing frame. For example, one can go about the disk changing the time on the
clocks to a new time ¢ given by ¢ = ¢(r/, ¢/, ¢') without leaving the frame of
the rotating disk. Furthermore, a fixed ' = r and ¢’ give a point on the disk
that has velocity v = wr with respect to the inertial frame. These coordinate
markers (r/, ¢') can be changed to a new set of markers so that, for given val-
ues of these new markers, one again has a point fixed on the disk. The problem
comes in the interpretation of a given set of markers. Einstein [10], basing his
arguments on the principle of equivalence, concluded that all coordinates are
equally valid. But the laws of nature are usually given in reference to inertial
frames where lengths are measured in standard rods and time is measured by
standard clocks. Einstein states ‘“We can always regard an infinitesimally small
region of the space - time continuum as Galilean. For such an infinitely small
region there will be an inertial system relative to which we are to regard the
laws of the special theory of relativity as valid.” In general, even with a metric
that describes a gravitational field, a transformation can always be made to a
local inertial frame such that material particles behave as if “free” of gravita-
tional or inertial forces.

The invariant line interval, Eq.(7.8), shows that the proper time interval at a
fixed position in the new coordinates is given by AT = At’'/y = At/~. This
demonstrates the time dilation of a standard clock at rest in the rotating frame
as compared to standard clocks in the inertial frame.

There is an obvious difficulty with the invariant interval for the rotating
frame. With the cross-term, dt’d¢’, clocks in the rotating system are not syn-
chronized in the standard way (Einstein synchronization) of sending a light
signal back and forth between the clocks. To synchronize two clocks, say
clock B with clock A, the time on clock B must be adjusted by the amount [12]

B B
oot = [ (il oyte == [ gy (1.9)

where the integration is from the location of clock A to the location of B over
some chosen path. Different paths may require different time adjustments. The
Latin index ¢ is summed over the spatial indices and the index O refers to the
time coordinate ct’. This expression can be used to synchronize successive
clocks along an open curve but integrating around a closed path, say the cir-
cumference of the disk, shows a time discontinuity which is directly related to
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the Sagnac effect; the clock at the start of the path, which is identical to the
clock at the end of the path, must have a time adjustment with itself. Around
the equator of the earth, the discontinuity is about 207ns, the same as 1/2 the
difference in time for light signals to travel around the earth in opposite di-
rections. Such a time difference is an important consideration in the Global
Positioning System since it corresponds to a distance of 62m.

It appears that a transformation eliminating the cross term from Eq.(7.8)
will automatically synchronize the clocks. This transformation should be such
that the clocks are reset by varying amounts depending on their positions with
no changes in their spacial coordinates. The infinitesimal transformation [11]
that accomplishes this is

cdt’ = cdt* + By2r*de*, ' =1*, ¢ = ¢*. (7.10)

It should come as no surprise that this transformation is closely related to the
Lorentz transformation of time as discussed in Sec. 5. In these new coordinates
the line interval becomes

ds? = 4 722dt*? — dr*? — A% 2dg*2. (7.11)

The expression for dt’ in Eq.(7.10) is not integrable and so clocks cannot be
synchronized throughout the space of the disk as already indicated by Eq.(7.9).
But the coordinates given in Eq.(7.10) are the sort that one would expect an
observer on the disk to set up in his local neighborhood. Therefore, from
Eq.(7.11), one takes the spatial metric to be,

di? = dr*? + 42r*2dg*?. (7.12)

Einstein has said physics is only simple when analyzed locally so one divides
all problems into a network of local questions. In this case, the observer mea-
sures a length on the disk locally and then moves to the adjacent position and
repeats the procedure. Summing these measured lengths, the observer finds
that the circumference of a circle of radius r* is

2
C* = / yr*de* = 2myr*. (7.13)
0

This shows that the space of the disk is not Euclidean. It may be objected that
measurements around the periphery of the disk are not done simultaneously in
the standard way. But an observer on the disk need not measure any lengths
simultaneously; he merely lays a standard rod of length much smaller than r*
on the surface and marks off the ends, say, with a piece of chalk. The chalk
marks on either end of the rod can be made at any time since the rod is at rest
with respect to the surface. Repeating the procedure, the circumference of the
disk is measured.
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One may object with the above picture for measuring the circumference of
the disk since one must first determine the length of the standard rod. The
length will surely be different for a rod at rest in the rotating frame compared
to a rod at rest in an inertial system. One could calculate such changes know-
ing the stresses induced by the rotating system. But such a procedure would
require knowledge of the rotating frame’s geometry which we are attempting
to measure. So it is impossible to proceed in that way. The simplest way to
determine the length of a rod oriented in any direction and at rest on the ro-
tating frame is to compare the length directly to a standard rod at rest in the
co-moving inertial frame. Or equivalently, one can use light signals according
to the definition of the SI meter, that is, the distance traveled by a light signal in
vacuum with speed c during a specified time interval as measured by an atomic
clock. Such a procedure will lead to a result consistent with Eq.(7.13).

The spatial metric given in Eq.(7.12) follows from the analysis of Landau
and Lifshitz [12] and many others. They measure the distance by taking the
proper time for a light signal to go back and forth between two nearby points,
multiplying by ¢ and dividing by 2. They obtain

di? = (_gij + Q‘ZOQOOJ) da'ida. (7.14)

Substituting the metric from Eq.(7.8) and taking dz' = dr’ and dz? = d¢/
(remember ' = r* and ¢’ = ¢*) one obtains Eq.(7.12).

Klauber [4] does not agree that the space of the disk is non Euclidean. One
of his arguments is based on the continuous time synchronization of Sec. 2.2.
in which the time on the disk is the same as the time in the inertial frame.
Under such circumstances, Klauber claims there is no length contraction of the
edge of the disk.

It cannot be overemphasized that the coordinate markers describing a space-
time are arbitrary except for a few needed properties. Much has been made of
the fact that clocks synchronized in the standard way (Einstein synchroniza-
tion) around the periphery of a rotating disk results in a discontinuity in the
time. Can such synchronized clocks be used for coordinate time? Ordinarily
such discontinuities do not render a system of coordinate markers unusable.
Even so, continuous time coordinates are usually favored. But claims that such
time coordinates have physical meaning does not derive from their continu-
ity but must be carefully demonstrated in relation to the physical phenomenon
being analyzed. Sec. 5 contains more on the subject of synchronized time
coordinates.
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4. Paradoxes

There are many paradoxes associated with the rotating disk; two of these
will be discussed here. One is on the conservation of charge in a rotating
system and the other is the Selleriparadox [6].

4.1 Conservation of charge

Pellegrini and Swift [1] have proposed that there will be creation of charge
with rotation if one insists on analyzing a rotating current loop by the tradi-
tional method of a series of co-moving inertial frames. One simple example,
taken from Ref.[3], is discussed here; more detailed examples are given in that
reference.

There appears to be an apparent creation of charge with the initiation of a
current in a neutral circular wire. This paradox can be resolved by reference to
the geometry of the rotating frame. Suppose a copper wire is bent into a circle
of radius r. The copper, with no current, has a charge density pg of electrons
and an equal but opposite charge density of positive ions at fixed positions
within the wire. Let a current be established in the wire. The four current
density [13] of the moving electrons as observed from the laboratory is

J = ’deé) (C> ’Ud) ) (715)

where pf, is the charge density in a frame at rest with respect to the moving
electrons. For simplicity, the random motion of the electrons is neglected and
it is assumed that all electrons travel at the same speed, the drift velocity v.
The relativistic factor 74 = (1 — v3/¢?)~1/2 compensates for the contraction
of lengths in the rest system of the electrons as measured by an observer in the
laboratory. It may seem reasonable to take the rest density of the moving elec-
trons to be the same as the original rest density as measured in the laboratory,
that is, pj, = po. But then there is the creation of charge in the amount

AQ = po(ya — 1)27r A, (7.16)

where A is the cross sectional area of the wire. The resolution of this paradox
is found in the realization that the circumference of the circle in the rotating
frame in which the electrons are at rest has increased by the factor 4. With
the same charge distributed over this increased length, the charge density in the
rest frame of the moving electrons is

PO = pPo/Vd, (7.17)

so that the density of the moving charges as observed from the laboratory re-
mains unchanged at pyg.

One can see this more directly. Consider two adjacent electrons with angu-
lar separation /\¢ before the application of the electric field. In this idealized
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example, let them both start at rest and have the same angular acceleration as
observed from the laboratory. Then elementary kinematics tells us that the an-
gular separation as observed from the laboratory does not change. The proper
length of each element of arclength between charges, when they have reached
the drift velocity, must be increased by the factor 4 to compensate for the
Lorentz contraction observed from the laboratory, that is, the arclength be-
tween the charges in the rotating frame in which they are at rest is ygr'A¢’
rather than ' A¢' so that the length as observed in the lab frame remains fixed
at r/A¢. This is an alternate way to see that the circumference on the rotat-
ing frame has increased by the amount 4. See Ref.[14] for similar arguments
leading to the resolution of the Ehrenfest paradox [15].

The problem of the two electrons with the same angular acceleration paral-
lels a problem posed by Dewan and Beran [16]. Consider two identical rockets
at rest in an inertial frame S. Let them face the same direction and be situ-
ated one behind the other. A thin thread that is just long enough links the two
rockets center to center. The rockets are then fired simultaneously and have
identical acceleration programs measured at their centers. As observed from
S, the rockets remain displaced from each other by a fixed distance center to
center. What happens to the string? J. S. Bell [17] relates the humorous story
about the discussion that once took place at the CERN canteen. “A distin-
guished experimental physicist refused to accept that the string would break,
and regarded my assertion, that indeed it would, as a personal misrepresenta-
tion of special relativity. We decided to appeal to the CERN Theory Division
for arbitration and make a canvas of opinion... There emerged a clear consen-
sus that the thread would not break!”

4.2 Selleri’s paradox

Selleri[6] calculates the speed of light on a rotating disk by first calculating
the times needed to go completely around in opposite directions as observed
from the laboratory. He obtains the time delay of the well known Sagnac effect
calculated in the laboratory. Selleri then takes the following formulas to relate
time and lengths in the laboratory Sy to those on the disk.

Lo = LFi(v,a), (7.18)

where the circumference length is taken to be Ly and L as measured in the
laboratory Sy and on the disk, respectively. Here F is a function of velocity,
acceleration a = v?/r, and perhaps higher derivatives of position. Similarly
for time

to = tFy(v, a). (7.19)
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Using these relations he shows that the ratio of the light velocities in opposite
directions around the rim of the disk as observed from the disk is

14+
X=1—p

where the unspecified functions F' just cancel out. This is an unusual result
in that it does not depend on acceleration and is independent of the size of the
disk but only on the speed of the edge of the disk. One can imagine taking the
radius larger and larger while keeping (3 constant, that is, taking » — oo and
w — 0 keeping 3 = wr/c fixed. Then a = v?/r tends to zero. In this limit
the edge of the disk is equivalent to an inertial frame wherein the velocity of
light depends on direction! Herein lies the paradox.

Let us approach this problem from a different point of view. Set the invariant
line interval in Eq.(7.8) equal to zero to obtain for light traveling in the F¢
directions at fixed 1,

(7.20)

d /
r/d;? = Fc(1 £ p). (7.21)
If the proper time and distance is used for the velocity on the left, the right hand
side of the equation should be multiplied by v2. The magnitude of the ratio of
these velocities is exactly the same as that obtained by Selleri, Eq.(7.20) above.
One gets different velocities depending on direction because the coordinate
clocks on the rotating disk reading laboratory time are not synchronized in
the standard way. Note that in Selleri’s Eq.(7.19), time intervals on the disk
are proportional to the intervals in the laboratory. This is the same as using
laboratory time scaled by a fixed factor F5. Therefore, the clocks on the disk
have a continuous synchronization equivalent to the time synchronization of
Klauber even in the limit » — oo. Such a time synchronization guarantees a
directional dependence of the speed of light.
One can see more clearly that no paradox exists since the same result obtains
[18] [19] if one transforms the Minkowski metric,

ds? = Adt? — da?, (7.22)
using the Galilean transformation,
dx = dz’ +vdt', dt = dt’, (7.23)

to get
ds? = Ay72dt"? — da'? — 2Bedx’dt . (7.24)

This is a perfectly good description of the moving inertial reference frame.
One can make a transformation to eliminate the cross term while remaining on
the moving frame and then a rescaling gives the Minkowski line element. The
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overall transformation is the Lorentz transformation as expected. Choose not
to do this but rather take the interval as given in Eq.(7.24) where the time is
that of the original inertial frame. To get the velocity of light with respect to
the moving frame, set the line interval in Eq.(7.24) equal to zero to get

@ _ 1 1), (7.25)

dt’
that is, the velocity is (¢ —v) to the right and —(c+v) to the left. This does not
contradict special relativity since, in the traditional view, the clocks reading
time ¢’ are not synchronized, that is, clocks with larger 2’ have later times than
if they were synchronized in the standard way. Taking the magnitude of the
ratio of the above velocities on the moving frame leads to Selleri’s result.

One should be a bit uneasy about the development so far since it appears that
acceleration plays no role. It is well known, however, that the gravitational
potential ¢ enters the temporal part of the metric so that the proper time is
given by

dr = (14 2®/c¢%)"2dt. (7.26)

An observer at rest on the rotating frame will experience the centrifugal force
ma = va/r = mw’r (7.27)

with a corresponding potential
d = —w?r?/2. (7.28)

The zero of potential is at the origin where the proper time is the same as the
time of the inertial system. With this potential, the proper time at rest with
respect to the rotating frame is

dr = (1 — w?r? /A 2dt = (1 — 0% /)Y 2at, (7.29)

as was obtained before. The observer at rest with respect to the rotating frame
feels no motion but instead experiences a centrifugal force. That is, the same
result comes about in different ways depending on the point of view of the
observer. It should be noted that Einstein [20], using the principle of equiva-
lence, proceeded in the opposite direction and deduced the dependence on the
potential, Eq.(7.26), from the metric for the rotating system.

S. Synchronization and the Brillet and Hall experiment

In this section, some of the earlier comments about coordinate systems are
summarized and extended. It appears that much of the problem describing
rotating reference frames is related to a cavalier handling of coordinate sys-
tems. It cannot be overemphasized that the coordinate markers describing a
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space-time are arbitrary except for a few needed properties. The mapping be-
tween the coordinates and the space-time points should be one to one and a
certain smoothness to the coordinate markers is required. Let us concentrate
on the synchronization of coordinate clocks which, at fixed positions, keep the
temporal order of events.

There appears to be no need for the coordinate clocks to be synchronized
in any manner whatsoever. Much has been made of the fact that clocks syn-
chronized around the periphery of a rotating disk in the standard way (Einstein
synchronization) results in a discontinuity. But such a discontinuity causes lit-
tle difficulty. Recall that angular measurements result in a discontinuity such
that 0 and 27 are identified as the same angle yet we find such angular coordi-
nates very useful even though they fail, in the large, one of our requirements.
Perhaps a better comparison is to the branch lines of multivalued functions. At
the discontinuity one can continue the synchronization onto a new or second
“sheet” of the time function. In any case, using Einstein synchronized clocks as
the coordinate clocks around the periphery of the disk seems perfectly valid.
If we synchronize adjacent clocks (infinitesimally separated) around the pe-
riphery we will encounter the discontinuity of which we must be mindful. The
coordinate clocks are then synchronized by light signals constrained to travel
along the periphery of the disk. With this synchronization and the accompany-
ing proper distances, the velocity of light on the periphery will be ¢ in either
direction, as guaranteed by Einstein synchronization. This is in contradistinc-
tion to claims made by several other papers in this book. Integrating Eq.(7.10)
for fixed r* yields

ct* = ct’ — By2rror, (7.30)

which can be used to reset the coordinate clocks on the periphery of the disk
to the Einstein synchronized time ¢*. This equation not only shows the discon-
tinuity in t* at * = 27 compared to ¢* = 0, but allows the synchronization
to be continued onto a new sheet where the time on the clocks differs from the
time of the clocks on the original sheet by the amount 27 3~ 2r*.

Note that Eq.(7.30) is just the special Lorentz transformation for time. To
see this write the time on the rotating disk in terms of the proper time instead
of t* and use Eq.(7.12) for the distance, x* = yr*¢* and note that ¢’ = ¢, the
time in the laboratory or inertial frame, to get

cAt = y(cAT" + SAx"). (7.31)

The continuous time variable ¢’ gives ¢ — v for the velocity of light traveling
in the direction of increasing ¢*. But it follows from Eq.(7.30) that for increas-
ing ¢*, the time interval in ¢* will be less than the time interval in ¢’ so that the
use of ¢* results in the larger velocity ¢ (calculate yr*A¢* /Ar*where AT* is
LAt and use r*A¢* /At = (1 — 3)).
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The experiment of Brillet and Hall [21] is a test of the isotropy of space.
They measure the apparent length of a Fabry-Perot cavity mounted horizontally
on a table rotated at a rate f (about once every 10s). The condition of standing
waves within the cavity will change if the propagation of light varies due to a
preferred direction in space. Such an anisotropy would show up as a signal at
frequency 2 f. They obtain a null result after averaging out a spurious signal
at frequency 2f. The source of this spurious signal at 2f in not specifically
identified. Klauber and others suggest that this spurious signal is due to the
rotating frame of the earth. But the previous analysis shows that there should
be no anisotropy to the velocity of light due to rotation.

Compelling evidence for or against isotropy due to the rotating earth would
be given by the orientation of the interferometer at the maximum amplitude of
the spurious signal 2 f. There is a graph in the paper giving the direction with
respect to the lab frame but the axes are not identified.

If the instruments were especially sensitive there is the possibility that the
experiment measured nonlocal effects even though the experiment was of short
duration and spatial extent. A simple calculation shows that any nonlocal ef-
fects of the metric were negligible.

Brillet and Hall state that a major factor in limiting the sensitivity of the ex-
periment is the actual change in length of the cavity due to the variable gravita-
tional stretching of the interferometer. This variation comes about because the
axis of rotation of the interferometer is not perfectly vertical. This stretching
of the interferometer produces a strong signal at the table rotation frequency f
which can be eliminated since the signal of interest is at 2f. Brillet and Hall
refer to the strong signal at frequency f as nearly sinusoidal. It is reasonable
to conclude that the spurious signal at frequency 2 f was due to a second har-
monic of this variable gravitational stretching of the interferometer and not due
to an anisotropy in the velocity of light. Even so, a repeat of this experiment at
greater sensitivity would be welcome.

6. Conclusion

It has been shown that the continuous time synchronization which is favored
by Klauber leads to the directional dependence on the velocity of light, a result
consistent with the Sagnac effect. But this synchronization is not appropriate
for measuring distances although it appears that one could make such measure-
ments using the modified velocities of Eq.(7.21). But then one must interpret
the spacial coordinates. Such interpretation is not necessary in the distance for-
mulas presented in Sec.3 since distance is measured in terms of c, the velocity
of light in vacuum, with time measured, for example, by an atomic clock. In
fact, the SI meter is defined in this manner.
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Rizzi and Ruggiero[22], in a recent paper, use an operational approach suit-
able for the analysis of non-time-orthogonal frames thereby giving a sound
mathematical basis for the study of the space geometry of the rotating disk. It
is satisfying that their results support some of the results of this paper since it
is hard to see how the simple methods suggested by Einstein, if used properly,
could lead to erroneous results.
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Abstract We briefly review Lorentz invariance and the locality principle, which are the
grounds of the theory of Relativity. Subsequently we discuss some recent claims
about local anisotropy in the speed of light, as observed in a non inertial frame,
and especially in a rotating frame. We show that a standard analysis of a typical
physical measurement of the speed of light performed in a rotating frame leads
to global anisotropic effects which vanish as the size of the experimental appa-
ratus becomes negligible with respect to the typical lengthscales involved in the
non inertial motion of the observer. The expected effects seem too small to be
detected with the actual sensitivities at our disposal.

1. Introduction

The Special Theory of Relativity has its grounds on two main assumptions:
a) the principle of relativity (or Lorentz invariance) and b) the hypothesis of
locality. The former tells us that all the laws of physics have the same form
in any reference frame; in particular it guarantees that the speed of light is the
same for any physical observer: it is a universal constant, c. This is strictly true
for an inertial (i.e. not accelerated) observer. The locality hypothesis allows
Lorentz invariance to be extended to non inertial (i.e. accelerated) observers,
too. This can be done supposing that, at any given time, an accelerated ob-
server is equivalent to an inertial one, having at that time (and locally) the
same position and velocity; such an observer is usually referred to as a locally
comoving inertial observer. From an operational point of view, the locality
principle has to be regarded with some care. The idea of locality is generally
incompatible with a physical measurement, which is intrinsically non-local: an
accelerated observer who is performing a measurement is really equivalent to
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an infinite series of locally comoving inertial observers; so to say, the observer
changes during the measurement. This obviously causes some difficulties in
defining what really the observer measures. Things become more and more in-
teresting when the speed of light, c, is involved, since the experimental check
of its constant value is a fundamental test for Special Relativity. During the
last two decades, a lot of experiments with increasing sensitivities have been
performed, in order to test the invariance in the speed of light. In a very accu-
rate reply of the experiment of Michelson and Morley [1], Brillet and Hall [2]
have detected a non null signal which they interpreted as a spurious signal (see
also Haugan and Will [3]). Aspden [4] pointed out that such spurious signal
could be related to the motion of the experimental apparatus due to the ter-
restrial rotation. Indeed, there are several well-known experimental evidences
about the anisotropic behaviour of the speed of light; presumably the most fa-
mous is the Sagnac effect [5]. It is important to stress, at this point, that such
anisotropy is a global (i.e. non-local) effect, as it is detected after the light
rays have performed a complete trip along the rim of a rotating disk. What
is then measured is a sort of mean velocity of propagation. It is not a local
measurement of the speed of light, c. In recent years, however, some authors,
like Selleri[6] and Klauber [7, 8], claimed the local feature of speed anisotropy
in light propagation. Selleri’s ideas have been critically discussed by Rizzi and
Tartaglia [9], who pointed out that local and global measurements of the speed
of light on a rotating platform are quite different, so that global anisotropy is
not in contrast with local isotropy of the speed of light. We recall, in this re-
spect, the papers of Mashhoon [10, 11, 12] and Nikoli¢ [13] about the concepts
of Lorentz invariance and locality. Here anisotropy appears as a global effect,
vanishing when the typical size of the experimental apparatus becomes small
with respect to the characteristic spatial and temporal scales of the non-inertial
frame. In this paper we will follow Mashhoon’s approach, specializing it to the
case of a specific experiment performed by Byl, Sanderse and van der Kamp
[14]. Such experiment was devoted to reveal the influence (or uninfluence) of
the terrestrial motion on the speed of light.

The plan of the paper is as follows. In Section 2 we review some aspects of
locality and Lorentz invariance in the framework of the Theory of Relativity. In
Section 3 we briefly recall the experiment performed by Byl et al. Such exper-
iment was considered by Klauber [8] in his analysis of Non-Time Orthogonal
(NTO) frames, as the rotating ones. In Section 4 we analyze the above exper-
iment in further detail, taking into account the terrestrial rotation, in order to
explore possible effects on the measured speed of light. In Section 5 we dis-
cuss the results, showing that (according to Rizzi et al [9]) the anisotropy in
the measured speed of light is a global effect; indeed, such effect vanishes as
the typical size of the experimental apparatus becomes negligible with respect
to the parameters describing the non-inertial character of the reference frame



Local and Global Anisotropy in the Speed of Light 157

(in the present case, the radius of the terrestrial parallel where the experiment
is performed and the rotation period of the Earth). Finally, Section 6 is devoted
to some concluding remarks.

2. Light Speed, Locality and Lorentz-invariance

The speed of light, ¢, appears in Maxwell’s equations as a constant quan-
tity. The invariance of Maxwell’s equations under Lorentz transformations is
obviously related to such constant value. As a consequence, the experimen-
tal check of such invariance represents a fundamental test for the theory. We
emphasize that what is measured in any experiment is not the value of the uni-
versal constant c. All that we may infer from an experimental measurement
is merely the speed of propagation of an electromagnetic field (or photons) in
the observer’s reference frame. Any experimental apparatus has a typical size;
moreover, any experiment has a typical time duration. As a consequence, any
physical measurement is non-local. So, possible anisotropies in the observed
speed of light (photons) may stem from a (non-local) measurement performed
in a non-inertial reference frame. It is important to stress that such anisotropies
simply reflect the inadequacy of the observer, who - so to say - "was changing"
during the measurement. We stress that the result of a non-local measurement
is not necessarily the constant c¢; ¢ would be the result of an hypothetical local
measurement. Since - strictly speaking - local measurements do not exist, we
need to find the conditions which have to be met in order a non-local measure-
ment to give the same result as a local one. Such conditions ([10, 11]) are the
requirement of inertiality of the observer who is performing the measurement.
Lorentz invariance will then guarantee that the measured velocity is exactly c.

For a non-inertial observer, the result of a measurement is observer - de-
pendent, since it also encodes information about the observer’s acceleration.
Consequently, the measured value cyens Will usually differ from the universal
constant c. Such difference will depend on a parameter, say A, comparing the
typical size of the experimental apparatus, L, with the length-scale A describ-
ing the non-inertial features of the employed reference frame.

The main conclusion is that any observer (inertial or not), performing an
experimental measurement of the speed of light must obtain a value which, in
the limit of vanishing intervals of space and time involved in the measurement,
coincides with c. This means that the spatial extension of the experimental
apparatus, as well as the time duration of the measurement needs to be small
when compared with the length and time scales characterizing the observer’s
non-inertiality.

In the limit of an inertial observer these scales become infinite [10, 11], thus
allowing a non local measurement to give the same result of an hypothetical
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local one. Taking into account the above considerations, we may write:

c= Al.lino Crmeas(A) = AILHO[C + de(A)], (8.1)

where dc represents a (usually small) correction, namely the anisotropy, van-
ishing in the limit A — 0. This may be the case of an inertial observer (in such
case the lengthscale A becomes infinite), or the case of an ideal local measure-
ment (L = 0); so we look for somewhat as A o L/A. Since, as we pointed
out above, any physical measurement is unavoidably non-local, non-inertial
effects are expected to appear through small corrections affecting the universal
constant value c.

Summarizing, the experimental detection of any anisotropy in the speed of
light is not in conflict with the grounds of the Theory of Relativity: according
to the locality principle, it appears as a consequence of the unavoidable non-
locality of the physical measurement. In this respect, any speculation intended
to introduce local anisotropies in the value of c in the Theory of the Relativity
is intrinsically inconsistent.

3. The Byl et al. Experiment

In this Section we briefly recall, for the sake of clarity, the experiment per-
formed by Byl et al [14]. A laser beam is split in two rays which propagate
along the same direction, one in air, the other in water. At the end of their
path, the rays recombine and give rise to an interference pattern. The latter
gives information about the time delay in the propagation of the two rays. Per-
forming a 180° rotation of the whole apparatus, a change in the interference
pattern would confirm the presence of anisotropy in the speed of light, due to
the terrestrial rotation. The authors notice that the anisotropy should appear if
the light had to obey a Galilean composition law. In such a case, one would
observe a displacement of the interference pattern, through a number M of
interference fringes given by:

M= 2§(n ~1)Y 4 0[(w/e)’ 82)

where L is the length of the path followed by the two rays, n is the refraction
index of water (we suppose n = 1 in air), A is the laser wavelength and v is
the velocity of the Earth with respect to the "ether". Eq. (8.2) explains why the
experiment is considered to have a sensitivity of the first order in (v/c). The
null experimental result found by Byl and collaborators simply means that the
speed of light does not obey a Galilean addition law.

Obviously, this does not prove that light obeys a Lorentzian addition law as
well; in this case one would have a null result at any order in (v/c), supposing
an ideal local measurement.
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Although it was not designed for such a specific scope, the experiment pro-
posed and performed by Byl et al actually represents an interesting starting
point for a detailed analysis of anisotropies due to the non-inertial motion of
the physical observer; the latter is in fact a rotating observer. In his analysis
of the Byl et al experiment, Klauber [8] has proposed to give the following
coordinate transformation, from the non rotating (unprimed) to the rotating
(primed) frame, a physical meaning:

t=t
r=r'
¢=¢ +uwt
z2=2 (8.3)

The primed frame is the NTO frame (Non-Time Orthogonal). Following the
calculations of Klauber [8], we actually get a result of the second order in
(v/c), hence not detectable in the Byl’s experiment; however, according to
Klauber, an experiment having a sensitivity of (v/c)? could detect a non-null
effect also in the limit of a (ideal or quasi-) local measurement; in other words,
such effect should appear no matter what the extension of the experimental
apparatus is, so violating the Locality postulate. We wish to notice that in
Relativity, coordinates do not have a physical meaning (except in some partic-
ular case, as the minkowskian one). One is allowed to perform any coordinate
transformation [15, 16, 17], without affect the underlying physics. So, it does
not appear clear why (8.3) has to be preferred to any other admissible coordi-
nate transformation. In the following we will rediscuss the experiment of Byl
et al, taking into account Earth’s rotation. We will show that the light speed
anisotropy does appear, while remaining in the framework of the orthodox the-
ory of Relativity. Such effect is however of the third order in the small quantity
(v/c); furthermore, it depends on the spatial extension of the experimental ap-
paratus, vanishing when the above extension becomes negligible with respect
to the length scale related to the non-inertial motion of the terrestrial rotation.

4. The Byl et al. Experiment Revisited

Let’s consider the coordinate transformation from an inertial frame O to a
non inertial frame of an observer O’, rotating together with the experimental
apparatus. In Fig. 8.1 it is shown the terrestrial parallel on which we suppose
the experimental apparatus is located. R is the radius of the parallel, w is the
terrestrial angular velocity. L’ is the length of the path followed by the two
light rays (one in air, the other in water), before they interfere. We have chosen
the reference frames of the two observers {O, x,y}, {O’,2',y'} so that the
reference axes coincide at ¢t = t’ = 0, when O’ sends the two light rays along
L’. O’ rotates carrying along with him his reference axes, so that the ' axis is
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Figure 8.1. A schematic drawing of the employed reference frames.

always tangent to the terrestrial parallel. O remains fixed in his initial position.
O’ detects the photons which have travelled a distance L’ at a time 7" in a point
of coordinates 2’ = 0,13’ = L’ where the detector (screen, photodetector,...) is
located. In order to find the relationship between the reference frames of the
observers O and O’, we will employ the generalized Lorentz transformation
for an accelerated, rotating frame, derived by Nelson [18, 19]. Such transfor-
mation can be obtained in two steps. First, a coordinate transformation acting
upon the Minkowski metric gives a set of non inertial metric coefficients, con-
taining the Thomas precession, as well as the acceleration of the moving frame.
Second, a rotation of axes allows to absorb the Thomas precession and to add
an ordinary spatial rotation. Using the generalized Lorentz transformation in
the useful and concise form presented by Nikoli¢ [13], we get the coordinates
of the event "photon arrival to the detector" according to the inertial observer

O:

r = —yL sinywT’ + R(cosywT’ — 1)
y = vL' cosywT" + RsinywT’

RL
),

8.4)

where v = 1/4/1 — (wR/c)? is the usual Lorentz factor. 7 is the photon fly-
time according to the clock of O. Being L the spatial separation between the
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events "photon departure from O” and "photon arrival to the detector”, one has
exactly L/T' = ¢, since O is inertial and the results of a local measurement
agree with those of a non-local one (just as the measurement we are consider-
ing). From (8.4) we have:

Tl
L% =22 4 y? = 420" + AR? sin® <%> +2yL/RsinywI’  (8.5)

Reasonably, 77 ~ L'/c (for the observer O’). So we can expand (8.5) in the
limit L — 0, thus obtaining:

L =y(L' +wRT") (8.6)

Recalling that L /T = ¢, and using (8.4), (8.6), we immediately get the value
of the speed of light measured by O’:

d=L)T =c, 8.7

i.e. no anisotropy, as expected in the limit of an almost local measurement
(L' — 0).

However, no local measurements exist. So, to what extent does the value of
L' influence the result of the measurement of ¢’ in the frame of O’? Let’s go
back to (8.5): comparison with (8.4)3 yields, with L/T = ¢:

/

2 of o WwRL ? 2712 2 .o (Wl Do /
AN T+—5—) =7"L7+4R"sin 5 +2yL ' RsinywT" (8.8)
c

If along the path L’ is located a medium (water) with refractive index n, then
the speed of propagation of photons (as measured by an inertial observer) will
differ from c. For an inertial observer O”, instantaneously comoving with O’,
such velocity will be:

u=c/n. (8.9)

Using the standard Lorentz transformation for velocities we have, for the fixed
inertial observer O:

C v
w:E—i—v—ﬁ—i-O(l/c), (8.10)

where v = wR. According to O, w = L/T. When a refractive medium is
present, (8.8) has to be rewritten as follows:

/

7, T
w?A? <T’+ @) — 2L 4 AR? sin? (7“; ) +2yL' RsinywT’ (8.11)
C

Let’s introduce the parameter:

T=~L"/c (8.12)
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On lack of anisotropy the measurements of O’ and O” must coincide: ¢/ = u =
¢/n. Due to the acceleration of O’ and the non-locality of the measurement,
we expect an anisotropic correction to the above value:

d =c/n+dc (8.13)

Then, assuming a small correction dc:

L L L 5 5
r=d o 2 T (102 = (1-02E), (814
c = +dc c c c

where we have put 79 = yL’/c. Using (8.11) and (8.12) and putting 7" =
L'/, we obtain:

RL'
w?~? <T’ L § > =+2L"? + 4R?sin? (%) +2vL'Rsinwr. (8.15)
C

Since wT < 1 [cf. (8.14)], we expand (8.15) up to the third order in w7 and
linearize it in dc, using (8.14). After some algebra, we get:

dc 2Rwn? 7 2nw?  2n°R2%WA? B 2wRn*w? - v L Rwn*
c c c? c? c c
9 2,2 22,2 9 2 2712, 3,3 2 2p2
14 an_wn+an_ wRnw” Rw’n”®  w'w’R (8.16)
c c? c? c3 3¢3 ct
S. Discussion

Let’s now discuss in some detail the consequences of eq.(8.16), focusing
our attention on a few particular cases, which will turn out to be useful later.

Consider the case of a local measurement in presence of a refractive medium
(n > 1). From (8.16) we get:

- +0(1/c*)|  (8.17)

c c? c? c3

60[ QnZwT N [1 N 2Rwn  w?n?  2wnRw?

(notice that w/c = O(1)). Since in the limit of a local measure Lorentz in-
variance has to be obeyed, we expect that ¢’ = u = ¢/n (the measurements of
O’ and O” must coincide in such a limit, by virtue of the locality postulate).
Using (8.13) we have ¢ = 0. This implies that the r.h.s. of eq.(8.17) is zero.
Solving with respect to w we obtain:

2
w ~ 2[1_&<1_n2+ R‘”")] _ E-}-Rw—%—l—O(l/c), (8.18)

n ne c n 2

in agreement with (8.10) (remember that v = wR). If Lorentz invariance has
to be obeyed in the limit of a local measurement, then eq.(8.16), rewritten as
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follows:
Sc| 2Rwn®  2n%w®  2n*R%W?  2wRn’w? Sc | y*L"?Ruwnt
- — + _ _ = —
c c c? c? c? c c?
2.2 2 2 2 2 25 2 2712p 3,3
1+2Rnw_nw+an+2anw_wa 7L Rr.un7 (8.19)
c c? c? c3 ct 3¢3

is identically satisfied (in the limit L' — 0) with ¢ = 0. This means that the
quantity in square brackets in the r.h.s. of (8.19) is zero. But this quantity does
not depend on L', so it must be zero also when L’ # 0. As a consequence,
with L' # 0, we have dc # 0, and to the lowest order of approximation:

9 2,,,2 2L/2 3.,,3
dc) 2wl LTRWTT (8.20)
c c2 3c3
Using (8.7) we get:
272 R3n2
be XL Romn” 821)
c 6c
and, finally, from (8.13), the value of ¢’ as measured by the observer O’:
272 R.3n2
¢ ~ ¢ rhravn (8.22)
n 62

We stress that the anisotropy in the value of ¢’ is present also in a vacuum
(n=1):
72L’2Rw3
6c2
Eq.(8.22), as well as (8.23), can be recast in a more convenient form:

1 L\ (v)?
c ~ % [1 + 6n2fy2 <§> <%) } , (8.24)

[compare this result with (8.1)]. Recall that v = wR is the velocity of the
experimental apparatus, due to the Earth’s rotation (see Section 4). Notice that
the anisotropy vanishes in the limit of an ideal measurement (L’ — 0). Actu-
ally the above anisotropy is controlled by the ratio L’/ R (recall the parameter
A ~ L/A introduced in Section 2), which compares, so to say, the extension
L’ of the experimental setup with the radius R (~ A) of the circular motion of
the non-inertial observer O’. We point out that such anisotropy is sensitive to
the direction of the rotation.

We are now in a position to apply the results (8.22) and (8.23) to the analysis
of the experiment of Byl ef al. For convenience let’s put:

de 1 (LN (v’
c 6 \®r)\¢

Sen 1 o of I\ /v\®  dc
S - ~ | =n"=. 8.25
c 6" (R) c " (8:23)

d ~c+ (8.23)
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The fly-time of photons in air (n = 1) is, according to O’ [cf. (8.23)]:
Ty =L'/(c+ éc) (8.26)

In the refractive medium we have:

T! = L'/(c/n + n*sc) (8.27)
The relative delay is then:
L )
T(0°) =T, — T ~ = [(n 1) - Lt - 1)} . (8.28)
C C

After a 180° rotation (as in the experiment of Byl and collaborators), v — —v
and dc — —dc; the relative delay is now:

/ o / / LI dc 4
T(180):Tn—Toz?(n—1)+?(n —-1)]. (8.29)
The difference is:
2L/

corresponding to a displacement in the interference pattern of M fringes, with

M given by:
1L N2 [(v)?
M~==mn'-1)(=) (- 8.31
et -0(%) (2)- 31

where use has been made of (8.25), and v ~ 1, as it is reasonable in usual
experimental conditions.

We notice that the anisotropy effect appears at the third order (not at the first,
nor at the second one, as suggested by Klauber). Moreover, it is suppressed
by the typically small factor (L’/R)?. This is in agreement with the locality
principle: when the typical size (L') of the experimental apparatus becomes
negligible with respect to the length scale which defines the non-inertiality
of the reference frame (R), the experimental results cannot differ from those
which would be observed in an inertial reference frame.

6. Concluding Remarks

The intrinsic non-local character of any physical measurement causes the
observed physical quantities to be sensitive to the possible non-inertial mo-
tion of the observer. In this respect, any measured physical quantity carries
an imprint of the non-inertiality of the reference frame which was employed
during the measurement. All this can also affect the measurement of the speed
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of light, giving rise to (expected small) anisotropies in the observed value of
c. In this paper we have critically discussed the recent claims of Klauber (and
other authors) about the local character of such anisotropies in rotating refer-
ence frames. Also, we have proved that a standard analysis, which rests on
the postulates of Lorentz invariance and locality, leads to anisotropic effects
which are, however, non-local; actually these effects disappear in the limit of
a (quasi-) local measurements, since in that limit the non-inertial character of
the employed reference frame becomes negligible.
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Abstract In this paper, it is shown, using a geometrical approach, the isotropy of the ve-
locity of light measured in a rotating frame in Minkowski space-time, and it is
verified that this result is compatible with the Sagnac effect. Furthermore, we
find that this problem can be reduced to the solution of geodesic triangles in a
Minkowskian cylinder. A relationship between the problems established on the
cylinder and on the Minkowskian plane is obtained through a local isometry.

1. Introduction

One of the most celebrated results of the Theory of Relativity is the one
known as the Sagnac effect [1], which appears when two photons describe, in
opposite directions, a closed path on a rotating disk returning to the starting
point. Physically, the Sagnac effect is essentially a phase shift between two
coherent beams of light travelling along paths in opposite senses in an inter-
ferometer placed on a rigidly rotating platform [2]. This phase shift can be
explained as a consequence of a time delay, so the Sagnac effect can also be
measured with atomic clocks timing light rays sent, e.g., around the rotating
Earth via the satellites of the Global Positioning System (GPS) [3]. From a
geometrical approach, such phase shift has also been related [4] to the fact that
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the time component of the anholonomity object, corresponding to the choice
of an orthonormal frame on the space-time, is different from zero.

The Sagnac effect outlines the problem of the isotropy of the velocity of
light with respect to a non-inertial observer fixed on the rotating disk. This
problem has been treated from different points of view. In [5], it is pointed
out that the Sagnac time delay, measured by one single clock, is due to an
anisotropy in the global speed of light for the non-inertial observer, in contra-
diction with the local Einstein synchronization convention. Another approach
is found in [6]. There, the speed of light in opposite directions is the same,
both locally and globally. The proof is performed using three clocks located
at the initial and final positions of the two photons, and by extrapolating point
to point, the local Einstein synchronization procedure to the whole periphery
of the disk. The disagreements between both approaches are connected with
the problem of the global time synchronization of points on the periphery of
a rotating disk. Only if this global synchronization were possible there would
exist a well defined spatial length between different points on the boundary of
the rotating disk.

In this paper we consider an ideal rotating disk with negligible gravitational
effects, thus the effects due to gravitational fields —that require the applica-
tion of general relativistic techniques as those in [7] or [8], where exact and
post-Minkowskian solutions are used— are not considered here. We will also
show the isotropy of the velocity of light measured in a rotating frame in the
Minkowski space-time. We verify that this isotropy is compatible with the
Sagnac effect. For this we take into account that every kinematical problem
in special relativity can always be translated into a geometrical problem on
space-time.

Note on this respect that some authors have need to introduce some dynam-
ical explanations for explaining the rotating disk problem [9].

An outline of the paper is as follows. In Sec. 2 we give a brief account
of the technique used by Rizzi and Tartaglia [6] and describe how the use
of the hypothesis of locality, (see [10]) offers an explanation of the Sagnac
effect in the framework of special relativity, without using the anisotropy of
a global speed of light. In Sec. 3, we solve this problem in terms of the
world-function associated to the geodesic determined by the world-lines of
the observer and the photon and the simultaneity space corresponding to the
observer. In Sec. 4, a formulation of the problem using the solution of geodesic
triangles is obtained. Finally, in Sec. 5, a relationship between the problem
stated on a Minkowskian cylinder and on a Minkowskian plane is obtained.
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2. The rotating disk and the Sagnac effect

Let D C R3 be a disk of radius p, and let us denote by 9D the circle bound-
ing D. We consider an inertial reference frame F' : (O’ {e;}3_,), where O’
is the center of D and {e; };_, is an orthonormal basis for the Euclidean space
R3. In the coordinate system (x,v, z) associated to F', the points in D have
coordinate z equal to zero. It will also be useful to consider polar coordinates
(r,0) on D. Now we assume that the disk D is uniformly rotating about the
O’ axis, with angular velocity w. In the space-time (M, n) of Special Rela-
tivity in Minkowski coordinates, with 1 = diag (—1, —1, —1, ¢?), the motion
of the points P € 9D with polar coordinates (6,t), is given by world-lines
vp 1t 7,(t), that in coordinates (z,y, z,t) can be expressed as

Y, (t) : (pcos(wt +6), psin(wt+6), 0, t). 9.1)

This congruence of time-like curves determines a cylinder C C M. On the
cylinder C both a metric g is induced by the metric 77, which in comoving
coordinates (6, t), reads

g = —p?db? — 2wp?dtdh + o (w)c? dt?, 9.2)

where
(W) :==1— (¢ twp)?, 9.3)

and a Killing vector field I' given by a combination of a rotation and a time
translation, that, at each point P = (6,t), is I'(P) = #,(t), are defined. The
associated Killing congruence has non null vorticity within the cylinder but
is zero outside it. So, the vorticity and the 4-velocity play an analogous role
to the magnetic field and the 4-electromagnetic potential, respectively, of the
Aharonov-Bohm effect in electrodynamics, [11]. The metric (9.2) is globally
stationary and locally static; therefore a local splitting of C can be obtained
using local hypersurfaces locally orthogonal to the trajectory of the rotating
observer, as in [12]. Even a global operational quotient space by the Killing
congruence can be build, by using the radar distance as a spatial distance [13].

In general, for every two points A, B, joined by a geodesic ~y(u), being u
a special parameter with y(u1) = A,y(u2) = B, there is a function Q(A B),
which gives half the square of the space-time measure of the geodesic arc be-
tween A and B —the world function in Synge’s terminology, [14]— defined
by

u2

QAB) = %/ g(v,v)ds (9.4)

ui
where v = */(u) denotes the tangent vector to the geodesic y(u). Let us now
consider, at the time ¢ = ¢, a point O € 0D and the world-line ~,, () corre-
sponding to a curve in the congruence (9.1), with § = 0. On v, (t) one may
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build a field of non-inertial reference frames F”(¢). The proper time interval
between two events Fy, P; with coordinate times ¢; and {2 measured by the
observer F" is given in terms of the world-function (9.4) as

Ty — 71 := ¢ 'W2Q(Py P) = a(w)(ty — t1). (9.5)

Suppose that the rotating observer fixed on the circle 0D carries a device
which emits, at the time ¢ = 0, two photons in opposite directions along the
periphery of the disk. The world-lines of both photons are null helices. Their
equations in the inertial reference frame F' read

Voo () : (x, = pcos(xwt), y, = psin(xwt), t =1), (9.6)

where +w denotes the angular speeds of the photons given by wp = ¢, being
the plus (resp. minus) sign associated to the photon moving in the same (resp.
opposite) sense as the rotating disk.

At the initial time ¢ = 0 it is assumed that v, (0) = 7, (0). The world-line
corresponding to each photon cuts the curve v, at times ¢%, for which it is
satisfied the condition 7y, (t+) = 7, (). Therefore one obtains

27

th = . Vi
+ wFw ©-D

The relationship between proper time on 7, and the inertial coordinate time
given in (9.5) establishes that the proper time in F runs slow with respect to
an inertial one. Hence, using (9.7) one obtains

a(w)

T4 =27 9.8)

WFwW

The proper time increment measured by the observer F’ among the arrival
times of the two photons P; = «,,(t1) and P» = 7, (t2) is (see, e.g. [11]):

4“;S a Y (w) (9.9)

T —T- =
C

that, in the limit of small rotational speeds, takes the classical form given in

[1]:
Ty —T- = dws +0(c™) (9.10)

2
where S = 773 is the disk area.
The Sagnac time delay is the desynchronization of a pair of clocks after
a complete round trip, which has been initially synchronized and sent by the
rotating observer to travel in opposite directions, [6]. In this case, the time
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differences along a complete round trip on the periphery 0D of the disk, are
not uniquely defined and the measurement of each one must be corrected by
half the Sagnac time delay when compared with an identical clock remaining
fixed at the initial position. After this correction is made, the global light speed
is the same for the photon moving on 9D in opposite sense. This is in fact what
is done in the Global Positioning System, [3]. Note, on the other hand, that if
the readings of both clocks are not corrected by half the Sagnac time (9.9), one
obtains an anisotropic velocity of light, as in [5].

3. Measurement of relative speeds in Minkowski
space-time

Let us assume that, at the time ¢ = 0, in the inertial reference frame F', a
non-inertial observer F” at a fixed point Py € 9 C emits a pulse of light in the
same direction of the movement of the disk. The event P corresponds in the
cylinder C to the point with cylindrical coordinates (6,t) = (0,0). We now
determine the relative speed of the ray of light with respect to the non-inertial
frame F”.

The world-lines for the observer and the photon can be expressed in cylin-
drical coordinates, in the form

Yo t): (0=0,t=1t), v, (t): (0= (w—wt, t=t) ©.11)

respectively. The curve 7, (t) is the time-like helix corresponding to a non-
inertial observer fixed at the point O on the disk. The curve v, (t) describes
the null helix of the photon co-rotating with the disk.

On the world-line v, one can determine a vector field A such that the or-
thogonality condition, g(A,~, (t)) = 0, is satisfied. For each point P on 7,
one builds a space-like geodesic 7y, on the cylinder (C, g), corresponding to
the initial data (P, A(P))

Vo1 (0= (@ —wH)w ({t—t), t=1). 9.12)

The geodesic vy, can be interpreted as the locus of locally simultaneous events
on an arc of the circle 0 C as seen by the rotating observer. For the construction
of the simultaneity space v, the hypothesis of locality given in [10] is used,
which establishes the local equivalence of an accelerated frame and a local
inertial frame with the same local speed. In this way, a slicing of the cylinder
C through a family of sections v, orthogonal to the congruence of curves v,
is obtained.

When the rotating frame reaches the point P; = (0,¢;) in the curve 7,
the world-function Q( Py P;) is the square of the proper time (up to a constant
factor) between the events Py and P; of space-time, measured by the non-
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P
Vs
Py

Yo T

P

Figure 9.1. Geodesic triangle on the cylinder (C, g). v,,, 7, denote, respectively, the world-
line of the observer and the photon. s represents the simultaneity space at the point P;.

inertial observer. At the time ¢; the photon lies on the point P> of the local
simultaneity space relative to the non-inertial rotating observer. Since both the
non-inertial observer and the photon move on 0C, the corresponding points
in space-time remain on the Minkowskian cylinder C. Consider the point P
given by the intersection of the curves «y, and v, , (see Fig. 9.1):

Py = ((@® - w?) @ o, (w+w)@m ). 9.13)

Using the metric (9.2), the world-function corresponding to the pairs of
points (Pp, P1) and (Py, P»), calculated along the curves v, and ~,, are

Q(Py Py) = —Q(Py Py) = ctyo(w). (9.14)

respectively. Therefore, taking into account (9.5), the relative speed of the
photon with respect to the non-inertial frame defined by
2 2 QP B)

v =

— 15
1.0 AR P) (9.15)

coincides with 2.

4. Equivalent formulation of the problem

Result (9.15) can be compared with that obtained by using the solution of
geodesic triangles on the semi-Riemannian manifold (S, g) For this we con-
sider a geodesic triangle PyP; P, on a 2-magifold (S, g) as shown in Fig. 9.2.
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Pl(ul,l_))

Py(0,0)

Figure 9.2.  Geodesic triangle on a surface with small curvature. The family of curves v(v)
emanating from the point Py, are geodesics parameterized by u € [0, 8]. Transversal curves are
geodesics parameterized by u € [u1, uz].

For arbitrary points A and B, let Q,(A B) denote the covariant derivative of
(9.4) with respect to the coordinates of A, and denote by 2%(A B) the vector
associated to Q,(A B) by means of the metric g.

Let us assume that the Riemannian curvature of a surface S is small and
we will use the same notation as in [14], Chapter IL If {\o(Fp), A1(Fp)} is an
orthonormal basis on T'p,S, one can build a field of reference frames on C by
parallel transport of this frame along all geodesics x*(v) through Py. On the
field {\o(P), \1(P)}, the vector field V* := dz%/0v, tangent to one of these

geodesics on an arbitrary point, has constant components V(@) = Vi)\ga). On
the other hand, the components of the symmetrized Riemann tensor

Sijkt = — % (Rijkm + Rimjk), 9.16)

will be denoted by S(gpca)-

For the geodesic triangle determined by the curves PoP; : v1(v), PoPs :
v2(v) and Py Py : y(u) (with u € [ug,ug],v € [0,7], see Fig. 9.2) a relation-
ship between the world-functions of the sides of this triangle is obtained in
[14]:

QP Py) = Q(Py P) + QUPy Py) — Qu(Py P) QU (Py Py) + 6, (9.17)

where

¢ = %/U(v —v)3D2Q dv 9.18)
0
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and D2 denotes the covariant derivative of fourth order of the world-function
Q(y1(v),v2(v)) for an arbitrary v € [0, v]. An explicit approximate expression
for ¢ appears in [14] p. 73, written in terms of the Riemann tensor and its
covariant derivatives. An application of this solution to build Fermi coordinates
in general space-times of small curvature is given in [15]. In general it is
satisfied that

3 v u
do = m/ﬂ / q(u,v) [1122] du dv, (9.19)

where ¢(u, v) is the polynomial

q(u,v) := (0 —v)3((uz — u)? + (u — u1)?), (9.20)
and symbol [1122], defined as

[1122] := — LS4 bycpan) VI VDV (2D (2], (9.21)

is constant on S, so that ¢y vanishes. In (9.21) V(“), vV (©2) are the components
of V at points P, P, respectively. In the problem considered in this work,
the metric (9.2) is uniform on the cylinder C, and the Riemannian curvature is
zero, therefore expression (9.18) vanish.

Therefore, one obtains for the solution of the same triangle in the point P

Q(PO P2) = Q(Pl P()) + Q(Pl Pg) — Qa(Pl Po) Qa(Pl PQ), (9.22)

where the covariant derivatives are calculated now at the point P;. Now, since
the geodesic Py P> is null and the geodesics Py Py and P; P; are orthogonal in
P ; then, from (9.22) one obtains

QP P) = (P 1) (9.23)
Consequently, the ratio
QP P»)
2 2
=—Cc" ———= 24
(s c QB Pr)’ (9.24)

coincides with (9.15).

S. Reduction to the Minkowskian plane

In this section, we will see that the rotating observer on the disk has a spe-
cific characteristic which other different non-inertial observers do not have in
general. In the first place, it is observed that expression (9.5), which relates
the proper time 7 of a non-inertial observer fixed on the rotating disk (moving
with constant angular speed w, such that wp = v) to the coordinate time ¢,
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Figure 9.3. Geodesic triangle on the Minkowskian plane (P, n). 72) , 7'L denote, respectively,
the world-line of the observer and the photon. « represents the simultaneity space at the point
P

coincides with the expression relating the inertial observer’s time to the time
of another inertial reference frame boosted with rectilinear speed v. Then one
concludes that only by measuring proper time, a rotating observer will not be
able to determine the local inertial or non-inertial character of the frame rotat-
ing uniformly on the disk. The only magnitude that he will be able to measure
in that case is the speed modulus v.

Now, let us consider a boosted rectilinear inertial frame K. To measure the

speed of a photon moving in the same direction as K with respect to this frame
we consider the configuration shown in Fig. 9.3.
Here 'y’o represents the straight line described by the observer (we are assuming
that the speed is v) in a Minkowskian plane (P, 7). On the other hand, the null
straight line 'y’L represents the trajectory that one photon describes, and, finally,
the line 7{5 is the space-like straight line of simultaneous events to the emission
event of the photon. This line is everywhere n—orthogonal to the observer line
at the event P : (vtg, ). Explicitly, taking P; = (0,0), these curves are
given by

v, ¢ (= ct,t), Yot (= v At — tea? (v)), 1) (9.25)

where now o?(v) := 1 — v?/c%. This can be verified directly from Figure 9.3.
Moreover, point P; at which «; cuts to 7/ has the coordinates

P} (tole+v), ¢ Holc+v)) . (9.26)
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Therefore, keeping in mind again that P{ = (vtg,to), one obtains that the
distances between P; and P, along 7/ and between P and Pj along . are

—Q(P] Py) = Q(P} P}) = a(v)ctg (9.27)

where Q(AB) denotes the world-function associated to points A, B and the
metric 7). The relative speed between the light ray and the boosted rectilinear
inertial observer, defined through the ratio

2 2 (P Py)

v == =", (9.28)
(P P))

coincides with ¢2.

The identity between these expressions and those obtained before in Sec.
3 is clear. Indeed, if v is substituted for wp those expressions are coinci-
dent. The fact that the values of Q(P) P;) and Q(P] P}) coincide with the
values Q(Py P;) and Q(P; P») obtained in the problem solved on the cylinder
is due to a local isometry between the Minkowskian plane (P, n), which con-
tains the line of universe of the boosted rectilinear inertial observer, and the
Minkowskian cylinder (C, g), which contains the world-line of the non-inertial
rotating frame. As pointed out at the beginning of this section, the non-inertial
rotating observer on the disk has a specific characteristic which other differ-
ent non-inertial observers do not have, in general. In this case, the expression
(9.5), relating the proper time 7 and the coordinate time ¢, is the same as in
inertial frames. This allows to build an isometry between cylinder C and the
plane P as follows.

Let ¢ : U C C — P be a smooth map between a neighborhood of 2/, which
contains the geodesic triangle considered above, and the plane P. Denote by
TpC and Ty p)P the tangent spaces to C and P at the points P, ¢(P) respec-
tively. The map ¢ is such that its differential, d¢ : TpC — Ty p)P, is a linear
isometry for every point P € U:

"7(d¢> (’0), dgb(“’)) = g(vv w)v (9.29)

for every v, w € TpC. Let us consider a map ¢ such that ¢(¢,0) = (¢, z(t, 6)).
We determine a function z(t, §) satisfying condition (9.29). This function is
determined through the partial differential system

o0 _ o
8t_wp7 60_p7

whose solution is the function z(¢,0) = p(wt + 6). Therefore an isometry as

¢ i (t,0) — (t,p(wt +6)), (9.31)

(9.30)
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maps (C; g) into (P;n), retaining the same coordinate time in both manifolds.
The geodesic triangle of vertices Py, P;, P in C is mapped into the straight
triangle P}, P{, P, in P.

Therefore, it is possible to translate the problem of measuring the speed of
light with respect to a non-inertial reference frame, which describes a circum-
ference rotating uniformly, to the problem of measuring the speed of light by
an inertial reference frame, being the velocity equal to ¢ in both cases. By
means of this local isometry, for the point P on the cylinder there exists a cor-
responding Pj in the plane, which has the same coordinates as the event Ps,
obtained in Sec. 3 by means of the hypothesis of locality with the slicing of C.

Returning to the initial problem of two photons describing the periphery of a
rotating disk in opposite senses, it is observed that one obtains the same result
for both photons, as it may be verified solving the corresponding problem on
the Minkowskian plane, where the speed of light is independent of the direction
followed by the photons.

6. Concluding remarks

In [6], using the locus of locally simultaneous events to the non-inertial ro-
tating observer (given by space-like helices in a Minkowski space-time), it is
shown that the speed of light measured by a non-inertial observer fixed on the
disk rim always turns out to be ¢ both locally and globally. The local isometry
(9.31), shows how this coincidence is obtained. In fact, this local isometry al-
lows to calculate relative speeds (9.24) and (9.28) in the problem of the rotating
disk, mapping the problem from the multiply connected Minkowskian cylinder
to another one established in the simply connected Minkowskian plane.

From the above reasoning, one observes that although the observer is non-
inertial this is not reflected on the measurements of relative speeds. This is be-
cause the module of the centripetal acceleration of the observer w?p a~2(w),
coincides with the module of the normal curvature of the world-line of the
observer on the cylinder (C, g). A rotating observer corresponds to a Killing
trajectory, so its world-line is a geodesic on this cylinder. Moreover, the Gaus-
sian curvature of the cylinder is zero. So, the non-inertiality of the rotating
observer is not reflected in the measurement procedure, because this is only
based on the first fundamental form of C.

Finally, we remark that the frame of reference considered in the problem of
a rotating disk is very special, so the problem can be established on a circular
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cylinder. A more general case would be, for example, that of a deformable
closed loop filament moving and preserving a non-circular shape.
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Abstract

1.

The phase shift due to the Sagnac Effect, for relativistic matter and electromag-
netic beams, counter-propagating in a rotating interferometer, is deduced using
two different approaches. From one hand, we show that the relativistic law of
velocity addition leads to the well known Sagnac time difference, which is the
same independently of the physical nature of the interfering beams, evidencing
in this way the universality of the effect. Another derivation is based on a formal
analogy with the phase shift induced by the magnetic potential for charged par-
ticles travelling in a region where a constant vector potential is present: this is
the so called Aharonov-Bohm effect. Both derivations are carried out in a fully
relativistic context, using a suitable 143 splitting that allows us to recognize and
define the space where electromagnetic and matter waves propagate: this is an
extended 3-space, which we call relative space. It is recognized as the only
space having an actual physical meaning from an operational point of view, and
it is identified as the ’physical space of the rotating platform’: the geometry of
this space turns out to be non Euclidean, according to Einstein’s early intuition.

Introduction

The effects of rotation on space-time have always been sources of stimulat-
ing and fascinating physical issues for the last centuries. Indeed, even before
the introduction of the concept of space-time continuum, the peculiarity of the
rotation of the reference frame was recognized and understood. A beautiful ex-
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ample is the Foucault’s pendulum, which shows, in the context of Newtonian
physics, the absolute character of rotation.

At the dawn of the modern scientific era, the notions of absolute space and
time, which are fundamental in the formulation of classical laws of physics,
were criticized by Leibniz[1] and Berkeley[2]; consequently, the concepts of
absolute motion, and hence, of absolute rotation, were questioned too. Mach’s
[3] analysis of the relativity of motions revived the debate at the dawn of
Theory of Relativity. As it is well known, Mach’s ideas played an important
role and influenced Einstein’s approach. However, the peculiarity of rotation,
which is inherited by Newtonian physics, leads to bewildering problems even
in the relativistic context. Actually, after the publication of Einstein’s the-
ory, those who were prejudicely contrary to Relativity found, in the relativistic
approach to rotation, important arguments against the self-consistency of the
theory. In 1909 an apparent logical contradiction in the Special Theory of Rela-
tivity (SRT), applied to the case of a rotating disk, was pointed out by Ehrenfest
[4]. Subsequently, in 1913, Sagnac[5] evidenced an apparent contradiction in
the SRT with respect to experiments performed with rotating interferometers:
according to him

L’effet interférentiel observé [...] manifeste directment 1’existence de 1’éther,
support nécessaire des ondes lumineuses de Huygens et de Fresnel.

Since those years, both the so-called ’Ehrenfest’s paradox’ and the theo-
retical interpretation of the Sagnac effect have become topical arguments of
a discussion on the foundations of the SRT, which is not closed yet, as the
number of recent contributions confirms.

We studied elsewhere[6] the Ehrenfest’s paradox, and we showed that it can
be solved on the basis of purely kinematical arguments in the SRT. In this
paper we are concerned with the Sagnac effect: we are going to show that it
can be completely explained in the SRT. To this end, we are going to give two
derivations of the effect.

On the one hand, using relativistic kinematics and, namely, the law of ve-
locity addition, we are going to provide a “direct” derivation of the effect. In
particular, the universality of the effect - i.e. its independence from the physi-
cal nature and the velocities (relative to the turntable) of the interfering beams
- will be explained.

On the other hand, we are going to give a "derivation by analogy" which
generalizes a previous work written by Sakurai[7]. Indeed, Sakurai outlined a
beautiful and far-reaching analogy between the Sagnac effect and the Aharonov-
Bohm effect[8], and obtained a first order approximation of the Sagnac effect.
By generalizing Sakurai’s result, we shall obtain the Sagnac effect in full the-
ory, without any approximation, evidencing that the analogy holds also in a
fully relativistic context. To this end, we shall use Cattaneo’s 1+3 splitting [9],
[10], [11], [12], [13], that will enable us to describe the geometrodynamics of



The relativistic Sagnac effect: two derivations 181

the rotating frame in a simple and powerful way: in particular, some Newto-
nian elements used by Sakurai will be generalized to a relativistic context.

The present paper is organized as follows: in Section 2 a historical review of
the Sagnac effect is made; in Section 3 the direct derivation is given, while the
derivation by analogy is outlined in Section 4. Finally, a thorough exposition
of the foundations of Cattaneo’s splitting is given in Appendix.

2. A little historical review of the Sagnac effect
2.1 The early years

The history of the interferometric detection of the effects of rotation dates
back to the end of the XIX century when, still in the context of the ether the-
ory, Sir Oliver Lodge[14] proposed to use a large interferometer to detect the
rotation of the Earth. Subsequently[15] he proposed to use an interferometer
rotating on a turntable in order to reveal the rotation effects with respect to the
laboratory frame. A detailed description of these early works can be found
in the paper by Anderson et al.[16], where the study of rotating interferome-
ters is analyzed in a historical perspective. In 1913 Sagnac[5] verified his early
predictions[17], using a rapidly rotating light-optical interferometer. In fact, on
the ground of classical physics, he predicted the following fringe shift (with re-
spect to the interference pattern when the device is at rest), for monochromatic
light waves in vacuum, counter-propagating along a closed path in a rotating
interferometer:

L (10.1)

Ac
where (2 is the (constant) angular velocity vector of the turntable, S is the
vector associated to the area enclosed by the light path, and ) is the wavelength
of light in vacuum (as seen in the local co-moving inertial frame of the light
source). The time difference associated to the fringe shift (10.1) turns out to be

At =p, - M-S
C

(10.2)

c2

Even if his interpretation of these results was entirely in the framework of
the classical (not Lorentz’s!) ether theory, Sagnac was the first scientist who
reported an experimental observation of the effect of rotation in space-time,
which, after him, was named ”Sagnac effect”. It is noteworthy to notice that
the Sagnac effect has been interpreted as a disproval of the SRT since the early
years of relativity (in particular by Sagnac himself) up to now (in particular by
Selleri[18],[19], Croca-Selleri[20], Goy-Selleri[21], Vigier[22], Anastasowski
et al.[23], Klauber[24],[25]). Howeyver, this claim is incorrect. As a matter
of fact, the Sagnac effect can be completely explained in the framework of
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the SRT: see for instance Weber[26], Dieks[27], Anandan[28], Rizzi-Tartaglia
[29], Bergia-Guidone [30], Rodrigues-Sharif[31], Pascual-Sanchez et al.[32].
According to the SRT, eq. (10.2) turns out to be just a first order approxima-
tion of the relativistic proper time difference between counter-propagating light
beams. Moreover, in what follows, it will be apparent that the relativistic inter-
pretation of the Sagnac effect allows a deeper insight into the very foundations
of the SRT.

Few years before Sagnac, Franz Harres[33], graduate student in Jena, ob-
served (for the first time but unknowingly) the Sagnac effect during his ex-
periments on the Fresnel-Fizeau drag of light. However, only in 1914, Harzer
[34] recognized that the unexpected and inexplicable bias found by Harres was
nothing else than the manifestation of the Sagnac effect. Moreover, Harres’s
observations also demonstrated that the Sagnac fringe shift is unaffected by
refraction: in other words, it is always given by eq. (10.1), provided that \ is
interpreted as the light wavelength in a co-moving refractive medium. So, the
Sagnac phase shift depends on the light wavelength, and not on the velocity of
light in the (co-moving) medium.

If Harres anticipated the Sagnac effect on the experimental ground, Michel-
son[35] anticipated the effect on the theoretical side. Subsequently, in 1925,
Michelson himself and Gale[36] succeeded in measuring a phase shift, anal-
ogous to the Sagnac’s one, caused by the rotation of the Earth, using a large
optical interferometer.

The field of light-optical Sagnac interferometry had a revived interest after
the development of laser (see for instance the beautiful review paper by Post
[37], where the previous experiments are carefully described and their theo-
retical implications analyzed). After that, there was an increasing precision
in measurements and a growth of technological applications, such as inertial
navigation[38], where the "fiber-optical gyro”’[39] and the “’ring laser”’[40] are
used.

2.2 Universality of the Sagnac Effect

The experimental data show that: (i) the Sagnac fringe shift (10.1) does
not depend either on the presence of a co-moving optical medium or on the
group velocity of the counter-propagating beams; (ii) the Sagnac time differ-
ence (10.2) does not depend either on the light wavelength or on the presence
of a co-moving optical medium. This is a first important clue of the universal-
ity of the Sagnac effect. However, the most compelling claim for the universal
character of the Sagnac effect comes from the validity of eq. (10.1) not for light
beams only, but also for any kind of “entities” (such as electromagnetic and
acoustic waves, classical particles and electrons Cooper pairs, neutron beams
and De Broglie waves and so on...) travelling in opposite directions along a
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closed path in a rotating interferometer, with the same (in absolute value) ve-
locity with respect to the turntable. This fact is well proved by experimental
texts (see Subsection 2.3).

Of course the entities take different times for a complete round-trip, depend-
ing on their velocity relative to the turntable; but the difference between these
times is always given by eq. (10.2). So, the amount of the time difference is al-
ways the same, both for matter and light waves, independently of the physical
nature of the interfering beams.

This astounding but experimentally well proved universality” of the Sagnac
effect is quite inexplicable on the basis of the classical physics, and invokes a
geometrical explanation in the Minkowskian space-time of the SRT.

23 Experimental tests and derivation of the Sagnac Effect

The Sagnac effect with matter waves has been verified experimentally us-
ing Cooper pairs[41] in 1965, using neutrons[42] in 1984, using *°C'a atoms
beams[43] in 1991 and using electrons, by Hasselbach-Nicklaus[44], in 1993.
The effect of the terrestrial rotation on neutron phase was demonstrated in 1979
by Werner et al.[45] in a series of famous experiments.

The Sagnac phase shift has been derived, in the full framework of the SRT,
for electromagnetic waves in vacuum (Weber[26], Dieks[27], Anandan[28],
Rizzi-Tartaglia[29], Bergia-Guidone [30], Rodrigues-Sharif[31]). However, a
clear and universally shared derivation for matter waves is not available as
far as we know, or it is at least difficult to find it in the literature. Indeed,
the Sagnac phase shift for matter waves has been derived, in the first order
approximation with respect to the velocity of rotation of the interferometer, by
many authors (see Ashby’s paper in this book[46] and the paper by Hasselbach-
Nicklaus for discussions and further references). These derivations are often
based on an heterogeneous mixture of classical kinematics and relativistic dy-
namics, or non relativistic quantum mechanics and some relativistic elements.

An example of such derivations is given in a well known paper by Sakurai
[71, on the basis of a formal analogy between the classical Coriolis force

Feor = 2mov X S, (10.3)

acting on a particle of mass m, moving in a uniformly rotating frame, and the
Lorentz force

F,, = v xB (10.4)
C

acting on a particle of charge e moving in a constant magnetic field B.
Sakurai considers a beam of charged particles split into two different paths
and then recombined. If S is the surface domain enclosed by the two paths, the
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resulting phase difference in the interference region turns out to be
AD = 3/B-ds (10.5)
ch S

Therefore, A® is different from zero when a magnetic field exists inside the
domain enclosed by the two paths, even if the magnetic field felt by the par-
ticles along their paths is zero. This is the well known Aharonov-Bohm][8]
effect. By formally substituting

°B — 2m,0 (10.6)
c
Sakurai shows that the phase shift (10.5) reduces to
2
AP = 20 / Q- ds (10.7)
hJs

If © is interpreted as the angular velocity vector of the uniformly rotating
turntable and S as the vector associated to the area enclosed by the closed
path along which the two counter-propagating material beams travel, then eq.
(10.7) can be interpreted as the Sagnac phase shift for the considered counter-
propagating beams:!
2m,
h

This result has been obtained using non relativistic quantum mechanics: the
relations between the Aharonov-Bohm effect and the wave equations are dis-
cussed in Subsection 4.1.

The time difference corresponding to the phase difference (10.8), turns out
to be:

AP =

QS (10.8)

At=B2_ag_ D Ag = 2T

w E mc? mec?

Let us point out that eq. (10.9) contains, inconsistently but unavoidably, some

relativistic elements (hw = E = mc?). Of course in the first order approxi-

mation, i.e. when the relativistic mass m coincides with the rest mass m,, eq.

(10.9) reduces to eq. (10.2); that is, as we stressed before, a first order approx-
imation of the relativistic time difference associated to the Sagnac effect.’

This simple and beautiful procedure will be generalized and extended to a

fully relativistic context in Sec. 4.

Q-S (10.9)

!In the case of the Aharonov-Bohm effect, the magnetic field B is zero along the trajectories of the par-
ticles, while in Sakurai’s derivation, which we are going to generalize, the angular velocity €2, which is
the analogue of the magnetic field for particles in a rotating frames, is not null: therefore the analogy with
the Aharonov-Bohm effect seems to be questionable. However, the formal analogy can be easily recovered
when the flux of the magnetic field, rather than the magnetic field itself, is considered: this is just what we
are going to do (see Section 4, below).

2Formulas (10.2) and (10.9) differ by a factor 2: this depends on the fact that in eq. (10.2) we considered
the complete round-trip of the beams, while in this section we refer to a situation in which the emission
point and the interference point are diametrically opposed.
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3. Direct derivation: Sagnac effect for material and light
particles

3.1 Direct derivation

In this section we are going to give a description of light or matter beams
counter-propagating in a rotating interferometer, based on relativistic kinemat-
ics; here and henceforth, we shall refer to both light and matter beams by
calling them simply ”beams”. Indeed, it is our aim to show that, under suitable
conditions, the Sagnac time difference does not depend on the very physical
nature of the interfering beams.

The beams are constrained to travel a circular path along the rim of the rotat-
ing disk, with constant angular velocity, in opposite directions. Let us suppose
that a beam source and an interferometric detector are lodged on a point X of
the rim of the disk. Let K be the central inertial frame, parameterized by an
adapted (see Appendix A.6) set of cylindrical coordinates {z#} = (t,r,9,2),
with line element given by>

ds? = Gudatdz” = —A2dt? + dr? + r2d9? + 422 (10.10)

In particular, if we confine ourselves to a the disk (z = const), the metric turns
out to be
ds? = —cdt? + dr? + r*dy? (10.11)

With respect to K, the disk (whose radius is R) rotates with angular velocity
Q, and the world-line ~ys5. of X is

20 = ¢t
w=<{ 2! = r=R (10.12)
22 = 9=
or, eliminating ¢
20 = gV
w=<{ 2! = R (10.13)
2 = 0

The proper time read by a clock at rest in X is given by

1 1 1
T = —/ |ds| = —/ V2dt? — R2dY? = /1 — ﬁZ/ d9  (10.14)
€ Jys € Jys Q b

3The signature is (-1,1,1,1), Greek indices run from 0 to 3, while Latin indices run from 1 to 3.
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Figure 10.1. The world-line of 3 (a point on the disk where a beam source and interferometric
detector are lodged) is vx; v+ and y— are the world-lines of the co-propagating (+) and counter-
propagating (-) beams. The first intersection of v (y—) with s, takes place at the time 7 (7—),
as measured by a clock at rest in .

The world-lines of the co-propagating (+) and counter-propagating (-) beams
emitted by the source at time ¢ = 0 (when 9 = 0) are, respectively:

20 = ﬁﬁ

ve=< 2! = R (10.15)
2 = 0
20 = -1

=< 2! = R (10.16)
22 = 0

where w ,w_ are their angular velocities, as seen in the central inertial frame.*

The first intersection of 4 (y_) with s is the event “absorption of the co-
propagating (counter-propagating) beam after a complete round trip” (see fig-
ure 10.1).

“Notice that w_ is positive if |w’ | < Q, null if |w’_| = €, and negative if [w’ | > ; see eq.(10.22)
below.
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This event takes place when

1 1
i+ = E(ﬁi + 2r) (10.17)

where the + (—) sign holds for the co-propagating (counter-propagating) beam.
The solution of eq. (10.17) is:

27}

vy ==+
* wt — O

(10.18)

If we introduce the dimensionless velocities 5 = QR/c, f+ = w+R/c, the
¥-coordinate of the absorption event can be written as follows:

275
ﬂi -8
Taking into account eq. (10.14), the proper time elapsed between the emission

and the absorption of the co-propagating (counter-propagating) beam, read by
a clock at rest in 33, is given by

Vi = (10.19)

/1 — 32
i% 1-5 (10.20)

T- =
. Q Bi—p
and the proper time difference A7 = 7. — 7_ turns out to be
QWB\/ fB‘ 2)?; /6’+6) (10.21)

Without specifying any conditions, the proper time difference (10.21) ap-
pears to depend upon 3, 54, 5—: this means that it does depend, in general,
both on the velocity of rotation of the disk and on the velocities of the beams.
Let 3. be the velocities of the beams as measured in any Minkowski inertial
frame, locally co-moving with the rim of the disk, or briefly speaking in any
locally co-moving inertial frame (LCIF). Provided that each LCIF is Einstein-
synchronized (see Subsection 3.5 below), the Lorentz law of velocity addition
gives the following relations between (3, and (. :

B+ 3
= —— 10.22
B+ T+ . ( )
By substituting (10.22) in (10.21) we easily obtain
Anp? 1 Qwﬁ 1 ( 1 1 >
AT = — 4+ — (10.23)
Q \/1—52 Q Ji-p2\8p B
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Now, let us impose the condition “equal relative velocity in opposite direc-
tions™:

g =—-p. (10.24)

This condition means that the beams are required to have the same veloc-
ity (in absolute value) in every LCIF,> provided that every LICF is Einstein-
synchronized. If condition (10.24) is imposed, the proper time difference
(10.23) reduces to

2 2 2p2\ —1/2
_ Anp 1 _47TRQ<1_QR) (10.25)

AT = q _1_52— >

which is the relativistic Sagnac time difference.

A very relevant conclusion follows. According to eq. (10.20), the beams
take different times - as measured by the clock at rest on the starting-ending
point X on the platform - for a complete round trip, depending on their veloc-
ities 3, relative to the turnable. However, when condition (10.24) is imposed,
the difference AT between these times does depend only on the angular veloc-
ity 2 of the disk, and it does not depend on the velocities of propagation of the
beams with respect the turnable.

This is a very general result, which has been obtained on the ground of a
purely kinematical approach. The Sagnac time difference (10.25) applies to
any couple of (physical or even mathematical) entities, as long as a velocity
with respect the turnable can be consistently defined. In particular, this result
applies as well to photons (for which |3/.| = 1) and to any kind of classical
or quantum particles under the given conditions (or electromagnetic/acustic
waves in presence of an homogeneous co-moving medium). ¢ This fact high-
lights, in a clear and straightforward way, the universality of the Sagnac effect.

More in particular, the Sagnac time difference (10.25) also applies to the
Fourier components of the wave packets associated to a couple of matter beams
counter-propagating (with the same relative velocity) along the rim.” This re-
mark is important to studying the interferometric detectability of the Sagnac
effect (see Subsection 3.3 below).

c2

30r, differently speaking, with respect to any observer at rest in the relative space” (see below) along the
rim of the platform.

SProvided that a group velocity can be defined.

70f course only matter beams are physical entities, while Fourier components are just mathematical entities,
to which no energy transport is associated.
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3.2 The Sagnac effect as an empirical evidence of the SRT

As we said in the Introduction, the Sagnac effect for electromagnetic waves
in vacuum was first interpreted by Sagnac himself as an experimental evidence
of the physical existence of the classical (non relativistic) ether, and an experi-
mental disproval of the SRT. Sagnac’s interpretation can be easily understood,
on the basis of the relativistic eq. (10.21), as a casual consequence of a well
known kinematical feature of light propagation through the ether. Indeed, the
light velocity with respect to the ether (at rest in the central IF) must be c in
both directions; as a consequence, if we set 1 = +1ineq. (10.21), the proper
time difference A7 reduces to eq. (10.25); the latter, in turn, reduces, at first
order approximation, to the time difference given in eq. (10.2), which was
actually predicted and experimentally tested by Sagnac.

However, any non relativistic explanation completely fails for subluminally
travelling entities (such as matter waves, sound waves, electromagnetic waves
in an homogeneous co-moving medium, and so on). In fact, for subluminally
travelling entities the vital condition is: “equal relative velocity in opposite
directions”. If this condition is expressed by eq. (10.24) (which explicitly
requires the local Einstein synchronization) the Sagnac proper time difference
(10.25) arises, as we carefully showed before.

On the contrary, if the condition equal relative velocity in opposite direc-
tions” is expressed by an analogous relation, in which the local Einstein syn-
chronization is replaced by a synchronization borrowed from the global syn-
chronization of the central IF (see Subsection 3.5), no time difference arises.
Let us prove this claim.

Let ¢+ and Y7 be the azimuthal coordinates of the co-rotating/counter-
rotating entity with respect to the central IF and the LCIF, respectively. These
coordinates are related by the transformation

pr = Qt + 7 (10.26)

Derivation of eq. (10.26) with respect to the central inertial time ¢ gives
wy =0+ wl (10.27)

where wy = dg4 /dt is the angular velocity relative to the central IF, and
Wl = di7, /dt is the angular velocity relative to the LCIF - provided that it is
synchronized by means of the central inertial time ¢.

Eq. (10.27), multiplied by R/c, takes the dimensionless form

Bt =B+ BL (10.28)
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which replaces eq. (10.22). Let us stress that both eqs. (10.22) and (10.28) are
correct: the former refers to the local Einstein synchronization, the latter to the
local synchronization according to the simultaneity criterium of the central IF.

Introducing eq. (10.28) into eq. (10.21), the proper time difference A7
reduces to

_2mB (BB =28+ (B+8L) 218 —— B + 0]
Ar=—q VI-p EAA —q VI8 e

If the vital condition “equal relative velocity in opposite directions” is ex-
pressed by eq.

g =-p (10.30)

instead of eq. (10.24), it is plain from eq. (10.29) that no time difference arises:
AT =0(Q.E.D.)

This calculation shows that the choice of the local Einstein synchronization
is crucial even in non-relativistic motion. Indeed, the choice of the classical
eq. (10.28), instead of the relativistic eq. (10.22), could be naively presumed
as a reasonable approximation in non-relativistic motion: however, this choice
simply cancels the effect!

This shows that, according to a very appropriate remark by Dieks and Nien-
huis [47], the observed Sagnac effect is an experimental evidence of the SRT
at first order approximation with respect to 5 = QR/c, and an experimental
disproval of the classical (non relativistic) ether.

Remark It could be always possible to substitute eq. (10.24) with an al-
ternative suitable condition, so that eq. (10.29) turns out to be equal to eq.
(10.25). Such a condition is:

BT :_grl_—ﬁz (10.31)
B T1-20p - 52

But, of course, this is an extremely “ad hoc” condition, which translates the

simple and expressive condition (10.24): it is clear that the physical interpre-

tation of (10.31) is not as evident as that of (10.24).

33 Interferometric detectability of the Sagnac effect

With regard to the interferometric detection of the Sagnac effect, the crucial
point is the following one. Consider the Fourier components of the wave pack-
ets associated to a couple of matter beams counter-propagating, with the same
group velocity, along the rim. Despite the lack of a direct physical meaning
and energy transfer, the phase velocity of these Fourier components complies
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with the Lorentz law of velocity addition (10.22 ), and is the same for both the
co-rotating and counter-rotating Fourier components. As a consequence, the
Sagnac time difference (10.25) also applies to any couple of Fourier compo-
nents with the same phase velocity.

Moreover, the interferometric detection of the Sagnac effect requires that
the wave packet associated to the matter beam should be sharp enough in the
frequency space, to allow the appearance, in the interferometric region, of an
observable fringe shift.® It may be worth recalling that:

(i) the observable fringe shift Az depends on the phase velocity of the
Fourier components of the wave packet;

(ii) with respect to an Einstein-synchronized LCIF, the velocity of every
Fourier component of the wave packet associated to the matter beam, moving
with the velocity (in absolute value) v = ¢|f/.|, is given by the De Broglie
expression vy = 2 /v,

The consequent Sagnac phase shift, due to the relativistic time difference
(10.25), is

~1/2
vf 812 R2Q) O2R?
A0 =2n8z=2m (Lar) = T = (1-=; (10.32)

34 Comparing to some results found in the literature

As we mentioned, the Sagnac time delay for matter beams has been derived
by many authors in many different ways, but nearly always in the first order
approximation. However, digging into the literature, we eventually found, be-
tween the preliminary and the final version of this paper, a couple of derivations
of the Sagnac effect for matter beams in full SRT. In this section we are going
to compare these approaches to ours.

34.1 Dieks-Nienhuis’s approach. Dieks and Nienhuis[47] move
from the standard Lorentz transformation from the LCIF to the central IF. In
order to be as clear and self-consistent as possible, we shall translate everything
into our notations.

Consider two near events, happening along the rim, belonging to the world-
line of the co-rotating/counter-rotating beam; let dx, dr be the space and
time separation between these events, as measured in an Einstein-synchronized
LCIF. Then the corresponding time separation dt, as measured in the central

8That is, the Fourier components of the wave packet should have slightly different wavelengths.



192 G. Rizzi and M.L. Ruggiero

IF, is given by the usual Lorentz transformation

22\ —1/2
dt = <d7-j: QRC&) <1 _ YR ) (10.33)

c? c?

where the + and — hold for the co-rotating and counter-rotating beams, re-
spectively. Gluing together all LCIFs, at the end of the round trip we have

02R2\ /2
<1— R > ty =7(y+) £ R/ dx (10.34)

where D is the length of the rim of the platform, as seen on the platform itself.
The difference between the equations for the co-rotating and counter-rotating
beams is:

Q2R%\'/? 20R
(1— 2 ) (tr —t-) =7(4) =7(y-) + —5~ [ dz (10.35)
D

In the derivation given by Dieks and Nienhuis, two hypotheses play a vi-
tal role in order to get the correct conclusion: (i) the integration domain D

~1/2 -1/2
is 2R (1 282) 7 i) rn) = o) = (28) (1-282) 7
where v’ is the relative velocity (in absolute value) of both the co-rotating and
the counter-rotating beam (as a consequence, 7(v+) — 7(7—) = 0).

Of course, the two hypotheses are correct, but both deserve further remarks.
First of all, we could say that hypothesis (i) is unnecessary: indeed, our deriva-
tion of the Sagnac effect does not depend on the hyperbolic features of the
space geometry of the disk (see Subsection 4.2 and Appendix A.14). On the
other hand, this hypothesis establishes a very interesting link between the (ob-
servable) Sagnac time delay and the (unobservable) lengthening of the rim of
the rotating platform, which, in turn, depends on the peculiar space geometry
of the disk. This is a challenge to those authors (see for instance [25],[48])
who try to conciliate the Sagnac time delay with the Euclidean space geometry
of the disk.

34.2 Malykin’s approach.  The long review paper by Malykin[51] (al-
most 300 references!) starts with the remark that the Sagnac effect for matter
beams “’is explained in several totally different ways”, but - strangely enough
- most of them give “correct results despite their obvious incorretness”. After
a wide overview of these “incorrect explanations”, the author provides his at-
tempt of solution on the basis of the relativistic law of velocity addition. This
approach is the only one that turns out to be similar to ours; also the problem
of the interferometric detection of the Sagnac effect is taken into account. Of
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course, this leads to the issue of the kinematical behavior of both the phase
velocity and the group velocity. Here some misinterpretations and confusions
arise. In particular, the author tries to show that ”both the group velocity and
the phase velocity have identical translational properties during the transition
from the frame of reference K [the central IF] to the frame of reference K’ [the
LCIF]”.

Actually, the group velocity behaves contrary to the phase velocity with
respect to the (local) Lorentz transformation group. However, this has no con-
sequences on the interferometric detection of the Sagnac effect, because the
only relevant requirement is that, with respect to any Einstein-synchronized
LCIF: (i) the group velocities should be the same; (ii) the phase velocities of
the Fourier components should be the same. This is exactly what happens: the
transformation properties have no role. Anyway, we agree with Malykin when
he says that "the Sagnac effect constitutes a kinematical effect of SRT; (...) all
explanations of the Sagnac effect are incorrect except the relativistic one”. We
agree also with his final remark: the existence of a large number of incorrect
explanations which give correct results (at least in first approximation) depends
on the fact that the Sagnac effect is a first-order effect in v/c.

343 Anderson, Stedman and Bilger’s approach. It is interesting
to compare our results to this approach, even though Anderson, Stedman and
Bilger’s results[40],[16] are confined to a first order approximation. Indeed,
they find, at first order approximation, the following time difference:

49 - S
At = —5— (10.36)
v
and the following phase shift:
Q-S
Ap - 58-S (10.37)
Av

where v is the “undragged” velocity of the beams. Of course, the time dif-
ference (10.36) is not in agreement’ with the first order approximation (with
respect to 5 = QR/c) of eq. (10.25). However, it is consistent with the first
order approximation of eq. (10.21) provided that 5, = —(_ = v/c: this rep-
resents a completely different physical situation,'” in which the two beams are
injected into the rotating platform (tangentially to the rim) in opposite direc-
tions with the same velocity with respect to the central inertial frame.

In addition, the phase shift (10.37), which is the only observable quantity
through an interferometric device, is not in agreement with the physical situ-
ation considered by these authors. However, it is worthwhile to notice that,

9Except for light beams in vacuum.
10Except for light beams in vacuum.
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oddly enough, it perfectly agrees with the first order approximation of eq.
(10.32).11

344 Ashby’s approach.  The best approach we know, at first order ap-
proximation, is the one suggested in this book by Ashby [46]. The peculiarity
of this approach is that it is independent of the shape of the loop: this is a very
important feature if one has to deal with the Global Positioning System (GPS).
In particular, Ashby shows that the Sagnac time delay depends only on the area
swept out by the electromagnetic pulse, as it travels from the GPS transmitter
to the receiver, projected onto the terrestrial equatorial plane. A great care is
devoted to synchronization problems: this issue is in complete agreement with
our fully relativistic approach (see Subsection 3.5 below).

3.5 Synchronization in a LCIF: a free choice

As pointed out by Rizzi-Serafini[49], in a local or global inertial frame (IF)
the synchronization is not “given by God”, as often both relativistic and anti-
relativistic authors assume, but it can be arbitrarily chosen within the synchro-
nization gauge

! __ 4/ 1 2 3
{ th=t'(t, z', 2*, 2?) (10.38)

(R
T =

The synchronization gauge (10.38) is a subset of the Cattaneo gauge (10.A.2)
(see Appendix A.4), which is the set of all possible parameterizations of the
given physical inertial frame (IF). In eq. (10.38) the coordinates (¢, ;) are Ein-
stein coordinates, and (¢', z) are re-synchronized coordinates of the IF under
consideration. Of course, the IF turns out to be optically isotropic if and only if
it is parameterized by Einstein coordinates (¢, z;). Then the following question
arises: if the parameterization (in particular the synchronization) of a LCIF is
a matter of choice, which is the most profitable choice in order to describe the
Sagnac effect?

Since the synchronization gauge (10.38) is too general for a clear and useful
discussion, it is advantageous to introduce a suitable subset of the synchroniza-
tion gauge. Such a sub-gauge actually exists; it has been introduced by Selleri
[18],[19]. Let us briefly summarize the so-called "Selleri gauge".

Let K be a “formally privileged” IF, in which an isotropic synchronization
(that is Einstein synchronization) is assumed by stipulation; and let .S be a
(generally anisotropic) IF moving along the 2y = x axis with dimensionless

11 condition (10.24) is imposed, eq. (10.36) is wrong and eq. (10.37) is right. However, both of them are
right for light beams in vacuum.
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velocity 3 with respect to K. The Selleri gauge is defined by

r_ ')
{ V=t+—"z (10.39)

A
T; = Ty

where the unprimed coordinates refer to the Einstein-synchronized IF K, the
primed coordinates refer to the arbitrarily-synchronized IF S and I'(() is an
arbitrary function of (3. It is convenient to write this function as follows:

I'(B)=pB+e(B)ey? (10.40)

The function ey () is Selleri’s synchronization parameter”, which, in princi-
ple, can be arbitrarily chosen. Any choice of the function e (/) is a choice
of the synchronization in the IF under consideration; in principle, the synchro-
nization can be freely chosen inside the Selleri gauge (10.39). In particular,
the synchrony choice e1(3) = —(v/c (i.e. I'(3) = 0) gives the standard Ein-
stein synchronization, which is relative” (that is, frame-dependent); whereas
the synchrony choice e1((3) = 0 gives the Selleri synchronization, which is
“absolute” (that is, frame-independent).

The term “absolute” sounds rather eccentric in a relativistic framework, but
it simply means that the Selleri simultaneity hypersurfaces ¢’ = const (con-
trary to the Einstein simultaneity hypersurfaces ¢ = const) define a frame-
invariant foliation of space-time - which is nothing but the Einstein foliation
of the particular IF K assumed (by stipulation, once and for all) as optically
isotropic for any choice of the synchronization parameter .

According to Selleri, the synchronization is a matter of convention in the
case of translation, but not in the case of rotation, where the synchronization
parameter e; is forced to take the value zero. On the contrary, as it is shown
in [49], the choice of e; is not compelled by any empiric evidence: that is,
also when rotation is taken into account, no physical effect can discriminate
Selleri’s synchrony choice e1(3) = 0 from the Einstein’s synchrony choice
e1(B) = —Bv/c.

Therefore, we have the opportunity of taking a very pragmatic view: both
Selleri ”absolute” synchronization and Einstein relative synchronization can
be used, depending on the aims and circumstances. In particular, (i) if we
look for a global synchronization on the rotating platform, Selleri absolute”
synchronization is required; (ii) if we look for a plain kinematical relationship
between local velocities, Einstein synchronization is required in any LCIF.

Let us outline the advantages of the local Einstein synchronization on a ro-
tating platform. First, let us recall[49] that the local isotropy or anisotropy
of the velocity of light in a LCIF is not a fact, with a well defined ontologi-
cal meaning, but a convention which depends on the synchronization chosen
in the LCIF. Of course the velocity of light has the invariant value c in ev-
ery LCIF, both in co-rotating and counter-rotating direction, if and only if the
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LCIFs are Einstein-synchronized. We are aware that this statement sounds ir-
relevant or arbitrary to some authors[24], [18], [19], [52], so we try to suggest
a more significant one. As we showed in Subsection 3.1, the Sagnac time
difference (10.25) holds for two beams travelling along the rim in opposite di-
rections with the same velocity with respect the turnable. This is a plain and
meaningful condition: but it must be stressed that this condition requires that
every LCIF should be Einstein-synchronized. Of course this condition could
be translated also into Selleri absolute synchronization, but it would result in a
very artificial and convoluted requirement, namely eq. (10.31). Only Einstein
synchronization allows the clear and meaningful requirement: “equal relative

velocity in opposite directions”.!?

4. The Sagnac effect from an analogy with the
Aharonov-Bohm effect

In this section we shall give another derivation of the Sagnac effect for rela-
tivistic material beams counter-propagating on a rotating disk[53]. This deriva-
tion is based on a (formal) analogy with the Aharonov-Bohm effect which
has been outlined by Sakurai[7]. However, Sakurai’s approach, which rests
upon the use of relativistic and Newtonian elements, gives only the first or-
der approximation of Sagnac time difference (10.25). We want to show that,
using Cattaneo’s splitting techniques, it is possible to state the analogy be-
tween the Aharonov-Bohm effect and the Sagnac effect in a fully relativistic
context, getting rid of the Newtonian elements and recovering the relativis-
tic self-consistency of the derivation. On equal footing, our approach allows
us to obtain the Sagnac time difference in full theory and not in its first or-
der approximation, to which Sakurai and other authors confined themselves,
exploiting the analogy with the Aharonov-Bohm effect.

According to us, our derivation highlights the common geometric nature of
the two effects, which is the basis of their far-reaching analogy.

4.1 The Aharonov-Bohm effect

Let us start by briefly describing the Aharonov-Bohm effect. Consider the
two slits experiment (figure 10.2) and imagine that a single coherent charged
beam is split into two parts, which travel in a region where only a magnetic
field is present, described by the 3-vector potential A; then the beams are
recombined to observe the interference pattern. The phase of the two wave
functions, at each point of the pattern, is modified, with respect to the case of

12Formally expressed by condition (10.24).
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11l

Figure 10.2. A single coherent charged beam, originating in I, is split into two parts (passing
through the two slits 1 and F») that propagate, respectively, along the paths C and C> (in the
figure these paths are represented, respectively, by EF1 P and EF»P). The beams travel in a
region where a vector potential A is present. In P, the beams interfere and an additional phase
shift is provoked by the magnetic field.

free propagation (A = 0), by the magnetic potential. The magnetic potential-
induced phase shift has the form[8]

Acb:iyfA-dr_ﬁ/B-ds (10.41)
Ch C Ch S

where C'is the oriented closed curve, obtained as the sum of the oriented paths
C} and (% relative to each component of the beam (in the physical space,
see figure 10.2). Eq. (10.41) expresses (by means of Stoke’s Theorem) the
phase difference in terms of the flux of the magnetic field across the surface
S enclosed by the curve C'. Aharonov and Bohm[8] applied this result to the
situation in which the two split beams pass one on each side of a solenoid in-
serted between the paths (see figure 10.3). Thus, even if the magnetic field B
is totally contained within the solenoid and the beams pass througha B = 0
region, a resulting phase shift appears, since a non null magnetic flux is asso-
ciated to every closed path which encloses the solenoid.
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Tourrenc[54] showed that no explicit wave equation is demanded to describe
the Aharonov-Bohm effect, since its interpretation is a pure geometric one: in
fact eq. (10.41) is independent of the nature of the interfering charged beams,
which can be spinorial, vectorial or tensorial. So, if we deal with relativistic
charged beams, their propagation is described by a relativistic wave equation,
such as the Dirac equation or the Klein-Gordon equation, depending on the
nature of the beams themselves . From a physical point of view, spin has no
influence on the Aharonov-Bohm effect because there is no coupling with the
magnetic field which is confined inside the solenoid. Moreover, if the magnetic
field is null, the Dirac equation is equivalent to the Klein-Gordon equation, and
this is the case of a constant potential. As far as we are concerned, since in what
follows we neglect spin, we shall just use eq. (10.41) and we shall not refer
explicitly to any relativistic wave equation.

Indeed, things are different when a particle with spin moving in a rotating
frame is considered. In this case a coupling between the spin and the angular
velocity of the frame appears (this effect is evaluated by Hehl-Ni[55], Mash-
hoon[56] and Papini[57]).

Hence, the formal analogy that we are going to outline between matter
waves moving in a uniformly rotating frame, and charged beams moving in
a region where a constant magnetic potential is present, holds only when the
spin-rotation coupling is neglected.

4.2 The relative space of a rotating disk

Before going on with our "demonstration by analogy", we want to recall the
definition of the "relative space" of a rotating disk, that we introduced else-
where[6]. Since our analogy with the Aharonov-Bohm effect is based on the
measurements performed by the observers on the disk, the concept of relative
space is necessary to define, in a proper mathematical way, the physical con-
text in which measurements are made. Even though a global isotropic 1+3
splitting of the space-time is not possible when we deal with rotating observers
(see Appendix A.8 and A.14), the introduction of the relative space allows well
defined procedures for the space and time measurements that can be performed
(at large) by the observers in rotating frames, and which reduce to the standard
space and time measurements locally (that is, in every Einstein-synchronized
LCIF). Let us outline the main points that lead to the definition of the relative
space.

The world-lines of each point of the rotating disk are time-like helixes (whose
pitch, depending on (2, is constant), wrapping around the cylindrical surface
r = const, with r € [0, R]. These helixes fill, without intersecting, the whole
space-time region defined by r < R < ¢/€Q; they constitute a time-like con-
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1Ll

Figure 10.3. A single coherent charged beam, originating in I, is split into two parts (passing
through the two slits F and Fb) that propagate, respectively, along the paths C; and C> (in
the figure these paths are represented, respectively, by EF; P and EF, P). Between the paths a
solenoid is present; the magnetic field B is entirely contained inside the solenoid, while outside
there is a constant vector potential A. In P, the beams interfere and an additional phase shift,
provoked by the magnetic field confined inside the solenoid, is observed.

gruence I' which defines the rotating frame K., at rest with respect to the
disk.'® Let us introduce the coordinate transformation

20 = et =ct

2t = ' =r

T o (10.42)
? = 2=z

The coordinate transformation {z#} — {z/#} defined by (10.42) has a kine-
matical meaning, namely it defines the passage from a chart adapted to the in-
ertial frame K to a chart adapted to the rotating frame K. In the chart {z/*'}

3The constraint R < ¢/ simply means that the velocity of the points of the disk cannot reach the speed

of light.
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the metric tensor is written in the form:!*
—1+ 22 0 22
, 0 1 0 O
I = QTTZ 0 2 0 (10.43)
0 0O 0 1

This is the so called Born metric, and in the classic textbooks (see, for instance
Landau-Lifshits[58] and Mgller [59]) it is commonly referred to as the space-
time metric in the rotating frame of the disk.

Moreover, we can calculate the space metric tensor fygj of the congruence
which defines K, (see Appendix A.6 and A.14):

1 0 0
r2
Y=gy —p=| Y e O (10.44)
0 0 1

As it is shown explicitly in Appendix A.14, the congruence I' of time-like
helixes, wrapping around the cylindrical hypersurfaces o, (r = cost €]0, R)),
defines a Killing field not in the Minkowski space-time M?, but in the sub-
manifolds o, C M.

Consequently, we can point out the following interesting property. Let
T, = ©, & X, be the tangent space to M?* in p, where ©,, and ¥, are the
local time direction and the local space platform (see Appendix A.6). Then the
splitting T, = ©,, ® X, and the space metric tensor %{j (p) are invariant along
the lines of I'. Then it is possible to define a one-parameter group of diffeomor-
phisms with respect to which both the splitting 7}, = ©,, @ ¥,, and the space
metric tensor %fj (p) are invariant. The lines of I" constitute the trajectories of
this "space & time" isometry. This important property suggests a procedure
to define an extended 3-space, which we call ‘relative space’: according to[6],
it is recognized as the only space having an actual physical meaning from an
operational point of view, and it is identified as the ’physical space of a rotat-
ing platform’. Let us briefly recall the definition of the relative space. First of
all, we introduce the following equivalence relation between points and local
space platforms:

RE: “ Two points (two local space platforms) are equivalent if they belong
to the same line of the congruence I'”.

14 For the sake of simplicity, we substitute v’ = r, from (10.42) ;7.
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The relative space is the "quotient space” of the world tube of the disk, with
respect to the equivalence relation RE, among points and local space platforms
belonging to the lines of the congruence I'. In other words, each element of
the relative space is an equivalence class of points and local space platforms
which verify the equivalence relation RE.

This definition simply means that the relative space is the manifold whose
’points” are the lines of the congruence. We point out that the presence of the
local space platforms in the equivalence relation RE is intended to emphasize
the vital role of the local Einstein synchronization associated to each point of
the relative space. Moreover we stress that it is not possible to describe the
relative space in terms of space-time foliation, i.e. in the form 20 = const,
where 2° is an appropriate coordinate time, because the space of the disk, as
we show in Appendix A.14, is not time-orthogonal. Hence, thinking of the
space of the disk as a sub-manifold or a subspace embedded in space-time is
misleading and meaningless. The best we can do, if we long for some kind of
visualization, is to think of the relative space as the union of the infinitesimal
space platforms, each of which is associated, by means of the request of M-
orthogonality, to one and only one line of the congruence.

In the relative space, an observer can perform measurements of space and
time. His reference frame, defined by the relative space, coincides everywhere
with the local rest frame of the rotating disk. As a consequence, space mea-
surements are performed on the basis of the spatial metric (10.44), without
caring of time, since 'ylfj does not depend on time.!> Moreover, the observer
can measure time intervals using his own standard clock, on which he reads
the proper time.

4.3 The Sagnac effect in the relative space

Now, we are going to describe the interference process of material beams
counter-propagating in a rotating ring interferometer, from the viewpoint of
the rotating frame. As we showed before, the physical space of the rotating
frame is the relative space. Then, a formal analogy between matter beams,
counter-propagating in the rotating frame, and charged beams, propagating in
a region where a magnetic potential is present, can be outlined on the basis
of Cattaneo’s formulation of the "standard relative dynamics". In particular,
the equation of motion of a particle relative to the rotating frame K,, can

I5This is a consequence of the stationarity of the rotating frame. However, in order to get rid of any
misunderstandings (see for instance[24],[25],[60]), we stress again that "without caring of time" does not
mean "without caring of synchronization". As a matter of fact, if synchronization is not taken into account,
rotation itself is not taken into account.
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be given in terms of the Gravitoelectromagnetic (GEM) fields (see Appendix
A.13). The introduction of the GEM fields leads to an analogy between the
Aharonov-Bohm effect and the Sagnac effect in a fully relativistic context.

In eq. (10.A.60), the general form of the standard relative equation of mo-
tion of a particle is given in terms of the gravito-electric field E¢, the gravito-
magnetic field B¢ and the external fields.'® In particular, in eq. (10.A.60) a
gravito-magnetic Lorentz force appears

Fi = mo <% x ﬁg) (10.45)

On the basis of this description, we want to apply the formal analogy be-
tween the gravito-magnetic and magnetic field to the phase shift induced by
rotation on a beam of massive particles which, after being split, propagate in
two opposite directions along the rim of a rotating disk. When they are recom-
bined, the resulting phase shift is the manifestation of the Sagnac effect.

To this end, let us consider the analogue of the phase shift (10.41) for the
gravito-magnetic field

AP = 2m70 }[ AC . dr = 2”?0 / BC . ds (10.46)
S

C

which is obtained on the basis of the formal analogy between eq. (10.45) and
the magnetic force (10.4):
€ m7o

-B—
c c

— B¢ (10.47)

To calculate the phase shift (10.46) we must explicitly express the gravito-
magnetic potential and field corresponding to the congruence I relative to the
rotating frame K. In particular (see Appendix A.14) the non null compo-
nents of the vector field «y(x), evaluated on the trajectory R = const along
which both beams propagate, are:

0 - 1 _
v ) = Va0 ! .
Y =+v—900 =7 (10.43)
~QR?

Yo =9 = gy’ =

1
where v = (1 - Qi?) 2

16For instance, the constraints that force the particle to move along the rim of the disk are "external fields".
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As to the gravito-magnetic potential, we then obtain

AS = AG = 210 _ 20R2 (10.49)
Y0

As a consequence, the phase shift (10.46) becomes

2. 2

2 2w
A AGdy = =2 / (V2QR%) di) = 4 —QR%y  (10.50)
chy Jo h

el Jo

According to Cattaneo’s terminology ( Appendix A.10), the proper time is
the "standard relative time" for an observer on the rotating platform; the proper
time difference corresponding to (10.50) is obtained according to

AT = ad = EA@ = iACID (10.51)

w E mc2

and it turns out to be

AT =47

OR2 A R2Q) 02R? —1/2
Ry _ 4nR (1 R> (10.52)

2 2 2

(& (& C

Eq. (10.52) agrees with the proper time difference (10.25) due to the Sagnac
effect, which, as we pointed out in Subsection 2.2, corresponds to the time
difference for any kind of matter entities counter-propagating in a uniformly
rotating disk. As we stressed before, this time difference does not depend on
the standard relative velocity of the particles and it is exactly twice the time lag
due to the synchronization gap arising in a rotating frame.

Remark In order to generalize Sakurai’s procedure, which refers to neu-
tron beams, in this section we always referred to material beams. However,
the procedure that leads to the time difference (10.52) can be carried out also
for light beams. Actually, in Appendix A.12, we show that a standard relative
mass of a photon m = % can be consistently defined. Consequently, the rel-
ative formulation of the equation of motion of a photon is described in a way
analogous to that of a material particle, and the procedure that we have just

outlined can be applied in a straightforward way to massless particles too.

The phase shift (10.50) can be expressed also as a function of the area S of
the surface enclosed by the trajectories:

2

AD =28250 0 T _oMgq 1 10.
P o =2 s+ 1) (10.53)
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where § = % and

2 2 2 P2 2
rd’rdﬁ c O’R cc [v—1
S = / / Q2T2 = 277@ 1-— 1-— 02 = 27'(‘@ <T>

(10.54)
We notice that (10.53) reduces to (10.8)!” only in the first order approximation
with respect to % (when v — 1): the formal difference between (10.53) and

(10.8) is due to the non Euclidean features of the relative space (Appendix
A.14).

5. Conclusions

The relativistic Sagnac effect has been deduced by means of two derivations.

In the first part of this paper a direct derivation has been outlined on the
basis of the relativistic kinematics. In particular, only the law of velocity ad-
dition has been used to obtain the Sagnac time difference, and to show, in a
straightforward way, its independence from the physical nature and the veloc-
ities (relative to the turntable) of the interfering beams.

In the second part of this paper, an alternative derivation has been presented.
In particular, the formal analogy outlined by Sakurai, which explains the effect
of rotation using a "ill-assorted" mixture of non-relativistic quantum mechan-
ics and Newtonian mechanics (which are Galilei-covariant), and intrinsically
relativistic elements'® (which are Lorentz-covariant), has been extended to a
fully relativistic treatment, using the 1+3 Cattaneo’s splitting technique. The
space in which the waves propagate has been recognized as the relative space
of a rotating frame, which turns out to be non-Euclidean. In this way, we have
obtained a derivation of the relativistic Sagnac time difference (whose first or-
der approximation coincides with Sakurai’s result) in a self-consistent way.

Both derivations are carried out in a fully relativistic context, which turns
out to be the natural arena where the Sagnac effect can be explained. Indeed,
its universality can be clearly understood as a purely geometrical effect in the
Minkowski space-time of the SRT, while it is hard to grasp in the context of
classical physics.

17 Apart a factor 2, whose origin has been explained in footnote 2 in Subsection 2.3.
181ndeed, the lack of self-consistency, due to the use of this "odd mixture", is present not only in Sakurai’s
derivation, but also in all known approaches based on the formal analogy with the Aharonov-Bohm effect.
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Appendix: Space-Time Splitting and Cattaneo’s Approach

The tools for splitting space-time have had a great (even though heterogenous) development
in the years, and they have been used in various application in General Relativity(GR). Indeed,
the common aim of the different approaches to splitting techniques is the description of what
is measured by a test family of observers, moving along certain curves in the four-dimensional
continuum.

In this way, locally, along the world-lines of these observers, space+time measurements can
be recovered, and the description of the physical phenomena borrowed from the SRT can be
transferred into GR.

There are various approach to splitting of space-time, and a great work has be done, re-
cently, to describe everything in a common framework, by stressing the connections among the
different techniques[61],[62],[63].

Probably, the most well known and used splitting is the so called "ADM splitting"[64] (see
also Gravitation[65]), which is based on the use of a family of space-like hypersurfaces ("slic-
ing" point of view); on the other hand, the approach based on a congruence of time-like ob-
servers ("threading" point of view) was developed independently by various authors, such as
Cattaneo[9], [10], [11], [12], [13], Mgller[59] and Zel’manonv[66] during the 1950’s, but it has
remained greatly unknown for a long time, also because some of the original works were not
published in English, but in Italian, French or Russian. Because of the pedagogical aim that we
have in writing this paper, we decided to present here a very introductory primer to the original
Cattaneo’s works on splitting of space-time.

After the publication of his works during the 1950°s and 1960’s, a lot of work has been done,
in order to improve his techniques (see [61],[62],[63], and references therein). However, we
believe that the foundations of Cattaneo’s approach can be understood, in the easiest and most
enlightening way, by referring to his original works.

Moreover, since our aim is not historical but pedagogical, we shall translate his "relative for-
mulation of dynamics" in terms of the Gravitoelectromagnetic analogy: indeed, we exploited
this analogy in our derivation of the Sagnac effect starting from the Aharonov-Bohm effect.

A.1 It is important to define correctly the properties of the physical frames with respect to
which we describe the measurement processes. We shall adopt the most general description,
which takes into account non-inertial frames (for instance rotating frames) in the SRT, and
arbitrary frames in GR.

The physical space-time is a (pseudo)riemannian manifold M*, that is a pair (M, g), where
M is a connected 4-dimensional Haussdorf manifold and g is the metric tensor.'” Let the sig-
nature of the manifold be (—1,1, 1, 1). Suitable differentiability conditions, on both M and g,
are assumed.

19The riemannian structure implies that M is endowed with an affine connection compatible with the met-
ric, i.e. the standard Levi-Civita connection.
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A.2 A physical reference frame is a time-like congruence I': the set of the world lines of the
test-particles constituting the “reference fluid”.>® The congruence T is identified by the field of
unit vectors tangent to its world lines. Briefly speaking, the congruence is the (history of the)
physical frame or the reference fluid (they are synonymous).

A3 Let {z"} = (2°, 2", 22 2®) be a system of coordinates in the neighborhood of a point
p € M, these coordinates are said to be admissible (with respect to the congruence I') when?!

goo <0 gijda'da? >0 (10.A.1)

Thus the coordinates 2° = var can be seen as describing the world lines of the co® particles of
the reference fluid.

A.4 When a reference frame has been chosen, together with a set of admissible coordinates,
the most general coordinates transformation which does not change the physical frame, i.e. the
congruence I, has the form (see [59],[67],[9]):

(10.A.2)

x/i — $/i($1,$2,$3)

{ ZL‘,O — x/0($0,$1,l‘2,1}3)
with the additional condition 92" /dx° > 0, which ensures that the change of time parameteri-
zation does not change the arrow of time. The coordinates transformation (10.A.2) is said to be
internal to the physical frame 1, or internal gauge transformation, or more simply Cattaneo’s
gauge transformation.

A.5 An “observable” physical quantity is in general frame-dependent, but its physical mean-
ing requires that it cannot depend on the particular parameterization of the physical frame: in
brief, it cannot be gauge-dependent. Then a problem arises. In the mathematical model of GR,
physical quantities are expressed by absolute entities,”* such as world-tensors, and the physical
laws, according to the covariance principle, are just relations among these entities. So, given
a reference frame, how do we relate these absolute quantities to the relative, i.e. reference-
dependent, ones? And how do we relate world equations to reference-dependent ones? In other
words: how do we relate, by a suitable 1+3 splitting, the mathematical model of space-time to
the observable quantities which are relative to a reference frame?

A.6 In order to do that, we are going to introduce the projection technique developed by
Cattaneo. Let v(z) be the field of unit vectors tangent to the world lines of the congruence I".
Given a time-like congruence I' it is always possible to choose a system of admissible coordinate
so that the lines z° = var coincide with the lines of I'; in this case, such coordinates are said
to be ‘adapted to the physical frame’ defined by the congruence I'.

20The concept of congruence’ refers to a set of word lines filling the manifold, or some part of it, smoothly,
continuously and without intersecting. The concept of ’reference fluid’ is an obvious generalization of the
‘reference solid’ which can be used in flat space-time, where the test particles constitute a global inertial
frame. In this case, their relative distance remains constant and they evolve as a rigid frame. However: (i) in
GR test particles can be subject to a gravitational field (curvature of space-time); (ii) in the SRT test particles
can be subject to an acceleration field. In both cases, global inertiality is lost and tidal effects arise, causing
a variation of the distance between them. So we must speak of "reference fluid", dropping the compelling
request of classical rigidity.

21Greek indices run from O to 3, Latin indices run from 1 to 3.

22<Absolute’ means ‘independent of any reference frame’.
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Being g..v"v" = —1, we get

{ 1= { 70 = V=900 (10.A.3)

7'=0 Yi = gio7"

In each point p € M, the tangent space 7}, can be split into the direct sum of two subspaces:
O, spanned by v*, which we shall call local time direction of the given frame, and 3, the
3-dimensional subspace which is supplementary (orthogonal) with respect to ©,; X, is called
local space platform of the given frame. So the tangent space can be written as the direct sum

T,=0,0%, (10.A.4)

A vector v € T}, can be projected onto O, and X, using the time projector v,7y, and the
space projector Yy, = Guv — YuYv'

{@u = Po(v)

B, = Pu(v)

Y0 (10.A.5)

V= VY = (Gur — YY) V7 = Y ”

Notation The superscripts ~,~ denote respectively a time vector and a space vector, or more
generally, a time tensor and a space tensor (see below).

Equation (10.A.5) defines the natural splitting of a vector. The tensors 7,7, and 7y, are
called time metric tensor and space metric tensor, respectively. In particular, for each vector v
it is possible to define a ‘time norm’ || v || and a ‘space norm’ || v ||, as follows:

1V lle = 0,0° = 770" (Y 7u0") = Ypuyvtv” = (7,0")* <0 (10.A.6)

~ ~v

[vls = 00" = %" (0" — m7"0") = ywv*v” 20 (10.A.7)

For a tensor field T € T}, every index can be projected onto ©, and ¥, by means of the
projectors defined before:

A tensor field of order two can be split into the sum of four tensors

Pes (tww ) = Yupyunt™ Pso (tuw) = Yuproynt™ (10.A.9)
Pos: (tuv) VYo Yot Pee (tu) = Yur Yo ynt”” o

belonging to four orthogonal subspaces

T, @Tpy = (S, ®5,) @ (2, ®0,) ® (0, 05,) @ (0, ® 0,) (10.A.10)

In particular, every tensor belonging entirely to ¥, ® %, is called a space tensor and every
tensor belonging to ©, ® O, is called a time tensor. Of course, these entities have a tensorial
behavior only with respect to the group of the coordinates transformation (10.A.2). Itis straight-
forward to extend these procedures and definitions to tensors of generic order n (see below) .
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Remark 1 The natural splitting of a tensor is gauge-independent: it depends only on the
physical frame chosen. The projection technique gives gauge-invariant quantities that have an
operative meaning in our physical frame; namely, they represent the objects of our measure-
ments.

Remark 2 In I'-adapted coordinates, a time vector v € ©,, is characterized by the vanish-
ing of its controvariant space components (z° = 0); a space vector ¥ € ¥, by the vanishing
of its covariant time component (09 = 0). As a generalization: (i) a given index of a tensor T
is called a time-index if all the tensor components of the type T-* (i € [1,2, 3]) vanish; (ii) a
given index of a tensor T is called a space-index if all the tensor components of the type 1';:
vanish. For a time tensor, i.e. for a tensor belonging to ©, ® ... ® O, property (i) holds for all
its indices; for a space tensor, i.e. a tensor belonging to ¥, ® ... ® %, property (ii) holds for
all its indices.

A.7 To formulate the physical equations relative to the frame I', we need the following
differential operator R
0y = 0 — 77" (10.A.11)

which is called transverse partial derivative. It is a "space vector" and (its definition) is gauge-
invariant.

It is easy to show that, for a generic scalar field ¢ (z) we obtain:
Ps(0,0) = dup (10.A.12)

So @L defines the transverse gradient, i.e. the space projection of the local gradient.

The projection technique that we have just outlined allows to calculate the projections of the
Christoffel symbols. It is remarkable that the total space projections turn out to be

1+ - . -
Psss(pv,\) = 3 <3,/yu>\ + O yapn — 8A’YW> =T
Poss{i} = Ty =T0 (10.A.13)

where the space metric tensor -y,,,, substitutes the metric tensor g,,, and the transverse derivative
substitutes the “ordinary” partial derivative.

A.8 The differential features of the congruence I' are described by the following tensors

C, = V'V (10.A.14)

Qw = 7 [@ (”_")—& (”—“)} (10.A.15)
Yo Yo

Kiw = 007 (10.A.16)

C~’# is the curvature vector, Q wv 18 the space vortex tensor, which gives the local angular velocity
of the reference fluid, K, is the Born space tensor, which gives the deformation rate of the
reference fluid; when this tensor is null, the frame is said to be rigid according to the definition
of rigidity given by Born[68].

In a relativistic context the classical concept of rigidity, which is dynamical in its origin,
since it is based on the presence of forces that are responsible for rigidity, becomes meaning-
less. Born’s definition of rigidity is the natural generalization of the classical one. It depends
on the motion of the test particles of the congruence: hence, it is a kinematical constraint. Ac-
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cording to Born, a body moves rigidly if the space distance +/~y;;jdx*dz7 between neighbouring
points of the body, as measured in their successive (locally inertial) rest frames, is constant in
time.” For Born’s condition of rigidity see also Rosen[69], Boyer[70], Pauli[71].

Definitions The following definitions>* are referred to the (geometry of the) physical frame
I

®  constant - when there exists at least one adapted chart, in which the components of the
metric tensor are not depending on the time coordinate: o g, = 0

®  fime-orthogonal - when there exist at least one adapted chart in which go; = 0; in this
system the lines ° = var are orthogonal to the 3-manifold z° = cost

B sratic - when there exists at least one adapted chart in which go; = 0 and Jpgu., = 0.

®  stationary when it is constant and non time-orthogonal

Remark 3 The condition of being time-orthogonal is a property of the physical frames, and
not of the coordinate systems: for a reference frame to be time-orthogonal it is necessary and
sufficient that the space vortex €2, tensor vanishes.

When the space vortex tensor is null, moreover, the fluid is said to be irrotational; if both the
curvature vector and the space vortex tensor are zero, the fluid is said irrotational and geodesic.
When the space vortex tensor is not null, a global synchronization of the standard clocks in the
frame is not possible.

The irrotational, rigid and geodesic motion (of a frame) is characterized by the condition
V7 = 0: this is the generalization, in a curved space-time context, of the translational uni-
form motion in flat space-time.

A.9 The natural splitting also permits to calculate the Riemann curvature tensor of the 3-
space of the reference frame. The complete space projection of the curvature tensor of space-
time is [9]:

(Qauﬂpu - QPMQO‘V> - Quyﬁgp (10A17)

Pssss (Ruuap) = é::ucrp -

1=
N =

where
- C 1ys ~ ~ ~ 1/~
R,uupcr = Z <8pu'7ua - 8au'71/p + aou")’up - apu’)’ua) + Z (8;4/)'71/0_
8up’ﬁw + auu’}/up - uo’)/up) + f}/gﬁ [fzu,af;u,ﬁ - f;V,af:;,u,ﬁ}
(10.A.18)

The space Christoffel symbols are defined in eq. (10.A.13). Since it has all space indices (see
Remark 2, Subsection A.6), the curvature tensor (10.A.18) is a space tensor. Then the curvature
tensor which is adequate to describe the space geometry of the physical frame I is the space
part R}y, of the tensor (10.A.18).

231n the simple case of translatory motion, a body moves rigidly if, at every moment, it has a Lorentz
contraction corresponding to its observed instantaneous velocity, as measured by an inertial observer.

241t is worthwhile to notice that, in the literature, there is not common agreement about these definitions,
see for instance Landau-Lifshits[58].
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In particular, if we deal with flat space-time, since the curvature tensor R, is null, from
(10.A.17) we get

~. 1/~ = ~ o~ 1~ =~
Posss (Ruep) = Ry = (QWQPV - QWQW> — 3%, =0 (10.A.19)

Eq. (10.A.19) shows that, in this case, the space components fi;}kl are completely defined by
the terms containing the space vortex tensor, which is related to rotation: hence, the non Eu-
clidean nature of the space of a rotating frame depends only on rotation itself.

A.10 Let us consider two infinitesimally close events in space-time, whose coordinates are
% and =® + dz®. We can introduce the following definitions:
"standard relative time"

a7 = —Lyads” (10.A.20)
"standard relative space element"
do? = ’yaﬁd:rade = ’yijda:idxj (10.A.21)

It is evident that these quantities are strictly dependent on the physical frame defined by the vec-
tor field . They have a fundamental role in the standard relative formulation of the kinematics
and dynamics of a particle in an inertial or gravitational field. To this end, it is worthwhile
to notice that both d7" and do are invariant with respect to the internal gauge transformations
(10.A.2). More generally speaking, all laws of relative kinematics and dynamics that we are
going to illustrate, are invariant with respect to (10.A.2): in other words, their formulation will
depend only on the choice of the congruence I', and it will be independent of the (adapted)
coordinates chosen to parameterize the physical frame defined by I'.

By using (10.A.20) and (10.A.21) it is easy to show that the space-time invariant ds? can be
written in the form

ds* = do? — 2dT? (10.A.22)

Let us consider the motion of a point in M*. The world-line of a material particle is time-like
(ds® < 0), while it is light-like (ds® = 0) for a photon (or for a generic massless particle) . The
following definition applies to a particle P in the physical frame I': P is at rest if its world line
coincides with one of the lines of the congruence. In other words, dP || v and dz* = 0.

On the contrary, when the world-line of the point P does not coincide with any of the lines
of T, the point is said to be in motion in the given physical frame. Since da* # 0, we can write
the parametric equation of the world-line of P in terms of a parameter A, z% = z®(\); dP is
either time-like or light-like and in both cases dT" # 0, so we can express the world-coordinates
of the moving particle using the standard relative time as a parameter: *® = (7).

Remark From the very definition (10.A.20), it is evident that dT" represents the proper time
measured by an observer at rest (dz* = 0) in .

Adl Letv® = % be the relative 4-velocity. We shall call "standard relative velocity" its
spatial projection
- . dz“ dz’
Us = Pu(vp) = 1pa—m = Vi

(10.A.23)

Since Ug € X, then vg = 0. The controvariant components of the standard relative velocity
are

~i_d$i ~0 _ ﬁ
v=gr U= (10.A.24)
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(because 7,0 = 0).
As a consequence, eq. (10.A.23) can be written as

@ = fyiﬁj (10A25)
The (space) norm of the standard relative velocity is (see eq. (10.A.7))
. ~2 ~i~] d0'2
Vg =70 =707 = T (10.A.26)

In particular, for a photon, since ds? = 0, we get from eq. (10.A.22( o> = ¢?, which is the
same result that one would expect in the SRT. Dealing with material particles, we can introduce

the proper time dr? = — C%doz, and, using (10.A.20), we can write

do” 5 dr?

ﬁ = —C ﬁ (10.A.27)
Taking into account (10.A.26) we obtain

dr

1
a1 (10.A.28)
dr \/ 1_ 2

=
This relation is formally identical to the one that is valid in the SRT. By using the definitions of
standard relative time (10.A.20) and standard relative velocity (10.A.23), it is possible to obtain

. . . . . [0
the following relation between d1" and the coordinate time interval dt = d%:

i (1 ﬂig) " (10.A.29)

Summarizing, we have shown that Cattaneo’s projection technique, endowed with the stan-
dard relative quantities defined before, allows to extend formally the laws of the SRT to any
physical reference frame, in presence of gravitational or inertial fields.

Remark In general, the standard relative time that we have introduced is not an exact dif-
ferential: this means that, in a generic frame I" we cannot define a unique standard time, or, in
other words, the global synchronization of the standards clocks is not possible. In order to have
a globally well defined standard relative time, the v, must be identified as the partial derivatives
of a scalar function f: v, = 0o f, and this is possible iff Qg = 0ayg — Jgya = 0, that is
when the physical frame is both irrotational (i.e. Qag = 0) and geodesic(i.e. Co = 0).%

A.12 The equation of motion of a free mass point is a geodesic of the differential manifold
M?*, endowed with the Levi-Civita connection. The connection coefficients, in the coordinates
{z"} adapted to the physical frame are I';.,. Explicitly, the geodesics equation is written as

DU~ au®

_ a B _
=06 S 4 T,UU =0 (10.A.30)

in terms of the 4-velocity U and the proper time 7. Let mo be the proper mass of the particle:
then the energy-momentum 4-vector is P* = moU*. We can write the geodesics equation also
in the covariant and contravariant forms
DP, 0 DpP*
dr dr

0 (10.A.31)

2t is easy to verify that Qap = ﬁag + 6’a'yﬁ - 'yaég.
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or, equivalently, using the standard relative time

DP, DP”
—2=0 —— =0 10.A.32
dr dT ( )
Now we want to re-formulate the geodesics equation in its relative form, i.e. by means of the
standard relative quantities that we have introduced so far. To this end, let us define the standard
relative momentum

dz® dT _

e _ B __ . L _
Do = Px (Pa) = va8P"” = m(wm—dT I MUq (10.A.33)
where the standard relative mass m
m= (10.A.34)
-5

has been introduced, in formal analogy with the SRT. Since pn € 3, then po = 0.
We can also define the standard relative energy

E = —cy,P* = —moc'yicili = moc2CClTT = mc? (10.A.35)
T T

recovering the well known relation which is used in the SRT. Notice also that
E
Po (Po) = =7a (10.A.36)
c
For a massless particle, like a photon, we can define the energy-momentum 4-vector

o hvdx®

=——= 10.A.37
c? dT ( )
where h is the Planck constant and, in terms of relative quantities the relation that links the
wavelength and the frequency of the photon to the velocity of light is A\v = j—; =c
So, for a photon , we can introduce the standard relative energy
E=—cy"Py = hv (10.A.38)
the standard relative mass P
m= = 72” (10.A.39)
and the standard relative momentum
Pa = mia (10.A.40)
The equation of motion of a free photon is a null geodesic
DP,
=0 10.A.41
o7 ( )

where the standard relative time has been used to parameterize it.
The spatial projection of the geodesics equations for matter (10.A.32) and light-like particles
(10.A.41) is written in the form

DP,\ _ Dpa ~ Dpi =
PE( dT): P G =06 TP, =0 (10.A.42)
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where R _
Dpi . dpi T Tekda’
T = 4T (i4,k)*p I (10.A.43)
and B B o
G; = —CQCZ' =+ CQZ-]-TJJ (10A44)

Hence, we can write the space projection of the geodesics equation in the simple form

Dp;

o~ MG (10.A.45)

where it is shown that the variation of the spatial momentum vector is determined by the field
Gi.
It is often useful to split the field G; into the sum of two fields G, G/, defined as follows:

év’i = 70261' =—c2 (voéi'yo — o (l))
Yo

The field G’; can be interpreted as a dragging gravitational-inertial field (c?C, is the 4-acceleration
a of the particle of the reference frame) and the field G*/; can be interpreted as a Coriolis-like
gravitational-inertial field. Actually, starting from the space vortex tensor of the congruence

e = 70 {éh (%) _ 5 (lhﬂ (10.A.47)

o

we can introduce & (z) € X, which is the axial 3-vector associated to €25, by means of the
relation

i C kA C ik =
5 = Sy = Cevtad, @i) (10.A.48)
k _ 1

where €% = ﬁyj ¥ is the Ricci-Levi Civita tensor, defined in terms of the completely
et(vij

antisymmetric permutation symbol §%* and of the spatial metric tensor +;;. As a consequence,
we can write G in the form

G =2m(v x @) (10.A.49)

which corresponds to a generalized Coriolis-like force. So, the equation of motion (10.A.45)
can be written in the form .
Dp
dT
where a is the spatial projection of the 4-acceleration a,.

From (10.A.50) we see that the relative formulation of the equation of motion of a free par-
ticle is identical to the expression of the classical equation of motion of a particle which is acted
upon by inertial fields only. Moreover, if m is defined by eq. (10.A.39) the equation of motion
(10.A.50) holds also for massless particles.

= —ma+2m(v x @) (10.A.50)

A.13 Now let us turn back to eq. (10.A.45). We can introduce the “gravito-electric potential”
¢ and the “gravito-magnetic potential” A defined by

G - _ 2.0
{ Y o (10.A.51)
’ 70
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As we shall see in a while, these names are justified by the fact that, introducing the "Gravi-
toelectromagnetic" (GEM) potentials and fields, eq. (10.A.45) can be written as the equation of
motion of a particle under the action of a generalized Lorentz force.

In terms of these potentials, the vortex 3-vector & is expressed in the form

=il (57
&' = -y (ajA,?) (10.A.52)

and, by introducing the “gravito-magnetic field"

Bs = (VxAg) (10.A.53)
eq. (10.A.52) can be written as
o= i% BL (10.A.54)
As a consequence, the velocity-dependent force (10.A.49) becomes
[/ (% y EG) (10.A.55)
Moreover, the dragging term C:’; (see eq. 10.A.46)
Gi =~ (8.6 — QA7) (10.A.56)
can be interpreted as a "gravito-electric field":
B = — (~Bige - 0,49) (10.A.57)
Then, the equation of motion (10.A.45) can be written in the form
Dp; ~ v 5
— =mE; + mvy | — X Bg (10.A.58)
dT c i

which looks like the equation of motion of a particle acted upon by a "generalized" Lorentz
force.
If the particle is not free, its equation of motion is

DP*

. F® (10.A.59)

where the external field is described by the 4-vector F'*. The space projection of (10.A.59) then
becomes .

Dp: ~ vy o~ ~

L (% x Bg) LR (10.A.60)

k3

where the space projection F; of the external field has been introduced.

Remark 1 As we have just outlined, the splitting in curved space-time leads to a non-linear
analogy with electromagnetism in flat space-time, which is commonly referred to as "Gravi-
toelectromagnetism"[61]. Namely, the local fields, due to the "inertial forces" felt by the test
observers, are associated to Maxwell-like fields: in particular, a gravito-electric field is associ-
ated to the local linear acceleration, while a gravito-magnetic field is associated to local angular
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acceleration (that is, to local rotation).?

__ Remark 2 We want to point out that while the field Giis gauge invariant, its components
G and G are not separately gauge invariant. In other words, the gravito-electric field £ and
gravito-magnetic field BE are not invariant with respect to gauge transformations (10.A.2).”

A.14 In this subsection, a great number of calculations are explicitly carried out. The ge-
ometric objects which we deal with, always refer to the physical frame K,.;; the lines of the
congruence which identifies this physical frame, are described in Subsection 4.2, and the pas-
sage from the inertial frame K to the rotating frame K, is defined by the coordinates trans-
formations {z*} — {z'*}
ct' =ct

€T =

n_ ;o
Th o w— o (10.A.62)
2 = =z

However, here and henceforth, for the sake of simplicity, we shall not use primed letters.
In particular, all space vectors belong to the (tangent bundle to the) relative space of the disk,
which has been defined in Subsection 4.2.

The metric tensor expressed in coordinates adapted to the rotating frame is

Qr?

14+ 22 o 22
0 1 0 O
Guv = 9%2 0 7'2 0 (10A63)
0 0 0 1
and its contravariant components are:
-1 0 & 0
0 1 0 0
. g (10.A.64)
- 0 T;E 0
0 O 1
The non zero Christoffel symbols turn out to be
1 Q?
Foo = —ar (10.A.65)
r o= 2
cr
1—‘021 = - QT
c

26This analogy, built in fully non linear GR, in its linear approximation corresponds to the well known
analogy between the theory of electromagnetism and the linearized theory of General Relativity[72],[73].
271t can be shown that they are invariant with respect to a smaller group of gauge transformations. For
instance, they are invariant with respect to

20 =az® +b 't ="zt 22, 23) (10.A.61)

where a, b are constants.
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2

F12 =
1

PQQ = =T

The non null components of the vector field v (z) are:

0. 1 _ 1
T = Vo0 1022
c2
Y0 = +/—goo = /1 — _9352 (10.A.66)
. 0 Qr? 1

and the components of the space metric tensor are turn out to be

1 0 0
7‘2
Vii=gij —vvi=| 9 Tazz O : (10.A.67)
0 0 1

The non null components of the space vortex tensor are:

-3
O = 7001 (%) _ ( 1- QQTQ) 20 (10.A.68)
0

c? c

As a consequence, the rotating frame is not time orthogonal.
Moreover, the spatial Born tensor is null:

f?ij = ’yoao’yij =0 (10A69)

since the space metric (10.A.67) does not depend on the time coordinate. Hence the rotating
frame K, is rigid, in the sense of Born’s definition of rigidity (Section A.8).

The covariant components of the Killing tensor of the congruence I' turn out to be

8 8 v «
Koy = Y + Yoi = 525 + 6; — 2T, %4 (10.A.70)

Taking into account (10.A.65) and (10.A.66), we obtain that the only non null components in
M* are:

o 0 o 090a

Ko1 =701 + 710 = % —2Tgiv2 = % -g % (10.A.71)
0 0 o 9924

Ko =721 + 712 = % - 2F212’Y2 = % - 92 % (IO-A-72)

The components K1, K21 depend solely on the partial derivatives with respect to r of some
functions of 7. If we evaluate these components in M*, we obtain a non zero result, while if we
evaluate the same components on the cylindrical hypersurface o, = {r = const (> 0)}, they
result identically zero. Summing up, we get:

Ko1 =v0;1 + 7150 = c
0 in the submanifold o (r = const)

-1
~ ( 1- "—) #0 in M (10.A.73)
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3

Kot =721 + 7152 =
0 in the submanifold o, (r = const)

Equations (10.A.73) and (10.A.74) show that the time-like helixes congruence I' defines a
Killing field in the submanifold o, C M?* but this is not a Killing field in M*.

We get the same result if we express the Killing tensor using the Born tensor K wv and the
curvature vectors C,, of the lines of the congruence I":

Kuv = Y + o = [?m/ + ’Yuél/ + 6H’Yv
For the rotating disk (f( wv = 0) we simply obtain:

Kuw = 7.Co + Cuvo (10.A.75)

Equation (10.A.75) is very interesting, because it shows the geometrical meaning of the fact
that the Killing tensor is zero in the submanifold o, C M*, but it is not zero in M*. In fact,
the congruence I" of time-like helixes is geodesic on o, (where C,, = 0), but of course not in
M?* 2 where the curvature vector C‘u = ¥“Vayu has the following non-null component:

Q—zr Q%

~ _ 0 c _

C= = (10.A.76)
2

As a consequence, the Killing tensor has the following non-null components:

——
2
Kot =00 = L7 <\/1 _ QT) (10.A.77)
C C
~ Q33 Q292 -
Ko1 =720 = —— 1—— (10.A.78)
C C

Equations (10.A.77) and (10.A.78) are in agreement, respectively, with equations (10.A.73) and
(10.A.74).
The only non zero components of the curvature tensor of space of the disk are

Ripis = —3(1%22)2)3 (10.A.79)

and those which are obtained by the symmetries of the indices.
The non null components of the space projection of the Ricci tensor, are:

~. 2 2,2\ 2
Rll — —3?—2 (1 - QC2 )

-3 SZ_; (1 _ 022)*3 (10.A.80)

D*
R22

28 Apart from the degenerate case r = 0, which corresponds to a straight line in M.
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Finally the curvature scalar is:

2 2 2\ —2
B-6 (1 _ e ) (10.A.81)

c2

The calculation of the curvature of the space of the rotating disk, which turns out to be non
Euclidean (in particular hyperbolic), confirms Einstein’s early intuition[74] about the relations
between curvature and rotation.”

References

[1] Leibniz G., Leibniz: Selections, edited by WienerP.P. Charles Scribner’s
Sons, New York (1951)

[2] Berkeley G., Berkeley’s Philosophical Writings, edited by Armstrong
D.M., Collier-MacMillan, New York (1965)

3] Mach E., The Science of Mechanics, Open Court, La Salle (1960)

4] Ehrenfest P., Phys. Zeits., 10, 918 (1909)

5] Sagnac M.G., C.R. Acad. Sci. Paris, 157, 708,1410 (1913)

6] Rizzi G. and Ruggiero M.L., Found. Phys., 32 1525 (2002), gr-
qc/0207104

[7] SakuraiJ.J.,Phys. Rev. D, 21, 2993 (1980 )

[8] Aharonov Y. and Bohm D., Phys. Rev., 115, 485 (1959)

[9] Cattaneo C., Introduzione alla teoria einsteiniana della gravitazione,

Veschi, Roma (1961)

Cattaneo C., Il Nuovo Cimento, 10, 318 (1958)

Cattaneo C., Il Nuovo Cimento, 11, 733 (1959)

Cattaneo C., Il Nuovo Cimento, 13, 237 (1959)

Cattaneo C., Rend. Acc. Lincei, 27, 54 (1959)

Lodge O.J., Philos. Trans. R. Soc. London, 184, 727 (1893)

Lodge O.J., Philos. Trans. R. Soc. London, 189, 149 (1897)

Anderson R., Bilger H.R. and Stedman G.E., Am. J. Phys., 62,975 (1994)

Sagnac M.G.,C.R. Acad. Sci. Paris, 141, 1220 (1905)

Selleri F., Found. Phys., 26, 641 (1996)

Selleri F., Found. Phys. Lett., 10, 73 (1997)

Croca J. and Selleri F., Nuovo Cimento B, 114, 447 (1999)

Goy F. and Selleri F., Found. Phys. Lett., 10, 17 (1997)

Vigier J.P. , Phys. Lett. A, 234,75 (1997)

Anastasowksi P.K. et al., Found. Phys. Lett, 12, 579 (1999)

Klauber R.D., Found. Phys. Lett., 11 (5), 405 (1998)

— —_ o,

[10
[11
[1
[1
[14
[15
[1
[17
[

[

[

[

[

[

[

w N

— e e d e e e e e e ed e e e

1
1
2
21
22
23
24

S O

29See, for instance, Stachel[75].



REFERENCES 219

[25] Klauber R.D., in Relativity in Rotating Frames, eds. Rizzi G. and Rug-
giero M.L., in the series “Fundamental Theories of Physics", ed. Van der
Merwe A., Kluwer Academic Publishers, Dordrecht, (2003)

[26] Weber T.A., Am. J. Phys, 65, 946 (1997)

[27] Dieks D., Eur. J. Phys., 12,253 (1991)

[28] Anandan J., Phys. Rev. D, 24, 338 (1981)

[29] Rizzi G. and Tartaglia A., Found. Phys., 28 1663 (1998)

[30] Bergia S. and Guidone M., Found. Phys. Lett., 11, 549 (1998)

[31] Rodrigues W.A. Jr. and Sharif M., Found. Phys., 31, 1767 (2001)

[32] Pascual-Sanchez F. et al., in Relativity in Rotating Frames, eds. Rizzi G.
and Ruggiero M.L., in the series “Fundamental Theories of Physics", ed.
Van der Merwe A., Kluwer Academic Publishers, Dordrecht, (2003)

[33] Harres F., Ph.D. Thesis, University of Jena, Germany (1912)

[34] Harzer P., Astron. Nachr., 199, 377 (1914)

[35] Michelson A.A., Philos. Mag., 8, 716 (1904)

[36] Michelson A.A., Gale H.G., Astrophys. J., 61, 137 (1925)

[37] Post E.J., Rev. Mod. Phys., 39 (2), 475 (1967)

[38] Chow W.W. et al., Rev. Mod. Phys., 57, 61 (1985)

[39] Vali V. and Shorthill R.-W., Appl. Opt., 15, 1099 (1976)

[40] Stedman G.E., Rep. Prog. Phys., 60, 615 (1997)

[41] Zimmermann J.E. and Mercerau J.E., Phys. Rev. Lett., 14, 887 (1965)

[42] Atwood D.K. et al., Phys. Rev. Lett., 52, 1673 (1984)

[43] Riehle F. et al., Phys. Rev. Lett., 67, 177 (1991)

[44] Hasselbach F. and Nicklaus M., Phys. Rev. A, 48, 143 (1993)

[45] Werner S.A. et al., Phys. Rev. Lett., 42, 1103 (1979)

[46] Ashby N., in Relativity in Rotating Frames, eds. Rizzi G. and Ruggiero
M.L., in the series “Fundamental Theories of Physics", ed. Van der Merwe
A., Kluwer Academic Publishers, Dordrecht, (2003)

[47] Diecks D., Nienhuis G., Am. J. Phys. 58, 650 (1990)

[48] Tartaglia A. in Relativity in Rotating Frames, eds. Rizzi G. and Ruggiero
M.L., in the series “Fundamental Theories of Physics", ed. Van der Merwe
A., Kluwer Academic Publishers, Dordrecht, (2003)

[49] Rizzi G, Serafini A., in Relativity in Rotating Frames, eds. Rizzi G. and
Ruggiero M.L., in the series “Fundamental Theories of Physics", ed. Van
der Merwe A., Kluwer Academic Publishers, Dordrecht, (2003)

[50] Schlegel R., Am. J. Phys. 42, 183 (1974)

[51] Malykin G.B., Phys.-Uspekhi 43, 1229 (2000)

[52] Peres A., Phys. Rev. D, 18, 2173 (1978)

[53] Rizzi G., Ruggiero M.L., Gen. Rel. Grav. 35, 1743 (2003), gr-qc/0305046

[54] Tourrenc P., Phys. Rev. D, 16, 3421 (1977)



220 G. Rizzi and M.L. Ruggiero

[55] Hehl EW. and Ni W.T., Phys. Rev. D, 42,2045 (1990)

[56] Mashhoon B., Phys. Rev. Lett., 61,2639 (1988)

[57] Papini G., in Relativity in Rotating Frames, eds. Rizzi G. and Ruggiero
M.L., in the series “Fundamental Theories of Physics", ed. Van der Merwe
A., Kluwer Academic Publishers, Dordrecht, (2003)

[58] Landau L.D. and Lifshitz E.M., The Classical Theory of Fields, Perga-
mon Press, New York (1971)

[59] Mgller C., The Theory of Relativity, Oxford University Press, Oxford
(1972)

[60] Tartaglia A., Found. Phys. Lett., 12, 17 (1999)

[61] Jantzen R.T., Carini P., Bini D., in Proceedings of the Seventh Marcel
Grossmann Meeting (Stanford 1994), eds. Jantzen R.T and Keiser G.M.,
World Scientific, Singapore (1996), gr-qc/0105096

[62] Jantzen R.T., Carini P., Bini D., Annals of Physics, 215, 1 (1992) gr-
qc/0106043

[63] Bini D.. Jantzen R.T., Il Nuovo Cimento B, 115, 713 (2000)

[64] Arnowitt, R., Deser, S. and Misner, C.W., in Gravitation: An Introduction
to Current Research, ed. Witten L., Wiley, New York (1962)

[65] Misner C.W., Thorne K.S., Wheeler J.A., Gravitation, Freeman, S. Fran-
cisco (1973)

[66] Zel’manov, A.L., Dokl. Akad. Nauk. USSR, 107, 805 (1956), English
translation in Sov. Phys. Doklady, 1, 227 (1956)

[67] Gregn @., Found. Phys., 9, 353 (1979)

[68] Born M., Ann. Phys. Lpz., 30, 1 (1909)

[69] Rosen N., Phys. Rev., 71, 54 (1947)

[70] Boyer R.H., Proc. Roy. Soc., 283, 343 (1965)

[71] Pauli W., Theory of Relativity, Pergamon Press, New York (1958)

[72] Mashhoon B., Gronwald F., Lichtenegger H.I.M., Lect. Notes Phys., 562,
(2001) 83, gr-qc/9912027

[73] Ruggiero M.L., Tartaglia A., Il Nuovo Cimento B, 117, 743 (2002), gr-
qc/0207065

[74] Einstein A., The Meaning of Relativity, Princeton University Press,
Princeton N.J. (1950)

[75] Stachel J., in General Relativity and Gravitation, ed. Held A., Plenum
Press, New York and London (1980)



Chapter 11

INERTIAL FORCES:
THE SPECIAL RELATIVISTIC ASSESSMENT

Donato Bini

Istituto per le Applicazioni del Calcolo “M. Picone”, C.N.R., I-00161 Roma, Italy
International Center for Relativistic Astrophysics (ICRA), University of Rome, 1-00185 Rome,
Italy

binid@icra.it

Robert T. Jantzen

Department of Mathematical Sciences, Villanova University, Villanova, PA 19085, USA
International Center for Relativistic Astrophysics (ICRA), University of Rome, 1-00185 Rome,
Italy

robert.jantzen @villanova.edu

Abstract Rotating observers and circular test particle orbits in Minkowski spacetime are
used to illustrate the transport laws and derivative operators needed to define
the various “inertial forces" one can introduce using the natural relative observer
approach to describing spacetime. Various centripetal accelerations (often called
centrifugal forces when multiplied by the mass) are evaluated and compared with
the familiar value 2 /7 of nonrelativistic physics.

1. Introduction

Since the rotational aspects of general relativity are where a clear departure
from Newtonian gravitation takes place, they have been a continued source of
fascination for relativists since the birth of Einstein’s theory of gravity in 1916.
While Godel’s surprising cosmological solution [1] of 1949 stimulated think-
ing about rotation and gravitational fields a half century ago, followed by the
Kerr black hole solution [2] about 15 years later in 1963, even flat Minkowski
spacetime has been a source of controversy since before general relativity ever
arrived on the scene regarding rotating frames, starting with Ehrenfest’s para-
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dox of 1909 [3]. A recent summary of this history can be found in Rizzi and
Ruggiero [4] and Grgn has provided a detailed historical account in this volume
[5]. Apart from some outright errors, most of the controversy over the years is
due to ambiguity of the questions posed or the quantities being measured, or a
misunderstanding of the local Lorentz structure of Lorentzian manifolds.

An early edition of Landau and Lifshitz in the 1940s [6] was the first easily
identified introduction of tools for examining curved spacetimes in terms of
quantities that can be identified with local rest space and temporal measure-
ments that correspond with our usual space plus time interpretation of kine-
matics in pre-relativistic and special relativistic mechanics. This (143) formal-
ism, based on a family of timelike observers, was developed in the 1950s by,
among others, Cattaneo, Zel’manov and Moéller but was later eclipsed by the
newer (3+1) version in the 1960s based on spacelike hypersurfaces that quickly
found its way into the relativity community through the ADM approach to
gravitation, then nicely promoted by the classic Misner, Thorne and Wheeler
text Gravitation [7] in the 1970s and beyond.

In the second half of the 1980s, the old timelike observer based formal-
ism was reawakened by a rediscovery of some known but not really exploited
properties of static spacetimes by Abramowicz and collaborators (in an article
whose citations link to one earlier article by de Felice, which in turn refers back
to Landau and Lifshitz and Cattaneo), who proceeded to generate a large num-
ber of papers developing the seeds from that idea (optical geometry). Thus
the industry of examining inertial forces in general relativity was born, cen-
tered primarily on circular orbits, the natural starting point for theoretical ex-
perimentation. This involved a further refinement of the 4 = 1+3 or 4 = 3+1
orthogonal splitting of the spacetime tangent space by 3 = 142 (parallel and
perpendicular to the direction of relative motion in the local rest space). De
Felice, after some scattered preliminary papers, re-entered this industry in the
late 1980s, when Jantzen and Carini, later joined by Bini, stumbled into this
topic, soon after joined by Rindler and Perlick, Iyer and Vishweshwara, and
Semerak among others in the 1990s. This history is summarized in a review
article [8] where relevant references can be found.

All of this discussion is interpretational and any value it may have lies only
in helping us understand how properties of given spacetimes are either like or
unlike pre-relativistic or special relativistic ideas about kinematics and gravi-
tational field behavior that we may have. In fact, some of these constructions
do help us see the ways in which the spacetime geometry affects particle mo-
tion and gyro transport along particle trajectories, through its spatial geome-
try and gravitoelectric and gravitomagnetic fields that the splitting formalisms
naturally define. Gravitoelectromagnetism summarizes these splitting methods
which bring a natural analogy with electromagnetism into the mix [9, 10, 11].
While not wanting to overstate their importance, studying these questions has
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Figure 11.1. Circular motion in classical mechanics.

given us a handle on trying to make some sense of how global and local rota-
tion is both similar and different but certainly much richer in general relativity
compared to its predecessor theories.

The problem of introducing a relativistically correct definition of inertial
forces in relativity has been approached from various directions. Abramowicz
and coworkers introduced “inductive” definitions, starting from the special sit-
uation of a circular orbit around a black hole, while others starting with Landau
and Lifshitz have given “deductive" definitions, starting from spacetime split-
ting techniques employed in at least stationary spacetimes. The former, which
generalize the classical notion of inertial forces in certain ways based on the
special circumstances, are somewhat unsatisfactory in that they fail to gener-
alize further to more general situations. The optical geometry, while powerful
for static spacetimes, is not very useful even for stationary spacetimes because
of the disconnect between the optical geometry and null geodesics. On the
other hand the most general setting in which the latter definitions arise require
a great deal of effort introducing the appropriate formalism which in turn may
overshadow the physical content of general formulas, i.e. “sufficient gener-
ality" requires a high price too. We outline the problem here and consider
applications to circular orbits in Minkowski spacetime.

2. Inertial forces in classical mechanics

Inertial forces first enter our educational lives in the context of circular orbits
in a central force field, so this is the natural starting point for re-examining
them in a more general context. Consider the classical example of a particle
in uniform circular motion in the x-y plane with angular velocity €2 along the
positive z-axis (counter-clockwise motion, for example, as indicated in Figure
11.1). The orbit of the particle can be parametrized by the spatial arclength ¢

¢ =R¢ = ROt (11.1)
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so that its Cartesian coordinate representation is
(z,y) = (Rcos(¢/R), Rsin({/R)) . (11.2)

The intrinsic (Frenet-Serret) frame consists of the vectors (unit tangent, nor-
mal, binormal)

t:eé:ﬁ, n=—es, b:eéx(—ef):eg (11.3)
satisfying
d
@[t,n, b] = [kn, —kt + 7b, —Tn| = [w X t,w X n,w X b] (11.4)

where
w=kKkb+ 7t =kez, (11.5)

and the curvature k = 1/R and torsion 7 = 0 values easily follow from the
relations
dej 1deg 1 de;  1de; 1

o 14 1 _ _tde 1kt aL
i “Rdp - RTT™  w T Rdap ~ge—rt (1O

The torsion describes the rotation of the frame vectors in the plane orthogonal
to the direction of motion, while the curvature describes the rotation of the
direction of motion itself. Its reciprocal, the radius of curvature, in this case is
just the radius of the circle.

For a particle of mass m in this circular orbit, the classical notion of cen-

tripetal force (= — centrifugal force) is
2 de s di
F = —m}: er = —mkvies = myzd—; = mszd—; ; (11.7)

which must be the value of the force which is responsible for keeping the par-
ticle in this orbit. Through the force law it must equal the mass times the
constant inward radial (centripetal) acceleration which characterizes the cir-
cular motion. Alternatively, from the point of view of the rest frame of the
particle, one can conveniently think of a “balancing" of this inward force by an
equal but outward centrifugal force obtained by just reversing the sign of the
centripetal force and putting it on the other side of the force equation.

This single circular orbit discussion is only the first step in introducing in-
ertial forces. There are two distinct directions in which one can proceed ini-
tially. If one considers a rigidly rotating frame with the same angular velocity,
then the points fixed in the rotating grid all undergo such circular motion. If
one then considers the path of a particle in arbitrary motion, and describes
its motion with respect to the rotating frame, then not only does the fictitious
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centrifugal force of the rotating frame prove useful, but the equivalent Corio-
lis force arising from its motion relative to the frame itself now plays a role.
Alternatively, one can generalize the single circular orbit to an arbitrary trajec-
tory and use the Frenet-Serret machinery to decompose its acceleration into a
linear component along the direction of motion and a centripetal component
along the normal direction, all in a nonrotating frame. The radius of curvature
1/k then takes the place of the circular radius R in the above discussion. In
this case one only has a centripetal force responsible for the transverse accel-
eration (although traditionally the term centripetal is restricted to the case of
purely transverse acceleration).

Finally one can combine the two discussions by performing a Frenet-Serret
analysis of the trajectory in the rotating frame. One then has the combined
effects of the centrifugal and Coriolis forces associated with the noninertial
observer motion and the centripetal force associated with the curvature of the
trajectory as seen by those observers. No one ever considers such a description
in Minkowski spacetime, but if one wants to make some serious generaliza-
tion to curved spacetime, it pays to think about it. One must also see how to
transfer the differential properties of the description to the spacetime tangent
space with no underlying flat spacetime that glues them together in the same
way that the space-fixed axes in the Euclidean vector space structure may be
identified with a covariant constant orthonormal frame field on the correspond-
ing flat Riemannian 3-manifold, then extended to a flat spacetime by taking
the (orthogonal) cross-product with a time line. This preferred global iner-
tial mathematical structure is not available in a general spacetime and is not
geometrically relevant to the description with respect to a family of rotating
observers.

Interpreting Euclidean space with a choice of origin as a vector space, let e;
be an orthonormal basis which is rigidly rotating with constant angular velocity
Q and let f = df /dt be the time derivative, so that & = € x e;. Then the time
derivative of the position vector

(ze;) = [2 + Vi]e; (11.8)
picks up an extra term due to the velocity field V. = €0 x x of the observers
fixed in the rotating frame. The second time derivative picks up two terms

(z'e;) = [i" + A"+ (2Q x i7e;) ]e; (11.9)
first the acceleration
A=OxV=0xQxx)=V[-V-V/2|=—¢g (11.10)

of the rigidly rotating observers and second a term arising from the curl of their
velocity field
H=20=VxV. (11.11)
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The equations of motion of a particle under the influence of a force F then
take the form

mlit + A" + (H x j:jej)i] = F*. (11.12)

Simply transferring the extra terms from the left hand side to the right hand
side of the equation

mi' = mlg' + (i’e; x H)"] + F* (11.13)

leads to their interpretation as equivalent to new force terms, referred to as
fictitious or inertial or pseudo- forces and which are due to the noninertial
motion of the rotating observers: the centrifugal force mg and Coriolis force
m(a? e; x H) entering through the acceleration and curl of the velocity field of
these observers. The analogy with the Lorentz force law of electromagnetism
in a nonrotating system of coordinates is obvious, suggesting the terminology
of a gravitoelectric field g and a gravitomagnetic field H in this noncovariant
flat spacetime discussion, each arising respectively from a scalar and vector
potential associated with the observer velocity field.

However, to promote this to a discussion which makes sense in the con-
text of the spacetime splitting of the tangent space to Minkowski spacetime
associated with both the rotating and nonrotating observers, one must take into
account the fact that their local rest spaces do not coincide and the time and
space derivatives should be geometrized. This should be done so that one can
apply the results to any family of observers moving arbitrarily (but smoothly)
in space at less than the speed of light. (An observer horizon limits the validity
of this description where the observer velocity field reaches the speed of light.)
The choice of spatial geometry used to describe the flat spacetime situation is
also important if one is to generalize to a nonflat scenario. In fact one would
need to do this in order to unambiguously introduce a Frenet-Serret description
of the left hand side of (11.13) relative to the rotating frame as well as inter-
pret geometrically the operations defining the inertial forces on the right hand
side. On the other hand, setting the angular velocity of the observers to zero,
centrifugal effects would then be confined to the centripetal acceleration term
of the left hand side.

Abramowicz refers to the centrifugal force associated with the noninertial
observer in circular motion as Newton’s definition and that associated with the
Frenet-Serret decomposition as Huygens’ definition [12], and chooses the lat-
ter (really a centripetal force) as the appropriate one to call centrifugal force in
relativity. In reality both aspects are present, and one can smoothly interpolate
between both descriptions of the situation in Minkowski spacetime by study-
ing a circular orbit with angular velocity {2 about the z-axis from the point
of view of a family of rotating coordinate systems with angular velocity vary-
ing from zero to the given value. The endpoint values were conveniently used
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by Rindler and Perlick [13] to calculate the precession of a spin vector un-
der Fermi-Walker transport around an accelerated circular orbit in Minkowski
spacetime as well as around geodesic circular orbits in the Schwarzschild, Kerr
and Godel spacetimes.

Although formally one can continue to use the Euclidean geometry in repre-
senting the differential equations of motion of a particle in the rotating frame,
this geometry is not directly measurable by the rotating observers. This is
where much confusion arises in deciding whether the circumference of a circle
in the rotating frame is Lorentz contracted or not. The splitting of the tangent
space into a local rest space and local time direction for the rotating observer
family is directly connected with a local spatial measurement process. Spa-
tial distances in the local rest space of a rotating observer may be interpreted
as describing the separation of (infinitesimally) nearby observers in the family
(identified with points in the tangent space) as determined by halving the light
travel time between them and the given observer. This was carefully derived
and presented by Landau and Lifshitz in their section discussing distances and
time intervals in general relativity [6], and is the basis for considering such
splitting schemes in the first place. There is no need to consider measuring
the circumference of a circle at “the same time"—simultaneity in fact does not
exist. Instead, nearby observers around the circle can determine their relative
separations by exchanging light signals, from which the total circumference
can then be calculated (using a limiting polygonal approximation construction,
as in the Taylor-Wheeler discussion of Thomas precession [14]).

A simple figure helps explain the result one must find and is necessary to
keep from identifying ruler lengths and nearby observer separations. In fact
the paradoxes of special relativity are usually best explained with a spacetime
diagram and the present case is no exception. Figure 11.2 shows 1) the world
lines of the ends of a ruler of fixed length rA¢ separating two infinitesimally
separated space-fixed observers separated by an angle A¢ on a circle of radius
r, 2) the world lines of two rotating observers with the same angular sepa-
ration, and 3) the world lines of the ends of a ruler of the same fixed length
carried by the rotating observers (so that OC' is boosted from OA). The ro-
tating ruler appears Lorentz contracted as seen by the nonrotating observers:
|OE|| = [|OC]||/~, but the proper separation between the two rotating ob-
servers in their own rest space is instead Lorentz expanded: ||OD|| = ~||0C]|,
namely tangential lengths expand by exactly the gamma factor of the spatial
metric expressed in the rotating coordinate system. The result of the calcula-
tion of the total circumference of the circle by the rotating observers is there-
fore Lorentz expanded, since the local relative distances are Lorentz expanded.
The stationary situation saves us from having to think further about the ques-
tion of time in this indirect measurement.
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Figure 11.2. The boost between nonrotating and rotating rulers and the Lorentz contraction
and expansion of nearby observer separations. The world sheets of the nonrotating ruler and
rotating ruler of the same length 7 A¢ oriented along the tangential direction of the circle (hence
related by the boost AC') are indicated by the double arrows. O F is the contracted rotating ruler
as seen by the nonrotating observer, while OB is the contracted nonrotating ruler as seen by
the rotating observer. The nearby rotating observers separated by the same angle A¢ marking
the ends of the nonrotating ruler O A appear to be separated by the length of the nonrotating
ruler as seen by the nonrotating observers, but by the Lorentz expanded length OD as seen by
those rotating observers themselves. Thus while rulers contract, the relative distance between
the corresponding observers expands.

To summarize, centripetal and centrifugal forces are closely associated no-
tions in Newtonian physics, because of its universal time shared by the refer-
ence frame and the rotating particle, but arise in two different contexts: ana-
lyzing rotational motion as seen by a nonrotating observer family (centripetal
force) or as seen by a rotating observer family (centrifugal and Coriolis forces).
The connection between centripetal and centrifugal force is made only when
the rotating observer family is corotating with a circularly orbiting particle, so
in a more general context of relative motion of the particle and the rotating
observers, this direct connection is lost.

In special and general relativity, the local rest space of the particle is dis-
tinct from that of the observer, each with its own local direction of time, so
centripetal and centrifugal forces must differ even in the corotating case, and
one must re-examine the time derivative itself. One must also keep in mind
that the rotating frame description really involves an observer family and and
a particle world line and their relative velocity along that world line. Implicit
in the discussion is the family of observers fixed in space, simply following
the time lines in the associated inertial coordinates on Minkowski spacetime.
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These space-fixed observers, which are “nonrotating” in a number of senses
(individually as world lines, and locally and globally as families), anchor the
rotating frame to the inertial properties of that spacetime. Any generalization
or geometrization of centrifugal forces will indirectly involve these inertial ob-
servers through the choice of local rest space frame along the given world line
with respect to which the change of a spatial vector is measured.

To illustrate some of these problems without getting lost in formalism and
semantics, it is useful to discuss two simple examples: 1) an accelerated par-
ticle in circular motion with angular velocity €2 as seen by the nonrotating
observers and by the corotating observers, and 2) a particle fixed in space with
respect to the nonrotating observers, seen as moving in a circular orbit by a
family of rotating observers having angular velocity 2. Although one can then
formally discuss each of these two situations from the point of view of the
particle in its own local rest space in terms of comoving relative Frenet-Serret
quantities, for circularly orbiting observers and particles where the relative ac-
celeration is transverse to the direction of relative motion, all interesting accel-
erations belong to the intersection of the two local rest spaces and nothing new
is seen.

How does the family of rotating observers view the test particle trajectory?
One must first parametrize the given world line by a measurable parameter.
The natural proper time parametrization as measured by the test particle can
be converted by the Lorentz dilation gamma factor to correspond to the local
observer time of the observers. The observers along the world line measure
the relative speed, which can then be used to convert to a spatial arc length
parametrization as seen by the observers, which is needed to establish a cor-
respondence with the nonrelativistic Frenet-Serret discussion. But then how
does the observer family measure the change in the relative velocity vector
in order to express the relative acceleration and force law? Now one needs
a fiducial orthonormal spatial frame along the world line (equivalently a way
of transporting such a frame) that defines what it means not to change. For
the rotating observers, which follow Killing trajectories, there are two choices
of transport along the world line which preserve the observer local rest space:
spatially projected parallel transport and spatially projected Lie transport (with
respect to the observers). These collapse to the same transport with respect to
the nonrotating observers.

3. Inertial forces geometrized

To go into the details [9, 10, 11, 15, 16], one must first quantify the rela-
tive observer description by introducing definitions for the (relativistic) rela-
tive Frenet-Serret analysis. Let the test particle have 4-velocity U and consider
a family of test observers, i.e. a congruence of timelike world lines, with 4-
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velocity u. There arise two relative velocity unit vector fields belonging to the
local rest space (LRS) of U and u: ©(U,u) € LRS,, and 0(u,U) € LRSy,
related by a boost, and defined only along the particle world line U

U = (U u)u+[vU)][eU,u)],
u = 3w U)U +|v(u,U)[[o(uw, U)], (11.14)

where

(U, )| = |lv(w,U)|[=v,
Y(Uu) =1 =) =yw,U)=y  (1L15)

are the magnitude of the relative velocity and the Lorentz factor respectively.
The test particle world line can be parameterized by its proper time 77, or by
the relative observer proper time or proper length

dTU = ’y_ldT(Um) e (’)/l/)_ldf(au) . (11.16)

Studying the evolution along of the direction of relative motion (U, u)
along the particle world line as measured by its covariant derivative along U
and projecting it onto the local rest space of the observer u using the spatial
projection operator P(u) (in components: P(u)%3 = 0“3 + u*ug), one has
the Fermi-Walker temporal derivative (spatial with respect to u in the sense
that derivatives of spatial fields remain spatial with respect to )

DfW,U,u N . D N X
WV(U, u) = ("y]/) 1P(u)%V(U7 u) = k(fW,U,u)n(fw,U,u) (1117)

which naturally defines the “relative centripetal force" in the context of the
acceleration evaluation in analogy with (11.7), where the last equality here
is just the decomposition of the preceding expression into its direction (unit
vector) and magnitude (Fermi-Walker relative curvature). Similarly one can
introduce a variation of this derivative in which the temporal part corresponds
to the spatially projected Lie derivative along the observer congruence [9]

N - D(fW,U,u) N N
I/(U,U) = WV(U,U)‘FV V(U7’U,) XW(U)

k tie,U,u) (tie,Uyu) » (11.18)

D ie,v,u)
dal (Uw)

where w(u) is the vorticity vector of u, thus defining the Lie relative curvature.

Studying instead the evolution along the particle world line of —2(u,U)
(the relative velocity of U with respect to u, as seen by U) and projecting its
covariant derivative along U into the local rest space of the particle itself using
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the projection operator P(U) (namely P(U)%g = 6%g + U“Up), one has the
Fermi-Walker temporal derivative (spatial with respect to U')

D fw,U ~ D
o P V)] = PO) o

[—2(U,u)] = ]C(fw,u,U)-/\A/'(fw,u,U)

(11.19)
which naturally defines the “relative centrifugal force" in the context of the
acceleration evaluation.

While the practical meaning of these definitions may not be obvious, this
seems to be the natural way of geometrizing inertial forces in relativity. In
Egs. (11.17) and (11.19), k(ty,uu) and Kgy ) are respectively the Fermi-
Walker relative curvatures of the relative motion as seen by u and U respec-
tively. The vanishing of a Fermi-Walker relative curvature defines the notion of
Fermi-Walker relatively straight curves, while the inverse of the Fermi-Walker
relative curvature defines the Fermi-Walker relative curvature radius

Al )

R(fw,U,u) = Hk(fw,U,u)Hilv
Riwvaw) = [Kwanll™ (11.20)
Each of the relative velocity unit vector fields (U, u) and —&(u, U) can be
used to introduce a “relative Frenet-Serret" frame and scalars (with the option

of using either the Fermi-Walker or Lie relative derivative: let tem = fw, lie)
to define spatial frames

(ﬁ(Uv u) N(fw,Uu)» ﬂA fW,U,u))

in LRS,, and R R
(_ﬁ(uv U)7 N(fw,u,U)u B(fw,u,U))
in LRSy, satisfying the following relations

D(tem,U,u) N R .
drys Ntem,Uun) = VV[_k(tem,U,u)V(Ua u) + T(tem,U,u) ﬂ tem,U,u) ] )
D N
(tem,U,u . R
dry ﬂ(tem,U,u) = VYT (tem,U,u)(tem,U,u) (11.21)
and
D tem,U) R N
(dTU )j\/'(temm,U) = VV[IC(tem,u,U)V(U, U) + ﬁtem,u,U)B(tem,u,U)] ,
D(tem,U) 5 R
dry B(tem,u,U) = _fYV?Ztem,u,U)A/‘(tem,u7U) (11.22)

In (11.22) and (11.21) T(tem,v,u) a0d 7(tem,u,v) are the Fermi-Walker relative
torsions. Their vanishing defines the Fermi-Walker or Lie relative flatness of a
curve as seen by the observer or particle.
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The relative observer decomposition of the force equation DU /d1y = f(U)
for a test particle with unit mass m = 1 (for simplicity) is obtained by substi-
tuting the decomposition (11.14) of U = ~yu + v (U, u) and projecting into
the local rest space of u. The derivative of the first term leads to gravitoelectric
and gravitomagnetic force terms arising from the acceleration and vorticity of
the observer 4-velocity analogous to our earlier nonrelativistic discussion of
rotating observers. The derivative of the second term can be decomposed into
components along the direction of motion and in the transverse directions most
easily using the relative Frenet-Serret frame [10]. The transverse acceleration
term lying along 7)(tem,.,r7) 18 the relative centripetal acceleration seen by the
observer and depends on the choice of temporal derivative used in the mea-
surement. There is no other natural way of introducing these quantities that
is based only on the geometry of the successive 4 = 1 4 3 (time plus space)
and 3 = 1 + 2 (longitudinal plus transverse) splittings of the spacetime tan-
gent space associated with a pair consisting of an observer congruence and a
test particle world line and which does not depend on any special spacetime
symmetry. Admittedly in a nonstationary spacetime, these quantities may not
be as useful as they seem to be in aiding our interpretation of the geometry of
stationary spacetimes. Moreover, the decomposition in the particle local rest
space of the relative velocity of the observers is one further step removed from
directly measurable quantities and is given here for geometrical completeness.

The equations defining the centripetal or centrifugal forces may be inter-
preted as the balance of forces along the (relative) transverse normal direction
in the respective local rest spaces. The relative centripetal/centrifugal forces
for each choice of temporal derivative along the transverse directions 7) tem, ;)

and j\Af(tem7u7U) in the local rest spaces of the observer and the particle are

C G A~
f((ter)n,U,u) = 7y2k(tem,U,u) = [F(U,u) + F((ter)n,U,u)] *N(tem,U,u) >

C G N
f((ter)n,u,U) = 7V2,C(tem,u,U) = [f(U) + ‘F((ter)n,u,U)} 'Mtem,u,U) (11.23)

where the spatial gravitational forces in each local rest space are

D
() _ (tem,Uu)
F(tem,U,u) = _7dTU u="[g(u)+ E(tem)l/(U, u) Xq H(u)],
D
(G) | (@) _ 1T (w)
‘F(fw,u,U) = 7 P(U, U)F(fW’U,u) =7 7dTU U . (11.24)

In the observer local rest space gravitational force expression, the gravitoelec-
tric and gravitomagnetic fields are just the sign-reversed acceleration g(u) =
—a(u) and twice the vorticity H(u) = 2w(u) of the observer 4-velocity u,
and represent the inertial forces due to the motion of the observers analogous
to the centrifugal and Coriolis forces of the nonrelativistic discussion, while
Y(U,u)F(u,u) is the projection of the force f(u) = ma(u) (unit mass for
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simplicity) into the observer local rest space. In the particle local rest space,
only the projection of the spacetime Fermi-Walker derivative is available as a
natural temporal derivative operator.

4. Application to rotating observers in Minkowski
spacetime

To make this concrete, we return to the problem of an observer family (u)
and test particle (U) both in circular motion in Minkowski spacetime

U = V[0 + wiy), Yo = (1 — w2r2)_1/2 ,
U = 70 +90], vo=01-0%2)71/2 (11.25)

with constant angular velocities w and € referred to nonrotating cylindrical
coordinates
ds® = —dt® + dr® + r2d¢® + dz? . (11.26)

The natural cylindrically symmetric spatial orthonormal frame adapted to
the family of nonrotating observers (eg = J;) is

61:6,,, 62:(1/T)8¢,€3:az. (11.27)

This frame can be boosted into the local rest space of the rotating observers
(Eo = )
Eiy=e1, By =",(ea +wrey) ,E3 =es, (11.28)

which coincides with the relative Frenet-Serret frame up to signs and a permu-
tation

D(Ua u) = Sgn(Q - w)EQ ) ﬁ(fW7U,u) =—FE1, ﬁ(fW,U,u) = Sgn(Q - w)E3 :
(11.29)
Similarly from the spacetime point of view, this frame coincides with the
Frenet-Serret frame of u (modulo signs and a permutation), along which the
frame is Lie dragged (see the Appendix).
Solving the transport equations

D(tem,UﬂL)

E = em=fw,lie 11.30
dg(U,u) (tem,U,u) 0, ¢ fw,l ( )

determines two more geometrically meaningful observer adapted frames re-
lated to E'1, E, E3 by a rotation of the first two vectors with angular velocities
Q(tem,U,u) about F3

E1 & s 0 E1
R(Quemuuw) | B2 | = -5 ¢ 0] | E2 |, (11.31)
Es 0 0 1/ \Es
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where (¢, s) = (cos(Q(tem,v,u)t)s SIN(Q(tem,vu)t))- A direct calculation leads
to the result
w0y = ~182 s L) = — W+ 7270w - (11.32)

The spacetime Fermi-Walker transported frame along u (see the Appendix) is
of the same form as these with the angular velocity

Q(fw,u) = YW . (1133)
The speed of the particle relative to the observers is
7| — w
V= ———.
1 — Qur?

Evaluating the Fermi-Walker and Lie relative curvatures (see Table 2 of [11])
leads to

(11.34)

ie] 2
K(tw,Uu) = 0 —w FlieUu) = — " - (11.35)

Note that the Lie relative curvature is independent of 2. Since the relative
Lie derivative (11.18) used to define it consists of a Lie temporal derivative
term [9] which vanishes for the Lie dragged ¢ direction of motion, and a spatial
covariant derivative term, only the spatial covariant derivative contributes here.
Thus the gamma-squared factor comes only from the spatial geometry of the
rotating observer congruence, whose spatial metric is represented by the last
three terms in the line element expressed in nonrotating cylindrical coordinates
but adapted to the rotating observers

ds®> = —7;2(6175 - 75r2wd¢)2 +dr? + %QJTQ(qu) + wdt)2 +dz?. (11.36)

No matter what the (nonzero) relative speed of the particle, it orbits around a
circle of coordinate radius r as seen by the rotating observers. Although the
circumferential radius of the circle as seen by the rotating observers is 7,7,
the radius of curvature comes from the rotation of the direction of motion as
determined by parallel transport in the spatial geometry, and here one has the
spatial geometry effect easily explained with a tangent cone in the embedding
diagram of the r-¢ plane [18].

For this circular motion of both the observers and test particle, all the spatial
forces and accelerations are along the radial direction and the relative cen-
tripetal force balance equations for a unit mass particle are simply

FO = [Flow + FE) 0, (11.37)

(tem,U,u)™ (tem,U,u)
where the spatial force

’VQQQT
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arises from the projection and rescaling of the particle 4-acceleration
a(U) = v3Q%0, . (11.39)
The gravitoelectric and gravitomagnetic fields are
g(u) = v2w?rd, , H(u) = 2y 2w, , (11.40)

the spatial gravitational forces are

F((fg;),U,u) == ’YW'YQWQ'I"ar s
F ((fe?u,u) = wyewr((Q —w)Z + o, , (11.41)

and the centripetal accelerations are

(©) o (Q—w)
F(fW,U,u) - FYMPVQer — Qur? Oy s
(©) s (2-w)?
(lie,Uu) ’Yw’)/er Q2 (11.42)

There are three interesting cases to discuss:
1 w = 0: nonrotating observers,
2 Q = 0: nonrotating particle, and

3 Q) = w: observers corotating with the particle.

w = 0 When the observers are nonrotating, the relative transport angular
velocity Quievwy = Qwow = — § reduces to the sign-reversal of
the particle angular velocity in order to exactly compensate for the rotation
of the cylindrical frame vectors relative to the Cartesian ones. The spatial

gravitational forces vanish F’ ((gv),U’u) =0=F ((H?U,u) and the Fermi-Walker
and Lie centripetal forces coincide F' ((SV?U’U) = F ((12U,u) = —70 0%rd, and

balance the spatial force responsible for maintaining the circular orbit.

2 = 0 When the particle is nonrotating, i.e., fixed in space relative to
the nonrotating observers, it is a spacetime geodesic with zero acceleration.
The relative Fermi-Walker angular velocity is zero Qg ,) = 0 since the
cylindrical axes are always located at the same point, so these axes boosted
into the local rest space of the rotating observers do not rotate with respect
to the Fermi-Walker transported space-fixed axes, while the Lie relative an-
gular velocity Qie ) = 72w acquires an extra gamma factor relative to
the similar result for the complementary situation of Fermi-Walker transported
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frame vectors along a rotating orbit (see the Appendix), apparently due to ef-
fects of the spatial geometry as seen by the rotating observers. The Fermi-

Walker forces vanish F((fi)Uu) =0 = F((fg)U ) and the Lie forces coincide
(@) (@)

lieUu) = F(lie Uuw = = Y3w?rd,, their equality representing the force
balance.

2 = w When the rotating observers are corotating with the orbiting particle,
then e ;) = 0 (the frame is already Lie dragged and so is also relatively
Lie dragged along u), while Qg 17,) = —70f2. In this latter case one has an
extra factor of gamma compared to the angular velocity needed to compensate
for the rotation of the cylindrical frame similar to the case of the spacetime
Fermi-Walker frame, responsible for the Thomas precession effect [18]. The

relative centripetal forces vanish F((fg),U,u) =0 = F((li?uu) and the Fermi-
Walker and Lie spatial gravitational forces coincide F((ffv)Uu) = ((hi)U w =

7a€?rd, and balance the spatial force responsible for maintaining the circular
orbit.

Finally one could consider the relative centrifugal forces in the particle lo-
cal rest space, but in this case of circular motion in which all the interesting
acceleration fields are in the radial direction, the various force terms only get
rescaled by gamma factors.

5. Conclusions

If this exercise proves one thing, it is that it makes little sense to speak of
"the" centrifugal force or to speak of inertial forces in the context of special
or general relativity as though a given situation has only one realization of
these nonrelativistic concepts. Instead one has various possibilities depending
on how one measures the changes in the relative velocity and which observer
family is chosen. In other words, the centrifugal force of our nonrelativistic
picture can contribute to either the spatial gravitational force or the relative
centripetal force or both. To keep things as simple as possible, the nonrotating
observer congruence eliminates the inertial forces in this flat spacetime exam-
ple and puts all the action into the relative centripetal force. Indeed in a general
stationary axisymmetric spacetime like a black hole spacetime, locally nonro-
tating observers like the zero angular momentum observers (ZAMOs) proba-
bly make the most sense to use in interpreting how the nontrivial gravitational
field affects test particle motion, eliminating the Coriolis force and giving some
sense to the relative centripetal force as the best representation of “centrifugal
force." Indeed the black hole spacetimes have been the prime motivation for
considering this whole approach. Apart from the conformal transformation
of the spatial metric in the static case, this encompasses the Abramowicz for-
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malism, whose standard presentation is hampered by the confusion about the
geometry of differentiation along a world line in spacetime of quantities which
are only defined along that world line [10].

Appendix: Adapted spacetime frames

There are two natural spacetime frames which are adapted to the family of rotating observers:
the spacetime Frenet-Serret frame defined by the differential properties of each individual world
line and the Fermi-Walker transported frame along each world line.

Spacetime Frenet-Serret frame along U
This frame is just the boost of the orthonormalized nonrotating cylindrical coordinate frame
which maps 9, onto U, explicitly

Ers,vyo = U=7al0 + Q0] ,
Ers,uy1 = Or ,
1
Brswvyz = 70[Qrd + —0,],
E(FS,U)s == az 3 (llAl)
and satisfies the relations
_E(FS,U)O = K/E(FS,U)h
dru
—FErsvy1 = kEws,vyo+T1EwFs,uv)2,
dTU
—FErs,uy2 = —TiBrEs,uv)2 + 2Ers,u)3,
dru
D
7E(FS,U)3 = *T2E<FS,U>2 . (1 1A2)
dru

The spacetime Frenet-Serret curvature x (magnitude of the 4-acceleration DU /dry, always
nonzero unless €2 = 0) and torsions 7, and 72 are

K=—%r, =702, =0, (11.A.3)

where v = |Qr| = |k|/|71| < 1 for all the timelike orbits. According to the classification of
Synge [17], who systematically studied timelike helices in flat spacetime, the orbit is a helix of
type II which is degenerate (it lies in the plane z = 0) and of subtype Ilc (torsion dominated:
|| < |11]).

Fermi-Walker frame along U

The Fermi-Walker frame along U is obtained from the spacetime Frenet-Serret frame by an
additional rotation by the angle —yq )t of the vectors E(rs,vy1 and Ers,uy2, and corresponds
to axes in the local rest space of U aligned with three mutually orthogonal gyroscopes [19]

E(FW,U)O = U 5
Erw oyt = cos(7aQt) Ews,vy1 — sin(yoQt) Ews,v)2 ,
Erwuvy2 = sin(voQt) Ers,vy1 + cos(7eQt) Ers,v)2 ,

E(FW.U)S = E(FS,U)S- (11A4)
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Integrating the Frenet-Serret angular velocity wrs = |71 = 73|Q| over an interval of proper
time 7y (the natural Frenet-Serret parameterization) and using the relation dry = 1/vqdt
converts the proper time to coordinate time yielding the coordinate angular velocity 72 in
these expressions.

The boost of the inertial frame (¢, 9z, 0y, 0> ) which maps 0; onto U is instead represented
by arotation with the gamma factor missing, leading to a relative rotation by the angle (yo—1),
where ¢ = Qt. This is the angular velocity of the Thomas precession [18].
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Abstract Simple ideas that shed new light on the physics of rotation as it concerns two
famous experiments: The Wilson and Wilson, and the Michelson and Morley
experiments.

Introduction

Yes indeed! The Earth rotates, the Moon and the Planets rotate, and rotation
is an ubiquitous state of motion in the Universe. But also in laboratory physics
rotation is often an essential component in some experiments, among them the
Michelson and Morley experiment, the Wilson and Wilson, and some others
[1] that we shall not consider in this paper. Despite of this, many fundamental
aspects of the physics of rotation remain not well understood if Special relativ-
ity is needed, and in particular when rotation and electromagnetism both play
arole in an experiment.

The very definition of a rotating frame of reference in Special relativity has
been questioned in the past and still is by some ([2] - [4]). It puzzles some
authors the fact that the usual definition looks like non relativistic and leads
to time-like congruences that do not fill the whole Minkowski’s space. Many
authors also are tempted to deal with rotation invoking the Principle of local
Lorentz invariance but this amounts to overlooking some subtle points and the
conditions that would justify this simplification need to be clarified ([5] - [6]).
Also is not always clear whether it makes a difference to distinguish a rigid
body that rotates from incoherent dust that rotates as if it were rigid. These
and other thoughts recurrently come to the mind.

In Section 1 we review and develop a decomposition of the Lorentz trans-
formations as a product of three transformations with different meanings and
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different importance. This is to clarify what is essential and what is just con-
venient in dealing with a particular problem involving only Galilean frames of
reference.

In Section 2 we extend the point of view of the preceding section to deal with
the coordinate transformations between adapted coordinates from a Galilean
frame of reference to a rotating one and viceversa. The deep novelty is that
to be able to have the analog of the third factor in the decomposition to select
Cartesian-like coordinates of space, we feel that a departure of common ideas
about the concept of space in a rotating frame of reference is necessary, as it
was in some other problems ([7]-[9]). This has implications on the Principle
of local Lorentz invariance.

Section 3 is our late contribution to a lively recent polemic about the out-
come and the theory of the Wilson and Wilson experiment ([10]-[17]). Second
order relativistic effects are completely negligible in the conditions of the ex-
periment and therefore usually only the first order result that agrees with the
experiment is calculated. We derive here an exact formula as a test case of the
procedure that we propose that is complete and remains simple.

As it is well known the Michelson and Morley experiment ([18]) has been
usually understood as a test of Special relativity in its most restrictive sense (
[19]-[22]), but not always ([23]-[25]). The usual attitude excludes taking into
account the rotation of the Earth except for changing the orientation of the
interferometer with respect to an hypothetic absolute space whose existence
would violate Special relativity. We have opposed this point of view in three
preceding papers ([26]-[28]) predicting a positive result which by no means
would contradict Special relativity, but only some restrictive ways of dealing
with this theory. In these papers, besides the rotation of the Earth, also its
gravity and its oblateness, or the influence of the Sun and the Moon, were part
of the discussion and this somehow obscured a little the principal role of the
first. In Section 4 we summarize a bare-bones presentation of our point of view
emphasizing the role of the rotation of the Earth.

1. Galilean frames of reference

Let us consider Minkowski’s space-time and a Cartesian system of coordi-
nates 1" and X" such that the line element is:

ds? = —dT? + 6;;dX"dX’, c=1, 4,4k, ..=1,2,3 (12.1)

This simple formula hides the rich geometrical structure of a Galilean frame of
reference, say Sp, which is a structure with two ingredients that it is useful to
exhibit explicitly.

i) The first ingredient is the congruence Cy of time-like world-lines with
parametric equations:
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T=T, X'=const. (12.2)

It is a Killing congruence, and therefore the motion that it defines is rigid:

— ds =0, 12.3
dr /., " (12.3)
where L, is any segment of geodesic whose end-points lie on any two world-
lines of Cy and is orthogonal to them.

ii) The second ingredient is the foliation with equation:

T = const. (12.4)

It is a family of hyperplanes orthogonal to the congruence Cy. The associated
synchronization is the scale that to an interval of 7" along any of the wold-lines,
say Lg, corresponds the proper time interval:

ds
T —Ty = / —dT (12.5)
Lo AT

The purpose of this paper is twofold. First of all to unravel the meaning
and the role of the two ingredients in the relationship between two different
Galilean frames of reference. And secondly to apply our findings to reach a
better comprehension of uniformly rotating frames of reference which will be
the subject of the remaining of this paper starting in Sect. 2.

Let us consider the following formulae:

T=T, X' =z'+'T (12.6)

and the inverse:

T=T, z'=X'"—o'T (12.7)
where v’ are constants. They make sense both in Classical mechanics and in
Special relativity and in both cases they have the same dual meaning. Here we
consider them in the framework of the Galilean frame of reference considered
above, and therefore we assume that:

v <1, 0?2 =upt, v = 5ijvj (12.8)

Formulae (12.6) can be interpreted as the parametric equations X ¢(T'; 2*)
(a, B,7v.. = 0,1,2,3) of a family of time-like world-lines with parameter T’
and initial conditions x*. This family is, as it was the case with Cp, a new
Killing congruence C; of time-like geodesics. They can therefore be consid-
ered as the first ingredient of a new Galilean frame of reference, say 5.
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But the same formulae can be interpreted as defining a coordinate transfor-
mation X (T, z*) from coordinates T', 2* to coordinates 7', X *. From this point
of view they define a coordinate transformation between two Galilean frames
of reference whose first ingredient are two different congruences Cy and C; but
share the same foliation. This does not pose any problem but one has to keep
in mind that the synchronization which was associated with proper-time along
the geodesics of Cy does not correspond now to proper-time along C;. This
asymmetry may be inconvenient in some occasions and convenient in some
others. More on that later.

Using the coordinate transformation (12.6) the line-element (12.1) becomes:

ds? = —(1 —v*)dT? + 2v;dz"dT + 6;;dx*da’ (12.9)

that can be decomposed as follows:

ds? = —0°° 4 ds? (12.10)
where:
ida!
90 = —\/1—v2dT—|—\/% (12.11)
2 ViU i 3,0
dsi = (65 + T vQ)dz dx? (12.12)

Let us now choose as a new foliation the family of hyperplanes orthogonal
to C; and as an associated synchronization that corresponding to choosing as
scale of time the proper-time along any of the world-lines of this congruence,
say for instance:

Lo : X' =zl +'T (12.13)

This amounts to choosing the new time coordinate ¢ such that:

To i J
t—to—/ \/1—(5 dXﬂdT:\/l—zﬁTo (12.14)
0

GTAT AT

to being an arbitrary origin of ¢ and Tp(T, X% xf)) being the value of 7" at the
intersection of Ly with the hyperplane II of the new foliation passing through
the event with coordinates 7', X *.

From the equation of 1I:

(X" = X — (T —Tp) =0 (12.15)

and from:
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Xb =z +0'Ty (12.16)
we obtain:

T — (X' —xd)v;

t—ty= — (12.17)
and also, using (12.6):
t—to (z° — x})v;
T = m+ 0 (12.18)

Substituting 7" in (12.9) we get:

ds® = —dt* + ds? (12.19)

with ds? being the unchanged metric given in (12.12). This metric is obvi-
ously flat because its coefficients are constants but the coordinates x* are not
Cartesian coordinates. Particular Cartesian ones are :

1

, A . . 1
' = (0; + bv'vj)r!, b= —=5(—-14+ — 12.20
T' = (65 + bv'vj)z 112( +m) ( )
as can be seen substituting the inverse functions:
. . . . 1
o' = (0; + av'v;)¥, a= —S(-1+V1-0?) (12.21)
v
into (12.12) that becomes:
ds? = 6;;dz"dz’ (12.22)
At the end we obtain thus:
ds* = —dt* + 6;;dz'dz’ (12.23)

We have therefore succeeded in decomposing a Lorentz transformation lead-
ing from (12.1) to (12.23) in three steps as a product of three particular trans-
formations with different meanings and different importance.

i) Step 1.- The first transformation is given by (12.6) and it is the one that
picks the congruence, i.e. the rigid motion of a second Galilean frame of ref-
erence. Any other choice would not define a new frame of reference with
uniform constant velocity. We shall see that this is the only step of a Lorentz
transformation that is necessary to transform tensor fields between two differ-
ent Galilean frames of reference.
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ii) Step 2.- The second transformation is the time transformation given by
(12.18). This defines a convenient foliation and it is important because the
corresponding synchronization implements a fundamental postulate of Spe-
cial, as well as General, relativity identifying proper space-time intervals along
time-like world-lines with physical time intervals measured by real clocks of
reference. But this time-transformation is by no means necessary in many oc-
casions.

iii) Step 3.- The third step is the three dimensional coordinate transformation
given by (12.21). This is a passive, innocuous, change of names to refer to the
world-lines of the congruence. Its physical meaning importance comes from
being the last step to implement the Relativity principle by the invariance of
the line-element (12.1) under the Lorentz transformations. But in practice its
role is at most a mere simplifying convenience which is not necessary in many
occasions.

Let us consider an example to clarify the above remarks. Let F*%(T, X?)
be a second rank skew-symmetric tensor describing an electromagnetic field in
the Galilean frame of reference Sy. The electric and magnetic fields are then:

E'=FY BY =FY (12.24)

Let us now accept that for any other Galilean frame of reference with congru-
ence C; the electric £ and magnetic B fields be given by:

E*=F%02U°, B®™ = F*P010}, (12.25)
where U“ is the unit tangent to the world-lines of the congruence C:

1 ; vt
U= ——e, U= — 12.26
V1 -2 V1—1? ( )
and where 6% are three arbitrary covariant vectors fields orthogonal to U“.
Using the space coordinates transformation (12.6) and keeping the time co-
ordinate 7" unchanged leads to the following components:
I S 0 (12.27)
V1—02

Three particular covariant vectors N orthogonal to U are:

N® =dx*: N§y = —v*, N =96 a,byc,..=1,2,3 (12.28)

From their definition we know that their components in the Galilean system of
reference S are:
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ng =0, ni =747 (12.29)

The same coordinate transformation leads to the following expressions for
the electromagnetic field in the Galilean frame of reference Si:

Fi0 = i (12.30)
FiI = P g FiOyT 0y (12.31)

Each term in the r-h-s of these expressions is a function of 7" and X and the
I-h-s are functions of 7" and =’ obtained using (12.6) in the r-h-s.

In particular if we calculate the preceding scalars (12.25) in the system of
reference S with 6 = n{ we obtain:

e = gn“uﬁ—mfo, bt = foBpant = fab (12.32)

To obtain the result corresponding to a standard Lorentz transformation we
have to choose:

0% = dz* (12.33)

where % have been defined in (12.20)

Notice that to transform vector or tensor components only the coordinate
transformations (12.6) have been used. The time transformation (12.18) will
be needed only if the original electromagnetic field depends on 7" and we want
to use a time reference based on a clock measuring proper-time along geodesics
of C;. This may not be convenient if the master clock on which a time distri-
bution is based is a clock which is at rest with respect to Sy. Neither is always
the most convenient choice to calculate the scalars (12.32) using (12.33).

2. Uniformly rotating frames of reference

Let us consider again Minkowski’s space-time with line element (12.1). It
it will be now and then convenient to use cylindrical space coordinates:

X =pcos(¢), Y =psin(¢), Z=z (12.34)

in which case the line-element is:

ds® = —dT? + dp? + p?dd? + dz? (12.35)
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Let us consider the time-like congruence Cs defined by the following para-
metric equations:

T =T (12.36)
X = zcos(wT) —ysin(wT) (12.37)
Y = zsin(wTl) + ycos(wT) (12.38)
A z (12.39)

where z, y and z are the initial conditions labelling each of the world-lines of
the congruence and w is a constant. Using cylindrical coordinates the same
congruence has parametric equations:

T=T p=p, o¢=p+ul, z=z2 (12.40)

Considering the dual meaning of (12.36)-(12.39), or (12.40), as a change of
coordinates we get:

ds* = —(1 — w?p?)dT? + 2w(zdy — ydz)dT + dx* + dy? + dz* (12.41)

which can be split as follows:

ds? = —(09)* + ds3 (12.42)
with:
dy — yd
09 = —\/1—w2p2dT + M (12.43)
1—w2p2
2da? + 22dy? — 2xydad
482 = da®+dy? + de? 4 PYOT T T T 2YATay gy gy
1 —w2p2
or:

ds? = —(1- w2p2)dT2 + 2p%wdpdT + dp? + p*dp? + dz? (12.45)

which can be split as follows:

0 wp*dy
00 = —\/1—w2p2dl + L (12.46)
1— w2p2
Qd 2
dg2 = dp?+ L% 142 (12.47)

1 —w2p2
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The fact that (12.41) does not depend on 7" proves that the congruence Co
is again a Killing congruence and therefore it has an intrinsic meaning in the
geometrical framework of Minkowski’s space-time. Each of its world-lines
describes a circular motion with constant angular velocity w and thus C, is the
first ingredient of a uniformly rotating frame of reference.

The second ingredient of a frame of reference must be a synchronization
associated to a foliation. To this end we choose any of the world-lines of Cs,
say Lg, corresponding to initial conditions (zg, 4o, 20) and define a foliation
Fo as being the family of hyperplanes orthogonal to L and as associated syn-
chronization the proper-time scale along Ly. More precisely we define a new
coordinate ¢ such that:

To db2
t_tO:/ \ll—p%d;;dT:\/l—wgpgTo (12.48)
0

where p2 = 22 +y2, to is an arbitrary origin of t and Ty(T, X, Y, Z; 20, Yo, 20)
is the value of T at the intersection Ey of Ly with the hyperplane II of the
foliation F( passing through the event with coordinates 7, X, Y, Z. Let Xy,
Yy and Zj be the values of X, Y and Z at Ey, and let Xo YO and ZO be the
values of its derivatives with respect to I'. Then the equation of the hyperplane
Il is:

(Xo—X)Xo+ (Yo —Y)Wo+ (Zo—2)Z —To+T =0 (1249
Taking into account that:

Xo=—wYy, Yo=wXy, Zo=0 (12.50)
Eq. (12.49) simplifies to:

w(XYy—YXo)—To+T =0 (12.51)

To find To(T, X, Y, Z; xg, yo, 2z0) this equation has to be solved keeping in
mind that X and Y} in:

XO = Xy COS(wTo) — Y0 sin(wTo) (12.52)
Yo = zosin(wTp) + yo cos(wTp) (12.53)

are functions of zg, yo as well as the unknown 7j. And since this equation is
transcendental it has to be solved at some approximation. The approximation
that we consider below consists in using the Taylor expansions of X, Yy and
To with respect to the variables xg and gy neglecting all monomials of order 3
or greater with respect to w.
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If zg = yg = 0 then Xy = Yy = 0 and we have:

To=T (12.54)

Derivating (12.51) with respect to zg we get:

Yy 0Yy 0Th 0Xo = 0Xo0Tp 0Ty
— 4+ —=—) " Y(—+ )| —5—=0 12.55
v (axo 8Tg 81‘0) 8330 8T0 8330 axo ( )
or:
T
Qﬁ:qumﬁydwwwﬂ] (12.56)
8950
Similarly we get:
T
g—yo = w[X cos(wT) + Y sin(wT)] (12.57)
0
Equivalently, since from (12.37) and (12.38) we have:
= Xcos(wT) + Ysin(wT) (12.58)
= —Xsin(wT) +Y cos(wT) (12.59)
z = Z (12.60)
we can write:
0Ty 0Ty
=9 _ _ — = 12.61

This process could be continued but the following derivatives would be already
of order w? and we shall stop it here.
Ty is then at our approximation:

To =T 4 wxo[X sin(wT') — Y cos(wT')] + wyo[X cos(wT') + Y sin(wT)]
(12.62)
and therefore from (12.48) we get at the corresponding approximation:

t—to=(1— %pgcﬁ)T + wxo[X sin(wT) — Y cos(wT)] + wyo[X cos(wT) + Y sin(wT)]

(12.63)
This equation together with (12.58)- (12.60) completes the coordinate trans-
formation from the Galilean frame of reference Sy to the uniformly rotating
frame of reference S5.
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From (12.63), (12.58) and (12.59) we obtain:

1
T=(1+ 5pgoﬂ)(t —t0) + WToY — WYOT (12.64)

which is the time-component transformation from the uniformly rotating frame
of reference S to the Galilean frame of reference Sy. Substituting 7" from
(12.64) into (12.37) and (12.38) would yield the space part of the transforma-
tion.

Up to this point we have completed two steps which are similar to those of
the preceding section:

i) Step 1 picked a rotating Killing congruence as the first ingredient of a new
frame of reference.

ii) Step 2 defined some convenient synchronizations. But despite the sim-
ilarities some relevant differences with the pure Galilean case deserve to be
mentioned explicitly:

1) The congruences Cy and Cy share the bunch of world-lines corresponding
to the points of the axis of rotation but have notorious well-known different in-
trinsic geometries. Moreover the domain of Cy must be restricted to the domain
wp < 1 to keep it time-like.

2) The synchronizations of Sy depend on the world-line Lg that defines the
scale of time, but those world-lines which are common to Cy and C; are equally
well adapted to both frames of reference.

There is another important qualitative difference between the case consid-
ered here and that of the preceding section: namely that now the quotient met-
ric (12.47) is not Euclidean and therefore Step 3 there does not make sense here
because there are not Cartesian coordinates for this metric. The far-reaching
consequences of this fact which, as we are told ([29]), played an important
historical role in the genesis of General relativity by A. Einstein, has been in
our opinion under-estimated by the relativity community ever since. First of
all this means that rigid bodies can not be compared in general if they are in
different locations or have different orientations. Another way of saying this is
to say that a rigid body can not be moved around. This shatters the very foun-
dations of metrology and therefore of physics. Similarly with the concept of
parallelism on which is based the idea that it makes sense for two astronomers
in two different locations to point their telescopes in the same direction.

In our opinion this unsatisfactory situation stems from a misinterpretation of
the line-element (12.47) as describing the geometry of space in a rotating frame
of reference. The point of view that we develop below consists in defining the
geometry of space by the principal transform of (12.47), a concept that we
introduced in [7], and in re-interpreting (12.47) as defining an optical length,
i.e. a length measured by a round trip transit time of light, instead of a physical
length, i.e. measured for instance with an stretched ideally inextensible thread.
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The principal transform of (12.47) is by definition a metric with line-element:

2
52 = 2 [ dp? + —L—dp? ) + e d2? (12.65)
1— w2p2
with p and v such that:
Rijii =0 (12.66)
and:
4 (fiﬁj _ f\%) -0 (12.67)

The first condition (12.66) tells us that (12.65) is Euclidean and the second con-
dition tells us that Cartesian coordinates of (12.65) are harmonic coordinates
of (12.47). Both conditions are necessary to make the association intrinsic and
non ambiguous.

Requiring the function p to be regular on the axis, the solutions for p and v
of Egs. (12.66) and (12.67) are:

P d 1
u= | —u<\/1—w2u2——>, y=0  (1268)
0 u

1 — w2u?

Step 3.- Now it makes sense to proceed with Step 3 requiring, if convenient,
the use of Cartesian coordinates of (12.65). They are the following:

I Iz
g=—222 =Y s_, (12.69)
V1 —w?p? 1 — w?p?
so that (12.65) becomes:
ds* = dz? + dij? + dz* = dp* + p2dp® + dz* (12.70)

with p> = 22 4 72. A system of orthonormal axes equally oriented all over
the uniformly rotating frame of reference could now be obtained as 1-forms
differentiating (12.69).

Neglecting from now on all terms of order higher than (wp)? we have:

3
Y —Zw2p2 (12.71)

1
PR (1 — 1w2p2> (12.72)

and:
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3
ds® ~ (1 + §w2p2> (dp? + pPdp?) + dz? (12.73)
or equivalently:
2_ 1,y 1 5,5 1 5
ds® = —dp” + —5p°dp” + —<dz (12.74)
“ €3 3
where:
3
cp=cor1— Zw2p2, 3 =1 (12.75)

At this approximation the formulas (12.69) and its inverse become:

1 1

Z=(1- Zw2p2)x, g=(1- Zw2p2)y, =z (12.76)
1 1

r=(1+ szﬁZ)i‘, y=(1+ Zw2ﬁ2)g, z2=%Z (12.77)

We are going to check an intuitive belief that is often promoted to a funda-
mental principle called the Principle of local Lorentz invariance. According to
it one assumes that if the relevant time interval and domain of space are small
enough then, at any location of a rotating frame of reference, the usual Lorentz
transformations can be used ignoring every thing else except the instantaneous
velocity of the location with respect to a Galilean frame of reference at rest
with respect to the axis of rotation.

Let us calculate d7" using (12.64), (12.77) and:

1 1
zo=(1+ Zuﬂpg)fo, yo = (1+ Zuﬂpg)go, 20 = Zo (12.78)

Then, keeping the approximation to order w?, let us calculate dX and dY
using (12.37)-(12.39). And finally choose a world-line of C2 with initial con-
ditions:

Yo=0, =0 (12.79)

and evaluate the result when:

T=2Z0, Y="Yo, Z2=20 (12.80)

The final result is the following:
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1
AT = (1+§w25;3)dt+méodg (12.81)
dX = (1+Zw2£g)df (12.82)
dy = (1+§w25;3)dg+wxodt (12.83)
iz = dz (12.84)

These infinitesimal transformations have to be compared, at the appropriate
approximation, with the Lorentz transformations corresponding to two Galilean
frames of reference when one of them moves with respect to the other with
constant velocity v = wzg in the Y direction:

dT = (1+%v2)dt+vdgj, dX =dz, dY = (1+%v2)dy—|—vdt, dZ = dz

(12.85)
A glance to (12.82)and (12.83) shows that these transformations do not coin-
cide, this meaning that the so-called Principle of Local Lorentz Invariance is
not valid in the framework that we have described that includes the third step
which led to (12.77), but it is acceptable if one is willing to renounce to (12.77)
and accept instead as meaningful the local infinitesimal change of space coor-
dinates:

1
di =dz, dj= 1+ 5w2p2)dy, dz = dz (12.86)

On the other hand one sees, neglecting terms of order w? that the Princi-
ple of local Galilean invariance is always satisfied as it was obvious from the
beginning.

3. The Wilson and Wilson experiment

Let (F*8, K7%) be the Minkowski’s description of an electromagnetic field
in a medium with electric permittivity ¢ and magnetic permeability u. The
physical interpretation of this couple of 4-dimensional skew-symmetric tensors
comes from the following identifications, where E' is the electric field, B¢ is
the magnetic induction, D is the electric displacement and H“ is the magnetic
field:

E*=F%’, B*=-Fuu’ (12.87)
D* = K%u°, H*=-K%u’ (12.88)
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u® being the unit vector tangent to the congruence defining the motion of the
frame of reference and F*7 being the dual of F*?. In a Galilean frame of
reference co-moving with the medium (u’ = 0) these formulas translate as
follows:

. A 1 y

E' = Fo Bp=8iF" (12.89)
. . 1 g

D' = Ko Hy= 30iK" (12.90)

The remaining components being zero.
The constitutive equations are:

. 4 1
D'=¢E', Hp=—By; (12.91)
I

and we shall use units such that for vacuum ¢y = pg = 1. The matching
conditions at the boundary of a neutral medium with vacuum are:

(D' — D" )n; = 0, &yn(EL —E )ni=0 (12.92)

(Bf =B )n* = 0, &*HF —H )n/ =0 (12.93)
where n; is the normal to the boundary and where a super or sub index + will
refer to vacuum and — will refer to the dielectric medium.

If the medium is rigid, is uniformly rotating with respect to a Galilean frame
of reference and adapted coordinates to the co-moving frame of reference are
used, then the identifications (12.89) and (12.90) do not correspond anymore
to. (12.89) and (12.90). Let us assume that cylindrical coordinates are used and
therefore the line-element of Minkowski’s metric in a Galilean frame of refer-
ence is (12.35), and (12.45) in the rotating one. The appropriate identification
is then given by the following formulas, invariant under arbitrary synchroniza-
tions, derived from (12.87) and (12.88):

A L A 1 ~ y
¢ =€ = goal™, bi= 5V 30 f" (12.94)
A A . 1 g
d' =&k = goag™®,  hy = 5\/§5ijk/~c” (12.95)
where f*8, k8 are the images of F'“?, K7 by the congruence transforma-

tion (12.40); & = +/—goo; § is the determinant of the 3-dimensional metric
(12.47) and gg,, are the corresponding coefficients of (12.45). Therefore:

£=v1—w??, §= J%Tp? (12.96)
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goo = —(1 —WQPQ)a gu=1, go=p" gs=1, goo=wp’ (12.97)

The constitutive equations (12.91) and matching conditions (12.92) and
(12.93) remain unchanged in form but they hold now for the transformed fields:

) ) 1
d =ee', hp=—by (12.98)
7!
and:
(b, — b )n; =0, 898l —el)n; =0 (12.99)
(dy —d")n; =0, &% —n)n;=0 (12.100)

We are going to use the preceding considerations to discuss the Wilson and
Wilson experiment. In this experiment a hollow dielectric cylinder is rotated
with constant angular velocity w in a uniform and constant magnetic field B
parallel to the axis of rotation. Two brushes fixed with respect to the laboratory
rub the inner and outer cylindrical surfaces of radius, say p; and p2, and the
electric potential difference between them AV is measured. The results ob-
tained in the experiments agree quite well with the approximate formula which
one obtains neglecting terms of order w?p? or smaller:

1 1
AV = cpBw(l = —) (o5 — p) (12.101)
€L
For our purposes though it is interesting to consider the following fully rela-

tivistic formula:

B 1 1 — w?p2
_“_(1__)111%

AV =
2w ep’ 1 —w?pd

(12.102)

This formula can be derived using a variety of methods ([10]-[16]). Our
goal below is to show that (12.102) can be derived from (12.40) and the line-
element(12.45), without using any non trivial time transformation nor any re-
definition of the space coordinates, thus demonstrating that these two simple
ingredients (12.40) and (12.45) are all that it takes in some cases to implement
Special relativity physics. This explains why so many methods lead to the
correct result.

The tensor F*? in Wilson and Wilson’s experiment has a single non zero
component outside the cylinder, namely in cylindrical coordinates:
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Bf =pF*=B (12.103)
where B is the uniform magnetic field. With the coordinate transformation
(12.40) this contravariant field remains unchanged:

2 =rp (12.104)

so that:

bt — p f12 _ B

3 V1 —w?p? * 1—w?p?
but the line-element is now (12.45) and therefore from (12.94) and (12.97) we
get:

(12.105)

B
el = P2 (12.106)
1 — w2 p2
the remaining components being zero.
The non trivial matching conditions (12.99) (12.100) are:

i =dt, ni=h (12.107)
wherefrom we get:
B B
el = P2 = M2 (12.108)
e/ 1 —w?p? 1 — w2p?
and therefore:
B B
flo="22, 22 (12.109)
€
Finally from:
o = 900 f2° + goa f2 (12.110)
we have:
1
9= —(f1y — g2 /1) (12.111)
goo
or:
B 1
o= P2 - ) (12.112)
1—w?p? €

Transforming back to the Galilean frame of reference to take into account the
fact that the brushes do not move we obtain:
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E'=Fly=-F0=_y10 (12.113)
Using (12.112) and

E'=-9,V (12.114)

we obtain by a simple integration the formula (12.102)

4. The Michelson-Morley experiment

At the end of Sect. 2 we proposed to deal with the unsatisfactory situation to
which it leads the fact that the space metric (12.47) is not Euclidian by denying
to it the role of describing the geometry of space and to attribute this role to its
principal transform (12.65). This raises the following question: what is then
the meaning of (12.47)? The answer that we favor is that this metric describes
a crystal-like structure of vacuum that is responsible for an anisotropy of the
round trip speed of light coming from a distinction between optical length,
which is defined using (12.47), and geometrical (or mechanical) length, which
is defined using (12.65). In other words we propose to predict that the round
trip velocity of light v, propagating in a direction ~* in a location with coordi-
nates ¥ (Z, 9, Z) will be given by:

(G - (R Y ~imyd
oy (a) = YT (12.115)
gin (-r k),yl,yn
With this interpretation it follows that the unit vectors defined covariantly by
the 1-forms:

0' =dp, 6°=pdp, 6°=dz (12.116)

define the principal directions of the anisotropy, and that the scalars (12.75)
are the corresponding speeds. A statement that can be summarized by the
following formula:

1 2 2 2
=, B (12.117)
U"/ Cl 02 03

7" being the cosines of the direction of propagation with respect to the principal
directions (12.116).

This point of view has been used to predict a non null outcome for those
experiments of the Michelson-Morley type that rotate on the horizontal plane
whatever is used as an oriented rigid standard of length.

If the location is at a colatitude # and the direction of propagation lies on a
horizontal plane making an angle A with the East direction then:
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v = —cosfsin A€y + cos Aéy + sinfsin A €3 (12.118)

where €; are the unit vectors corresponding to the principal directions (12.116),
and we finally obtain:

1
vy A1 — ZWQRz sin’ 6 <1 -3 sin? 9) — agcos2A (12.119)
where R is the radius of the Earth, w is its angular velocity and:

as = %szQ sin* 6 (12.120)

Most of the experiments of the Michelson-Morley type include to improve
its sensitivity a standard of length that rotates in the horizontal plane. And
therefore although the purpose of the experiment is not to measure the param-
eter ag in fact they measure it as part of a raw result to be used to test what
they claim would be violations of Special relativity had the experiment give a
clear cut result. In the experiment of Brillet and Hall as was measured to be
2.1 10713 but this result was cited as being spurious without further comment.
The predicted result calculated from (12.120) is 3.1 10~ 3. We believe that the
work presented in this paper, as well as a few others that have preceded it, jus-
tifies that the result of Brillet and Hall be checked. A few recent experiments
have improved the sensitivity of Brillet and Hall but unfortunately they do not
include a rotating arm and therefore they are insensitive to the value of as.
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Abstract The paper discusses the issue of time and length measurements on a rotating
disk. Considering operational procedures it is shown that the only relevant phe-
nomena related to the rotation of the disk are the ones affecting clocks. Direct
measurements of length do not give results in contrast with the ones obtainable
for a non-rotating disk. The space geometry on the disk is also discussed and
again considering real triangles made of light rays an unambiguous result is ob-
tained only calling into action the impossibility to uniquely synchronize clocks
on the turntable.

1. Introduction

The problem of length and time measurements on a rotating disk is as old
as the Special Relativity Theory. Many scientists have discussed it, reaching
some times opposite conclusions with respect, for instance, to the length of
the rim of the rotating disk. Extensive bibliographies may be found in other
papers in this book, such as [1],[2], or in previous articles [3]. So I think I can
avoid reproducing a long list of citations here and shall limit myself to what is
strictly needed for the scope of the present discussion.

It can appear rather surprising that after almost one century there still is de-
bate on the subject. Special and General Relativity (SR and GR) are by now
well established theories, most of the fundamentals have been worked out in
the early years soon after the outset, and now the research is focused on the
problems of the compatibility between GR and quantum mechanics, on cos-
mology, on new experimental verifications beyond the classical experiments
and observations.
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If the debate on the rotating disk is still there, it is because in rotations in
general there is something fundamental and because the language we use to
describe them is not exempt from ambiguities, whose effect sometimes is that
people are saying the same thing being convinced to be on opposite positions,
or, on the contrary, apparently innocent formulations hide underlying misun-
derstandings.

The questions on the floor, trivializing a bit the whole subject, are:

- does the rim of the disk lengthen or shorten as a consequence of rotation?

- is the space of the rotating disk curved, and is the curvature positive or
negative?

- what is the space of the rotating disk?

I myself shall once again discuss the rotating disk in this paper, trying and
adopting, as long as possible, an operational attitude. I shall consider possible
actual measurements and the way they would be performed, were it not for the
smallness of the effects. Then I shall look for the simplest interpretation of
the data within the framework of SR. As we shall see, the conclusion will be
that the only uncontroversial effect an observer will perceive and measure on
a rotating disk regards time and clocks; in particular the relevant fact will be
the lack of synchrony on board the disk. All other effects affecting lengths are
pure consequences of the behaviour of proper time for the rotating observer,
and are evidenced only when the length measurement is indirect and involves
time.

2. Posing and defining the problem

Let us consider a solid disk initially at rest with respect to an inertial refer-
ence frame. The disk starts rotating with an increasing angular speed up to a
predefined value w. Once that value has been attained the movement continues
steadily. We are interested in the final steady state, but would like to discuss
the dynamic phase also, to see whether it can influence the ultimate result.

Of course we are assuming a rather idealized situation, even though we
are excluding such things as rigid bodies that would contradict the bases of
relativity. According to this approach we suppose: a) that the stresses induced
in the disk during the acceleration phase never reach the threshold of permanent
plastic deformation; b) that the elastic energy stored in the disk during the
acceleration will in the end be totally dissipated in a way or another, leaving a
state of simple steady rotation without any superimposed oscillation.

Pictorially we may think of two different procedures to speed up the disk:
using an engine to apply a torque on the axle (stresses propagate from the
middle towards the periphery); using symmetrically placed and identical rock-
ets pushing tangentially along the rim of the disk (stresses propagate inward
towards the center). In both situations we assume the axial symmetry is pre-



Does anything happen on a rotating disk? 263

Figure 13.1. On the left the condition of a set of flexible rods during clockwise acceleration
from the axel. On the right, same situation but with acceleration from the external end

served. Under the previous hypotheses and the symmetry condition we see that
the physical continuity of the disk cannot be broken at any place, because there
is no reason to privilege any particular place. To say better, if the acceleration
were too violent the disk would break at a given radius still preserving the axial
symmetry.

Should we replace the disk with a set of radial bars fixed to the central shaft,
the two configurations we have depicted would lead, while accelerating, to
the two patterns in figure 13.1. The bars would stay a bit apart one from the
other according to lengthening induced by radial stresses. When reaching the
steady state condition the system would oscillate back and forth between the
two configurations until the total elastic energy is dissipated and the bars are
radial again.

3. Local measurements

We are interested in measurements of lengths and time intervals on the disk
in the final steady state. The measurements may be local or global. By local
we mean over distances small with respect to the radius of the turntable and
over times short as compared to the revolution period.

Let us start with local measurements of lengths. These may be performed,
in principle, in two ways: either by comparing the distance to be measured
with a standard ’rod’, or using light and determining the proper time interval it
takes to go from one end to the other of the distance, and back.

When available, the direct comparison method is the most appropriate and
typical, because it does not involve anything else than length. Now, if we have
a material meter whatever happens to the matter of the disk it will happen to
the meter too, consequently the result of the measuring process will necessarily
be the same as the one obtained for the non-rotating system. This point is not
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uncontroversial, since Rizzi and Ruggiero[5] (RR) have based their claim that
the length of the circumference along the rim of the rotating disk is perceived
as greater by a co-rotating observer precisely on the assumption that the solid
disk behaves differently than a standard rod. Indeed in their paper they claim
that a free ends meter on the rim of the rotating disk is not stressed tangentially,
while matter of the rim feels a stress. This claim is logically inconsistent for at
least two reasons.

a) The stress RR are considering has, in their view, a purely kinematic origin
(they exclude, by hypothesis, any effect due to the very physical nature of the
disk, and, as we do, are studying the final steady state condition). However
if a stress is present different materials behave differently, so this ’kinematic’
measurable effect would depend on the nature of the disk. In particular we
could sometimes break the disk some others not, depending on the nature of
it. Since a purely kinematic effect strictly preserves the symmetries, where
should the disk start breaking? Suppose our rotating object, as suggested in
the previous section, is a set of radial bars carrying at their extremity little
transverse standard rods initially touching each other at the ends. According
to RR, in the final steady state a gap would be present between each pair of
rods, not considering elastic effects. However when considering kinematics,
phenomena affecting the separation of two points stay the same irrespective
of having matter or void interposed. This at least is the case of the typical
kinematical effect: the Lorentz contraction. If it is so: why should the rods stay
unchanged and the gaps increase? why should it not happen the inverse? If the
same happens to both, nothing happens in the view of a comoving observer.
On this respect sometimes standard rods are thought of as being something
magic, not partaking the general properties of matter [4]: this view point is
rather inconsistent; it cannot exist any absolute standard.

b) Suppose the rotating observer is sitting in a small black box fixed to
the rim of the disk and performing purely local measurements. If RR’s claim
were true the observer would be able, by local measurements, to detect his
proper rotation recognizing the ’true’ nature of the ’gravitational field’ he feels.
However locally a steady rotation is not different from a translation, were it
not for that *gravitational field” we know is the centrifugal acceleration. This
contention contradicts the principle of relativity.

Let us discuss the use of light. Here the physical properties of the light
beam, such as wavelength and frequency, are unessential; what matters is the
typical postulate of relativity i.e. the universal constancy of the speed of light
c. Consider a portion of the rim of the disk whose length we wish to measure:
at one end we have a source/receiver of light, at the other end there is a mirror.
We must imagine we are sending a beam grazing the circle along the rim. Light
of course does not spontaneously bend its rays, so we must think the trajectory
is obtained by successive reflections and is consequently a polygon: infinitely
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frequent mirrors would produce a circle. Once this is accepted the rest goes
on just as in the case of translational uniform motion: we simply measure a
proper time interval. The result is independent from the actual velocity of the
disk; it is the same as the one obtained when at rest.

RR in their paper [5] propose to use light as a meter, or, to say better, to
compare the unknown length with the wavelength of a monochromatic light
beam. Now, wavelength and frequency of light are no invariant per se, only
the speed c is a real invariant. A light source on the rim of the rotating disk
behaves as if it were in a static gravitational field, corresponding to the cen-
trifugal potential. We can expect then a ’gravitational’ red shift. However both
the source and the final mirror are at the same distance from the center, i.e. at
the same potential: they feel the same frequency. The frequency is a peculiarity
of the source; once established that it appears to be unchanged for a corotating
observer, since the speed of light is always the same, the wavelength too will
be the same. Again the observer on the disk does not notice any change in
the peripheral lengths. In fact light is travelling in empty and flat space time
where its physical parameters do not undergo any kind of change. The actual
difference between the emission of light in a real gravitational field and under
the action of a centrifugal force is that in the latter case the effect is present
in the source alone and is (kinematically) due to the acceleration of the clock
represented by the source itself. The consequence is that an inertial observer at
rest with the axle of the platform will perceive a redshifted frequency with re-
spect to the one measured at the very source (the standard one). The frequency
seen by the inertial observer is a combination of ’gravitational’ redshift and of
Doppler effect. In any case however the mirror on the rim senses the same as
the source. Nothing can be expected from measuring the wavelength of light
on board: what wavelength should we compare with what and how? As a
paradox suppose, as RR do, that the length of a portion of the rim increases
while the typical wavelength remains invariant. In a stationary situation and
assuming perfect monochromatism the light sent to the distant mirror and the
one reflected back would give an interference pattern. Changing the travelled
length would lead to a different pattern, thus allowing for absolute detection of
stationary motion, discriminating rotation from translation even locally. How-
ever locally and instantaneously a rotation is not different from a translation.

By the way, lengths measured along the radius are not affected by any
change either, since the centrifugal forces act only on objects tied to the plat-
form. If we compare the radius with standard rods tied to the disk we shall find
exactly the same result when the disk stands still as when it rotates. Using light
to determine the travel time back and forth from the periphery to the center, we
must remember that the beam is freely moving in a perfectly flat background.
The only device which is affected by rotation is the clock one uses. A clock on
the rim would register a proper time interval for the flight time of light to the
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axis and back
w?R?
2

61 = 4/1— 5t (13.1)

C

Of course ot in perfectly flat space-time is 0t = 2R/c. If the observer de-
cides to interpret the difference in proper times between the two conditions
(no ’gravitational field’=no rotation; ’gravitational field’=rotation) as a differ-
ence in the length of the radius then he will conclude that the radius R’ is now

contracted according to
2 32
w=R
R = R\[1 - —
c

The discrepancy with respect to the direct measurement with meter sticks sug-
gests that the problem is with the clock. We may also think that rotation is
equivalent to introducing a 'refractive index’ for light

n= - (13.2)
1-

C
In that case the relation between R and R’ is the same we find between optical
and geometric path in a transparent medium. Remarkably we see that appar-
ently the result corresponds to a constant refractive index (13.2) along the path
with a value depending on the position of the final observer. If we assumed a
truly varying n as function of r the result would be different and would not cor-
respond to the time of flight measured by our observer. This fact again stresses

the dependency from the only clock one uses.
In general we can say that nothing strange happens on a rotating disk locally.
Simply local observers feel the equivalent of a gravitational field with the usual

implications of it.

4. Global measurements

As stated previously, by ’global’ I mean a length or time measurement re-
ferring to extensions and spans comparable with the size of the platform and
with the revolution period. A typical example of global measurement is when
the path one considers encircles the axis of the turntable at least once.

Let us begin with the length measurement of the whole rim of the disk.
Here I summarize and reproduce the procedure already expressed in [6]. We
can imagine that the periphery of the disk carries a little vertical edge inserted
in a narrow circular slit in a static basement. Suppose the gap in the slit is
arbitrarily small. We can, by a sound measuring procedure, deduce the length
of the rotating edge from the length of the non-rotating slit. Considering that
also the radius R is not changing the conclusion of an inertial observer is of
course that the length of the continuous rim of the rotating disk is exactly 27 R.
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This approach is really global and completely independent from the problem
of synchronization.

Of course another typical procedure consists in using light and measuring
times of flight. We may think of a cylindrical mirror placed at the rim of the
rotating disk. A light beam is sent along the mirror and moving round along
the circumference it arrives at the back of the source. Suppose the back of
the source is in turn a mirror: the beam is reflected back until it returns to the
starting point. Suppose you can measure the total time of flight; dividing by
2 and multiplying by the speed of light ¢ you would expect to find the length
of the rim. Note that this procedure introduces a sort of averaging between the
co- and counter-rotation senses.

The result is

2R

w?R?
cy/1— =2

oT =

The induced length would then be greater than for a static disk and in contra-
diction with the direct measurement. Of course we can again interpret what
we see in terms of an effective refraction index like (13.2), which reduces the
average speed of light along the rim of the disk due to the ’gravitational field’
corresponding to the centrifugal forces of the rotation. These forces actually
influence the mirrors, not the light as such, since no real gravitational field
is present. Considering the specific configuration of the disk, however, it is
now possible to measure one way times of flight separating clockwise motion
from anticlockwise. If we distinguish the two cases the corotating and counter-
rotating proper times of flight would be

2rR ¢ —wR
T, = —_—
« c c+ wR
2rR [c+ wR
Tcounter — ? c—wR

What should the observer conclude with respect to the length of the rim? May
be he would guess there is something with the clock and the global time mea-
surement or simply that his reference frame is not inertial and in particular that
it is steadily rotating.

4.1 Space curvature

Another kind of global measurement we may think of is to look for the space
geometry on the surface of the disk using light rays and triangles. This is a very
old idea which was also presented in a popularized version in the famous book
on the adventures of Mr. Tompkins, by George Gamow[7].
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Considering for instance the approach of Mceller[8] we may start from the
metric for a rotating observer in Minkowski space-time:

2,.2
ds? = ¢ <1 _ “’C—;> A2 — 2wrdpdt — dr? — r2de? — dz®  (13.3)
Space-time is of course flat, no matters what coordinates we use, however
geodesics do not in general appear to be straight. Geodesic proper time and the
z coordinate are both proportional to coordinate time. Explicitly performing
the calculation and considering motion in a z = constant plane, the meaningful
geodesic equations are

A more compact form of the equations is

2
d? do _
#—T(W—Fﬁ) =0 (134)
) 2d dp\ _ )
a T (W + m) =0
The second equation in (13.4) is easily solved giving
do A
— = — — 13.5
dt W r2 (13.5)

where A is a constant. Introducing this solution into the first equation in (13.4)

transforms it into ) )
dr A

— =0 13.6

dt2 3 ( )

Only radial geodesics are straight lines [8], so in general geodesic triangles
we may think to draw on the surface of the rotating disk will be non-Euclidean.
Hence a first conclusion in favor of a curvature of the space of the disk. In fact
however this is a sort of definition of the space of the disk. This definition
is not at all trivial when dealing with metric tensors possessing off diagonal
terms. Space and simultaneity are strictly connected and in a rotating system
time appears to be polydromous [9]. In a sense, the properties of space depend
on the way clocks tick.

To go a step further let us consider the case of light rays, which we expect to
coincide with null geodesics. From (13.3) we deduce for any null world line:

do c 1 [/dr\?
g 1‘?2(%) (13.7)
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B

*

A

Figure 13.2. Light rays as seen by the rotating observer in A. The platform rotates counter-
clockwise. Light goes around the ’triangle’ clockwise.

Now introducing (13.7) into (13.5) and solving with respect to r () we ob-
tain

1
r(t) = i—\/C%c“ + A2 4 £2c + 240 (13.8)
(&

(1 is of course a constant. Equation (13.6) is identically satisfied.
Introducing (13.8) into (13.7) and solving for ¢ (t) we obtain

¢ (t) = —wt £ arctan <02#> + Cy (13.9)
C5 is a new constant. Equations (13.9) and (13.8) represent the parametric
equations for the space trajectories of null rays. Converting these equations to
the coordinates of an inertial observer we would again find a straight line.
Letting aside for a moment any formal approach to the problem, we may
think to a practical procedure that could directly show the geometric properties
of the rotating disk. Suppose you are at some place on the rim and that actually
we are inside a rotating cylinder whose atmosphere is rather smoky: this way
any light ray will become visible along its whole extension. Let us send a
photon across the disk towards appropriately positioned mirrors in such a way
that it comes back after two reflections, drawing a triangle in the air. If our
cylindric room is not rotating everything is as usual in flat space time and the
space geometry is of course Euclidean. Suppose now we (the observer and
source) and the mirrors start rotating counterclockwise. Light rays in space
time continue of course to be straight lines, however, for a pure coordinate
effect they will appear to the rotating observer as bending. If light is sent
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Figure 13.3. Light rays as seen by the rotating observer in A. The platform rotates counter-
clockwise. Light goes around the ’triangle’ counterclockwise.

along the ’triangle’ clockwise, the counterclockwise rotating observer will see
something like figure 13.2

Apparently one can conclude that there is a positive space curvature. How-
ever look at the situation when light is sent counterclockwise (the same sense
as the rotation of the platform): figure 13.3.

Now there is an apparent negative curvature. The latter is the conclusion
that one finds in [8].

Coming back to space-time geometry, we know that the rotating disk is a
cylinder with a timelike axis, where each point of the disk corresponds to a
helix whose inclination is increasing with increasing radii. The ’space’ of any
observer on the disk will be a helicoid. Light rays across the cylinder are of
course straight worldlines. Their projection onto the space of an observer are
projections onto the helicoid, being the projection lines the helicoidal world-
lines of the places in the disk. When the light ray is *forwardly’ directed (on
one side of the central axis) its projection on the helicoid bends inwards; when
the ray goes the other way the projection bends outwards.

The observer cannot interpret this behavior simply in terms of curvature on
the disk. The light rays are telling him that he is rotating and in what direction
he rotates.

When working with the line element (13.3) we proceed just as we could
have been done in a space-time curved by gravity. Here however the situation
is different. We are considering the viewpoint of a rotating observer in flat
space-time. If the observer rotates there must exist appropriate constraints and
forces that oblige him to do so. Our space-time is equivalent to a whole family
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of equally rotating observers, i.e. the whole solid rotating disk; geodesics are
lines minimizing the travel time on the clocks of these observers. Here however
not everything is rotating, like it is the case for instance of phonons in the bulk
of the disk, or of any little animal crawling on its surface. What is not tied to
the physical disk is indeed not accelerating, and the related effects seen by the
rotating observer are just coordinate effects. If I turn on myself looking at the
sky I could conclude that distant stars are moving much faster than the speed
of light, but of course this contention is meaningless because distant stars are
not rotating with me.

5. Conclusion

In this short discussion of the rotating disk I have shown what I am summa-
rizing in the following.

1) Local measurements on the rotating platform only evidence the presence
of a ’gravitational field’, which a posteriori an observer performing both local
and global measurements can interpret as being due to centrifugal forces.

2) Global measurements of length performed by direct comparison with a
known length, be it the length of two circles in the static reference frame de-
limiting the rotating rim of the disk, or the length of a chain of standard roads,
give the same results whether the turntable is moving or not.

3) Global measurements of time made on the rotating platform evidence the
impossibility to uniquely synchronize clocks. In particular if we synchronize
two identical clocks by direct comparison at some place, then slowly carry one
of them around the axis of the platform until it can be compared again with
the static (with respect to the platform) one, we see that the two clocks are no
longer synchronous (see for instance [10]). This phenomenon is a manifes-
tation of the Sagnac effect and the lack in synchrony after one complete turn
is proportional to the angular velocity of the disk with respect to any inertial
observer.

4) Global measurements of length performed through the measurements of
times of flight induce peculiar results actually due to the non uniqueness of
synchronization on revolving systems. These results are improperly used to
conclude anything regarding lengths.

5) Global geometric properties deduced for instance from light rays triangles
produce the same type of ambiguity’ as the global measurements of time and
may be used only to deduce the presence of the rotational motion, not to assess
any unique ’curvature’ of the space of the disk. Actually space has proper-
ties directly connected with ’simultaneity’ surfaces for rotating observers. The
’synchrony’ surface for a set of rotating observers is indeed a Riemann he-
licoid, whose ’global’ curvature cannot be defined; the local curvature is of
course absent.
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All in one we see that (global) measurements on board the rotating turntable
allow the observer to detect and interpret his condition as an absolute rotation
at a given angular velocity in a flat space-time.

A remark we could consider now is that letting the radius of the platform go
to infinity, while keeping the peripheral velocity constant should reproduce the
known steady translation SR results. It is indeed so provided we consider that
on an infinite radius disk no global measurement (in the sense stated above) is
possible and locally everything is always as it should according to SR. Infinite
radius and constant peripheral velocity means in fact no centrifugal force.

My personal conclusion is that no open problems or mysteries are left re-
garding the rotating disk and that this century long debate should not continue
if not for pedagogical purposes. In fact the subtelties sometimes we need and
the general discussion of the problem has a great educational value and can
help to better understand this beautiful and solidly establish theory which is
relativity.

Additional Comment

Some conversations with the editors and the reading of other contributions
induces me to present this additional comment to my paper. Maybe it is a
rather trivial remark, but I think it should explicitly be formulated. The point
is that sometimes there is a bit of confusion between the physics on a rotating
platform and the one in a rotating platform. What I mean is that the physics
on a turntable (which is the one I dealt with in this paper) is the physics of flat
space-time as seen by rotating observers. Sometimes however people are in-
deed considering a rotating space-time. This situation is what I call the physics
in the turntable. Now everything, including the electromagnetic field, is in-
deed rotating; a line element like (13.3) is highly questionable because of its
behaviour at space infinity, and of course the situation is entirely different. The
latter is a peculiar general relativistic problem, which has scarce if any connec-
tion with turntables carrying instruments and observers. I have here discussed
the special relativistic problem.
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Abstract By proper co-ordinates of non-inertial observers (shortly - proper non-inertial
co-ordinates) we understand the proper co-ordinates of an arbitrarily moving
local observer. After a brief review of the theory of proper non-inertial co-
ordinates, we apply these co-ordinates to discuss the relativistic effects seen by
observers at different positions on a rotating ring. Although there is no relative
motion among observers at different positions, they belong to different proper
non-inertial frames. The relativistic length seen by an observer depends only on
his instantaneous velocity, not on his acceleration or rotation. For any observer
the velocity of light is isotropic and equal to ¢, provided that it is measured by
propagating a light beam in a small neighbourhood of the observer.

1. Proper non-inertial co-ordinates

In physics, all dynamical equations of motion are certain differential equa-
tions that describe certain quantities as functions of space-time points. Space-
time points are parameterized by their co-ordinates. It is convenient to write
the equations of motion (as well as other related equations) in a form which
is manifestly covariant with respect to general co-ordinate transformations.
When one solves the equations, one must use some specific co-ordinates. The
covariance provides that one can use any co-ordinates he wants, because later
he can easily transform the results to any other co-ordinates. Therefore, it is
convenient to choose co-ordinates that simplify the technicalities of the physi-
cal problem considered.

The general covariance is often interpreted as a statement that “physics does
not depend on the co-ordinates chosen". However, this is not so. The choice
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of co-ordinates is more than a matter of convenience. The main purpose of
theoretical physics is to predict what will be observed under given circum-
stances. The main lesson we have learned from Lorentz co-ordinates is the
fact that what an observer observes (time intervals, space intervals, compo-
nents of a tensor, ...) depends on how the observer moves. Lorentz co-ordinates
are proper co-ordinates of an observer that moves inertially in flat space-time.
Proper non-inertial co-ordinates are the generalization of Lorentz co-ordinates
to arbitrary motion in arbitrary space-time. If one is interested in how a phys-
ical system looks like to a specific observer, one must transform the results to
the corresponding proper non-inertial co-ordinates.

Proper non-inertial co-ordinates are determined by the (time-like) trajectory
of the observer, by the rotation of the observer with respect to a local inertial
observer and by the properties of space-time itself. The general geometrical
construction of proper non-inertial co-ordinates is well established [1]. Here I
present the most important properties of proper non-inertial co-ordinates:

1 Proper non-inertial co-ordinates are chosen such that the position of the
observer is given by z* = (¢, 0,0, 0), where ¢ is the time measured by a
clock co-moving with the observer.

2 The metric expressed in proper non-inertial co-ordinates has the property
guu(taoaovo) = Nuv - (141)

3 The connections I'G vanish at (t,0,0,0) if and only if the trajectory is
a geodesic and there is no rotation.

The general geometrical construction of proper non-inertial co-ordinates is
not very useful for practical calculations. However, in flat space-time, proper
non-inertial co-ordinates can be constructed in an alternative way, more useful
for practical calculations [2]. Here I present an elegant form of this construc-
tion introduced in [3].

Let S be a Lorentz frame and let S’ be the proper non-inertial frame of
the observer whose 3-velocity is u?(#') = u(t'), as seen by an observer in S.
The co-ordinate transformation between these two frames can be obtained by
summing the infinitesimal Lorentz transformations. Let

ot = (', X';u) (14.2)

denotes the ordinary Lorentz transformation, i.e. the transformation between
two Lorentz frames specified by the constant relative velocity u. The quantities

oft
fh= <—,) (14.3)
92" Ju—const
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have explicit values

o=, fS=-w;, fo=m',

‘ 1~
fiy =8+ —Tu'y, (14.4)

where v/ = —u;, u? = v'ul, v = 1/+/1 — u2. The differential of (14.2) is
dot = fr ', x';u)dz'. (14.5)

The transition to a noninertial frame introduces a time-dependent velocity:
u — u(t’). The transformation between S and S’ is given by the integration of
(14.5) in the following way:
t/
o= [ R, 0u))dt’ + /C FEE X a(t')de" . (14.6)
0
In (14.6), C' is an arbitrary curve with constant t’, starting from 0 and ending
at 2",
In general, S’ can also rotate i.e. change the orientation of the co-ordinate
axes with respect to an inertial frame. The rotation can be described by the

rotation matrix Aj(t') = —A ji(t’ ). It satisfies the differential equation
dA. .
i —Alwy; (14.7)

where w;, = g;w!, €123 = 1 and wi(t’) is the angular velocity as seen by an

observer in S. In this more general case the transformation is also given by

(14.6), but now C'is an arbitrary curve with constant ¢’, starting from 0 and

ending at —Aji(t’ )2'/. Note that the proper non-inertial co-ordinates x’# are

constructed such that the space origins of S and S’ coincide at t = ¢’ = 0.
The metric tensor in S’ is given by

; dx® Oz

Ghur = i 90 (14.8)

where gog = 1,3 = diag(1, —1, —1, —1) is the Minkowski metric in .S. Using
(14.6), it is straightforward (but slightly tedious) to obtain

!/ . /I / AN
gij__6U7 Jo; = (W' xx');,

2
Joo = ¢ (1 + > — (W' xx')?, (14.9)

a - x

c2

where

. . . ) 1 .
WS =y = Q) d = [“@(v—lxu-aw . (4.10)
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)’ is the time-dependent Thomas precession frequency

Q; = %(’y — 1)5ikj(ukaj — ujak) , (14.11)
and a’ = du'/dt is the time-dependent acceleration.

From Property 2 we see that the space co-ordinates x* are a generalization
of Cartesian co-ordinates. However, this does not imply that an observer is not
allowed to use polar co-ordinates, for example. The most general co-ordinate
transformations that correspond merely to a redefinition of the co-ordinates of
the same physical observer are the so-called restricted internal transformations
[3], i.e. the transformations of the form

t/ — fo(t) ’ xli — fi(ﬂj‘l,ﬂj‘Q,lB) , (1412)
where ¢, 2 are proper non-inertial co-ordinates. The quantities ggodt? and
di* = —g;jdz'da? (14.13)

do not change under restricted internal transformations. In order to describe
physical effects as seen by a local observer, one must use proper non-inertial
co-ordinates modulo restricted internal transformations. For simplicity, in the
rest of the paper I use proper non-inertial co-ordinates.

Two observers with different trajectories have different proper non-inertial
frames. In particular, this implies that even if there is no relative motion be-
tween two observers, they belong to different frames if they do not have the
same position. This fact was not realized in many previous papers, which led
to many misinterpretations. At first sight, this fact contradicts the well-known
fact that two inertial observers in flat space-time may be regarded as belong-
ing to the same Lorentz frame if there is no relative motion between them.
However, this is because their proper non-inertial frames (with the space ori-
gins at their positions) are related by a translation of the space origin, which
is a restricted internal transformation. In general, for practical purposes, two
observers can be regarded as belonging to the same proper non-inertial frame
if there is no relative motion between them and the other observer is close
enough to the first one, in the sense that the metric expressed in proper non-
inertial co-ordinates of the first observer does not depart significantly from 7,
at the position of the second one. It is an exclusive property of Minkowski
co-ordinates, among other proper non-inertial co-ordinates in flat or curved
space-time, that the metric is equal to 7, everywhere. This implies that two
observers at different positions but with zero relative velocity may be regarded
as belonging to the same co-ordinate frame only if they move inertially in flat
space-time.
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2. Application to rotation

For motivation, let us first review the problems [3] of the standard resolution
[4, 5] of the Ehrenfest paradox. We study a rotating ring in a rigid non-rotating
circular gutter with radius 7. One introduces the co-ordinates of the rotating
frame S’

/ /

o=p—wt, v=r, =z, t'=t, (14.14)

where @, 1, z, t are cylindrical co-ordinates of the inertial frame .S and w is the
angular velocity. The metric in S’ is given by

d82 — (02 _ wz'f’/2>dt/2 o 2&]7’/2 dgp’dt/ o dT’lz _ T/2 dg0/2 _ dz/? ) (1415)

It is generally accepted that the space line element should be calculated by the
formula [6]

dr? = ’yz{jdxlidajlj . 4,j=1,2,3, (14.16)
where ;o
90i90;
Z{j _ l/ J _gl(j ) (14.17)
900

This leads to the circumference of the ring

2w /

r'dp B 27r
0 \/1 _ w2,r./2/62 \/1 _ w27“’2/62

The circumference of the same ring as seen from S is L = 27r = 27r’. Since
the ring is constrained to have the same radius r as the same ring when it does
not rotate, L is not changed by the rotation, but the proper circumference L'
is larger than the proper circumference of the non-rotating ring. This implies
that there are tensile stresses in the rotating ring. The problem is that it is
assumed here that (14.14) defines the proper frame of the whole ring. This
implies that an observer on the ring sees that the circumference is L’ = ~L.
The circumference of the gutter seen by him cannot be different from the cir-
cumference of the ring seen by him, so the observer on the ring sees that the
circumference of the relatively moving gutter is larger than the proper circum-
ference of the gutter, whereas we expect, using our experience with the usual
Lorentz contraction, that he should see that it is smaller. Of course, it depends
on how the circumference is measured. Here we have in mind an experimen-
tal procedure that in principle can also be used to measure the usual Lorentz
contraction, based on photographing with a very short exposition, such that the
change of the photographed object position during the exposition can be ne-
glected. The size of the object’s picture on the photography corresponds to the
measured size. Obviously, with such a measuring procedure, for any observer
the apparent circumference of the whole ring must be equal to the apparent cir-
cumference of the whole gutter. This is a simple consequence of the fact that,

L' =

=~(r")2nr’ . (14.18)
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at any instance of time, any part of the ring is somewhere inside the gutter and
any part of the gutter has a part of the ring near it. (Note also that this is not
so for a well known “paradox" of a car in a garage where different observers
may disagree on whether a fast car can fit into an open garage at rest. This is
because, for each part of the car, there are times for which that part is outside
the garage as well as times for which it is inside the garage.)

The problem discussed above resolves when one realizes that (14.14) does
not define the proper frame of the ring. Each point on the ring belongs to a dif-
ferent proper non-inertial frame. The co-ordinates (14.14) are actually proper
non-inertial co-ordinates (modulo a restricted internal transformation) of an
observer that rotates in the centre of the ring. However, this raises another
problem. If (14.16) is the correct definition of the space line element, then
the observer that rotates in the centre should see that the circumference of the
gutter is larger than the proper circumference of the gutter by a factor (r’).
However, wr’/c can be arbitrarily large, so v(r') can be not only arbitrarily
large, but also even imaginary. On the other hand, we know from everyday
experience that the apparent velocity wr’ of stars, due to our rotation, can ex-
ceed the velocity of light, but we see neither a contraction nor an elongation
of the stars observed. This implies that the definition of the space line element
(14.16) is not always appropriate. In [6], (14.16) is derived by defining the
space line element through a measuring procedure that lasts a finite time, so,
in general, this formula is not appropriate for a definition of the instantaneous
length. Of course, if rotation is stationary, then it is not necessary to use a def-
inition appropriate for the instantaneous length. However, we want to have a
definition that is appropriate for any case and to consider a stationary rotation
only as a special case of arbitrary motion. In flat space-time, as shown in [3], if
physics is described by proper non-inertial co-ordinates modulo restricted in-
ternal transformations, a more appropriate definition of the space line element
is (14.13).

Using the co-ordinate transformation (14.6), one can study the relativistic
contraction in the same way as in the conventional approach with Lorentz
frames. One assumes that two ends of a body are seen to have the same time
co-ordinate. From (14.6) and (14.3) one can easily see that the co-ordinate
transformation is linear in z’*. As demonstrated in more detail in [3, 7], it im-
plies that an arbitrarily accelerated and rotating observer sees equal lengths
of other differently moving objects as an inertial observer whose instantaneous
position and velocity are equal to that of the arbitrarily accelerated and rotat-
ing observer.

Using (14.6), one can also study the rate of clocks as seen by various ob-
servers. In particular, one can study the twin paradox for various motions of the
observers [8]. However, it is more interesting to study not only the time shift
after the two differently moving observers eventually meet, but also the contin-
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uous changes of the time shifts during the motion. As can be seen from (14.6),
it is the time dependence (not the space dependence) of the co-ordinate trans-
formation that significantly differs from the ordinary Lorentz transformations.
One cannot invert (14.6) simply by putting u* — —u’. Therefore, inertial and
non-inertial observers see quite different continuous changes of the time shift.

Following [3], let us discuss in more detail the case of uniform circular mo-
tion. Here we only present the results, while the technical details are delegated
to the Appendix. Assume that there are three clocks. One is at rest in .S, so
it moves inertially. The other two are moving around a circle with the radius
R and have the velocity wR in the counter-clockwise direction, as seen by the
observer in .S. The relative angular distance between these two non-inertial
clocks is A¢pyg, as seen in S. The inertial observer will see that the two non-
inertial clocks lapse equally fast, so I choose that he sees that they show the
same time. He will see the clock rate t = ~t/, where v = 1/4/1 — w?R?/c2.
The observer co-moving with one of the non-inertial clocks will not see that
the other non-inertial clock shows the same time as his clock. He will see the
constant time shift given by the equation

Yt —t') = Bsin(yw(t” —t') + Apo) , (14.19)

where 2 = w?R?/c? and t” is the time of the other non-inertial clock. Fi-
nally, let us see how the inertial clock looks like from the point of view of the
observer co-moving with one of the non-inertial clocks. Let the position of the
inertial clock be given by its co-ordinates (z,y). We choose the origin of S
such that, at t = ¢ = 0, the space origins of S and S’ coincide and the veloc-
ity of the non-inertial observer is in the y-direction, as seen in S. The rate of
clocks as seen by the non-inertial observer is given by

., wR , . ,
t=n~t + C—2[y cosywt' — (x + R) sinywt'] . (14.20)

The oscillatory functions in (14.20) vanish when they are averaged over time.
This means that the observer in S’ agrees with the observer in .S that the clock
in S’ is slower, but only in a time-averaged sense. For example, when these
two clocks are very close to each other, then, by expanding (14.20) for small
t’, one finds ¢ = ¢’ /-y, which is the result that one would obtain if the velocity
of the non-inertial observer were constant. If the clock in S is in the centre,
which corresponds to x = —R, y = 0, then (14.20) gives t = ~t’, so in this
case there is no oscillatory behaviour.

Finally, let us shortly discuss the implications on the velocity of light. If
(14.14) is interpreted as a proper frame of all observers on a rotating platform,
then one can conclude that the observer on the rotating platform will see that
the velocity of light depends on whether light is propagating in the clockwise
or in the counter-clockwise direction (see, for example, [9]). This is related to
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the fact that the metric (14.15) is not time orthogonal. However, now we know
that each observer belongs to a different proper non-inertial frame, and from
Property 2 we see that in the vicinity of any observer the metric is equal to the
Minkowski metric 7),,,,. This implies that for any local observer the velocity of
light is isotropic and is equal to c, provided that it is measured by propagating
a light beam in a small neighbourhood of the observer. In particular, this
leads to a slightly different interpretation of the Sagnac effect [3], in which the
velocity of light as seen by the observer on the rotating platform depends on the
instantaneous relative position of the light beam with respect to the observer.
The details are presented in the Appendix.
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Appendix

In this Appendix, we derive Eqs. (14.19) and (14.20) and discuss how the velocity of light
appears to an observer on the rim of a rotating platform. In these derivations, we follow [3].

Let the gutter be placed at the z = 0 plane. We put the space origin of S at a fixed point on
the gutter, such that the y-axis is tangential to the gutter and the x-axis is perpendicular to the
gutter at X = 0. In the rest of the analysis the z-co-ordinate can be suppressed. A part of the ring
in the gutter can be considered as a short rod initially placed at x = 0 and uniformly moving
along the gutter in the counterclockwise direction. The gutter causes a torque that provides that
the rod is always directed tangentially to the gutter. Therefore, w = u/R, where u = Va2
is the time independent speed of rod. Now, v = 1/4/1 — w2R?/c? is also time independent.
Since a clock in S’ is at X' = 0, the clock rate between a clock in S and a clock in S’ is given
by t = 4/, as seen by an observer in S. We assume that, initially, the axes z’, ¥’ are parallel to
the axes x, y, respectively. Therefore the velocity

u(t") = wR(— sinywt', cos ywt) (14.A.1)

is always in the y’-direction and the solution of (14.7) is

Ayt = ( cosywt’'  sinywt’ ) . (14.A.2)

—sinywt’  cosywt’
The transformation (14.6) reduces to
z \ _ [ cosywt' —ysinywt’ x’ cosywt’ — 1
( Yy ) - ( sinywt’ v cosywt’ Y +R sin ywt’ , (14A3)
t =t + C%wRy' . (14.A.4)

In particular, at t' = 0 these transformations become

z=a, y=vy, t=2, (14.A.5)
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which coincide with the ordinary Lorentz boost at t' = 0 for the velocity in the y-direction.

Let us now study how other parts of the ring appear to the observer on the ring. Since the
rotation is uniform the result cannot depend on t’, so without losing on generality, we evaluate
this at t' = 0. We introduce polar co-ordinates 7, ¢, defined by

y=rsinp, R4z =rcosp, (14.A.6)

which are new space co-ordinates for .S, with the origin in the center of the circular gutter. The
angle ¢ is a good label of the position of any part of the ring even in S’. (To visualize this,
one can draw angular marks on the gutter. The number of marks separating two points on the
gutter or on the ring is a measure of the “angular distance" in any frame.) Let S” be the frame
of another part of the ring. The position of that part of the ring is 2" = 3" = 0. The relative
position of the space origin of S with respect to that of S’ is given by the constant relative
angle Ao, as seen by an observer in S. In analogy with (14.A.3)-(14.A.4), we find that S is
determined by

( " ) _ ( cos(ywt” + Apo)  —vsin(ywt” + Ago) ) ( < )

Y sin(ywt” + Apo) 7y cos(ywt” + Apo) y

cos(ywt” + Apg) — 1
+R( et A ) , (14.A7)

t=n~t" + %wRy” . (14.A.8)

Let the labels A, B denote the co-ordinates of the part of the ring that lie at S’ and S”, respec-
tively. Since the observer sees both parts of the ring at the same instant, we have t/y =tz = 0.
Since 2’5 = y% = 0, from (14.A.6) we find

yp = Rsin(ywth + Apo) , (14.A.9)

and from (14.A.8)
—— (14.A.10)

From t’z = 0 and (14.A.5) it follows tp = wRyB/c2, which, because of (14.A.10), can be
written as vt = wRyg /c>. This, together with (14.A.9), leads to the equation that determines
th:

vty = B sin(ywts + Ao) , (14.A.11)
where 6% = W?R?/c?. Eq. (14.A.11) together with the fact that the rotation is uniform implies
(14.19).

To see how the inertial clock appears to the observer on the ring, the transformations (14.A.3)
and (14.A.4) are sufficient. From (14.A.3) one expresses 3’ as a function of z, y and ¢’ and puts
this in (14.A.4). The result is given by (14.20).

Let us now discuss how the velocity of light appears to the observer on the ring. Let the
light beam move along the gutter. The trajectory of the light beam expressed in S-co-ordinates
is given by

y= Rsinwrt, x=R(—1+4coswrt), (14.A.12)

where w, = *c¢/R. The plus and minus signs refer to the counterclockwise and clockwise
propagated beams, respectively. Using (14.A.3), (14.A.4), and (14.A.12), one can eliminate
x,,t and express x’, y’ as functions of t'. The speed of light as seen by the observer in S is

;o dz’\? dy’ 2
o = \/(dt,> + (E) . (14.A.13)
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Expanding (14.A.3) and (14.A.12) for small ¢’ and ¢, respectively, one can easily find 3’ =
+ct’ + O(t'?), ' = O(t'*), which means that the observer sees the velocity of light equal to ¢
when the light is at the same position as the observer, just as expected.
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Abstract The problem of giving a relativistic description of the geometry of a rotating
disk has a history nearly as old as that of the theory of relativity itself. Already
in 1909 Ehrenfest formulated his famous paradox in the context of the special
theory of relativity. A few years later Einstein made heuristic use of this problem
in order to motivate the introduction of non-Euclidean geometry in a relativistic
theory of gravity. We shall here follow the conceptual evolution of this topic
from Ehrenfest and Einstein to the present time. In particular we emphasize the
importance of taking the relativity of simultaneity properly into account in order
to obtain a full understanding of the issues connected with Ehrenfest’s paradox.

1. Introduction

The relativistic description of the geometry of rotating bodies is more than
90 years long. It started with a short note by Paul Ehrenfest [1] who pointed out
the contradictory conditions that the radius of a relativistically rotating cylinder
has to fulfil: On the one hand the periphery is Lorentz contracted, and on the
other hand a radial line on the cylinder is not. This problem was soon taken
up by among others Max Planck [2] and Albert Einstein [3], and it has been
discussed right up to the present day [4].

We shall here follow this discussion and try to see what conceptual difficul-
ties made this topic so long lived.
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2. The discussion of 1910 and 1911 in Physikalische
Zeitschrift

In 1909 Ehrenfest [1] wrote that he was trying to understand Max Born’s
[5] notion of relativistic rigidity. He first pointed out that the notion of rigid
motion of a body can be formulated either with reference to an inertial frame in
which the body moves, or with reference to the local rest frame of an element
of the body. In the first case he writes (translated into English):

To say that a body remains relativistically rigid means: It deforms continuously
by arbitrary motion so that each of its infinitesimal elements Lorentz contract
(relative to its rest length) all the time in accordance with the instantaneous ve-
locity of each of its elements, as observed by an observer at rest.

In the second case:

Relativistic rigidity means: As measured by a continuum of observers co-moving
with each point of an arbitrarily moving body each element of the body remains
undeformed.

He then writes:

Consider a relativistically rigid cylinder with radius R and height H. It is given
a rotating motion about its axis, which finally becomes constant. As measured
by an observer at rest the radius of the rotating cylinder is R’. Then R’ has to
fulfill the following two contradictory requirements:

1 The circumference of the cylinder must obtain a contraction 27 R’ < 27 R
relative to its rest length, since each of its elements move with an instan-
taneous velocity R'w.

2 If one considers each element along a radius, then the instantaneous ve-
locity of each element is directed perpendicular to the radius. Hence, the
elements of a radius cannot show any contraction relative to their rest
length. This means that: R’ = R.

This contradiction was termed “Ehrenfest’s paradox” (“Ehrenfestschen Para-
doxon”) by V. Varicak [6]. As pointed out by M. J. Klein [7] Ehrenfest’s article
was the first in a series of critical analyses which demonstrated that the concept
of Born rigid motion cannot be applied to rotating motion in general.

Ehrenfest’s paradox was discussed by Max Planck in 1910 [2]. He pointed
out:

The statement that the volume of a body with velocity v measured by an observer
at rest is less by the ratio v/¢? — v? : ¢ than its volume measured by a co-
moving observer with velocity v, must not be mixed up with another statement,
that the volume of a body which is brought from a state of rest to a velocity v is
decreased by a factor v/¢2 — v? : ¢. The first statement is one of the fundamental
requirements of the theory of relativity, while the last statement is not generally
correct.

Planck then argued that the task of specifying the final state of a body set
into rotation is a dynamical problem involving the theory of elastic media. It
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was, however, immediately clear that it is impossible to set a body into rotation

while maintaining Born rigidity (see further references on this point in [8].

Then Theodor Kaluza [9] pointed out the necessity of considering non-
Euclidean geometry in order to give a relativistic description of the geometry
of rotating bodies. He wrote:

According to the theory of relativity the “proper geometry” (corresponding to
a fixed proper time) is in general the geometry of a surface orthogonal to the
bundle of world lines of the body. Two events are “simultaneous” if they belong
to this surface.

He further said:

A closer investigation shows that the proper geometry of a rotating disc is a
non-Euclidean special Lobachevskian geometry.

However, the details of the investigation were not included in the article.

In response to an article by W. von Ignatowski [10] on relativistic kinemat-
ics, Ehrenfest [11] offered a gedanken experiment: Consider a disk at rest with
equally spaced circles about the origin of the rotational axis engraved on its
surface. Let these circles be recorded on a piece of tracing paper by a sta-
tionary observer. Assume now that the disk could be put into rotation while
remaining Born rigid and then rotate at constant angular velocity about an axis
through its centre, while the observer remains at rest. If the observer instan-
taneously registered the rotating disk’s markings on another piece of tracing
paper, he would find upon comparison with the other piece of paper that the
radial lengths are the same, but the circumference measured during rotation is
less than before. This contradiction shows that the assumption of Born rigidity
is not compatible with putting the disk into rotation.

In an article on relativistic theory of elasticity, Ignatowski [12] calculates the
change of the radius and the periphery of a disk with given elastic properties
that is put in rotational motion. In a critical comment to this work Ehrenfest
[13] interprets Ignatowski to mean that the motion is Born rigid. Hence he
indicates that the calculation, or at least its physical interpretation, contains an
inconsistency.

In February 1911 V.Varicak [6] claimed that according to Einstein’s theory
the Lorentz contraction is a sort of observational illusion, and that in reality
bodies are not contracted when moving. He thus concluded that there is no
paradox. Einstein considered this misinterpretation of the theory of relativity
to be rather serious and therefore gave an answer [3] where he explained the
relativistic meaning of the Lorentz contraction.
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3. Einstein’s realization that the geometry on the rotating
disk is non Euclidean

Although Einstein did not participate in the discussion of Ehrenfest’s para-
dox, he was well aware of the problem with Born rigidity as applied to rotating
motion, but he was more concerned with the purely geometrical aspect. Work-
ing on a relativistic theory of gravitation his discovery of the equivalence of
being in a field of gravity and being in a non-inertial reference frame moti-
vated him to search for a geometrical theory of gravity. Thinking about spatial
measurements on a rotating disk he arrived at the conclusion that one needed
to free one self from the restrictions of the Euclidean geometry.

He made several notes about spatial geometry in a rotating reference frame
both in letters and in publications (see J. Stachel [14, 15].) In the great article
in 1916 where he presented the general theory of relativity Einstein considered
the disk as a rotating reference frame K and imagined this frame filled by
radial and tangential standard rods. The definition of a standard rod is that it
is Born rigid, so that it gets a Lorentz contraction when moving. Denoting the
inertial rest frame of the axis by K he then wrote [16]:

We suppose that the circumference and diameter of a circle have been measured
with a standard measuring rod infinitely small compared with the radius, and
that we have the quotient of the two results. If this experiment were performed
with measuring rods at rest relatively to the Galilean system K’, the quotient
would be 7. With measuring rods at rest relatively to K, the quotient would be
greater than 7. This is readily understood if we envisage the whole process of
measuring from the “stationary” system K, and take into consideration that the
measuring rods applied to the periphery undergoes a Lorentz contraction, while
the ones applied along the radius do not. Hence Euclidean geometry does not
apply to K.

Einstein has here for the first time made it clear that the length of the pe-
riphery of a rotating disk in longer than 27r not shorter as stated in Ehrenfest’s
paradox. The reason for this difference is that Ehrenfest considered a hypothet-
ical, but impossible situation where a disc had been put into rotational motion
in a Born rigid way, while Einstein considered a situation in which the disk had
been put into rotation in an arbitrary way, but the measuring rods were required
to be Born rigid.

Einstein gave similar discussions of the geometry of the rotating disk in
his semi popular introduction to the general theory of relativity [17] and in The
Meaning of Relativity [18] based upon his Princeton lectures in 1921. The most
complete treatment of this topic by Einstein is in fact found in a letter to Joseph
Petzold dated August 19, 1919. This letter was translated by J. Stachel and
published in 1989 [14]. In the part of this letter which concerns the geometry
of the rotating disk, Einstein writes:
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A rigid circular disk must break up if it is set into rotation, on account of the
Lorentz contraction of the tangential fibres and the non-contraction of the radial
ones. Similarly, a rigid disk in rotation must explode as a consequence of the
inverse changes in length, if one attempts to bring it to the rest state.

Now you believe that a rigidly rotating circular line must have a circumference
that is less than 27rr because of the Lorentz contraction. The basic error here
is that you instinctively set the radius 7 of the rotating circular line equal to the
radius 7o that the circular line has in the case when it is at rest. This however, is
not correct; because of the Lorentz contraction rather 271 = 27rg+/1 — v2/c2.

The treatment of the metric of the circular disk runs as follows in detail. Let
Uy be the circumference, r( the radius of the rotating disk, considered from the
standpoint of K’ [that is, the rest frame]; then, on account of ordinary Euclidean
geometry,

Uy = 27ro (151)

Uy and 7 naturally are to be thought of as measured with non rotating measuring
rods, that is, at rest relative to K.

Now let me imagine co-rotating measuring rods of rest length 1 laid out on the
rotating disk, both along a radius as well as the circumference. How long are
these considered from K’? Let us imagine, in order to make this clearer to
ourselves, a “snapshot” taken from K" (definite time ¢). On this snapshot the
radial measuring rods have length 1, the tangential ones, however, the length
v/1 —v2/c2. The “circumference” of the circular disk (considered from the rest
frame of the disk, K) is nothing but the number of tangential measuring rods that
are present in the snapshot along the circumference, whose length considered
from K" is Up. Therefore

U=Uy/\/1—v%/c? (15.2)

On the other hand, obviously
r=ro (15.3)

(since the snapshot of the radial unit measuring rod is just as long as that of a
measuring rod at rest relative to K').

Therefore, from (15.1)-(15.3),
Vo % 2 (15.4)
T orgy/1—02/c2 /1 —v2/c?

Since v = rw equation (15.4) implies that the ratio between the circumference
and the diameter gets larger with increasing radius. The position dependence of
this ratio can be measured by observers on the disk. Hence, they would conclude
that the geometry on the disk is non-Euclidean.

These considerations by Einstein were soon made well known in the book
by Born [19] and later by Einstein and Infeld [20]. The first edition of Max
Born’s popular book [19] on the theory of relativity came in 1920. Here he
noted an interesting consequence of the non-Euclidean geometry on a rotating
disk combined with the principle of equivalence: In a gravitational field a stan-
dard measuring rod is longer or shorter according to the position at which it is



290 Gron

situated. A. Metz [21] later gave an illustration where he compared the measur-
ing rods on a rotating disk with the wagons of a model train travelling around
a circular path, and K. Kraus [22] considered the intervals between measuring
rods attached to the spokes of a rotating wheel. However, he did not take the
relativity of simultaneity properly into account.

Not everyone agreed with Einstein. J. Becquerel [23] argued in 1922 that the
quotient between the periphery and diameter of a rotating disk is less than 7.
He arrived at this by saying that the measurements of the periphery in K is ob-
tained by means of measuring rods at rest in the inertial frame K’ as observed
from K. The number of measuring rods around the periphery is invariant. If
there are n measuring rods along the periphery in K’, where the quotient be-
tween the circumference and the diameter is equal to 7, then as observed in K
the number of measuring rods is the same, but each rod is Lorentz contracted.
Hence an observer in K would say that this measuring procedure leads to a
quotient between the periphery and the diameter less than 7. This argument is
fallacious, however, because a measurement of the length of the circumference
of the rotating disk must be performed with standard measuring rods at rest on
the disk, not at rest in the inertial rest frame of the axis.

Shu [24] later came to the conclusion that the space geometry on a rotating
disk is Euclidean. The report of Shu was not published in a scientific journal,
but given to the library of Princeton University. His work is clearly that of
an outsider. He came to his result by neglecting the reality of the Lorentz
contraction as applied to measuring rods on a rotating disk, and concluded that
the general theory of relativity is not correct.

W. Glaser [25] argued in 1934 that the line-element of flat spacetime in a
rotating reference frame can not be separated in a temporal and a spatial part
with no product terms between a time differential and a spatial differential,
and concluded that space in a rotating frame is Euclidean. M. P. Langevin
[26] reacted immediately and demonstrated explicitly that this is possible, by
performing the following calculation.

Let marked co-ordinates refer to the inertial rest frame K’ of the axis, and
unmarked to co-moving frame K on the rotating disk. The transformation
between these coordinate systems is

t=t, v=r, 0=0+wt, 2=z (15.5)
The spacetime line-element in the inertial frame has the form
ds* = —c* dt"* + dr'? + r? d0"* + dz'? (15.6)
The line-element in the rotating frame is

ds® = — (¢ —r*w?) dt* + 2r’wdt df + dr® + 17 d6* + dz*  (15.7)
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For r < ¢/w this may be written as

ds? = = dr? + do? (15.8)
with
/ 2. 27,2 riw
and

+ dz? (15.10)

Here the spatial line-element do represents the geometry on the space defined
by dr = 0. Since dr is not a perfect differential it cannot be integrated around a
closed curve on the rotating disk. Hence the surface represented by d= = 0 has
a discontinuity along a radial line (see figure 15.6). As seen from eq.(15.10)
it is this surface that has the spatial geometry discussed by Einstein, with the
ratio between the circumference and the diameter being w/+/1 — r2w? /c2.

The meaning of the time interval dr was made clear by Rosen [27]. He
introduced a local inertial coordinate system momentarily at rest relative to the
rotating system by the relations

der =dr, dy= Adf, dr = Bdt+ Cdf (15.11)
where A, B and C were determined so as to make
ds? = —c2dr? + da® + dy? + dz2* (15.12)

This gives

2 92/
Ao g imaE, - lwle
V1—r2w?/c? V1—r2w?/c?

(15.13)
From this it follows that

do? = da® + dy? + dz? = dr® + % + dz?
1 —r2w?/c?

(15.14)
and that the transformation (15.11) for 7 is identical to eq.(15.9). Hence 7 is the
time measured in a local inertial system momentarily at rest relative to a refer-
ence particle in the rotating system, and d7 = 0 represents simultaneity in local
inertial frames comoving with the rotating frame and positioned for example
along a circle about the axis. The clocks of the local inertial frames instanta-
neously at rest relative to points along such circles are Einstein synchronized
so that the velocity of light is isotropic as measured with these clocks.
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The impossibility of Einstein synchronizing clocks around the circumfer-
ence of a rotating disk has been perceived as a problem by F. Goy and F. Selleri
[28]. They write:

The existence of a synchronization is physically strange because if the whole
disk is initially at rest in the laboratory (inertial) frame K, with clocks near its
rim synchronized with the regular procedure used for all clocks of K, then when
the disk moves, accelerates, and attains a constant angular velocity, the clocks
must slow their rates but cannot desynchronize for symmetry reasons, since they
have at all times the same speed.

The clocks along the rim of the rotating disk are assumed to have at all
times the same speed. This means that the acceleration program of each clock
is identical as observed from K’. Assume that the angular acceleration is due
to a succession of blows at the rim. Then the blows are simultaneous in K.
Due to the relativity of simultaneity they are not simultaneous in the rest frame
of an element on the rim. In such a frame the clocks at each end of the element
get different velocities, which desynchronizes the clocks.

Goy and Selleri are of course right in saying that the clocks remain synchro-
nized in K’. Another way of obtaining an identical synchronization to that
which results from the procedure of Goy and Selleri, is to use a time signal
emitted from the axis. This will reach all clocks at a circle with center at the
axis simultaneously both as measured in K’ and as measured in the rotating
rest frame K of the disk. The clocks synchronized in this way are just the co-
ordinate clocks on the rotating disk. They show the same time as the clock at
the axis, and hence as the clocks in K’. However, these clocks are not Einstein
synchronized.

If one includes the postulate that the velocity of light is isotropic as part
of the special theory of relativity, and demands that special relativity is valid
locally, then local physical measurements must be performed by means of Ein-
stein synchronized clocks. Globally, however, it may be advantageous to use
coordinate clocks.

The 3-space on a rotating disk is defined to be everywhere orthogonal to the
world lines of fixed particles on the disk. This means that this space is defined
by simultaneity on the Einstein synchronized clocks. The space defined by
simultaneity on the coordinate clocks, on the other hand, is the 3-space of the
inertial rest frame of the axis, which is flat.

Reichenbach [29] discussed the spatial geometry on a rotating disk in 1924.
He distinguished between what he called “the spatial geometry of the circular
disk” (SGD) and “the geometry of rigid rods on the disk” (GRD). He defined
SGD as the geometry found by measurements made at a fixed co-ordinate time
t =constant. Putting dt = 0 in eq.(15.7) he obtained for the line element of the
surface z =constant: do?_,,s; = dr® + r?df? . Thus, he concluded that the
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Figure 15.1. Rotating disk with measuring rod. The dashed ellipse is the curve followed by
the end of the rod when it is rotated about P.

spatial geometry of the rotating disk is Euclidean. However, the space defined
by t = constant is the simultaneity space of the inertial rest frame K’ of the
axis. It is not reasonable to identify the spatial geometry of the rotating disk
with the geometry of this space. Reichenbach defined GRD by simultaneity in
the local rest frame of a mass element on the disk. He then pointed out that
this represents non-simultaneity in X', which cannot be defined globally in the
rotating rest frame K of the disk. By considering rigid measuring rods on the
disk he obtained the same line element as in eq.(15.14).

Also he gave a nice illustration of the difference between the two geome-
tries. Imagine an arbitrary point P on the disk. Draw a circle around P with
radius do = 1 (see figure 15.1).

If arigid rod of length 1 is laid through P in the radial direction, its character-
istic length is do,, = 1. If the rod lies tangentially, and its length is measured
as the distance between events at its ends, that are simultaneous in K’, one
finds a Lorentz contracted length for the measuring rod. If the rod is rotated
about an axis through P, its end describes the dotted curve in figure 15.1. This
curve is an ellipse whose radial half axis = 1 and whose tangential half axis =
V1 —=1r2w?/c2.

GRD means that the same rigid rod shall have the spatial length 1 indepen-
dently of its position and orientation. In other words, the half axes of the dotted
curve are called equally long. SGD, on the other hand, means that all the radii
of the circle are equally long. Note that figure 15.1 is drawn from the point of
view of the non rotating frame K.

In general an arbitrary spacetime line-element

ds? = g dztdx” (15.15)
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may be separated in a temporal part dr and a spatial part do as in eq.(15.8)
with
dr = V/—gu <dt + %dﬂ) (15.16)
gt

and
Gtigt j

gtt

J. W. Weysenhoff [30] used this separation and defined a local angular velocity
vector by

do® = y;jda’ da’, ~ij=gij — (15.17)

8"‘ .
&= V><07+&><—a>, a=%ig (15.18)

C (
Vgt ot gtt
He then showed that a condition for being able to Einstein synchronize clocks
around a closed curve, or in other words, to introduce a coordinate system that
is everywhere time orthogonal, is that & = 0, and noted:

| =

We then see that for example on a rotating disk it is impossible everywhere to
introduce a time orthogonal coordinate system. Expressed in another way: It
is impossible to synchronize the clocks everywhere on the disk so that all light
signals are symmetrical, that is, so that the velocity of light is the same in every
direction.

In passing we note that this explains the result of Sagnac’s experiment [31]
from the point of view of observers on the rotating disk [32].

Einstein also noted that the properties of measuring rods and clocks on a
rotating disk illustrates a general fact [16]:

In the general theory of relativity space and time cannot be defined in such a way
that differences of the spatial co-ordinates can be directly measured by the unit
measuring rod, or differences in time co-ordinate by a standard clock.

This was illustrated very explicitly in connection with the rotating disk by
H. Thirring, who also noted that there are tangential stresses in the material of
a rotating disk, writing [33]:

Man denke sich eine ebene Kreisscheibe in Rotation gegen ein Inertialsystem
versetzt. Die radien r der Scheibe werden von der Lorentzkontraktion nicht
betroffen, weil sie senkrecht zur Bewegungsrichtung stehen. Die Peripherie
wird in ihrem Bestreben, sich zuzammenzuziehen, durch die Kohésionskrifte
gehindert; die Lorentzkontraktion wird durch die Dehnung kompensiert, die von
den elastischen spannungen der in sich zusammenhéngenden Peripherie bewirkt
wird. Dagegen erleidet ein ldngs der Scheibenumfangs angelegter spannungs-
freier Masstab die Lorentzkontraktion, was zur Folge hat, dass eine Ausmes-
sung des Verhiltnisses zwischen Umfang und Peripherie einen hoheren Wert
als 27 liefern muss. Es treten also Abweichungen von den Gesetzen der eu-
klidischen Geometrie auf, in analoger Weise, wie sie sich bei entsprechenden
Messungen auf gekriimmten Fldchen ergeben mussen. Zeichnet man etwa auf
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Figure 15.2.  From Thirring’s paper.

der Erdoberfldche einen Kreis und misst man das Verhiltnis zwischen Kreisum-
fang und dem léngs der Erdoberfliache selbst gemessenen Radius, so ergibt sich
ebenfalls ein von 27 abweichender Wert und zwar, der positiven Kriimmung der
Kugel entsprechend, ein kleineren Wert als 27, wihrend in dem obenerwihnten
Beispiel der rotierende Scheibe das Verhiltnis grosser als 27 wird, was einer
“negativen Kriilmmung” entspricht. Es zeigt sich ferner, dass die iibliche Art der
Koordinatenbestimmung von Punktereignissen mit hilfe von Uhrenangaben und
kartesischen Koordinaten nicht mehr zu eindeutigen Ergebnissen fiihrt, wie aus
dem nachstehenden einfachen Beispiel hervorgeht: Es werde auf der rotierenden
Scheibe ein rechtwinkliges Koordinatensystem XY gezeichnet, dessen uhrsprung
mit dem Sheibenmittelpunkt zuzammenfillt, und es sei die Aufgabe gestellt,
den punkt P mit den Koordinaten x,y zu finden. Das kan man nun zunéchst
so machen , dass man einen Einheitmasstab lings der X -Achse xmal auftrigt,
dadurch gelangt man in den Punkt A; dort errichtet man eine Senkrechte, lings
derer man den Einheitsmasstab y mal autrigt. Bei dieser letzteren Operation ist
aber der Masstab gemiss dem oben Gesagten verkiirzt; man gelangt also nicht
in jenen Punkt P, der auf der ruhenden Scheibe die Koordinaten x und y hitte,
sondern in einer niher an A gelegenen Punkt P’. — Wiirde man dagegen in
den punkt Pgelangen wollen, indem man mit dem Auftragen eines Einheits-
masstabes ldngs der Y -Achse beginnt, so wiirde man aus dem gleichen Grunde
in einen Punkt P gelangen, der niher zur Y-Achse liegt. Wenn man ferner
einen dritten Weg, z.B. den in der Figur gezeichneten Treppenweg ginge, so
wiirde man noch in einen anderen punkt P’’kommen usw.

A strange objection to Einstein’s analysis of the spatial geometry in a rotat-
ing frame was given by Atwater [34]. He argued against the special relativistic
assumption that the measuring rods along the circumference of a rotating disk
are Lorentz contracted as observed from the inertial rest frame K’ of the axis,
writing:

Consider a circular disk, made possibly of transparent material, on the circum-
ference of which a pattern of stripes is painted in four octants, as indicated in
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Figure 15.3. (a) On the left: stationary disk; (b) on the right: result of an arbitrary application
of Lorentz contraction to periphery of a disk in rotation.

figure 15.3 (a). The disk is then set into rotation at a speed such that the rim
is travelling at 86,6 per cent of the velocity of light in free space, for a Lorentz
contraction factor of /2. The positions of the ends of the stripes on the rim can
be observed at an instant of laboratory time. This is possible by means of a flash
of light emitted above the plane of the disk which exposes the shadows of the
stripes on a photographic film held stationary in the back of the disk; an alter-
native coincidence-detection observation may also be devised. An elementary
application of the special relativistic hypothesis could then lead to the expecta-
tion of a pattern as in figure 15.3 (b), which is clearly impossible on the basis of
the symmetry of the disk. The special relativistic assumption must therefore be
discarded.

The argument of Atwater is not valid, however, because painted marks on
the circumference of the disk will not appear Lorentz contracted unless no
tensions appear on the disk, i.e. unless it is put into rotation in a Born rigid way.
As will be shown below, this is not possible. Furthermore, as noted by Suzuki
[35] the paradoxical, non-symmetric situation of figure 15.3 (b) is not predicted
by the theory of relativity. If there were a contraction, the circumference of the
disk would contract uniformly, and no asymmetry would result. Further replies
to Atwater’s letter are found in ref. [36].
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4. Spatial geodesics on the rotating disk

C. Mgller [37] and H. Arzelies [38] have made some interesting observa-
tions concerning the spatial geometry of a rotating reference frame. For one
thing they gave a nice illustration of the non-Euclidean character of this geom-
etry by calculating spatial geodesics on the surface z =constant, { =constant.

We consider a geodesic curve between two points P; and Py on the periphery
of the disk, as shown in figure 15.4. The Lagrangian function of the curve is

1 1 r26?

L=-i*+

2 21— r2w2/c? (15.19)

where u#* = & are the components of the unit tangent vector field of the curve.
Hence u - u = 1, which gives

Since 6 is a cyclic coordinate
oL 20
Po = % = #‘02/02 = constant (15.21)
or 5 o
b= <1 - rcfj > f—g (15.22)
Inserting eq.(15.22) into eq.(15.20) gives
2 2\ 2
7'«221—(1—“;’)]’—3 (15.23)
c r

This leads to the equation of the geodesic curve between P; and Po

dr r2\/1 -(1-5)n
bl
de (1 _ 7’20(;2) Do

Inserting the boundary conditions 7 = 0, r = rg for § = 0 into eq.(15.23) we
get

(15.24)

2,2
Lo _ 14 B2 (15.25)
To C
Using this one can rearrange eq.(15.24) obtaining
d 2 d df
! w_rar % (15.26)

ok Ao T
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Figure 15.4. Spatial geodesic curve on a rotating disk.

Integration now yields

2
0= i%\/ﬂ —r2 Farccos o (15.27)
c r

One such curve is plotted in figure 15.4. We see that the geodesic is curved
inwards when the disk is rotating. This is intuitively reasonable since the tan-
gential measuring rods in the rotating frame are longer, as observed from the
non-rotating laboratory frame, the farther inwards they are. Hence, to have
fewer measuring rods along the curve it should pass closer to the axis. On the
other hand this bending makes the curve longer as observed in the inertial rest
frame of the axis. The shape of the curve is represents a compromise between
these two opposing effects.

Further properties of spacetime geodesics for material particles and photons
and of spatial geodesics in a rotating reference frame have been discussed by
Ashworth and Davies [39].

5. Relativity of simultaneity and coordinates in rotating
frames

P. Franklin [40] argued in 1922 that the “Galilean” transformation (15.5) is
not suitable in the context of the special theory of relativity. He suggested that
one should apply a Lorentz like transformation

t/ _ / /9/ 2 9" — ! t/
L v(r') '8 /e I 0 o)t (15.28)

1—o(2/c2’ ' \/W
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and calculated the velocity v(r) as follows. Eq.(15.28) leads to the relativistic
formula for velocity addition in the form
AP — /
oA — v(r' + Ar') —o(r')
1—o(r + Ar')o(r)/c?

(15.29)

where w is a constant angular velocity. Taking the limit Ar" — 0 leads to

dr’ 1

_— = 15.30
Y T 1- v2/c? ( )
Integrating with v(0) = 0 gives
/
v = ¢ tanh (15.31)
c

which is less than ¢ for every finite value of r’ and w. Inserting this into
eq.(15.28) finally leads to the transformation formula

/ / / / / /
t=1t coshr—w—ﬁsinhr—w, r=7r, 0=0¢ coshﬂ—isinhE

c & c c

(15.32)

The transformation (15.32) has later been discussed by Trocheris [41] and
Takeno [42]. Trocheris noted that the coordinate clocks in the rotating system
are Einstein synchronised. Hence, the coordinate velocity of light is isotropic
in this system.

The rotating coordinate system obtained by this transformation has, how-
ever, some disadvantages compared to that obtained by the transformation
(15.5). If one calculates the spatial line element of the space defined by putting
t =constant in eq.(15.32), one obtains a time dependent spatial metric in spite
of the fact that the system rotates with constant angular velocity. Also, the
simultaneity, say ¢ = 0, of the rotating coordinate system corresponds to

'n! /
=" fan ™ (15.33)
c c
in the inertial rest frame of the axis of rotation. Hence, going around a circle
about the axis of rotation one arrives at a different point of time than at the
start. This means that a certain event corresponds to different points of time in
the rotating coordinate system. In other words there exists a time discontinuity
along a radial line in this coordinate system.

L. Herrera [43] has recently discussed the above transformation and pre-
sented a modified form of it. A thorough discussion of the co-ordinate system
above, and several other transformations to rotating frames, have been given
by B. Chakraborty and S. Sarkar [44].
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It should be noted that one may always introduce an orthonormal basis field
with Minkowski metric at arbitrary points of a rotating disk. T. A. Weber [45]
has explicitly demonstrated how this can be done, by giving the Lorentz trans-
formation from the inertial rest frame K’ of the axis to such a basis. As he
pointed out, such a transformation has only a local geometrical significance,
and must be given in terms of differentials that are not exact. The transfor-
mation is not integrable. This was emphasized also by J. F. Corum [46]. H.
Nikoli¢ [47] has recently described the relativistic kinematics with reference
to a field of local Fermi frames comoving with a rotating disk.

A recent preprint by V. Bashkov and M. Malakhaltsev [48] contains a mis-
understanding that should be clarified. They make a “Lorentz transformation”
in differential form to “infinitesimal coordinates” on the rotating disk,

- rdo —rwdt o d - el
di =dr' , pdf="2 T g T 2T (15.34)
1 o T’/2UJ2 1 - ,,4/2“)2
c? c?
This transformation preserves the form of the line element. Hence,
ds? = —*di* + di? + 2 df* (15.35)

Bashkov and Malakhaltsev note that the transformation is not integrable and
points out that it is therefore impossible to express ¢, #, # as functions of
t', r’, 0 in a finite way.

The clocks measuring the coordinate time £ are Einstein synchronized. Hence
the geometry on the rotating disk is defined by the simultaneity df = 0. Then
putting di = 0 in eq.(15.35) one obtains the spatial line element

di%2 = di? + 72d6> (15.36)

From this Bashkov and Malakhaltsev concludes:

Thus on the disk we get the Euclidean geometry, contrary to the conclusions of
other researchers who obtained the spatial line element (15.10).

However, due to the local character of the non-coordinate basis field intro-
duces by Bashkov and Malakhaltsev one cannot deduce the geometry of space
just by inspecting the form of the line element. The curvature of the space
must be calculated from the general formulae including the structure coeffi-
cients [49].

The comoving orthonormal basis of the rotating disk corresponding to the
transformation (15.34) has spatial basis forms

S=dr | S = Ay rwdt (15.37)

1T— 1202/ 2
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Figure 15.5. 'The shape of a relativistically rotating disk bent due to the Lorentz contraction in
the tangential direction.

Using GRTensor to calculate the Ricci curvature scalar R = R; 5 R'J and the

Kretschmann curvature scalar K = R% FIE R*J™™ one obtains

6uw? 36w*
R=— T K = TErDEE (15.38)

showing that the simultaneity space df = 0 is curved.

6. What is the effect of the Lorentz contraction upon a
disk that is put into rotation?

Having seen Einstein’s explanation making it clear that one measures a
longer circumference on a rotating disk the faster it rotates, let us go back once
more to 1910 and see a consequence of taking seriously the supposition of
Ehrenfest’s paradox that the circumference of the rotating disk itself is Lorentz
contracted. In an article published in 1910 G. Stead and H. Donaldson [50]
gave an analysis of the geometrical properties of a rotating disk based upon the
apprehension that the periphery of a rotating disk is contracted and the radius
not. They treated the disk as an elastic membrane able to deform without any
resistance. Hence the Lorentz contraction in the direction of motion of each
element of the membrane forces it to bend, so that it gets the shape of a cup as
shown in figure 15.5.

With reference to figure 15.5 their analysis is as follows: If A’O A represents
the vertical section of the final form of the disk with axis of rotation O X, then
Oa measured along the arc is equal to r, while a B measured perpendicular to
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OB willbe ry/1 — v2/c?. Writing Oa = s and aB = y we have

y=sv1—v2/c? = sy/1 — y2w?/c? (15.39)

w being the angular velocity of the disk. Hence

S
y= \/HTW (15.40)
which leads to J .
cos ¢ = d_Z = T 32w2/02)3/2 (15.41)
The velocity of an arbitrary point on the disk due to the rotation is
R P (15.42)

V 1+ 2/sPw?

The velocity is less than c¢ for all values of y and w. Equation (15.41) shows
that when w becomes very large, cos ¢ is small and nearly independent of s.
Hence, for large w the former disk approaches the form of a right circular cone
of small angle, except near the centre where it is curved. A similar description
was given by M. Galli [52]

Stead and Donaldson also noted that if the disk were forced not to bend
during the rotation, then its material would be strained.

In his popular introduction to the theory of relativity [53] A. S. Eddington
comments on Ehrenfest’s paradox. He considers a rapidly revolving wheel and
writes:

Each portion of the circumference is moving in the direction of its length, and
might be expected to undergo the Fitzgerald contraction due to its velocity; each
portion of a radius is moving transversely and would therefore have no longitu-
dinal contraction. It looks as though the rim of the wheel should contract and
the spokes remain the same length, when the wheel is set revolving. The conclu-
sion is absurd, for a revolving wheel has no tendency to buckle — which would
be the only way of reconciling these conditions. The point which the argument
has overlooked is that the results here appealed to apply to unconstrained bod-
ies, which have no acceleration relative to natural tracks in space. Each portion
of the rim of the wheel has a radial acceleration, and this affects its extensional
properties. When acceleration as well as velocities occur a more far-reaching
theory is needed to determine the changes of length.

Comparing this statement with Einstein’s considerations we see that they
are concerned with different problems. Like Planck, Eddington talks about
what happens to a disk that is set into rotation. Einstein, on the contrary, is not
interested in this. He considers a disk rotating with constant angular velocity
and does not make a comparison of the disk when it is at rest and when it



Space geometry in rotating reference frames: A historical appraisal 303

rotates. He is interested in the results of measurements of the length of the
circumference and a radial line as performed by means of standard measuring
rods corotating with the disk. This is a purely kinematical problem, while
Planck and Eddington consider a dynamical problem involving the relativistic
theory of elastic media.

This latter problem was treated by H. A. Lorentz [54] and Eddington [55]
in 1921 and 1923, respectively. Without giving details Lorentz reports that
he has applied the mentioned theory to a thin disk and found a relativistic
deformation:

The result is that, if v is the velocity at the rim, the radius will be shortened in
the ratio of 1 to 1 — (1/8) (v*/c?). The circumference changing to the same
extent, its decrease is seen to be exactly one fourth of that of a rod moving with
the same velocity in the direction of its length.

This is the same result as one of Ignatowsky’s [12].
Lorentz adds a comment which seems to indicate that the principle of rela-
tivity is not valid for rotating motion:

At first sight our problem seems to lead to a paradox. Let there be two equal disks
A and B, mounted on the same axis, A revolving and B at rest. Then A will be
smaller than B, and it must certainly appear so (the disks being assumed to be
quite near each other) to any observer, whatever be the system of coordinates he
chooses to use. However, we can introduce a system of coordinates K revolving
with the disk A; with respect to these it will be B that rotates, and so one might
think that now this latter disk will be the smaller of the two. The conclusion
would be wrong because the system K would not be a normal one. If we leave
S for it, we must at the same time change the potentials g,s, and if this is done
the fundamental equations will certainly again lead to the result that A is smaller
than B.

A similar paradox of an electromagnetic nature was resolved by L. I. Schiff
[56] in 1939, indicating how the principle of relativity may be extended to
encompass rotating motion in the general theory of relativity. (A thorough
discussion of this question is found in [57].)

Eddington arrived at the same result for the deformation as Lorentz. Let
us follow his deduction. A disk made of homogeneous, incompressible mate-
rial is caused to rotate with angular velocity w. Eddington wants to calculate
the alteration in radius due to the Lorentz contraction of its mass elements.
The meaning of incompressible is that the particle density o(referred to proper
measure) is constant and equal to that of a non-rotating disk. But for a rotating
disk the particle density o’ referred to axes fixed in space is different.

Since the number of particles in a comoving volume is invariant, then due
to the Lorentz contraction,

o' =0 (1-r2?/) (15.43)
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since rw is the velocity of a mass element at a distance r from the axis of
rotation. The proper volume element of the disk is

AV = (1= 1%/ "2 dr' dp’ dz’ (15.44)

If the thickness of the disk is b, and its boundary is given by r’ = «’, the total
number of particles in the disk will be

= 210b / 202/ "2 ! (15.45)

Since this number is unaltered by the rotation, a’ must be a function of w
such that

(l/

/(1 —r2w?/? ) Y2 0 gy —constant (15.46)

0
or

1
— (1 — /1= a’2w2/62) = constant (15.47)

w
Expanding the square root this gives approximately
1

1
§a/2 <1 + Za’zuﬂ/cz) = constant (15.48)

so that if a is the radius of the disk at rest
1
a <1 + ga'2w2/02> =q (15.49)
Hence to the same approximation
! 1 2,272
a =a l—ga w/e (15.50)

Here a’ is the radius of the disk referred to its corotating rest frame, but a
transformation to the stationary rest frame in which the axis is at rest does
not change the radius. Hence, o’ is equal to the radius of the rotating disk as
measured in the inertial rest frame of its axis.

F. Winterberg [58] has recently deduced the result of Lorentz and Eddington
from the theory of elastic media, and also generalized their result by taking
account of different stresses in the radial and the tangential directions.
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7. Curved space and discussion of Einstein’s and
Eddington’s analysis of the rotating disk

In 1942 Berenda published a discussion of the spatial geometry of the sur-
face of a rotating disk [59]. He came with some interesting observations, but
also made a few misinterpretations of earlier works. Under the heading “Ein-
stein’s Geometry” he correctly noted that a standard measuring rod along the
periphery of a rotating disk is Lorentz contracted. The inertial rest frame of the
axis of the disk is called G. Berenda then wrote:

If we add up the measurement results of the G observers all around the disk, we
find

2

B B , UQ 1/2 , v 1/2 ,
C=> P=>P -5 =0 (1-3 <C" (15.51)

where >° P’ = C' = 2xr is the circumference of the disk when it is at rest in
the G frame, and C' is the circumference of the rotating disk relative to the G
observers. Then

B 7.)2 1/2
C=omr(1-2) " <onr (15.52)

c2

However, according to the Einstein citations above C' > 27r. Einstein’s
point is that because each measuring rod along the periphery is Lorentz con-
tracted there is place for more of them around the circumference the faster the
disk rotates, and the length of the circumference is just the number of measur-
ing rods around it.

Then, under the heading “Eddington’s Geometry”, Berenda claimed that
there is an error in Eddington’s treatment cited above. He noted that in the tran-
sition from eq.(15.44) to eq.(15.45) Eddington assumed that the angle around
the periphery of the rotating disk is 27 just as for a disk at rest. Then he wrote:

This is, however, the whole point at issue, since the latter assumption is equiv-
alent to the postulate that angular measures are unaffected by rotation, i.e., that
the geometry remains Euclidean.

However, Eddingtons’s result is correct because the angle around a circle
with an arbitrary centre on a curved surface is defined on the tangent plane of
the centre of the circle, i.e. it is defined locally. Hence, in the case of a circle
around the axis of a rotating disk one has to take the limit » — 0 to find the
angle. This implies that the angle around a circle is 27 even on a surface with
non Euclidean geometry.

Berenda then deduced eq.(15.10) above and pointed out that this line el-
ement gives the geometry of a surface that is everywhere orthogonal to the
world lines of points fixed on the disk. In the case of the rotating disk the sur-
face is curved and described by the line element (15.10). He then found the
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non vanishing components of the Riemann curvature tensor for this surface

3722 2, 2\ 3
Ri212 = Ro121 = —Ri221 = —Ra112 = — =2 (1 - > (15.53)

The Gaussian curvature of the surface is

. R1212 . 3w2 <1 7“2002)_2

K = —

’ (15.54)
g C

where g = det (g; ;). Hence the surface orthogonal to the world lines of parti-
cles fixed on the rotating disk has negative curvature. The geometry is hyper-
bolic.

In a recent work Rizzi and Ruggiero [4] have given a thorough analysis of
the space geometry of rotating platforms . The authors have applied Catteano’s
projection formalism to define precisely the concept of spatial geometry in a
rotating frame in an operationally meaningful way. Their rigorous approach
has reproduced what may be called the standard results leading to a hyperbolic
spatial geometry with essentially the curvature given above.

8. Uniform contra rigid rotation

Hill [60] argued in 1946 that the limitation » < ¢/w of the extension of
a rotating disk coming from the Galilean form of the transformation (15.5)
combined with the relativistic requirement that the velocity of each point of
the rotating frame must be less than the velocity of light, seems unnatural.
He therefore proposed to specify the motion of the disk so that close to the
axis the rotational velocity is approximately proportional to the radius i.e. the
angular velocity is approximately constant, and far from the axis the velocity
approaches that of light. In addition he demanded that the disk consists of a
fluid rotating uniformly, according to the following definition:

The motion of the fluid will be considered to be uniform rotation with constant
angular velocity wy if the relative angular velocity of the material about any point
P, as measured in a set of axes with respect to which P is momentarily at rest,
has the value wo independently of the choice of the point P.

The set of axes G’ with respect to which P is momentarily at rest is defined
by a Lorentz transformation from the rest frame of the axis, i.e. it is the co-
moving inertial rest frame of the point P. The angular velocity is defined in G’
by

1
Jd = §V X U (15.55)

where ¢’ is the velocity field of the disk material with respect to G’. The
velocity of a point at a distance r from the axis with respect to the inertial rest
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frame G of the axis, has components

1/2 (15.56)

vy =—yw(r), vy=a2w(r) with r= (2% +y?)
Hence
v(r)=rw(r) (15.57)

Calculating ¢ from eq.(15.57) and the Lorentz transformation between G and
G’ and &' from eq.(15.55) and then demanding that &’ =constant, Hill ob-
tained a differential equation for v (r). Solving this he found an expression
involving Bessel functions, a result which was later found also by Prechtl [61].
In the limiting cases of large and small distances from the axis of rotation the
expression of Hill gives

17202 rw’
v(r)=rw (1 5= > for — << 1 (15.58)
(r)=c jote 1@ for o1 (1559)
v = dre’ 327202 c '

As pointed out by Hill himself his discussion did not solve the problem posed
in Ehrenfest’s paradox. This would demand a theory of the generation of mo-
tion from a state of rest under suitable specifications.

Hill’s discussion was followed up by N. Rosen [62]. He criticized Hill for
making use of a Lorentz transformation in going over to a non inertial frame
of reference. However, Hill only used the Lorentz transformation to go into an
instantaneous rest frame of a point on the rotating disk, which is clearly a valid
procedure.

9. Relativistically rigid motion and rotation

In a subsequent article [27] Rosen applied the concept of relativistic rigid
motion as introduced by Born [5] to the case of uniform rotation in order to
deduce the function v (r) for this case. He argued as follows:

In classical physics one can characterize the motion of a rigid body by the fact
that the rate of strain vanishes. In a Cartesian coordinate system, the velocity
components satisfy the relation

Ov; [Oxy, + Ov, /0x; =0 (i, k=1, 2, 3) (15.60)

In a relativistic treatment one looks for a covariant equation which reduces to
(15.55) in a Galilean system if the velocity is small (compared to that of light).
The obvious generalization is to introduce, in an arbitrary coordinate system, the
symmetrical tensor

Pu = =

2 (ull«QV +ul/;/,t) (1561)



308

where the velocity 4-vector u” is given by v* = da* /ds and a semicolon
denotes covariant derivation, and take as the condition for rigid-body motion
P, = 0. However, this condition represents too severe a restriction. In view
of the fact that the vector u” satisfies the identity u uy = —1 it follows from
P, = 0 on multiplication by u" that uw,;, u” = 0. This is just the covariant
form of the condition that the four acceleration vector vanishes, so that every
particle of the body moves along a geodesic, or in a gravitation free space, along
a straight line.

It is therefore necessary to weaken the condition imposed on the motion. For
this purpose we replace P, by

1 «@ «
Puv =5 (U + Uiy — Upsa U Uy — Upsau™uy,) (15.62)

since we then have the identity p,,u” = 0. Let us now take as the condition for
rigid-body motion
puv =0 (15.63)

In a Galilean coordinate system, at a point where the velocity 3-vector vanishes,
this reduces to the classical condition (15.60). Therefore it is equivalent to the
condition proposed by Born [5].

Since eq.(15.63) is a tensor equation it can be applied in any frame of reference.
If we take an inertial system with Cartesian coordinates then we can describe
rotation about an axis by setting

ulzulzay, uzzugzax,
us = =0, uws=—u'=—(1+0%/)"" (15.64)

witho = o (1), 72 = 2% + y°. From eq.(15.63) one gets the single equation
do /dr = o°r (15.65)
which has for its solution

o =w/(1-r2?/?)"? (15.66)

where w is a constant. Going over to the three-dimensional velocity v by the
relations

u= (u?Jrug)l/z:ar:v/ (171)2/02)1/2 (15.67)

we get

v =rw (15.68)

Grgn

Hill [60] defined uniform rotation as a motion where the local angular ve-
locity of the disk material as measured in local inertial frames in which the
material instantaneously has no translational motion, is independent of the po-
sition. The calculation of Rosen [27] shows that uniform rotation in this sense
is not Born rigid.
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10. The theory of elastic media applied to the rotating
disk

The results of Lorentz [54] and Eddington [55] were reviewed and carried
further by G. L. Clark [63, 64]. According to the non-relativistic theory of
elastic media an elastic disk will get an increase of its radius when it is put into
rotation. For an approximately incompressible disk (A >> p, where A and p
are the Lame constants of isotropic stress and shear, respectively) with radius
a the radial displacement is

adw?

2
8¢h

Ary = (15.69)

where ¢y is the velocity of sound in the medium.

Taking into account the elastic effect of the tendency of the material to
Lorentz contract in the tangential direction, there appears a tangential stress,
which forces the disk to contract in the radial direction by an amount

3,2

a’w
Arp = — 15.70
TR ) ( )

Hence, the change of radius of the disk is
adw? (1 1

Ar=—— |5 — = 15.71
=5 (g e) e

By taking cy to be infinite for an incompressible medium one obtains the result
of Lorentz and Eddington as given in eq.(15.50).

Clark notes, however, that according to the special theory of relativity the
upper limit for the sound velocity is the velocity of light. Hence, relativistically
a medium in which ¢y = ¢ is maximally rigid. For a disk consisting of such
material Ar = 0. In this case the contraction of the disk due to the stresses
induced by the efforts of the material to try to Lorentz contract is cancelled by
the “classical elastic expansion” of the rotating disk.

Clark’s analysis was followed up by Cavalleri [65] in 1968 in an interesting,
although somewhat controversial paper. He first gave a thorough review of ear-
lier work on this topic. Then he concluded that “Ehrenfest’s paradox cannot be
resolved from a purely kinematical point of view”, and inferred that the rela-
tivistic kinematics for extended bodies is not generally self-consistent. Finally
he noted that the analysis of Clark [63, 64] is valid only for small strains, and
gave a more general analysis for material in which the sound velocity is equal
to the velocity of light. While Clark found that the radius of such a disk is
independent of the angular velocity, Cavalleri found that it increases with the
angular velocity.
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A few months later A. Brotas [66] followed up by calculating an explicite
expression for the radius of a rotating ring consisting of the type of material
considered by Cavalleri. McCrea [67] made the same calculation a few years
later. Let us follow the main points of their calculation. Consider an element
of the ring with proper length L8 when the material is unstrained and proper
length Lo when it is strained. Let p8 be the proper density of the unstrained
material. Then the tension p is given by

P:§Poc <s_2_1> , s:L—8 (15.72)

The density of the strained material is

/m=%£<§+4) (15.73)
The radius and length of the ring fulfils the Euclidean relationship . = 27 R
whether it is strained or not. Hence the Lorentz contraction of the ring when it
rotates will cause a decrease of its radius. Let 27 R be the Lorentz contracted
length of the rotating ring, which is strained due to the centrifugal effect of the
rotation, i.e. it is the length of the ring as measured in the inertial rest frame

of the axis. Then its proper length is y27 R, where v = (1 - R2w2/02) -2,
Thus,
R
=y— 15.74
=Ry (15.74)

where 27 R is the proper length of the ring when it is at rest so that it is not
strained. Cavalleri showed that the tension of the material in the rotating ring
is given by

p = —poR*w? (15.75)

From eqs.(15.72), (15.73) and (15.74) follow

<1+R2w2/c2>1/2

AN (15.70)

Eqs.(15.74) and (15.76) finally lead to

R Mo (15.77)

V1 — R3w?/c?
This expression shows how the ring is elongated with increasing angular ve-
locity. The maximal radius is obtained when Rw = c¢. Then s = oo, pg =
(1/2) p8 p = —(1/2) pdc® = —poc?, R = Ry\/2. It may be noted that the
equation of state is that of vacuum energy.
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Figure 15.6. The helices such as a and b represent world lines of points at rest in the rotating
frame. Points at rest in the inertial rest frame of the axis are represented by vertical world-lines.
Cantoni’s figure has here been modified by drawing not only the circumference defined by
simultaneity in the local inertial rest frames of the disk material, but also the surface connecting
the circumference with the axis.

R.G. Newburgh [68] presented a practical proposal for the experimental in-
vestigation of the type of motion studied by Cavalleri, Brotas and McCrea. It
may also be mentioned that the results of applying radar measurements and
triangulation to a rotating disk have been analyzed by R. C. Jennison, D. G.
Ashworth and P. A. Davies [69-74]. Some of the results in these articles
were earlier found by Arzelies [38] in a comprehensible treatment of spacetime
geodesics and spatial geodesics on a rotating disk. Furthermore, photograph-
ing of a rotating disk has been discussed by P. F. Browne [75]. These topics
will, however, not be discussed in the present article. Further results and dis-
cussion of these matters are found in [76-79].

At about the same time V. Cantoni [80] presented a clarifying paper, writing:

It is shown, on purely kinematical grounds, that one of the assumptions implic-
itly contained in the statement of Ehrenfest’s paradox is not correct, the assump-
tion being that the geometry of Minkowski space-time allows the passage of the
disk from rest to rotation in such a fashion that both the length of the “radius”
and the length of the periphery, measured with respect to the co-moving frame
of reference, remain unchanged.

The following discussion is believed to show that a careful definition of all quan-
tities involved eliminates the paradox and, with it, the alleged inconsistency of
relativistic kinematics.
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At any rate, should relativistic kinematics not be self-consistent, it would seem
hard, on logical grounds, to accept the view that the addition of dynamical argu-
ments might improve the situation.

Grgn

Cantoni then presented the following analysis with reference to figure 15.6.

One can give a consistent definition of the length of the whole “circumference”
relative to the rotating reference frame K as the length of the curve PP’ every-
where orthogonal to the world-lines of the reference points of K, starting from
an event P and ending on an event P on the world-line of the same particle of
the edge of the disk, and winding once around the axis of rotation. Notice that
such a curve is not closed in space-time, and distant events on it, such as P and
P’, can in no sense be regarded as simultaneous. For the segment between two
infinitely close particles with world-lines, say, a and b, denoting by dl the length
relative to the inertial rest frame K of the axis_(i;e., the length of E), and by

dl the length relative to K (i.e., the length of AB), the latter being the same as
the length of the segment with respect to its local inertial rest-frame, one has,
according to the well known equation for the Lorentz contraction,

dl =di(1-v?/) " (15.78)

. T .
Since AB = A'B , dl can also be interpreted as the length of the arc of
circumference A’ B’ at a fixed time, say t = 0 in I, and one has, with obvious
notations,

di=(1—v*/) 2 rdo (15.79)

so that, integrating around the circumference, one gets for the length L of the
edge relative to K

L=2mr (1—v%/?) "% > 27r (15.80)

Clearly it was not justified to assume a priori that both the length of the radius of
the disk and the length of its periphery, as measured from the co-moving frame
of reference, could remain unchanged in the passage from rest to rotation.

In other words, in Minkowski space-time there exists no rigid family of world-
lines describing the passage of a disk from rest to rotation: any family of world-
lines describing a still disk during an initial stage and a rotating disk during
a final stage is necessarily non-rigid in the intermediate stage. This fact only
depends on the geometrical structure of Minkowski space and on the definition of
rigidity, and is not a consequence of the dynamical properties of actual materials.

G. Rizzi and A. Tartaglia [81] stressed the significance for the analysis of
the Sagnac effect of the fact that the periphery of the disk as defined by simul-
taneity in the instantaneous inertial rest frames of the elements of the periphery
is discontinuous in spacetime, as shown in figure 15.6.

W. A. Rodrigues [82] did not accept the possibility of a purely kinematical
solution to Ehrenfest’s paradox. He returned to a pre-relativistic view of the

ether,

arguing that the Lorentz contraction is a real phenomenon which results as a
consequence of the interaction of material bodies with the ground-state vacuum
of the universe.
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This conception when applied to the Ehrenfest paradox implies that the cir-
cumference of the rotating disk gets a contraction due to the interaction of the
periphery with the physical vacuum. Measuring rods along the periphery will
also contract. Hence the measured length of the periphery is independent of
the rotational velocity, and the geometry remains Euclidean.

According to Rodrigues there is no tangential strain, and hence no stress,
in the rotating disk because its length has not been changed as the disk were
put into rotation. A similar view was held by Phipps [83] which resulted in a
discussion with Cantoni [84, 85] that did not, however, clarify the matter very
much. Grgn [86] responded to Phipps’ article by giving a covariant formulation
of Hooke’s law [87]. If this is accepted the existence of strain is invariant.
The strain is defined with reference to the rest length of a mass element, so
that a material becomes strained if the rest length changes. According to the
covariant formulation of Hooke’s law this leads to stress in the material. Thus,
if a disk is put into rotation by accelerating all points identically as measured
in K, then the length of the periphery remains unchanged in K’, but its rest
length increases and the material will get a tangential stress [88]. D. Dieks [89]
pointed out that the existence of such stresses demonstrates the physical nature
of the Lorentz contraction, even when interpreted within the special theory of
relativity.

Winterberg [58] presented an “ether-interpretation” of the Lorentz contrac-
tion and “solved” the Ehrenfest paradox by calculating the deformation of the
disk when it is put into rotation. He also suggested an experiment to test special
relativity against the “dynamic Lorentz-Poincaré interpretation of the Lorentz
contraction". E. M. Kelly [90] introduced a new sort of contraction (or expan-
sion) for moving bodies to solve the Ehrenfest paradox. R. D. Klauber [91]
gave an analysis of space and time on a rotating disk based upon the assump-
tion that the special theory of relativity is not applicable to rotating frames. He
replaced Einstein’s postulate on the isotropy and invariance of the velocity of
light by a postulate saying that “The speed of light is not invariant between the
ground and the rotating frame, and in the rotating frame is found to first order

by the velocity addition law ‘vtangential light = ¢+ rw.” Then he deduced

among other things an Euclidean spatial geometry on the rotating disk. A dis-
cussion about these topics between Klauber and Weber appeared in American
Journal of Physics [92, 93]. Further discussion of the length of the circumfer-
ence of a rotating disk with radius R, maintaining that it is 27 R, was presented
by A. Tartaglia [94].
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11. The metric in a rotating frame as solution of
Einstein’s field equations

In 1951 there appeared a somewhat surprising article [95] by B. Kursunoglu
titled Space-time on the Rotating Disk. There are 3 unusual properties of its
contents.

I. He wrote the metric in the rotating frame in diagonal form

ds® = —e’dt* + dr? + e*df? + dz> (15.81)

where 1 and v are functions of r alone.

IL. The field equations were solved with the energy-momentum of an elastic
medium as source. But the density and pressure of the medium disappeared
from the equations and are not present in the solution, which is given as follows

r2d6?

2
m + dz (15.82)

ds® = — (02 — r2w2) dt? + dr* +
Here w is the angular velocity of the rotating frame.

III. Kursunoglu then calculated the curvature of space-time and found a non-
vanishing value. Hence, he concluded that “for an observer on a rotating disk
there is no way of escape from a curved space-time”.

Concerning point I it was shown by Weysenhoff [30] that it is not possible to
cover a rotating frame with an orthogonal coordinate system. Hence the metric
cannot be diagonal in a rotating coordinate system.

The points II and III were investigated by Grgn [96].

Let us first consider the point II. It was shown that the energy-momentum
tensor specified by Kursunoglu could be represented by a perfect fluid. For a
static metric of the form (15.81) the field equations then imply the equation of
state p = —(1/3)p (in this section we use units so that c = G = 1). Solving
the field equations with mass density pg at the axis, one finds the solution

r2d6? 9

870 ——a— +dz
1+ 8”%7“2

ds? = — (1 + TTQ) dt? + dr? + (15.83)

. . 1
Introducing curvature coordinates by the transformation 7 = r(1 + 8”%7“2) 2
the line element takes the form

dt? dr?

ds* = — 8mpo 1+ 2
1*77“ (1_ 8T%P0722>

s +72d0* + d2® (15.84)

The calculation shows that the interpretation of eq.(15.82) that it represents the
metric of empty space in a rotating coordinate system is not viable.
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On the other hand, if one starts with a stationary, cylindrically symmetric
line-element of the form

ds® = f(r)dt* + dr® +1(r) d6* + dz* + 2m (r) dt df (15.85)

and solves the vacuum field equations, one finds the line element (15.7).

We now go on to point III. As pointed out by Wilson [97] the spacetime
described by the metric (15.7) is flat.

However, if one calculates the spacetime curvature from the line element
(15.82) one finds Rgg = —3r2w? (1 — r2w2) _3, which was the reason for the
conclusion of Kursunoglu cited above. However, the correct interpretation of
this expression is obtained by writing it as

9 -3
Rgg = 3 gpo 2 (1 + _ST;po r2> (15.86)

This represents a component of the Ricci curvature tensor in a static spacetime
filled with an elastic medium.

Finally it may be noted that one may obtain a line-element that is formally
identical to eq.(15.82) by introducing a non coordinate basis of one-forms
(', w",w’ w?) given by

W=dt'—r"2w (1- /%), W =dr, W =di-wdt, W =d
(15.87)

where (dt’, dr’, d#’, dz’) are the coordinate basis forms of the non-rotating

cylindrical coordinate system. In this basis the line element takes the form

r2 (wf)?
1—r2w?

Kursunoglu writes the metric in this form with dt instead of w® and so forth.
This metric has also been considered by Adler et al. [98] and essentially the
same metric by Arzelies [99] who also calculated a non-vanishing spacetime
curvature. However, the vanishing of the curvature of the Minkowski space-
time is invariant, and cannot be changed by expressing the metric in a new
basis. The reason for their result is that both Arzeliés and Kursunoglu treated
the metric as if it was expressed in a coordinate basis. However, this is not the
case since w® is not an exact differential form. This means that the curvature
tensor cannot be calculated by means of the usual expressions valid for a co-
ordinate basis. One has to include the structure coefficients in the calculation.
Making this one obtains zero curvature.

ds? = — (1 —120?) (W) + (W)? + +(W)? (15.88)

12. Kinematical solution of Ehrenfest’s paradox

Sama [100] has argued that this paradox only arises from an ambiguous use
of notation. However, there are deep and interesting points connected by the
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problem raised by Ehrenfest [1] that cannot be analyzed by restricting oneself
to notational matters. One is the role of the relativity of simultaneity which is
essential to obtain a kinematical solution of the paradox. This solution which
will be reviewed in the present section, was given by Grgn several years ago
[101].

Assume that there are n marks on the circumference of a disk which is
rotating with an angular velocity w. One wants to increase the rate of rotation
by giving the marks small blows. In order to increase the angular velocity in
a Born rigid way the blows must be given to the marks simultaneously in their
instantaneous inertial rest frames.

We now consider this acceleration program from the point of view of the
inertial rest frame of the axis. The marks are enumerated from 1 to n in the
direction of the rotation. Performing Lorentz transformations from the instan-
taneous inertial rest frames of the marks to the laboratory frame, one finds
that 2 gets a blow later than 1, 3 later than 2, and so forth. Going around the
disk one finds that n happens later than n-1. Hence, n happens later than 1.
But passing on from n to 1, the blow 1 should happen later than n since the
events should be simultaneous as measured in the instantaneous rest frame of
the element between the marks n and 1. P. Noerdlinger [102] has provided a
graphical illustration of this fact, commenting:

Observers following a rotating ring will not synchronize their clocks in the same

way as inertial ones. Cumulating this result around the ring, leaves a time mis-
match depending on the rotational speed and area enclosed.

This shows that due to the relativity of simultaneity the acceleration pro-
gram that would represent a Born rigid increase of the angular velocity of the
disk, define a set of kinematically self contradictory boundary conditions. The
conclusion is that a Born rigid transition of the disk from rest to rotation is a
kinematic impossibility. This was mentioned already in 1921 by Pauli [103]
who wrote:

A simple argument by Ehrenfest [1] shows however that such a body [Born rigid]
cannot be set in rotation.

13. Energy associated with tangential stress in a rotating
disk

M. H. Mac Gregor [104] has questioned the existence of relativistic stresses
in a rotating ring. He argued as follows:

Let us fasten a string between two points A and B on the circumference of a
disk, and then give the disk an angular acceleration, so that it attains an angular
velocity w. An observer in the disk co-ordinate frame K who studies this event
sees the distance AB increases with increasing angular velocity w, as specified by
eq.(15.10), and he concludes that the string has become stretched. An observer
in the fixed inertial system K’ who studies this same event sees the distance
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AB as remaining unchanged (since the points A and B has similar acceleration
histories), but he knows that the string extending from A to B has undergone
a relativistic contraction in length; hence he also concludes that the string has
become stretched. This stretching is a purely kinematic result, and it gives rise to

relativistic stress. The observers in K and K’ each deduce a kinematic stretching
of the string by a factor of (1 - a2w2/02) _1/2, where a is the radius of the

disk. Not only is the string stretched by a factor of (1 — a2w2/02)71/2 when
the disk is accelerated to an angular velocity w, but the mass of the string is
also increased by this same factor. Hence the mass per unit length of the string
remains unchanged. If we measure relativistic stresses in terms of changes in
linear density (mass per unit length) rather than in terms of simple changes in
length, then these stresses do not occur.

In this way Mac Gregor defines away the relativistic stress associated with
the Lorentz contraction of the material. However the stress cannot be removed
by a definition. It has physical effects. For example, by velocities of the pe-
riphery sufficiently close to the velocity of light, the disk material would crack.
There is an energy associated with the relativistic stresses, and this implies that
one must perform an extra amount of work in order to change the angular ve-
locity of a disk due to these stresses. It was shown by Grgn [105] how this
comes about due to the relativity of simultaneity.

We shall consider retardation of a rotating ring consisting of small springs
with elastic constant k and rest length L. Initially the ring rotates so that the
springs are close to each other, end to end, but without stress. We assume
that the braking is performed by simultaneous blows around the ring, as mea-
sured in K. Then the time difference of two blows at the ends of a spring, as
measured in the instantaneous rest frame K¢ of the spring is

At = (aw/c®) L (15.89)

where I = v~ 1L is the initial Lorentz contracted length of the spring. If the
velocity change of the rear end of the spring is dv’ = a dw as observed in K’,
it follows from the Lorentz transformation that the velocity change in K is

dv = —72(1 dw (15.90)

During the time interval At the rear point moves towards the front point with
this velocity as observed in K. So the spring gets a compression

ds = dv At = —> (azw/cz) Ldw (15.91)
Integration gives
s=(0-7L (15.92)
-1/2

where 79 = (1 — a®w}/c?)
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The force acting on the spring in order to compress it is ks. Hence a work
is performed on the spring,

wo

0
1 1
W= /ksds =5k [*]° = 5kLZ (0 — 1)? (15.93)
wo

where we have used eq.(15.92). As expressed by the initial uncompressed rest
length of the spring the work is

1
W= kL3 (1-")° (15.94)

This work, which has been calculated in the instantaneous inertial rest frame
of a spring, gives the contribution to the spring’s rest mass, due to stresses
developed when the angular velocity of the ring is changed in a Born rigid
way. Expanding in powers of aw/c and retaining only the first term gives

W 2 (awo/2¢)* 2k L3 (15.95)

This shows that the accumulated potential energy in a rotating ring due to rel-
ativistic stresses is a fourth order effect in v/c.

14. A rotating disk with angular acceleration
M. Strauss [106] claimed that:

If the measuring rods laid along the circumference of the rotating disk are Lorentz
contracted with respect to the inertial frame, so are the distances on the circum-
ference they are supposed to measure; hence the two effects would cancel each
other, and the ratio C/D (circumference/diameter) would turn out to equal 7 as
in the Euclidean plane.

Grgn [107] has argued that this claim cannot be true. Firstly, as shown in
Section 12, the disk cannot be put into rotation in a Born rigid way. Hence, the
circumference will not be Lorentz contracted.

We now assume that the circumference of the disk is covered by n standard
measuring rods. A standard measuring rod in a reference frame with arbitrary
motion has by definition constant proper length. As observed from a refer-
ence frame where they move standard measuring rods are subject to Lorentz
contractions only, which means that they perform Born rigid motions.

In order to obtain this, n rods are assumed to rest on the disk without friction,
being kept in place by a frictionless rim on the circumference of the disk, each
rod being fastened to the disk at one end only, at points k so that they just cover
the circumference when the disk is not rotating, as shown in figure 15.7.

The only isotropic way of giving the disk an angular velocity is to accelerate
all points of the disk simultaneously as measured in the laboratory frame K.
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Figure 15.7. 'The disk and the measuring rods at rest.

In the rest frame K, of a point k on the periphery of the disk one then measures
that the point £ is accelerated at a point of time

Aty = (1 — a2w2/02)71/2 (aw/cQ) Ly (15.96)

earlier than the point k+1, where Ly = 2ma/n is the proper length of the
standard measuring rod at k. Thus the distance between these points, that is
the point at the front of one measuring rod and the front of the next, increases as
observed in K. However, according to their definition, the standard measuring
rods move rigidly. Their proper length remain unchanged. Accordingly, the
rods separate from each other as the angular velocity of the disk increases. If
the velocity of a rod is increased from aw to a (w + dw) as observed in K’,
its velocity change, as observed in Ky, is (1 —a’w?/ 02) “adw. During this
change the distance between two neighbouring rods increases with

ds, = (1 — a2w2/02)73/2 (a2w/c2) Lodw (15.97)

Integrating, one finds the distance between the rods, as measured in Ky,
when the disk rotates with an angular velocity w

$p = [(1 —a2w?)e?) M 1] Lo (15.98)
Thus the distance as measured in K is
s=Lo— Lo (1—a2w?/?)"? (15.99)

in accordance with the fact that the measuring rods are Lorentz contracted,
while the circumference of the disk is not. The observation in K’ of the rotating
disk and the measuring rods is shown in figure 15.8.
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Figure 15.8. The rotating disk and the measuring rods.

The results of this analysis imply that the ratio of the length of the circum-
ference of a rotating disk and the length of its diameter, measured by means of

standard measuring rods at rest on the rotating disk is (1 — a*w?/c?) 2
Since this statement is invariant under a transformation connecting two differ-
ent coordinate systems inside the same system of reference, as it is based on the
use of standard instruments, it is a statement characterizing the intrinsic spatial
geometry of the rotating disk. It follows that this geometry is non-Euclidean.

A similar result has been found by considering a rotating disk with angular
acceleration [108].

15. A rolling disk

We shall here follow the presentation of Kevin Brown [109]. A slightly
different analysis of a rolling disk was given by Grgn [101].

A disk with radius a is rolling so that the axis moves with constant veloc-
ity aw along the negative X-axis in the instantaneous inertial frame K of that
element of the disk which has contact with the ground. The co-moving coor-
dinates of this frame are (7', X, Y). A fixed point on the disk at the location
(r, 0) has at the time ¢’ the coordinates (¢, 2/, y') in the rest frame K’ of the
axis,

' (r, 0, t’) , @ (7", 0, t') =r cos (wt’ + 9) oy (r, 0, t') =r sin (wt’ + 9)
(15.100)
Making a Lorentz transformation to the laboratory system leads to

T(r,0,t) = ~v({' - rwx'/cQ) =~[t' - (r2w/62) cos (wt' +6)]
wherey = (1-— r2w2/02)_1/2 (15.101)
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Figure 15.9. The non-rotating disk is drawn to the left and the rolling disk to the right. Radial
lines of the rolling disk are curved as observed by simultaneity in the frame K.

X (7“, 0, t') = (w’ —rwt') =7 [r cos (wt’ —1-9) —rwt']
Y (r,0,t) = rsin(wt' +6) (15.102)

We shall determine the position of the point on the disk at a given point of time
in the laboratory system, say 7' = 0. From the equation for 7' (r, 6, t') we see
that the instant 7" = 0 in K corresponds to different points of time in K’ given
by

t = (rzw/cz) cos (wt’ + 9) (15.103)

Substituting this into eq. (15.102) gives

VX (r, 0)p_g =71 cos [wt' (r, 0) + 0], Y (r, 0)7_y =7 sin [wt’ (r, 6) + 0]
(15.104)
Hence the circumference » = a is given by

(vX)? 4+ Y% = d? (15.105)

which describes an ellipse with half-axis @ in the Y'-direction and half-axis
v~ 'a in the X -direction.

Radial lines of the disk, given by § =constant, appear as curved by simul-
taneity in the laboratory frame. This is shown in figure 15.9.

Some complementary figures showing the appearance of the rotating disk
in accordance with two operational procedures performed in the rotating rest
frame of the disk, have been presented by K. MacFarlane [110].

The positions of points on a rolling ring at retarded points of time were
calculated with reference to Ky by @. Grgn [111]. The result is shown in
figure 15.10. Part C of the figure shows the “optical appearance” of a rolling
ring, i.e. the positions of emission events where the emitted light from all the



322 Gron

Figure 15.10. Points on a rolling ring. A: Observed by simultaneity in its rotating rest frame
K; B: observed by simultaneity in the frame Ko; C: observed in Ky at retarded points of time.

points arrives at a fixed point of time at the point of contact of the ring with the
ground. In other words it is the position of the points when they emitted light
that arrives at a camera on the ground just as the ring passes the camera.

An interesting observation concerning a rolling disk was made by K. Vgyenli
[112]. He calculated the length of the circumference by considering the dis-
tance on the ground between marks of a fixed point O on the circumference, as
the disk rolls with constant velocity.

The period 1" of revolution relative to Ko of a point P on the periphery is ac-
cording to the time dilation formula given by 7' = ~T,. We find accordingly
that the point 0 in one revolution of the periphery moves a distance L relative to
Ko givenby L = vT or

L =~2ma (15.106)

The same result has recently been obtained by Grgn [101] in a different connec-
tion and in a less simple way.

The distance L may be called the “rolled out” circumference of the disk and may
be identified with the proper circumference L’ by the following argument. We
consider a division of the periphery of the disk into infinitesimal line elements
by points fixed on the periphery. These elements are matched one to one with
line elements on the x-axis, such that corresponding elements coincide at the
moment the element on the periphery touches the x-axis and is momentarily at
rest in K. We make the usual assumption that an accelerated standard measur-
ing rod, which momentarily is at rest in a given inertial frame, may coincide at
this moment with an identical rod permanently at rest in the same inertial frame.
It follows that corresponding elements on the periphery and the x-axis must have
the same length relative to the rotating frame K and the inertial frame Ko, re-
spectively, and that the proper circumference of the disk must be equal to the
“rolled out” circumference.
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Figure 15.11. The rotating disk at rest is shown solid drawn and the rotating disk is shown
with dashed line.

16. The rotating disk and the Thomas precession

D. H. Weinstein [113] claimed that the extension of a disk will be reduced,
and radial lines deformed, as shown in figure 15.11, due to the Thomas preces-
sion when a disk is put into rotation.

The Thomas precession is a kinematical special relativistic effect appear-
ing if a rod which is free to rotate and moves along a circular path normally
to its axis of rotation. However, when a disk is put into rotation, say by giv-
ing all points on the circumference equal and simultaneous tangential blows,
the motion of the disk material is determined mainly by the force acting on
the disk and the elastic properties of the material, as was emphasized by G.
Cavalleri [114]. Also, it was pointed out by Newburgh [115] that although
the Thomas precession is clearly significant in the case of spinning elementary
particles moving along curved paths, is by no means clear that the material of
an extended body will undergo a Thomas precession.

The effect of the Thomas precession would be an accumulating strain which
would cause a tension in the material. This tension would rapidly counteract
further strain. Hence the effect of the Thomas precession would vanish practi-
cally immediately. It would therefore not be possible to measure any accumu-
lated “Thomas strain” for a disk having rotated 1000 times per second for 30
days, as suggested by Weinstein.

This was shown very clearly by Whitmire [116] who wrote:

Consider two elements S; and S> in a thin spinning disk. For definiteness we
consider circular regions of the same size and the same radial position r. Let us
assume that S1 and S2 undergo a Thomas rotation given by

v Xa

wr=( =D 50 y=1-0/A) 7 v=wxr (15.107)
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17.

Figure 15.12. Thomas rotation of two overlapping circular regions

where w is the angular velocity of the disk, and a is the centrifugal acceleration
|]a] = v?/r. The sense of wr is opposite to w. Now consider the case where S1
and S> are as in figure 15.12. Particles in the overlap region (shaded area in fig-
ure 15.12) must shear the motion of S; and S> simultaneously. In other words,
the matter in the overlap region must move in two (opposite) directions at once
if it is assumed that eq.(15.107) applies to an arbitrary section of mass in the
disk. The problem of the Thomas rotation in a spinning macroscopic disk can be
resolved by consideration of the elastic properties of the disk. Consider a small
element of mass in the rotating disk. If it is uncoupled (or weakly coupled) to the
rest of the disk then it will undergo the usual Thomas rotation. If it is strongly
coupled to the rest of the disk, however, the mass elements will be constrained
from rotating, thus introducing “Thomas shear stresses”. In a laboratory exper-
iment with a rotating disk there will be no Thomas rotation of segments in the
disk.

Contracted rotating disk

Grgn

Griinbaum and Janis [117] have considered a disk put into rotation in such
a way that the radius contracts and no tangential stresses appear. This means
that the rest length of tangential mass elements remains unchanged during the
period of angular acceleration. At first moment one might think that this is
not possible. Due to the relativity of simultaneity the special theory of rela-
tivity forbids, in the case of rotating motion with constant radius, to increase
the angular velocity of a rotating disk in a Born rigid way. Hence, tangential
stresses will appear, and the rest length of the periphery changes. There was
a discussion of this in Foundations of Physics [118, 119] and it became clear
that the type of motion considered by Griinbaum and Janis is indeed permitted
by the theory of relativity.
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The main result of Griinbaum and Janis’ can be deduced as follows. Allow-
ing for a changing radius of the disk the coordinate transformation between K
and K’ may be written

t=t, =f(@r), 0=0+uwt (15.108)

Inserting this into the general expression (15.17) for the spatial line element
leads to

= (dffdr)? dr* + {2 (r) ) [1 = f2 () w?/e?] PP L ag 15.109)

Consider a point on the disk. Before the rotation was started it had a radial
coordinate 7{ = 7 in K’. In the final state of uniform rotation it has a radial
coordinate r, = r' in K" and ro = r in K.

The function f is determined from the condition that there are no tangential
strains in the disk in the final state as compared to the non rotating state. This
means that the rest length of a given circle on the disk is the same in the final
state as in the non rotating state,

o9 = (v99)L/% 21 = 271 (15.110)

Hence doy = r df. This, together with eq.(15.109), gives

) =1 = (15.111)

which leads to ,

= e

(15.112)

Hence, from eq.(15.108) we have

’ T

e ———— (15.113)
V14 r2w?/c?
This equation gives the radius r’ of a circle on the rotating disk as compared
to the radius of the same circle when the disk does not rotate. It shows that the
disk contracts when the angular velocity increases.
Substituting eq.(15.112) for f () into eq.(15.109) gives the spatial line ele-
ment of the rotating disk

do® = (1 —r2w?/) 7 dr? + r2d6? (15.114)

This line-element shows that the circumference of the disk is 27r, indepen-
dently of the angular velocity, and the spatial geometry is negatively curved
since circum ference/diameter > m. The proper radial distance is given by

-8/2

doy = ()2 dr = (1 + 12w?/c?) (15.115)
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Integration gives
T

Op = —————— 15.116
AV ey (1510

which also exhibits the contraction of the rotating disk. Expressing the spatial

line element of the rotating disk in terms of the proper radial distance one

obtains

o2dh?

2 _ g2
do” =do, + 1= 0202/

(15.117)
which has the same form as the line element (15.10).

Since the proper length of the circumference does not change when the disk
is put into rotation, one might think that the acceleration program that realizes
this motion might represent self-contradictory boundary conditions due to the
relativity of simultaneity, as is the case for purely tangential motion. However,
the motion can be produced in the following way. The disk is initially com-
pressed in accordance with eqs.(15.113) and (15.116). Then all points of the
disk are accelerated in the tangential direction by a succession of blows, each
blow being given to all points simultaneously in the inertial rest frame K’ of
the axis.

The disk motion introduced by Griinbaum and Janis has later been consid-
ered by Ziino [120] with a slightly different interpretation. He deduced the
expression (15.116) and the line elements (15.114) and (15.117) and gave the
following comment (using the notation above):

What can essentially be gained is a more orthodox (and still relativistically con-
sistent) geometrical definition of a rotating frame, in terms of a suitable “world”
radial co-ordinate that may naturally run to infinity, with no need for values
greater than ¢/w to be ruled out. The new radial coordinate, r , differs from
the standard one, o,, by the following: it is identically equal to the Euclidean
radius, o,y (woy), of a circumference of proper length 270,y (wo,) which is
described in the rotating frame at an actual radial distance o, from the rotation
axis. A “new” metric could accordingly be assigned to a rotating frame, which
can be obtained by just recasting the usual metric in terms of . The most imme-
diate physical application concerns the kinematics of a uniformly spinning disk
(with presumably far-reaching effects on the physics of rotating black holes).
The result is that a disk of whatever (original) radius r might be brought to spin
with an arbitrarily great uniform angular velocity w: its shape should not un-
dergo any distortion with spinning, but should appear to be globally contracted
by a scale factor 'y*l (wor), where wo, = wr (1 + 0,2,0.;2/02)_1/2 and o, is
the new radius that the disk would exhibit when it is seen rotating with an angular
velocity w.

18. Conclusion

There are several results of the long period with discussions on the geometry
of a rotating disk.
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1 Ehrenfest’s paradox demonstrated that it is not possible to put a disk into
rotating motion in a Born rigid way while remaining horizontal.

2 Einsteins’s argument based on using standard measuring rods on a ro-
tating disk to measure it geometrical properties shows that the periphery
of a disk with radius r rotating with angular velocity w has a length
27r /4/1 — r2w?/c?. Hence, it is longer than 277, not shorter as in the
formulation of Ehrenfest’s paradox. With reference to the inertial rest
frame of the axis this is explained as due to the Lorentz contraction of
the measuring rods in the tangential direction and not in the radial direc-
tion. With reference to the rotating rest frame of the disk it is interpreted
as a gravitational effect, i.e. the geometry of space is non-Euclidean in a
gravitational field.

3 Due to the relativity of simultaneity Born rigid rotating motion of a ring
with angular acceleration represents contradictory boundary conditions.

4 If the disk is regarded as a 2-dimensional surface it can be put into rota-
tion in a Born rigid way, that is without any displacements in the tangen-
tial plane of the disk, by bending for example upwards so that it obtains
the shape of a cup.

5 The surface orthogonal to the world lines of the disk particles is called
the 3-space in the rotating rest frame of the disk. This space is defined
by events that are simultaneous as measured by Einstein synchronized
clocks on the disk. It has a discontinuity along a radial line as shown in
figure 15.6, and is negatively curved.

6 Spatial geodesics curve inwards the 3-space of a rotating reference frame.
This demonstrates the negative curvature of this space.

7 One may introduce local coordinates in the neighbourhood of arbitrary
points on a rotating disk by means of differential transformations from
coordinates in the inertial rest frame of the axis. These transformations
may be chosen so that the spatial line element at constant time in the
rotating system has Euclidean form. Also one may calculate a non-
vanishing Riemann curvature tensor for spacetime in the rotating frame
by employing the usual formulae valid in a coordinate basis. This does
not mean, however, that the 3-space is flat and spacetime is curved in
the rotating frame. Taking account of the non-vanishing structure coeffi-
cients in a non-coordinate basis one finds that the 3-space is curved and
spacetime is flat in the rotating frame.

8 What actually happens when a disk is put into rotation depends upon its
elastic properties. A maximally rigid disk, with sound velocity equal to
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the velocity of light, will in fact contract when its angular velocity in
increased.
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Abstract Covariant generalizations of well-known wave equations predict the existence
of inertial-gravitational effects for a variety of quantum systems that range from
Bose-Einstein condensates to particles in accelerators. Additional effects arise in
models that incorporate Born reciprocity principle and the notion of a maximal
acceleration. Some specific examples are discussed in detail.

1. Introduction

The interaction of quantum systems with external inertial and gravitational
fields is of interest in studies regarding the ultimate structure of space-time.
Covariant generalizations of well known wave equations provide examples of
effects involving classes of quantum systems in conditions remote from the
onset of quantum gravity, hence amenable, it is hoped, to observation. For
this purpose, Schroedinger, Klein-Gordon, Maxwell-Proca and Dirac equa-
tions have been frequently discussed in the literature. The Landau-Ginzburg
and Gross-Pitaevskii equations should also be added to this group because of
the peculiar properties of charged and neutral Bose-Einstein condensates. As
shown in Section 2, these equations can be solved exactly to first order in the
weak field approximation (WFA), if the solutions of the corresponding field
free equations are known. The same procedure can also be applied to de Rham,
Maxwell-Proca and Dirac equations.

The interaction of quantum systems with external inertial and gravitational
fields produces quantum phases. Though these are in general path-dependent,
phase differences are observable, in principle, by means of interferometers.
Section 2 refers to this first group of effects. An explicit calculation of the
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phase difference due to the Lense-Thirring (LT) effect is added for pedagogical
reasons.

A second group of effects, considered in Sections 3, is derived from effective
Hamiltonians for the motion of fermions in accelerators and storage rings. It
deals, essentially, with spin-rotation coupling, its non-universal character and
its invariance under parity and time reversal.

The problems considered in Section 4 stem from attempts to incorporate
Born reciprocity theorem into the structure of space-time. They are related to
the notion of a maximal acceleration (MA), whose presence, frequently dis-
cussed in both classical and quantum contexts and in string theory, plays the
role of a field regulator while preserving the continuous structure of space-
time. The MA corrections to the Lamb shift of one-electron atoms and ions,
also discussed in Section 4, are comparable in magnitude with those of quan-
tum electrodynamics of order seven in the fine structure constant and are not,
therefore, negligible. Section 5 contains a summary.

2. Quantum phases
2.1 Landau-Ginzburg and Gross-Pitaevskii equations

In view of the wide variety of interferometers presently in use or under
development, it is convenient to study systems whose wave functions satisfy
the equation

m2c?

R
where V,, indicates covariant differentiation, 3 is a constant and A, () rep-
resents the total electromagnetic potential of all external and gravity induced
fields present. Eq.(16.1) is the fully covariant version of the Landau-Ginzburg
equation [1]. It reduces to the Gross-Pitaevskii equation when A, vanishes and
to the Klein-Gordon equation when 3 = 0. It is therefore well suited to dis-
cuss a number of systems, from superfluids [2] and Bose-Einstein condensates
[3], to scalar particles. If, in particular, heavy fermion systems admit minimal
coupling [4], then Eq.(16.1) may be used in this case too with the added ad-
vantage of a much larger effective coupling in mixed gravity-electromagnetism
interaction terms.

In the WFA g,,, = 0, + Y, Where 7, is the metric deviation, |v,,| < 1
and the signature of 7, is (1, -1, —1, —1). To first order, Eq.(16.1) becomes
(h=c=G=1)

(0" =)0 — (Y =1/29I0) 1y O +m? = | @ |2 ®(z) = 0. (16.2)
It is useful to start with the ansatz

O(x) = exp(—ix) po(z) ~ (1 —ix)po(z), (16.3)

(Vi +i= 4, + (x) = | 0(x) [* B(x), (16.1)
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where ¢q(z) is a field quantity to be determined below and

1 x
o = 7 [ a0l = imale - 29 -
1 T
B _ Bygo — = dz My (2)0% do. 16.4
(@ =907 = 5 [ a2 (209000 (164

Because coordinates play the role of parameters in relativity, phase (16.4) is
sometimes referred to as the gravitational Berry phase [5].
It is easy to prove by differentiation that (2.4) leads to

Dux00) = 7 [ 4 005() = alD1050” 5107 on(a) +

1] 4 0anale) = a0 -

(o ~ )0 )Bu0(x) — 5 / "4 a (20 0uolw) —

p
e (10060 ). (165
from which one gets
i9,0"(x¢o) = —im*x¢o+ix(8| o [* do) -
Vuad"0%do — (v — %’V;'nﬁ’“‘)w Opdo.  (16.6)

By substituting (16.6) and (16.3) into (16.2) one finds, to lowest order,

[(77“” - ’Y/w)a,uau + m2 - 5 ’ o |2]¢’(x) =
[ 9,0, +m* — B | ¢o [*]do(z) +
B ¢o I* (ixeo) —ix (| o |* d0)], (16.7)

where use has been made of the Lanczos-DeDonder gauge condition

1

’yg’l, — 57(‘,’70‘ =0. (16.8)

Eq.(16.3) therefore is a solution of (16.2) exact to first order if

[ 08y +m* — B | ¢o |*]¢o () +
Bl ¢o I” (ixgo) —ix (| ¢o |* é0)] = 0. (16.9)
In problems where | ¢o |2 is constant, ¢q satisfies the Ginzburg-Landau equa-
tion
(1" 0,0, +m* — B | ¢o |*]¢po(x) = 0. (16.10)
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When 3 = 0, (16.1) becomes the covariant Klein-Gordon equation and (16.10)
the Klein-Gordon equation in Minkowski space.
For a closed path in space-time one finds [1]

1
iAo = 5 / RuapL®PdrH ¢g, (16.11)
Ep
where ¥, is the surface bound by the closed path, L*Pis the angular momen-
tum of the particle of mass m, and R,z is the linearized Riemann tensor

1
R,u,uaﬁ = 5 (’Y;L/B,zxa + Yva,uB — Ypa,vB — '71/,8,“04) . (1612)

Result (16.11) is manifestly gauge invariant. The effect of the electromag-
netic field can also be incorporated in the phase factor in a straight-forward
way by adding to i the term ie || If dz* Ay (z). The additional phase difference
ise fzp F,dr* where F,, = —A,, + Ay .

2.2 de Rahm and Maxwell equations
The de Rahm wave equation
V,VYA, - R,;A° =0, (16.13)
where V,, A#* = 0, becomes, in the WFA and in the gauge (16.8),

V,.VYA, — Rue A7 ~ (7% =7 A0 —
(’Ya,u,u + Yov,u — ’Y,LLV,O’)AO-J/ =0. (1614)

This equation has the solution

A, = exp(—if) ~ (1 —i&)ay, (16.15)
where
igou() = 1 [ 4 0ms() — mala” — 00 (0) -
(@ = @)+ 5 [ 4 nele) = imnn()a -

5 [ a2 @00, — [ a0 @), 1610
2Jp P

0,0"a, = 0 and 0"a, = 0. If R,, is negligible, then Eq.(16.13) becomes
Maxwell wave equation and the phase operator £ can also be written in the
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form [2]
1 [* o
€ =3 /P d2*(Yar5(2) = Vpra(2)) I —
1 (7 1 (7
5/ dz/\’ya,\(z)ao‘— 5/ dz’\’yag,A(z)To‘B, (16.17)
P P
where

Jaﬂ — Laﬂ + Saﬁ
is the total angular momentum,
(50 = —i(ghg”’ — g g")
is the spin-1 operator and

'1 1z 1%
(TP = —ig(g"g"" + 9"79").

All spin effects are therefore contained in the S** and T*% terms. For a closed
path one can again find a gauge invariant equation similar to (16.11).
The procedure discussed can be easily extended to massive vector particles.

2.3 Covariant Dirac equation

Some of the most precise experiments in physics involve spin-1/2 particles.
They are very versatile tools that can be used in a variety of experimental situa-
tions and energy ranges while still retaining a non-classical behaviour. Within
the context of general relativity, De Oliveira and Tiomno [6] and Peres [7]
conducted comprehensive studies of the fully covariant Dirac equation which
takes the form

[iv"(x) Dy — m]¥(x) =0, (16.18)

where D,, = V,, 4 iI',,. The generalized matrices *(x) satisfy the relations
{(7#(2).7" (@)} = 20" (x), Dy (@) = V(@) + i[L(2), 7(2)] = 0 and
are related to the usual Dirac matrices y* by means of the vierbeins e’ (). The
spin connection I'# is

i v 1 ap v
Ty = 7" (Vaw) = =30 e (Ve ), (16.19)

where 0% = %[fyd, ~B | . Particularly interesting is the case of acceleration and
rotation [8][9]. In this instance it is possible to define a local co-ordinate frame
according to an orthonormal tetrad with three-acceleration @ along a particle’s
world-line and three-rotation & of the spatial triad, subject to Fermi-Walker
transport. This tetrad €, is related to the general co-ordinate tetrad €, by

G=0+a-97" |- @xd'a].a=a 1620
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The corresponding vierbeins relating the two frames are then

- =

600 = (1+a- x)_l ,ekﬁ =—(1+a- f)_l eijkwixj,

e = 0, =6 (16.21)
Similarly, by inverting (16.20), we find the inverse vierbeins
o = (1+3-@),efp=¢

D, = 0,k = ok, (16.22)

ik
J Wi Tj,

The vierbeins satisfy the orthonormality conditions
6‘% = e”ﬂeé‘y, 0, = eﬁ#eo‘,;. (16.23)

It follows that the metric tensor components are

go = (1+@-7)°+|(@-&) (@3- (@27,
goj = —(&xT);, gk =Nk (16.24)
One also finds )
ro:_%(a.a’)_a-a r;=0. (16.25)

By using the definitions ¥(z) = SU(z), S = exp(—i [p d2*T'\(2)) and
AH(z) = S~1y#(x)S, in (16.18) one finds [9]

[iA" (x)V,, — m]¥ = 0. (16.26)
By substituting U = [—i3%(z)V,, — m]1)’ into (16.26) , one obtains
9"V Vo +m*) =0 (16.27)

which, as shown above, has the WFA solution ¢/ = exp(—ix)o, where 1
is a solution of the Klein-Gordon equation in Minkowski space. It is again
possible to show that for a closed path the total phase difference experienced by
the Dirac wave function is gauge invariant and is given by }1 J Ryvapd B i,
where the total angular momentum is now

1
I =17 4.6°7 0°0 = — [y,

and ~” represents a usual, constant Dirac matrix [10]. It then follows that the
Dirac Hamiltonian in the general co-ordinate frame is, to first-order in @ and
&,

H =~ (d-p)+mp+V(Z), (16.28)
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Figure 16.1. Rotating, homogeneous, solid sphere and useful coordinates.

where

8y

V() = @ D@ )+ (@ p)@E- )+ m(@ D6 -

1
2
G- (L+S)+ad- (Vog) + Vg, (16.29)
the @, 3, ¢ matrices are those of Minkowski space, L=27x D S = G /2 are
the orbital and spin angular momenta, respectively, and

1 o 1 [7
V,u@c = §'Yau(x)p D) /X dZA(’Y;M,ﬂ(Z) - ’ygAM(z))pﬁ, (16.30)

where p* is the momentum eigenvalue of the free particle. The term & - S is
the spin-rotation coupling term introduced by Mashhoon [11].

24 The Lense-Thirring effect for quantum systems

An example of how a gravity induced phase is calculated can best be given
by applying (16.2)-(16.4), with 3 = 0, to the LT effect [12]. This requires
knowledge of the particle paths and of the field v, .

Consider the physical situation illustrated in Fig. 16.1. A square interferom-
eter of side [ is represented by the path ABCD in the (zy)-plane and a sphere
of mass M and radius a is rotating about the z’-axis with angular velocity w.
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The spatial coordinates of the point A at which a coherent beam of particles is
split are (2, 9', 2) in the coordinate system z'#. For the sake of generality A is
taken a distance R from the center of the sphere. The beams interfere at C' after
describing the paths p;1 = ADC and ps = ABC. Since the two coordinate
systems z* and z/* are at rest relative to each other, one can choose 2° = 2"°
and set the beam splitting time at A to be 20 = 2’ = 0. It is sufficient to take
¢o o exp(ik,x*), where k,, is the momentum of the particles of mass m in

the beams and k, k' = m?. The only non-vanishing values of v, are [13]

2M AMwa® (y + ')
Yoo = Vi = —— 5001 = — 3 ;
r or
dMwa? (z + '
Yoz = 5:3 )7 (16.31)

where 72 = (z + /)2 + (y + v')? + (2 + 2/)? and R? = 22 + y/? + 2/2. The
following expressions are also used below

1 1z gy 2 1, 5 5 5
F TR OB R B e Ty TS
3202 3y ., 351252

| 2R | 2R | 2R

IE,Z .CL'/Z 3:1/‘/7'1‘/(1' 3x/zy/y 3:5/1 Z/Z

» ~ R RS RS R

x/iq:/j x/z‘x/j
7o = R5 : (1632)

The phase shift of the beams along the different arms of the interferometer
is given by

Ax = Axi+Axe =

1/ "4 (s (2) — anal2) [ — 22 — (2 — Pk -

4 A1p1

1 * (6% (0% (0%

1] 200 el - M~ (o - ) -
A7p2

1 [* 1 [*

—/ dz)"yaA(z)ka—l——/ dz)"ya,\(z)ka. (16.33)

2 Jap 2 JAps

The calculation can be simplified by taking « = R and neglecting the contri-
bution of gravity to the motion of the particles in the beams. The latter choice
is certainly justified to first order in the WFA and for interferometers of labo-
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ratory dimensions. Then path p; is described by

and p2 by

0§z0§— T = vz y=20 z =0z
v
? 20
—<< = x=/ y=v2"—1¢ z=0
v v "
0<ax </t y=20 z2=0 ==
v
o Ly
z =/ 0<y</’ z2=0 M=="42
v
o_ 1t 0
0<z" < - =0 Y =0z z2=0
v
V4 20
—< A< g=0—1 y=¢ z=0
v v y
z=0 0<y<’ z=0 =2
va
0<z </ y=4~ z2=0 22Y=-42=.
vV

In addition for p; one has:

and for po

4
at B: mg:(;,f,0,0) Kkt = (k% k,0,0)
c o= (20 E* = (K00, k
at C xC’_(;’ 9 70) C_( 707 70)

¢
at D : x%z(;,O,E,O) ki = (k°,0,k,0)

20
at C: b = (?M,o) k= (K%, k,0,0).

343

Notice that the overall path described by the coherent beams is effectively
closed in space-time, as required by (16.11). On using the expressions for

Vv one finds

M2 E°

Ay = JE

M2
Me <_

2R? 2R?

1'/-1- ,_'_333/26_3:9/_/26 _
YT 9R? T oR?

3220 3y
. (—a;’+y’+ ~ >+

2 (k
- <; + k:0> (2R? — 32" — 3y%).  (16.34)
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If the particles in the beam have speed v, then in the non-relativistic approx-
imation k° ~ m(1 + %) and k ~ muv and Ay represents the phase measured
by an observer co-moving with the interferometer relative to which the sphere
generating the LT field is spinning. The last term in Ay depends on w and rep-
resents the LT effect experienced by the quantum particles. It reaches its largest
value when the interferometer is placed in the neighborhood of the poles of the
sphere (z' = 3’ = 0). The remaining terms represent gravitational effects that
are present even when w = (0. These terms vanish when the beam source is
located at ' = 3/ and, in particular at 2’ = 3’ = 0, at which positions the only
contribution to the particle phase shift is that of the LT field. For the Earth the
last term can also be written, in normal units, as

2G ml

) Jo— 2R3, — 3(2" + y?)], (16.35)

Axpr =

where Jg = 2M@R§ew /5 is the angular momentum of the Earth (assumed
spherical and homogeneous) and Rg its radius. It is interesting to observe
that Q) = ﬁj@ coincides with the effective LT precession frequency of a

gyroscope [14, 15]. Since the precession frequency of a gyroscope in orbit is
Q=3 2‘;3 , one can also write Ay = QII, where II = % replaces the
period of a satellite in the classical calculation. Its value, II ~ 1.4 x 10%s
for neutron interferometers with [ ~ 102¢m, is rather high and yields Ay ~
10~ "rad. This suggests that the development and use of large, heavy particle

interferometers would be particularly advantageous in attempts to measure the
LT effect.

3. Inertial fields in particle accelerators
3.1 Spin-rotation coupling in g-2 experiments

Prominent among the effects that can be derived from the covariant Dirac
equation of Section 2.3 is the spin-rotation effect described by Mashhoon [11].
This effect is conceptually important. It extends our knowledge of rotational
inertia to the quantum level. It also yields different potentials for different
particles and for different spin states [10] and can not, therefore, be considered
universal.

The relevance of spin-rotation coupling to physical [16] and astrophysical
[10, 17] processes has already been pointed out.

It is shown below that the spin-rotation effect plays an essential role in pre-
cise measurements of the g — 2 factor of the muon.

The experiment [18, 19] involves muons in a storage ring consisting of a
vacuum tube, a few meters in diameter, in a uniform vertical magnetic field.
Muons on equilibrium orbits within a small fraction of the maximum momen-
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tum are almost completely polarized with spin vectors pointing in the direction
of motion. As the muons decay, those electrons projected forward in the muon
rest frame are detected around the ring. Their angular distribution therefore
reflects the precession of the muon spin along the cyclotron orbits.

The calculations are performed in the rotating frame of the muon and do not
therefore require a relativistic treatment of inertial spin effects [20]. Then the
vierbein formalism yields (16.25), or

1 5 1

F:——i - = z‘i, 16.
0 2aa zwa (16.36)

oi_tio in_.[(o" 0O
o _2[7,7]4(0 _O.z>

in the chiral representation of the usual Dirac matrices. The second term in
(16.36) represents the Mashhoon effect. The first term drops out. The remain-
ing contributions to the Dirac Hamiltonian, to first order in a; and w;, add up
to [8, 9]

where

H o~ apmft (@ 9@ 6+ @)@ s 1637

LG
5 (L+2).
o (1+3)

For simplicity all quantities in H are taken to be time-independent. They are
referred to a left-handed tern of axes rotating about the zy-axis in the clockwise
direction of motion of the muons. The x3-axis is tangent to the orbits and
in the direction of the muon momentum. The magnetic field is Bs = —B.
Only the Mashhoon term then couples the helicity states of the muon. The
remaining terms contribute to the overall energy E of the states, and Hy is the
corresponding part of the Hamiltonian.
Before decay the muon states can be represented as

() >= a(t)[y4 > +b(t) |- >, (16.38)

where |14 > and |¢)_ > are the right and left helicity states of the Hamiltonian
Hj and satisfy the equation

Holpy,— >=E|py - > . (16.39)
The total effective Hamiltonian is H.ry = Ho + H ', where
1
H' = -5 woo? + puBo?. (16.40)

p = (14 a,) po represents the total magnetic moment of the muon and 1 is
the Bohr magneton. The effects of electric fields used to stabilize the orbits
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and of stray radial electric fields can be cancelled by choosing an appropriate
muon momentum [19] and need not be considered.
The coefficients a(t) and b(¢) in (16.38) evolve in time according to

2 a(t)\ a(t)
o <b(t)> —M<b(t) , (16.41)
where M is the matrix
E_ii (ﬂ . MB)
M — 2 2 (16.42)
—i (ﬂ - B> Bl
g M 2

and I represents the width of the muon. The non-diagonal form of M (when
B = 0) implies that rotation does not couple universally to matter.
M has eigenvalues

I w
hl == E—Z§+?2—MB,
r
hy = E—i——22 41 ,B, (16.43)
2 2
and eigenstates
> = — [y > +hi >]
= 1 _ 3
1 NG +
1
> = — |- > 4y > . 16.44
V2> = 5 [y >+l > (16.44)

The muon states that satisfy (16.38) and (16.41), and the condition |¢)(0) >=
| >att =0, are

eiFt/2 . .~ .~
() > = Te_ZEt {i[e7™" — ™' ihy > (16.45)
+ [e—iizt + ez‘@t] I >} :
where o
~ 2
=— —uB.
W= —p
The spin-flip probability is therefore
Py —y, = | <tily@) > (16.46)
e Tt

= T[1 —cos(2uB — wy)t] .
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The I'-term in (16.46) accounts for the observed exponential decrease in elec-
tron counts due to the loss of muons by radioactive decay [19].
The spin-rotation contribution to P;,_ ., is represented by wo which is the

B
cyclotron angular velocity it [19]. The spin-flip angular frequency is then
m

Q = 2uB—wo (16.47)
2 m m
—2eB B
= 222 2, (16.48)
2 m m

which is precisely the observed modulation frequency of the electron counts
[21]. This result is independent of the value of the anomalous magnetic mo-
ment of the particle. It is therefore the Mashhoon effect that evidences the
g — 2 term in €2 by exactly cancelling, in 2,1 B, the much larger contribution i
that relates to fermions with no anomalous magnetic moment [22]. The can-
cellation is made possible by the non-diagonal form of M and is therefore a
direct consequence of the violation of the equivalence principle. It is significant
that this effect is observed in an experiment that has already provided crucial
tests of quantum electrodynamics and a test of Einstein’s time-dilation for-
mula to better than a 0.1 percent accuracy. Recent versions of the experiment
[23, 24, 25] have improved the accuracy of the measurements from 270ppm
to 1.3ppm and ultimately to 0.7ppm [26]. This, as well as measurements of
the Mashhoon effect using the Global Positioning System [27], bode well for
studies involving spin, inertia and electromagnetic fields, or inertial fields to
higher order.

3.2 Tests of parity and time reversal invariance

The residual discrepancy a,(ezp) — a,(SM) = 26 x 10710 still existing
[26] between the experimental and standard model values of the muon’s a,, can
be used to set an upper limit on P and 7 invariance violations in spin-rotation
coupling.

The possibility that discrete symmetries in gravitation be not conserved has
been considered by some authors [28, 29, 30, 31]. Attention has in general
focused on the potential

GM

r

U(7) =

[0415- 7+ aod - U+ agr - (17>< 5)] , (16.49)

which applies to a particle of generic spin ¢. The first term, introduced by
Leitner and Okubo [29], violates the conservation of P and I". The same
authors determined the upper limit ; < 107!! from the hyperfine splitting
of the ground state of hydrogen. The upper limit aps < 1072 was determined
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in Ref.[31] from SN 1987A data. The corresponding potential violates the
conservation of P and C. Conservation of C' and T is violated by the last
term, while (16.49), as a whole, conserves C' PT'. There is, as yet, no upper
limit on a3. These studies can be extended to the Mashhoon term.

Assume, in fact, that the coupling of rotation to | 1 > differs in strength
from that to | 1»— > [32]. Then the Mashhoon term can be altered by means of
amatrix A = (%1
two helicity states. The total effective Hamiltonian is H.sy = Ho+ H', where

/S ) that reflects the different coupling of rotation to the
2

1
H = —§Aw202 + uBoos. (16.50)

A violation of P and 7T in (16.50) would arise through ko — k1 # 0. The
constants 1 and kg are assumed to differ from unity by small amounts €; and
€9.

The muon states before decay are again as in (16.38) and the coefficients
a(t) and b(t) evolve in time according to (16.41), but now the matrix M is
replaced by

g ( E-ir i(m%-uB)
M_<—z‘(n2§_ug) E—iL > (16.51)

The spin-rotation term, that is off-diagonal in (16.51), violates Hermiticity and
T, P and PT, as shown in [32] and, in a general way, in [33], while nothing
can be said about C'PT' conservation which requires H.;¢ to be Hermitian
[34, 35]. Because of the non-Hermitian nature of (16.50), one expects I' itself
to be non-Hermitian. The resulting corrections to the width of the muon are,
however, of second order in the €’s and are neglected.

M has eigenvalues

T
hi = E—i=+R

2
T
hy = E—iz—R, (16.52)
where
_ w2 w2
R= \/ (m : uB) (@ . uB), (16.53)

and eigenstates

|1 > = by [mly > +|Y- >],
[ > = ba[malhy > +|- >]. (16.54)
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One also finds

1
bW = ——
nl = e
1
b = ——— 16.55
|2 1+ "'72’2 ( )
and .
oy = (2
m== (m . uB). (16.56)
Then the muon states (16.38) are
1 _iEt—Lt . .
|Y(t) > = 3¢ 2 [—2in sin Rt|yy > +
2 cos Rt|y_ >], (16.57)

where the condition |¢)(0) >= [t > has been applied. The spin-flip proba-
bility is therefore

| < ylop(t) >

e Tt Kiwy — 2uB

= 1-— 2Rt|. 16.58
2 Kowgy —2uB [1 = cos 2R1] ( )

Pp_—py

This equation and k1 = ky = 1, yield (16.45) and (16.46) that provide the
appropriate description of the spin-rotation contribution to the spin-flip transi-
tion probability. Notice that the case k1 = ko = 0 (vanishing spin-rotation
coupling) gives

—I't B
Py = 5 |1 = cos(1+ au)% (16.59)

and does not therefore agree with the results of the g — 2 experiments. Hence
the necessity of accounting for spin-rotation coupling whose contribution can-
cels the factor <2 in (16.59) [22].

Substituting k1 = 1 + €1, ko = 1 + €5 into (16.57), one finds

e 1t eB

Py oy, ~ T[l — cos E(a“ —e)t], (16.60)
where € = J(e1 + €2). One may attribute the discrepancy between a,,(exp)
and a,(SM) to a violation of the conservation of the discrete symmetries by
the spin-rotation coupling term in (16.50). The upper limit on the violation
of P,T and PT is derived from (16.60) assuming that the deviation from the
current value of a, (SM) is wholly due to ¢, and therefore is 26 x 10710
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4. Maximal acceleration

In the 1980’s, Caianiello and collaborators [36] developed a geometrical
model of quantum mechanics in which quantization is interpreted as curva-
ture of the eight-dimensional space-time tangent bundle TM = My ® T My,
where My is the usual flat space-time manifold, of metric 7,,,,. In this space
the standard operators of the Heisenberg algebra are represented as covariant
derivatives and the quantum commutation relations are interpreted as compo-
nents of the curvature tensor. The usual Minkowski line element is replaced
in the model by the infinitesimal element of distance in the eight-dimensional
space-time tangent bundle 7'M

dr? = napdX*dXx"® A, B=0,...,7, (16.61)

. . 2
where, in normal units, N4 = My, @ Nyw, XA = (;U“, j—mcg—:>, w=0,...,3,
xt = (ct, ), dzt/ds = & is the relativistic four-velocity and A,, is a con-
stant. In the model the symmetry between configuration and momentum space
representations of field theory (Born reciprocity theorem) is automatically sat-
isfied. The invariant line element (16.61) can be written in the form

1
dr? = ndatde” + A—andx'“dx'” =
T2t o 2 2

where all proper accelerations are normalized to A,,, referred to as maximal
acceleration, very much like velocities are normalized to their upper value c.
Though A,, is, a priori, arbitrary, a value for it can be derived from quantum
mechanics [37]. With some modifications and additions [38, 39], Caianiello’s
argument can be re-stated as follows.

If two observables f and g obey the commutation relation

/4] = —ina, (16.63)
where & is a Hermitian operator, then their uncertainties
. A \2
(Af)? = <@ (f— <f >) | ® > (16.64)
(Ag)* = <@ |(g-<g>)|®>

also satisfy the inequality

hQ
(A (B9 = T <@ |a| @ > (16.65)
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or

h
Af-DgzCl<®lal®>]. (16.66)

Using Dirac’s analogy between the classical Poisson bracket { f, g} and the
quantum commutator [40]

1r;.
{9t — = [f,g] ; (16.67)
one can take & = {f, g} 1. With this substitution, Eq.(16.63) yields the usual
momentum-position commutation relations. If in particular f = H, then
Eq.(16.63) becomes
[ﬁ, g} — ih{H, g}1, (16.68)
Eq.(16.66) gives [40]
h
AE-Ag > | {H, g} | (16.69)
and b
g
AE-Ag>—-| — 16.70

when % = 0. Eqgs.(16.69) is Ehrenfest theorem. Criteria for its validity are

discussed at length in the literature [41, 40]. Eq.(16.7O)Aimplies that AE =0
when the quantum state of the system is an eigenstate of H. In this case % =

If g = v(¢) is the (differentiable) velocity expectation value of a particle
whose average energy is F, then Eq.(16.70) gives

dv 2
— < ZAF - Av(t). 16.71
1< FAE - Au() (1671
In general [42]
1
Av=(<v?>—<v>%)7% <vpes < e (16.72)

Caianiello’s additional assumption, AF < F, has so far remained unjustified.
In fact, Heisenberg’s uncertainty relation

AE - At > h/2, (16.73)

that follows from (16.71) by writing At = Av/|dv/dt|, seems to imply that,
given a fixed energy E, a state can be constructed with arbitrarily large AF,
contrary to Caianiello’assumption. An upper bound on AFE can be found,
however, if E is taken to represent the fixed average energy measured from
an origin E,,;,. In what follows E,,;, = 0 for simplicity. Then the correct
interpretation of (16.73) is that a quantum state with spread in energy AFE
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takes a time At > ﬁ to evolve to a distinguishable (orthogonal) state. This
evolution time must satisfy the more stringent limit [43]

At > L (16.74)

- 2E )

which determines a maximum speed of orthogonality evolution [44]. Obvi-
ously, both limits (16.73) and (16.74) can be achieved only for AE = F, while
spreads AE > F, that would make At smaller, are precluded by (16.74). This
effectively restricts AE to values AE < F, as conjectured by Caianiello. One
can now derive an upper limit on the value of the proper acceleration. In fact,
in the instantaneous rest frame of the particle, where the acceleration is largest
[38], E = mc? and (16.71) gives

3
— |<K2—— = A4,,. (16.75)

It also follows that in the rest frame of the particle, where d;sgo = 0, the
absolute value of the proper acceleration is [38, 45]

1 1
>zt d? 2 1 d?z" \?
(datde, V(LA A A (16.76)
ds? ds? ct dt? c2
Eq.(16.76) is a Lorentz invariant. The validity of (16.76) under Lorentz trans-
formations is therefore assured.
Result (16.74) can also be used to extend (16.75) to include the average

length of the acceleration < a >. If, in fact, v(t) is differentiable, then fluctu-
ations about its mean are given by

B dv d*v 9
Av=v— < v > <E>o At + <W>o (At)" + ... (16.77)

Eq.(16.77) reduces to Av ~| fl—;’ | At =< a > At for sufficiently small values
of At, or when | le—;’ | remains constant over At. Eq.(16.74) then yields

2%E
<a>< CT (16.78)

and again (16.75) follows [39].

Classical and quantum arguments supporting the existence of a maximal
acceleration have long been discussed in the literature [46]. MA also appears
in the context of Weyl space [47] and of a geometrical analogue of Vigier’s
stochastic theory [48].

MA has been used to obtain model independent limits on the mass of the
Higgs boson [49] and on the stability of white dwarfs and neutron stars [50].
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It is significant that a limit on the acceleration also occurs in string theory.
Here the upper limit manifests itself through Jeans-like instabilities [51] which
occur when the acceleration induced by the background gravitational field is
larger than a critical value a, = (ma)~'for which the string extremities be-
come causally disconnected [52]. m is the string mass and « is the string
tension. Frolov and Sanchez [53] have then found that a universal critical ac-
celeration a, = (ma)~! must be a general property of strings.

Recently Castro [54] has derived the same MA limit (16.75) from Clifford
algebras in phase space and Schuller [55] has rigorously shown that special
relativity has a MA extension. Applications of the Caianiello model range
from cosmology to particle physics. A sample of pertinent references can be
found in [56]. Clearly (16.62) implies that the effective space-time metric
experienced by accelerated particles is g, = 0277,“, and is therefore altered
by MA corrections that induce curvature, violate the equivalence principle and
make the metric observer dependent as conjectured by Gibbons and Hawking
[57]. These corrections vanish in the classical limit (A,,)~! = h/(2mc?) —
0, as expected.

Recent advances in high resolution spectroscopy are now allowing Lamb
shift measurements of unprecedented precision, leading in the case of simple
atoms and ions to the most stringent tests of quantum electrodynamics (QED).
MA corrections due to the metric (16.62) appear directly in the Dirac equation
for the electron that must now be written in covariant form and referred to a
local Minkowski frame by means of the vierbein field e,,“(x). From (16.62)
one finds e¢,* = o(x)d,*, where Latin indices refer to the locally inertial
frame and Greek indices to a generic non-inertial frame. The covariant matri-
ces yH(x) satisfy the anticommutation relations {~v*(x),~v"(x)} = 2¢*(x),
while the covariant derivative D,, = 9, + w,, contains the total connection
wy = 30%w,qp, where 0 = 142 4], w, % = (F/);V e ® — 0ye,*)e”, and
Fi‘w represent the usual Christoffel symbols. For conformally flat metrics w),

takes the form w, = %Uabnauff,b- By using the transformations y*(x) =
el (x)y? so that v#(x) = o~ !(z)y*, where y* are the usual constant Dirac
matrices, the Dirac equation can be written in the form

e

ﬁcAu>+@'37h’Y“<lna>,u—mca<x> Y(x)=0. (16.79)

[mfw (0 +1
From (16.79) one obtains the Hamiltonian
H = —ihe@ -V + e’ yH A () — i%ﬁc’yofy“ (Ino) , +mco(z)y°, (16.80)
which is in general non—Hermitian [58]. However, when one splits the Dirac

spinor into large and small components, the only non-Hermitian termis (In o) .
If o varies slowly in time, or is time-independent, as in the present case, this
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term can be neglected and Hermiticity is recovered. Here the nucleus is con-
sidered to be point-like and its recoil is neglected.

In QED the Lamb shift corrections are usually calculated by means of a
non-relativistic approximation [59] which is also followed here [60, 61]. For
the electric field E(r) = kZe/r?(k = 1/4m¢), the conformal factor becomes
o(r) = (1= (2)HY2, where rg = (kZe/mAm)? ~ VZ2.3 10" m
and r > rg. The calculation of 2* is performed classically in a non—relativistic
approximation. This is justified because for the electron v/cis at most ~ 1073,
Neglecting contributions of the order O(A,%), o(r) ~ 1 —(1/2)(ro/r)*. This
expansion requires that in the following only those values of r be chosen that
are above a cut—off A, such that for »r > A > rg the validity of the expansion
is preserved. The actual value of A is chosen below. The length g has no
fundamental significance in QED and depends in general on the details of the
acceleration mechanism. It is only the distance at which the electron would
attain, classically, the acceleration .A,, irrespective of the probability of getting
there.

By using the expansion for o(r) in (16.80) one finds that all MA effects are
contained in the perturbation terms

2
Hm:—% (TO) ﬁ—HBZC 4*-vr—14571+H’. (16.81)
By splitting () into large and small components ¢ and x and using x =
—i(h/2me)d - Vi < ¢ one obtains for the perturbation due to H
me?

5gnlm = _TTO /dd 490nlm§0nlm (]6~82)

The perturbation due to H’ vanishes. In (16.82) ©,,;,,, are the well known eigen-
functions for one—electron atoms. The integrations over the angular variables
in (16.82) can be performed immediately and yield

5630 = —7?—2.2 <2—2>4 { [4 (Cj\—o) v 1} eMao _gp, (%) }(1,6.83)

2 4
56y = - (I0) Mao (16.84)
48 ag
4
2A
5& = —2mc? <T—°> {(@) e~2A/a0 _9p, <—>} , (16.85)
ao A ap
where Fq(x f1 dye~*¥/y and aq is the Bohr radius divided by Z. In

order to calculate the 25 — 2P Lamb shift corrections it is now necessary to
choose the value of the cut—off A. While in QED Lamb shift and fine structure
effects are cut—off independent, the values of the corresponding MA correc-
tions increase when A decreases. This can be understood intuitively because
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the electron finds itself in regions of higher electric field at smaller values of
r. A is a characteristic length of the system. It must also represent a distance
from the nucleus that can be reached by the electron whose acceleration and
relative perturbations depend on the position attained. One may tentatively
choose A ~ ag. According to the wave functions involved, the probability
that the electron be at this distance ranges between 0.1 and 0.5. Smaller val-
ues of A lead to larger acceleration corrections, but are reached with much
lower probabilities. This is the case of the Compton wavelength of the elec-
tron whose use as a cut—off is therefore ruled out in the present context. For
A ~ ag, Egs. (16.83)-(16.85) give the corrections to the levels 25, 2P and
15 (Z =1) §&y ~ —22.96kHz, 621 ~ —33.42kHz, §&19 ~ —325.45kHz,
yielding the Lamb shift correction 67, = &9 — 021 ~ +10.46 kHz. A fully
relativistic calculation [62] gives 0, ~ 11.37kH z. The MA corrections are
comparable in magnitude with those of QED at order a”, where « is the fine
structure constant. The agreement between MA corrections and experiment
[63, 64] is at present very good [61] for the 2S5 — 2P Lamb shift in hydrogen
(~ 7kHz) and comparable with the agreement of experiments with standard
QED with and without two-loop corrections [65]. The agreement is also good
for the iLl S — %LQS + L4 Lamb shift in hydrogen and comparable, in some
instances, with that between experiment and QED (~ 30kHz) [61, 66]. Finally,
the MA corrections [61] improve the agreement between experiment [67] and
theory by ~ 50% for the 25 — 2P shiftin He™.

5. Conclusions

Inertia and gravity induced quantum phases, helicity oscillations of particles
in accelerators and storage rings and MA corrections in quantum processes
are all effects that may occur well before the onset of quantum gravity. They
represent research areas where both theoretical and experimental developments
are possible.

The sensitivity of measurements in g-2 and Lamb shift experiments can re-
spectively set upper limits on violations of P and T invariance in spin-rotation
coupling and on the magnitude of MA corrections.

Further advances in these fields as well as in heavy particle interferometry,
would greatly help in filling a gap of over forty orders of magnitude between
planetary scales, over which Einstein’s views on inertia and gravity are tested,
and Planck length.
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Abstract The rotating frame is considered in quantum mechanics on the basis of the po-
sition dependent boost relating this frame to the non rotating inertial frame. We
derive the Sagnac phase shift and the spin coupling with the rotation in the non
relativistic limit by a simple treatment. By taking the low energy limit of the
Dirac equation with a spin connection, we obtain the Hamiltonian for the rotat-
ing frame, which gives rise to all the phase shifts discussed before. Furthermore,
we obtain a new phase shift due to the spin-orbit coupling.

1. Introduction

The rotating frame has played an important role both in classical and quan-
tum physics. One reason for this is that thermal equilibrium in a closed system
can be realized when the system has uniform translation and rotation relative
to an inertial frame [1]. So, the macroscopic properties of the system are not
affected by the uniform rotation, apart from the influence of centrifugal and
Coriolis fields. This result is significant because most experiments are done
under the influence of the earth’s rotation. In a quantum system, there are
also global consequences of rotation, such as the phase shift in interferom-
etry (Sagnac effect). An experiment to detect the Sagnac effect due to the
earth’s rotation in neutron interferometry by using a vertical incoming beam
was proposed by one of us [2], which led to this experiment being performed
subsequently by Werner, Staudenmann, and Colella [3]. There were many dis-
cussions of this effect in the past three decades [5], which we are in agreement
with. However there still remain misconceptions, which may be a source of
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confusion for some people. Therefore we consider it as a good opportunity to
clarify the consequences of quantum mechanics when it is applied to a rotating
frame.

This paper continues as follows: in section 2, we begin with the Lorentz
boost in special relativity, and by taking its non relativistic limit obtain all
possible ways of implementing the Galilei boost in quantum mechanics. Then
in section 3, we discuss a rotating frame in non relativistic quantum mechanics
and obtain the Hamiltonian and derive phase shifts. We, furthermore, discuss
relativistic aspects of the rotating frame to understand the limitation of non
relativistic approach, in section 4 and obtain a Hamiltonian in the low energy
limit of the Dirac equation. All the phase shifts in a rotating frame, including
a new phase shift due to the spin-orbit coupling, are then obtained from this
Hamiltonian. We use A~ = ¢ = 1 units throughout the paper unless we write
them explicitly.

2. Lorentz and Galilei transformations in Quantum
Mechanics

We shall consider a spinless particle to make our discussion clear and con-
struct all possible Galilei transformations in the non relativistic limit.

The scalar field ¢(x*) is transformed under the infinitesimal Lorentz boost
AMI/ =~ Illi/ + w“;/a

So(a) = ola'™ = M) — o(a) = T Do) (T
where L"¥ are the generators of the Lorentz transformations defined by
L¥ = gFp” — z¥pt. (17.2)
Therefore the infinitesimal Lorentz boost for the direction z? is given by
U~ T + iwe L, (17.3)
and hence, we obtain the Lorentz boost U as
U = exp(iwg; (z°p" — 2'p?)). (17.4)

Now we take the non relativistic limit for the above boost and it becomes the
Galilei boost with a velocity V

U=exp(itV - p—imV - &). (17.5)

Using the Galilei boost (17.5), we can implement a boost from one inertial
frame F{) and another inertial frame F|j which is related to Iy by the velocity
V,ie.

'=x-Vt, t'=t (17.6)
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where unprimed quantities refer to the frame F{y and prime quantities refer to
the frame F{. There are two natural and equivalent ways to do it as shown
below.

1) U acting on the wave function;

1
Y'(x’,t') = exp(—imV -z + i§mV2t)¢(m, t) (17.7)
Po= b (17.8)
ii) U acting on the momentum operator;
V(@) = Y1) (17.9)
p = Upu=p-mVv (17.10)

The equivalence between i) and ii) is checked easily, if we notice that there
exist a local gauge transformation between two pictures such as,

, 1
el = exp(—imV - @ + igmV?t). (17.11)

And we can immediately see the equivalence by rewriting i) as 1)/ = e*f4),
p’ = p, and ii) as ¢’ = ¢, p’ = e~/ pe'/. This is like the difference between
the Schrodinger picture i) and the Heisenberg picture ii). And it should be
emphasized that observed quantities are neither operators nor the wave func-
tions themselves but expectation values which are calculated from them, and
(of course) two pictures yield same expectation values. Although above two
methods seem natural to transform one frame to another, there are also an
infinite number of ways which are related to above methods by some other
gauge transformations. And this exhausts all possible ways of implementing
the Galilei boost in quantum mechanics.

Before we discuss the Hamiltonian of the system, let us consider a non
trivial example which helps us to understand the physics behind those two
pictures. Suppose the wave function in the frame Fj is given by a plane wave
ehr (k= 2r /), and we examine the wave function seen from the frame F).
In the picture i) the wave length is changed due to the phase factor in front of
(17.7), on the other hand in the picture ii) the wave length does not change since
the wave function transforms as a scalar. However the momentum operator
does change in ii) as (17.10), and this is consistent with the fact that the de
Broglie relation p = h/\ holds in all frames.

Next we shall examine the Schrodinger equation of the system and discuss
energies measured in both frames. As we already saw, two methods 1) and ii)
are equivalent. Therefore it is enough to examine ii) only. Starting with the
Schrodinger equation in the frame Fj

o2

.0 B _ P
z&w(m,t) = Hiy(x,t), H= o (17.12)
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we can transform it to the frame F{ as

(% + V-V t') = Hy(x',t), (17.13)

where the left hand side is obtained by the chain rule and H' is

"2
D —mV 2 ’
H' = UtHU = % — g—m. (17.14)

So we identify the energy operator E'in F' as B = i(% +V - V') whose
eigenvalue is positive. Notice that the energy measured in the frame F}] is also
obtained from the non relativistic limit of the Lorentz transformation for the
energy, namely,

E’:(l—v2)—%(E—V~p):E—V-p+%mv2 (17.15)

which agrees with the result (17 14). Now we rewrite the equation (17.13) in
the following form using p’ = V/ — mV,
o 1 _, ,
(zw + mV Y (a! ) =
Therefore we find that this result is equivalent as the one obtained from the
minimal coupling with a gauge field A" = (—%VZ, V) by a coupling constant
m, namely,

1 S 2 r oy
%(p mV)*(x’,t'). (17.16)

pt — pht — mAP. (17.17)

3. Non Relativistic Aspects of the Rotating Frame

As is shown in the previous section there is no difficulty to implement the
Galilei boost in quantum mechanics, next we shall extend the above method
to a rotating frame F’ whose angular velocity with respect to Fy is €2 (a con-
stant of the time; we are dealing with a uniform rotating system throughout the
paper). One may try to construct the boost for the rotating frame in the fol-
lowing way which leads a shortcoming. Since the velocity V is, now, given by
Q x x, the substitution it into (17.5) gives the boost U = exp(it(Q x &) -p) =
exp(it€? - f/) where L = & x p is the orbital angular momentum operator
of the particle. So one might conclude that the wave function transforms as a
pure rotation from F{ to F” in the picture i), or since U commutes with L one
might predict that the orbital angular momentum is the same in both frames.
However those consequences are obviously wrong even classically, the reason

is due to the fact that the boost U = eitQ'L transforms from Fj to Fé, but not
to F’.
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To resolve this shortcoming we need to realize that the boost from Fj to
F’ depends on the position and therefore it cannot be expressed as a single
transformation. In general, two successive Lorentz transformations are written
as the product of the Lorentz transformation and the rotation and hence, the
boost, in this case, cannot be like a simple form as the one (17.5) obtained
before. The easiest way to get the correct result in the non relativistic limit is
the minimal coupling with the gauge field as is mentioned before. The gauge
field A* for the rotating frame is, now, defined by

A(a") = (Ao(z), A(z))

(—%(w xx)?, Q xx). (17.18)

And we obtain the Hamiltonian for a particle at rest with respect to the rotating
frame F” as

1 1
H= o (p—m2x @) - m(Qx ), (17.19)

where we drop primes under the understanding. Notice that one can obtain the
semiclassical equation of motion for the expectation value using the Heisen-
berg equation of motion, i.e.

2
mddi? - 2md§;:> X Q+mQ x (@) x Q) (17.20)
which recover the Coriolis force and the centrifugal force correctly.

In order to take into account the spin of the particle (we consider the neutron,
namely spin % particle here), we need to realize the fact that the spin in F”’
rotates with the angular velocity —{2 relative to the inertial frame Fj. So the
interaction between the spin and the rotation is simply the same as the Thomas
precession [7, 8], therefore the Hamiltoninan is obtained by adding the spin
interaction term to (17.19),

1

1 ~
H=—(p—mQx )’ = om(@xx)’— Q-85 (17.21)

Thus we derive the Sagnac phase shift from (17.21) in the same manner as
the Aharonov-Bohm effect [9, 10, 11];

P 2mA - Q
5¢sagna6:%?{dl-(ﬂxm):%/ds-ﬂzmT, (17.22)

where A is the orientated area enclosed by the path of the neutron beam. The
effect of coupling of the spin to the rotation (the last term in (17.21)) is to act
on the initial wave function by the operator [6, 7]

Dgpin = T[exp(% /dtS‘ Q)] (17.23)
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where 7' represents the time ordering operator. For the uniform rotational
frame it is reduced to

Qt -2 Ot

S - Q) —ICOS(?)JFZW sm(?), (17.24)

Pgpin = GXP(E
where 6 = (0, o0y 0) are the Pauli spin matrices. This phase shift can be
observed in nuclear or molecular beam resonance methods.

4. Relativistic Aspects of the Rotating Frame

In this section we shall discuss the relativistic aspects of the rotating frame
in quantum mechanics, using the Dirac equation with a spin connection;

(iv"V,, — m)h = 0 (17.25)

i i
V, =0, — T " My, M = 5[7“,717], (17.26)

where we summarize conventions and notations in the appendix. The metric
in a uniform rotating frame is

goo=1—(Qxx)? gi=-1, goi = —(Qxx), (i=1,23), (17.27)

and g, = 0 otherwise [14], then the problem becomes the simpler and solv-
able in the low energy limit. Using the properties of gamma matrices and the
vierbein in the appendix, rewriting the spinors as ) — e~""4), and neglecting
terms of order v? /c?, where v is the velocity relative to the rotating frame , we
obtained the low energy limit of the Dirac equation (17.25) as

1, , 1 '
[0 (m + po — mAg — §Alﬁi) +'(pi — §mAi - %&) —m|y =0, (17.28)
where £ is an analog of the electric field and is defined by
1
£ = —§Vh00 = —V Ay. (17.29)

Then, using the usual splitting of the four spinors into upper and lower compo-
nents the Hamiltonian for the upper component two spinors in the low energy
limit is

1

H:2—(f)—m.A—S'><£)2+on—w-S'. (17.30)
m

There is an additional term (—#V - £) which is an analogous to the Darwin
302

term in the electromagnetic field case. In the present case this term is — g
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which is a constant, therefore it can be subtracted away from the Hamiltonian
(17.30). In the rotating frame £ = Q2z/c? so if we now neglect S x £ term
which is of order ¢ =2 then we obtain the Hamiltonian (17.21) [16]. We obtain
not only the phase shifts discussed in section 3, but also we get a new phase
shift that is calculated by acting on the initial wave function by the following

operator,
- ?

P = P[exp(ﬁfdl (8 x &E))] (17.31)

where P denotes the path ordering. As a special ideal case we consider, for a
simplicity, a circular path. Then

. 2
&= exp(Z2Q A-8). (17.32)

c2
Moreover, if the spin is polarized perpendicular to the plane of the interferom-
etry, the phase shift d¢ due to this operator is,

024
S = 2 (17.33)

This phase shift is analogous to the phase shift due to the electric field in neu-
tron interferometry found by Anandan [17], Aharonov and Casher [18]. Al-
though this phase shift is very small compared to the dominant Sagnac term, it
is interesting because it is due to a new spin-orbit coupling, and we hope that
it would be experimentally tested in the future.

5. Conclusion

We have shown the significance of boosts in the treatment of the rotating
frame in quantum mechanics. And also it is suggested [8, 9, 10, 11, 12] that
the rotating frame is considered like a gauge field in the non relativistic limit.
However, as we discussed in section 4, it should be remarked that there do
exist several differences between the gauge field of the rotating frame and the
electromagnetic field in the relativistic region [8, 12, 16]. Nevertheless, as
we have seen, the rotating frame can be treated consistently within the usual
framework of quantum mechanics, and it is shown that phase shifts to the first
order are obtained without any new hypothesis.

Moreover, we directly obtained the Hamiltonian (17.30) for the uniform
rotating frame from the Dirac equation with the spin connection in the low
energy limit, which is analogous to the Hamiltonian of the magnetic dipole in
the electric field [17], which gives rise to the Aharonov-Casher effect [18]. An
analogous Hamiltonian ((3.18) in [8]) in a gravitational field was obtained by
one of us by considering the parallel transport of the wave function [19]. We
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have in fact extended this Hamiltonian to the rotating frame. We shall discuss
the further in a future paper.
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Appendix: Conventions and Notations

The metric is written as g, = N + Ay Where 17, = diag(+ — ——). Both indices u, v
and a, b run over 0, 1,2, 3, on the other hand 4, j, k run over 1,2, 3. The vierbein e, and its
inverse e,;" at each point which satisfy g, = nabeuaeub and e,e’, = 0%. And they are used
to connect latin indices and greek indices, for instance, v* = e,v" where v* and * satisfy
{7, 7"} = 2°® and {y*,~"} = 2¢g"" respectively. The Minkowski metric 7745 and its inverse
are used to lower and raise latin indices. In the weak field limit, the vierbein and its inverse can
be written as e, = §*, — %h‘; and e, = 69, + %h“u, and we can check them to satisfy above
properties to first order. F“f in (17.26) are the Ricci rotation coefficients, and in the weak field
limit Capy = 5 (0ahyub — Obhpa) = —Thap.
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Jeeva Anandan (1948-2003)

The distinguished physicist Professor Jeeva Satchith Anandan passed away
in the morning on 29 July 2003 in Columbia, South Carolina.

Born in Sri Lanka on 10 June 1948, Prof. Anandan graduated from the
University of Colombo in 1970 with a first class honors BS degree and re-
ceived his PhD from the University of Pittsburgh in 1978. Working on his
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PhD under Ralph Roskies he studied a gauge invariant formulation of the non-
Abelian gauge theories using Wilson loops. At the same time he also worked
on and gave a particularly elegant theory of the general relativistic Sagnac ef-
fect. Thus, while still in graduate school he had already gained recognition in
this field. His research on this subject was, from the very early days, based
on the application of the geometric methods to the study of quantum phases.
Later on this led him to discover, with Yakir Aharonov, the non-adiabatic gen-
eralization of the Berry phase, now known as the Aharonov-Anandan phase.

As a postdoctoral fellow at the University of Maryland (1978-1980), the
University of California, Berkeley (1980-1982), and the Max-Planck Institute,
Munich (1982-1985), he continued to work on this subject and received recog-
nition for his early work on the geometric phase and the Sagnac effect in gen-
eral relativity. In particular, Prof. Anandan’s work with Leo Stodolsky on
quantum interference effects for charged particles in the context of general rel-
ativity was the basis for his essay which won first prize in the 1983 Gravity
Research Foundation competition.

After a CNRS fellowship in Institut Henri Poincare, Paris (1985), Prof.
Anandan became an Associate Professor (1986-1990) and a Professor in 1990
at the University of South Carolina (USC), where he spent the rest of his life.
At USC, he was a member of the Foundations of Quantum Theory group and
contributed significantly to this field. He was well known as one of pioneers of
the geometric phase in quantum mechanics.

Prof. Anandan had profound insight in various areas of physics, mathemat-
ics, and philosophy as is evident from his many original works. Recently he
had developed a new viewpoint on physics based on symmetries and the re-
lational reality. He was also recognized as a philosopher of science and was
awarded a DPhil in philosophy by the University of Oxford in 1997.

Prof. Anandan would ask the most fundamental questions in physics, and
he had devoted his life to find answers to these questions. The spirit of his
inquisitive intellect will remain with us.

After his sudden death, Yakir Aharonov wrote this reminiscence:

It is hard for me to believe that Jeeva is no longer with us. We have been close
collaborators and friends for many years. Jeeva was a deep thinker in both
physics and philosophy. He had a very broad knowledge in many scientific and
non-scientific subjects. He was also a dedicated and talented teacher. In recent
years he had been developing a new approach to physics that demonstrated how
bold and innovative his ideas were. It is indeed a great pity that he was taken
from us at such an early stage of his life. I will greatly miss him.

Jun Suzuki
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