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Phase Considerations in a Rotating Svstem
Lorne A. Page, Department of Physics and Astronomy,
University of Pittsburgh, Pittsburgh, Pennsylvania 15260 U.S.A,

ABSTRACT

A neutron interferometer in constant absclute rotztion will
exhibit a certain pnase-shift between its two beams, a

nhenomenon shared with the classic Sagnac or Michelson-Gale-
Pearson exveriments or with the modern laser-gyrocomnass composed
of lasers in a ring. To first order in the rotational frequency
it is possible to understand by emnloying only rudimentary theory
the essence of this phenomenon to any degree of relativisticness
of the varticinating narticle, This naver is mainly vaedagecgical,
noting the similarity a2nent rotation tetween pheton-, electron-
and neutron-interferometers. Future exverimentation, aside from
corroborating well believed tenets, may hope with imnroving
orecision to bring new approaches to measurement of fundamenial
effects.
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Introduction

The sensitivity achieved in recent years with neutron
interferometers (Bonse & Hart 1965; Bonse & Hart 1966; Rauch,
Treimer and Bonse 1974) (Overhauser & Colella 1974; Colella,
Overhauser & Werner 1975; Werner et al 1975) recalls to mind the
classic experiment (Sagnac 1913) in which an optical interferometer
encompassing an area NlO3 cm2 was rotated at several Eievolutions
per second resulting in a discernible phase-shift between two beams,
the one rotating orogressively, the other retrogressively. Likewise
Michelson, Gale and Pearson (Michelson 1925) employed an optical
system embracing some 105 meter2 fixed to the earth and demonstrated
the earthi;é rotation with respvect to the fixed stars by means of
the similar phase-shift. 1In this paper we examine such ohase=-shift
in a peradigmatic interferometer letting the beam particle be
alternatively non-relativistic, mediumly relativistic, or completely
relativistic (2s with the photon). The theory is especizally simple
if we restrict attention to a response linezr in the rotation
frequency,1, rad/sec.
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Arranged in a squsre for
{t simplicity, we consider a sender
/////‘ of waves at position (1), the
& N ultimate receiver at (&), with
{/// o AN identical transceivers at positions
(R *‘ 3 (2) and (3) as depicted in Fig. 1.
The discussion is K¢nematic only;
@ & the dynamic details of how the
/’\\ ~ ynami ils eg ho
f:?‘ ’ -42; sender orcduces two coherent teams,

how the emitters (2) and (3) werk,

Fig. 1 are not specified. The four active
elements have only small extenti with resvect to dimension =z

To obviate time dilation, Lorentz contraction and the like we
requirs the szeed parameter./lca/b to te negligible in second order;
and to obvizte direct consideration cf aberraticn or transverse
Dopoler shift we require the relevant ohase velccity to greatly

exceed the speed Jloa . With relativistic Schroedinger waves or
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with el8ctromagnetic waves in vacuum the first (mild) restriction
implies the second. Nonetheless the seat of the phase-shift is
in fact special relativity as will be exolicitly shown. Looking
forward to forming wave-packets we stipulate that the group velocity
greatly exceedfloa to minimize centrifugal effects, .

We might term the 'Mach Lab' that inertial system in which our ﬁ
interferometer (Fig. 1) is rotating anticlockwise at fixed /24

-about its centre 0. We note the effective absence of a Doppler

shift; thus in virtue of the constant angular velocity and the
symmetry all four active elements send/receive at the same frequency
namely that at which (1) emits in its own comoving system,

Pheoton, viewed in Mach Lab

}An’ﬂ a’/nf" To first crder in A a/c we see that

0. M-L the path from (1) to reflector (3) is
increased from a to a(l + q_;_—ﬁ”)s and
similarly the path from (3) to destination

o’ j_ﬂ., (%), Inasmuch as (4) receives non Doppler

1 iz, 2 shifted light via path 3 just as via onath 2

we end up with the phase }' ift, rath 3 minus pzth 2,
4¢32. (#Q ’ » 2 well known result.
Notice that tnis same result would apply for an extremely fast
varticle of relativistic mass M = E/c2. In which czse we can
write
AJ:%QQ-/Z, . |

Technically E is the particle's energy in a momentarily comoving

system for any of tre stations (1) through (&%) for that portion of
trajectory with which the given station dezals of ccurse.

Nave of anv ohase velocity, viewed in certain comcvineg svstem(s)

At the instant in the Mach Lab
when sender (1) is moving just along x

2 o \ 3z we makf a Lorentz transformation along
// ) X at /3 =.a/Fc , which mzkes the
/ \\ speed of (1) to be zero but not its
/ \\ accelerstion, which latter is to be
~ X ignored to first order in_ﬂ.o. This
—-——1—*’ _— Lorentz system can be called CM~1 since
Fiz. momentarily 24 least it comoves with (1).

e st o




+

- v

(see Fig. 3)

In the system CM-1 we note that whatever e nhase velocity (be it
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¢ or larger) transverse Doopler effect and)aberration are to be
ignored by our earlier stipulaztion. Sincejthe longitudinal Doppler

effect is absent, both (3) and (2) receive a given wavefront at
the same time in CM=1. However, and this 1s essential, such Zién- =0

-~ . /
corresponds to a AtMach = +(3 é;CH/Wthh amounts to AtMach = a.'"./zl,

¥e may now send both reradiated signd@ls on their way to (4). The

time offset due to transforming from CM-1 to CM-4 azmounts to Z,f%gssece
The energy (frequency) received at (4) is_in our approximation

egqual for both path.}s?\ ggrfske:qugs%lf ftﬁe’%‘.:’asﬁn‘é&"i‘f‘t EAt/x is

tséh =2§;93which is just expression 1 again. However the expression
has just now teen shown to be valid over the range from quite slow
heavy varticles to photons (or neutrinos!), since M stands for the
relativistic mass.
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One contemplates of course assembling a wave-vacket to be split
somehow at (1) and sent along the two paths; understandably then
z}¢ is not completely sharp but is fuzzed according as Mfk) reflects
the distribution in k. In the extreme non relativistic domain
é? does become sharp for the whole packet.
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It can be shown that for any polygon, regular or otherwise,
expression 1 hol@g_with a2 reolaced by wffiffTel area. The factor Ture
apolies when the loop is traversed but once, thus halfi-way round
for each signal as in our varadigm. Expression l,restricting to
nonrelativistic particles, neutrons, was given earlier (Page 1975)
on the basis of some simple hand=wzving. A more formal treatment
(Anandia 1977) including gravitationzl as well as botational effects
yieldspi=e relativistic correctioﬁaQa Tirst correction) to the
rest-mass M_ as Xﬁg@@\ 2/2M, insofar adotatioff 8 First order

= fo p ‘0 ST A IS S
is concerned. The factor two standing in exvression 1 is reproduced
in Anandan's results.

Before putting some sample numbers into expression 1 it might be

¥+ Reminiscént of other examples in Physics such as the Thomas precession
A
we may not disregard this offset simply because we see c? in the
denominztor, even for extremely slow motion of apvaratus or particle.

'\/X compatible with the vresent result.
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of some interest to run through an extremely simple hand-waving
argument by which one arrives at the correct relativistic expression
for vhase~shift,

A free wave-packet in 3 slowly rotating svstem

We picture an unconstrained
L 5 ~ 59 essentially plane wave-vacket
. _\k_ travelling in a quasi-inertial system
—— which rotates very slowly at frequency
S f1, with respect to the Mach system.
We make the sensible reguirement th-t

—_—- &71_“5__\ if we were to follow the course of the

- ¥ * — nvpacket for a time it must bDacome aware
~— of a slanting angle §& (see Fig. &)

Fiz. 4 which evolves with time as d& = 2A,%

We relzte nominal distﬁ.__nce travelled s to time t via
i ’/yl-w/, $peed ~ “;'}? . We attribute the required veering of a
given component of the group (component of wave-number k) to the fact

that the ohzse difference Sta. 4 minus Sta. 3 viz %uj exceeds the

nhase diffarence ?21. ~
Thus %‘{3- %2, = ﬂf‘kr /T{‘V§'9)£ 4 %@”)ﬂo}{gd, ?ed)

where K stands for the relativistic average mass for the vpacket.
Tre nlausibility of this argument ssems best when (7"-/‘,/”’ c)L is not
too large.

Some confidence in %this kind of simple argument might be
from this brief digression: Consider a charged particle bendin
nildly in a magnetic field B. The Larmor frequenc,/ is qB/2Mc =ﬂ° .

in thesla..guage . = 22,7 as before. Finally df =l d36) k
= %834 /n 57, 7. , e
This ;or '§ us to conclude, 2t least in this gently bending situation,

that the wave-number (times # ) has to be the normal kinetic momentum
p’iﬁs gA/c—the result of course being no survrise since we have in

ined
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affect simoly suonlisd the Lorentz force; tut we do note that no
'factor ~f two' 1s lost or gaired in this simpla treztment. A
corollary of this magnstic bending z2rgument (rurning the argument
backwards) is thav 2 fast charged varticle traversing magnetic matzer
has to have its (gentle) bending governad by field B znd not E; this
is generally assumed to be torne out exverimentallye— even though the
varticle may not enjoy physical zccess, so to say, tc zll or any of
of the flux of B.
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Size of the Rotational Phase-shift

We have seen that the size of the yptational phase—sh;ftris
proportional to (Rel/atri‘\iri_stici: "',Ma;ss) times (Apea)times"(én*gﬁiéi‘ veloeityf
with respectqto,Ihéﬂlbcal,Mach.system)‘fWQ}@éyfshbeitute ohoton
mass in the same éipréSsioh we use for particles. sveral

One may compare just rcoughly the product MAJ1§ for tﬁsggxgigerimental
situations: Sagnac (S) who used 3 ev/c2 photons arocund an area
Nlo3 cm2 with a reversible speed of A~ 10 rad/sec obtained a

nominal 0.1 fringe shift; Michelson et al (MGP) went to 108 times
the area of (S), used the unreversible angi@ilar speed of the earth
and with difficulty achisved about twice the fringe shiftf41($h

fi: the two experiments were compatible with each other and with

known wavelengths, speed of light and known angulzr speed at the

i precision level of a counle per cent. (We can observe that the

; reciorocity betweeharea A and /1 , has been well vindicated!) Neither
exveriment used Planck%s constant exvlicitly of course. They

could both be exvlained on the basis of a circulating "aether wind"
if one so chose.

-
23 Considering now the possibility of rctating a Colfella-ﬁverhauser- |
: 7 . . N
= Werner tyve of experiment using slow neutrons, the mass of 109 ev/c? :

is certainly favorable over the classic exveriment (S) put there may
be diffjculties in rotating a spectrometer system substantizlly
faster than the earth affords. Turning to electron diffraction

? the mass factor is some 105 times better than an cvtical phpton:

AT e e

_ ; if a system of area one or *wo em? could be rotated 2t a few %ﬁ -
‘ revolutions per second cne might hope for tens of fringe shifts. " ¢
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