

















PREFACE

HE text presented in this volume is that of the Venetian edition of 1763.
This edition was chosen in preference to the first edition of 1748, published
at Vienna, because, as stated on the title-page, it was the first edition (revised
and enlarged) issued under the pcrsonaf, superintendence of the author.

In the English translation, an endeavour has been made to adhere as
closely as possible to a literal rendering of the Latin ; except that the some-
what lengthy and complicated sentences have been broken up. ‘This has

made necessary slight changes of meaning in several of the connecting words. 'This will be
noted especially with regard to the word * adeoque ”, which Boscovich uses with a variety
of shades of meaning, from “indeed ”*, “ also ¥ or “ further ”’, through “thus”’, to a decided

“ therefore”, which would have been more correctly rendered by ‘‘ ideoque ”. There is

only one phrase in English that can also take these various shades of meaning, viz., ““ andso ”*;

and this phrase, for the use of which there is some justification in the word * adeo ” itself,
has been usually employed.

The punctuation of the Latin is that of the author. It is often misleading to a modern
reader and even irrational ; but to have recast it would have been an onerous task and
something characteristic of the author and his century would have been lost.

My translation has had the advantage of a revision by Mr. A. O. Prickard, M.A,, Fellow
of New College, Oxford, whose task has been very onerous, for he has had to watch not
only for flaws in the translation, but also for misprints in the Latin. These were necessarily
many ; in the first place, there was only one original copy available, kindly loaned to me by
the authorities of the Cambridge University Library; and, as this copy could not leave
my charge, a type-script had to be prepared from which the compositor worked, thus doub-
ling the chance of error. Secondly, there were a large number of misprints, and even
omissions of important words, in the original itself ; for this no discredit can be assigned to
Boscovich ; for, in the printer’s preface, we read that four presses were working at the
same time in order to take advantage of the author’s temporary presencein Venice.  Further,
owing to almost insurmountable difficulties, there have been many delays in the production
of the present edition, causing breaks of continuity in the work of the translator and reviser ;
which have not conduced tosuccess. We trust, however, that no really serious faults remain.

The short life of Boscovich, which follows next after this preface, has been written by
Dr. Branislav Petronievi¢, Professor of Philosophy at the University of Belgrade. It is to
be regretted that, owing to want of space requiring the omission of several addenda to the
text of the Theoria itself, a large amount of interesting material collected by Professor
Petronievi¢ has had to be left out.

The financial support necessary for the production of such a costly edition as the present
has been met mainly by the Government of the Kingdom of Serbs, Croats and Slovenes ;
and the subsidiary expenses by some Jugo-Slavs interested in the publication.

After the ““ Life,” there follows an  Introduction,” in which I have discussed the ideas
of Boscovich, as far as they may be gathered from the text of the Theoria alone; this
also has been cut down, those parts which are clearly presented to the reader in Boscovich’s
own Synopsis having been omitted. It is a matter of profound regret to everyone that this
discussion comes from my pen instcad of, as was originally arranged, from that of the late
Philip E. P. {ourdain, the well-known mathematical logician ; whose untimely death threw
into my far less capable hands the responsible duties of editorship.

I desire to thank the authorities of the Cambridge University Library, who time after
time over a period of five years have forwarded to me the original text of this work of
Boscovich. Great credit is also due to the staff of Messrs. Butler & Tanner, Frome,
for the care and skill with which they have carried out their share of the work; and
my special thanks for the unfailing painstaking courtesy accorded to my demands, which were
frequently not in agreement with trade custom.

J. M. CHILD.

MaxNcuesTER UNtVERSITY,
December, 1921.



LIFE OF ROGER JOSEPH BOSCOVICH
By BRANISLAV PETRONIEVIC

E Slav world, being still in its infancy, has, despite a considerable number
of scientific men, been unable to contribute as largely to general science
as the other great European nations. It has, nevertheless, demonstrated
its capacity of producing scientific works of the highest value. Above
all, as I have elsewhere indicated,* it possesses Copernicus, Lobachevski,
Mendeljev, and Boscovich.

In the following article, I propose to describe briefly the life of the
Jugo-Slav, Boscovich, whose principal work is here published for the sixth time ; the first
edition having appeared in 1758, and others in 1759, 1763, 1764, and 1765. The present
text is from the edition of 1763, the first Venetian edition, revised and enlarged.

On his father’s side, the family of Boscovich is of purely Serbian origin, his grandfather,
Botko, having been an orthodox Serbian peasant of tEe village of Orakova in Herzegovina.
His father, Nikola, was first a merchant in Novi Pazar (Old Serbia), but later settled in
Dubrovnik (Ragusa, the famous republic in Southern Dalmatia), whither his father, Bogko,
soon followed him, and where Nikola became a Roman Catholic. Pavica, Boscovich’s
mother, belonged to the Italian family of Betere, which for a century had been established
in Dubrovnik and had become Slavonicized—Bara Betere, Pavica’s father, having been a
poet of some reputation in Ragusa.

Roger goseph Boscovich (Rudjer Josif Boskovic’, in Serbo-Croatian) was born at Ragusa
on September 18th, 1711, and was one of the younger members of a large family. He
received his primary and secondary education at the Jesuit College of his native town;
in 1725 he became a member of the Jesuit order and was sent to Rome, where from 1728
to 1733 he studied philosophy, physics and mathematics in the Collegium Romanum.
From 1733 to 1738 he taught rhetoric and grammar in various Jesuit schools ; he became
Professor of mathematics 1in the Collegivm Romanum, continuing at the same time his
studies in theology, until in 1744 he became a priest and a member of his order,

In 1736, Boscovich began his literary activity with the first fragment, “ De Maculis
Solaribus,” of a scientific poem, “De Solis ac Lunz Defectibus ®; and almost every
succeeding year he published at least one treatise upon some scientific or philosophic problem.
His reputation as 2 mathematician was already established when he was commissioned by
Pope Benedict XIV to examine with two other mathematicians the causes of the weakness
in the cupola of St. Peter’s at Rome. Shortly after, the same Pope commissioned him to
consider various other problems, such as the drainage of the Pontine marshes, the regulariza-
tion of the Tiber, and so on. In 1756, he was sent by the republic of Lucca to Vienna
as arbiter in a dispute between Lucca and Tuscany. During this stay in Vienna, Boscovich
was commanded by the Empress Maria Theresa to examine the building of the Imperial
Library at Vienna and the cupola of the cathedral at Milan. But this stay in Vienna,
which lasted until 1748, had still more important consequences; for Boscovich found
time there to finish his principal work, Theoria Philosophie Naturalis; the publication
was entrusted to a Jesuit, Father Scherfler, Boscovich having to leave Vienna, and the
first edition appeared in 1758, followed by a second edition in the following year. With
both of these editions, Boscovich was to some extent dissatisfied (see the remarks made
by the printer who carried out the third edition at Venice, given in this volume on page 3);
so a third edition was issued at Venice, revised, enlarged and rearranged under the author’s
personal superintendence in 1763. The revision was so extensive that as the printer
remarks, ‘it ought to be considered in some measure as a first and original edition ” ;
and as such it has been taken as the basis of the translation now published. ‘The fourth
and fifth editions followed in 1764 and 1765.

One of the most important tasks which Boscovich was commissioned to undertake
was that of measuring an arc of the meridian in the Papal States. Boscovich had designed
to take part in a Portuguese expedition to Brazil on a similar errand ; but he was per-
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INTRODUCTION

NLTHOUGH the title to this work to a very large extent correctly describes
the contents, yet the argument leans less towards the explanation of a
theory than it does towards the logical exposition of the results that must
follow from the acceptance of certain fundamental assumptions, more or
/4t less generally admitted by natural philosophers of the time. The most
Q] important of these assumptions is the doctrine of Continuity, as enunciated

by Leibniz. 'This doctrine may be shortly stated in the words : “ Every-
thing takes place by degrees ”’; or, in the phrase usually employed by Boscovich : * Nothing
happens per saltum.” The second assumption is the axiom of Impenetrability ; that is to
say, Boscovich admits as axiomatic that no two material points can occupy the same spatial,
or local, point simultaneously. Clerk Maxwell has characterized this assumption as “ an
unwarrantable concession to the vulgar opinion.”” He considered that this axiom is a
prejudice, or prejudgment, founded on experience of bodies of sensible size, ‘This opinion
of Maxwell cannot however be accepted without dissection into two main heads. The
criticism of the axiom itself would appear to carry greater weight against Boscovich than
against other philosophers; but the assertion that it is a prejudice is hardly warranted,
For, Boscovich, in accepting the truth of the axiom, has no experience on which to found his
acceptance. His material points have absolutely no magnitude ; they are Euclidean points,
‘“having no parts.”  There is, therefore, no reason for assuming, by a sort of induction {(and
Boscovich never makes an induction without expressing the reason why such induction can
be made), that two material points cannot occupy the same local point simultaneously ;
that is to say, there cannot have been a prejudice 1n favour of the acceptance of this axiom,
derived from experience of bodies of sensible size; for, since the material points are non-
extended, they do not occupy space, and cannot therefore exclude another point from
occupying the same space. Perhaps, we should say the reason is not the same as that which
makes it impossible for bodies of sensible size. The acceptance of the axiom by Boscovich is
purely theoretical ; in fact, it constitutes practically the whole of the theory of Boscovich. On
the other hand, for this very reason, there are no readily apparent grounds for the acceptance
of the axiom; and no serious arguments can be adduced in its favour ; Boscovich’s own
line of argument, founded on the idea that infinite improbability comes to the same thing
as impossibility, is given in Art. 361. Later, I will suggest the probable source from which
Boscovich derived his idea of impenetrability as applying to points of matter, as distinct
from impenetrability for bodies of sensible size.

Boscovich’s own idea of the merit of his work seems to have been chiefly that it met the
requirements which, in the opinion of Newton, would constitute “ a mighty advance in
philosophy.” These requirements were the * derivation, from the phenomena of Nature,
of two or three general principles ; and the explanation of the manner in which the properties
and actions of all corporcal things follow from these principles, even if the causes of those
grincigles had not at the time been discavered.” Boscovich claims in his preface to the

rst edition g’ienna, 1758) that he has gone far beyond these requirements; in that he has
reduced all the principles of Newton to a single principle—namely, that given by his Law
of Forces.

‘The occasion that led to the writing of this work was a request, made by Father Scherffer,
who eventually took charge of the first Vienna edition during the absence of Boscovich ; he
suggested to Boscovich the investigation of the centre of oscillation. Boscovich apElied to
this investigation the principles which, as he himself states, * he lit upon so far back as the
vear 1745.” Of these principles he had already given some indication in the dissertations
De Viribus vivis (published in 1745), De Lege Virium in Natura existentium (1755), and
others. While engaged on the former dissertation, he investigated the production and
destruction of velocity in the case of impulsive action, such as occurs in direct collision.
In this, where it is to be noted that bodies of sensible size are under consideration, Boscovich
was led to the study of the distortion and recovery of shape which occurs on impact; he
came to the conclusion that, owing to this distortion and recovery of shape, theré was
produced by the impact a continuous retardation of the relative velocity during the whole
time of impact, which was finite ; in other words, the Law of Continuity, as enunciated by

p.¢ }











































EPISTOLA AUCTORIS DEDICATORIA
PRIMZZ EDITIONIS VIENNENSIS

AD CELSISSIMUM TUNC PRINCIPEM ARCHIEPISCOPUM
VIENNENSEM, NUNC PRATEREA ET CARDINALEM
EMINENTISSIMUM, ET EPISCOPUM VACCIENSEM

CHRISTOPHORUM E COMITATIBUS DE MIGAZZI

JABIS veniam, Princeps Celsissime, si forte inter assiduas sacri regiminis curas

importunus interpe}flator advenio, & libellum Tibi offero mole tenuem, nec
arcana Religionis mysteria, quam in isto tanto constitutus fastigio adminis-
tras, sed Naturalis Philosophiz principia continentem. Novi ego quidem,
quam totus in eo sis, ut, quam geris, personam sustineas, ac vigilantissimi
sacrorum Antistitis partes agas. Videt utique Imperialis haec Aula, videt
universa Regalis Urgs, & ingenti admiratione defixa obstupescit, qua dili-
gentia, quo labore tantl Sacerdotii munus obire pergas. Vetus nimirum illud celeberrimum
age, quod agis, quod ab ipsa Tibi juventute, cum primum, ut Te Romz dantem operam
studits cognoscerem, mihi fors obtigit, altissime jam insederat amimo, id in omni
reliquo amplissimorum munerum Tibi commissorum cursu hasit firmissime, atque idipsum
inprimis adjectum tam multis & datibus, quas a Natura uberrime congestas habes, &
virtutibus, quas tute diuturna Tibi exercitatione, atque assiduo labore comparasti, sanc-
tissime observatum inter tam varias forenses, Aulicas, Sacerdotales occupationes, istos Tibi
tam celeres dignitatum gradus quodammodo veluti coacervavit, & omnium una tam
populorum, quam Principum admirationem excitavit ubique, conciliavit amorem; unde
illud est factum, ut ab aliis alia Te, sublimiora semper, atque honorificentiora munera
quodammodo velut avulsum, atque abstractum rapuerint. Dum Roma in celeberrimo illo,
quod Auditorum Rotz appellant, collegio toti Christiano orbi jus diceres, accesserat
Hetrusca Imperialis Legatio apud Romanum Pontificem exercenda; cum repente Mech-
liniensi Archiepiscopo in amplissima illa administranda Ecclesia Adjutor datus, & destinatus
Successor, possessione prastantissimi muneris vixdum capta, ad Hispanicum Regem ab
Augustissima Romanorum Imperatrice ad gravissima tractanda ncgotia Legatus es missus,
in quibus cum summa utriusque Aulz approbatione versatum per annos quinque ditissima
Vacciensis Ecclesia adepta est; atque ibi dum post tantos Aularum strepitus ea, qua
Christianum Antistitem decet, & animi moderatione, & demissione quadam, atque in omne
hominum genus charitate, & singulari cura, ac diligentia Religionem administras, & sacrorum
exceres curam; non ez tantum urbs, atque ditio, sed universum Hungariz Regnum,
quanquam exterum hominem, non ut civem suum tantummodo, sed ut Parentem aman-
tissimum habuit, quemn adhuc ereptum sibi dolet, & angitur; dum scilicet minore, quam
unius anni intervallo ab Ipsa Augustissima Imperatrice ad Regalem hanc Urbem, tot
Imperatorum sedem, ac Austriace Dominationis caput, dignum tantis dotibus cxplicandis
theatrum, eocatum videt, atque in hac Celsissima Archiepiscopali Sede, accedente Romani
Pontificts Auctoritate collocatum ; in qua Tu quidem personam itidem, quam agis, diligen-
tissime sustinens, totus es in gravissimis Sacerdotii Tul expediendis negotiis, in i1s omnibus,
qua ad sacra pertinent, curandis vel per Te ipsum usque adeo, ut sxpe, raro admodum per













10 EPISTOLA AUCTORIS DEDICATORIA PRIMAE EDITIONIS VIENNENSIS

communibus Philosophorum consentio placitis, & ubi ea, qua habemus jam pro compertis,
ex meis etiam deductionibus sponte fluunt, quod usque adeo voluminis molem contraxit.
Dederam ego quidem dispersa dissertatiunculis variis ‘Theoriz mez quazdam velut specimina,
que inde & in [talia Professores publicos nonnullos adstipulatores est nacta, & jam ad
exteras quoque gentes pervasit ; sed ea nunc primum tota in unum compacta, & vero etiam
Elusquam duplo aucta, prodit in publicam, quem laborem postremo hoc mense, molestiori-

us negotiis, quz me Viennam adduxerant, & curis omnibus exsolutus suscepi, dum in
Italiam rediturus opportunam itineri tempus inter assiduas nives opperior, sed omnem in
codem adornando, & ad communem mediocrum etiam Philosophorum captum accommeo-
dando diligentiam adhibui.

Inde vero jam facile intelliges, cur ipsum laborem meum ad Te deferre, & Tuo
nuncupare Nomini non dubitaverim. Ratio exiis, quz proposui, est duplex ; primo quidem
ipsum argumenti genus, quod Christianum Antistitem non modo non dedecet, sed etiam
apprime decet : tum ipsius argumenti vis, atque dignitas, qu nimirum confirmat, & erigit
nimium fortasse impares, sed quantum fieri per me potuit, intentos conatus meos; fam
quidquid co in genere meditando assequi possum, totum ibidem adhibui, ut idcirco nihil
arbitrer a mea tenuitate proferri posse te minus indignum, cui ut aliquem offerrem laborum
meorum fructum quantumcunque, exposcebat sane, ac ingenti clamore quodam efflagitabat
tanta erga me humanitas Tua, qua jam olim immerentem complexus Romz, hic etiam
fovere pergis, nec in tanto dedignatus fastigio, omni benevolentiz significatione prosequerss.
Accedit autem & illud, quod in hisce terris vix adhuc nota, vel etiam ignota penitus Theoria
mea Patrocinic indiget, quod, si Tuo Nomine insignata prodeat in publicum, obtinebit sane
validissimum, & secura vagabitur : T enim illam, parente velut hic orbatam suo, in dies
nimirum discessuro, & quodammodo veluti posthumam post ipsum ejus discessum typis
impressam, & in publicum prodeuntem tueberis, fovebisque.

Hzc sunt, quz meum Tibi consilium probent, Princeps Celsissime : T, _th_Ja soles
humanitate auctorem excipere, opus excipe, & si forte adhuc consilium ipsum Tibi visum
fuerit improbandum ; animum saltem ®quus respice obsequentissimum Tibi, ac devinct-
issimum. Vale,

Dabam Vienne in Collegio Academico Soc. FESU
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AUTHOR’S EPISTLE DEDICATING THE FIRST VIENNA EDITION 11

sions for the most part only up to the point where I finally agreed with the opinions com-
monly held amongst philosophers, or where theories, now accepted as established, are the
natural results of my deductions also; & this has in some measure helped to diminish the
size of the volume. I had already published some instances, so to speak, of my general
theory in several short dissertations issued at odd times; & on that account the theory
has found some supporters amongst the university professors in Italy, & has already made
its way into foreign countries. But now for the first time is it published as a whole in a
single volume, the matter being indeed more than doubled in amount. This work I have
carried out during the last month, being <}uit of the troublesome business that brought me
to Vienna, and of all other cares ; whilst I wait for seasonable time for my return journey
through the everlasting snow to Italy. I have however used my utmost endeavours in
preparing it, and adapting it to the ordinary intelligence of philosophers of only moderate
attainments,

From this you will readily understand why I have not hesitated to bestow this book
of mine upon you, & to dedicate it to you. My reason, as can be seen from what I have
said, was twofold ; in the first place, the nature of my theme is one that is not only not
unsuitable, but is suitable in a high degree, for the consideration of a Christian priest ;
secondly, the power & dignity of the theme itself, which doubtless gives strength &
vigour to my efforts—perchance rather feeble, but, as far as in me lay, earnest. What-
ever in that respect I could gain by the exercise of thought, I have applied the whole of it
to this matter; & consequently I think that nothing less unworthy of you can be pro-
duced by my poor ability ; & that I should offer to you some such fruit of my labours
was surely required of me, & as it were clamorously demanded by your great kindness
to me; long ago in Rome you had enfolded’ my unworthy self in it, & here now you
continue to be my patron, & do not disdain, from your exalted position, to honour me
with every mark of your goodwill. There is still a further consideration, namely, that my
Theory is as yet almost, if not quite, unknown in these parts, & therefore needs a patron’s
support; & this it will obtain most effectually, & will go on its way in secunty if it
comes before the public franked with your name. For you will protect & cherish it,
on its publication here, bereaved as it were of that parent whose departure in truth draws
nearer every day; nay rather posthumous, since it will be seen in print only after he has
gone.

Such are my grounds for hoping that you will approve my idea, most High Prince.
I beg you to receive the work with the same kindness as you used to show to its author;
&, if perchance the idea itself should fail to meet with your approval, at least regard
favourably the intentions of your most humble & devoted servant. Farewell,

University College of the Society of Jesus,

ViENNA,
February 13th, 1758.



AD LECTOREM
EX EDITIONE VIENNENSI

1BES, amice Lector, Philosophie Naturalis Theoriam ex unmica lege virium
deductam, quam & ubi jam olim adumbraverim, vel etiam ex parte explica-
verim, &3 qua occasione nunc nberius pertractandum, atque augendam ctiam,
m:cej:erim, invenies in ipso prime partis exordio. Libuit autem boc opus
dividere in partes tres, quarum prima contine! explicationem Theorie ipsius,
ac efus analyticam deductionem, 89 vindicationem : secunda applicationem
satis uberem ad Mechanicam ; tertia applicationem ad Physicam.

Porro illud inprimis curandum duxi, ut omnia, quam liceret, dilucide exponesentur, nec
sublimiore Geometria, aut Caleulo indigerent. Et guijem in prima, ac tertia parte non tantum
nulle analytice, sed nec geometrice demonstrationes occurrunt, paucissimis quibusdam, quibus
indigeo, rejectis in adnotatiunculas, quas in fine paginarum quarundam invemies. Queedam
autem admodum pauca, que majorem Algebre, 8 Geometyice cognitionem requirebant, vel erant
complicatiora aliquands, 89 alibi a me jam edita, in fine operis apposui, quz Supplementorum
appellavi nomine, ubt & ea addidi, que sentio de spatio, ac tempore, Theorie mee consentanea,
ac edita itidem jam alibi. In secunda parte, ubi ad Mechanicam applicatur Theoria,a geome~
tricis, & aliquando ctiam ab algebraicis demonstrationibus abstinere omnino non potui ; sed

e@ ejurmodi sunt, ut vix unquam requirant aliud, quam Euclideam Geometriam, & primas
Trigonometrice notiones maxime simplices, ac simplicem algorithmum.

In prima quidem parte occurrunt Figure geometrice complures, que prima fronte vide-
buntur etiam complicaice rem ipsam intimius non perspectanti ; verum e nibil aliud cxbibent,
nisi imaginem quandam rerum, qua fpsis oculis per ejusmodi figuras sistuntuy contemplande.
Ejusmodi est ipsa illa curva, que legem virium exhibet. Invenio ego quidem inter omnia
materie puncia vim gquandam mutuam, que a disiantiis pendet, 8 mutatis distantiis mutatur
ita, ut in aliis attractiva sit, in aliis repulsiva, sed certa quadam, 8 continua lege. Leges
ejusmodi ariationis binarum quantitatum a se invicem pendentium, uti pic sunt distantia,
83 vis, exprimi possunt vel per analyticam formulam, ve per geometricam curvam ; sed illa
prior expressio & multo plures cognitiones requirit ad Algebram pertinentes, 89 imaginationem
non ta adjuval, ut hzc posterior, qua idcirco sum usus in ipsa prima operis parte, vejecta in
Supplementa formula analytica, qua €3 curvam, 85 legem virium ab illa expressam exhibeat.

Porro buc res omnis reducitur.  Habetur in recta indefinita, que axis dicitur, puncium
quoddam, a quo abscissa ipsius recie segmenta referunt distantias. Curva linea protenditur
secundum rectam tpsam, circa quam ctiam serpit, & candem in pluribus secat punctis @ rectee
a fine segmentorum erecte perpendiculariter usque ad curvam, exprimunt vires, que& majores
sunt, vel minores, prout ejusmody recie sunt itidem majores, vel minoses ; ac ewdem ex attrac-
tivis migrant in repulsivis, vel vice versa, ubi ille ips@ perpendiculares recta directionem
mutant, curva ab aliera axis indefiniti plaga migrante ad alteram. 1d guidem nullas requiri
geometricas demonstrationes, sed meram cognivionem vocum quarundam, que vel ad prima per-
tinent Geometrie elementa, 8 notissime sunt, vel ibi explicantur, ubi adhibentur.  Notisrima
autem etiam est significatio vocis Asymptotus, unde & crus asymptoticum curve appellatur ;
dicitur nimirum recta asymptotus cruris cujuspiam curva, cum ipsa recta in infinitum producta,
it ad curvilineum arcum productum itidem in infinitum semper accedit magis, ut distantia

minuatur in infinitum, sed nusquam penitus evanescal, illis sdeirco nuniquam invicem con-
venmieniibus,

Consideratio porro attenta curve proposite in Fig. 1, & rationis, qua per illam exprimitur
1z


















4 TYPOGRAPHUS VENETUS LECTORI

Inter mutationes occurret ordo numerorum mutatus in paragraphis : nam numerus 82
de novo accessit totus : deinde is, qui fuerat 261 discerptus est in 5 ; demum in Appendice
post num. §34 factz sunt & mutatiunculz nonnullz, & additamenta plura in s, quz
pertinent ad sedem animz.

Supplementorum ordo mutatus est itidem; quz enim fuerant 3, & 4, jam sunt 1, &
2 ; nam eorum usus in ipso Opere ante alia occurrit.  IIli autem, quod prius fuerat primum,
nunc autem est tertium, accessit in fine Scholium tertium, quod Fluribus numeris complec-
titur dissertatiunculam integram de argumento, quod ante aliquot annos in Parisiensi
Academia controversiz occasionem exhibuit in Encyclopedico etiam dictionario attactum,
in qua dissertatiuncula demonstrat Auctor non esse, cur ad vim exprimendam potentia
quepiam distantie adhibeatur potius, quam functio.

Accesserunt per totum Opus notulae marginales, in quibus eorum, qua pertractantur
argumenta exponuntur brevissima, quorum ope unico obtutu videri possint omnia, & in
memoriam facile revocari.

Postremo loco ad calcem Operis additus est fusior catalogus eorum omnium, quz hue
usque ab ipso Auctore sunt edita, quorum collectionem omnem expolitam, & correctam,
ac eorum, qu# nondum absoluta sunt, continuationem meditatur, aggressurus illico post
suum regressum in Urbem Romam, quo properat. Hic catalogus impressus fuit Venetisis
ante hosce duos annos in reimpressione ejus poematis de Solis ac Lunz defectibus.
Porro eam omnium suorum Operum Collectionem, ubi ipse adornaverit, typis ego meis
excudendam suscipiam, quam magnificentissime potero.

Hac erant, quz te monendum censui; tu laboribus nostris fruere, & vive felix.
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18 SYNOPSIS TOTIUS OPERIS

Sequentibus num. 28 & 29 binas alias responsiones rejicio aliorum, quarum altera, ut
mei argumenti vis elidatur, affirmat quispiam, prima materiz elementa compenetrari, alter
dicuntur materiz puncta adhuc moveri ad se invicem, ubi localiter omnino quiescunt, &
contra primum effugium evinco impenctrabilitatem ex inductione; contra secundum
expono zquivocationem quandam in significatione vocis motus, cul ®quivocationi totum
innititur.

Hinc num. 30, & 31 ostendo, in quo a Mac-Laurino dissentiam, qui considerata eadem,
quam ego contemplatus sum, collisione corporum, conclusit, continuitatis legem violari,
cum ego eandem illzsam esse debere ratus ad totam devenerim Theoriam meam.

Hic igitur, ut me= deductionis vim exponam, in ipsam continuitatis legem inquiro, ac
a num. 3z ad 38 expono, quid ipsa sit, quid mutatio continua per gradus omnes intermedios,
quz nimirum excludat omnem saltum azb una magnitudine ad aliam sine transitu per
intermedias, ac Geometriam etiam ad explicationem rei in subsidium advoco: tum eam
probo primum ex inductione, ac in ipsum inductionis principium inquirens usque ad num.
44, exhibeo, unde habeatur ejusdem principii vis, ac ubi id adhiberi possit, rem ipsam
illustrans exemplo impenetrabifitatis erut® passim per inductionem, donec demum ejus vim
applicem ad legem continuitatis demonstrandam : ac sequentibus numeris casus evolvo
quosdam binarum classium, in quibus’continuitatis lex videtur l=di nec tamen lzditur.

Post probationem principii continuitatis petitam ab inductione, aliam num. 48 ejus
probationem aggredior metaphysicam quandam, ex necessitate utriusque limitis in quanti-
tatibus realibus, vel seriebus quantitatum realium finitis, qua nimirum nec suo principio,
nec suo fine carere possunt. Ejus rationis vim ostendo in motu locali, & in Geometria
sequentibus ducbus numeris: tum num. 52 expono difficultatem quandam, qua petitur
ex €0, quod in momento temporis, in quo transitur a non esse ad esse, videatur juxta ejusmodi
Theoriam debere simul haberi ipsum esse, & non esse, quorum alterum ad finem pracedentis
seriei statuum pertinet, alterum ad sequentis initium, ac solutionem ipsius fuse evolvo,
Geometria etiam ad rem oculo ipsi sistendam vocata in auxilium.

Num. 63, post epilogum eorum omnium, quz de lege continuitatis sunt dicta, id
principium applli)co ad excludendum saltum immediatum ag una velocitate ad aliam, sine
transitu per intermedias, quod & inductionem lederet pro continuitate amplissimam, &
induceret pro ipso momento temporis, in quo fieret saltus, binas velocitates, ultimam
nimirum seriei przcedentis, & primam nove, cum tamen duas simul velocitates idem mobile
habere omnino non possit. Id autem ut illustrem, & evincam, usque ad num. 7z considero
velocitatem ipsam, ubi potentialem quandam, ut appello, velocitatem ab actuali secerno,
& multa, quz ad ipsarum naturam, ac ‘mutationes pertinent, diligenter evolvo, nonnullis
etiam, quz inde contra mez Theoriz probationem objici possunt, dissolutis.

His expositis concludo jam illud ex ipsa continuitate, ubi corpus quodpiam velocius
movetur post aliud lentius, ad contactum immediatum cum illa velocitatum inzqualitate
deveniri non posse, in quo scilicet contactu primo mutaretur vel utriusque velocitas, vel
alterius, per saltum, sed debere mutationem velocitatis incipere ante contactum ipsum.
Hinc num. 73 infero, debere haberi mutationis causam, qua appelletur vis : tum num. 74
hanc vim debere esse mutuam, & agere in partes contrarias, quod per inductionem evinco,
& inde infero num. 75, appellari posse repulsivam ejusmodi vim mutuam, ac ejus legem
ex%uirendam propono. In ejusmodi autem perquisitione usque ad num. 8o invenio illud,
debere vim ipsam imminutis distantiis crescere in infinitum ita ut par sit extinguend=
velacitati utcunque magne ; tum & illud, imminutis in infinitum etiam distantiis, debere
in infinitum augeri, in maximis autem debere esse e contrario attractivam, uti est gravitas :
inde vero colligo limitem inter attractionem, & repulsionem : tum scnsim plures, ac etiam
plurimos ejusmodi limites invenio, sive transitus ab attractione ad repulsionem, & vice
versa, ac formam totius curva per ordinatas suas exprimentis virium legem determino,



SYNOPSIS OF THE WHOLE WORK 19

In the next articles, 28 & 29, I refute a further pair of arguments advanced by others ;
in the first of these, in order to evade my reasoning, someone states that there is compene-
tration of the primary elements of matter; in the second, the points of matter are said to
be moved with regard to one another, even when they are absolutely at rest as regards
position. In reply to the first artifice, 1 prove the principle of impenetrability by induc-
tion ; & in reply to the second, I expose an equivocation in the meaning of the term motion,
an equivocation upon which the whole thing depends.

Then, in Art. jo, 31, I show in what respect I differ from Maclaurin, who, having
considered the same point as myself, came to the conclusion that in the collision of bodies
the Law of Continuity was violated ; whereas I obtained the whole of my Theory from the
assumption that this law must be unassailable,

At this point therefore, in order that the strength of my deductive reasoning might
be shown, I investigate the Law of Continuity ; and from Art. 32 to Art. 38, I set forth its
natnre, & what is meant by a continuous change through all intermediate stages, such as
to exclude any sudden change from any one magnitude to another except by a passage
through intermediate stages; & I call in geometry as well to help my explanation of the
matter. Then I investigate its truth first of all by induction; &, investigating the prin-
ciple of induction itself, as far as Art. 44, I show whence the force of this principle is derived,
& where it can be used. 1 give by way of illustration an example in which impenetrability
is derived entirely by induction ; & lastly I apply the force of the principle to demonstrate
the Law of Continuity. In the articles that follow I consider certain cases of two kinds,
in which the Law of Continuity appears to be violated, but is not hawever really violated,

After this proof of the principle of continuity procured through induction, in Art. 48,
I undertake another proof of a metaphysical kind, depending upon the necessity of a limit
on either side for either real quantities or for a finite series of real quantities; & indeed it
is impossible that these limits should be lacking, cither at the beginning or the end. 1
demonstrate the force of this reasoning in the case of local motion, & alsoin geometry, in the
next two articles. Then in Art. 52 I explain a certain difficulty, which is derived from the
fact that, at the instant at which there is a passage from non-exisience to existence, it appears
according to a theory of this kind that we must have at the same time both existence and
non-gxistence. Yor one of these belongs to the end of the antecedent series of states, & the
other to the beginning of the consequent series. I consider fairly fully'the solution of this
problem ; and I call in geometry as well to assist in giving a visual representation of the
matter.

In Art, 63, after summing up all that has been said about the Law of Continuity, I
apply the princigle to exclude the possibility of any sudden change from one velocity to
another, cxcept by passing through intermediate velocities ; this would be contrary to the
very full proof that I give for continuity, as it would lead to our having two velocities at
the instant at which the change occurred. That is to say, there would be the final velocity
of the antecedent series, & the initial velocity of the consequent series ; in spite of the fact
that it is quite impossible for a moving body to have two different velocities at the same
time. Moreover, in order to illustrate & praove the point, from here on to Art. 72, I
consider velocity itself; and I distinguish between a potential velocity, as I call it, & an
actual velocity ; I also investigate earefully many matters that relate to the nature of these
velocities & to their changes. Further, I settle several difficulties that can be brought
up in opposition to the proof of my Theory, in consequence.

This done, I then conclude from the principle of continuity that, when one body with
a greater velocity follows after another body having a less velocity, it is impossible that
there should ever be absolute contact with such an inequality of velocities ; that is to say,
a case of the velocity of each, or of ane or the other, of them being changed suddenly at
the instant of contact. I assert on the other hand that the change in the velocities must
begin before contact. Hence, in Art. 73, I infer that there must be a cause for this change :
which is to be called “ force.” Then, in Art. 74, I prove that this force is a mutual one, &
that it acts in opposite directions; the proof is by induction. From this, in Art. 75, I
infer that such a mutual force may be saicf1 to be repulsive ; & I undertake the investigation
of the law that governs it. Carrying on this investigation as far as Art. 8o, I find that this
force must increase indefinitely as the distance is dimunished, in order that it may be capable
of destroying any velocity, however great that velocity may be. Moreover, I find that,
whilst the force must be indefinitely increased as the distance is indefinitely decreased, it
must be on the contrary attractive at very great distances, as is the case for gravitation.
Hence I infer that there must be a limit-point forming a boundary between attraction &
rcpulsion ; & then by degrees I find more, indeed very many more, of such limit-points,
or points of transition from attraction to repulsion, & from repulsion to attraction; & I
determine the formof theentire curve, that expresses by its ordinates the law of these forces.
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simplicitatem in Supplementis evidentissime demonstro, exhibens methodum, qua deveniri
possit ad zquationem ejusinodi curvae simplicem, & uniformem ; licet, ut hic ostendo, ipsa
illa lex virium possit mente resolvi in plures, qu per plures curvas exponantur, a quibus
tamen omnibus illa reapse unica lex, per unicam illam continuam, & in se simplicem curvam
componatur.

A num. 121 refello, que objici possunt a lege dgravitatis decrescentis in ratione reciproca
duplicata distantiarum, qua nimirum in minimis distantils attractionem requirit crescentem
in infinitum. Ostendo autem, ipsam non esse uspiam accurate in ejusmodi ratione, nisi
imaginarias rcsolutiones cxhibeamus; nec vero ex Astronomia deduci ejusmodi legem
prorsus accurate servatam in ipsis Planetarum, & Cometarum distantiis, sed ad summum ita
proxime, ut differcntia ab ea lege sit perquam exigua : ac a num. 124 expendo argumentum,

uod pro ejusmodi lege desumi possit ex eo, quod cuipiam visa sit omnium optima, &
i%circo clectz ab Auctore Nature, ubi ipsum Optimismi principium ad trutinam revoco, ac
excludo, & vero illud etiam evinco, non esse, cur omnium optima ejusmodi lex censeatur :
in Supplementis vero ostendo, ad qua potius absurda deducet ejusmodi lex, & vero etiam
aliz plurcs attractionis, qua imminutis in infinitum distantiis excrescat in infinitum.

Num. 131 2 vinbus transeo ad elementa, & primum ostendo, cur punctorum inexten-
sorum idecam non habeamus, quod nimirum eam haurire non possumus per scnsus, quos
sole masse, & quidem grandiores, afficiunt, atque idcirco eandem nos ipsi debemus per
reflexionem efformare, quod quidem facile Eossumus. Ceterum illud ostendo, me non
inducere primum in Physicam puncta indivisibilia, & incxtcnsa, cum co etiam Leibnitianae
monades recidant, sed sublata extensione continua difficultatem auferre illam omnem, qua
jam olim contra Zenonicos objecta, nunquam est satis soluta, qua fit, ut extensio continua
ab inextensis effici omnino non possit.

Num. 140 ostendo, inductionis principium contra ipsa nullam habere vim, ipsorum
autem existentiam vel inde probari, quod continuitas sc se ipsam destruat, & ex ea assumpta
probetur argumentis a me institutis hoc ipsum, prima elementa esse indivisibilia, & inextensa,
nec ullum haberi extensum continuum. A num. 143 ostendo, ubi continuitatem admittam,
nimirum in solis motibus 3 ac illud explico, quid mihi sit spatium, quid tempus, quorum
naturam in Supplementis multo uberius expono. Porro continuitatem ipsam ostendo a
natura in solis motibus obtineri accurate, in reliquis affectari quodammodo ; ubi & exempla
quadam evolvo continuitatis primo aspectu violate, in quibusdam proprietatibus luminis,
ac in alils quibusdam casibus, in quibus quedam crescunt per additionem partium, non (ut
ajunt) per intussumptionem.

A num. 153 ostendo, quantum hzc mea puncta a sgiritibus differant ; ac llud etiam
evolvo, unde fiat, ut in ipsa idea corporis videatur includi extcnsio continua, ubi in ipsam
idearum nostrarum originem inquiro, & quz inde przejudicia profluant, expono. Postremo
autem loco num. 165 innuo, qui fieri possit, ut puncta incxtensa, & a se invicem distantia,
in massam coalescant, quantum libet, cohzrentem, & 1is proprietatibus praeditam, quas in
corporibus experimur, quod tamen ad tertiam partem pertinet, ibi multo uberius pertrac-
tandum ; ac 1bi quidem primam hanc partem absolvo.

PARS II

Num. 166 hujus partis argumentum propono ; sequenti vero 167, quz potissimum in
curva virium consideranda sint, enuncio. Eorum considerationem aggressus, primo quidem
usque ad num. 172 in ipsos arcus inquiro, quorum alii attractivi, alii repulsivi, alii asym-
ptotici, ubi casuum occurrit mira multitudo, & in quibusdam consectaria notatu digna, ut
& illud, cum ejus formz curva plurium asymptotorum esse possit, Mundorum prorsus
similium seriem posse oriri, quorum alter respectu alterins vices 2gat unius, & indissolubilis
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but that it is absolutely onc-fold. This one-fold character I demonstrate in the Supple-
ments in a very evident manner, giving a method by which a simple and uniform equation
may be obtaincd for a curve of this kind. Although, as I there point out, this Jaw of forces
may be mentally resolved into several, and these may be represented by several correspond-~
ing curves, yet that law, actually unique, may be compounded from all of these together
by means of the unique, continuous & one-fold curve that I give.

In Art. 121, I start to give a refutation of those objections that may be raised from
a consideration of the fact that the law of gravitation, decreasing in the inverse duplicate
ratio of the distances, demands that there should be an attraction at very small distances,
& that it should increase indefinitely. However, I show that the law is nowhere exactly in
conformity with a ratio of this sort, unless we add explanations thatare merely imaginative ;
nor, I assert, can a law of this kind be deduced from astronomy, that is followed with per-
fect accuracy even at the distances of the planets & the comets, but one merely that is at
most so very nearly correct, that the difference from the law of inverse squares is very
slight. From Art. 124 onwards, I examine the value of the argument that can be drawn
in favour of a law of this sort from the view that, 4s some have thought, it is the best of
all, & that on that account it was selected by the Founder of Nature. In connection with
this I examine the principle of Optimism, & I reject it; moreover I prove conclusively
that there is no reason why this sort of law should be supposed to be the best of all.  Fur-
ther in the Supplements, I show to what absurdities a law of this sort is more likely to lead ;
& the same thing for other laws of an attraction that increases indefinitely as the distance
is diminished incgleﬁnitely.

In Art, 131 I pass from forces to elements. I first of all show the reason why we may
not appreciate the idea of non-extended points; it is because we are unable to perceive
them by means of the senses, which are only affected by masses, & these too must be of
considerable size. Consequently we have to build up the idea by a process of reasoning ;
& this we can do without any éﬂiculty. In addition, I point out that I am not the first
to introduce indivisible & non-extended points into physical science; for the ** monads
of Leibniz practically come to the same thing. But I show that, by rejecting the idea of
continuous extension, I remove the whole of the difficulty, which was raised against the
disciples of Zeno in years gone by, & has never been answered satisfactorily ; namely, the
difficulty arising from the fact that by no possible means can continuous extension be
made up from things of no extent. :

In Art. 140 I show that the princifle of induction yields no argument against these
indivisibles ; rather their existence is demonstrated by that principle, for continuity is
self-contradictory. On this assumption it may be proved, by arguments originated by
myself, that the primary elements are indivisible & non-extended, & that there does not
exist anything possessing the property of continuous extension. From Art. 143 onwards,
I point out the only connection in which I shall admit continuity, & that is in motion.
I state the idea that [ have with regard to space, & also time : the nature of these I explain
much more fully in the Supplements. Further, I show that continuity itself is re:S.ly a

roperty of motions only, & that in all other things it is more or less a false assumption.
Elere I also consider some examples in which continuity at first sight appears to be
violated, such as in some of the properties of light, & in certain other cases w};lere things
increase by addition of parts, and not by intussumption, as it is termed.

From Art. 153 onwards, I show how greatly these points of mine differ from object-
souls. I consider how it comes about that continuous extension scems to be included
in the very idea of a body; & in this connection, I investigate the origin of our ideas
& I explain the prejudgments that arise therefrom. Finally, in Art. 165, I lightly
sketch what might happen to enable points that are of no extent, & at a distance from
onc another, to coalesce into a coherent mass of any size, endowed with those properties
that we experience in bodies. This, however, belongs to the third part ; & there it will be
much more fully devcloped. This finishes the first part.

PART I

In Art. 166 I state the theme of this second part; and in Art. 167 I declare what
matters are to be considered more especially in connection with the curve of forces. Com-
ing to the consideration of these matters, I first of all, as far as Art. 172, investigate the
arcs of the curve, some of which are attractive, some repulsive and some asymptotic. Here
a marvellous number of different cases present themselves, & to some of them there are
noteworthy corollaries; such as that, since a curve of this kind is capable of possessing a
considerable number of asymptotes, there can arise a series of perfecﬂsr similar cosmi, each
of which will act uponall the others as a single inviolate elementary system. From Art. 172
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to Art. 179, | consider the areas included by the arcs ; these, corresponding to different
scgments of the axis, may be of any magnitude whatever, either great or small ; mercover
they measure the increment or decrement in the squares of the velocities. Then, on as
far as Art. 189, I investigate the approach of the curve to the axis; both when the former
is cut by the latter, in which case there are transitions from repulsion to attraction and
from attraction to repulsion, which I call ¢ limits,” & use very largely in every part of my
‘Theory ; & also when the former is touched by the latter, & the curve once again recedes
from the axis. I consider, too, as a case of approach, recession to infinity along an asymp-
totic arc; and I investigate what transitions, or limits, may arise from such a case, &
whether such arc admissible in Nature.

In Art. 189, I pass on from the consideration of the curve to combinations of points.
First, as far as Art. zo4, I dcal with a system of two points. I work out those things that
concern their mutual forces, and motions, whether they are left to themselves or pro-
jected in any manner whatever. Here also, having cxplained the connection between
these motions & the distances of the limits, & different cases of oscillations, whether they
are affected by cxternal action of other points, or are not so disturbed, I make an antici-
patory note of the great use to which this will be put in the third part, for the purpose
of explaining various kinds of cohesion, fermentations, conflagrations, emissions of vapours,
the propertics of light, elasticity and flexibility.

EI'lwere follows, from Art. 204 to Art. 239, the much more fruitful consideration of a
system of three points. The forces connected with them can in general be easily deter-
mined for any given positions of the points; but, when any position & velocity are given,
the motions have not yet been obtained by geometricians in such a form that the general
calculation can be performed for every possible case. So I proceed to consider the forces,
& the huge variation that diffcrent combinations of the points beget, although they are
only threc in number, as far as Art, 209. From that,on to Art. 214, I consider certain
things that have to do with the forces that arise from the action, on cach of the points, of
the other two together, & how these urge the third point not only to approach, or recede
from, themselves, but also in a dircction at right angles; in this connection there comes
forth an analogy with solidity, & a truly immense difference between the several cases when
the distances arc very small, & the greatest conformity possible at very great distances
such as those at which gravity acts ; & I point out what great use will be made of this also
in explaining the constitution of Nature. Then up to Art. 221, I give ocular demonstra-
tions of the huge differences that there are in the laws of forces with which two points act
upon a third, whether it lies in the right line joining them, or in the right line that is the
perpendicular which bisects the interval between them; this I do by constructing, from
the primary curve, curves representing the composite forces, Then in the two articles
that follow, I consider the case, a really important one, in which, by merely changing the
position of the two points, the third point, at any and the same definite interval situated
at the same distance from the middle point of the interval betwecn the two points, will
be either continually attracted, or continually repelled, or ncither attracted nor repelled ;
& since a difference of this kind should hold to a much greater degree in masses, I point
out, in Art. 222, the great use that will be made of this also in Physics.

At this point then, in Art. 223, I pass from the forces derived from two points to the
consideration of a whole system of them; and, as far as Art. 228, I study three points
situated in a right line, from the mutual forces of which there arise certain relations, which
I return to later in much greater generality ; in this connection also are outlined, for three
points only, matters that have to do with rods, either rigid, flexible or elastic, and with
the lever, as well as many other things; these, too, are treated much more generally later
on, when I consider masses. Then right on to Art. 238, I consider three points that do
not lie in a right line, whether they arc in equilibrium, or moving in the perimeters of
certain ellipses or other curves. Here we come across a marvellous znalogy between certain
limits and the limits which two points lying on the axis of the primary curve have with
respect to each other; & here also a much greater variety of cases for masses s shown,
& an example is given of the application to solidity, & liquefaction, on account of a quick
internal motion being impresseg on the points of the body. Moreover, in the two articles
that then follow, I state some general propositions with regard to a system of four points,
together with their application o solicF rods, both rigid and flexible; I also give an illus-
tration of various classes of particles by means of pyramids, each of which is formed of four
points in the most simple case, & of four of such pyramids in the more complicated cases.

From Art. 240 as far as Art. 264, I pass on to masses & consider matters pertaining to
the centre of gravity ; & I prove that in general there is one, & only one, in any given mass.
I show how it can in general be dctermined, & I set forth in clear terms the point that is
lacking in the usual method, when it comes to a question of rigorous proof ; this deficiency
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that the Law of Continuity must be broken & destroyed, if immediate contact is arrived
at with such a difference of velocity. Moreover, there is in truth always something of this
sort in every one of the ideas that attribute continuous extension to matter. There is some
real condition of the body, namely, its last real boundary, or its surface, a real boundary of
a surface, a line, & a real boundary of a line, a point; & these conditions, however insepar-
able they may be in these theories from the body itself, are nevertheless certainly not
fictions of the brain, but real things, having indeed certain real dimensions (for instance, a
surface has two dimensions, & a line one) ; they also have real motion & movement of trans-
lation along with the body itself ; hence in these theories they must be certain conditions
or modes of it.

23. Someone may say that there is no sudden change made, because it must be con-
sidered that a surface, a line or a point, having no mass, cannot have any motion. He ma
say that motion has, according to Mechanicians, as its measure, the mass multiplied by the
velocity ; also mass is the surface of the base multiplied by the thickness or the altitude,
as for instance in prisms. Hence the less the thickness, the less the mass & the motion ;
thus, if the thickness vanishes, then both the mass & therefore the motion must vanish
as well.

24. Now the man who reasons in this manner is first of all merely playing with words,
Mass is commonly called quantity of matter, & the motion of bodies is measured by mass
of this kind & the velocity. But, just as in a geometrical quantity there are threc kinds of
quantities, namely, a body or a solid having three dimensions, a surface with two, & a line
with one : to which is added the boundary of a line, a point, lacking dimensions altogether,
& of no extension. So also in Physics, 2 body is considered to be endowed with three
species of extension ; a surface, the last real boundary of a body, to be endowed with two;
2 line, the real boundary of a surface, with one ; & the indivisible boundary of the line, to
be a point. In both subjects, the one is a boundary of the other, & not a part of it; &
they form four different kinds. There is nothing solid about a surface ; but that does not
mean that there is also nothing superficial about it; nay, it certainly has parts & can be
increased or diminished. In the same way a line is nothing indeed when compared with
a surface, but a definite something when compared with a line ; & lastly a point is a definite
something in its own class, although nothing in comparison with a line.

25. Hence also in these matters, a mass can be considered to be of two dimensions, or
of one, or even of no continuous dimension, but only numbers of points, just as quantity of
this kind s indicated. Now, if for these also, the term mass is employed in a generalized
sense, we shall be able to define the quantity of motion by the product of the velocity &
the mass. But if the term mass is only to be used in connection with a solid body, then
indeed the motion of a solid body will be measured by the mass multiplied by the velocity ;
but the motion of a surface, or a line, or any number of points will Eave as their measure
the quantity of the surface, or line, or the number-of the Eoints, multiplied by the velocity.
Motion at any rate will be ascribed in all these cases, & there will be four kinds of motion,
as there are four kinds of quantity, namely, for asolid, a surface, a line, or for points ; and, as
each class of the latter will be as nothing compared with the class before it, but something
in its own class, so the motion of the one will be as nothing compared with the motion
of the other, but yet really something, & not entirely nothing, compared with those of
its own class.

26. Indeed, Mechanicians themselves commonly ascribe motion to surfaces, lines &
points, & Physicists universally speak of the motion of the centre of gravity ; this centre is
undoubtedly some point, & not a body endowed with three dimensions, which the objector
demands for the idea & name of motion, by playing with words, as I said above. On the
other hand, in this kind of motions of ultimate surfaces, or lines, or points, a sudden change
must certainly be made, if they arrive at immediate contact with a differcnce of velocity
as above, & the Law of Continuity must be violated.

27. But, omitting all debate about the notions of motion & mass, if the product of
the velocity & the mass vanishes when one of the three dimensions vanish, there will still
remain the velocity of the remaining dimensions ; & this will persist so long as the dimen-
sions persist, as they do persist undoubtedly in the case of a surface. Hence the change
in its velocity must have been made suddenly, & thercby the Law of Continuity, which I
have already mentioned so many times, is viclated. .

28. Thesc things are so evident that it is absolutely impossible to doubt that the Law
of Continuity is infringed, & that a sudden change is introduced into Nature, when bodies
approach one another with a difference of velocity & come into immediate contact, if only
we are to ascribe impenetrability to bodies, as we really should. And this property too,
not in whole bodies only, but in any of the smallest particles of bodies, & in the elements as
well, is recognized by Physicists universally. There was one, I must confess, who, after 1
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becomes N'M” by the subtraction of O’N”) ; moreover, if the line CDE, which represents
the law of variation, cuts the straight AB, which is the axis of time, in any point, then the
magnitude can vanish at that point (just as the ordinate M'N’ would vanish when the
point M’ coincided with D), & be changed into 2 negative magnitude PQ, or RS, that is
to say one having an opposite direction ; & this, the more it increases in the opposite sense,
the less it is to be considered in the former sense (just as in the idea of property or riches,
2 man goes on continuously getting worse off, when, after everything he had has been
taken away from him, he continues to get deeper & deeper into debt). In Geometry too
we have this passage from positive to negative, & also in algebraical formulz, the passage
being made not only through nothing, but also through infinity; such I have discussed,
the one in a dissertation added to my Conic Sections, the other in my Algebra (§ 14), & both
of them together in my essay De Lege Continuitatis;, but in Physics, where no quantity
ever increases to an infinite extent, the second case has no place; hence, unless the passage
is made through the value nothing, there is no passage from positive to negative, or vice
versa. Although, as I point out below, this nothing is not really nothing in itself, but a
certain real state; & it maK be considered as nothing only in a certain sense. In the same
sense, too, negatives, which are true states, are positive in themselves, although, as they
belong to the first sct in 2 certain negative way, they arc called negative.

38. Thus explained & defended, the Law of Continuity is considered by most philoso-
phers to exist in Nature, though there are some who deny it, as I mentioned above. 1,
when first I investigated the matter, considered that it was absolutely impossible that it
should be left out of account, if we have regard to the unparalleled analogy that there is
with Nature & to the power of induction ; & by the help of this induction I endeavoured
to prove the law in several of the dissertations that I have mentioned, & Benvenutus also
used the same form of proof in his Synopsis (Art. 11g). In these too, as they were written
on several different occasions, there are some repetitions.

39. It would take too long to extract & arrange in order here each of the passages in
thesc essays ; it will be sufficient if I give Art. 138 of the dissertation De Lege Continuitatis.
After induction derived in the preceding article from geometry, in which there is nosudden
change anywhere, & from local motion, in which passage from one position to another
never takes place unless by some continuous progress (the consequence of which is that a
distance from any given position can never be changed into another distance, nor the
density,which depends altogether on the distances between the particles,into another density,
except by passing through intermediate stages), the step is made in that article to the
velocities of motions, & deductions, which have more to do with the matter now in hand,
namely, where we are dealing with the idea that the velocity is not changed suddenly in the
collision of solid bodies. These are the words: ‘ Moreover in motions themselves
continuity is preserved also in the fact that all motions take place in continuous lines that
are not broken anywhere. Wesee a great number of motions of this kind. The planets &
the comets pursue their courses, each in its own continuous line, & all retrogradations are
gradual ; &.in stationary positions the motion is always slight indeed, but yet there is
always some ; hence also daylight comes gradually through the dawn, & goes through the
evening twilight, as the diameter of the sun ascends above the horizon, not suddenly, but
by a continuous motion, & in the same manner descends. Again heavy bodies projected
o[‘;liquely follow their courses in lines also that are just as continuous; namely, in para-
bole, if we neglect the resistance of the air, but if that is taken into account, then in orbits
that are moare nearly hyperbolz. Now, they are always projected with some slight obli-
quity, since there is an infinitely infinite probability against accurate vertical motion, from
out of the infinjtely infinite number of inclinations (although slight & not capable of being
observed), happening fortuitously. These motions are ingced very far from being para-
bolw, if the hypothesis that the Earth is in motion is adopted, They give a continuous
curve 2lso for the case of accurate vertical projection, in wiich, if the Earth were at rest,
& no wind-force deflected the motion, rectilinear ascent & descent would be obtained.
All other motions that depend on gravity, all that depend upon elasticity, or magnetic
force, also preserve continuity; for the forces themselves, from which the motions arise,
preserve it. For gravity, since it diminishes in the inverse ratio of the squares of the dis-
tances, & the distances cannot be changed suddenly, is itself changed through every inter-
mediate stage. Similarly we see that magnetic forcé depends on the distanees according
to a continuous law; that elastic force depends on the amount of bending as in plates, or
according to distance as in particles of compressed air. In these, & all other forces of the
sort, & in the motions that arise from them, we always get continuity, both as regards the
lines which they describe & also in the velocities which are changed in similar manner
through all intermediate magnitudes; as is seen in pendulums, in the ascent of heavy
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& in aliis mille ejusmodi, in quibus mutationes velocitatis fiunt gradatim, nec retro cursus
reflectitur, nisi imminuta velocitate per omnes gradus. Ea diligentissime continuitatem
servat omnia. Hinc nec ulli in naturalibus moti%us habentur anguli, sed scmper mutatio
directionis fit paullatim, nec vero anguli exacti habentur in corporibus ipsis, in quibus
utcunque videatur tenuis acies, vel cuspis, microscopii saltem ope videri solet curvatura,
quam etiam habent alvei fluviorum semper, habent arborum folia, & frondes, ac rami, habent
l:ipides quicunque, nisi forte alicubi cuspides continuz occurrant, vel primi generis, quas
Natura videtur affectare in spinis, vel secundi generis, quas videtur aflectare in avium
unguibus, & rostro, in quibus tamen manente in ipsa cuspide unica tangente continuitatem
servari videbimus infra. Infinitum esset singula persequi, in quibus continuitas in Natura
observatur. Satius est generaliter provocare adp exhibendum casum in Natura, in quo
continuitas non servetur, qui omnino exhiberi non poterit.”

40. Inductio amplissima tum ex hisce motibus, ac velocitatibus, tum ex aliis pluribus
exemplis, que habemus in Natura, in quibus ea ubique, quantum obscrvando licet depre-
hendere, continuitatem vel observat accurate, vel affectat, debet omnino id efficere, ut ab
ea ne in ipsa quidem corporum collisione recedamus. Sed de inductionis natura, & vi, ac
ejusdem usu in Physica, libet itidem hic inserere partem numeri 134, & totum 135, disserta-
tionis De Lege Continuitatis. Sic autem habent ibidem : ** Inprimis ubi generales Nature
leges investigantur, inductio vim habet maximam, & ad earum inventionem vix alia ulla
superest via. Ejus ope extensionem, figurabilitem, mobilitatem, impenctrabilitatem
corporibus omnibus tribuerunt semper Philosophi etiam veteres, quibus eodem argumento
inertiam, & gencralem gravitatem plerique e recentioribus addunt. Inductio, ut demon-
strationis vim habeat, debet omnes singulares casus, quicunque haberi possunt percurrere.
Ea in Natu-[18]-rz legibus stabiliendis locum habere non potest. Igabet locum laxior
quedam inductio, quz, ut adhiberi possit, debet esse eLusm i, ut inprimis in omnibus iis
casibus, qui ad trutinam ita revocari possunt, ut deprehendi debeat, an ea lex observetur,
eadem in fis omnibus inveniatur, & ii non exiguo numero sint ; in reliquis vero, si qua prima
fronte contraria videantur, re accuratins perspecta, cum illa lege possint omnia conciliari ;
licet, an eo potissimum pacto concilientur, immediate innotescere, nequaquam possit. Si
cze conditiones habeantur ; inductio ad legem stabiliendam censeri debet iaonea. Sic quia
videmus corpora tam multa, quz habemus pre manibus, aliis corporibus resistere, ne in
eorum locum adveniant, & loco cedere, si resistendo sint imparia, potius, quam eodem
perstarc simul; impenetrabilitatem corporum admittimus; nec oEest, quod quedam
corpora vidcamus intra alia, licet durissima, insinuari, ut oleum in marmora, lumen in
crystalla, & gemmas. Videmus enim hoc phznomenum facile conciliari cum ipsa impene-
trabilitate, dicendo, per vacuos corporum poros ea corpora permeare. (Num. 135).
Preterea, quaxcunque proprictates absolutz, nimirum que relationem non habent ad
nostros sensus, deteguntur generaliter in massis sensibilibus corporum, easdem ad quascunque
utcunque exiguas particulas debemus transferre ; nisi positiva aliqua ratio obstet, & nisi sint
ejusmodi, qua pendeant a ratione totius, seu multitudinis, contradistincta a ratione partis.
Primum evincitur ex co, quod magna, & parva sunt respectiva, ac insensibilia dicuntur ea,
quz respectu nostre molis, & nostrorum sensvum sunt exigua. Quare ub: agitur de
Froprietatibus absolutis non respectivis, quzcunque communia videmus in iis, qua intra
imites continentur nobis sensibifcs, ea debemus censere communia etiam infra eos limites :
nam ii limites respectu rerum, ut sunt in se, sunt accidentales, adeoque siqua fuisset analogize
lesio, poterat illa multo facilivs cadere intra limites nobis sensibiles, qui tanto laxiores sunt,
quam infra eos, adeo nimirum propinquos nihilo. Quod nulla ceciderit, indicio est, nullam
esse. Id indicium non est evidens, sed ad investigationis principia pertinet, qua si juxta
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bodies, & in a thousand other things of the samc kind, where the changes of velocity occur
gradually, & the path is not retraced before the velocity has been diminished through all
degrees.  All these things most strictly preserve continuity., Hence it follows that no
sha:jp angles are met with in natural motions, but in every case a change of direction occurs
gradually ; neither do perfect angles occur in bodies themselves, for, however fine an edge
or point in them may scem, onc can usually detect curvature by the help of the microscope
if nothing else. We have this gradual change of direction also in the beds of rivers, in the
leaves, boughs & branches of trecs, & stones of all kinds ; unless, in some cases perchance,
therc may be continuous pointed ends, cither of the first kind, which Nature is scen to
affect in thorns, or of the second kind, which she is scen to do in the claws & the beak of
birds ; in these, however, we shall sec below that continnity is still preserved, since we are
left -with a single tangent at the extreme end. It would take far too long to mention every
single thing in which Nature preserves the Law of Continuity ; it is more than sufficient
to make a general statement challenging the production of asingle case in Nature, in which
continuity is not preserved ; for it s aisolutely impossible for any such case to be brought
forward.”

40. The effect of the very complete induction from such motions as these & velocities,
as well as from a large number of ot%er examples, such as we have in Nature, where Nature
in cvery casc, as far as can be gathered from direct observation, maintains continuity or
tries to do so, should certainly be that of keeping us from neglecting it even in the case
of collision of bodies. As regards the nature & validity of induction, & its use in Physics,
I may here quote part of Art. 134 & the whole of Art. 135 from my dissertation De Lege
Continuitatis, ‘The passage runs thus : * Especially when we investigate the general laws
of Nature, induction has very great power; & there is scarcely any other method beside
it for the discovery of these laws. By its assistance, even the ancient philosophers attributed
to all bodies extension, figurability, mobility, & impenetrability ; & to these properties,
by the usc of the same method of reasoning, most of the later philosophers add inertia &
universal gravitation. Now, induction should take account of every single case that can
possibly happen, beforcit can have the force of demonstration ; such induction as this has no
place in establishing the laws of Nature. But use is made of an induction of a less rigorous
type; in order that this kind of induction may be employed, it must be of such a nature
that in all those cases particularly, which can be examined in a manner that is bound to
lead to a definite conclusion as to whether or no the law in question is followed, in all of
them the same result is arrived at; & that these cases are not merely a few. Moreover,
in the other cases, if those which at first sight appeared to be contra({ictory, on further &
more accurate investigation, can all of them be made to agree with the law; although,
whether they can be made to agree in this way better than in any other whatever, it is
impossible to know directly anyhow. If such conditions obtain, then it must be considered
that the induction is adapted to establishing the law. Thus, as we sce that so many of
the bodies around us try to prevent other bodies from occupying the position which they
themselves occupy, or give way to them if they are not capable of resisting them, rather
than that both should occupy the same place at the same time, therefore we admit the
impenetrability of bodies. Nor is there anything against the idea in the fact that we see
certain bodies penetrating into the innermost parts of others, although the latter arc very
hard bodies; such as oil into marble, & light into crystals & gems. For we see that this
phenomenon can very easily be reconciled with the idea of impenetrability, by supposing
that the former bodics enter and pass through empty pores in the latter bodies (Art.
135). In addition, whatever absolute properties, for instance those that bear no relation
to our senses, are generally found to exist in sensible masses of bodies, we are bound to
attribute these same properties also to all small parts whatsoever, no matter how small
they may be. That is to say, unless some positive reason prevents this; such as that they
are of such a nature that they depend on argument having to do with a body as a whole,
or with a group of particles, in contradistinction to an argument dealing with a part only.
The proof comes in the first place from the fact that great & small are relative terms, &
those things are called insensible which are very small with respect to our own size & with
regard to our senses. Therefore, when we consider absolute, & not relative, properties,
whatever we perceive to be common to those contained within the limits that are sensible
to us, we should consider these things to be still common to those beyond those limits.
For these limits, with regard to such matters as arc self-contained, are accidental; & thus,
if there should be any violation of the analogy, this would be far more likely to happen
between the limits sensible to us, which are more open, than beyond them, where indeed
they are so nearly nothing. Because then none did happen thus, it is a sign that there is
none, This sign is not evident, but belongs to the principles of investigation, which
generally proves successful if it 15 carried out in accordance with certain definite wisely
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53. I explained this very point clearly enough, if I mistake not, in my dissertation
De lege virium in Natura existentium, & 1 illustrated it by Feometrical figures ; also I made
some additions that reduced to the same thing. 'These will appear below, as an applicition
to the matter in question ; for the sake of which all these things relating to the Law of
Continuity have been adduced. It is allowable for me to quote in this connection the
whole of nine articles from that dissertation, beginning with Art. 8; but I will here
change the numbering of the articles, & of the diagrams as well, so that they may agree
with those already given.

54. “In Fig.8,let GMM‘m be a circle, referred to a given straight line AB as axis, by
means of ordinates HM drawn perpendicular to that straight line ; also let the two tan-
gents EGF, E‘G'F’ be perpendiculars to the axis. Now suppose that an unlimited straight
line perpendicular to the axis AB is carried with 2 continuous motion from A to B.  When
it reaches some such position as CD greceding the tangent EF, or as C'D’ subsequent to
the tangent E'F’, there will be no ordinate to the circle, or it will be impossible &, as the
geometricians call it, imaginary. Also, wherever it falls between the two tangents EGF,
E'G'F’, as at HI or H'I’, it will meet the circle in two points, M, m or M', m’; & for the
value of the ordinate there will be obtained HM & Hm, or H'M' & H'm’. Such an ordinate
will carrespond to the interval EE’ only ; & if the line AB represents time, the instant E
is the boundary between the preceding continuous time AE, in which the ordinate does
not exist, & the subsequent continuous time EE', in which the ordinate does exist. The
point E’ is the boundary between the preceding time EE’, in which the ordinate does exist,
& the subsequent time E'B, in which it does not ; the lifetime, as it were, of the ordinate,
is EE’; its production is at E & its destruction at'E’. But what happens at this production
& destruction ? Is it an existence of the ordinate, or a non-existence ? Of a truth there
is an existence, represented by EG & E'G’, & not 2 non-existence. ‘The whole ordinate EG
of finite magnitude is produced, & the whole ordinate E'G’ of finite magnitude is destroyed;
& yet there is no connecting together of the states of existence & non-existence, nor does it
bring in anything absurd in its train. At the instant E we get the first term of the sub-
sequent series without the last term of the preceding series ; & at the instant E’ we have
the last term of the preceding series without the first term of the subsequent series.”

55, ““The reason whﬁthis should happen is immediately evident, if we consider the
matter metaphysically. us, to absolute nothing there belong no real properties; but
the properties of a real absolute entity are also real. Any real series must have 2 real
beginning & end, or a first term & a last. That which does not exist can have no true
property ; & on that account does not require a last term of its kind, or a first. The
preceding series, in which there is no ordinate, does not have 2 last term ; & the subsequent
series has likewise no first term; whilst the real series contained within the interval EE’
must have both a first term & a last term. The real terms of this series of themselves
exclude the term of no value, since the fact of existence of itself excludes non-existence.”

§6. “ This indced will bestill more evident, if we consider some preceding series of
real quantitics, expressed by the ordinates to the curved line PLg; & let this curve
correspond to the whole time AE in such a way that te every instant C of the time there
corresponds an ordinate CL. Then, if at the instant E there is bound to be a sudden
change from the ordinate Eg to the ordinate EG, to that instant E there must of necessity
correspond both the ordinates EG, Eg.  For it is impossible that in the whole line PLg
the last point alone should be missing ; because, if that point is taken away, yet the line
is bound to have an end to it, & that end must also be a foint ; hence that point would be
before & contiguous to the point g; & this is absurd, as we have shown in the same
dissertation De Lege Continuitatis. For between any onc point & any other point there
must lie some line; & if such a line does not intervene, then those points must coalesce
into one. Hence nothing can be absent, except it be a short length of line gl so that
the end of the series that precedes occurs at some instant, C, preceding the instant E, &
separated from it by an interval of continuous time, at all instants of which there is no
ordinate.”

57. « Evidently, then, there is a distinetion between passing from absolute nothing,
i.e., from an imaginary quantity, to a state of existence, & passing from one magnitude
to another. In the first case the term which is naught is not reckoned in; the term at
either end of 2 series which has real existence is given, & the quantity, of which it is the
series, can be produced or destroyed, finite in amount; & of itself it will exclude non-
exisience. 1n the second case, there must of necessity be an end to either series, namely
the last of the one scries & the first of the other. Hence, in creation & annihilation,
a quantity can be produced or destroyed, finite in magnitude; & the first & last
state of existence will be 2 state of exisience of some kind ; & this will not associate with
itself a state of non-existence. But, on the other hand, where a real magnitude is bound
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aliam transire debet per saltum; momento temporis, quo saltus committitur, uterque
terminus haberi deberet. Manet igitur illesum argumentum nostrum metaphysicum pro
exclusione saltus a crcatione & annihilatione, sive ortu, & interitu.”

58. ““At hic illud etiam notandum est ; quoniam ad ortum, & interitum considerandum

geometricas contemplationes assumpsimus, videri quidem prima fronte, aliquando etiam
realis seriei terminum postremum esse nihilum; sed re altius considerata, non erit vere
nihilum ; sed status quidam itidem realis, & ejusdem generis cum przcedentibus, licet alio
nomine insignitus,”
[27] 59. “Sit in Fig. 9. Linea AB, utxrius, ad quam linea quedam PL deveniat in G
(pertinet punctum G ad lineam PL, E ad AB continuatas, & sibi occurrentes ibidem), & sive
pergat ultra ipsam in GM/, sive retro resiliat per GM'.  Recta CD habebit ordinatam CL,
quz evanescet, ubi puncto C abeunte in E, ipsa CD abibit in EF, tum in positione ulteriori
rectz perpendicularis HI, vel abibitin nega-
tivam HM, vel retro positiva regredietur D F | /
in HM’. Ubi linea altera cum altera coit, Mz

& punctum E alterius cum alterius puncto
G congreditur, ordinata CL videtur abire in P\ L

nihilum ita, ut nihilum, quemadmodum & G

supra innuimus, sit limes quidam inter seriem

ordinatarum positivarum CL, & negativarum H

HM; vel positivarum CL, & iterum posi- A C E B

tivarum HM'. Sed, si res altius considere-
tur ad metaphysicum conceptum reducta,
in situ EF non habetur verum nihilum,
In situ CD, HI habetur distantia qua:dam

unctorum C, L ; H, M: in situ EF M\
Eabetur eorundem punctorum compene-
tratio.  Distantia est relatioc quazdam
binorum modorum, quibus binz puncta
existunt ; compenetratio itidem est relatio binorum modorum, quibus ez existunt,
quz compenetratio est aliquid reale ejusdem prorsus generis, cujus est distantia, constituta
nimirum per binos reales existendi modes.”

6o. “ Totum discrimen est in vocabulis, qua nos imposuimus. Bini locales existendi
modi infinitas numero relationes possunt constituere, alii alias. Hae omnes inter se &
differunt, & tamen simul etiam plurimum conveniunt ; nam reales sunt, & in quodam genere
congruunt, quod nimirum sint relationes ortz a binis localibus existendi modis. Diversa
vero habent nomina ad arbitrarium instituta, cum aliz ex ejusmodi relationibus, ut CL,
dicantur distantiz positive, relatio EG dicatur compenetratio, relationes HM dicantur
distantiz negative. Sed quoniam, ut a decem palmis distantizz demptis §5, relinquuntur 5,
ita demptis aliis 5, habetur nihil (non quidem verum nihil, sed nihil in ratione distantiz a
nobis ita appellatz, cum remaneat compenetratio) ; ablatis autem aliis quinque, remanent
quinque palmi distantix negativee ; ista omnia realia sunt, & ad idem genus pertinent ; cum
eodem prorsus modo inter se differant distantia palmorum 1o a distantia palmorum 5, hzc
a distantia nulla, sed reali, quz compenetrationem importat, & hzc a distantia negativa
palmorum 5. Nam ex prima illa quantitate eodem modo devenitur ad hasce posteriores per
continuam ablationem palmorum 5. Eodem autem pacto infinitas ellipses, ab infinitis
hy perbolis unica interjecta parabola discriminat, quz quidem unica nomen peculiare sortita
est, cum illas numero infinitas, & 2 se invicem admodum discrepantes unico vocabulo com-
plectamur ; licet altera magis oblonga ab altera minus oblonga plurimum itidem diversa sit.”

Fi16. 9.

[28] 61. *“Et quidem eodem pacto status’ quidam realis est quies, sive perseverantia in
eodem modo locali existendi; status quidam realis est velocitas nulla puncti existentis,
nimirum determinatio perseverandi in eadem loco; status quidam realis puncti existentis
est vis nulla, nimirum determinatio retinendi prazcedentem velocitatem, & ita porro;
plurimum hac discrepant 2 vero non esse.  Casus ordinatz respondentis linez EF in fig. 9,
differt plurimum a casu ordinatz circuli respondentis linex CD figure 8 : in prima existunt
puncta, sed compenetrata, in secunda alterum punctum impossible est. Ubi in solutione
problematum devenitur ad quantitatem primi generis, problema determinationem peculiarem
accipit ; ubi devenitur ad quantitatem secundi geners, problema evadit impossibile ; usque
adeo in hoc secundo casu (}xabctur verum nihilum, omni reali proprietate carens; in ?llo
primo habetur aliquid realibus proprietatibus praditum, quod ipsis etiam solutionibus
problematum, & constructionibus veras sufficit, & reales determinationes ; cum realis, non
imaginaria sit radix equationis cujuspiam, que sit = o, sive nihilo axqualis.”
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6z. * Hence in all cases it must remain a firm &stable conclusion that any rcal series,
which lasts for some finite continuous time, is bound to have a first beginning & a final
end, without any absurdity coming in, & without any linking up of its existence with
a state of non-extstence, if perchance it lasts for that interval of time onéy. But if it existed
at a previous time as well, it must have both a last term of the preceding series & a first
term of the subsequent series ; just as an instant is a single indivisible boundary between
the continuous timec that precedes & that which follows. But what I have said about
production & destruction is already quite enough.” .

63. But, to come back at last to our point, the Law of Continuity is solidly founded
both on induction & on metaphysical reasoning ; & on that account it should be retained
in every case of communication of velocity. So that indeed there can never be any passing
from one velocity to another except through all intermediate velocities, & then without
any sudden change. We have cmployed induction for actual motions & velocities in
Art. 39 & solved difficulties with regard to velocities in Art. 46, 47, in cases in which they
might scem to be subject to suddenchanges. Asregards metaphysical argument, if in the
whole time before contact the anterior surface of the body that follows had 1z degrees of
velocity & in the subsequent time had 9, a sudden change being made at the instant of first
contact ; then at the instant that separates the two times, the body would be bound to have
1z degrees of velocity, & 9, at one & the same time. ‘'This is absurd ; for a body cannot at
the same time have two velocities, as I will now demonstrate somewhat more carefully.

64. The term velocity, as it is used in general by Mechanicians is equivocal. For it
may mean actual velocity, that is to say, a certain relation in uniform motion given by
the space passed over divided by the time taken to traverse it. It may mean also something
which, adopting a term used ﬂy the Scholastics, I call potential velocity. The latter is
a propensity for actual velocity, or a propensity possessed by the movable body (should
no force cause an alteration) for traversing with uniform motion some definite space in
any definite time. I made the distinction between these two meanings, both in the
dissertation De Viribus Fivis & in the Supplements to Stay’s Philosophy ; the distinction
being very necessary to avoid equivocations. The former cannot be obtained in an instant
of time, but requires continuous time for the motion to take place ; it also requires uniform
motion in order to measure it accurately. The latter can be determined at any given
instant ; & it is this kind that ¥ everywhere intended by Mechanicians, when they make
geometrical measured diagrams for any non-uniform velocities whatever. In which, if
the abscissa represents time & the ordinate velocity, no matter how it is varied, then
the area will express the distance passed over; or again, if the abscissa represents time
& the ordinate force, then the area will represent the velocity already produced. This
1s always the case, for other scales of the same kind, whenever algebraical formule &
this potential velocity are employed ; the latter being taken to be but the propensity for
actual velocity, such indecd as I understand it to be, when in collision of Eod?es I deny
from the foregoing argument that there can be any sudden change.

65. Now it is quite clear that there cannot be two actual velocities at one & the same
time in the same moving body. For, then it would be necessary that the moving body,
which at the beginning of a certain time occupied a certain given point of space, should at
all times afterwards occupy two points of that space ; so that the space traversed would be
twofold, the one space being determined by the one velocity & the other by the other.
Thus an actual replication would be required; & this we can clearly prove in a perfectly
simple way from the principle of induction. Because, for instance, we never see the same
movable body departing from the same place in two directions, nor being in two places at
the same time in such a way that it is clear to us that it is in both. Again, it can be easily
proved that it is also impossible that there should be two potential velocities at the same
time. For potential velocity is the propensity that the body has, at the end of any given
continuous time, for existing at a certain given point of space that has a given distance
from that point of space, which the moving body occupied at the instant of time in which
it is said to have the prescribed potential velocity. erefore to have at one & the same
time two potential velocities is the same thing as being prescribed to occupy at the same
instant of time two points of space; each of which has its own distinct distance from that
point of space that the body occupied at the start ; & this is the same thing as prescribing
that there should be replication at all subsequent instants of time. It is commonly said
that a movable body acquires from different causes several velocities simultaneously ; but
these velocities are compounded into one in such a way that each produces a state of the
moving body; & this state, with regard to the dispositions that it has at that instant (these
include all circumstances both past & present), is only conditional, not absolute. That is
to say, each involves the propensity which the body, on account of all past & present
circumstances, would have for occupying that prescribed point of space at that particular
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temporis ; nisi aliunde ejusmodi determinatio per conjunctionem alterius cause, quz tum
agat, vel jam egerit, mutaretur, & loco ipsius alri’a, qua composita dicitur, succederet. Sed
status absolutus resultans ex omnibus eoc momento prasentibus, & preteritis circumstantiis
ipsius mobilis, est unica determinatio ad existendum pro quovis determinato momento
temporis sequentis in quodam determinato puncto spatii, qui quidem status pro circum-
stantiis omnibus prateritis, & presentibus est absolutus, licet sit itidem conditionatus pro
futuris : si nimirum e=zdem, vel aliz cause agentes sequentibus momentis non mutent
determinationem, & punctum illud loci, ad quod revera deveniri deinde debet dato illo
momento temporis, & actu devenitur; si ipsz nihil aliud agant. Porro patet ejusmodi
status ex omnibus preteritis, & prasentibus circumstantiis absolutos non posse eodem
momento temporis esse duos sine determinatione ad replicationem, quam ille conditionatus
status resultans e singulis componentibus velocitatibus non inducit ob id ipsum, quod
conditionatus est. Jam vero si haberetur saltus a velocitate ex omnibus prateritis, &
prasentibus circumstantiis cxigente, ex. gr. post unum minutum, punctum spatii distans
per palmos 6 ad exigentem punctum distans per palmos 9 ; deberet eo momento temporis,
quo fieret saltus, haberi simul utraque determinatio absoluta respectu circumstantiarum
omnium ejus momenti, & omnium prateritarum ; nam toto przcedenti tempore habita
fuisset realis series statuum cum illa priore, & toto sequenti deberet haberi cum illa
posteriore, adeoque co momento, simul utraque, cum neutra series realis sine reali suo
termino stare possit.

66. Preeterea corporis, vel puncti cxistentis potest utique nulla esse velocitas actualis,
saltem accurate talis ; st nimirum difformem hageat motum, quod ipsum etiam semper in
Natura accidit, ut demonstrari posse arbitror, sed huc non pertinet; at semper utique
haberi debet aliqua velocitas potentialis, vel saltem aliquis status, qui licet alio vocabulo
appellari soleat, & dici velocitas nullz, est tamen non nihilum quoddam, sed realis status,
nimirum determinatio ad quietem, quanquam hanc ipsam, ut & quietem, ego quidem
arbitrer in Natura reapse haberi nullam, argumentis, quz in Stayanis Supplementis exposui
in binis paragraphis de spatio, ac tempore, quos hic addam in fine inter nonnulla, qua hic
etiam supplementa appe{labo, & occurrent primo, ac secundo loco. Sed id ipsum itidem
nequaquam huc pertinet. Iis ctiam penitus R}rmtermissis, eruitur e reliquis, qua diximus,
admisso etiam ut existente, vel possibili in Natura motu uniformi, & quiete, utramque
velocitatem habere conditiones necessarias ad [31] hoc, ut secundum argumentum pro
continuitatis lege superius allatum vim habeat suam, nec ab una velocitate ad alteram abiri
possit sine transitu per intermedias.

67. Patet autem, hinc illud evinci, nec interire momento temporis posse, nec oriri
velocitatem totam corporis, vel puncti non simul intereuntis, vel orientis, nec huc transferri
posse, quod de creatione, & morte diximus ; cum nimirem ipsa velocitas nulla corporis, vel
puncti existentis, sit non purum nihil, ut monui, sed realis quidam status, qui simul cum
alio reali statu determinate illius intereuntis, vel orientis velocitatis deberet conjungi ; unde
etiam fit, ut nullum effugium haberi possit contra superiora argumenta, dicendo, quando a
12 gradibus velocitatis transitur ad 9, durarc utique priores g, & interire reliquos tres, in
quo nullum absurdum sit, cum nee in illorum duratione habeatur saltus, nec in saltu per
interitum habeatur absurdi quidpiam, ejus exemplo, quod superius dictum fuit, ubi ostensum
cst, non conjungi non esse simul, & esse.  Nam in primis 12 gradus velocitatis non sunt quid
compositum e duodecim rebus inter se distinctis, atque disjunctis, quarum 9 manere possint,
3 interire, scd sunt unica determinatio ad existendum in punctis spatii distantibus certo
intervallo, ut palmorum 12, elapsis datis quibusdam temporibus zqualibus quibusvis. Sic
etiam in ordinatis GD, HE, quz cxprimunt velocitates in fig. 6, revera, in mea potissimuim
Theoria, ordinata GD non est qua:Sam pars ordinatz HE communis ipsi usque ad D, sed
sunt duz ordinatz, quarum prima constitit in relatione distanti, puacti curve D a puncto
axis G, secunda in relatione puncti curve E a puncto axis H, quod estibi idem, ac punctum G.
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Relationem distantiz punctorum D, & G constituunt duo reales modi existendi ipsorum,
relationem distantiz punctorum D. & E duo reales modi existendi ipsorum, & relationem
distantizz punctorum H, & E duo reales modi existendi ipsorum. Hzc ultima relatio
constat duobus modis realibus tantummodo pertinentibus ad puncta E, & H, vel G, &
summa priorum constat modis realibus ompium trium, E, D, G. Sed nos indefinite con-
cipimus possibilitatem omnium modorum realium intermediorum, ut infra dicemus, in qua
precisiva, & indefinita idea stat mihi idea spatii continui ; & intermedii modi possibiles inter
G, & D sunt pars intermediorum inter E, & H. Praterea omissis etiam hisce omnibus ipse
ille saltus a velocitate finita ad nullam, vel a pulla ad finitam, haber non potest.

68. Atque hinc ego quidem potuissem etiam adhibere duos globos ®quales, qui sibi
invicem occurrant cum velocitatibus aqualibus, qu® nimirum in ipso contactu deberent
momento temporis interire ; scd ut hasce ipsas considerationes evitarem de transitu a statu
reali ad statum itidem realem, ubi a velocitate aliqua transitur ad velocitatem nullam;
adhibui potius [32] in omnibus dissertationibus meis globum, qui cum 12 velocitatis gradibus
assequatur alterum pracedentem cum 6; ut nimirum abeundo ad velocitatem aliam
quamcunque haberetur saltus ab una velocitate ad aliam, in quo evidentius esset absurdum,

69. Jam vero in hisce casibus utique haberi deberet: saltus quidam, & violatio legis
continuitatis, non quidem in velocitate actuali, sed in potentiali, si ad contactum deveniretur
cum velocitatum discrimine aliquo determinato quocunque. In velocitate actuali, si eam
metiamur spatio, quod conficitur, diviso per tempus, transitus utique fieret per omnes
intermedias, quod sic facile ostenditur ope Geometrize. In fig. 10 designent AB, BC bina
tempora ante & post contactum, & momento quolibet H sit velocitas potentialis illa major
HI, qux mquetur velocitati primz AD ; quovis autem momento Q postetioris temporis sit

velocitas potentialis minor QR, quz ®quetur

chocitatigzidam datz CG. Assgmpto(ciluovis DI LVN E-]Y

temporc HK determinatz magnitudinis, area \ I

IHKL divisa per tempus HK, sive recta HI, X PR TG
exhibebit velocitatem actualem. Moveatur -

tempus HK versus B, & donec K adveniat ad F

|
B, semper eadem habebitur velocitatis men- )
sura ; eo autem progressoin O ultra B, sed adhuc |
H existente in M citra B, spatium illi tem- |
ori respondens componctur ex binis MNEB, |
FPO, quorum summa si dividatur per MO ; I
jamnec erit MN ®qualis priori AD, nec BF, )
ipsa minor per datam quantitatem FE; sed AH K MBOQ S C
facile demanstrari potest (8), capta VE zquali Fia. 10.
IL, vel HK, sive MO, & ducta recta VF, qu secet MN in X, quotum ex illo divisione
prodeuntem fore MX, donec, abcunte toto illo tempore ultra B in QS, jam area QRTS
divisa per tempus QS exhibeat velocitatem constantem QR.
70. Patet igitur in ea consideratione a velocitate actuali precedente HI ad sequentem
QR transiri per omnes intermedias MX, quas contipua recta VF definjet ; quanquam ibi
etiam irregulare quid oritur inde, quod velocitas actualis XM diversa obvenire d;Leat pro
diversa magnitudine temporis assumpti HK, quo nimirum assumpto majore, vel minore
removetur magis, vel minus V ab E, & decrescit, vel crescit XM, Id tamen accidit in
motibus omnibus, in quibus vclocitas non manet eadem toto tempore, ut nimirum tum
etiam, si velocitas aliqua actualis debeat agnosci, & determinari spatio diviso per tempus ;
pro aliis, atque aliis temporibus assumptis pro mensura aliz, au}ue aliz velocitatis actualis

mensurz ob-[33]-veniant, secus ac aceidit in motu semper zquabili, quam ipsam ob causam,
velocitatis actualis in motu difformi nulla est revera mensura accurata, quod supra inpui
sed ejus idea praecisa, ac distincta xquabilitatem motus requirit, & idcirco Mechanici in
difformibus motibus ad actualem velocitatem determinandam adhibere solent spatiolum
infinitesimo tempusculo percursum, in quo ipso motum habent pro ®quabili.

(b) §i emim producatur OP wsque ad NE in ¥, erit EY = VN, ob VE=MO =NY. Est autem
FE:VN:: EF: NX; quare VN X EF == VE X NX, sive posito EY pro VN, &8 MO gro VE, ent
EY XEF =MO x NX, Totum MNYOQ est MO X MN, pars FEYP estwe EY X EF. Quare residuns
gnomon NMOPFE est MOX(MN—NX), sive 2518t MO X MX, guo diviso per MO babetur MX.
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the commencement, or onc of those at the end, or one in the middle. For the short line,
whatever point it has for its beginning & whatcver point it finally rcaches, must always
have the same length & direction ; for it is bound to be parallel & equal to the same one
of the components. Hence the sum of these approaches, & the sum of these recessions,
will be the same at the end of the whole sct of intervals of time, no matter in what order
these little lines, which are parallel & equal to the component lines, are disposed. Hence
also, the result obtained by taking away the sum of the recessions from the sum of the
approaches, or conversely, will be the same ; & the distance of the ultimate point reached
from the planc will be the same. Thus there follows immediately what was required to
be proved, namely, that the point is the same point in every case. For, if two points could
be reached by any two different paths, & a plane is taken perpendicular to the line joining
those two points, then it is impossible for the perpendicular l::ﬁstance from this plane to be
cxactly the same for both points, since the one distance must be a part of the other.

260. Further, the method, which I make use of to prove a most elegant theorcm
of Newton, is exactly similar ; in it the two noted above are combined. & come to the
same thing. If any number of points “of matter, disposed in any manner, 8 coalescing
to form any number of separate masses in any manner, have any velocities in any direction ;
& if, in addition, the points are under the influence of any mutual forces whatever, these forces
acting on each pair of points equally in opposite directions ; then the common centre of gravity
of the whole is either at rest, or moves uniformly in a straight line with the same motion as it
would have if there were no mutual action of the points upon one another. Now this theorem
is quite easily & clearly proved in all generality as follows. Suppose that each force maintains
its direction & magnitude during any given short intervals of time ; at the end of the interval
any point of matter will occupy that point of space, which it would occupy if the effects
for each of the forces (i.e., the effect of each velocity corresponding to that interval of time)
were obtained, one after another, in as many intervals of time as therc are forces acting,
whilst each maintains its own dircction & magnitude the same as before. Now take
as many small intervals of time as there are different pairs of points in the whole
group, & onc interval in addition ; & in the first interval of time let all the points have
the motions due to the velocities that they have at the beginning of the interval of time
respectively. ‘Then, any one of the subsequent intervals of time being assigned to any
chosen pair of points, let any pair have, in the interval of time proper to it, that motion
which is duc to the mutual force that acts between the two points of that pair, whilst all
the others remain at rest. Then at the end of the last of these intervals of time, cach

oint of matter will be, according to this hypothesis, at that point of space which it is
gound to occupy at the end of a single first interval of time, under the conjoint action of
all the mutual forces, each having its corresponding velocity.

261. Now imagine a plane situated beyond all points of this kind. Then, in the first
place, for these little intervals of time of which we Ezve assumed the number stated, some
of the points will approach towards, & some recede from the plane ; & the sum of all tHese
approaches less the sum_of all the recessions, if the former is the greater, & conversely, the
sum of the recessions less the sum of the approaches, divided by the number of all the points,
will be equal to the perpendicular approach of the common centre of gravity to the plane,
or the rccession from it. For, by Art. 246, the sum of the perpendicular distances,
both at the beginning & at the end of the interval of time will represent the distance of
thc common centre of gravity itself. Further, in subsequent intervals, this distance of
the common centre of gravity from the plane will remain in every case quite unchanged ;
because, on account of the cqual & opposite motions of pairs of points, the approach of the
onc will be cancelled by the equal recession of the other. Hence, at the end of all the intervals
the distance of the centre of gravity will be the same, & its approach towards the plane
will be the same, as it would have been if there had existed no velocities except those
which it had at the beginning of the interval ; thus, too, when all the forces act together,
at the end of the single interval of time there will be obtained that distance, which would
have been obtained if the mutual forces had not been acting ; & the approach will be equal
to the sum of the approaches, less the recessions, acquired from the velocities alone. If
now we would consid};r a second interval of time, in which we have acting the mutual forces,
& the velocities ; we shall have to consider thrce kinds of motions.  Firstly, those that come
from the velocities which exist at the beginning of the interval ; secondly, those which
arise from the velocities acquired through the action of forces lasting throughout the first
interval ; & thirdly, those which arise from the new actions of the mutual forces, which may
be assumed to be acting in fresh directions, due to the change in the positions of the points
during the whole of this second interval. Further, since the latter of the last two kinds,
of motion are equal & opposite for each pair of points, these two kinds also will not change
the distance of the centre of gravity from the pYanc & the approach towards it or recession
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scd ca habentur, sicuti haberentur, si semper durarent solw illz velocitates, quz habebantur
initio primi tempusculi ; & idem redit argumentum pro tempusculo quocunque : singulis
advenientibus tempusculis accedet novum motuum genus durantibus cum sua directione,
& magnitudine velocitatibus omnibus inductis per singula przcedentia tempuscula, ex
quibus omnibus, & ex nova actione vis mutuz, componitur quovis tempusculo motus
puncti cujusvis : sed omnia ista inducunt motus contrarios, & wxquales, adeoque summa
accessuum, vel recessuum ortam ab illis solis initialibus velocitatibus non mutant.

262. Quod si jam tempusculorum magnitudo minuatur in infinitum, aucto itidem
in infinitum intra quodvis Enitum tempus corundem numero, doncc evadat continuum
tempus, & continua positionum, ac virium mutatio; adhuc centrum gravitatis in fine
continui temporis cujuscunque, adcoque & in fine partium quarumcunque ejusdem
temporis, habebit ab eodem plano distantiam perpendicularem, quam haberet ex solis
velocitatibus habitis initio ejus temporis, si null deinde egisscnt mutua vires; & accessus
ad illud planum, vel recessus-ab co, xquabitur summa omnium acccssuum pertinentium
ad omnia puncta demptis omnibus reccssibus, vel vice versa. Is vero accessus, vel recessus
assumptis Einis cjus tcmporis partibus quibuscunque, erit proportionalis ipsis temporibus.
Nam singulorum punctorum accessus, vel recessus orti ab illis velocitatibus initialibus
perseverantibus, aé)eoque ab motu zquabili, sunt in rationc cadem earundem temporis
partium ; ac proinde & eorum summ in eadem ratione sunt.

263. Inde vero prona jam est thcorematis demonstratio. Ponamus enim, centrum
gravitatis quiescere quodam tempore, tum moveri per aliquod aliud tempus, Debebit
utique aliquo momento temporis esse in alio loci puncto, diverso ab eo, in quo erat initio
motus. Sumatur pro prima e duabus partibus temporis continui pars ejus temporis, quo
punctum quiescebat, & pro secunda tempus ab initio motus usque ad quodvis momentum,
quo centrum illud gravitatis devenit ad aliud aliquod punctum loci. Ducta recta ab
initio ad finem hujusce motus, tum acccpto plano aliquo perpendiculari ipsi producta
ultra omnia puncta, centrum gravitatis ad id planum accederet secunda continui cjus
temporis parte per intervallum zquale illi rectz, & nihil accessisset primo tempore, adeoque
accessus non fuissent proportionales illis partibus continui temporis. Quamobrem ipsum
commune gravitatis centrum vel semper quiescit, vel movetur semper. Si autem movetur,
debet moveri in directum. §icnim omnia puncta loci, per qua transit, non jacent in
directum, sumantur tria in dire-[124]-ctum non jacentia, & ducatur recta per prima duo,
quz per tertium non transibit, adeoque per ipsam duci poterit planum, quod non transeat
per tertium, tum ultra omnem punctorum congeriem planum ipsi parallelum. Ad id
sccundum nihil accessisset illo tempore, quo a primo loci puncto dgvenisset ad secundum,
& eo tempore, quo ivisset a secundo ad tertium, accessisset per intervallum zquale distantiz
a priore plano, adeoque accessus itcrum proportionales temporibus non fuissent. Demum
motus erit zquabilis. Si enim ultra omnia puncta concipiatur planum perpendiculare
rccte, pcr quam movetur ipsum centrum commune gravitatis, jacens ad eam partem, in
quam id progreditur, accessus ad ipsum planum erit totus integer motus ejusdem centri ;
adeoque cum ii accessus dcbeant esse proportionales temporibus ; erunt ipsis temporibus
proportionales motus integri ; & idcirco non tantum rectilineus, sed & uniformis erit motus ;
unde jam evidentissime patet theorema totum,

264. Ex eodem fonte, ex quo profluxit hoc generale theorema, sponte fluit hoc aliud
ut conscctarium : guantitas motus in Mundo conservatur semper eadem, si ea computetur
secundum directionem quacunque ita, ut motus secundum directionem oppositam consideretur
ut negativus, efusmodi motuum contrariorum summa subtracta a summa directorum. Si enim
consideretur eidem directioni perpendiculare planum ultra omnia matcriz puncta,
quantitas motus in ea dircctione est summa omnium accessuum, demptis omnibus recessibus,
quz summa tempusculis xqualibus manet cadem, cum mutux vires inducant accessus,
& recessus se mutuo destrucntes ; nec ejusmodi conservationi obsunt liberi motus ab anima
nostra producti, cum nec ipsa vires ullas possit exerere, nisi quz agant in partes oppositas
@®qualiter juxta num. 74.

265. Porro ex illo Newtoniano theoremate statim jam profluit lex actionis, & reactionis
®qualium pro massis omnibus, Nimirum si duz masse quzcunque in se invicem agant
viribus quibuscunque mutuis, & inter singula punctorum binaria zqualibus; bine ille
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from it corresponding to thesccond interval. Hence, these will be the same as they would
have been, if those velocitics that existed at the beginning of the first interval had persisted
throughout ; & the same argument applies to any interval whatever. Each interval as it
occurs will yield a fresh kind of motions, all the velocities induced during each of the preceding
intervals remaining the same in direction & magnitude ; & from all of these, & the fresh
action of the mutual force, there is compounded for any interval the motion of any point.
But all the latter induce equal & oppositc motions in pairs of points; & thus the sum of
;_he approaches or reccssions arising from the velocities alone are unchanged by the mutual
orccs,

262. Now if the length of the interval of time is indefinitely diminished, the number
of intervals in any given finite time being thus indcfinitely increased, until we acquire
continuous time, & continuous change of position & forces; still the centre of gravity at
the end of any continuous time, & thus also at the end of any parts of that time, will have
that perpendicular distance from the plane, which it would have had, due to the velocitics
that cxisted at the beginning of the time, if no mutual forces had been acting. The approach
towards the plane, or the recession from it, will be equal to the sum of all the approaches
corresponding to all the points less the sum of all the recessions, or vice versa. Indeced,
any two parts of the time being taken, this approach or recession will be proportional to these
parts of the time. For the approach or recession, for cach of the points, arising from the
velocities that persist throughout & thus also from uniform motion, is proportional for all
parts of the time; & hence also, their sums are proportional.

263. The complete proof now follows immediately from what has been said above.
For, let us suppose that the centre of gravity is at rest for a certain time, & then moves
for some other time. Then at some instant of time it is bound to be at some other
point of space different from that in which it was at the beginning of the motion. Of
two parts of continuous time, let us take as the first part of the time, that in which the
point is at rest; & for the sccond part, the time between the beginning of the motion &
the instant when the centre of gravity reaches some other point of space. Draw a straight
line from the beginning to the end of this motion, & take any plane perpendicular to this
line produced beyond all the points; then the centre of gravity wmﬁd approach towards
the plane, in the second part of the continuous time, through an interval equal to the
straight line, but in the first part of the time there would have been no approach at all ;
hence the approaches would not have been proportional to those parts of tﬁc continuous
time. Hence the centre of gravity is always at rest, or is always in motion. Further,
if it is in motion, it must move in a straight line. For, if all points of space, through
which it passet, do not lic in a straight linc, take three of them which are not collinear ;
& draw a straight line through the first two, which does not pass through the third ; then
it will be possible to draw through this straight line a plane which will not pass through
the third point ; & consequently, a plane parallel to it beyond the whole group of points.
To this second plane there will be no approach at all for the time, during which the
centre of gravity would trave] from the first point of space to the second ; & for that
time, during which it would go from the second point to the third, there would be an
approach through an interval equal to its distance from the first plane; & thus, once
again, the approaches would not be proportional to the times. Lastly, the motion will
be uniform. For, if we imagine a plane drawn beyond all the points, perpendicular to
the straight line along which the centre of gravity moves, & on that side to which there
is approach, then the approach to that plane wil{ be the whole of the entire motion of
the centre; hence, since these approaches must be proportional to the times, the whole
motions must be proportional to the times; & thercfore the motion must not only be
rectilinear, but also uniform. Thus, the whole theorem is now perfectly clear.

264. From thesame source as that from which we have drawn the above general theorem,
there is obtained immediately the following also, as a corollary. The quantity of motion
in the Universe 15 maintained always the same, so long as it is computed in some given direction
in such a way that motion in the opposite direction is considered negative, &5 the sum of the
contrary motions is subtracted from the sum of the direct motions. For, if we consider a planc
perpendicular to this direction lying beyond all points of matter, the quantity of motion
in this direction is the sum of all the approaches with the sum of the recessions subtracted ;
this sum remains the same for equal times, since the mutual forces induce approaches &
recessions that cancel one another. Nor is such conservation affected by free motions
that are the result of our will ; since it cannot exert any forces either, except such as act
cqually in opposite directions, as was proved in Art. 74.

265. Further, from the Newtonian theorem, we have immediately the law of cqual
action & reaction for all masses. Thus, if any two masses act upon one another with any
mutual forces, which are also equal for each pair of points, the two masses will acquire,
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massx acquirent ab actionibus mutuis summas motuum zquales in partes contraras, &
celeritates acquisitz ab carum centris gravitatis in partes oppositas, componendz cum
anteccdentibus ipsarum celeritatibus, erunt in ratione reciproca massarum, ?\Iam centrum
commune gravitatis omnium a mutuis actionibus nihil turbabitur per hoc theorema, &
sive cjusmodi vires agant, sive non agant, sed solius incrtiz cflectus habeantur; semper
ab codem communi gravitatis centro distabunt ea bina gravitatis centra hinc, & inde in
directum ad distantias reciproce proportionales massis ipsis per num. 253. Quare si prater
priores motus ex vi inertiz uniformes, ob actionem mutuam adhuc magis ad hoec commune
centrum accedet alterum ex iis, vel ab co recedet ; accedet & alterum, [125] vel recedet,
accessibus, vel recessibus reciproce proportionalibus ipsis massis. Nam accessus ipsi, vel
recessus, sunt differentiz distantiarum habitarum cum actione mutuarum virium a distantiis
habendis sine iis, adeoque erunt & ipsi in ratione reciproca massarum, in qua sunt totz
distantiz. Quod si per ccntrum commune gravitatis concipiatur planum quodcumque,
cui quapiam data directio non sit parallela ; summa accessuum, vel recessuum punctorum
omnium mass® utriuslibet ad ipsum secundum eam directionem demptis oppositis, qua
est summa motuum secundum dircctionem eandem, ®quabitur accessui, vel recessui centri
gravitatis ejus massz ducto in punctorum numerum ; accessus vero, vel recessus alterius
centri ad accessum, vel recessum alterius in directione eadem, erit ut secundus numerus
ad primum ; nam accessus, & recessus in quavis directione data sunt inter se, ut accessus,
vel recessus in quavis alia itidem data; & accessus, ac recessus in directione, qux jungit
centra massarum, sunt in ratione reciproca ipsarum massarum. Quare productum accessus,
vel recessus centri prima massz per numerum punctorum, quz habentur in ipsa, quatur
producto accessus, vel recessus secundz per numerum punctorum, qua in ipsa continentur ;
nimirum ipsz motuum summe in illa directione computatorum =zquales sunt inter sc,
in quo ipsa actionis, & rcactionis equalitas est sita.

266. Ex hac actionum, & reactionum =mqualitate sponte profluunt leges collisionis
corporum, quas ex hoc ipso principio Wrennus olim, Hugenius, & Wallisius invenerunt
simul, ut in hac ipsa lege Naturz exponenda Newtonus etiam memorat Principiorum
lib. 1. Ostendam autem, quo pacto generales formulz inde deducantur tam pro directis
collisionibus corporum mcﬁlium, quam pro perfecte, vel pro imperfecte clasticorum.
Corpora mollia dicuntur ea, quz resistunt mutationi figure, seu compressioni, sed compressa
nullam exercent vim ad figuram recuperandam, ut est cera, vel sebum : corpora elastica,
quz figuram amissam recuperare nituntur; & si vis ad recuperandam sit zqualis vi ad
non amittendam ; dicuntur perfecte elastica, que quidem, ut & perfecte mallia, nulla,
ut arbitror, sunt in Natura; si autem impecrfecte elastica sunt, vis, quz in amittenda,
ad vim, qua in recuperanda figura exercctur, datam aliquam rationem habet. Addi solet
& tertium corporum genus, quz dura dicunt, qua nimirum figuram prorsus non mutent ;
sed ea itidem in Natura nusquam sunt juxta communem sententiam, & multo magis nullz
usquam in hac mea Theoria. Adhuc qui ipsa velit agnosccre, is mollia consideret, (EJI
minus, ac minus comprimantur, donec compressio cvadat nulla; & ita quz de mollibus
dicentur, aptari poterunt duris multo meliore jure, quam alii elasticorum lcges ad ipsa
transferant, considerando elasticitatem infinitam ita, ut figura nec mutetur, nec se restituat ;
[126] nam si figura non mutetur, adhuc concipi poterit, impenectrabilitatis vi amissus
motus, ut amitteretur in compressione ; sed ad supplendam vim, qua exeritur ab clasticis
in recuperanda figura, non est, quod concipi possit, ubi figura recuperari non debet.  Porro
unde corpora mollia sint, vel clastica hic non quaro; id pertinet ad tertiam partem,
guanquam id ipsum innui superius num. 199 ; ted leges quz in eorum collisionibus observari

ebent, & ex superiore thcoremate fluunt, expono. Ut autem simplicior evadat res,

considerabo globos, atque hos ipsos circumquaque circa centrum, in eadem saltem ab
ipso centro distantia, homogencos, qui primo quidem concurrant directe; nam deinde
ad obliquas etiam collisiones faciemus gradum.

267. Porro ubi globus in globum agit, & ambo paribus a centro distantiis homogenei
sunt, facile constat, vim mutuam, qua est summa omnium virium, qua singula alterius
puncta agunt in singula puncta alterius, habituram semper directionem, quz jungit centra ;
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as a result of the mutual actions, sums of motions that are equal in opposite directions ;
& the velocities acquired by their centres of gravity in opposite directions, being compounded
of the foregoing velocities, will be in the inverse ratio of the masses. For, by the theorem,
the common centre of gravity of the whole will not be disturbed in the slightest degrce
by the mutual actions, whether such forces act or whether they do not, but only the effects
of inertia will be obtained ; hence the two centres of gravity will always be distant from
this common centre of gravity, one on each side of it, in a straight line with it, at distances
that are reciprocally proportional to the masses, as was proved in Art. 253. Hence, if in
addition to the former uniform motions due to the force of inertia, one of the two masses,
on account of the mutual action, should approach still nearer to the common centre, or
recede still further from it; then the other will either approach towards it or recede from
it, the approaches or recessions being reciprocally proportional to the masses. For these
approaches or recessions are the differences between the distances that are obtained when
tgcre is action of mutual forces & the distances when there is not; & thus, they too will
be in the inverse ratio of the masses, such as the whole distances are. Butif we imagine
a plane drawn through the common centre of gravity, & that some given direction is not
paralle] to it, then the sum of the approaches or recessions of all the points of either of the
masses with respect to this plane, the opposites being subtracted (wl?ich is the same thing
as the sum of tﬁe motions in this direction) will be equal to the approach or the recession
of the centre of gravity of that mass multiplied by the number of points in it. But the
approach or recessions of the centre of the one is to the approach or recession of the centre
of the other, in the same direction, as the second number is to the first ; for the approaches
or recessions in any given direction are to one another as the approaches or recessions in any
other given direction ; & the approaches or recessions along the linc joining the two masses
arc inversely proportional to the masses. Therefore the product of the approach or recession
of the centre of the first mass, multiplied by the numﬁer of points in it, is equal to the
aﬁproach or recession of the centre of the second mass, multiplied by the number of points
that are contained in it. Thus the sums of the motions in the direction under consideration
are equal to one another; & in this is involved the equality of action & reaction.

266. From this cquality of action & reaction there immediately follow the laws for
collision of bodies, which some time ago Wren, Huygens & Wallis derived from this very
principle at about the same time, as Newton also mentioned in the first book of the Principia,
when expounding this law of Nature. Now I will show how general formule may be
derived from it, both for the direct collision of soft bodies, & also for perfectly or imperfectly
elastic bodies. By soft bodies are to be understood those, which resist deformation of
their shapes, or compression ; but which, when compressed, exert no force tending to
restore shape ; such as wax or tallow. Elastic bodies are those that endeavour to recover
the shape they have lost ; & if the force tending to restore shape is equal to that tending
to prevent loss of shape, the bodies are termed perfectly elastic ; &, just as there are no

erfectly soft bodies, there arc none that are perfectly elastic, according to my thinking,
in Nature. Lastly, they are imperfectly elastic, if the force exerted against losing shape
bears to the force exerted to restore it some given ratio. It is usual to add a third class of
bodies, namely, such as are called hard ; & these never alter their shape at all; but these
also, even according to general opinion, never occur in Nature; still less can they
exist in my Theory. Yet, if anyone wishes to take account of such bodies, they could
consider them as soft bodies which are compressed less & less, until the compression finally
becomes evanescent ; in this way, whatever is said about soft bodies could be adapted to
hard bodies with far more justification than there is for applying some of the laws of
elastic bodies to them, by considering that there is infinite elasticity of such a nature that
the figure neither suffers change nor seeks to restore itself, For, if the figure remains
unchanged, it is yet possible to consider the motion lost due to the force of impenetrability,
& that thus it would be lost in compression ; but to supply the force which in elastic bodies
is cxerted for the recovery of shape, there is nothing that can be imagined, when there
is necessarily no recovery of shape. Further, what are the causes of soft or elastic bodies,
I do not investigate at present ; this relates to the third part,although I have indeed mentioned
it above, in Art. 199. But I set forth the laws which have to be observed in collisions
between them, these laws coming out immediately from the theorem given above. Moreover
to make the matter easier, I consider spheres, & thesc too homogeneous round about the
centre, at any rate for the same distance from that centre ; & these indeed will in the first
place collide dircctly; for from direct collision we can. proceed to oblique impact also.

267. Now, where one sphere acts upon another, & both of them are homogeneous
at equal distances from their centres, it 1s readily shown that the mutual force, which is
the sum of all the forces with which each of the points of the one acts on each of the points
of the other, must always be in the direction of the line joining the two centres. For,
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nam in ea recta jacent centra ipsorum globorum, quw in eo homogeneitatis casu facile
constat, esse centra itidem gravitatis globorum ipsorum ; & in cadem jacet centrum com-
mune gravitatis utriusque, ad quod viribus illis mutuis, quas alter globis excrcet in alterum,
dcbent ad se invicem accedere, vcl a se invicem recedere; unde fit, ut motus, quos
acquirunt globorum centra ex actione mutua alterius in alterum, debeant esse in directione,
quz jungit centra. Id autem gencraliter extendi potest etiam ad casum, in quo concipiatur,
massam immensam terminatam superficie plana, sive quoddam immensum planum agere
in globum finitum, vel in punctum unicum, ac vice versa : nam alterius globi radio in
infinitum aucto superficies in planum desinit ; & radio alterius in infinitum imminuto,
globus abit in punctum. Quin ctiam si massa quavis teres, sive circa axem quendam
rotunda, & in quovis plano perpendiculari axi homogenea, vel etiam circulus simplex,
agat, vel concipiatur agens in globum, vel punctum in ipso axe constitutum ; res eodem
redit.

268. Przcurrat jam globus mollis cum velocitate minore, quem alius itidem mollis
consequatur cum majore ita, ut centra ferantur in cadem recta, que illa conjungit, & hic
demum incurrat in illum, qua dicitur collisio dirccta. Is incursus mihi quidem non fiet
per immediatum contactum, sed antequam ad contactum decveniant, vi mutua repulsiva
comprimentur c;;xartesz posteriores pracedentis, & anteriores sequentis, qua compressio fiet
semper major, donec ad xquales celeritates devenerint ; tum enim accessus ulterior desinet,
adeoque & ulterior compressio; & quoniam corpora sunt mollia, nullam aliam exercent
vim mutuam post ejusmodi compressionem, sed cum zquali illa velocitate pergunt moveri
porro. Hac ®qualitas velocitatis, ad quam reducuntur ii duo glo-[127]-bi, una cum
@qualiate actionis, & reactionis zqualium, rem totam perficient, Sit enim massa, sive
quantitas materix, globi precurrentis = ¢, insequentis = Q; celeritas illius = ¢, hujus
= C: quantitas motus illlus ante collisionem erit ¢g, hujus CQ; nam celeritas ducta per
numerum punctorum exhibet summam motuum punctorum omnium, sive quantitatem
motus ; unde etiam fit, ut quantitas motus per massam divisa exhibeat celeritatem. Ob
actionem, & reactionem =quales, hc quantitas erit cadem etiam post collisionem, post
quam motus totus utriusque massz, erit CQ 4 ¢g. Quoniam autem progrediuntur cum
equali celeritate ; celeritas illa habebitur; si quantitas motus dividatur per totam
CQ + cg
e
communem post collisionem, oportebit ducere singulas massas in suas celeritates, &
productorum summam dividere per summam massarum.

quantitatem materixz; qua idcirco erit Nimirum ad habendam velocitatem

269. Si alter globus ‘g quiescat ; satis erit illius celeritatem ¢ considerare =0 : & si
moveatur motu contrario motui prioris globi; satis erit illi valorem negativum tribuerc ;
ut adeo & hic, & in sequentibus formula inventa pro illo primo casu globorum in eandem
progredientium plagam, omnes casus contineat. In co autem si libeat invenire celeritatem
amissam a globo Q, & celeritatem acquisitam a globo ¢, satis erit reducere singulas
formulas

c_Co+ 9 g CQ +¢g

Q+ g Q+yg
ad eundem denominatorem, ac habebitur

Cq —eq, 5 CQ—Q
Q4 Q+9q’
ex quibus deducitur hujusmodi theorema: wut summa massarum ad massam alteram, ita
differentia celeritatum ad celeritatem ab altera acquisitam, quz in co casu accelerabit motum
precurrentis & retardabit motum consequentis.

270. Ex hisce, qua pertinent ad corpora mollia, facile est progredi ad perfecte elastica.
In iis post compressionem maximam, & mutationem figurz inductam ab ipsa, qua habetur,
ubi ad 2quales velocitates est ventum, agent adhuc in se invicem bini globi, donec deveniant
ad figuram priorem, & hzc actio duplicabit effectum priorem. Ubi ad sphzricam figuram
deventum fuerit, quod fit recessu mutuo oppositarum superficierum, quz in compressione
ad se invicem accesserant, pergent utique a se invicem recedere aliquanto magis ezdem
superficies, & figura producetur, sed opposita jam vi mutua inter partes ejusdem globi
incipicnt retrahi, & productio perget fier:, sed usque lentius, donec ad maximam quandam
productionem de-[128]-ventum fuerit, qua deinie incipiet minui, & globus ad spharicam
accedet iterum, ac iterum comprimetur quodam oscillatorio, ac partium trepidatione
hinc, & inde a figura spherica, ut supra vidimus ctiam duo puncta circa distantiam limitis

—¢
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in that straight line lie the centres of the two spheres ; & these in the case of homnogeneity
are easily shown to be also the centres of gravity of the spheres. Also in this straight line
lies the common centre of gravity of both spheres ; & to, or from, it the spheres must approach
or rccede mutually, owing to the action of the mutual forces with which one sphere acts
upon the other. Hence it follows that the motion, which the centres of the spheres acquire
through the mutual action of onc upon the other,ishound to be along the line which joins the
centres, The argument can also be extended generally, cven to include the case in which
it is supposed that an immense mass bounded by a plane surface, or an immense plane
acts upon a finite sphere, or on a single point, or vice versa ; for, if the radius of either of
the spheres is increased indefinitely, the surface ultimately becomes a plane, & if the radius of
cither becomes indefinitely diminished, the sphere degenerates into a point. Morcover, if any
round mass, or one contained by a surface ofp rotation round an axis and homogeneous in any
plane perpendicular to that axis, or cven a simple circle, act, or is supposed to act upon a
sphere or point situated in the axis ; it comes to the same thing.

268. Now suppose that a soft body proceeds with a less velocity than another soft
body which is following it with a greater velocity, in such a manner that their centres are
travelling in the same straight line, namely that which joins them ; & finally let the latter
im infe upon the former; this is termed direct impact. This impact, in my opinion
indeed, does not come about by immediate contact, but, before they attain actual contact,
the hinder parts of the first body & the foremost parts of the second body are compressed
by a mutually repulsive force ; & this compression becomes greater & greater until finally
the velocities become equal. Then further approach ceases, & therefore also further
compression ; &, since the bodies are soft, they exercise no further mutual force after
such compression, but continue to move forward with that equal velocity. This equality
in the velocity, to which the two spheres are reduced, together with the equality of action
& reaction, finishes off the whole matter. For, supposing that the mass or quantity of
matter of the foremost sphere is equal to ¢, that of the latter to Q; the velocity of the
former cqual to ¢, & that of the latter to C. Then the quantity of motion of the former
before impact is ¢g, & that of the latter is CQ; for the velocity multiplied by the number
of points represents the sum of the motions of all the points, i.e., the quantity of motion,
& in the same way the quantity of motion divided by the mass gives the velocity, Now,
since the action & reaction are equal to one another, this quantity will be the same even
after impact ; hence after impact the whole motion of both the masses together will be
equal to CQ- ¢g. Further, since they are travelling with a common velocity, this vclocity
will be the result obtained on dividing the quantity of motion by the whole quantity of
matter ; & it will therefore be equal to (CQ + ¢¢) (Q + ¢). That is to say, to obtain
the common velocity after impact, we must multiply each mass by its velocity, & divide
the sum of these products by the sum of the masses.

269. If one of the two spheres is at rest, all that need be done is to put its velocity ¢
equal to zero; also, if it is moving in a direction opposite to that of the first sphere, we
need only take the value of ¢ as negative. Thus, both here & subsequently, the formula
found for the first case, in which the sphercs are moving forward in the same direction,
includes all cases. Again, if in this case, we wish to find the velocity lost by the sphere
Q, & the velocity gained by the sphere ¢, we need only reduce the two formulae
C—(CQ+¢/(Q+ ¢ & (CQ -+ ‘q)}EQ -+ ¢) — ¢ to a common denominator, when we
shall obtain the formulae (Cq-— ¢g)/(Q + ¢) & (CQ — ¢cQ)/(Q + ¢). Trom these there
can be derived the theorem :—Tbe sum of the masses is to either of the masses as the difference
between the velocities is to the velocity acquired by the other mass ; in the present case there
will be an increase of velocity for the foremost body & a decrcase for tEe hindmost.

270. From these theorems relating to soft bodies we can easily proceed to those that
are perfectly elastic. For such bodies, after the maximum compression has taken place,
& the altcration in shape consequent on this compression, which 1s attained when equality
of the 'velocities is reached, the two spheres still continue to act upon one another, until
theoriginal shape is attained ; & this action will duplicate the effect of the first action. When
the spherical shape is once more attained, as this takes place through a mutual recession
of the opposite surfaces of the spheres, which during compression had approached one
another, tEese same surfaces in each sphere will continue to recede from one another still
somewhat further, & the shape will be elongated ; but the mutual force between the parts of
each sphere is now changed in direction & the surfaces begin to be drawn together again.
Hence elongation will continue, but more slowly, until a certain maximum elongation is
attained ; this then begins to be diminished & the sphere once more returns to a spherical
shape, once more is compressed with a sort of oscillatory motion & forward & backward
vibration of its parts about the spherical shape ; exactly as was seen above in the case of
two points oscillating to & fro about a distance equal to that corresponding to a limit-point
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cohzsionis oscillare hinc, & inde; sed id ad collisionem, & motus centrorum gravitatis
nihil pertinebit, quorum status a viribus mutuis nihil turbatur; actio autem unius globi
in alterum statim cessabit post regressum ad figuram sphxricam, post quem superficies
alterius postica & alterius antica in centra jam retractz ulteriore centrorum discessu a
se invicem incipient ita distare, ut vires in se invicem non exerant, quarum effectus sentir
possit; & hypothesis perfecte elasticorum est, ut tantus sit mutuz actionis effectus in
recuperanda, quantus fuit in amittenda figura,

Formule pro per- 271. Duplicato igitur effectu, globus ammittet celeritatem zc’——_—’;-"’, & globus ¢

fecte elasticis. Qv
20Q —2Q eqye . . . . 2Cq— 249
—=——, Quare illius -
Qg Qua celeritas post collisionem erit C Ty

CQ—Cq+ 219, hujus vero erit ¢ - 2€Q=2Q _ «q—Q+ ZCQ, & motus fient in
Q+g¢ Q+¢q Q+g
eandem plagam, vel globus alter quiescet, vel fient in plagas oppositas; prout determinatis
valoribus Q,¢, C,¢, formule valor evaserit positivus, nullus, vel negativus.
gfﬁ?&?aﬁi?cai‘“‘ 272. Quod si elasticitas fuerit imperfecta, & vis in amittenda ad vim in recuperanda
" figura fuerit in aliqua ratione data, erit & effectus prioris ad effectum posterioris itidem in
ratione data, nimirum in ratione subduplicata prioris. Nam ubi per idem spatium agunt
vires, & velocitas oritur, vel extinguitur tota, ut hic respectiva velocitas extinguitur in
compressione, oritur in restitutione figure, quadrata velocitatum sunt ut arez, quas
describunt ordinatz viribus proportionales juxta num. 176, & hinc arez erunt in ratione
virium, si, viribus constantibus, sint constantes & ordinat®, cum inde fiat, ut scalz celeri-
tatum ab iis descriptz sint rectangula. Sit igitur rationis constantis illarum virium ratio
subduplicata m ad #, & erit effectus in amittenda figura ad summam effectuum in tota

collisione, ut m ad m + 2, qua ratio si ponantur esse I ad r, ut sit r = miz

acquiret celeritatem

sive

satis erit,

effectus illos inventos pro globis mollibus, sive celeritatem ab altero amissam, ab altero
acc[luisitam, non duplicare, ut in perfecte elasticis, sed multiplicare per r, ut habeantur

velocitates acquisitz in partes contrarias, & componendz cum velocitatibus [129] prioribus.
Erit nimirum illa quz pertinet ad globum Q=—'97_"9, & quaz pertinet ad globum
rCq—req &

Q+g
CQ — rcQ
Q+4¢°?

ErEk adeoque velocitas illius post congressum erit C —
; quz formulz itidem reducuntur ad eosdem denominatores ;

g, erit =

. CQ—reQ
hUJUS ¢ + —m
ac tum ex hisce formulis, tum e superioribus quam plurima elegantissima theoremata
deducuntur, quz quidem passim inveniuntur in elementaribus libris, & ego ipse aliquanto
uberius persecutus sum in Supplementis Stayanis ad lib. 2, § 2 ; sed hic satis est, fundamenta
ipsa, & primarias formulas derivasse ex eadem Theoria, & ex proprietatibus centri gravitatis,
ac motuum oppositorum zqualium, deductis ex Theoria eadem ; nec nisi binos, vel ternos
evolvam casus usui futuros infra, antequam ad obliquam collisionem, ac reflexionem motuum
gradum faciam.

Casus, in quo 273. Si globus perfecte elasticus incurrat in globum itidem quiescentem, erit, ¢ = o,

globus  periecte . ' . . . 2Cg—2 .

elasticus incumrit in adeoque velocitas contraria priori pertinens ad incurrentem, qua erat 2129 orir
7

alinm, c co Q 80"'
2Cg | . « - 2 —_2 2 .
as s velocitas acquisita a quiescente, quaz erat ~oFy unde

erit
? Q+¢?

habebitur hoc theorema : ut summa massarum ad duplam massam quiescentis, vel incurrentis,
ita celeritas incurrentis, ad celeritatem amissam a secundo, vel acquisitam a primo; & si
massz zquales fucrint, fit ea ratio 2qualitatis ; ac proinde globus incurrens totam suam
velocitatem amittit, acquirendo nimirum zqualem contrariam, a qua ea elidatur, & globus
quiescens acquirit velocitatem, quam ante habuerat globus incurrens.

Casus triplex globi 274. Si globus imperfecte clasticus incurrat in globum quiescentem immensum, &

incurrentis I P gui habeatur pro absolute infinito, cujus idcirco superficies habetur pro plana, in formula
velocitatis acquisitz a globo quiescente ° Q):;'Q, cum evanescat Q respectu ¢ absolute

infiniti, & proinde evadat == 0, tota formula evanescit, adeoque ipse haberi potest

Q
Q+g¢ L.
pro plano immobili. In formula vero velocitatis, quam in partem oppositam acquiret

globus incurrens, Eé:—;", evadit c= o0, [130] & Q evanescit itidem respectu g¢.

Hinc habetur '—gl’, sive #C, nimirum obr=Z%t2g, (24"
g ’ n

)X C, cujus prima pars 'E' xC,
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of cohesion. However, this has nothing to do with the impact or the motion of the centres
of gravity, nor are their states affected in the slightest by the mutual forces. Again, the
action of onc sphere on the other will ccase dircctly after return to the spherical shape ;
for after that the hindmost surface of the one & the foremost surface of the other, being
already withdrawn in the direction of their centres, will through a further recession of
the centres from one ancther begin to be so far distant from one another that they will
not exert upon one another any forces of which the effects are appreciable. We are left
with the hypothesis, for perfectly elastic solids, that the effect of their action on one another
is exactly the same in amount during alteration of shape & recovery of it.

271. Hence, the cffect being duplicated, the sphere Q will losc a velocity cqual to
(2Cq — 2¢¢)/(Q + ¢), & the sphere ¢ will gain a veﬁ;city equal to (zCQ — 2C )/(8 + 9).
Hcnce, the velocity of the former after impact will be C — (2C¢ — 2¢¢)/(Q + ¢) or
(CQ — Cq + 2¢9) (Q + ¢), & the velocity of the latter will be ¢ - SZCQ —2cQ)/(Q 4+ ¢)
or (¢g — cQ + 2CQ)/(Q+ ¢). Themotions will be in the original direction, or one of the
sphercs may come to rest, or the motions may be in opposite directions, according as formula,
given by the values of Q, ¢, C, & ¢, turns out to be positive, zero, or negative.

272. But if the elasticity were imperfect, & the force during loss of shape were in
some given ratio to the force during recovery of shape, then the cffect corresponding to
the former would also be in a given ratio to the effect due to the latter, namely, in the
subduplicatc ratio of the first ratio. For, when forces act through the same interval of
space, & velocity is generated, or is cntirely destroyed, as here the rclative vclocity is

estroyed during compression & gencrated during recovery of shape, the squares of the
velocities are proportional to the areas described by the ordinates representing the forces,
as was proved in Art. 176. Hence these areas are proportional to the forces, if, the forces
being constant, the ordinates also arc constant; for from that it is easily seen that the
measurcs of the velocities described by them are rectangles. Suppose then that the
subduplicate ratio of the constant ratio of the forces be m : n; then the ratio of the effect
during loss of shape to the sum of the effects during the whole of the impact will be m : # + .
If we call this ratio 1 : 7, so that 7 = (m -+ #) /m, we need only, instead of doubling the effects
found for soft bodies, or the velocity lost by one sphere or gained by the other, multiplﬂ
these effects by #, in order to obtain the velocities acquired in opposite directions, whic
arc to be compounded with the original velocities. Thus, that for the sphere Q will be
equal to (rCq — req) /(Q + ¢), & that for the sphere ¢ will be (rCQ — rcQ)/Q + ¢).
Hence, the velocity of the former after impact will be C— (rCq — rcg) /(Q + ¢) & t?\c
velocity of the latter will be ¢ + (rCQ — rcQ)/(Q + ¢) ; & these formulx also can be
reduced to common denominators. From these formule, as well as from those proved
above, a large number of very clegant theorems can be derived, such as are to be found
indeed everywhere in elementary books. I myself have followed the matter up somewhat
more profusely in the Supplements to Stay’s Philosophy, in Book II, § 2. But hcre it is
sufficicnt that I should have derived the fundamentals themsclves, together with the primary
formulz, from one & the same Theory, & from the properties of the centre of gravity &
of equal & oppositec motions, which are also derived from the same theory. Except that
I will consider below two or three cases that will come in useful in later work, before I pass
on to oblique impact & reflected motions.

273. If a perfectly clastic sphere strikes another, & the second sphere is at rest, then
¢ = 0, & the velocity, in the direction opposite to the original velocity, for the striking
body, which was (2Cq — 2¢¢)/(Q + ¢), wilFin this case be 2C¢/(Q + ¢) ; whilst the velocity
gained by the body that was at rest, which was shown to be (2CQ — 2¢Q)/(Q + ¢), will
be 2CQ/(Q + ¢). Hence we have the following theorem. As the sum of the masses is
1o twice the mass of the body at rest, or to the body that impinges upon it, 50 is the velocity of
the impinging body to the velocity lost by the second body, or to that gained by the first, If
the masses were equal to one another, this ratio would be one of cquality ; hence in this
case the impinging body loses the whole of its velocity, that is to say it acquires an equal
opposite velocity which cancels the original velocity ; & the sphere at rest acquires a velocity
equal to that which the impinging sphere had at first,

274. If an imperfectly elastic sphere impinges on an immensc sphere at rest, which
may be considered as absolutely infinite, & therefore its surface may be taken to be a plane;
then, in the formula for the velocity gained by a sphere at rest, ({CQ — rcQ)/(Q + ¢),
since Q vanishes in comparison with ¢ which is absolutely infinite, & thus Q/(Q + ¢) = o,
the whole formula vanishes, & therefore the immense sphere can be taken to be an immovable
plane. Now, in the formula for the velocity which the impinging sphere acq]}:ires in the
opposite direction to its original motion, namely, (rCq — rcg)/(Q -+ ¢), we have ¢ = o,
& Q also vanishes in comparison with ¢. Hence we obtain /g, or rC; that is to say,
since 7 = (m + »)/m, we iave C X (m + u)/m, of which the first part, C X m/m, or C,
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sive C, est illa, qua amittitur, sive acquiritur in partem oppositam in comprimenda figura,
& —-:TX C est illa, qua acquiritur in recuperanda, ubi si fit # = o, quod accidit nimirum
in perfectc mollibus ; habetur sola pars prima ; si m = », quod accidit in perfecte elasticis,
est % X C = C, secunda pars ®qualis primaz ; & in reliquis casibus cst, ut m ad #, ita

illa pars prima C, sive precedens velocitas, qua per primam partcm acquisitam eliditur,
ad partem sccundam, quz remanet in plagam oppositam. Quamobrem habetur ejusmodi
theorema. 81 tmcurrat ad perpendiculum in planum smmobile globus perfecte mollis, acquirit
velocitatzm contrariam equalem sue priori, Ef quiescat ; si perfecte elasticus, acquirit duplam
sue, nimirum @qualem in compressione, qua motus omnis sistitur, & @qualem in recuperanda
figura, cum qua resilit ; 51 fuerit imperfecte elasticus in ratione m ad n, in illa eadem ratione
erit velocitas priori sue contraria acquisita, dum figura mutatur, que priorem ipsam velocitatem
extinguit, ad velocitatem, quam acquirst, dum figura restituitur, & cum qua resilit.

275. Est & aliud theorema aliquanto operosius, sed generale, & clegans, ab Hugenio
inventum pro perfecte elasticis, quod nimirum summa quadratorum velocitatis ductorum
in massas post congressum remanecat eadem, quaz fuerat ante ipsum. Nam velocitates
post congressum sunt C — Q:’_’ 7 X (C-o), & ¢+ ngq X (C—¢); quadrata ducta
in massas continent singula ternos terminos: primi erunt QCC4- gec; sccundi erunt

(—CC+ Co) x é’% & (¢C—¢c) X J?_qq, quorum summa evadit {(— CC + 2Cc—
) X (%; postremi erunt .(_3%9:.)’ X (CC — 2Cc + ), & 6’:——% x (CC—
2Cc + ¢), sive simul i(.‘l(gf_:;,‘)f [131] X (CC — 2Cc + ¢c), vel 3_‘1#& (CC—2Cc + ¢0),

quod destruit summam secundi terminorum binarii, remanente sola illa QCC 4- gec,
summa quadratorum velocitatum pracedentium ducta in massas. Sed hzc mqualitas nec
habetur in mollibus, nec in imperfecte clasticis.

276. Vcniendo jam ad congressus obliquos, deveniant dato temporce bini globi A, C
ir;lﬁg. 42 per rectas quascunque AB, CD, qua illorum velocitates metiantur, ir B, & D ad

sicum contactum, in quo jam sensibi-

{)enJ: effectum cdunt vires cxlnut{]ue. Com- M L O
muni mcthodo collisionis effcctus sic de- AR Q pP.7
finitur. Junctis eorum centris per rectam s g ’
BD, ducantur, ad eam productam, qua ’ A
opus cst, perpendicula AF, CH, & com- s 1N ’ N
pletis rectangulis AFBE, CHDG resolvan- ’ \ A \
tur singuli motus AB, CD i binas ; ille ,* ~ S '
uidem in AF, AE, sive EB, FB, hic vcro £
?n CH, CG,sive GD, HD, ’ Pri,mus utro- N [F | S XD H S
bique manet illesus ; secundus FB, & HD B
collisionem facit directam. Inveniantur
per legem collisionis directz velocitates BI,
DK, que juxta cjusmodi leges superius
cxpositas haberentur post collisionem di- A E G C
verse pro diversis corporum speciebus,
& componantur cum velocitatibus cxpositis
per rectas BL, DQ jacentes in directum cum EB, GD, & illis mquales. His peractis
expriment BM, DP celeritatcs, ac dircctiones motuum post collisionem.

277. Hoc pacto consideratur resolutio motuum, ut vera quedam resolutio in duos,
quorum alter illzesus perseveret, alter mutationem patiatur, ac in casu, quem figura exprimit,
extinguatur penitus, tum iterum alius producatur. At sine ulla vera resolutione res
vere accidit hoc pacto. Mutua vis, qua agit in globos B, D, dat illis toto collisionis tempore
velocitates contrarias BN, DS ®quales in casu, quem figura exprimit, binis illis, quarum
altera vulgo concipitur ut elisa, altera ut renascens: Eax composita cum BO, DR jacentibus
in directum cum AB, CD, & =qualibus iis ipsis, adeoque exprimentibus cffectus integros
precedentium velocitatum, exhibent illas ipsas velocitates BM, DP. Facile cnim patet,
fore LO =qualem AE, sive FB, adeoque MO zqualem NB, & BNMO fore parallelogram-
mum; ac eadem demonstratione cst itidem parallelogrammum DRPS. Quamobrem
nulla ibi est vera resolutio, sed sola compositio motuum, perseverante nimirum velocitate
priore per vim inertiz, & ca composita cum nova velocitate, quam generant vires, qua
agunt in collisione.

P
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is the part that is lost, or acquired in the opposite direction to the original velocity, during
the compression, & C X n/m is the part that is acquired during the recovery of shape.
In this, if n= o, which is the case for perfectly soft bodies, there is only the first part;
if m = n, which is the case for perfcctly clastic bodies, then C X n/m will be equal to CY and
the sccond part is equal to the Erst part ; & in all other cases as m is to #,so is the first part
C, or the original velocity, which is cancclled by the first part of the acquired velocity,
to the second part, which is the final vclocity in the opposite direction. Hence we have
the following theorem. If a perfectly soft sphere impinges perpendicularly upon an immovable
plane, it will acquire a velocity equal & opposite to its original velocity, & will be brought
to rest.  If the body is perfectly elastic, it will acquire a velocity double of its original velocity
but in the opposite direction, that is to say, an equal velocity during compression, by which the
whole of the motion ceases, & an equal velocity during recovery of shape, with which it rebounds,
If it were imperfectly elastic, the ratio being equal to that of m to n, the velocity acquired in
the opposite direction to its original velocity whilst the shape is being changed, by which the
original velocity is cancelled, will bear this same ratio o the velocity acquired whilst the shape
is being restored, that is, the velocity with which it rebounds.

275. There is also another theorem, which is rather more laborious, but it is a general
& elegant theorem, discovered by Huygens for perfectly elastic solids. Namely, that the
sum of the squares of the velocities, each multiplied by the corresponding mass, remains
the same after the impact as it was before it. Now, the velocities after impact are

C— Q'ﬁ X (C—0, & e %x (C—¢); the squares of these, multiplied by the

masses contain thrce terms each; the first are QCC & g¢ec: the second are
(—CCHC) x 49 g (cC —¢o) X 499 g the sum of these reduces to

Q+y Q+¢
(—CCH-2Cc— ed) X é'-*o_—gq: the last are (_Qﬁff_z_); (CC — 2Cc + ¢d), & ( (‘)W_E%z %
(CC — 2Cc +-¢c), or added together #Q+¢g) xQ (32 ;; Qy X (CC—2Cr4-¢), or

Q‘%— X {(CC — 2C¢ 4 ¢), which will cance] the sum of the second terms; hence all

that remains is QCC 4 gec, the sum of the squares of the original velocities, each multiplied
by the corresponding mass. 'This equality filoes not hold good for soft bodies, nor yet for
imperfectly elastic bodics.
276. Coming now to oblique impacts, suppose that, in Fig. 42, the two spheres A &
C at some given time, moving along any straight lines AB, CD, which measure their velocitics,
come into physical contact in the positions B & D, where the mutual forces now produce
a sensible effect. In the usual method the effect of the impact is usually determined as
follows. Join their centres by the line BD, & to this line, produced if necessary, draw
the perpendiculars AF, CH, & complete the rectangles AFBE, CHDG ; resolve each of
the motions AB, CD in two, the former into AF, AE, or EB, FB, & the latter into CH,
CG, or GD, HD. In either pair, the first remains unaltered ; the second, FB, & HD,
ive the effect of direct impact. The direct velocities BI, DK are found by the law of
1mpact ; & these, according to laws of the kind set forth above, will after impact be different
for different kinds of bodies. They are compounded with velocities represented by the
straight lines BL, DQ, which are in the same straight lines as EB, GD respectively, & equal
to them. ‘This being done, BM, DP will represent the velocities & the directions of motion
after collision.
277. In this method, there is considered to be a resolution of motions, asif there were
a certain real resolution into two parts, of which the one part Eersisted unchanged, & the
other part suffered alteration; & in the case, for which the figurc has been drawn, the
latter is altogether destroyed & a fresh motion is again produced. But the matter rcally
proceeds without any real resolution in the following manner. The mutual force acting
upon the spheres B, D, gives to them during the complete time of impact opposite velocities
BN, DS, which are also equal,in the case for which the figure is drawn, to those two, of
which the one is considered to be destroyed & the other to be 1groduced. These motions,
compounded with BO, DR, drawn in the directions of AB, CD & cqual to them, & thus
represcnting the whole effects of the original velocities, will represent the velocities BM,
DP. For it is easily seen that LO is equal to AE, or FB; & thus MO is equal to NB, &
BNMO will be a parallelogram; in the same manner it can be shown that DRPS is a
parallclogram. ‘Therefore, there is in reality no true resolution, but only a composition
of motions, the original velocity persisting throughout on account of the force of inertia ; &
this is compounded with the new velocity generated by the forces which act during the impact.
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278. Idem etiam mihi accidit, ubi oblique globus incurrit in planum, sive consideretur
motus, qui haberi debet deinde, sive percussionis obliqua energia respectu perpendicularis.
Deveniat in fig. 43 globus A cum directione obliqua AB ad planum [132] CD consideratum
ut immobile, quod contingat physice in N, & concipiatur planum GI parallelum priori ductum
per centrum B, ad quod appellet ipsum centrum, & a quo resiliet, si resilit. Ducta AF
perpendiculari ad GlI, & completo par-
allelogrammo AFBE, in communi ®)
methodo resolvitur velocitas AB in duas [\
AT, AE; sive FB, EB, primam dicunt \
manere illesam, secundam destrui a C N ‘D
resistentia plani : tum perseverare illam = :
solam per Bl ®qualem ipsi FB ; si corpus B
incurrens sit perfecte molle, vel componi G - ? - ! 1 Q
cum alia in perfecte elasticis BE xquali 2
priori EB, in imperfecte elasticis Be, e m
quz ad priorem EB habeat rationem
datam, & percurrere in primo casu BI, M
in secundo BM, in tertio Bm. Atin A E
mea Theoria globus a viribus in illa /
minima distantia agentibus, qu ibi sunt P
repulsive, acquirit secundum direc-
tionem NE perpendicularem plano re- Lb

ellentt CD in primo casu velocitatem Fio. 43
E, zqualem il.ﬁ, quam acquireret, si '
cum velocitate EB perpendiculariter advenisset per EB, in secundo BL ejus duplam, in
tertio BP, quz ad ipsam habeat illam rationem datam r ad 1, sive m 4+ # ad m, & habet
deinde velocitatem compositam ex velocitate priore manente, ac expressa per BO xqualem
AB, & positam ipsi in directum, ac ex altera EE, BL, BP, ex quibus constat, componi illas
ipsas Bf, BM, Bm, quas prius ; cum ob IO axqualem AF, sive EB, & IM, Im ®zquales BE,
lge, sive EL, EP, totz etiam BE, BP, BL totis OI, OM, Om sint ®quales, & parallelz.
zyc?. Res mihi per compositionem virium ubique eodem redit, quo in communi
methodo per carum resolutionem. Resolutionem solent vulgo admittere in motibus,
quos vocant impeditos, ubi vel planum subjectum, vel ripa ad latus procursum impediens,
ut in fluviorum alveis, vel filum, aut virga sustentans, ut in pendulorum oscillationibus,
impedit motum secundum cam directionem, qua agunt velocitates jam conceptz, vel
vires ; ut & virium resolutionem agnoscunt, ubi binz, vel plures etiam vires unius cujusdam
vis alia directione agentis effectum impediunt, ut ubi grave a binis obliquis planis sustinetur,
quorum utrumque premit directione ipsi plano perpendiculari, vel ubi a pluribus filis
elasticis oblique sitis sustinetur. In omnibus istis casibus illi velocitatem, vel vim agnoscunt
vere resolutam in duas, quarum utrique simul illa unica velocitas, vel vis zquivaleat, ex
illis veluti partibus constituta, quarum si altera impediatur, debeat altera perseverare, vel
si impediatur utraque, suum utraque effectum edat seorsum. At quoniam id impedi-
mentum in mea Theoria nunquam habebitur ab immediato contactu plani rigidi subjecti,
nec a virga vere rigida, & inflexili sustentante, sed semper a viribus mutuis repulsivis in
primo casu, attractivis in secundo; semper habebitur nova velocitas, vel vis xqualis, &
contraria illi, quam communis methodus elisam dicit, qua cum [133] tota velocitate, vel
vi obliqua composita eundem motum, vel idem zquilibrium restituet, ac idem omnino
erit, in effectuum computatione considerare partes illas binas, & alteram, vel utramque
impeditam, ac considerarc priorem totam, aut velocitatem, aut vim, compositam cum iis
novis contrariis, & @qualibus illi parti, vel illis partibus, qu dicebantur elidi. In id autem,
quod vel inferne, va superne motum masse cujuspiam impedit, vel vim, non aget pars
illa prioris velocitatis, vcrillius vis, qua concipitur resoluta, sed velocitas orta a vi mutua,
& contraria velocitati illi nova genit® in eadem massa, a vi mutua, vel ipsa vis mutua, qua
semper debet agere in partes contrarias, & cui occasionem prbet illa determinata distantia
major, vel minor, quam sit, qua limites, & ®quilibrium constitueret.

280. Id quidem abunde apparet in ipso superiore exemplo. Ibi in fig. 43 globus
(quem concipamus mollem) advenit oblique per AB, & oblique impeditur a plano ejus
progressus. Non est velocitas perpendicularis AF, vel EB, qua extinguitur, durante AE,
vel FB, uti diximus; nec illa ursit planum CD. Velocitas AB occasionem dedit globo
accedendi ad planum CD usque ad eam exiguam distantiam, in qua vires variz agerent;
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278. The same thing comes about in my theory, when a sphere impinges obliquely
on a plane, whether the motion which it must have after impact is under consideration,
or whether we are considering the enecrgy of oblique percussion with regard to the
perpendicular to the plane. Thus, in Fig. 43, suppose a sphere A to move along the oblique
direction AB & to arrive at the plane CD, which is considered to be immovable, & with
which the sphere makes physical contact at the point N. Now imagine a planc GI, parallel
to the former, to be drawn through the centre B; to this plane the centre of the sphere
will attain, & rebound from it, if there is any rebound. After drawing AT perpendicular
to GI & completing the parallelogram AFBE, the usual method continues by resolving
the velocity AB into the two velocities AF, AE, or FB, EB; of these, the first is state
to remain constant, whilst the second is destroyed by the resistance of the plane; & all
that remains after impact is represented by BI, which is c%ual to FB, if the body is soft ;
or that this is compounded with another represented by BE, equal to the original velocity
EB, in the case of perfectly clastic bodies ; and in the case of imperfectly elastic bodies,
it is compounded with Be, which bears a given ratio to the original EB. Then the sphere
will move off, in the first case along BI, in the second case along BM, & in the third case
along Bm. But, according to my Theory the sphere, on account of the action of forces
at those very small distances, which are in that case repulsive, acquires in the direction
NE perpendicular to the repelling plane CD, in the first case a velocity BE equal to that
whicﬁ it would have acquired if it had travelled along EB with a velocity EB at right
angles to the plane; in the second case, it acquires a velocity double of this, namely BL,
& in the thirs a velocity BP, which bears to BE the given ratio r to 1, i.e, m -+ 5 :m.
After impact it has a velocity compounded of the original velocity which persists, expressed
by BO equal to AB, & drawn in the same direction as AB, with another velocity, either
BE, BL, or BP; from which it is casily shown that there results either BI, BM, or Bm,
just as in the usual method. For, since IO, AF, or EB, & IM, Im are respectively equal
to BE, Be, or EL, EP; hence the wholes BE, BP, BL are also respectively equal to the
wholes OI, OM, Om, & are parallel to them. ’

279. The matter, in my hands, comes to the same thing in every case with composition
of forces, as in the usual method is obtained by resolution. In the usual method it is customary
to admit resolution for motions which are termed impeded, for instance, when a bordering
plane, or a bank, impedes progress to one side, as in the channels of rivers; a string, or a
sustaining rod, as in the oscillations of pendulums hinders motion in the direction in which
the velocities or forces are in that case supposed to be acting. In a similar manner, they
recognize resolution of forces, when two, or even more forces impede the effect of some
one force acting in another direction ; for instance, when a heavy body is sustained by two
inclined planes, each of which exerts a pressure on the body in a direction perpendicular
to itself, or when such a body is suspended by several elastic strings in inclined positions.
In all these cases, the velocity of force is taken to be really resolved into two; to both of
these taken together thesingle velocity or force will be equivalent, being as it were compounded
of these parts, of which if one is impeded, the other will still persist, or if both are impeded,
they wil.Feach produce their own effect sesaratcly. Now, since in my Theory there never
is such impediment, caused by an immediate contact with the bordering plane, nor by
a truly rigid or inflexible sustaining rod, but always considered to be due to mutual forces,
that are repulsive in the first case & attractive in the second case, a new velocity or force,
cqual & opposite to that which is in the usual theory supposed to be destroyed, is obtained.
This velocity, or force, combined with the whole oblique velocity or force, will give the
same motion or the same equilibrium ; & it will come to exactly the same thing, when
computing the effects, if we consider the two velocities, or forces, either one or the other,
or both, to be impeded, as it would to consider the original velocity, or force, to be com-
pounded with tlfe new velocities, or forces, which are opposite in direction & equal
to that part or parts which are said to be destroyed. Morcover, upon the object which
hinders the motion, or force, of any mass upwards or downwards, it is not the part of the
original velocity, or force, which is said to be resolved, that will act; but it is the velocity
arising from the mutual force, opposite in direction to that velocity which is newly generated
in the mass by the mutual force, or the mutual force itself. This must always act in opposite
directions ; & is governed by the given distance, greater or less than that which gives the
limit-points & equilibrium.

280. This factindeed is seen clearly enough in the example given above. There, in Fig.
43, the sphere, which we will suppose to be soft, travels obliquely along AB, & its progress is
impcded, also obliquely, by the plane. Itis not true that the perpendicular velocity AF, or
EB is destroyed, whilst AE, or FB persists, as we have already proved ; nor was there any
direct pressure from it on the plane CD. The velocity AB made the sphere approach the
plane CD to within a very small distance from it, at which various forces come 1nto action ;
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donec cx omnibus actionibus conjunctis impediretur accessus ad ipsum planum, sive
perpendicularis distantiz ultcrior diminutio. Illz vires agent simul in directione perpen-
diculari ad ipsum planum juxta num. 266: debebunt autem, ut impediant cjusmodi
ulteriorem accessum, producere in ipso globo velocitatem, qua composita cum tota BO
perseverante in eadem directione AB, exhibeat velocitatem per Bl parallelam CD. Quoniam
vero triangula rectangula AFB, BIO =®qualia crunt nccessario ob AB, BO mquales; erit
BEIO Earallelogrammum, adcoque velocitas perpendicularis, quac cum priorc velocitate
BO dcbeat componcre velocitatem per rectam parallelam plano, debebit necessario esse
contraria, & xqualis illi ipsi EB perpendiculari eidem plano, in quam resolvunt vulgo
velocitatem AB. Interca vero vis, qua semper agit in partes contrarias @qualiter, ursenit
planum tantundem, & omnes in co produxerit effectus illos, qui vulgo tribuuntur globo
advenienti cum velocitate cjusmodi, ut perpendicularis ejus pars sit EB.

281, Idem accidet etiam in reliquis omnibus casibus superius memoratis. Descendat
globus gravis per planum inclinatum CD (fig. 44) oblique, quod in communi sententia
continget hunc in modum. Resolvunt gravita-
tem BO in duas, alteram BR perpendicularem
plano CD, qua urgetur ipsum planum, quod cum
sustinet ; alteram BI, parallelam eidem plano,
quax obliquum descensum accclerat.  In mea
Theoria gravitas cogit globum sempcr magis ac-
cedere ad planum CD ; donecdistantia ab eodem
evadat ejusmodi; ut vires mutuz [134] repul-
sivee agant, & illa quidem, qua agit in B, sit
ejusmodi ut composita cum BO cxhibeat BI
parallclam plano ipsi, adeoque non inducentem
ulteriorem accessum, sit antem perpendicularis
plano ipsi. Porro ejusmodi est BE, jacens in
directum cum RB, & ipsi ®qualis, cum nimirum
debeat esse parallela, & ®zqualis OI.  Vis autem
®qualis ipsi, & contraria, adeoque expressa per RB, urgebit planum.

282. Quod si grave suspensum in fig. 45 filo, vel virga BC debcat oblique descendere
per arcum circuli BD; tum vero in communi mecthodo gravitatem BO itidem resclvunt
in duas BR, BI, quarum prima filum, vel virgam tendat, & elidatur, secunda acccleret
descensum obliquum, qui fieret ex velocitate concepta per rectam BA perpendicularem
BC, ac prxterea etiam tensionem fili agnoscunt ortum
a vi centrifuga, qua exprimitur per DA perpendicu- C
larem tangenti. At in mea Theoria res hoc pacto
procedit. Globus ex B abitad D per vires tres com-
positas simul cum vclocitate praccdente; prima e
viribus est vis gravitatis BO ; secunda attractio versus
C orta a tensione fili, vel virgze, expressa per BE paral-
lclam, & zqualem OI, adeoque RB, qua solz compo-
nerent vim BI ; tertia est attractioin C expressa per
BH ®qualem AD orta itidem a tensione fili respond-
ente vi centrifuga, & incurvante motum, Adest pra-
terea velocitas praecedens, quam exprimit BK xqualis
IA, utsit BIxqualis KA.  His viribus cum ea velodi-
tatc simul agentibus erit globus in D in fine ejus tem-
pusculi, cui cjusmodi effectus illarum virium respond-
ent. Nam ibi debet esse, ubi esset, si aliz exillis causis agerent post alias : gravitate agente
veniret per BO, vi BE abirct per O], velocitate BK abirct per IA ipsi ®qualem, vi BH
abiret pcr AD. Quamobrem res tota itidem peragitur sola compositione virium, & motuum.

283. Porro si sumatur EG xqualis BH; tum tota attractio orta a tensione fili erit
BG, qua prius considcrata est tanquam e binis partibus in directum agentibus composita,
ac res codem redit; nam si prius componantur BH, & BE in BG (quo casu tota BG ut
unica vis haberetur), tum BO, ac decmum BK, ad idem punctum D rediretur juxta gencralem
demonstrationem, quam dedi num. 259. Jam vero vi expressa per totam BG attraheretur
ad centrum suspensionis C ab integra tensione fili, ubi pars EG, vel BH ad partem BE
habcet proportionem pendentem a celeritate BK, ab angufo RBO, ac a radio CB; sed ista
mez Theoriz cum omnium usitatis Mechanice elementis communia sunt, posteaquam
compositionis hujus cum illa resolutione zquivalentia est demonstrata,

284. Quz dc motu diximus facto vi oblique, sed non penitus impedita, eadem in
xquilibrio habent locum, ubi omnis impeditur motus. Innitatur globus gravis B in fig.
46 binis planis AC, CD, qua accurate, vel in mea Theoria [135] physice solum, contingat

Fic. 44.

FiG. 45.
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then, under the combined actions of all the forces further approach toward the plane,
or further diminution of the perpendicular distance from it, is impeded. . The forces act
together in the direction perpendicular to the plane, as was shown in Art. 266; & they
must, in order to impede further approach of this kind, produce in the sphere itsclf a
velocity which, compounded with the whole velocity that persists throughout, namely BP,
in the direction of AB, will give a velocity represented by BI parallel to CD. But, since
the right-angled triangles AFB, BIO arc necessarily congruent on account of the equality
of AB & BO, it follows that BEIO is a parallelogram. Hence, the perpendicular vgocity,
which has, when combined with the original velocity BO, to give a resultant represented
by a straight line parallel to the plane, must of necessity be equal & opposite to that represented
by EB, also perpendicular to the plane, into which commonly the velacity AB is resolved.
Meanwhile, the force, which always acts equally in opposite directions, would act on the
planc to preciscly the same extent, & all those effects would be produced on it, which are
commonly attributed to the sphere striking it with a velocity of such sort that its perpendicular
art is EB.

P 281. The same thing happens also in the rest of the cases mentioned above. Let a
heavy sphere descend along the inclined plane CD, in Fig. 44; the descent takes place,
according to the customary idea, in the following manner. Gravity, represented by BO,
is resolved into two parts, the one, BR, perpendicular to the plane CD, acts upon the plane
& is resisted by it; the other, BI, parallel to the planc, accelerates the oblique descent,
According to my Theory, gravity forces the sphere to approach the planc CD ever nearer
& nearer, until the distance from it becomes such as tEat for whic]I: the repulsive forces
come into action ; that which acts on B is such that, when combined with BO,. will give
a velocity represented by BI parallel to the plane, & thus does not induce further approach ;
morcover it is perpendicular to the plane. Further, it is such as BE, lying in the same
straight line as RB, & equal to it, because indeed it must be parallel & equal to O, Lastly,
a force that is equal & opposite, & so represented by BR, will act upen the plane.

282. But if, in Fig. 45, a heavy body is suspended by a string or rod BC, it is bound to
descend obliqucly along the circular arc BD.  Now, in the usual method, gravity, represented
by BO, is again resolved into two parts, BR & BI; the first of these exerts a pull on the
string or rod & is destroyed; the second accelerates the oblique descent, wﬁich would
come about through a velocity supposed to act along BA perpendicular to BC; in addition
to thesc, account is taken of the tension of the string arising from a centrifugal force, which
is represented by DA pcr%?ndicular to the tangent. But, according to my Theory, the
matter goes in this way. The sphere passes from B to D, under the action of three forces
compounded with the original velocity. The first of these forces is gravity, BO ; the sccond
is the attraction towards C arising from the tension of the string or rod, & represented
by BE, parallel & equal to OI, & thus also to RB, these two alone, taken together, give a
force BI. ‘The third is an attraction towards C, represented by BH, equal to AD, arising
also from the tension of the string corresponding to the centrifugal force & incurving the
motion. In addition to these, we have the original velocity, represented by BK, equal
to IA, so that BI is equal to KA. If such forces as these act together with this velocity,
the sphere will arrive at D at the end of the interval of time to which such effects of the
forces correspond. For it must reach that point at which it would be, if all these causes
acted one after the other; &, with gravity acting, it would travel along BO; with
the force BE acting it would pass along OI; with the velocity BK, it would traverse 1A,
which is equal to BK; & witg the force BH acting, it would go from A to D. Hence,
in this case also, the whole matter is accomplished with composition alone, for forces
& motions.

283. Further, if EG is taken equal to BH; then the whole attraction arising from
the tension of the string will be BG, which previously was considered only as being com-
pounded of two parts acting in the same straight line; & it comes to the samc§thing
as before. For, if BH & BE are first of all compounded into BG (in which case BG is reckoned
as a single force), then BO is taken into account, & finally BK ; we shall be led to the same
point D, according to the general demonstration I gave in Art. 259. Now we have an
attraction to the centre of suspension C duc to a force expressed by the whole BG, where
the part of it, EG, or BH, bears to the part BH a ratio that depends upon the velocity
BK, the angle RBO, & the radius CB. ‘The results of my Theory are in agreement with
the clementary principles of Mcchanics accepted by everyone clse, as soon as the equivalence
of my composition with their resolution has been demonstrated.

284. The same things hold good in the case of equilibrium, where all motion is impeded,
as those we have alrcady spoken of with respect to motion derived from a force acting
obliquely, but not altogcther impeded. In Fig. 46, a heavy sphere is supported by two
planes AC, CD, which actually, or in my Theory physically only, it touches at H & F;
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in H, & F, & gravitatem referat recta verticalis BO, ac ex puncto O ad rectas BH, BF
ducantur rectz OR, OI parallelz ipsis BF, BH, & producta sursum BK tantundem, ducantur
ex K ipsis BF, BH paraﬁelm KE, KL usque ad easdem BH, BI'; ac patet, fore rectas BE,
BL =quales, & contrarias BR, BLl. In communi methodo resolutionis virium concipitur
gravitas BO resoluta in binas BR, Bl, quarum prima urgeat planum AC, secunda DC ;
& quoniam si angulus HCF fuerit satis acutus; erit itidem satis acutus angulus R, qui
ipsi ®qualis esse debet, cum uterque sit complementum HBF ad duos rectos, alter ob

arallelogrammum, alter ob angulos BHC, BFC rectos ; fieri potest, ut singula latera

R, RO, sive BI, sint, quantum libuerit, longiora quam BO ; vires singulz, qua urgent
illa plana, possunt esse, quantum libuerit, majores, quam sola gravitas : mirantur multi,
fieri posse, ut gravitas per solam ejusmodi applicationem tantum quodammodo supra se
assurgat, & effectum tanto majorem cdat.

285. Difficultas ejusmodi in communi ctiam sententia evitari facile potest exemplo
vectis, de quo agemus infra, in quo sola applicatio vis in multo majore distantia collocat=
multo majorem effectum edit. Verum in mea Theoria ne ullus quidem difficultati est
locus. on resolvitur reveragravitas in duas vires BR, BI, quarum singulz plana urgeant,
sed gravitas inducit ejusmodi accessum ad ea plana, in quo vires repulsive perpendiculares
ipsis planis agentes in globum componant vim BK xqualem, & contrariam gravitati BO,
quam_sustincat, & ulteriorem accessum impediat. Ad id praxstandum requiruntur ille
vires BE, BL ®qualcs, & contrariz hisce BR, Bl, qux rem conficiunt. Sed quoniam vires
sunt mutuaz, habebuntur repulsiones agentes in ipsa plana contrariz, & =quales illis ipsis
BE, BL, adcoque agent vires expressx per illas ipsas BR, BI, in quas communis methodus
gravitatem rcsolvit,

286. Quod si globus gravis P in fig. 47 e filo BP pendeat, ac sustineatur ab obliquis
filis AB, DB, exprimat autem BH gravitatem, & sit BK ipsi contraria, & =qualis, ac sint
HI, KL parallele DB, & HR, KE parallelz filo AB; communis methodus resolvit gravi-
tatem BH in duas BR, BI, que a filis sustineantur, & illa tendant ; sed ego compono vim
BX gravitati contrariam, & zqualem e viribus BE, BL, quas exerunt attractivas puncta
fili, quaz ob pondus P delatum deorsum sua gravitate ita distrahuntur a se invicem, donec
habeantur vires attractive componentes ejusmodi vim contrariam, & ®qualem gravitati.

287. Quamobrem per omnia casuum diversorum genera pervagati jam vidimus, nullam
esse uspiam in mea Theoria veram aut virium, aut motuum resolutionem, sed omnia
prorsus phxnomena pendere a sola compositione virium, & motuum, adeo-[136]-que
naturam codem ubique modo simplicissimo agere, componendo tantummodo vires, &
motus plures, sive edendo simul eum effectum, quem ederent illz omnes causx ; si alix
post alias effectus ederent suos =quales, & eandem habentes directionem cum iis, quos
singulz, si solx essent, producerent. Et quidem id generale csse Theoriz mez, dpatet
vel ex eo, quod nulli possunt esse motus ex partc impediti, ubi nullus est immediatus
contactus, sed in libero vacuo spatio punctum quodvis liberrime movetur parendo simul
velocitati, quam habet jam acquisitam, & viribus omnibus, qua ab aliis omnibus pendent
materiz punctis.

288. Quanquam autem habeatur revera sola compositio virium ; licebit adhuc vires
imaginationc nostra resolvere in plures, quod szpe demonstrationes theorematum, &
solutionem problematum contrahet mirum in modum, ac cxpeditiores reddet, & elegant-
iores ; nam licebit pro unica vi assumere vires illas, ex tiuibus ea componeretur. Quoniam
enim idem omnino cffectus oriri debet, sive adsit unica vis componcns, sive reapse habeantur
simul plures ill vires componentes ; manifestum est, substitutione harum pro illa nihil
turbari conclusiones, qua inde deducuntur : & si post resolutionem ejusmodi inveniatur
vis contraria, & aqualis alicui e viribus, in quas vis illa data resolvitur; illa haberi potest
pro nulla consideratis solis reliquis, si in plures resoluta fuit, vel sola altera reliqua, si
resoluta fuitin duas. Nam componendo vim, qua resolvitur, cum illa contraria uni ex its,
in quas resolvitur, eadem vis provenire debet omnino, qux oritur componendo simul
reliquas, qua fuerant in resolutione sociz illius elisx, vel retinendo unicam illam alteram
reliquam, si resolutio facta est in duas tantummodo ; atque id ipsum constat pro resolu-
tione in duas ipsis superioribus exemplis, & pro quacunque resolutione in vires quotcunque
facile demonstratur.
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let the vertical line BO represent gravity, & draw from the point O, to meet the straight
lines BH, BF, the straight lines OR, OI parallel to BF, BH ; also producing BK upwards
to the samc extent,.draw through K the straight line KE, KL, parallel to BF, BH to meet
BH & BF. Then it is clear that BE, BL will be equal & opposite to BR, Bl. Now,
according to the usual method by means of resolution of forces, the gravity BO is supposed
to be resolved into the two parts BR, B, of which the first acts upon the plane AC & the
sccond upon DC. Also if the angle HCF is sufficiently acute, then the angle at R is also
sufficiently acute’; for these angles must be equal to one another. For, each is the supple-
ment of the angle HBF, the one in the parallclogram, the other on account of BHC
& BFC being right angles. This being so, it may happen that each of the sides BR, RO,
or Bl, will be greater than BO, to any desired cxtent. Thus each of the forces, which
act upon the planes, may be greater than gravity alone, to any desired extent. Many
will wonder that it is possible that gravity, by a merc application of this kind, surpasses
- itself to so great an extent, & gives an effect that is so much greater.

285. A difficulty of this kind even according to the ordinary opinion is easily avoided
by comparing the casc of the lever, with which we will deal later ; init the mere application
of a force situated at a much greater distance gives a far greater effect. But with my
Theory there is no occasion for any difficulty of the sort. For there is no actual resolution
of gravity into the two parts BR, BI, each acting on one of the planes ; but gravity induces
an approach to the planes, to within the distance at which repulsive forces acting perpen-
dicu?ar tothe planes upon thesphere compound into a force BK, equal & opposite to the grav-
ity BO ; this force sustains the sphere & impedes furtherapproach to the planes. To represent
this, the forces BE, BL are required ; these are equal & opposite to BR, BI ; & that is afl there
nced be said about the matter. Now, since the forces are mutual, there are repulsions acting
upon the plancs, & thesc repulsions are equal & opposite to BE, BL ; & thus the forces acting
are represented by BR, BI, which are those into which the ordinary method resolves gravity.

286. But if, in Fig. 47, a heavy sphere P is suspended by a string BP, & this is held
up by inclined strings AB, DB, & gravity is represented by BH ; let BK be equal & opposite
to it, & let HI, KL be paralle] to the string DB, & HR, KE parallel to the string AB. The
ordinary method resolves the gravity BH into the two parts BR, BI, which are sustained
by the strings & tend to elongate them. On the other hand, I compound the force BK,
equal & opposite to gravity from the two forces BE, BL ; these attractive forces are put
forth by the points of the string, which, owing to the heavy body P suspended beneath
are drawn apart by its gravity to such a distance that attractive component forces are
obtained such as will give a force that is ecéual & opposite to the gravity of P.

287. Having thus considered all sorts of different cases, we now see that there is nowhere
in my Theory any real resolution either of forces or of motions; but that all phenomcna
depend on composition of forces & motions alone. Thus, nature in all cases acts in the
same most simple manner, by compounding many forces & motions only; that is to say,
by producing at one time that effect, which all the causes would produce, if they acted
one after the other, & cach produced that effect which was equal & in the same direction
as that which it would ro£1ce if it alone acted. That this 1s a general principle of my
Theory is otherwise evident from the fact that no motions can be 1n part impeded, where
there 1s no immediate contact ; on the contrary, any point can move in a free empty space
in the freest manner, subject to the combined action of the velocity it has already acquired,
8 to all the forces which come from all other points of matter.

288. Now, although as a matter of fact we can only have compositions of forces, yet
we may mentally resolve our forces into several; & this will often shorten the proofs of
thecorems & the solution of problems in a wonderful manner, & render them more elegant
& less cumbrous ; for we may assume instead of a single force the forces from which it is
compounded. For, since the same effect must always be produced, whether a single
component force is present, or whether in fact we have the several component forces taken
all together, it is plain that the conclusions that are derived will in no way be disturbed
by the substitution of the latter for the former. If after such resolution a force is found,
equal & opposite to any one of the forces into which the given force is resolved, then these
two can be taken together as giving no effect; & only the rest need be considered if the
given force was resolved into several parts, or only the other force if the given force was
resolved into two parts. For, by compounding the force which was resolved with that
force which is equal & opposite to the one of the forces into which it was resolved, the
same force must be obtained as would arise from compounding all the other forces which
werc partners of the cancelled force in the resolution, or from retaining the single remaining
force when the resolution was into two parts only. This has been shown to be the case
for resolution in the two examples given above, & can be easily proved for any sort of
resolution into forces of any number whatever.
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289. Porro quod pertinct ad resolutionem in plures vires, vel motus, facile cst ex
iis, que dicta sunt num. 257 definire legem, quz ipsam resolutionem rite dirigat, ut
habeantur vires, qua datam aliquam componant. ~ Sit in fig. 48, vis quacunquc, vel motus
AP, & incipiendo ab A ducantur quotcunque, & cujuscunque longitudinis rectze AB, BC,
CD, DE, L'F, FG, GP, continuo inter se connexe ita, ut incipiant ex A, ac desinant in P ;
& si ipsis BC, CD, &c. ducantur parallele, & xquales Ac, Ad, &c.; vires omnes AB, Ac,
Ad, }{J:, Af, Ag, Ap component vim AP; unde patet illud: ad componendam vim
quamcunque Fossc assumi vires quotcunque, & quascunque, quibus assumptis determinari
poterit una alia praterea, qua compositionem perficiat ; nam poterunt duci rectx AB,
BC, CD, &c. parallelz, & =zquales datis quibuscunque, & ubi postremo deventum fuerit
ad aliquod punctum G, satis erit addere vim expressam per GS.

[137] 290. Eo autem generali casu continetur particularis casus resolutionis in vires
tantummodo duas, qux potest fieri per duo quavis latera trianguli cujuscunque, ut in
fig. 49, si datur vis AP, & fiat quodcunque triangulum ABP; vis resolvi potest in duas
AgB, BP, & data illarum altera, gatur & altera, quod quidem constat ctiam_ex ipsa com-
positione, seu resolutione per parallelogrammum ABPC, quod semper compleri potest,
& in quo AC est parallela, & ®qualis BP, ac binx vires AB, AC componunt vim AP : atque
idem dicendum de motibus.

291. Ejusmodi resolutio illud ctiam palam faciet; cur vis composita a viribus non
in directum jacentibus, sit minor ipsis componentibus, quz nimirum sunt cx parte sibi
invicem contrarix, & elisis mutuo contrariis, & xqualibus, remanct in vi composita summa
virium conspirantium, vel differentia oppositarum pertinentium ad componentcs. Si
enim in fig. 50, 51, §2 vis AP componatur ex viribus AB, AC, qua sint latera parallelogrammi
ABPC, & ducantur in AP perpendicula BE, CF, cadentibuscii, & F inter A, & P in fig. 5o,
in A, & P in fig. 51, extra in fig. §2 ; satis patet, forc in prima, & postrema xqualia triangula
AEB, PFC, adeoque vires EB, FC contrarias, & zquales elidi; vim vero AP in primo
casu esse summam binarum virium conspirantium AE, AF, zquari unicz AF in secundo,
& fore differentiam in tertio oppositarum AE, AF.

292. In resolutione quidem vis crescit quodammodo ; quia mente adjungimus alias
oppositas, & xquales, que adjunctz cum se invicem elidant, rem non turbant. Sic in
fig. 52 resolvendo AP 1n binas AB, AC, adjicimus ipsi AP binas AE, PF contrarias, &
preterca in directione perpendiculari binas KB, FC itidem contrarias, & zquales. Cum
resolutio non sit realis, sed imaginaria tantummodo ad faciliorem problematum solutionem ;
nihil inde difficultatis afferri potest contra communem methodum concipiendi vires, quas
huc usque consideravimus, & quz momento temporis excrcent solum nisum, sive pressionem ;
unde ctiam fit, ut dicantur vires mortuzx, & idcirco solum continuo durantes tempore
sinc contraria aliqua vi, que illas elidat, velocitatem inducunt, ut causa velocitatis ipsius
inducta ;: nec inge argumentum ullum desumi poterit pro admittendis illis, quas Leibnitius
invexit primus, & vires vivas appellavit, quas hinc potissimum necessario saltem concipiendas
esse arbitrantur nonnulli, ne nimirum in resolutione virium habeatur effectus non aqualis
sue cause. Effectus quidem non 2qualis, sed proportionalis esse debet, non causw, sed
actioni caus®, ubi ejusmedi actio contraria aliqua actione non impeditur vel tota, vel ex
parte, quod accidit, uti vidimus, in obliqua compositione : ac utcunque & aliz responsiones
sint in communi etiam sententia pro casu resolutionis ; [138] in mea Theoria, cum ipsa
resolutio realis nulla sit, nulla itidem est, uti monui, difficultas.

293. Et quidem tam ex iis, qua huc usque demonstrata sunt, quam ex iis,
qu® consequentur, satis apparebit, nullum usquam esse cjusmodi virium vivarum indicium,
nullam necessitatem ; cum omnia Naturz phxnomena pendeant a motibus, & zquilibrio,
adcoque a viribus mortuis, & velocitatibus inductis per carum actiones, quam ipsam ob
causam in illa dissertatione De Firibus Vivis, que hujus ipsius Theoriz occasionem mihi
prbuit ante annos 13, affirmavi, Vires Vivas in Natura nullas esse, & multa, quze ad cas
probandas proferri solebant, satis luculenter exposui per solas velocitates a viribus non
vivis inductas.
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289. Further, as regards resolution into several forces or motions, it is easy, from
what has been said in Art. 257, to determine a law which will rightly govern such resolution,
so that the forces which compose any given force may be obtained. In Fig, 48, let AP
be any force, or motion ; starting from A, draw any number of straight lines of any length,
AB, BC, CD, DE, EF, FG, GP, continuously joining one another so that they start from
A & end up at P.  Then, if to these lines AB, BC, &c., straight lines Ac, Ad, &c., are drawn,
equal & parallel, all the forces represented by AB, Ac, Ad, Ae, Af, Ag, Ap, will compound
into a force AP, From this it is clear that, to make up any force, it is possible to assume
any forces, & any number of them, & these being taken, it is possible to find one other force
which will complete the composition. For, the straight lines AB, BC, CD, &c., can be
drawn parallel & cqual to any given lines whatever, & when finally they end up at some
point G, it will be sufficient to add the force represented by GP.

2go. Moreover the particular case of resolution into two forces only is contained in
the gencral case. This can be accomplished by means of any two sides of any triangle.
In Fig. 49, if AP is the given force, & any triangle ABP is constructed, then the force AP
can be resolved into the two parts AB, BP; & if one of these is given, the other also is
given. This indeed is manifest even from the composition itself, or from resolution by
means of the parallelogram ABPC, which can be completed in every case ; in this AC
is parallel & equal to BP, & the two forces AB, AC will compound into the force AP, The
same may be said with regard to motions.

291. Such a resolution also brings out clearly the reason why a force compounded
from forces that do not lic in the same straight linc is less than the sum of these components,
These arc indeed partly opposite to one another ; &, when the equals & opposites have
cancelled one another, there remains in the force compounded of them the sum of the
forces that agree in direction or the difference of the opposites which relate to the components.
For, in Figs. 50, 61, 62, if the force AP is compounded from the forces AB, AC, which are
sides of the parallelogram ABPC, & BE, CF are drawn perpendicular to AP, E & F falling
between A & P in Fig. 50, at A & P in Fig. 51, & beyond them in Fig. 52; thenit is
plain that, in the first & last cases the triangles AEB, PFC arc equal, & thus the forces EB
& FC, which are equal & opposite, cancel one another. But the force AP in the first case
is the sum of the two forces AE, AF acting in the same direction ; it is equal to the single
force AT in the second case ; & in the third case it is equal to the difference of the opposite
forces AE, AF.

292. In resolution there is indecd some sort of increase of force. The reason for
this is that mentally we add on other equal & opposite forces, which taken together cancel
one another, & thus do not have any disturbing cffect. Thus, in Fig. 52, by resolving
the force AP into the two forces AB, AC, we really add to AP the two equal & opposite
forces AE, PF, &, in addition, in a direction at right angles to AP, the two forces EB, FC,
which are also equal & opposite. Now, since resolution is not real, but only imaginary,
& mercly used for the purposc of making the solution of problems easier ; no exception
can be taken on this account to the usual method of considering forces such as we have
hitherto discussed, such as exert for an instant of time mercly a stress or a pressure; for
which reason they are termed dead forces, & because, whilst they last for a continuous
time without any contrary force to cancel them, they yet only produce velocity, they are
locked upon as the causes of the velocity produced. Nor from this can any argument be
derived in favour of admitting the existence of those forces, which were first introduced
by Leibniz, & called by him living forces. These forces some people consider must at
least be supposed to exist, in order that in the resolution of forces, for instance, there should
not be obtained an cffect unequal to its cause. Now the effect must be proportional, &
not equal ; also it must be Sroportional, not to the cause, but to the action of the cause,
where an action of this kind is not impeded, cither wholly or in part, by some equal &
opposite action, which happens, as we have seen, in oblique composition.  But, whatever
may be the various arguments, according to the usual opinion, to mect the difficulties in
the case of resolution, since, in my Theory, there is no real resolution, there is no difficulty,
as I have already said.

293. Indeed it will be sufficiently evident, both from what has alrcady been proved,
as well as from what will follow, that there is nowhere any sign of such living forces, nor
is therc any necessity. For all the phenomena of Nature depend upon motions & equilibrium,
& thus from dead forces & the velocities induced by the action of such forces. For this
reason, in the dissertation D¢ ¥iribus Vivis, which was what led me to this Theory thirtcen
years ago, | asserted that there are no living forces in Nature, & that many things were
usually brought forward to prove their existence, I explained clearly enough by velocities
derived solely from forces that were not living forces.
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294. Unum hic proferam, quod pertinet ad collisionem globorum elasticorum obliquam,
qua compositionem resolutioni substitutam illustrat. Sint in fig. 53 triangula ADB.
BHG, GML rectangula in D, H, M ita, ut latcra BD, GH, LM, sint xqualia singula
dimidiz bast AB, ac sint BG, GL, LQ parallcle AD, BH, GM. Globus A cum velocitate
AB = 2 incurrat in B in globum C sibi zqualem jacentem in DB producta : ex collisione
obliqua dabit illi velocitatem CE = 1, 2qualem suz BD, quam amittet, & progredietur
per BG cum vclocitate = AD = 4/ 3. Ibi codem pacto si inveniat globum I, dabit ipsi
velocitatem IK = 1, amissa sua GH, & progredictur per GL cum 4/ 2 ; tum ibi dabit,
globo O velocitatem OP = 1, amissa sua LM, & abibit cum LQ = 1, quam globo R,
directe in eum incurrens, communicabit. Quare, ajunt, illa vi, quam habebat cum veloci-
tate = 2, communicabit quatuor globis sibi =qualibus vires, quz junguntur cum
velocitatibus singulis == 1; ubi si vires fuerint itidem singule = 1, ¢rit summa virium =
4, quz cum fuerit simul cum velocitate = 2, vires sunt, non ut simpliccs velocitates in
massis zqualibus, sed ut quadrata velocitatum.

295. At in mea Theoria id argumentum nullam sane vim habet. Globus A non
transfert in globum C partem DB sux velocitatis AB resolutz in duas DB, TB, & cum
ea partem suz vis. Agit in globos vis nova mutua in partes oppositas, quz alteri imprimit
velocitatem CE, alteri BD. Velocitas prior globi A expressa per BF positam in directum
cum AB, & ipsi zqualem, componitur cum hac nova accepta BD, & oritur velocitas BG
minor ipsa Blg ob obliquitatem compositionis. Eodem pacto nova vis mutua agit in globos
inG, &1 in L, & O, in Q, & R, & velacitates novas primi globi GL, LQ, zero, componunt
velocitates GH, & GN; LM, & LS; LQ, & QL, sine ulla aut vera resolutione, aut
translatione vis vive, Natura in omni omnino casu, & in omni corporum genere agente
prorsus eodem pacto.

296. Sed quod attinet ad collisiones corporum, & motus [139] reflicxos, unde digressi
eramus ; inprimis illud monendum duco; cum nulli mihi sint continui globi, nulla plana
continua ; pleraque ex illis, quz dicta sunt, habebunt locum tantummodo ad scnsum,
& proxime tantummodo, non accurate; nam intervalla, quaz habentur inter puncta,
inducent inzqualitates sane multas. Sic etiam in fig. 43. ubi globus delatus ad B incurrit
in CD, mutatio vie directionis non fiet in unico puncto B, sed per continuam curvaturam;
ac ubi globus reflectetur, ipsa reflexio non fiet in unico puncto B, sed per curvam quandam.
Recta AB, per quam globus advenict, non erit accurate recta, sed proxime ; nam vires ad
distantias omnes constanti lege se extendunt, sed in majoribus distantiis sunt insensibiles ;
nisi massa, in quam tenditur, sit enormis, ut est totius Terre massa in quam sensibili vi
tendunt gravia. At ubi globus advenerit satis prope planum CD; incipiet incurvari
etiam via centri, quz quidem, jam attracto, jam repulso globo, serpet etiam, donec alicubi
repulsio satis praevaleat ad omnem ejus perpendicularem velocitatem extinguendam (utar
enim imposterum etiam ego vocabulis communibus a virium resolutione petitis, uti &
superius aliquando usu fueram, & nunc quidem potiore jure, posteaquam demonstravi
zquipollentiam vere compositionis virium cum imaginaria resolutione), & retro etiam
motum reflectat,

297. Et quidem si vires in accessu ad planum, ac in recessu a plano fuerint prorsus
xquales inter s¢ ; dimidia curva ab initio sensibilis curvaturz usque ad minimam distantiam
a plano erit prorsus =qualis, & similis reliqua dimidiz curv, que habebitur inde usque
adP finem curvaturz sensibilis, ac angulus incidentiz erit zqualis angulo reflexionis. Id
in casu, quem exprimit fig. 43, curva ob insensibilem ejus tractum considerata pro unico
puncto, pro perfecte elasticis patet ex o, quod in triangulis rectangulis AFB, MIB latera
®qualia circa angulos rectos secum trahant zqualitatem angulorum ABF, MBI, quorum
alter dicitur angulus incidentiz, & alter reflexionis, ubi in imperfecte elasticis non habetur
ejusmodi ®qualitas, sed tantummodo constans ratio inter tangentem anguli incidentiz,
& tangentem anguli reflexionis, quz nimirum ad radios ®quales BF, BI sunt FA, & I,
& sunt jduxta denominationem, quam supra adhibuimus num. 272, & retinuimus huc usque,
ut m ad n.
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294. I will bring forward here one cxample, which deals with the oblique impact of
elastic spheres; this will illustrate the substitution of composition for resolution. In
Fig. 53, Yet ADB, BHG, GML, be right-angled triangles such that the sides BD, GH, LM
are each equal to half the base AB, & let BG, GL, LQ be parallel to AD, BH, GM. Suppose
the sphere A, moving with a velocity = 2, to impinge at B upon a sphere C, equal to itsclf,
lying in DB produced. From the oblique impact, it will impart to C a velocity CE = 1,
which is equal to its own velocity BD, which it loses ; & it itself will go on along BG with
a velocity equal to AD = /3. It will then come to thesphere I, will give to it a velocity
IX = 1, losing its own velocity GH, & will go on along GL with a velocity equal to /2.
Then it will give the sphere O a velocity OP = 1, losing its own velocity LM, & will go on
with a velocity LQ = 1. This it will give up to the sphere R, on which it impinges directly.
Wherefore, they contest, by means of the force whici it had in connection with a velocity
= 2, it will communicate to four spheres equal to itself forces, each of which is conjoined
with a velocity = 1; hence, since, if each of the forces were also equal to 1, their sum
would be equal to 4, & this sum was at thesame time connected with a velocity = 2, it
must be that the forces are not in the simple ratio of the velocitics in equal masses but as
their squares.

295. But in my Theory this argument has no weight at all. The sphere A does not
transfer to the sphere C that part DB of its velocity AB resolved into the two parts DB,
TB; & with it part of its force. There acts on the spheres a new mutual force in opposite
directions, whicﬁ gives the velocity CE to the one spﬁere, & the velocity BD to the other.
The previous velocity of the sphere A, represented by BF lying in the same direction as,
and equal to, AB, is compounded with the newly received velocity: BD, and the velocity
BG, less than BF on account of the obliquity of the composition, is the result. In the
same way, a new mutual force acts upon 31&: spheres at G & I, at L & O,at Q & R, & the
new velocities of the first sphere, Gi, LQ & zero, are the resultants of the velocities
GH & GN, LM & LS, & LQ & QL respectively ; & there is not either any real resolution,
or transference of living force. Nature in every case without exception, & for all classes
of bodies acts in exactly the same manner.

296. But we have digressed from the consideration of impact of bodies & reflected
modions. Returning to them, I will first of all bring forward a point to be noted carefully.

Since, to my idea, there are no such things as continuous spheres or continuous Flancs, ap

many of the things that have been said are only true as far as we can observe, & only very
approximately & not accurately ; for the intervals, which exist between the points, induce
a2 large number of inequalities. So also, in Fig. 43, where the sphere carried forward to
B impinges upon the plane CD, the change in the direction of the path will not take place
at the single point B, but by means of a continuous curvature. Also in the case where
the sphere is reflected, the reflection will not occur at the single point B, but along a certain
curve, The straight line AB, along which the sphere is approaching, will not accurately
be a straight line, but approximately so; for the forces extend to all distances according
to a fixed law, but at fairly great distances are insensible, unless the mass it is approaching
is enormous, as in the case of the whole Earth, to which heavy bodies tend to approach
with a sensible force, But as soon as the sphere comes sufficiently near to the plane CD,
the path to the centre will begin to be curved, & indeed, as the sphere is first attracted
& then repelled, the path will be winding, until it reaches a distance at which the repulsion
will be strong enough to destroy all its perpendicular velocity (for in future I also will use
the usual terms derived from resolution of forces, as I did once or twice in what has been
given above; & this indeed I shall now do with greater justification seeing that I have
proved the equivalence between true composition & imaginary resolution), & also will
reflect the motion.

2¢7. Indeed, if the forces during the approach towards the plane & those during the
recession from it were exactly equal to one another, then the half of the curve starting
from the beginning of sensible curvature up to the least distance from the plane would
be exactly equal & similar to the other half of the curve from this point to the end of sensible
curvature, & the angle of incidence would be equal to the angle of reflection. This, in
the case for which Fig. 43 is drawn, where on account of the insensible length of its arc
the curve is considered as a single point, is evidently true for perfectly elastic bodies, from
the fact that in the right-angled triangles AFB, MIB, the equ:S sides about the right angles
involve the cquality of the angles ABF, MBI, of which the first is called the angle of incidence
& the secom:l1 that of rcflection ; whereas, in imperfectly elastic bodies, there is no such
equality, but only a constant ratio between the tangents of the angle of incidence & the
tangent of the angle of reflection. For.instance, these are, measured by the equal radii
BF, BI, equal to FA, Im ; & these latter are, according to the notation used above in Art.
272, & retained thus far, in the proportion of m to .
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268, Curvaturam in reflexione exhibet figura 54, ubi via puncti mobilis repulsi a plano
CO est ABQDM, quz circa B, ubi vires incipiunt esse sensibiles, incipit ad sensum incurvari,
& desinit in eadem distantiacircaD. Ea
quidem, si habeatur semper rcrulsio,
incurvatur perpetuo in eandem plagam,
ut figura cxhibet; st vero & attractio
repulsionibus interferatur, serpit, uti
monui ; sed si paribus a plano £stantiis
vires zquales sunt ; satis patet, & accu-
ratissime demonstrari [140] etiam pos-
set, ubi semel deventum sit alicubi, ut
in Q, ad directionem parallelam plano,
debere deinceps describi arcum QD
prorsus zqualem, & similem arcui QB,
& ita similiter positum respectu plani
CO, ut ejus inclinationes ad ipsum
planum in distantiis zqualibus ab co,
& a Q hinc, & inde sint prorsus zquales ;
quam ob causam tangentes BN, DP,
qua sunt quasi continuationes rectarum AB, MD, angulos faciunt ANC, MPO =zquales,
qui deinde habentur pro angulis incidentiz, & reflexionis.

299. Si planum sit asperum, ut Figura exhibet, & ut semper contingit in Natura;
zqualitas illa virium utique non habetur. At si scabrities sit satis exigua respectu cjus
distantiz, ad quam vires sensibiles protenduntur; inzqualitas ejusmodi erit perquam
exigua, & anguli incidentiz, & reflexionis aquales erunt ad sensum. Si enim eo intervallo
concipiatur sphera VRTS habens centrum in puncto mobili, cujus segmentum RTS jaceat
ultra planum; agent omnia puncta constituta intra illud segmentum, adeoque monticuli
prominentes satis exigui respectu totius ejus mass®, satis exiguam inzqualitatem poterunt
inducere ; & proinde sensibilem ®qualitatem angulorum incidentiz, & reflexionis non
turbabunt, sicut & nostri terrestres montes in globo oblique projecto, & ita ponderante,
ut a resistentia aeris non multum patiatur, sensibiliter non turbant parabolicum motum
ipsius, in quo bina crura ad idem horizontale planum eandem ad sensum inclinationem
habent. Secus accideret, si illi monticuli ingentes essent respectu ejusdem sphzre. Atque
hzc quidem, qui diligentius perpenderit, videbit sane, & lucem a vitro satis lzvigato resilire
debere cum angulo reflexionis zquali ad sensum angulo incidentiz ; licet & ibi pulvisculus

uo poliuntur vitra, relinquat sulcos, & monticulos, sed perquam exiguos etiam respectu
3istantiae, ad quam extenditur sensibilis actio vitri in lucem ; sed respectu superficierum,
quz ad sensum scabrz sunt, debere ipsam lucem irregulariter dispergi quaqua versus.

300. Pariter ubi globus non elasticus deveniat per AB in cadem illa fig. 43, & deinde
debeat sine reflexione excurrere per BQ, non describet utique rectam lineam accurate,
sed serpet, & saltitabit non nihil : erit tamen recta ad sensum : velocitas vero mutabitur
ita ; ut sit velocitas prior AB ad posteriorem BI, ut radius ad cosinum inclinationis OB
rectz BO ad planum CD, ac ipsa velocitas prior ad velocitatum differentiam, sive ad partem
velocitatis amissam, quam exprimit IQ determinata ab arcu OQ habente centrum in B,
erit ut radius ad sinum versum ipsius inclinationis. Quoniam autem imminuto in infinitum
angulo, sinus versus decrescit in infinitum etiam respectu ipsius arcus, adeoque summa
omnium sinuum versorum pertinentium ad omnes inflexiones infinitesimas tempore finito
factas adhuc in infinitum decrescit; ubi inflexio evadat [141] continua, uti fit in curvis
continuis, ea summa evancscit, & nulla fit velocitas amissio ex inflexione continua orta, sed
vis perpetua, quz tantummodo ad habendam curvaturam requiritur perpendicularis ipsi
curve, nihil turbat velocitatem, quam parit vis tangentialis, si qua est, quz motum perpetuo
acceleret, vel retardet; ac in curvilineis motibus quibuscunque, qui %mbeantur per quas-
cunque directiones virium, semper resolvi potest vis illa, que agit, in duas, alteram
Ecrpendicularem curve, alteram secundum directionem tangentis, & motus in curva per

anc tangentialem vim augebitur, vel retardabitur eodem modo, quo si cedem vires agerent,
& motus haberetur in eadem recta linea constanter. Sed hzc jam mez Theoriz communia
sunt cum Theoria vulgari.

301. Communis est itidem in fig. 44, & 45 ratio gravitatis absolutz BO ad vim BI, qua
obliquum descensum accelerat, vel ascensum retardat, quae est, ut radius ad sinum anguli
BOI, vel OBR, sive cosinum OBL.  Angulum OBI est in fig. 44, quem continet directio
BI, qux est cadem, ac directio plani CD, cum linea verticali BO, adcoque angulus OBR
est zqualis inclinationi plani ad horizontem, & angulus idem OBR in fig. 45 est is, quem
continet cum verticali %O recta CB jungens punctum oscillans cum puncto suspensionis.
Quare habentur hzc theoremata : Vis accelerans descensum, vel retardans ascensum in planis

A M
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298. Fig. 54 illustrates the curvature in reflection ; here we have the path of a moving
point repelled by a plane CO represented by ABQDM ; this, near B, where the forces
begin to be scnsible, begins to be appreciably curved, & leaves off at the same distance
from the plane, near the point D. ¢ path, indecd, if there is always repulsion, will be
continuously incurved towards the same parts, as is shown in the figure ; but if attraction
alternates with repulsion, the path will be winding, as I mentioned. However, if the
forces at equal distances from the plane are equal to one another, it is sufficiently clear,
& indeed it could be rigorously proved, that as soon as some point such as Q was reached
where the direction of the path was parallel to the plane, it must thercafter describe an
arc QD exactly cqual & similar to the arc QB ; & therefore similarly placed with respect
to the plane CO; so that the inclinations of the parts at equal distances from the plane,
& from Q on citherside, are-exactly equal. Hence, the tangents BN, DP, which are as it
were continuations of the straight lincs AB, MD, will make the angles ANC, MPO equal to
one another ; & these may then be looked upon as the angles of incidence & reflection.
2gg9. If the plane is rough, as is shown in the figure, & such as always occurs in Nature,
there will in no case be this equality of forces. But if the roughness is sufficiently slight
in comparison with that distance, over which sensible forces are extended, such inequality
will be very slight, & the angle of incidence will be practically equal to the angle of reflcction.
For if with a radius equal to that distance we suppose a sphere VRTS to be drawn, having
its centre at the position of the moving ‘foint, & a segment RTS lying on the other side of
the plane; then all the points contained within that segment exert forces; &, if thercfore
the fittlc prominences are sufficiently small compared with the whole mass, they can only
induce quite a slight inequality. Hence, they will not disturb the sensible equality of the
angles of incidence & reflection; just as the mountains on our Earth, acting on a sphcre
projected in a direction inclined to the vertical, & of such a weight that it does not suffer
much from the resistance of the air, do not sensibly disturb its parabolic motion, in which
the two parts of the parabola have practically the same inclination to the same horizontal
plane. It would be guite another matter, if the little prominences were of large size
compared with the sphere. Anyone who will study these matters with considerable care
will perceive clearly that light also must rebound from a sufficiently well polished piece of
glass with the angle of reflection to all intents equal to the angle of incidence. though

it is true that the powder with which glasses are polished leaves little furrows & promincnces ;

but these are always very slight compared with the distance over which the sensible action
of glass on light extends. However, for surfaces that are sensibly rough, it will be perceived
that light must be scattered irregularly in all directions.

300. Similarly, when a non-elastic sphere travels along AB, in Fig. 43, & then without
reflection has to continue along BQ, it will not describe a perfectly accurate straight line,
but will wind irregularly to somec extent ; yet the linc will be to all intents a straight
line. Moreover, the velocity will be changed in such a way that the previous velocity
AB will be to the new velocity B, as the radius is to the cosine of OBI the inclination
of the straight line BO to the plane CD; & the previous velocity is to the difference
between the velocities, i.e., to the velocity that is lost, which is represented by IQ
determined by the arc OQ having its centre at B, as the radius is to-the versine of the
same angle. Now, since, when the angle is indefinitely diminished, the versine decreases
indefinitely with respect to the arc itself, & thus the sum of all the versines belonging to
all the infinitesimal inflections made in a finite time still decreases indefinitely ; it follows
that, when the inflexion becomes continuous, as is the case with continuous curves, this
sum vanishes, & thercfore there is no loss of velocity arising from continuous inflection.
There is a uferpetual force, which is required for the purpose of keeping up the curvature,
perpendicular to the curve itsclf, & therefore not disturbing the ve]ocit{ at all; the
velocity arises from a tangential force, if there is any, & this continuously accelerates
or retards the motion. In curvilinear motions of all kinds. due to forces in all kinds of
directions, it is always possible to resolve the force acting into two parts, one of them
perpendicular to the curve, & the other along the tangent ; the motion along the curve
will be increased or retarded by the tangential force, in precisely the same manner as if these
same forces acted & the motion was constantly in the same straight linc.  But all these
matters are common to my theory and the usual theory.

301. In Fig. 44, 45, there is a common ratio between the absolute gravity BO & the force
BI, which accelerates the descent or retards the ascent ; & this ratio is equal to that of the
radius to the sine of the angle BOI, or OBR, or the cosine of OBI. The angle OBI is, in
Fig. 44, that which is contained by the direction Bl, which is the same as the direction of
the plane CD, with the vertical line BO ; & thus the angle OBR is cqual to the inclination
of the plane to the horizon ; & the same angle OBR, in Fig. 45, is that which is contained
by the vertical BO with the straight line CB, which joins the point of oscillation with the
point of suspension. Hence, we have the following thcorems, The force accelerating descent,
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inclinatis, vel ubi oscillatio fit in arcu circulari, est ad gravitatem absolutam, ibi quidem ut
sinus inclinationis ipsius plani, hic vero ut sinus anguli, quem cum verticali linea continet recta
jungens punctum oscillans cum puncto suspensionis, ad radium. E quorum theorematum
priore fluunt omnia, qua Galileus tradidit de descensu per plana inc(%inata ; ac e posteriore
omnia, quz Eertincnt ad oscillationes in circulo; quia immo ctiam ad oscillationes factas
in curvis quibuscunque pondere per filum suspenso, & curvis evolutis applicato ; ac eodem
utemur infra in definiendo centro oscillationis.

302. Hisce perspectis, applicanda est etiam Theoria ad motuum refractionem, ubi
continentur elementa mechanica pro refractione luminis, & occurrit elegantissimum
theorcma a Newtono inventum huc pertinens. Sint in fig. 55 binz superficics AB, CD

arallele intcr se, & punctum mobile quodpiam extra illa plana nullam sentiat vim, inter
1psa vero urgeatur viribus quibuscunque, qux tamen & semper habeant directionem
perpendicularem ad ipsa plana, & in zqualibus distantiis ab altero ex iis zzquales sint ubique ;
ac mobile deferatur ad alterum ex iis, ut AB, directione quacunque GE. Antc appulsum
feretur motu rectilineo, & zquabili, cum nulla urgeatur vi : ejus velocitatem exprimat EH,
quz crecta ER, perpendiculari ad AB, resolvi poterit in duas, alteram perpendicularem
ES, alteram parallelam HS. Post ingressum inter alia duo [142] plana incurvabitur motus
illis viribus, sed ita, ut velocitas parallela ab iis nihil turbetur, velocitas autem perpendicularis
vel minuatur, vel augeatur; prout vires tendent versus planum citerius AB, vel versus
ulterius CD. Jam vero tres casus haberi hinc possunt ; vel enim iis viribus tota velocitas
perpendicularis ES extinguitur, antequam deveniatur ad planum ulterius CD ; vel perstat
usque ad appulsum ad ipsum CD, sed imminuta, vi contraria pravalente viribus eadem
directione agentibus; vel perstat potius aucta.

303. In primo casu, ubi primum velocitas perpendicularis extincta fuerit alicubi in
X, punctum mobile reflectet cursum retro per XI, & iisdem viribus agentibus in regressu,
qua egerant in progressu, acquiret velocitatem perpendicularem IL zqualem amissz ES,
quz composita cum parallela LM, ®quali priori HS, exhibebit obliquam IM in rccta nova
IK, quam describet post egressum, & erunt zquales anguli HIL, MES, adeoque & anguli
KIB, GEA; quod congruit cum iis, quz in fig. 54. sunt exhibita, & pertinent ad
reftexionem.

304. In secundo casu prodibit ultra superficiem ultcriorem CD, sed ob velocitatem
perpendicularem OP minorem priore ES, parallelam vero PN xqualem priori HS, erit
angulus ONP minor, quam EHS, adeoquc inclinatio VOD ad superficiem in egressu minor
inclinatione GEA in ingressu. Contra vero in tertio casu ob ¢p majorem gES, angulus
uoD erit major. In utroque autem hoc casu diffcrentia quadratorum velocitatis ES, &
OP vel op, erit constans, per num. 177 in adn. #, quzcunque fuerit inclinatio GE in
ingressu, a qua inclinatione pendet velocitas perpendicularis SE.

305. Indc autem facile demonstratur, forc sinum anguli incidentiz HES, ad sinum
anguli refracti PON (& quidchJid dicitur de iis, qua designantur litteris PON, crunt com-
munia iis, quz exprimuntur litteris pon) in ratione constanti, quzcunque fuerit inclinatio
recta incigentis GE. Sumatur enim HE constans, quaz exprimat velocitatem ante
incidentiam : exprimet HS velocitatem parallelam, quz erit xqualis rectz PN exprimenti
velocitatem parallelam post refractionem ; ac ES, OP expriment velocitates pcrpendiculares
ante, & post, quarum quadrata habebunt differentiam constantem. Sed ob HS, PN semper
®zquales, differentia quadratorum HE, ON =zquatur differenti® quadratorum ES, OP.
Igitur ctiam differentia quadratorum HE, ON erit constans; cumque ob HE constantem
debeat esse constans ejus quadratum ; erit constans etiam quadratum ON, adcoque constans
etiam ipsa ON, & proinde constans erit & ratic HE ad ON ; qua quidem ratio est eadem,
ac sinus anguli NOP ad sinum HES : cum enim sit in quovis triangulo rectangulo radius
ad latus utrumvis, ut basis ad sinum anguli oppositi; in diversis triangulis rectangulis
sunt sinus, ut latera opposita divisa per [143] bases, sive directe ut latera, & reciproce ut
bases, & ubi latera sunt zqualia, ut hic HS, PN, erunt reciproce nt bases.
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or retarding ascent, on inclined planes, or where there is ascillation in a circular are, is to the
absolute gravity, in the first case as the sine of the inclination of the plane to the radius, € in
the second case as the sine of the angle between the vertical 8 the line joining the oscillating
point to the point of suspension, is to the radius. From the first of these theorems there
follow immediately all that Galileo published on the descent along inclined planes; &
from the second, all matters relating to oscillations in a circle. Moreover, we have also
all matters that relate to oscillations made in curves of all sorts by a weight suspended by a
string wrapped round in volute curves ; & we shall make use of the same idea later to define
the centre of oscillation.

302. These matters being investigated, we now have to apply the Theory to the refraction
of motions, in which are contained the mechanical principles of the refraction of light ;
here also we find a most elegant theorem discovered by Newton, referring to the subject.
In Fig. 55, let AB, CD be two surfaces parallel to one another; & let a moving point feel
the action of no force when outside those planes, but when betwcen the two planes
suppose it is subject to any forces, so long as thesc always have a direction perpcncﬁcular
to the planes, & they are always equal at equal distances from cither of them. Suppose
the point to approach one of the planes, AB say, in any direction GE. Until it reaches
AB it will travel with rectilinear & uniform motion, since it is acted upon by no force ;
let EH represent its velocity. Then, if ER is erected perpendicular to the plane AB, the
velocity can be resolved into two parts, the one, ES, perpendicular to, & the other, HS,
parallel to, the plane AB. After entry into the space Eetwcen the two planes the motion
will be incurved owing to the action of the forces ; but in such a2 manner that the velocity
parallel to the plane will not be affected by the forces ; whereas the perpendicular velocity
will be diminished or increased, according as the forces act towards the plane AB, or towards
the plane CD. Now there are three cases possible; for, the whole of the perpendicular
velocity may be destroyed before the goint reaches the further plane CD, or it may persist
right up to contact with the plane CD, but diminished in magnitude, owing to a force
existing contrary to the forces in that direction, or it may continue still further increased.

303. In the first case, where the perpendicular velocity was first destroyed at a point
X, the moving point will follow a return path along XI; & as the same forces act in the
backward motion as in the forward motion, the point will acquire a perpendicular velocity
IL, equal to ES, that which it lost; this, compounded with the parallel velocity LM,
equal to the previous parallel velocity HS, will give a velocity IM, in an oblique direction
along thc new straight line 1K, along which the point will move after egress. Now the
angles HIL, MES will be equal, & thercfore also the angles KIB, GEA ; this agrees with
what is represented in Fig. 54, & pertains to reflection.

304. In the sccond case, the point will proceed beyond the further surface CD; but,
since the perpendicular velocity OP is now less than the previous one ES, whilst the parallel
velocity is the same as the previous one HS, the angle ONP will be less than the angle EHS,
& therefore the inclination to the surface, VOD, on egress, will be less than the inclination,
GEA, on ingress. On the other hand, in the third case, since 0 is greater than ES, the
angle uoD will be greater than the angle GEA. Butin either case, we here have the difference
between the squares of the velocity ES, & that of OP, or o, constant, as was shown in
Art. 177, note m, whatever may be the inclination on ingress, made by GE with the plane,
upon which inclination depends the perpendicular velocity SE.

305. Further, from this it is easily shown that the sine of the angle of incidence HES
is to the sine of the angle of refraction HON (& whatever is said with regard to these angles,
denoted by the letters PON, will hold good for the angles denoted by the letters porg, in
a constant ratio, whatever the inclination of the line of incidence, GE, may be. For,
suppose HE, which represents the velocity before incidence, to be constant ; then HS,
representing the parallel velocity, will be equal to PN, which represents the parallel velocity
after refraction. Now, if ES, OP represent the perpendicular velocities before & after
refraction, they will have the difference between their squares constant. But, since HS,
PN are equal, the difference between the squares of HE, ON will be equal to the difference
between the squares of ES, OP. Hence the difference of the squares of HE, ON will be
constant. But, since HE is constant, its square must also be constant; therefore the
square of ON, & thus also ON itself, must be constant. Therefore also the ratio of HE
to ON is constant; & this ratio is the same as that of the sine of the angle NOP to the
sine of the angle HES. For, since in any right-angled triangle the ratio of the radius to
either side is that of the base to the angle opposite, in different right-angled triangles,
the sines vary as the sides opposite them divided by the bases, or directly as the sides &
inversely as the bases ; & where the sides are equal, as HS, PN are in this case, the sines
vary as the bases.
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306. Quamobrem in refractionibus, quz hoc modo fiant motu libero per intervallum.
inter duo plana parallela, in quo vires paribus distantiis ab altcro corum pares sint, ratio
sinus anguli incidentiz, sive anguli, quem facit via ante incursum cum recta perpendiculari
plano, ad sinum anguli refracti, quem facit via post cgressum itidem cum verticali, est
constans, quzcunque fuerit inclinatio in ingressu, Pratcrea vero habetur & illud, fore
celeritates absolutas ante, & post in rationc reciproca eorum sinuum. Sunt cnim
ejusmodi velocitates ut HE, ON, qua sunt reciproce ut illi sinus.

307. Hzc quidem ad luminis refractiones explicandas viam sternunt, ac in Tertia
Parte videbimus, quo pacto hypothesis hujusce theorematis applicetur particulis luminis.
Sed interca considerabo vires mutuas, quibus in se invicem agant tres massz, ubi habebuntur
generalius ea, qua pertinent etiam ad actiones trium punctorum, & quz a num. 225, &
228 huc reservavimus. Porro si integrae vires alterius in alteram diriguntur ad ipsa centra
gravitatis, referam hic ad se invicem vires ex integris compositas ; sed etiam ubi vires aliam
directionem habeant quancunque ; si singulz resolvantur in duas, alteram, qua se dirigat
a centro ad centrum ; alteram, quz sit ipsi perpendicularis, vel in quocunque dato angulo
obliqua; omnia in prioribus habebunt itidem locum.

308. Agant in se invicem in fig. 56 tres masse, quarum centra gravitatis sint A, B, C,
viribus mutuis ad ipsa centra directis, & considerentur inprimis directiones virium, Vis
puncti C ex utraque CV, Cd attractiva erit C¢; ex utraque repulsiva CY, Ca, erit CZ,
& utriusque directio saltem ad partes oppositas producta ingreditur triangulum, & secat
illa angulum internum ACB, hzc ipsi ad verticem oppositum aCY. Vi CV attractiva in
B, ac CY repulsiva ab A, habetur CX ; & vi Cd attractiva in A, ac Ca repulsiva a B, habctur
Cb, quarum utraquc abit extra triangulum, & sccat angulos ipsius externos. Prima Ce,
cum debeant respondere attractiones BP, AG, respondent cum attractionibus mutuis
BN, AE, vires BO, AF, vel cum repulsionibus BR, Al, vires BQ, AH, ac tam priores binz,
quam posteriores, jacent ad eandem partem lateris AB, & vel amba ingrediuntur triangulum
tendentes versus ipsum, vel ambz extra ipsum etiam producta abeunt, & tendunt ad
partes oppositas directionis C¢ respectu AB. Secundz CZ debent respondere repulsiones
BT, AL, qua cum repulsionibus BR, Al, constituunt BS, AK, cum attractionibus BN,
AE constituunt BM, AD, ac tam priores binz, quam posteriores jacent ad eandem plagam
respectu AB, & ambarum [144] directiones vel product ex parte posteriore ingrediuntur
triangulum, sed tendunt ad gartes ipsi contrarias, ut CZ, vel extra triangulum utrinque
abcunt ad partes oppositas directioni CZ respectu AB. Quod si habeatur CX, quam
exponunt CV, CY, tum illi respondent BP, & AL, ac si prima conjungitur cum BN, jam
habetur BO ingrediens triangulum; si BR, tum habetur quidem BQ, cadens etiam ipsa
extra triangulum, ut cadit ipsa CX ; sed secunda AL jungetur cum Al, & habebitur AK,
quz producta ad partes A ingredietur triangulum., Eodem autem argumento cum vi Cb
vel conjungitur AL ingrediens triangulum, vel BS, qua producta ad B triangulum itidem
ingreditur. Quamobrem semper aliqua ingreditur, & tum de reliquis binis redeunt, qux
dicta sunt in casu virium Ces, CZ,

. 309. Habetur igitur hoc theorema. Quando tres masse in se invicem agunt viribus
directis ad centra gravitatis, vis composita saltem unius babet directionem, que saltem producta
ad partes oppositas secat angulum suternum trianguli, €5 jpsum sngreditur : relique autem
due vel simul ingrediuntur, vel simul evitant, & semper diriguntur ad eandem plagam respectu
lateris jungentis earum duarum massarum cenira ; ac in primo casu vel omnes tres tendunt ad
interiora trianguli jacendo in angulis internis, vel omnes tres ad exteriora in partes triangulo
oppositas jacendo in angulis ad verticem oppositis; in secundo vero casu respectu lateris
jungeniis eas binas massas tendunt in plagas oppositas eiy in quam tendit vis illa prioris masse.

310. Sed est adhuc elegantius theorema, quod ad directionem pertinet, nimirum :
Omnsum trium compositarum virium directiones utringue producie transeunt per idem punctum
& s id jaceat intra triangulum ; vel omnes simul tendunt ad ipsum, vel omnes simul ad partes
1psi contrarias ;i vero jaceat extra triangulum ; bine, quarum directiones non ingrediuntur
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306. Hence, in refractions, which arise in this way from a free motion between two
parallel planes, where the forces at equal distances from one or the other of them are equal,
the ratio of the sine of the angle of incidence, or the angle made by the path before refraction,
with a straight line perpendicular to the plane, to the sine of the angle of refraction, or
the angle made after refraction with the vertical also, is constant, whatever may be the
inclination at ingress. We also obtain the theorem that the absolute velocities before and
after refraction are in the inverse ratio of the sines. For such velocities are represented
by HE, ON; & these are inversely as the sines in question.

307. These facts suggest a method for explaining refraction of light; & in the Third
Part we shall see the manner in which the hypothesis of the above theorem may be applied
to particles of light. In the meanwhile, I will consider the mutual forces, with which
three masses act upon one another ; here we shall obtain more generally all those things
that rclate to the actions of three points also, such as I reserved from discussion
in Art. 225, 228 until now. Further, if the total forces of the one or the other are directed
towards their centres of gravity, I will here take account of the mutual forces compounded
of these wholes. But, where the forces have any directions whatever, if each of them is
resolved into two parts, of which one is directed from centre to centre & the other is
perpendicular to this line, or makes some given inclination with it, then also all things
that are true for the former hold good also in this case.

308. In Fig. 56, let three masses, whose centres of gravity are at A, B, C, act upon
one another with mutual forces directed to their centres; & first of all let the directions
of the forces be considered. The force on the point C, from the two attractive forces
CV, Cd will be Cz; that from CY, Ca, both repulsive, will be CZ; & the direction of
both of these, produced backwards in one case, will fall within the triangle, the former
dividing the angle ACB, & the latter the vertically opposite angle 4CY, into two parts.
But, from CV,.attractive towards B, & CY, repulsive from A, we obtain CX; & from Cd,
attractive towards A, & Ca, repulsive from B, we have Cb; & the direction of each of these
will fall without the triangle, & divide its exterior angles into two parts. To Ce, the
first of these, since we must have the corresponding attractions BP, AG, there correspond
the forces BO, AF, from combinration with the mutual attractions BN, AE ; or the forces
BQ, AH, from combination with the mutual repulsions BR, AI. Both the former of these
pairs, & the latter, lie on the same side of AB; either both will fall within the triangle
& tend in its dircction, or both will, even if produced, fall without it; in each case, they
will tend in the opposite direction to that of Ce with respect to AB. To CZ, the second
of the forces on CE there must correspond the repulsions BT, AL ; these, combined with
the repulsions BR, Al, give the forces BS, AK ; & with the attractions BN, AE, the forces
BM, KD. Both the former of these, & both the latter, lic on the same side of AB; &
the directions of the two, either when produced backwards will fall within the triangle
but tend in opposite directions to that of CZ with respect to it, or they will fall without
the triangle & tend off on either side in directions opposite to that of CZ with respect to
AB. Now if CX is obtained, given by CV, CY, then tl;xere will correspond to it BP & AL ;
&, if the first of these is compounded with BN, we shall then have BO falling within the
triangle ; or if compounded with BR, we shall have BQ, falling also without the triangle,
just as CX does ; but, in that case, the second action AL will be compounded with Al,
& AK will be obtained, & this when produced in the direction of A will fall within the
triangle. By the same argument, with the force Cb there will be associated the force AF
falling within the triangle, or the force BS, which when produced in the direction of B
will also fall within the triangle. Hence, in all cases, some one of the forces falls within
the triangle ; & then what has been said in the case of Ce, CZ will apply to the other two
forces.

309. We therefore have the following theorem. When three masses act upon one another
with forces directed towards their centres of gravity, the resultant force, in at least one case,
will have a direction which, produced backwards if necessary, will divide an internal angle
of the triangle into two parts, €3 fall within the triangle. Also the remaining two forces will
either both fall within, or both without, the triangle ¥ will in all cases be directed towards
the same side of the line joining the centres of the two masses. In the first case, all three forces
either tend towards the tnterior of the triangle, falling within the interior angles, or outwards
away from the triangle, falling within the angles that are vertically opposite to the interior
angles. In the second case, on the other hand, they tend to opposite n':fe:, of the line joining
the two masses, to that towards which the force on the third mass tends.

310. But there is a still more elegant theorem with regard to the directions of the

forces, namely «—The directions of all three resultant forces, when produced each way, pass §

through the same point. If this point lies within. the triangle, all three forces tend towards
it, or all three away from it ; but, 1f it lies withont the triangle, those tewo forces, which do not
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triangulum, tendunt ad ipsum, ac tertia, cujus directio triamgulum ingreditur, tendit ad partes
tpsi contrariias ; vel ille bine ad partes ipsi contrarias, €9 tertia ad ipsunm.

Prima pars, quod omnes transeant per idem punctum, sic demonstratur. In figura
quavis a §7 ad 62, quit omnes casus exhibent, vis pertinens ad C sit ca, qua triangulum
ingreditur, ac reliquz binz HA, QB concurrant in D : oportet demonstrare, vim etiam,
qua pertinet ad C, dirigi ad D. Sint CV, C4 vires componentes, ac ducta CD, ducatur
vT parallela CA, occurrens CD in T; & si ostensum fuerit, ipsam fore ®qualem Cd;
res erit perfecta : ducta enim dT remanebit CVTd parallelogrammum, per cujus diagonalem
CT dirigetur vis composita ex CV, Cd. Ejusmadi autem xqualitas dcmonstrabitur
considerando rationem CV ad Cd compositam ex quinque intcrmediis, CV ad BP, BP ad
PQ, PQ, sive BR ad Al, Al sive HG ad AG, AG ad [145] Cd. Prima vocando A, B, C
massas, quUarum €a puncta sunt centra gravitatum, est ex actione, & rcactione ®qualibus
ratio massz B ad C; secunda sin PQB, sive ABD, ad sin PBQ, sive CBD; tertia A ad
B: quarta sin HAG, sive CAD, ad sin GHA, sive BAD : quinta C ad A, Tres rationes,
in quibus habentur massz, componunt rationem B X A X 3 ad C X B X A, quz est 1 ad
1, & remanet ratio six ABD X sin CAD ad sin CBD X sin BAD. Pro sin ABD, & sin
BAD, ponantur AD, & BD ipsis proportionales ; ac pro sinu CAD, & sin CBD ponantur
sin ACD x CD g 3in BCD X CD

AD ’ BD
sin ACD X CD ad sin BCD x CD sive sin ACD, vel CTV, qui ipsi ®quatur ob VT,
CA parallelas, ad sin BCD, sive VCT, nimirum ratio ejusdem illius CV ad VT. Quare
VT =zquatur Cd, CVTd est parallelogrammum, & vis pertinens ad C, habet directionem
itidem transeuntem per D.

Secunda pars patet ex iis, quz demonstrata sunt de directione duarum virium, ubi
tertia triangufl,xm ingreditur, & sex casus, qui haberi possunt, exhibentur totidem figuris.
In fig. 57, & 58 cadit D extra triangulum vltra basim AB, in 59, & 6o intra triangulum,
in 61, & 62 extra triangulum citra verticem ad partes basi oppositas, ac in singulorum
binariorum priore vis CT tendit versus basim, in posteriore af partes ipsi oppositas. In
iis omnibus demonstratio est communis juxta leges transformationis locorum geometri-
corum, quas diligenter exposui, & fusius persecutus sum in dissertatione adjecta meis
Sectionum Conicarnm Elementis, Elementorum tomo 3.

» ipsis zquales ex Trigonometria, & habebitur ratio

311. Quoniam evadentibus binis HA, QB parallelis, punctum D abit in infinitum
& tertia CT evadit parallela reliquis binis etiam ipsa juxta easdem leges; patet illud ; S§f
bine ex ejusmodi divectionibus fuerint parallele inter se ; erit iisdem parallela €3 tertia :
ac illa, quz jacet inter directiones virium transeuntes per religuas binas, que idcirco in co
casu appellari potest media, habebit directionem oppositam directionibus reliquarum conformibus
inter se,

312. Patet autem, datis binis directionibus virium, dari semper & tertiam. Si enim
il sint parallele ; erit illis parallela & tertia : "si autem concurrant in aliquo puncto;
tertiam determinabit recta ad 1dem punctumducta : sed oportet, habeant illam conditionem,
ut tam binz, que triangulum non ingrediantur, quam quz ingrediantur, vel simul tendant
ad illud punctum, vel simul ad partes ipsi contrarias.

313. Hzc quidem pertinent ad directiones : nunc ipsas carum virium magnitudines
inter se comparabimus, ubi statim occurret elegantissimum illud theorema, de quo
mentionem feci num. 225 : Fires acceleratrices binarum quarumvis ¢ tribus massis in se
mutno agentibus sunt in ratione composita ex tribus, [146] nimirum ex directa sintum angulorum
quos continet recta jungensipsarum centra gravitatiscum rectisductis ab iisdem centrisad cemtrum
tertie masse ; reciproca sinuum angulorum, quos directiones (psarum virtum continent cum
tisdem rectis illas qungentibus cum tertia ; &3 reciproca massarum. Nam est BQ ad AH
assumptis terminis mediis BR, Al in ratione composita ex rationibus BQ, ad BR, & BR
ad Al, & AI ad AH. Prima ratio est sinus QRB, sive CBA ad sinum BQR, sive PBQ, vel
CBD : sccunda massz A ad massam B : tertia sinus IHA, sive HAG, vel CAD, ad sinum
HIA, sive CAB: e rationes, permutato solo ordine antecedentium, & consequentium,
sunt rationes sinus CBA ad sinum CAB, quz est illa prima e rationibus propositis directa ;
sinus CAD ad sinum CBD, quaz est secunda reciproca: & masse A ad massam B, qua
est tertia itidem reciproca. Eadem autem est prorsus demonstratio : si comparetur BQ,
vel AH cum CT, ac'in hac demonstratione, ut & alibi ubique, ubi de sinubus angulorum
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fall within the triangle, tend towards it, & the third, whose direction does not fall within the
triangle, tends away from i1, or the former two tend away from the point &S the third towards it.
The proof of the first part of the theorem, that the forces all pass through the same point,
is as follows. In any one of the diagrams from Fig. §7 to Fig. 62, which betwcen them
give all possible cases, let the force which acts on C be that which falls within the triangle ;

& let the other two, HA & QB, mcet in the point D ; then it has to be shown that the

force which-acts on C, also passes through D. Let CV, Cd be the component forces ; join
CD & draw VT parallel to CA to meet CD in T ; then, if it can be shown that VT is equal
to Cd, the proposition is proved ; for, if 41" is joined, CVTd will be a parallclogram, &
the force compounded of SV & Cd will be directed along its diagonal. Such equality will
be proved by considering the ratio of CV to Cd, compounded of the five intermediate
ratios CV to BP; BP to PQ; PQ, or BR, to Al; Al,orHG, toc AG; & AG to Cd. 'The
first of these, if we call the masses A, B, C, which have these points as their centres of gravity,
will, on account of the equality of action & reaction, be the ratio of the mass B to the mass
C; the second, the ratio of the sine of PQB, or ABD, to the sine of PBQ, or CBD ; the
third, that of the mass A to the mass B; the fourth, that of the sine of HAG, or CAD,
to the sine of GHA, or BAD; the fifth, that of the mass C to the mass A. The three
ratios, in which the masses appear, together give the ratio B X A X C 1o C X B X A,
which is that of 1 to ¥; & there remains the ratio of sinABD X sinCAD to sinCBD X
sinBAD. TFor sinABD & sinBAD substitute AD & BD, which are proportional to them ;
& for sinCAD & 5inCBD substitute sinACD x CD/AD & s2BCD x CD/BD, which are
equal to them by trigonometry. There will be obtained the ratio of rinACD x CD to
5sinBCD X CD, or sinACD to 5inBCD ; &, since VT & CA are parallel, this ratio is equal to
that of sinCTV to sinVCT, that is, to the ratio of CV to VT. Therefore VT is equal to
Cd, CVTd is a parallelogram, & the force on C has also its direction passing through D.
The second part is evident from what has already been proved with regard to the directions
of two forces when the third falls within the triangle ; & the six possible cases are shown
in the six figures, In Fig. §7, 58, the point D falls without the triangle on the far side
of the base AB; in Fig. 59, 6o, it falls within the triangle; in Fig. 61, 62, outside the
triangle on the side of the vertex remote from the base ; & in the first of each pair of figures,
the force CT tends towards the base, & in the latter away from it. In all of these the
proof is the same, having regard to the laws of transformation of geometrical positions ;
these I have set forth carefully, & I investigated them more minutely in a dissertation
added as a supplement to my Sectionum Conicarum Elementa, the third volume of my
Elementa Matheseos.

311. Now, since the point D will go off to infinity, when two of the forces, HA &
QB, happen to be parallel, & the third also, according to the same laws, becomes parallel
to the other two, we have this theorem. If two of these forces are parallel to one another,
the third also is parallel to them ; & that force, which lies between the directions of the other
two, & consequently in that case can be called the middle force, bas its direction opposite to
the directions of the other two, which are in ggreement with one another.

312. Further, it is clear that, when the directions of two of the forces are given, the
direction also of the third force is given in all cases. For if the former are parallel, the
third will be parallel to them ; & if the former meet at a point, the straight ]iine joining
the third mass to this point will determine the third direction. But this condition holds ;
namely, that the two which do not fall within the triangle, or the pair which do fall within
the triangle, either both tend towards the point D, or both tend away from it.

313. So much with regard to directions; now we will go on to compare with one
another the magnitudes of these forces. We immediately come to that most elegant
theorem, which has already been mentioned in Art. 225. The accelerating effects of any
two masses out of three that mutually act upon one another are in a ratio compounded of three
ratios ; namely, the direct ratio of the sines of the angles made by the straight line joining the
centres of gravity of these two with the straight lines joining each of these 1o the centre of gravity
of the third mass: the inverse ratio of sines of the angleswhich the directions of the forces make
with the straight lines joining the two masses to the third ; &S the inverse ratio of the masses. For,
if BR, Al are taken as intermediary terms, the ratio of BQ to AH is equal to the ratios com-
pounded from the ratio of BQ to BR, that of BR to Al, & that of Al to AH. ‘The first ratio is
equal to that of the sine of QRB, or CBA, to the sine of BQR, or PBQ, or CBD; the second
is that of the mass A to the mass B; & the third is equal to that of the sine of IHA, or
HAG, or CAD to the sine of HIA, or CAB. These ratios are, by a simple permutation
of the antecedents & consequents, as sinCBA is to #nCAB, which is the grst direct ratio
of those enunciated ; as 1:#CAD to sin#CBD, which is the second inverse ratio; & as the
mass A to the mass B, which also is the third inverse ratio. Moreover the proof is precisely
similar, if the ratio of BQ, or AH, to CT is considered ; & in this proof, as also in all others,
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agitur, angulis quibusvis substitui possunt, uti sepe est factum, & fiet imposterum, eorum
complementa ad duos rectos, quz cosdem habent sinus.

314. Indc consequitur, esse ejusmods vires reciproce, ut massas ductas iy suas distantias
a tertia massa, 8 reciproce, ut sinus, quos carum directiones continent cum iisdem rectis;
adeogue ubi ex ad ejusmodi rectas inclinentur in angulis equalibus, esse tantummodo reciproce,
ut producta massarum per distantias a massa tertia. Nam ratio directa sinuum CBA, CAB
est eadem, ac distantiarum AC, BC, sive reciproca distantiarum BC, AC, qua substituta pro
illa, habentur tres rationes reciproce, quas exprimit ipsum theorema hic propositum.

Porro ubi anguli =quales sunt, sinus itidem sunt mquales, adeoque eorum sinuum ratio
fit r ad 1. 3

315. Vires autem motrices sunt in ratione composita ex binis tantummodo, nimirum
directa sinnum angulorum, quos continent distantice a tertia massa cum distantia a se invicem ;
8 reciproca sinuum angulorum, quos continent cum iisdems distantiis directiones virium ; vel
in ratione composita ex reciproca illarum distantiarum, & reciproca horum posteriorum sinuum :
ac si inclinationes ad distantias sint @quales, in sola ratione reciproca distantiarum. Nam
vires motrices sunt summz omnium virium determinantium celeritatem in punctis
omnibus secundum eam directionem, secundum quam movetur centrum gravitatis commune,
g}m ideirco sunt prazterea directe, ut massz, sive ut numeri punctorum; adeoque ratio

1recta, & reciproca massarum mutuo eliduntur,

316. Praterca vires acceleratrices, si alicubi earum directiones concurrunt, sunt ad se
invicem in ratione composita ¢x recigom massarum, & reciproca sinuum angulorum, quibus
inclinantur ad directionem tertiw ; L vires motrices in hac poste-[147]-riore tantum. Nam
ob latera proportionalia sinubus angulorum oppositorum, erit AC X sin CAD = CD X
sin CDA; & pariter CB X sin CBA == CD X sin CDB. Quare ob CD communem,
sola ratio sinnum ADC, BDC, quibus directiones AD, BD inclinantur ad CD, zquatur
composite cx rationibus sinnum CAD, CBD, & distantiarum CA, CB, quz ingrediebantur
rationem virium B, & A; ac eodem pacto AC X sin ACD= AD X sin ADC, & AB X
sin ABD = AD X sin ADB, adeoque AC X sin ACD ad AB X sin ABD, ut sinus ADC
ad sinum ADB, quibus directiones CD, BD inclinantur ad AD ; & eadem e¢st demonstratio
pro sinubus ADB, EDB assumpto communi latere BD.

317. 81 ducatur MO parallela DA, occurrens BD, CD in M, O, & compleatur parallelo-
grammum DMON ; crunt vires motrices in C, B, A ad se invicem, ut recte DO, DM, DN,
tF vires acceleratrices praterea in ratione massarum reciproca.  Est enim ex pracedenti vis
motrix in C ad vim in B, ut sin BDA ad sin CDA, vel ob AD, OM parallelas, ut sin DMO
ad sin DOM, nimirum ut DO ad DM, & simili argumento vis in C ad vim in A, ut DO
ad DN. * Vires autem motrices divisz per massas evadunt acceleratrices. Quamobrem s,
tres vires agerent in tdem punctum cum directionibus, quas habent ee vires motrices, &5 essent
1is proportionales ; binz componerent vim oppositam, &5 @qualem tertie, ac essent in aquilibrio.
1d autem ctiam directe patet : nam vires BQ, AH componuntur ex quatuor viribus BR,
BP, Al, AG, que si ducantur in massas suas, ut fiant motriges; evadit prima =qualis, &
contraria tertiz, quam idcirco elidit, ubi deinde AH, BQ componantur simul, & in ejusmodi

compositione remanent BP, AG, ex quarum oppositis, & ®qualibus CV, C4 componitur
tertia CT.

318. Hinc in hisce viribus motricibus habebuntur omnia, quz habentur in compositione
virlum ; dummodo capiatur [resolutio] composite contraria. Si nimirum resolvantur
singule componentes in duas, alteram secundum directionem tertize, alteram ipsi perpen-
dicularem, h® posteriores elidentur, illz priores conficient summam ®qualem tertiz, ubi
ambz eandem directionem habent, uti sunt binz, quz simul ingrediantur, vel simul evitent
triangulum ; nam in iis, quarum altera ingreditur, altera evitat, tertia equaretur differen-
tim; & facile tam hic, quam in ratione composita, res traducitur ad resolutionem in
aliam quamcunque directionem datam, preter directionem terti, binis semper elisis, &
reliquarum accepta summa ; si rite habeatur ratio positivorum, & negativorum.

AB xED AE
AD x BD’ AD’
gg, £ acceleratrices preeterea [148) in ratione reciproca massarum. Nam ex Trigonometria

¢ AB _ sin ADB o AE __ sin ADE
“! BDT sinBAD' ~ ED~ sinEAD
communis ; erit sin ADB ad sin ADE, ut

319. Est & illud utile : tres vires motrices in C, B, A sunt inter se, ut

Quare cum divisor sin BAD, & sin EAD sit

AB , AE

AD “ B

vel, ducendo utrunque terminum
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where sines of angles are considered, we can substitute for any of the angles, as often has
been done, & as will be done hereafter, their supplements ; for these have the same sines.

314. Hence we have the following corollary. Such accelerating effects are inversely as
the products of each of the two masses into its distance from the third mass, & inversely as the
sines of the angles between their directions &5 these distances ; &9 thus, if they are tnclined
at equal angles to these distances, the effects are inversely pr?om'anal to the products of the
masses into the distances from the third mass only. For the direct ratio of the sines of the
angles CBA, CAB is the same as that of the distances AC, BC, orinverscly as the distances
BC, AC; & if the latter is substituted for the former, we have three inverse ratios, which
are given in the cnunciation of this corollary. Further, when the angles are equal, their
sines are also equal, & thcir ratio is that of 1 to 1.

315. The motive forces are in a ratio compounded of two ratios only, namely, the direct
ratio of the sines of the angles the line joining each to the third mass &5 the line joining the two
to one another ; & the snverse ratio of the sines of the angles which their directions make with
these distances ; or the ratio compounded of the inverse ratio of these distances &3 the inverse
ratio of the latier sines.  Also, if the inclinations to the distances are equal to one another, the
ratio is the simple inverse ratio of the distances. For the motive forces are the sums of all
the forces determining velocity for all points in the direction along which the common
centre of gravity will move; & hence they are, other things apart, directly as the masses,
or as the number of points; & thus the direct & the inverse ratio of the masses eliminate
one another.

316, Further, the accelerations, if their directions meet at a point, are to one another in
the ratio compounded from the inverse ratio of the masses, & the inverse ratio of the sines of
the angles between their directions & that of the third. The motive forces are in the latter
ratio only. For, since the sides of a triangle are proportional to the sines of the opposite
angles, we have AC, sinCAD = CD. s5inCDA, & similarly, CB. sinCBA = CD. 5i»CDB.
Hence, since CD is common, the single ratio of the sines of ADC, BDC, the inclinations
of AD, BD, to CD, is equal to that compounded from the ratios of the sines of CAD, CBD,
& the distances CA, CB, which formed the ratio of the forces on B & A. In the same
way, AC. sitACD == AD. sinADC, & AB. sinABD = AD. sinADB, & therefore AC, sinACD
is to AB. sinABD as the sine of ADC is to the sine of ADB, the inclinations of CD, BD
to AD. The proof is the same for the sines of the angles ADB, EDB, by using the common
side DB.

317. If MO is drawn parallel to DA, meeting BD, CD in M, O respectively, € if the
parallclogram DMON 15 completed, then the motive forces for C, B, A will be to one another
as the straight lines DO, DM, DN ; §3 for the accelerations, we bawve in addition the inverse
ratio of the masses. For, from the preceding article, the motive force for C is to the motive
force for B as ssnBDA is to ssnCDA ; that 15 to say, since AD, OM are paralle], as sinDMO
is to sinDOM, or as DO is to DM. Similarly the force for C is to the force for B as DO
isto DN. Now, the motive forces divided by the corresponding masses give the accelerations.
Hence, if three forces act at a point, having the same directions as the motive forces & propor-
tional to them, the resultant compounded from any two of these will give a force equal €3 opposite
tothe third, & they will be in equslibrium. 'This is immediately evident ; for, the forces BQ,
AH are compounded from the four forces BR, BP, Al, AG; & if these are multiplied by
the corresponding masses, so as to give the motive forces, the first of them will come out
equal & opposite to the third & will thus cancel it, when later AH, BQ are compounded
together ; & in such composition we are left with BP, AG; & from CV & Cd, which are
equal & ogposite to these, the third force CT is compounded.

318. Hence for these motive forces, we have all those things which hold good in the
composition of forces, so long as resolution is considered to be the inverse of composition.
Thus, if each of the components is resolved into two parts, one in the direction of the third
force, & the other perpendicular to it, the latter will cancel one another, & the former
will give a sum equal to the third, when both have the same direction, as is the case when
both of them either fall within the triangle or both of them are directed away from it;
for those, in which one falls within the triangle & the other away from it, the third will
be equal to the difference. The matter, both in this, & in the ratio compounded of these,
is easily referred to a resolution in any chosen direction other than the direction of the
third, the two at right angles always cancelling one another & the sum being taken of those
that remain ; provided due regard is had to positives & negatives.

319. Here is another useful thecorem. The three motive forces on C, B, & A4 are in
the ratio of AB.ED/ADBD, AE/AD, BE/BD, 83 the accelerations bave, in addition,
the inverse ratio of the masses. For, by trigonometry, we have AB/BD == sinADB/5inBAD,
& AE/ED = sinADE/sinEAD. Hence, since the divisors sinBAD, & sinEAD are equal,
it follows that sinADB is to sinADE as AB/BD is to AE/ED; or, multiplying each term
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ED . AB xED ad AE
AD’ ©" AD X BD * AD’
..AB xXED BE .

"' AD % BD ° BD’ X quo patent omnia.

320. S5i punctum D abeat in infinitum, directionibus virfilum cvadentibus parallelis ;
ratio rectarum ED, AD, BD, ad se invicem evadit ratio xqualitatis. Quare in co casu
ill tres vires sunt ut AB, AE, EB, in quibus prima xquatur summz reliquarum. Conci-
piantur rectz parallelx directioni virlum ductz per omnium trium massarum centra
gravitatis, quarum massarum eam, quz jacucrit inter reliquarum binarum parallelas diximus
mediam : ac si ducantur in quavis alia dircctione data recta ab iis massis ad illas parallclas ;
crunt ejusmodi distantix ab 1is parallelis, ut ipse AB, B, ad quas erunt singulz in ratione
data, ob datas dircctiones. Quare pro viribus parallelis habetur hujusmodi theorema :
Vires parallele motrices binarum quarunvis ex iribus massis sunt inter se reciproce ut distantice
a directione communi transeunte per iertiam > vires autem acceleratrices preeterea in ratione
reciproca massarum, & media est directionis contrarie reymu reliquarum, ac vis media
motrix aquatur religuarum summe, utralibet vero extrema differentic.

in Simili autem argumento est itidem sin BDA. sin BDL

321. Hoc theorema primo quidem exhibet centrum quilibrii, viribus utcunque
divergentibus, vel convergentibus. Si nimirum sint tres massz A, B, C (& nomine massarum
ctiam intelligi possunt singula puncta), quarum binz, ut A, & B, solicitentur viribus
motricibus externis; poterunt mutuis viribus illas elidere, ac esse in mquilibrio, & eas
clident omnino, mutatis, quantum libuerit, parum mutuis distantiis; si fuerint ante
applicationem carum virium externarum in satis validis imitibus cohzsionis, ac vis massz
C elidatur fulcro opposito in directione DC, vel suspensione contraria : dummodo bina:
ill vires ducte in massas habeant conditiones requisitas in superioribus, ut nimirum amba
tendant ad idem punctum, vel ab codem, aut si fuerint parallela, amba eandem directionem
habeant, ubi simul ambaz ingrediantur, vel simul ambz evitent triangulum ABC: ubi
vero altera ingrediatur triangulum, altera evitet, tendat altera ad punctum concursus,
altera ad partes illi oppositas : vel si fucrint parallele, habeant directiones [149] oppositas :
& si paraﬁelm fuerint ; sint inter se, ut distantiz a directione virium transeunte per C;
si fuerint convergentes, sint reciproce, ut sinus angulorum, quos carum directiones continent
cum recta ex C tendente ad earum concursum, vel sint in ratione reciproca sinuum
angulorum, quos continent cum rectis AC, BC, & ipsarum rectarum conjunctim,

322, Dcterminabitur autem admodum facile per ipsa theoremata ctiam vis, quam
sustinebit fulcrum C, que in casu parallelismi 2zquabitur summz, vel differentize reliquarum,
prout ibi fuerit media, vel extrema: & in casibus reliquis omnibus xquabitur summe
pariter, vel differentiz reliquarum ad suam directionem reductarum, reliquis binis in
resolutione priorum sociis se per contrariam directionem, & zqualitatem elidentibus.

323. Habebitur igitur, quidquid pertinet ad zquilibnum virium agentium in eodem
plano, & conncxarum non per virgas mnflexiles carentes omni vi ‘Frmtcr cohasionemn, uti
eas vulgo concipiunt, sed hisce viribus mutuis. Et Theoria quidem habebit locum tum
hic, tum in sequentibus ; licet massae A, B, C non agant in se invicem immediate, sed sint
aliz massz intermediz, qua ipsas jungant. Nam si inter massam B, & C sint aliz mass=
nullis externis viribus agitat, & positz in zquilibrio cum hisce massis, & inter se, ac prima,
qu venit post B, agat in ipsam vi motrice ®quali BP, aget & B in ipsam vi xquali : quare
debebit illa ad servandum ®quilibrium urgeri a secunda, qua est post ipsam, vi zquali
in partes contrarias. Hinc zquali contraria aget tertia in secundam, ut sccunda in
zquilibrio sit, & ita porro, donec deveniatur ad C, ubi habebitur vis motrix zqualis motrici,
que crat in B, & erunt vires BP, CV acceleratrices in ratione reciproca massarum B, & C,
cum vires illz motrices ®quales sint producta ex acceleratricibus ductis in massas. At si
circumquaque sint massz quotcunque cum vacuis quibuscunque, ac ubicunque interjectis,
quz connectantur cum punctis A, B, C, affectis illis tribus viribus externis, quarum una
concipitur provenire a fulcro, una solet appellari potentia, & una resistentia, ac vires ille
externx QB, HA concipiantur resolutz singule in binas agentes secundum eas rectas,
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of the ratio by ED/AD, as AB.ED/AD.BD is to AE/AD. By a similar argument we
obtain also that sinBDA is to si"BDE as AB.ED/AD.BD is to BE/BD ; from which the
whole proposition is clear.

3z0. lf the point D goes off to infinity, & the directions of the forces thus become
parallel to onc another, the ratios of the straight lines ED, AD, BD finally become ratios
of cquality. Hence, in that case, the three forces are to one another as AB to AE to EB;
& the first of these is equal to the sum of the other two. Imagine straight lines drawn
parallel to the directions of the forces, through the centres of gravity of all three masses,
& let that one of the masses which lies between the parallcls drawn through the other
two be called the middle mass ; then, if we draw in any given direction straight lines from
the masscs to meet the parallels, the distances from the parallels measured along these lines
will be as AB, EB ; for the distances bear the same given ratio to AB, EB, on account of
the given directions. Hence for parallel forces we obtain the following theorem. Parallel
mative forces for any two out of three masses are to one another inversely as the distances from a
common direction passing through the third ; & the accelerations bave in addition the inverse
ratio of the masses. The middle acceleration is in an opposite direction to that of the others ;
&F the middle motive force is equal to the sum of the other two, whilst either outside one is
equal to the difference of the other two.

321. The theorem of the preceding article will yield the centre of equilibrium for
any forces, whether diverging or converging. For instance, if A, B, C are three masses
(& in the term masses, single points can also be understood to be included), of which two,
A & B say, are acted upon by external motive forces ; then the mass will be able to eliminate
these by means of mutual forces, & remain in equilibrium, & then to eliminate the mutual
forces entirely by changing slightly their mutual distances, as required ; provided that,
before the application of those external forces, they were in positions corresponding to a
sufficicntly strong limit point of cohesion, & the force on the mass C was cancelled by a
fulcrum opposite to the direction DC, or by a contrary suspension ; & so long as the two
forces muﬁlplied each by its corresponding mass preserve the conditions stated as requisite
in the above, namely, Jlrat both tend to the same point or both away from it, or if they
are paralle] both have the same dircction, when they both together fall within the triangle
ABC, or both tend away from it ; or if, on the other hand, when one of them falls within the
triangle & the other away from it, the one tends to the point of intersection & the other
away from it, or if they are Earallel have opposite directions. Further, if they are parallel,
they are to one another as the distances from the direction of forces which passes through
C; if they arc convergent, they are inversely as the sines of the angles between their directions
& the straight line through é to their point of intersection ; or arc in the inverse ratio
of the sines of the angles ietwcen their directions & the straight lines AC, BC & the ratio
of thesc straight lines jointly.

322. It is moreover quite casy by means of the theorems to determine also the force
on the fulcrum placed at C; this, in the case of parallelism, will be equal to the sum or
the difference o? the other two forces according as C is the middle or one of the outside
masses. In all other cases, it will be equal to the sum or difference of the other forces,
in a similar way, if thesc are reduced to the direction of the force on C, the remaining pairs
of forces that are associated with the former in the resolution cancelling one another on
account of their being equal & opposite.

323. Hence may ie obtained all things that relate to the equilibrium of forces acting
in one plane, & connected, not by inflexible rods lacking all force except cohesion, but by
these mutual forces. The Theory holds good indeed, not only here, but also in what
follows ; that is to say, although the bodics A, B, C may not act upon onec another directly,
yet there are other intermediate masses which connect them. For, if between A & B
there were other masses not influecnced by any external forces, & placed in equilibrium
with these masses & with one another, then the first mass which comes after B will act
upon B with a motive force equal to BP, & B will act upon it with an equal force ; hence,
to preserve the equilibdum, this mass must be acted upon by the second, the one which
comes next after it, with a force equal & opposite to this. Hence it follows that the third
must act on this second with a force equal & opposite to that, in order that the second
may be in equilibrium ; & so on, until we come to C, where we have a motive force cqual
to that acting on B; & the accelerations BP, CV will be in the inverse ratio of the masses
B & C, since the equal motive forces are proportional to the products of the accelerations
into the masses. Moreover, if in any positions there are any number of masses, having
any empty spaces interspersed anywhere, & these arc in connection with three masses A,
B, C, which are under the influence of those three forces, of which onc is assumed to be
produced by a fulcrum, one is usually termed the power, & the third the resistance; &
if the cxternal forces BQ, HA are considered to be resolved each into two parts acting along
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quz illa tria puncta conjungunt; poterit elisis mutuo reliquis omnibus =zquilibrium
constitucntibus devenirt acf vires in punctis binis, ut A, & C, acceleratrices contranas viribus
BP, BR, & rcciproce proportionales massis ipsarum respectu masse B ; licct ipsa provcniant
a massis quibusvis etiam non in eadem dircctione sitis, & agentibus in latus: nam per
ejusmodi resolutionem, & ejusmodi virtum considerationem adhuc habetur zquilibrium
totius systematis affecti in illis tribus punctis"dper illas tres vires, cum assumantur in iis
tantummodo vires motrices contrariz, & xquales: unde fit, ut etiam ille, qua preetcrea
ad has in illis considerandas assumuntur, & per quas connectuntur cum reliquis massis,
se mutuo elidant.

[r50])324. Quod si vires ejusmodi non fuerint in ea rationc inter se; non poterunt
puncta B, & A esse in zquilibro, sed consequetur motus secundum directionem e¢jus, qua
prevalet : ac si omnis motus puncti C fuerit impeditus ; habebitur conversio circa ipsum C.

325. Quod si non in tribus tantummodo massis habeantur vires externz, sed in pluribus ;
licebit considerare quanvis aliam massam carentem omni externa vi, & eam concipere
connexam cum singulis reliquarum massis, & massa C per vircs mutuas, ac habebitur itidem
Theoria pro wquilibrio omnium, cum positione omnium constanter servata etiam sine
ulla figurzz mutatione, quz sensu percipi possit.  Quin immo si singula vires illx externz
resolvantur in duas, quarum altera urgeat in dircctione rectz transcuntis per C, ac elidatur
vi proveniente a solo puncto C, & altera agat perpendiculariter ad ipsam, ut habeatur
zquilibrium in singulis ternariis; oportebit esse singulas vires nova massz assumptz ad
vim ejus, cum qua conjungitur, in ratione reciproca distantiarum ipsarum massaruma C;
cum jam sinus anguli recti ubique sit idem. Debebunt autem omnes vires, qua in massam
assumptam agunt directionibus contrariis, se mutuo clidcre ad habendum zquilibrium,
Quare debebit summa omnium productorum earum virium, qua urgent conversione in
unam plagam, per ipsarum distantias a centro conversionis, quari summa productorum
earum, qua urgent in plagam oppositam, per distantias ipsarum, ut habeatur zquilibrium ;
cumque arcus circulares In ea conversione descripti dato tempusculo sint illis distantiis
proportionales, & proportionales sint ipsis arcubus velocitates; debebunt singularum
virium agentium in unam plagam producta per velocitates, quas haberent puncta, quibus
applicantur secundurm suam ﬁirectioncm, si vincerentur,-vs contra, si vincerent, simul
sumpta zquari summx ejusmodi productorum agentiumn in plagam oppositam. Atque
inde habetur principium pro machinis & simplicibus, & compositis, ac notio illius, quod
appellant momentum virium, deducta ex eadem Theoria.

326. Casus trium tantummodo massarum cxhibet vectem, cujus brachia sint utcunque
inflexa. Quod si tres massx jaceant in directum, efformabunt rectilineum vectem, qui
quidem applicatis viribus inflectetur semper nonnihil, ut & in superioribus casibus semper
non nihil a priore positionc discedet systema novis viribus externis affectum ; sed is discessus
potcrit esse utcunque exiguus, ut supra monui : si limites sint satis validi ; adeoque poterit
adhuc vectis esse ad sensum rectilineus. Tum vero vires externz dcbebunt esse unius
directionis, & contrariz directioni vis mediz, & binz quavis ex iis crunt ad se invicem
reciproce, ut distantiz a tertia. Inde autem oriuntur tria genera vectium : si fulcrum,
vel hypomochlium, sit in medio in E, vis in altero extremo A, [151] resistentia in altero
B; vis ad resistentiam est, ut BE, distantia resistentiz a fulcro, ad AE distantiam vis ab
eodem : fulcrum autem sentiet summam virfum. Et quod de hoe vectis genere dicitur,
id omnec ad libram pariter pertinet, quz ad hoc ipsum vectis genus reducitur, Si fulerum
sit in altero extremo, ut in B, vis in altero, ut in A, & resistentia in medio, ut in E; vis
ad rcsistentiam erit in rationc distantiz EB ad distantiam majorem AB, cujus idcirco
momentum, scu encrgia, augetur in ratione suz distantiz AB ad EB, ut nimirum possit
tanto majori resistentizc @quivalere. Si demum fuerit quidem fulcrum in altero extremo
B, & resistentia in A, vis prior in E; tum e contrario erit resistentia ad vim in majore
ratione AB ad EB, decrescente tantundem hujus energia, seu momento. In utroque
autemn casu fulcrum sentiet differentiam virium,

327. Quod si pertice utcunque inclinatz applicetur pondusin aliquo puncto E, & bini
humeros supponant in A, & B, sentient ponderis partes inzquales in ratione reciproca
distantiarum ab ipso; & si e contrario bina pondera suspendantur in A, & B utcunque
inzqualia, assumpto autem puncto E, cujus distantize a punctis A, & B sint in ratione
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the lines which join the threc points ; then it will be possible, all the other forces constituting
the equilibrium cancelling onc another, to arrive at accelerations for the two points A & C
say, in oppositc directions to the forces BP, BR, & inversely proportional to their masses
with regard to the mass B. This will be the case, even although they may proceed from
any masses not lying in the same direction, & acting to one side ; for, by mcans of resolution
of this kind, & a consideration of such forces, we yet have cquilibrium of the whole system
affected at the three points by the three forces, since here arc assumed only motive forces
such as arc equal & opposite. Hence it follows that the former, which are assumed in
addition for the consideration of the latter in such cases, & by which they arc connected
with the other masses, must also cancel one another.

324. But if such forces are not in this ratio to one another, the points B & A cannot The nature of the
be in equilibrium ; but motion would follow in the direction of that which preponderated ; pioton yhen equili
also if all motion of the point C were prevented, then there would be rotation about C. obtain,

325. Now if we have external forces acting, not on three masses only, but on several, Extension to the
we can consider any one mass to be without an external force, & suppose that this mass Squibrinm of any
is connected to each of the others, & to thc mass C, by mutual forces ; & the Theory will & thence a generai
hold good for the cquilibrium of them all, with the position of them all constantly maintained Principle = for
without any change of figure so far as can be observed. TFurther, if all the external forces ratio of moments.
are resolved each into two parts, of which one acts along the straight linc passing through
C, & is cancclled by a force procceding from C alone, & the other acts perpcndiculaﬁy
to this line, so that equilibrium is obtained for each sct of three ; then it will be neccssary
that cach of the forces on the new mass chosen will be to the force of that to which it is
joined in the inverse ratio of thesc masses from C, since now the sines of the right angles
arc cverywhere the same. Also all the forces which act on the chosen mass in opposite
directions, must cancel onc anather to maintain equilibium. Hence the sum of all the forces
which tend to produce rotation in onc direction, each multiplied by its distance from the
centre of rotation, must be equal to the sum of the products of the forces which tend to
produce rotation in the opposite direction, multiplied by their distances, in order that
equilibrium may be maintained. Since the circular arcs in this rotation which are described
in any interval of time are proportional to the distances, & these are proportional to the
velocities in the arcs, it follows that the products of each of the forces acting in one direction
by the velocitics which correspond to the points to which they are applied, in the direction
of the forces if they are overcome, & in the opposite direction if they overcome, all together
must be equal to the sum of the like products acting in the other direction. Hence is
derived a principle for machines, both simple & complex; & also an idea of what is called
the moment of forces; & these have been deduced from this same Theory.

326. The case of three masses only yields the case of the lever, whose arms are curved Application to all
in any manner. But if the three masses lie in one straight line, they will form a rectilinear @ads of levers.
lever ; now this, on the application of forces, will always be bent to some degree; just as,
in the cases above, the system when affected by fresh external forces always departed from
its original position to some extent. But this departure is exceedingly slight in every case,
as I mentioned above, if only the limit-points are sufficiently strong; & thus the lever
can still be considered as sensibly rectilinear. In this case, then, the external forces must
be in the same direction, & in an opposite dircction to that of the middle force, & any two
of them must be to one another in the inverse ratio of their distances from the third. Now
from this there arise three kinds of levers. If the fulerum, or lever-support, is in the
middle at E, the force acting on one end A & the resistance at the other end B ; then the
ratio of the force to the resistance is as BE, the distance of the resistance from the fulcrum,
to AE the distance of the force from it; & the force on the fulcrum will be the sum of
the two, What is said about this kind of lever applies equally well to the balance, which
reduces to this kind of lever. If the fulcrum shourd be at one end, at B say, the force at
the other, A, & the resistance in the middle, at E; then the force is to the resistance in
the ratio of the distance EB to the grcater distance AB; & therefore the moment, or
energy, will increase in the ratio of the distance AB to EB, so that indecd it may be able
to balance a2 much greater resistance in proportion. [inally, if the fulerum were at one
cnd, B, the resistance at A, & the former force at E; then, on the contrary, the resistance
is to the force in the greater ratio of AB to EB, thus decreasing its energy or momentym
in the same proportion. In both these latter cases the force on the fulcrum will be equal
to the difference of the forces. Consequences o

327. Now, if toalong pole, inclined at anyangle to the horizontal, a weight is applied fhis doctrine of
at any point E; & if two men Elacc their shoulders under the pole at A & B; then they ;;fe of the. seoel.
will support unequal parts of the weiglt, in the inverse ratio of their distances from it, yard. The reason
Conversely, if two unequal weights of any sort are suspended from A & B, & a point E i b e

s poInNt & IS be considered as if

taken whose distances from the points A & B are in the inversc ratio of the weights, & so tollected at the
centre of gravity,
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reciproca ipsorum ponderum, adeoque massarum, quibus pondera proporticnalia sunt,
quod idcirco erit centrum gravitatis; suspensa per id punctum pertica, vel supposito
fulcro, habebitur ®quilibrium, & in E habebitur vis xqualis summz ponderum. Quin
iinmo'si pertica sit utcunque inflexa, & pendeant in A, & B pondera ; suspcndatur autem
ipsa pertica per C ita, ut directio verticalis transcat pcr centrum gravitatis; habebitur
xzquilibrium, & ibi sentietur vis axqualis summz ponderum, cum ob naturam centri
gravitatis debeant esse singula pondera, seu massz ductz in suas perpendiculares distantias
a linca verticali, quam etiam vocant lineam directionis, hinc, & inde zqualia. Nam vires
ponderum sunt parallele, & in iis juxta num. 320 satis est ad =quilibrium, i vires motrices
sint reciproce proportionales distantiis a directionc virium transeunte per tertium punctum :
sentietur autem in suspensione vis xqualis summa ponderum. Atque inde fluit, quidquid
vulgo traditur de zquilibrio solidorum, ubi linea directionis transit per basim, sive fulcrum,
vel per punctum suspensionis, & simul illud apparet, cur in iis casibus haberi possit tota
massa tanquam collecta in suo centro gravitatis, & habeatur aquilibrium impedito cjus
descensu tantummodo. Gravitas omnium punctorum non applicatur ad centrum gravi-
tatis, nec ibi ipsa agit per sesc; scd ejusmodi csse debent distantiz punctorum totius
systematis, ut inter fulcrum, & punctum ipsi imminens habeatur vis quedam =qualis
summa virium omnium parallelarum, & directa ad partes oppositas directionibus illarum.
Theoriam exhibere {152] 328, At non minus feliciter ex eadem Theoria, & ex eodem illo thearcmate,
egregie itidem cen. . . . . B o e . 2. : . .
trum oscillationis, Huit determinatio centri oscillationis. Pendula breviora citius oscillant, remotiora lentius.
Quid ipsum sit.  Quare ubi connexa sunt inter se plura pondera, aliud propius axi oscillationis, aliud remotius
ab ipso, oscillatio neque fiet tam cito, quam requirunt propiora, neque tam lente, quam
remotiora, sed actio mutua debebit accelerare hazc, retardare illa. Erit autem aliquod
unctum, quod nec accclerabitur, nec retardabitur, sed oscillabit, tanquam si esset solum.
llud dicitur centrum oscillationis. Determinatio illius ab Hugenio primum est facta, sed
precario, & non demonstrato principio : tum alii alias itidem obliquas inierunt vias, ac
precipuas quasque methodos huc usque notas persecutus sum in Supplementis Stayanis
§ 4 lib. 3. En autem ejus determinationem simplicissimam ope ejusdem theorematis
numeri 313.
Preparatio ad solu. 329. Sint plures massz, quarum una A in fig. 63, mutuis viribus singul® connexz cum
;"‘l’;;",‘“{‘:°"'°i;’;}; P, cujus motus sit impeditus suspensione, vel fulcro, & cum massa Q jacente in quavis
centrum, recta PQ, cujus massz Q motus a mutuo nexu nihil turbetur, qua nimirum sit in centro
oscillationis. Porro hic cum massas pono in punctis spatii A, P, Q, intelligo vel puncta
singula, vel quavis aggregata punctorum, quz concipiantur, ut compenetrata in iis punctis.
Velocitati jam acquisitz in cﬁ:sccnsu nihi? obstabit is nexus, P
cum ea sit proportionalis distantiz a puncto suspensionis P,
nisi quatenus per eum nexum retrahentur omnes masse a
recta tangente ad arcum circuli, sustinente puncto ipso sus-
pensionis justa num. 282 vim mutuam respondentem iis om-
nibus viribus centrifugis. Resoluta gravitate in duas partes,
quarum altera agat secundum rectam, qua jungit massam cum A / A
P, altera sit ipsinperpendicularis,idem punctum P sustinebit \(
etiam priorem illam, posterior autem determinabit massas Q)
ad motus AN, QM, perpendiculares ipsis AP, QP, ac pro- N
portionales per num. jor sinubus angulorum APR, QPR,
existente PR verticali. Sed nexus coget describere arcus

similes, adeoque proportionales distantiisa P. Quaresi sit AO G G
spatium, quod vi gravitatis obliquz, sed ex parte impeditz 2

nexu, revera percurrat massa A 3 quoniam Q non turbatur, Q

adeoque percurrit totum suum spatium QM ; erit QM ad Q
AO, ut (5? ad AP. Demum actio ex A in Q ad actionem v

ex Q in A proportionalem ON, erit ex theoremate numeri R

314utest Q X QPad A X AP, & omnes cjusmodi actiones Fis. 63.
ab omnibus massis in Q debebunt evancscere, positivis & negativis valoribus se mutuo
clidentibus. Ex illis tribus proportionibus, & hac =qualitate res omnis sic facillime

expeditur. ) .

sglzti;g;g:arl:mtb. 330. Dicatur QM = ‘\'a/, sinus APR = a4, sinus QPR = ¢, Erit cx prima proportione
g:a:: QM=V:AN =2 V. [153]ExsecundaQP. AP::QM = V. Ao=gg % V.
Quare ON =(—;——-O!%)) x V. Sed ex tertia

N (4 AP aX A XAP A x AP \4
QxQP.AxAP..ON—(? QP)XV'( ¢ T op )xQxQP’
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of the masses to which the weights are proportional, so that the point is their centre of
gravity ; then, if the pole is suspended ﬁy this point, or a fulcrum is F]aced beneath it,
there will be equilibrium, & the force at E will be equal to the sum of the two weights.
Further, if the pole were bent in any manner, & weights were suspendcd at A & B, & the
pole itself were suspended at C, so that the vertical direction passes through the centre
of gravity of the weights; then there would be equilibrium, & there would be a force at
C equal to the sum of the weights, For, on account of the nature of the centre of gravity,
each of the weights, or masses, multiplied by its perpendicular distance from the vertical
line, which is also called the line of direction, must be equal on the one side & on the other,
For the forces of the weights arc parallel ; & for such, according to Art. 320, it is sufficient
for cquilibrium, if the motive forces are proportional inversely to the distances from the
direction of forces passing through the third point; moreover there will be experienced
at the point of suspension a force equal to the sum of the weights. Hence is derived every-
thing that is usually taught concerning the equilibrium of solids, where a line of dircction
passes through the base, or through tﬁe fulcrum, or through the point of suspension ; at
the same time we get a clear perception of the reason why in such cases the whole mass
can be considered as if it were condensed at its centre of gravity, & equilibrium can be
obtained by merely preventing the descent of this point. The gravity of all the points is
not ap liec{ at the centre of gravity, nor does it act there of itself ; but the distances of
the points of the whole system must be such that between the fulcrum & the point hanging
just over it there must be a certain force equal to the sum of all the parallel forces, & directed
so as to be opposite to their direction.

328. In a no less happy manner there follows from this same Theory, & from the
very same theorem, the determination of the centre of oscillation. Shorter pendulums
oscillate more quickly, & longer ones more slowly. Hence when several weights are
connected together, one nearer to the axis of oscillation, & anothcr more remote from it,
the oscillation is ncither so fast as that required by the nearer, nor so slow as that required
by the morc remote; but a mutual action must accelerate the one & retard the other.
Morcover there will be one point, which will be neither accelerated nor retarded, but
will oscillate as if it were alone ; that point is called the centre of oscillation. Its deter-
mination was first made by Huygens, but from a principle that was doubtful & unproved.
After him, others came upon it indirectly, some in one way & some in another; & I
investigated some of the best methods then known in the Supplements to Stay’s Philosophy,
§ 4, Bk. 3. Now I present you with an exceedingly simple determination of it, denved
from that samec thcorem of Art. 313.

329. Suppose there are several masses, of which in Fig. 63 onc is at A, & that each of
these is connected to P by mutual forces ; & let the motion of P be preventéd by suspension,
or by a fulcrum ; also let A be connected with a mass Q lying in a straight line PQ, & let
the motion of this mass Q be in no way affected by the mutual connection, as will happen
if Q is at the centrc of oscillation. Now, when I place masses at the points of space A,
P, Q, I intend single points of matter, or any aggregates of such points, which may be
considered as condenScs at those points of space. The connection will not oppose in any
way the velocity already acquired in descent, since it is proportional to the distance from
the point of susgension P; except in so far as all the masses are pulled out of the tangent
line into a circular arc by the connection, the point of suspension itself being under the
influence of a mutual force corresponding to all the centrifugal forces: If gravity is
resolved into two parts, one of which acts along the straight line joining the mass to P,
& the other perpendicular to it ; then the point P will sustain the former of these as well,
but the latter will give to the masses the motions AN, QM, respectively perpendicular
to AP, QP, & proportional, by Art. 301, to the sines of the angles APR, QPR, where PR
is the vertical. But the connection forces them to describe arcs that are similar, & therefore
proportional to the distances from P. Hence, if AO is the space, which under the oblique
force of gravity, but partly hindered by the connection, the mass A would really pass over ;
then, since Q is not affected, & will thus pass over the whole of its course QM, we shall
have QM to AO as QP to AP. Lastly, the action of A on Q is to the action of Q on A,
(which is proportional to ON), as Q X QP is to A X AP, by the theorcm of Art. 314;
& all suchactions from all the masses upon Q must vanish, the positive & negative values
cancelling one another. From the three proportions & this equality the whole question
is worked out in the easiest possible way.

330. Suppose QM = V, the sine of APR = 4, the sine of QPR =g.
from the first proportion, g: 4= QM : AN, thercfore AN = a.V/g; &, sincc from
the second proportion, QP : AP= QM : AO, therefore AQ = KP.V/QP. Hence
ON = (a/q — AP/QP).V. But, from the third proportion, Q X QP is to A X AP as
ON is to the action of A on Q. Therefore the action on Q due to the connection with A

Then, since

The Theory aflords
an excellent expla.
nation of the
centre of oscillation
as well,

Preparation for the
solution of the
problem of finding
tbis ccntre.

Solution of the
preblem and its
deraonstration.
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quz erit actio in Q ex nexu cum A. At eodem pacto si esset alibi alia massa B itidem
connexa cum P, & Q, actio in Q inde orta haberetur, positis B, & loco A, 2; & ita porro
in t{}ubusquls massis C, D, &c. Omnes autem isti valores positi = o, dividi possent per

Q%X Op utique commune omnibus, & deberent e valoribus conclusis intra parenthescs ii,

qui sunt positivi, ®quales esse negativis. Quare habebitur ,
a XA XAP+4 5 XB XBP A xXAP*4 B X BP2&c,
= ap \

g

% inde QP — g x A XAP + B x BPi e,

QP =4 X oA X AP 5% B X BPE.

331. Sint jam primo omnes masse in eadem recta linea cum puncto suspensionis
P, & cum centro oscillationis Q ; & angulus QPR zquabitur cuivis ex angulis APR, ac ejus
A X AP?* 4 B X BP* &c.
A XAP 4+ B X BP &c.’
qua cst ipsa formula Hugeniana pro ponderibus jacentibus recta transeunte per centrum
suspensionis.

sinus g singulis sinubus 4, 5&c. Quare pro co casu formula evadit

332. Quod si jaccant extra cjusmodi rectam in plano POR perpendiculari ad axem
rotationis transcuntem per P; sit G centrum commune gravitatis omnium massarum,
ducanturque perpendicula AA’, GG’, QQ’ ad PR, & erit ut radius = 1 ad a, ita AP ad
AA'=a X AP; & ecodem pacto QQ' =g X QP, GG’ =g X GP. Substitutis AA’
pro a X AP & eodem lesto EB' I?Equam Figura non ecxprimit) pro & X BP
. _ A X AP 4 B X BP? &c
Ke. evadat QP = ¢ X F S AA T Bx BB &e.
cst per num. 24§ ex natura centrj gravitatis, A X AA’+ B X BB’ &.=M X GG'=
M x g X GP. Habebitur igitur valor QP radii nihil turbati in ea inclinatione
.q_xA X AP? 4 B x BPz &c.
g M x GP ’

Sed si summa massarum dicatur M,

[154] 333. Is valor erit variabilis pro varia inclinationc ob valores sinuum g¢, & ¢
variatos, nisi QP transeat per G, quo casu sit ¢ == g; & quidem ubi G accedit in infinitum

ad PR, decrescente g in infinitum, si PQ non transcat per G, manentc finito ¢, valor g

excrescit in infinitum ; contra vero appellente QP ad PR, e¢vadit ¢ = o, & g remanet aliquid,
adeoque % evanescit. 1d vero accidit, quia in appulsu G ad verticalem totum systema

vim acceleratricem in infinitum imminuit, & lentissime acceleratur; adeoque ut radius
PQ adhuc obliquus sit ipsi in ea Particula oscillationis infinitesima isochronus, nimirum
®que parum acceleratus, debet in infinitum produci. Contra vero appellente PQ ad PR
ipsius acceleratio minima esse debet, dum a@huc acceleratio radii PG obliqui est in
immensum major, quam ipsa; adeoque brevitate sua ipse radius compensare debet
accelerationis imminutionem.

334. Quare ut habeatur pendulum simplex constantis longitudinis, & in quacunquc
inclinatione isochronum composito, debet radius PQ ita assumi, ut transeat (rcr centrum
gravitatis G, quo unico casu fit constanter ¢=g, & formula evadit constans
QP-_—A X AP* + B X BP:? &c,

M x GP
massarum quotcumque, & quomodocunque collocatarum in eodem plano perpendiculari
ad axem rotationis, qui casus generaliter continet casum massarum jacentium in cadem
Tecta transeunte per punctum suspensionis, quem prius eruimus.

, que est formula generalis pro oscillationibus in latus

335. Inde autem pro hujusmodi casibus plura corollaria deducuntur. Inprimis
patet: gravitas centrum debere jacere in recta, que a centro suspensionis ducitur per centrum
oscillationis, uti demonstratum est num. 334. Sed & debet jacere ad eandem partem cum
ipso centro oscillationis. Nam utcunque mutetur situs massarum per illud planum,
manentibus puncto suspensionis P, & centro gravitatis G, signum valoris quadrati cujusvis
AP, BP mancbit semper idem. Quare formula valoris sui signum mutarc non poterit ;
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. a XA XAP A XAP: \4

\wllbe( Op )XQXQP'
mass somewhere else, also connected with P & Q, the action on Q arising from its presence
would be obtained, if B & & were substituted for A & 4; & so on for any masscs C, D,
&c. Now, putting all these values together cqual to zero, they can be divided through
by V/(Q x QP), which is common to every one of them; & those of the values included
in the brackets that are positive must be equal to those that are negative. Hence we have

(@ XA XAP+ b x B X BP+ &c.)/g = (A x AP* 4- B x BP? 4 &c.)/QP;

A X AP 4 B x BP* 4 &c.
d = g.
and hence QP = ¢. Zor AP+ 5 X B X BP J &c.

331. Suppose now, first of all, that all the masses lie in one straight line with the point
of suspension P, & so with the point of oscillation Q; then the angle QPR will be equal
to any one of the angles like APR, & its sine ¢ will be equal to any one of the sines a, &
&c. Hence for this case the formula reduces to

A X AP* 4 BBP* 4- &c. |

A XAP 4+ B X BP + &c.’
& this is the selfsame formula found by Huygens for weights lying in the straight linc passing
through the centre of suspension.

332. But if the masses lic outside of any such line, in the planc POR, perpendicular
to the axis of rotation passing through P, suppose that G is the common centre of gravity
of all the masses, & let perpendiculars AA’, GG’, QQ’ be drawn to PR. Then, since the
radius (= 1) :a2 = AP : AA’, therefore AA' = 4 x AP: & in a similar manner, QQ’' =
g X QP, & GG’ =g x GP. Now, if AA’ is substituted for @ X AP, & similarly BB’
(not shown in the figure) for 5 X BP, & so on; the formula will become

QP — A X AP*+4 B x BP? 4 &c.
A< AA + B X BF + &¢.
But, if the sum of the masses is denoted by M, then, by Art. 245, from the nature of the
centre of gravity, we have A X AA'4-B X BB’ 4-&.=M XGG'=M x g x GP;
& thercfore we obtain the value of the radius QP, in a form that is independent of the
inclination, namely,

253

In the same manner, if there were another

_g_xA X AP? 4- B xBP* 4- &c.
g M x GP

333. The value obtained will vary with various inclinations, owing to the varying
values of the sines ¢ & g, unless QP passes through G ; in which case ¢ = g. Indeed, when
G approaches indefinitely near to PR, & g thus decrease indefinitely, if PQ does not pass
through G, thus leaving ¢ finite, the value of g/g will increase indeg;litely. On the other
hand, when QP coincides with PR, ¢ = O, & g will remain finite ; & thus q/g will vanish.
This indeed is just what does happen ; for, when G approaches the vertical the whole
sYstem diminishes the accelerating force indefinitely, & it is accelerated exceedingly
slowly ; thus, in order that the radius PQ whilst still oblique may be isochronous during
that infinitesimally small part of the oscillation, that is to say, may be accelerated by an
equally small amount, it must be prolonged indefinitely. On the other hand, as PQ
approaches PR, its acceleration must be very small, whilst the acceleration of the radius
P(F which is still oblique is immensely greater in comparison with it; & thus the radius
PQ must by its shortness compensate for the diminution of the acceleration.

334. Hence, in order to obtain a simple pendulum of constant length, isochronous
at any inclination with the composite pendulum, the radius PQ must be so taken that it
passes through the centre of gravity G, in which case alone g = g, & the formula reduces
to a constant value for QP, which

__AXAP*+4 B X BP? 4- &c.

o M x GP )
This is a general formula for oscillations to one side of any number of masses, disposed in
any way whatever in the same plane, the plane being perpendicular to the axis of rotation ;
& this case contains in generaipthe case of masses lying in the same straight line through
the point of suspension, which we have already solved.

335- Now for cases of this sort many corollaries can be derived from the theorem
;)rovcd above. First of all, it is clear that —The centre of gravity must lie in the straight
ine joining the centres of oscillation € suspension ; this has been proved in Art. 335. But
also it must lie on 1he same side of the point of suspension as does the centre of oscillation. For
however the positions of the masses are changed in the plane, so long as the positions of
the points of suspension P & of the centre of gravity G remain unaltered, the sign of the
value of any square, such as AP, BP, will remain the same. Hence the formula cannot
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adeoque si in uno aliquo casu jaceat Q respectu P ad eandem plagam, ad quam jacet G ;
dcbebit jacere semper. Jacet autem ad eandem plagam in casu, in quo coneipiatur, omnes
massas abire in ipsum centrum gravitatis, quo casu pendulum cvadit simplex, & centrum
oscillationis cadit in ipsum centrum gravitatis, in quo sunt mass. Jacebit igitur semper
ad eandem partem cum G.
[155] 336. Deinde debet centrum gravitatis jacere inter punctum
suspensionis, &5 centrum oscillationis. Sint enim in fig. 64
puncta A, P, G, Q cadem, ac in fig. 63, ducanturque AG,
AQ, & Aa perpendicularis ad PQ ; summa autem omnium
massarum ductarum in suas distantias a recta quapiam, vel
plano, vel in carum céuadrata, designetur prafixa litera [ soli
termino pertinente ad massam A, ut contractiores evadant
2
Erit ex formula inventa PQ =I—£—-—-——§ éll), .
Porro est AG* = AP? 4- GP? — 2 GP X Pa, adeoque
AP* = AG? — GP* 4 2 GP X Pa,
& JAXGP? est M x GP2,
ob GP constantem ; ac [.A X Pa=M X GP, cum Pa sit
wqualis distantiz masse a plano perpendiculari rectz QP
transeunte per P, & corum productorum summa ®quetur distan-
tiz centri gravitatis ductz in summam massarum; adeoque
(A X 2 GP XPa erit=2 M x GPz
JAxAP* _ JAXAG*—M xXGP*+42M xGP* _ [A XAG!—{-GP.
MxGP M x GP M xG
2

Eritigitur PQ major, quam PG, excessu GQ= Iﬁ%ég—

337. Ex illo excessu facile constat, mutato utcunque puncto suspensionis, rectangulum
sub binis distantiis centri gravitatis ab ipso, & a Kentro oscillationis fore constans. Cum

. . 2 . . 2

enim sit QG = {I&_E%g_’ erit GQ X GP = I——%—&‘G—,
& habetur hujusmodi clegans theorema: singule masse ducantur in quadrata sunarum
distantiarum a centro gravitatis communi, 8 dividatur omnium ejusmodi productorum summa
per summam massarum, ac babebitur productum sub binis distantiis centri gravitatis a centro

P

demonstrationes.

G
Q

Fi16. 64.

Quare
quod productum est constans,
debere etiam centrum oscillationis manere nibil mutatum ; utcunque totum systema, servata
a distantiis, guas singule masse habent a centro gravitatis.
oscillationis [156] centrum tllud, quod fierat punctum suspensionis ; £ alterius distantia a
habuerat prima; debet pro grima obvenire valor, quem habuerat secunda, & altera
340. Consequitur etiam illud : Altera rx iis binis distantiis evanescente, abibit altera
centro gravitatis, remanet semper finita quantitas: adeogque remanct finita etiam, si
341, Hinc vero iterum deducitur: Suspensione facta per tpsum cemtrum gravitatis
oscillationis evadit nulla.
isochroni pendulo facto per suspensionem dati systematis ; sed aliqua debet esse minima,
earum summa, ubi altera crescente, & altera decrescente, incrementa prius minora

suspensionis & a centro oscillationis.
338. Inde autem primo eruvitur illud ; manente puncto suspensionis, & centro gravitatis,
respectiva omnium massarum- distantia, & positione ad se invicem convertatur imtra idem
planum circa ipsum gravitatis centrum ; nam illa GP inventa eo pacto pendet tantummodo
339. Sed & illud sponte consequitur: Centrum oscillationis, & centrum suspensionis
reciprocari ita, ul, si fiat suspensio per id punctum, quod fuerat cemtrum oscillationis ; evadat
centro gravitatis mutata, mutetur &5 alterius distantia in cadem ratione reciproca.  Cum enim
carum distantiarum rectangulum debeat esse constans ; si Ero secunda ponatur valor, guem
cbet
xquart quantitati constanti divisz per alteram.
in infinitum, nisi omnes masse in wmico puncto sint simul compenetrate. Nam sine cjusmodi
compenetratione summa omnium productorum ex massis, & quadratis distantiarum a
dividatur per summam massarum, & quotus, manente diviso finito, crescit in infinitum ;
si divisor 1n infinitum decrescat.
nullum motum consequi. Evancscit enim in eo casu distantia centri gravitatis a puncto
suspenstonis, adeoque distantia centri oscillationis crescit in infinitum, & celeritas
342. Quoniam utraque distantia simul evanescere non potest, potest autem centrum
oscillationis abire in infinitum; nulla erit maxima ¢ longitudinibus penduli simplicis
suspensione  quadam inducente omnium celernmam dati systematis oscillationem.. Ea
vero minima debet esse, ubi ille binz distantiz @quantur inter se : ibi enim evadit minima
decrementis, incipjunt esse majora, adeoque ubi ea zquantur inter se. Quoniam autem
ille bine distantiz mutantur in eadem ratione, utut reciproca; incrementum alterius
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change the sign of its value; & thus, if in any one case, Q lies on the same side of P as
G does, it must always lic on the same side. Now they lie on the same side for the case
in which it is supposed that all the masses go to their common centre of gravity ; for in
this case the pendulum becomes a simple pendulum, & the centre of oscilfation coincides
with the centre of gravity, at which all the masses are placed. Hence it will always fall
on the same side of the centre of suspension as G does.

336. Next, the centre of gravity must lie tniermediate between the centre of suspension
€S the centre of oscillation. For, in Fig. 64, let the points A, P, G, O be the same points as
in Fig. 63; & let AG, AQ, & Aa be drawn perpendicular to PQ. Then, the sum of all
the masses, each multiplied into its distance from some chosen straight line or plane, or
into their squares, may be designated by the letter { prefixed to the term involving the
mass A alone, so as to make the proofs shorter. If this is done, the formula found will
become PQ=[A X AP? /M X GP. Now AG?!=AP*+4 GP*— 2GP X P2, &
therefore AP? = AG* — GP* 4 2GP X Pa; & J.A X GP*=M X GP?, since GP is
constant ; also LA X Pa=M X GP, since Pa is equal to the distance of the mass A
from the plane perpendicular to the straight line QP, passing through P, & thus the sum
of these products will be equal to the distance of the centre of gravity multiplied
by the sum of the masses ; hence J.LA X 2GP X Pa=2M X GPs.  Therefore

_J(AXAG*—M xGP: 4 M x GPY) __ A X AG?
J.A X AP*/M X GP = <GP = “rxop TGP

Hence PQ will be greater than PG ; & the excess GQ will be equal to {.A XxAG*/M XGP.

337. From the value of this excess, it is readily seen that, however the point of
suspension may be changed, the rectangle contained by the two distances of the centre
of gravity from it & from the centre of oscillation, will be constant. For, since
QG =J.A X AG*/M x GP, it follows that GQ X GP =§.A X AG?*/M ; & this product
is constanit. Hence we have the following elegant theorem :—If cach of the masses s multi-
plied by the square of its distance from the common centre of gravity, €3 the sum of all these
products is divided by the sum of the masses, then the result obtained will be the product of the
two distances of the centre of gravity from the centres of suspension €3 oscillation.

338. Now, from this theorem, we can derive first of all the following theorem, If
the centre of gravity & the centre of suspension remain unchanged, then also the centre of
ascillation must remain quite unchanged ; no matter how the whole system is rotated about the
centre of gravity, in the same plane, so long as the mutual distances of all the masses £F their
position with regard to one another are preserved.  For, the value of GP foundin the manner
above depends solely on the distances of the several masses from their centre of gravity.

339. But there is another theorem that -aldo follows immediately. The centre of
oscillation & the centre of suspension are mutually related to one another in such a fashion
that, if the suspension is made from the point which formerly was the centre of oscillation, then
the new centre of oscillation will prove to be that point which was formerly the centre of suspension ;
& if the distance of either of them from the centre of gravity is changed the distance of the
other will be also changed in the same ratio inversely.  For, since the rectangle contained
by their distances remains constant, if for the second there is substituted that which the
first had, then for the first there must be obtained the value which the second formerly
had; & either of the two is equal to the constant quantity divided by the other.

340. It also follows that, if zither of the distances vanishes, the other must become infinite,
unless all the masses are condensed at a single point. For, unless there is condensation of
this kind, the sum of all the products formed from the masses & the squares of their distances
from their centre of gravity will always remain a finite quantity ; & thus it will still remain
finite if it is divided by the sum of the masses, & the quotient, still left finitc after division,
will increase indefinitely, if its divisor decreases indegnitely.

341. Hence, again, it can be deduced that if the suspension is made from the centre of
gravity, no motion will ensue. For, in this case, the distance of the centre of gravity
from the centre of suspension vanishes and so the distance of the centre of oscillation
increases indefinitely, & therefore the speed of the oscillation becomes zero.

342. Since both distances cannot vanish together, but the centre of oscillation can
go off to infinity, there cannot be a maximum among the lengths of a simple pendulum
isochronous with the pendulum made by the suspension of the given system; but there
must be a minimum, since there must be one suspension of the given system which will give
the greatest speed of oscillation. Indeed, this least value must occur, when the two distances
are equal to one another ; for their sum will be least when, as the one increases & the other
decreases, the increments, which were before less than the decrements, now begin to be
greater than the latter ; & thus, at the time when they are equal to one another. Morcover
since the two distances change in the same ratio, although inversely, the infinitesimal
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infinitesimum erit ad alterius decrementum in ratione ipsarum, necc ea ®quari poterunt
inter se, nisi ubi ipsee distantixz inter se¢ mquales fiant, Tum vero illarum productum
evadit utriuslibet quadratum, & longitudo penduli simplicis isochroni xquatur eorum
summa ; ac proinde habetur hujusmodi theorema : Singule massae ducantur in quadrata suarum
distantiarum a centre gravitatis, ac productorum summa dividatur per summam massarum :
8 dupla radix quadrata quoti exhibebit minimam penduli simplicis {sochroni longitudinem,
Vel Geometrice sic : Pro quavis massa capiatur recta, quae ad distantiam cujusvis masse a
centro gravitatis sit in ratione subduplicata ejusdem masse ad massarum summam : inveniatur
recta, cujus quadratum equetur quadratis omnium ejusmods rectarum simul : & ipsins duplum
dabit quesitum longitudinem mediam, que brevissimam prastet oscillationem.

343. Hzc quidem omnia locum habent, ubi omnes massa sint in unico plano perpen-
diculari ad axem rotationis, ut ni-[157]-mirum singule massz possint connecti cum centro
suspensionis, & centro oscillationis. At ubi in diversis sunt planis, vel in plano non per-
pendiculari ad axem rotationis, oportet singulas massas connectere cum binis punctis axis,
& cum centro oscillationis, ubt jam occurrit systema quatuor massarum 1n s¢ mutuo
agentium (¢) ; & relatio virium, quw in latus agant extra planum, in quo tres e massis
jaccant, quz perquisitio est operosior, sed multo fcecundior, & ad problemata plurima
rite solvenda magni usus ; sed quz hucusque protuli, speciminis loco abunde sunt ; mirum
enim, quo in hujusmodi Theoria promovenda, & ad Mechanicam applicanda progredi
liceat. Sic etiam in determinando centro percussionis, virgam tantummodo rectilineam
considerabo, speciminis loco futuram, sive massas in eadem recta linea sitas, & mutuis
actionibus inter s¢ connexas.

344. Sint in fig. 65 massz A, B, C, D connexz inter se in recta P
quadam, que concipiatur revoluta circa punctum P in ca situm, &
jua:ratur in eadem recta punctum quoddam Q, cujus motu impedito

ebeat impediri omnis motus earumdem massarum per mutuas ac-
tiones; quod punctum appellatur centrum percussionis. Quoniam sys-
tema totum gyrat circa P, singule masse habebunt velocitates Aa, B
&c. proportionales distantiis a puncto P, adeoque singularum motus,
qui per mutuas vires motrices extingui debent, poterunt exprimi per
A X AP, B X BP &c. Quare vires motrices in iis debcbunt esse pro-
ortionales iis motibus. Concipiantur singule connex® cum punctis
» & Q, & quoniam velocitas puncti P erat nulla; ibi omnium ac-
tionum summa debebit esse == 0: summa autem earum, qua habentur
in Q, elidetur a vi externa percussionem sustinente.

345. Quoniam actiones debent esse perpendiculares eidem recta
jungenti massas, erit per thecorema numeri 314, ut PQ ad AQ, ita

c
actio in A = A X AP, ad actionem in P= A X I;I(,)x AQ, sive ob
AQ=PQ — AP, erit ea actio [158] A X AP XPI(;Q_'A XAP’. Eodem Frc. 65 d
B xBP X BQ—~ B x PBt

pacto actioin P ex nexu cum B erit

, &itaporro. lisomnibus

Ert
quare

PQ

positis=o, divisor communis PQ abit, & omnia positiva zquantur negativis,

igitur A X AP X PQ+ B x BP x PQ &c. = A X AP?* 4+ BxBP? &c. ;
A x AP? + B x BP? &c. .

P -
Q AXAPL B xBPac’ 1% formula cst eadem, ac formula centri oscilla
tionis, ac habetur hujusmodi theorema: Distantia centri percussionis a puncto conver-
sionis equatur distantie centri oscillationis a puncto suspensionis ; adeoque hic locum habent

in hoc casu, quazcunque de centro oscillationis superius dicta sunt.
346. Quod si quis queErat vim percussionis in Q, hic habebit
.. A x AP?
QP.AP:: AxAP. PO —

venientur vires ex reliquis: adeoque summa virium erit

, qua erit vis in Q ex nexu cum A, Eodem pacto in-

A X AP* 4 B x BP2
PQ

(Q) Systema binarum maparum cum binis pwnctis conmexarum, € inter se, 1ed adbuc in eodem plano jacentium,

persecutus fueram amte  aliquot annos;  gued sibi a me commumicatum exbhibuit in sua Synopsi Physice Generalis
P. Benvenutus, ut ibidem ipse innuit. 1d inde excerptum babetur bic in Supplementis § 5.
. Habetur autem port idem supplemeutsm & Epistola, quam delatus Florentiam scripsi ad P. Scherflerum, dum boc
tpunns opus relictum Vienna ante tres menses jam ibidem imprimeretur, guee quidem adgjecta est in ipsa prima editione
in fine operis. Ibi & theoriam trium massarum extendi ad casum masiarum quatior ita; ui inde generaliter deduci
possit & aquilibrium, € contrum oscillationis, € contrum percussionis, pro massis quotcungue, & wicungue dispositi,

&c.,
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increment of the one will be to the infinitesimal decrement of the other in the ratio of
the distances themselves ; & the former cannot be equal to one another, unless the distances
themselves are equal to onc another. In this case their product becomes the square of
either of them, & the length of the simple isochronous pendulum will be equal to their
sum. Hence we have the following theorem :—If each mass is multiplied by the square of
the distance from the centre of gravity, &5 the sum of all such products 15 divided by the sum
of the masses ; then, twice the square root of the quotient will give the least length of a simple
isochromous pendulum. This may be expressed geometrically as follows :—For each mass,
take a straight line, which is to the distance of that mass from the centre of gravity in the
subduplicate ratio of the mass 1o the sum of all the masses; find a straight line whose square
15 equal to the sum of the squares on all the straight lines so found ; then the double o/q this
straight line will give the required mean length, which will afford the quickest oscillation.

343. These theorems hold good when all the masses are in a single plane perpendicular
to the axis of rotation, so that each of the masses can be connected with the point of
suspension & the centre of oscillation. But, when they are in different planes, or all in
3 plane that is not perpendicular to the axis of rotation, it is necessary to connect each
of the masses with a pair of points on the axis & with the centre of oscillation : & we thus
have the case of a system of four masses acting upon one another (¢), & the relation betwecen
the forces which act to one side, out of the plane in which three of the masses lie, This
investigation is much more laborious, but also far more fertile, & of great use for the correct
solution of a large number of problems. However, I have already given enough as
examples ; for it is wonderful how far one can go in developing a Theory of this kind,
& in applying it to Mechanics. So also in determining the centre of percussion, I shall
only consider a rectilincar rod, which will serve as an example, or masses in the same straight
line, connected together by mutual actions.

344- In Fig. 65, let A,B,C,D be masses connected together, lying in one straight line,
which is supposed to be rotated about a point P situated in it; it is required to find in
this straight line a point Q such that, if its motion is prevented, then the whole motion of
the masses is also prevented through the mutual actions. This point is called the centre
of percussion. Now, since the whole system rotates round P, each of the masses will have
velocities, such as Aa, Bb, &c., proportional to their distances from the point P; & thus
the motions of each, which have to be destroyed by the mutual motive forces,"can be
represented by A X AP, B X BP, &c. Hence, the motive forces on them must be
proportional to these motions. Suppose each of the masses to be connected with P &
Q; then, since the velocity of the point P is zero, at P the sum of all the actions must
be equal to zero; moreover, the sum of those that act at Q is cancelled by the external
force sustaining the percussion.

345. Since the actions must be perpendicular to the straight line joining the masses,
we shall have, by Art. 314, PQ to AQ as the action on A, which is equal to A x AP, is
to the action on P ; hence the latter is equal to A X AP X AQ/PQ, or, since AQ = PQ — AP,
this action will be equal to (A X AP X PQ—A X AP?)/PQ. In thc same way, the
action on P due to the connection with B is equal to (B x BP x PQ—1B x BPY)/PQ,
& so on. If all these together are put equal to zero, the common divisor
PQ goes out, & all the positives wi.l]P be equal to the negatives. Thereforce
A X AP XxPQ+ B x BP X PQ 4+ &c. = A X AP? + B x BP!* + &c. Hence
PQ=A X AP* + B x BP2 4 &c,

A X AP 4+ B X BP 4 &c.
centre of oscillation. Thus we have the following theorem «—The distance of the centre
of percussion from the point of rotation is equal to the distance of the centre of oscillation from
the centre of suspension. Hence all that has been said above concerning the centre of
oscillation holds good also for the centre of percussion.

346. Now, if the force of percussion at Q is required, we have QP is to AP as A X AP
is to the force on Q due to the connection with A ; hence this latter is equal to A x AP*/PQ.
In the same way we can find the forces due to the rest; and thus the sum of all
the forces will be (A X AP? + B X BP? 4 &c.)/PQ. Now, since PQ is equal to

» which is the same formula as the formula for the

(@) 1 imvestigated the system of two masses conmected with oo points & with one another, yet all lying in the
same plane, several years ago: 8, when I bad communicated the matter to Father Benvenuto, be expounded it in bis
Synopsis Physice Geueralis, mentioning that be bad obtained it from me. It is also included in 1his work, abstracted
from the above, as Supplemens 5.

Moreover, after this supplement, 5t is alio contained in a letter, which I wrote 'to Fatber Scherfler when [
reached Florence, whilst this work, which I bad left in bis bands at Vienna tbree montbs before, was in the press there ;
9 it was added to the first edition at the end of the work. In it ] bave alio extended the theory of three masses to the
case of four masies, in such a manner that from it it is possible vo deduce, in a perfectly general way, the equilibrium,
the centre of oscillation, & the cemtre of percussion for any mumber of masses disposed in any manmer whatever.
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sive ob PQ = A X AP? 4 B x BP? &, summa illa erit A X AP 4+ B x BP &c. ;
AX AP 4+ B xBP&ec. °’

nimirum ejusmodi vis erit ®qualis summz virium, qua requiruntur ad sistendos omnes
motus massarum A, B, &c., cum illis diversis velocitatibus progredicntium, videlicet cjusmodi,
que in massa percussionem excipiente possit producere quantitatem motus zqualem
toti motui, qui sistitur in massis omnibus, quod congruit cum lege actionis, & reactionis
zqualium, & cum conservatione ejusdem quantitatis motus in eandem plagam, de quibus
egimus num. 265, & 264.

347. Haberent hic locum alia sanc multa, quz pertinent ad summas virium, quibus
agunt masse, compositarum e viribus, quibus agunt puncta, vel a Newtono, vel ab aliis
demonstrata, & magni usus in Mechanica, & Physica: hujusmodi sunt ea omnia, quaz
Newtonus habet sectione 12, & 13 libri I Princip. de attractionibus corporum spharicorum,
& non sphzricorum, quax componantur ex attractionibus particularum ; u%i habentur
preclarissima theoremata tam pro viribus quibuscunque generaliter, quam pro certis virium
legibus, ut illud, quod pertinet ad rationem reciprocam duplicatam distantiarum, in
qua globus globum trahit, tanquam si omnis materia essct compenetrata in centris
eorundem ; punctum intra [159] orbem spharicum, vel ellipticum vacuum nullas vires
sentit, elisis contrariis; intra globos plenos punctum habet vim directe proportionalem
distantiz a centro; unde fit, ut in particulis exiguis ejusmodi vires fere evancscant, & ad
hoc, ut vires adhuc etiam in iis sint admodum sensibiles, debeant decrescere in ratione
multo majore, quam reciproca duplicata distantiarum. Hujusmodi etiam sunt, qua
Mac-Laurinus tradit de sphzroide elliptico potissimum, quz Clairautius de attractionibus
pro tubulis capillaribus, quz D’Alembertus, Eulerus, altique pluribus in locis
persecuti sunt; quin omnis Mechanica, qua agit vel de zquilibrio, vel de moti- A
bus, seclusa omni impulsione, huc pertinet, & ad diversos arcus reduci potest curva
nostrz, qui possunt esse quantumribet multi, habere quascunque amplitudines, sive
distantias limitum, & areas qua sint inter se in ratione quacunque, ac ad curvas
quascunque ib'i act:‘edere, quantum libuerit; sed res in immensum abiret, & satis
est, ea omnia innuisse.

348. Addam nonnulla tantummodo, quz generaliter pertinent ad pressionem,
& velocitatem fluidorum. Tendant directione quacunque AB puncta disposita in
cadem recta in fig. 66 vi quadam externa respectu systematis eorum punctorum,
cujus actionem mutuis viribus elidant ea puncta, & sint in zquilibrio. Inter
primum punctum A, & secundum ipsi proximum dcbebit esse vis repulsiva, qua
xzquetur vi externz puncti A. Quare urgebitur punctum secundum hac virepul—
siva, & pricterea vi externa sua. Hinc vis repulsiva inter secundum, & tertium
punctum debebit aquari vi huic utrique, adeoque erit zqualis summz virium ex-
ternarum puncti primi, & secundi. Adjecta igitur sua vi externa tendet deorsum
cum vi zquali summz virium externarum omnium trium; & ita porro progred- B
jendo usque ad B, quodvis punctum urgebitur deorsum vi zquali summz virium Fe, 66.
externarum omnium superiorum punctorum.

349. Quod si non in directum disposita sint,sed utcunque dispersa per parallelepipedum,
cujus basim perpendicularem directioni vis externz exprimatrecta FH1n tig. 67, & FEGH
faciem ipsi parallelam ; adhuc facile demonstrari potest
componendo, vel resolvendo vires; sed & per se patet, E A - C G
vires repulsivas, quas debebit ipsa basis exercere in par-
ticulas sib? propinquas, & ad quas vis ejus mutua perti-
nebit, fore zquales summa omnium superiorum virium
externarum ; atque id erit commune tam solidis, quam
fluidis. At quoniam in fluidis particule possunt ferri
directione quacunque, quod unde proveniat, videbimus
in tertia parte; quavis particula, ut ibidem videbimus,
in omnem plagam urgebitur viribus zqualibus, & urgebit L
sibi proximas, quz pressionem in alias propagabunt ita,
ut, qua sint in eodem plano LI, parallelo FH, in cujus
directione [x60] nulla vis externa agit, vires ubique
exdem sint. Quamobrem quavis particula sita ubicun-
que in ea recta in N, habebit eandem vim tam versus
planum EF, quam versus planum EG, & versus FH, quam
habet particula collocata in eadem linea in MK etiam,
ubi addantur parietes AM, CK paralleli FE, cum planis
LM, KI, parallelis IH, nimirum vi, que respondet
altitudint MA : ac particula sita in O prope basim FH urgebitur, ut quaquaversum, ita
& versus ipsam, iisdem viribus, quibus particula sita in BD sub AC. Ipsam urgebunt
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(A X AP?+B X BP*  &c.)/(A X AP + B X BP 4 &c.), this sum will be equal to
A X AP +B X BP 4 &c. That is, the whole force will be equal to the sum of the forces,
which are required to stop all the motions of the masses A, B, &c., which are proceeding
with their several different velocities ; in other words, a force which, acting on the mass
receiving percussion, can produce a quantity of motion equal to the whole motion existing
in all the masses; and this agrees wi%] the law of cqual action & reaction, & with the con-
servation of the same quantity of motion for the same direction, with which I dealt in
Art. 265, & 264.

347. Many other things indeed should find a place here, such as relate to the sums
of forces, with which masses act, these being compounded from the forces with which
points act ; such as have been proved by Newton & others; & things that are of great use
in Mechanics & Physics. Of this kind arc all thosc which Newton has in the 12th & 13th
sections of The First Book of the Principia concerning the attractions of spherical bodies,
& non-spherical bodies, such as are compounded from the attractions of their particles.
Here we have some most wonderful theorems, not only for forces in general, but also for
certain laws of forces like that relating to the inverse square of the distances, where a sphere
attracts another sphere as if the wholc of its matter were condensed at the centre of each
of them : the thcorem that a point within a spherical or elliptic hollow shell is under the
action of no force, equal & opposite forces cance}fl.ing one another ; the theorem that within
solid spheres a point is under the action of a force proportional to the distance from the
centre directly. From this it follows that in exceedingly small particles of this kind the
forces must almost vanish; & in order that the forces even then may be quite sensible,
they must decrease in a much greater ratio than that of the inverse square of the distances.
Also we have theorems such as Maclaurin cnunciated with regard to the elliptic spheroid
especially, & those which Clairaut gave with regard to attractions in the case of capillary
tubes, & those which D’Alembert, Euler, & others have investigated in many places. Nay,
the whole ot Mechanics, which deals with equilibrium, or motions, impulse being ex-
cluded, belongs here : the whole of it can be reduced to different ares of our curve ; & these
may be as many in number as you please, they can have any amplitudes, or distances
between the limit-points, any areas, which may be in any ratio whatever to one another,
& can approach as nearly as you please to any given curves. But the matter would
become endless, & it is quite sufficient for me to have given all those that 1 have given.

348. I will add a few things only that in general deal with pressure & velocity of
fluids. Suppose we have a set of points, in Fig. 66, lying in a straight line, extended in any
direction AB, under the action of some force external to the system of points; & suppose
that the action of this external force is cancelled by the mutual forces between the points,
& that the latter are in equilibrium. Then between the first point A & the next to it
there must be a repulsive force which is equal to the external force on the point A.
Then the second point will be under the action of this repulsive force in addition to the
external force onit. Hence the repulsive force between the second & third points must
be equal to both of these; &, further, it will be equal to the sum of the external forces
on the first & second points. Hence, adding the external force on the third point, it
will tend downwards with a force equal to the sum of the external forces on all three;
& 50 on, until we reach B, any point will be under the action of a force equal to the sum
of the external forces on all the points lying above it.

349. Now if the points are not all situated in a straight line, but dispersed anyhow
throughout a parallelepiped, & if, in Fig. 67, FH denotes the base of the parallelepiped,
which is perpendicular to the direction of the external force, & FEGH is a face parallel
thereto; then, it can yet easily be proved, either by composition orby resolution of forces,
indeed it is self-evident, that the repulsive forces, which the base exerts on the particles next
to it, & to which its mutual force will pertain, must be equal to the sum of the external forces
on all points above it : & this will hold good for solids as well as for fluids. But, since in
fluids the particles can move in any direction (we will leave the cause of this to be seen in
the third part), any particle (as we shall also see there) will be urged in any direction with
cqual forces : & each will acton the next to it & propagate the pressure to the others in
such a manner that the forces on those points which lie in the same plane LI, parallel to the
base FH, in which direction there is no external force acting, will be everywﬁerc the same.
Hence, every particle situated anywhere in the straight line, at N say, will have the same force
towards the plane EF as towards the plane EG, & towards FH; the same also as there
18 on a particle situated in the same straight line in MK also, where the partitions AM,
CK arc added parallel to FE, together with the planes LM, KI parallel to FH, namely,
one equal to a force corresponding to the altitude MA. And a particle situated close to the
base FH, at O say, will be urged in all dircctions & towards FI with the samc forces as
a particle situated in BD which is below AC. All the particles lying in the same horizontal
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Farticul:e in codem plano horizontali jacentes, & accedet ad omnes fluidi, & baseas particu-
as, donec vi contraria elidatur vis ejus tota ab ejusmodi pressione derivata. Quamobrem
basis FH a fluido tanto minore FLMACKIH sentict pressionem, quam sentiret a toto
fluido FEGH : superficies autem LM sentict a p:u'ticulisg\T vim zqualem vi masse LEAM,
accedentibus ad ipsam particulis, donec vis mutua repulsiva ei vi zquétur.

350. Hinc autem patet, cur in fluidis nostris gravitate praditis basis FH sentiat
pressionem tanto majorem massz fluide incumbentis pondere, & cur pondere perquam
exiguo flurdi AMKC clevétur pondus collocatum supra LM etiam immane, ubi repagulum
LM sit cjusmodi, ut pressioni fluidi parere possit, quemadmodum sunt coriacea. At
totum vas FLMACKIH bilanci impositum hagebit pondus ®quale ponderi suo, & fluidi
contenti tantummodo : nam superficies vasis LM, KI horizontalis vi repulsiva mutua
urgebit sursum, quantum urget deorsum puncta omnia N versus O, & illa pressio tantundem
imminuit vim, quam in bilancem exercet vas, ac tota vis ipsius habebitur dempta pressione
sursum superficiei LM, KI a pressione fundi FH facta deorsum : & pariter se mutuo elident
vires exercitz in parietes oppositos. Atque hec Theoria lg:oterit applicari facile aliis etiam
figuris quibuscunque. Respondebit semper pressio superticiei, & toti ponderi fluidi, quod
habeat basim illi superficiei ®qualem, & altitudinem cjusmodi, que usque ad supremam
superficiem pertinet inde accepta in directione illius externz vis.

351. Quod si vires particularum repulsiva sint ejusmodi, ut ad cas multum augendas
requiratur mutatio distantiz, qux ad distantiam totam habeat rationem sensibilem ; tum
vero compressio massz erit sensibilis, & densitas in diversis
altitudiniius admodum diversa: sed iniisdem horizontalibus v
planis eadem. Sivero mutatiosufficiat, quex rationem habet
prorsus insensibilem ad totam distantiam ; tum vero com-

ressio sensibilis nulla erit, & massa in fundo candem
ﬁabebit ad sensum densitatem, quam prope superficiem
supremam. Id pendet a lege virium mutuainter particu-
las, & a curva, quz illam expri-[161]-mit. Exprimat in
fig. 68 AD distantiam quandam, & assumpta BD ad AB in
quacunque ratione utcunque parva, vel utcunque sensi-
bili, capiantur rectz perpendiculares DE, BF itidem in
quacunquc ratione minoris inzqualitatis utcunque magna:
poterit utique arcus MN curvz exprimentis mutuas par-
ticularum vires transire per illa puncta F, F, & exhibere quodcunque pressionis incre-
mentum cum quacunque pressione utcunque magna, vel utcunque insensibili,

352. Compressionem ingentem experimur in aere, qua in eo est proportionalis vi
comprimenti. Pro eo casu demonstravit Newtonus Princ. Lib. 3. prop. 23, vim particularum
repulsivam mutuam debere esse in ratione reciproca simplici distantiarum. Quare in iis
distantiis, quas habere possunt particulz aeris perseverantis cum ejusmodi proprietate,
& formam aliam non inducentis (nam & aerem posse e volatili fieri fixum, Newtonus innuit,
ac Halestus inprimis uberrime demonstravit), oportet, arcus MN accedat ad formam arcus
hyperbolz conicee Apollonianz. At in aqua compressio sensibilis habetur nulla, utcunque
magnis ponderibus comprimatur. Inde aliqui inferunt, ipsam elastica vi carere, sed
perperam ; quin immo vires habere debet ingentes distantiis utcunque parum imminutis ;
quanquam ezdem particulz debent esse prope limites, nam & distractioni resistit aqua.
Infinita sunt curvarum genera, qu possunt rei satisfacere, & satis est, si arcus EF directionem
habeat fere perpendicularem axi AC. Si curvam cognitam adhibere libeat ; satis est, ur
arcus EF accedat plurimum ad logisticam, cujus subtangens sit perquam exigua respectu
distantiz AD. Demonstratur passim, subtangentem logistice ad intervallum ordinatarum
exhibens rationem duplam esse proxime ut 14 ad 10 ; & eadem subtangens ad intervallum,
quod exhibeat ordinatas in quacunque magna ratione inxqualitatis, habet in omnibus
logisticis rationem eandem. Si igitur minuatur subtangens logistice, quantum libuerit;
minuetur utique in eadem ratione intervallum BD respondens cuicunque rationi ordina-
tarum BF, DE, & accedet ad ®qualitatem, quantum libuerit, ratio AB ad AD, a qua pendet
compressio ; & cujus ratio reciproca triplicata est ratio densitatum, cum spatia similia sint
in ratione triplicata laterum homologorum, & massa compressa possit cum eadem nova
densitate redigi ad formam similem. Quare poterit haberi incrementum vis comprimentis
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plane will act upon it & it will approach all the particles of the fluid & the base, until the
whole of its force is cancelled by a contrary force derived from pressure of this kind.
Hence the base IFH would be subject, from the much smaller amount of luid FLMACKIH,
to the same pressurc as it would be subject to from the whole fluid FEGH ; & the surface
LM would be subject to a force from the particles like N equal to the force of the mass
LEAM, these particles tending to approach LM, until the mutual repulsive force is equal
to this pressure.

350. Further, from this the rcason is evident, why the base FH should be subject,
in our fluids possessed of gravity, to a pressure so much greater than the weight of the
superincumbent fluid ; & why by a very small weight of fluid, like AMKC, the weight
collected above LM can be upheld, even though this is immensely great, when the restraint
LM is of such a nature that it can submit to the pressure of the fluid, leather for
example, But if the whole vesse! FLMACKIH is placed on a balance it will only have a
weight equal to its own weig]mlus that of the fluid contained. For, the horizontal
surface LM, KI of the vessel will urge it upwards with its mutual repulsive force, just
the same amount as all the points N will urge it downwards towards O, & this pressure
will to the same extent diminish the force which the vessel exerts upon the balance; &
the whole force will be obtained by taking away the pressure upwards on the surface LM,
K1 from the pressurc produced downwards on the base FH. In the same way the forces
cxerted on the partitions will mutually cancel one another. The Theory can also easily
be applied to any othcr figures whatever. 'The pressure on the surface will always
correspond to the whole weight of the fluid having for its base an arca equal to the surface,
& for 1ts height that which belongs to the highest surfacc from it mcasured in the direction
of the external force. ]

351, Now if the repulsive forces of the particles are of such a kind that, in order to
increase them to any sensible extent, a change of distance is required, which bears a sensible
ratio to the whole distance ; then the compression of the mass will also be sensible, & the
density at different heights will be quite different; nevertheless, they will still be the
same throughout the same horizontal planes. However, if a change, which bears to the
whole distance a ratio that is quite insensible, is sufficient, then the mass at the bottom
will have approximately the same density as near the top surface. This depends on the
mutual law of forces between the particles, & on the curve which represents this law. In
Fig. 68, let AD be any distance, & suppose that BD is taken in AB produccd, bearing to
AB any ratio however small, or however sensible; take the perpendicular straight lines
DE, BF, also in any ratio of lessinequality however great. In all cases, it will be possible
for thearc MN of the curve representing the mutual forces of the particles to pass through
the points E & F, & to represent any increment of pressure, together with any pressure
however great, or however insensible, it may be.

352. We find that in air there is great compression, & that this is proportional to
the compressing force. For this case, Newton proved, in prop. 3, of the Third Book of
his Principia, that the mutual repulsive force between the particles must be inversely
proportional to the first power of the distance. Hence, for these distances, which the
particles of air can have as 1t persists with a property of this kind, & does not induce another
form (for Newton remarked that an air could from being volatile become fixed, & Hales
especially gave a very full proof of this), the arc MN must approach the form of an arc
of the rectangular hyperbola. But in water there is no scnsible compression, however
great the compressing weights may be. Hence some infer that it lacks elastic force; but
that is not the case; nay rather, there arc bound to be immense forces if the distances
are diminished ever so slightly; although the particles must be near limit-points, for
water also resists separation. There are infinitely many classes of curves which would
satisfy the conditions ; & it is sufficient if the arc EF has a direction that is nearly perpen-
dicular to the axis AC. If it is desired to employ some known curve, it is sufficient to
know that the arc EF approximates closely to tﬁe logistic curve whose subtangent is very
small compared with the distance AD. Now it is proved that the subtangent of the
logistic curve is to the interval corresponding to a double ratio between the ordinates
very nearly as 14 is to 10 ; & the subtangent is to the interval, corresponding to a ratio of
incquality between the ordinates of any magnitude, in the same ratio for all logistic curves.
If therefore the subtangent of the logistic curve is diminished indefinitely, in every case there
is a diminution in the same ratio of the interval BD corresponding to any“ratio of the
ordinates BF, DE, & the ratio of AB to AD, upon which depends the compression, will
approach indefinitely near to equality. Now the ratio of the densities is the inverse
triplicate of this ratio : for similar parts of space are in the triplicate ratio of homologous
lengths, & the mass when compressed can be reduced to similar form having the same
new density. Thus, we can have the increment of the compressing force, increased in
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in quacunque ingenti ratione auctz cum compressione utcunquec exigua, & ratione densi-
tatum utcunque acccdente ad zqualitatem. Verum ubi ordinata ED jam satis cxigua
fuerit, debet curva recedere plurimum ab arcu logistice, ad quem accesserat, & qui in
infinitum protenditur ex parte eadem, ac debet accedere ad axem AC, & ipsum secare,
ut habeantur deinde vires attractive, quz ingentcs etiam esse Iossunt ; tum post exiguum
intervallum debet haberi alius arcus [162] repulsivus, recedens plurimum ab axe, qui
exhibeat vires illas repulsivas ingentes, quas habent particulz aque, ubi in vapores abierunt
per fermentationem, vel calorem.

353. In casu densitatis non immutatz ad sensum, & virium illarum parallelarum
®qualium, uti cas in gravitate nostra concipimus, pressiones crunt ut bases, & altitudines ;
nam numerus particularum paribus altitudinibus respondens erit wqualis, adeoque in
diversis altitudinibus crit in carum ratione; virium autem =zqualium summz erunt ut
particularum numeri, Atque id experimur in omnibus homogencis fluidis, ut in Mercurio,
& aqua.

354. Ubi facto foramine liber exitus relinquitur ejusmodi massz particulis, erumpent
ipse velocitatibus, quas acquirent, & qua respondebunt viribus, quibus urgentur, & spatio,
quo indigent, ut recedant a particulis se insequentibus; donec vis mutua repulsiva jam
nulla sit. Prima particula relicta libera statim incipit moveri vi illa repulsiva, qua
premebatur a particulis proximis : utcunque parum illa recesserit, jam secunda illi proxima
magis distat ab ea, quam a tertia, adeo?ue movetur in eandem plagam, differentia virium
accelerante motum ; & eodem pacto aliz post alias ita, ut tempusculo utcunque cxiguo
omnes aliquem motum habeant, sed initio eo minorem, quo postcriores sunt. Eo pacto
discedunt a se invicem, & semper minuitur vis accelerans motum, donecc ea evadat nulla ;
quin immo etlam aliquanto plus xquo a se invicem deinde recedunt particulz, & jam
attractivis viribus retrahuntur, accedentes iterum, non quod retro redeant, sed quod
anteriores moveantur jam aliquanto minus velociter, tLuam posteriores ; tum iterum aucta
vi repulsiva incipiunt accelerari magis, & recedere, ubi & oscillationes habentur quadam
hinc, & inde.

355. Velocitates, qua remanent post exiguum quoddam determinatum spatium, in
quo vires mutu, vcl nulle jam sunt, vel que augentur, & minuuntur, pendent ab area
curve, cujus axis partes exprimant non distantias.a proxima particula, sed tota spatia ab
initio motus percursa, & ordinatz in singulis punctis axis exprimant vires, quas in iis habebat
particula. Velocitates in efluxu aqux cxperimur in ratione subduplicata altitudinum,
adeoque subduplicata virium comprimentium.

Id haberi debet, si id spatium sit cjusdem Vi
longitudinis, & vires in singulis punctis res-

ondentibus ejus spatii sint in rationc prime F
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terius logistice cujuspiam amplioris illa, qua
exhibuit distantias singularum particularum. A BH D C

Sit ea in fig. 69 MFIN. Tota ejus area
infinita ad partes CN asymptotica a quavis
ordinata [163] mquatur producto sub ipsa ordinata, & subtangente constanti, Quare
ubi ordinata ED jam cst perquam exigua respectu ordinatarum BF, HI tota arca
CDEN respectu CBFN insensibilis erit, & aree CBFN, CHIN integre accipi poterunt
pro areis FBDE, IHDE, quz idcirco crunt, ut vires initiales BF, HL.

356. Inde quidem habebuntur quadrata celcritatum proportionalia pressionibus, sive
altitudinibus. Ut autem velocitas absoluta sit zqualis illi, quam ﬁarticula acquireret cadendo
a superficie suprema, quod in aqua experimur ad sensum; debet prztcrea tota ejusmodi
area zquari rectangulo facto sub recta exprimente vim gravitatis unius particule, sive vis
repulsive, quam in se mutuo exercent binz particule, quz se primo repellunt, sustincnte
inferiore gravitatem superioris, & sub tota altitudine. Dcberet co casu esse totum pondus
BF ad illam vim, ut est altitudo tota fluidi ad subtangentem logistice, si FE ‘est ipsius
logistice arcus. Est autem pondus BF ad gravitatem primz particule, ut numerus
particularum in ea altitudine ad unitatem, adeoque ut eadem illa tota altitudo ad
distantiam primarum particularum. Quare subtangens illius logisticx dcberet mquari
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any very great ratio in conjunction with a compression that is small to any extent, & a
ratio of densities which approaches indefinitely near to equality. But when the ordinate
ED is sufficiently small, the curve must depart considerably from an arc of the logistic
curve, to which it formerly approximated, & which procéeded to infinity in the same
direction ; it must approach the axis AC, & cut it, in order that attractive forces may
be obtained, which may also become very great. Then, after a small interval, we must
have another repulsive arc, receding far from the axis, to represent those very great
repulsive forces, which the particles of water have, when they pass into vapour through
fermentation or heat.

353. In the case of the density not bcing sensibly changed, & of those equal parallel
forces, such as we suppose our gravity to be, the pressures will be proportional to the bases
& the altitudes. For, the number of particles corresponding to equal altirudes will be
equal, & therefore, in different altitudes, the numbers will be proportional to the altitudes ;
moreover the sums of the equal forces will be proportional to the numbers of particles.
We find this to be the case in all homogeneous fluids, such as mercury & water.

354. When, on making an opening, a free exit is left for the particles of a mass, they
burst forth with the velocities which they acquire & which correspond to the forces urging
them, & to the space to which it is necessary (}or them to recede from those particles that
follow, before the mutual repulsive force becomes zero. The first particle, when left free,
immediately begins to move under the action of the repulsive force by which it is pressed
by the particles next to it. As soon as it has moved ever so little, the second particYe next
to it becomes more distant from it than from the third, & thus moves in the same direction
as the difference of the forces accelerates the motion. Similarly, one after the other they
acquire motion insuch a manner that in any little interval of time, no matter how brief,
all of them will have some motion ; this motion at the commencement is so much the less,
the farther back the particlesare. In this way they separate from one another, & the force
accelerating the motion ever becomes less until finally it vanishes. Nay rather, to speak
more correctly, the particles still recede from one another, & come under the action of
attractive forces, & approach one another; not indeed that they retrace their paths, but
because the more forward particles arc now moving with somewhat less velocity than
tHose behind ; then once more the repulsive force is increased & they begin to be accelerated
morc than those behind & to recede from them ; & so oscillations to & fro are obtained.

355. The velocities that are left aftcr any determinate interval of space, in which the
mutual forces arc either nothing or arc equally increased & diminished, depend on the
area of the curve, of which parts of the axis represent not the distances from the next
particle, but the whole spaces travelled from the Ecginning of the motion, & the ordinates
at each point of the axis represent the forces which the particle had at those points. It
is found that the velocities of efRuent water are in the sugduplicate ratio of the altitudes,
& thus in the subduplicate ratio of the compressing forces. Now this is what must be
obtained, if the space is of the same length, & the forces at cach corresronding point of
that space are in the ratto of that first force. For, then the total areas will be as the initial
forces, & hence the squares of the vclocities will be as the forces. There are an infinite
number of classes of curves which will serve to represent the case; but this also can be
represented by the arc of another logistic curve more ample than that which represented
the distances of the single particles. Let MFIN be such a curve, in Fig. 69. The whole
area, indefinitely produced in the direction of C & N, which are asymptotic, measured
from any ordinate, will be equal to the product of that ordinate & the constant subtangent.
Therefore when the ordinate ED is now very small with respect to the ordinates BF, HI,
the whole area CDEN will be insensible with respect to the area CBFN ; & thus the whole
areas CBFN, CHIN can be taken instead of the areas FBDE, IHDE ; & therefore these
are to one another as the initial forces BF, HI.

356. From this, then, we have that the squares of the velocities are proportional to
the pressurcs, or the altitudes. Now, in order that the absolute velocity may be equal
to that which the particle would acquire in falling from the upper surface, as is found
to be approximately the case for water, we must have, in addition, that the whole of sqch
area must be equal to the rectangle formed by multiplying the straight line representing
the force of gravity on one particle (or the repulsive force which a ﬁair of particles mutually
exert upon one another, when they first repel one another, the lower sustaining the
gravity of the one above) by the whole altitude. In this case, the whole weight BF
would be bound to be to the force as the whole altitude of the fluid is to the subtangent
of the logistic curve, if FE is an arc of the logistic curve. Moreover, the weight BF
is to the gravity of the first particle as the number of Earticlcs in the altitude is to
unity ; & thus in the ratio of the altitude to the distance betweén the primary particles.
Hence the subtangent of the logistic curve would have to be equal to the distance between
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illi distanti primarum particularum, quz quidem subtangens erit itidem idcirco perquam
exigua.
Tentandum an In 357- An in omnibus fluidis habeatur ejusmodi absoluta velocitas & an quadrata
omaibus fluidis @ velocitatum in effluxu respondeant altitudinibus; per experimenta videndum. est, ut
ad pariem tertiam. CODstet, an curvz virium in omnibus sequantur superiores lcges, an diversas. Sed ego jam
ab applicationc ad Mechanicam ad applicationem ad Physicam gradum feci, quam uberius
in tertia Parte persequar. Hec interea speciminis loco sint satis ad immensam quandam
hujusce campi facunditatem indicandam utcunque.
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the primary particles; & thus the subtangent must also be itself very small on this

account. .

357. Whether such an absolute velocity exists in all fluids, & whether the squares of 1t must be tested
the vclocities with which they issue correspond to the altitudes, must be investigated ¥hether this hap.
cxperimentally ; in order that it may be shown whether the curves of forces follow the laws e will now pass
given above, or different ones. But now I will pass on from the application to Mechanics ;:rt.to the third
to_the application to Physics, which I will follow out more fully in the third part, These

things, in the meanwhile, may be sufficient in some sort to indicate an immense fertility

in this field of knowledge.
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Applicatio Theorie ad Physicam

358. In secunda hujusce Operis parte, dum Theoriam mecam applicarem ad
Mechanicam, multa identidem immiscui, qua applicationi ad Physicam sternerent viam,
& vero ctiam ad eandem pertinerent ; at hic, quz pertinent ad ipsam Physicam, ordinatius
persequar ; & primo quidem de¢ gencralibus agam proprictatibus corporum, quas omnes
omnino exhibet illa lex virium, quam initio primz partis exposui; tum ex cadem prcipua
discrimina deducam, quz inter diversas observamus corporum species, & mutationes,
quz ipsis accidunt, alterationcs, atque transformationes cvolvamn.

359. Primum igitur agam dc Impenetrabilitate, de Extensione, de Figurabilitate,
de Mole, Massa, & Densitate, de Incrtia, dc Mobilitate, de Continuitate motuum, de
/Equalitate Actionis & Reactionis, de Divisibilitate, & Componibilitate, quam ego divisi-
bilitati in infinitum substituo, de Immutabilitate primorum materia 3cmcntorum, de
Gravitate, de Cohasione, quz quidem generalia sunt. Tum agam dc Varietate Natura,
& particularibus proprietatibus corporum, nimirum de varietate particularum, & massarum
multiplici, de¢ Solidis, & Fluidis, de Elasticis, & Mollibus, de Principiis Chemicarum
Operationum, ubi de Dissolutione, Przcipitationc, Adhesione, & Coalescentia, de Fermen-
tatione, & emissione Vaporum, de Igne, & emissione Luminis ; ac ipsis priecipuis Luminis
proprietatibus, de Odore, de Sapore, de Sono, de Electricitate, de I\Xa netismo itidem
aliquid innuam sub finem; ac demum ad generaliora regressus, quid Alterationes,
Corruptiones, Transformationes mihi sint, explicabo. Verum in horum pluribus rem
a mea Theoria deducam tantummodo ad communia principia, ex quibus peculiares
singulorum tractatus pendent; ac alicubi methodum indicago tantummodo, qux ad
rei perquisitionem aptissima mihi videatur.

360. Impenetrabilitas corporum a mea Theoria omnino sponte fluit; st enim in

minimis distantiis agunt vires repulsive, quz iis in infinitum imminutis crescant in infinitum
ita, ut pares sint extinguendz cuilibet velocitati utcunque magnz, utique non potest
ulla finita vis, aut velocitas efficere, ut distantia duorum punctornm cvancscat, quod
requiritur ad compenetrationem ; sed ad id prastandum infinita Divina virtus, quz
infinitam vim excrccat, vel infinitam producat velocitatem, sola sufficit.
[165] 361. Prieter hoc impenetrabilitatis gcnus, quod a viribus repulsivis oritur, est
& aliud, quod provenit ab incxtensione punctorum, & quod cvolvi in dissertationibus
De Spatio, &5 Tempore, quas ex Stayanis Supplementis huc transtuli, & habetur hic in finc
Supplementorum § 1, & 2. Ibi enim ex eo, quod in spatio continuo numerus punctorum
loct sit infinities infinitus, & numerus punctorum materiz finitus, crui illud : nullum
punctum materiz occupare unquam punctum loci, non solum illud, quod tunc occupat
aliud materiz punctum, sed nec illud, quod vel ipsum, vel ullum aliud materie punctum
occupavit unquam. Probatio inde petitur, quod si ex casibus cjusdem generis una classis
infimties plures contineat, quam altera, infinitics improbabilius sit, casum aliquem, de
quo ignoremus, ad utram classem pertineat, pertinere ad secundam, quam ad primam.
Ex hoc autem principio id etiam immediate consequitur; si enim una massa projiciatur
contra altecram, & ab omnibus viribus repulsivis abstrahamus animum; numerus projec-
tionum, quz aliquod punctum massz projectz dirigant per rectam transeuntem per
aliquod punctum massz, contra quam projicitur, est utique finitus; cum numerus
punctorum in utraque massa finitus sit; at numerus projectionum, qua dirigant puncta
omnia per rectas nulli secundz masse puncto occurrentes, est infinities infinitus, ob puncta
spatii in quovis plano infinities infinita. Quamobrem, habita etiam ratione infinitorum
continui temporis momentorum, est infinities improbabilior primus casus secundo ; & in
quacunque projectionc massa contra massam nullus habebitur immediatus occursus puncti
materi cum altero puncto materiz, adeoque nulla compenctratio, etiam independenter
a viribus repulsivis.
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PART Il1

Application of the Theory to Physics

358. In the second part of this work, in applying my Theory to Mechanics, I brought
in also at the same time many things which opcned the road for an application to Physics,
& really even belonged to the latter, In this part I will investigate in a more ordecred
manner those things that belong to Physics. First of all, I will deal with general properties
of bodies ; & these will be given by that same law of forces that I cnunciated at the gegmning
of the first part. After that, from the same law I will derive the most important of the
distinctions that we observe between the different species of bodies, & 1 will discuss the
changes, altcrations & transformations that happen to them.

359. First, therefore, I will deal with Impenetrability, Extension, Figurability, Volume,
Mass, Density, Inertia, Mobility, Continuity of Motions, the Equality of Action &
Reaction, Divisibility, & Componibility (for which I substitute inhnite divisibility), the
Immutability of the primary elements of matter, gravity, & Cohesion ; all these are general
properties. Then I will consider the Variety of Nature, & special Froperties of bodies;
such, for instance, as thc manifold variety of particles & masses, Solids & Fluids, Elastic,
& Soft bodies; the principles of chemical operations, such as Solution, Precipitation,
Adhesion & Coalescence, Fermentation, & emussion of Vapours, Fire & the emussion of
Light; also about the principal properties of Light, Smell, Taste, Sound, Electricity
& Magnetism, I will say a few words towards the end. Finally, coming back to more
general matters, I will explain my idea of the nature of alterations, corruptions & trans-
formations, Now in most of these, I shall derive the whole matter from my Theory
alone, & reduce it to those common principles, upon which depends the special treatment
for each; in ccrtain cases 1 shall only indicate the method, which seems to me to be the
most fit for a further investigation of the matter.

360. The Impenetrability of bodies comes naturally from my Theory. For, if repulsive
forces act at very small distances, & these forces increase indefinitely as the distances
decrcase, so that they are capable of destroying any velocity however large ; then there
never can be any finite force, or velocity, that can make the distance between two points
vanish, as is required for compenetration. To do this, an infinite Divine virtue, exercising
an infinite force, or creating an infinite velocity, would alone suffice.

361. Besides this kind of Impenetrability, which arises from repulsive forces, there
is also another kind, which comes from the inextension of the points; this I discussed in
the dissertations De Spatio, & Tempore, which 1 have abstracted from the Supplement
to Stay's Philosophy, & set at the end of this work as Supplements, §§ 1, 2. From the fact
that the number of points of position in a continuous space may be infinitely infinite, whilst
the number of points of matter may be finite, I derive the following principle ; namely,
that no point of matter can ever occupy either 2 ;;loint of position which is at the time
occupied by another point of matter, or one which any oLEer point of matter has ever
occupied before. The proof is derived from the argument that, if of cases of the same
nature one class of them contains infinitely more than another, then it is infinitely more
improbable that a certain case, concerning which we are in doubt as to which class it belongs,
bef:mgs to the second class rather than to the first. It also follows immediately from this
principle ; if one mass is projected towards another, & we disallow a directive mind in all
repulsive forces, the number of the ways of projection, which direct any point of the
projected mass along a straight line passing through any point of the mass against which
1t is projected, is finite; for the number of points in each of the masses is finite. But
the number of ways of projection, which direct all points along straight lines that pass
through no point of the second mass, is infinitely infinitc because the number of points
of spacc in any plane is infinitely infinite. Therefore, even when the infinite number
of moments in continuous time is taken into account, the first case is infinitely more
improbable than the second. Hence, in any projection whatever of mass against mass
there is no direct cncounter of one point of matter with another point of matter; &
thus there can be no compenetration, even apart from the idea of repulsive forces.
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362. Si vires repulsive non adessent ; omnis massa libere transiret per aliam quanvis
massam, ut lux per vitra, & gemreas transit, ut oleum per marmora insinuatur; atque id
semper fierct sine ulla vera compenetratione. Vires, quz ad aliquod intervallum cxtend-
untur satis magnz, impediunt cjusmodi liberum commeatum. Porro hic duo casus
distinguendi sunt; alter, in quo curva virium non habeat ullum arcum asymptoticum
cum asymptoto perpendiculari ad axem, prazter illum primum, quem exhibet figura 1,
cujus asymptotus est in origine abscissarum ; alter, in quo adsint alii ejusmodi arcus
asymptotici. In hoc secundo casu si sit aliqua asymptotus ad aliquam distantiam ab origine
abscissarum, qua habeat arcum citra se attractivum, ultra repulsivum cum arca infinita,
ut juxta num. 188 puncta posita in minore distantia non possint acquirere distantiam
majorem, nec, que in majorc sunt, minorem ; tum vero particula composita ex punctis
in minore distantia positis, essct prorsus impenetrabills a particula posita in majorc distantia
ab ipsa, nec ulla finita velocitate posset cum illa commisceri, & in ejus locum irrumpere ;
& si duz habeantur [166] asymptoti ejusmodi satis proximz, quarum citerior habeat ulterius
crus repulsivum, ulterior citerius attractivum cum areis infinitis, tum duo puncta collocata
in distantia a2 se invicem intermedia inter distantias earum asymptotorum, nec possent
ulla finita vi, aut velocitate acquirere distantiam minorem, quam sit distantia asymptoti
citerioris, nec majorem, quam sit ulterioris ; & cum ex dux asymptoti possint esse utcunque
sibi invicem proximz ; illa puncta possent esse necessitata ad non mutandam distantiam
intervallo utcunque parvo. Si jam in uno E]ano sit serics continua triangulorum zqui-
laterorum habentium eas distantias pro lateribus, & in singulis angulis poneretur quicunque
numerus punctorum ad distantiam inter se satis minorem ea, qua distent ill duz asymptoti,
vel etiam puncta singula; fieret utique velum quoddam indissolubile, quod tamen esset
plicatile in quavis ¢ rectis continentibus triangulorum latera, & posset etiam plicari in
gyrum more veterum voluminum,

363. Si autem sit solidum compositum ex ejusmodi velis, quorum alia ita essent aliis
imposita, ut punctum quodlibet superioris veli terminaret pyramidem regularem habentem
pro basi unum e triangulis veli inferioris, & in singulis angulis collocarcntur puncta, vel
massz punctorum; id esset solidissimum, & ne plicatile quidem; etiamsi crassitudo
unicam pyramidum seriem admitteret. Possent autem essc dispersa inter latera illius
veli, vel hujus muri, puncta quotcunque, ncc eorum ullum posset inde egredi ad distantiam
a punctis positis in angulis veclll, vel muri, majorem illa distantia ulterioris asymptoti. Qued
si preterea ultra asymptotum ulteriorem haberetur arca repulsiva infinita; nulla externa
puncta possent perrumpere nec murum, nec velum ipsum, vel per vacua spatiola transire,
utcunque magna cum velocitate advenirent; cum nullum in triangulo =zquilatero sit
punctum, quod ab aliquo ex angulis non distet minus, Quam per latus ipsius trianguli.

364. Quod si ejusmodi binz asymptoti inter se proximz sint in ingenti distantia a
principio abscissarum, & in distantia media inter earum binas distantias ab ipso initio
ponantur in cuspidibus trianguli xzquilateri tria puncta materix, tum in cuspide pyramidis
regularis habentis id triangulum zquilaterum pro basi ponantur quotcunque puncta, quz
inter se minus distent, quam pro distantia illarum asymptotorum ; massula constans hisce
punctis erit indissolubilis; cum nec ullum ex iis punctis possit acquirere distantiam a
reliquis, nec reliqua inter se distantiam minorem distantia asymptoti citerioris, & majorem
distantia ulterioris, & ipsa hxc particula impenetrabilis a quovis puncto externo materie,
cum nullum ad reliqua illa tria puncta possit ita accedere, si distat magis, vel recedere, si
minus, ut acquirat distantiam, quam habent puncta ejus masse., Ejusmodi massis ita
cohibitis per terna puncta ad maximas distantias sita posset integer constare Mundus,
qui ha-[167]-beret in suis illis massulis, seu primigeniis particulis impenctrabilitatem
continuam prorsus insuperabilem, sine ulla extensione continuz, & indissolubilitatem
itidem insuperabilem etiam sine ullo mutuo nexu inter earum puncta, per solum nexum,
quem habcerent singula cum illis tribus punctis remotis.

365. In omnibus hisce casibus habetur in massa non continua vis ita continua, ut
nulla ne agparens quidem compenetratio, & permixtio haberi possit 2que, ac in communi
sententia de continua impenctrabilis materiz extensione. Quod autem in illo velo, vel
muro cxhibuit triangulorum, & pyramidum series, idem obtineri potest per figuras alias
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362. If there were no repulsive forces, every mass would pass freely through every other
mass, as light passes througll: glass & crystals, & as oil insinuates itsclf into marble; but
such a thing as this would always happen without any true compenctration. Forces, which
extend to an interval that is sufficiently large for the purpose, prevent free passage of that
kind. Further there are here two cases to be distinguished ; one, in which the curve of
forces has not any asymptotic arc with an asymptote perpendicular to the axis, except the
first, as is shown in Fig. 1, where the asymptote accurs at the origin of absciss® ; the other,
in which there are other such asymptotic arcs. In the second case, if there is an asymptote
at some distance from the origin of abscissz, which has an attractive arc on the ncar side of
it, & on the far side a repulsive arc with an infinite area corresponding to it, so that, as
was shown in Art. 188, points situated at a less distance cannot acquire a greater, & those
at a greater distance cannot acquire a less ; then particles that are made up of points situated
at the less distance would be quite impenetrable by a particle situated at a greater distance
from it ; nor could any finite velocity force it to mingle with it or invade its position ; and if
there are two asymptotces of the kind sufficiently near together, of which the nearer to the
origin has its further branch repulsive, & the further has its nearer branch attractive, the
corresponding areas being infinite, then two points situated at a distance from one another
that is intermediatc between the distances of these asymptotes, cannot with any finite
force or velocity acquire a distance less than that of the nearer asymptote or greater than
that of the further asymptote. Now since these two asymptotes may be indefinitely
near to onc another, the two points may be forced to keep their distance unchanged within
an interval of any smallness whatever. Suppose now that we have in a plane a continuous
series of equilateral triangles having these distances as sides, & that at each of the angles
there are placed any number of points at a distance from one another sufficiently less than
that of the distance between the two asymptotes, or even single points; then, in every
case, we should have a kind of unbreakable skin, which however could be folded along any
of the straight lines containing sides of the triangles, or could even be folded in spirals
after the manner of ancient manuscripts.

363. Moreover, if we have a solid composed of such skins, one imposed upon the other
in such a manner that any point of an upper skin should terminate a regular pyramid having
for its base one of the equilateral triangles of the skin beneath, & in each of them points
were situated, or masses of points ; then that would have very great solidity, & would not
be even capable of being folded, even if its thickness only admitted of a single series of
pyramids. Further, any number of points could be scattered between the sides of the former
skin, or the wall of the latter, & none of these could get out of this position to a distance from
the points situated at the angles of the skin, or of the wall, greater than the distance of the
further asymptote. Now if, in addition to these, there happened to be beyond the further
asymptote a corresponding infinite repulsive area, no external points could break into the
skin or wall, nor could they pass througi empty spaces in it, no matter how great the velocity
with which they approached it. For, there is no point within an equilateral triangle
that is at a less distance from the angular points than a side of the triangle.

364. Again, if there are two asymptotes very near one another, at a great distance
from the origin of abscissz, & at a distance intermediate between their two distances from
the origin there are placed three pointsof matter at the vertices of an equilateral triangle,
& then at the vertex of a regular pyramid having for its base that equilateral triangle there
are placed any number of points, which are at a less distance from one another than that
between the two asymptotes, the little mass made up of these points will be unbreakable.
For, none of these points can acquire from the rest, nor the rest from one another, a distance
less than the distance of the nearer asymptote, nor greater than that of the further
asymptote. This particle will also be imﬁenetrable by any external point of matter; for no
point can possibly approach those other three points so nearly, if the distance is greater, or
recedec from them so far, if the distance 1s less, as to acquire the same distance as
that between the several points of the mass. . The whole Universe may be made up of
masses of this kind restrained by sets of three points situated at very great distances; &
it would have in the little masses forming it, or in the primary particles, a continuous
impenetrability that was quite insuperable, without any continuous extension ; it would
also have an insuperable unbreakableness without any mutual connection between the
points forming it, simply owing to the connection existing between each of its points with
the three remote points.

365. In all these cases there is obtained for a non-continuous mass a force that is
continuous in such sort that there is not even apparent compenetration; & commingling
can be had just as well as with the usual idea of continuous extension of impenetrable
matter. Morcover, what has been represented by the skin or wall of a series of triangles
or pyramids, can be obtained by means of very many other figures ; & it can be obtained
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quamplurimas, & id multo pluribus abhuc modis obtineretur ; si non in unica, sed in
pluribus distantiis essent ejusmodi asymptotica repagula cum impenetrabilitate continua
per non continuam punctorum dispersorum dispositionem.

366. At in primo illo casu, in quo nulla habetur ejusmodi asymptotus preeter primam,
res longe alio modo sc haberet. Patet in co casu illud, si velocitas imprimi possit massz
cuipiam satis magna; fore, ut ea transeat per massam quancunque sine ulla perturbatione
suarum partium, & sinc ulla partium alterius; nam vircs, ut agant, & motum aliquem
finitum scnsibilem gignant, indigent continuo tempore, quo imminuto in immensum,
uti imminuitur, si velocitas in immensum augeatur, imminuitur itidem in immensum
earum effectus. Rei ideam exhibebit globulus ferreus, qui debeat transire per planum,
in quo disperse sint hac, illac plurim® massz magneticz vim habentes validam satis. Si
is globus cum velocitate non ita ingenti projiciatur per directionem etiam, quz in nullam
massam debeat incurrere ; progredi ultra illas massas non poterit ; sed cjus motus sistetur
ab illarum attractionibus. At si velocitas sit satis magna, ut actiones virilum magneticarum
satis exiguo tempore durarc possint, pratervolabit utique, nullo sensibili damno cjus
velocitati illato.

367. Quin immo ibi considerandum & illud ; si velocitas ejus fuerit exigua, ipsum
globum facile sisti, exiguo motu a vi mutua =quali, seu reactione, impresso magnetibus,
quo per solam plani fractionem, & mutuas eorun vires impedito, exigua in eorum position-
ibus mutatio fiat. Si velocitas impressa aliquantulum creverit ; tum mutatio in positione
magnetum major fiet, & adhuc sistetur globuli motus ; sed si velocitas fuerit multo major,
globulus autem transeat satis prope aliquas e massis magnetitis ; ab actione mutua inter
ipsum, & eas massas communicabitur satis ingens motus 1is ipsis massis, quo possint etiam
ipsum non nihil retardatum, sed adhuc progredientem sequi, avulsz, a czteris, quz ob
actiones in majore distantia minores, & brevitatem temporis, remaneant ad sensum immote,
& nihi] turbate. Sed si velo-[168]-citas ipsa adhuc augeretur, quantum est opus, €o
deveniri posset ; ut massa utcunque proxima in globuli transitu nullum sensibilem motum
auferret 1lli, & ipsa sibi acquireret.

368. Porro ejusmodi exemplum intueri licet, ubi globus aliquis contra obstaculum
aliquod projicitur, quod, si satis magnam velocitatem habet, concuti totuin, & diffringit
ac eo majorem cffectum cdit, quo major est velocitas, ut in muris arcium accidit, qui
tormentariis globis impetuntur. At ubi velocitas ad ingentem quandam magnitudinem
devenerit ; nisi satis solida sit compages obstaculi, sive vires cohzsionis satis valide ; jam
non major effectus fit, sed potius minor, foramine tantum cxcavato, quod zquetur ipsi
globo. Id experimur; si globus ferrcus explodatur sclopeto contra portam ligneam,
quz licet semaperta sit, & summam habeat super suis cardinibus mobilitatem; tamen
nihil prorsus commovetur ; sed excavatur tantummodo foramen zquale ad sensum diametro
globi, quod in mea Theoria multo facilius utique intelligitur, quam si continuo nexu partes
perfecte solide inter se complicarentur, & conjungerentur. Nimirum, ut in superiare
magnetum casu, particule gﬁ)bi secum abripiunt particulas ligni, ad quas accesscrunt
magis, quam ipsz ad sibi proximas accederent, & brevitas temporis non permisit viribus
illis, a quibus distantium figni punctorum nexus prastabatur, ut in iis motus sensibilis
haberetur, qui nexum cum aliis sibi proximis a vi mutua ortum dissolveret, aut illis, &
toti porte satis sensibilem motum communicaret. Quod si velocitas satis adhuc augeri
posset ; “ne 1is quidem avulsis massa per massam transvolaret, nulla sensibili mutatione
facta, & sine vera compenetratione haberetur illa apparens compenetratio, quam habet
lumen, dum per homogeneum spatium liberrimo rectilineo motu progreditur; quam
ipsam fortasse ob causam Divinus Nature Opifex tam immanem luci velocitatem voluit
imprimi, quantam in ea nobis ostendunt eclipses Jovis satellitum, & annua fixarum aberratio,
ex quibus Reemerus, & Bradleyus deprehenderunt, lumen semiquadrante horz percurrere
distantiam zqualem distantiz Solis a Terra, sive plura milliariorum millia singulis arteriz
pulsibus,

369. Ac eodem pacto, ubi herbarum forma in cinere cum tenuissimis filamentis remanet
intacta, avolantibus oleosis partibus omnibus sine ulla lzsione structura illarum, id quidem
admodum facile intelligitur, qui fiat: ibi nova vis excitata ingentem velocitatem parit
brevi tempore, quz omnem alium effectum impediat virium mutuarum inter olea, &
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in a much greater number of ways as well, if not only at one, but at many distances, there
were these asymptotic restraints, resulting in continuous impenctrability through a non-
continuous disposition of scattered points.

366. Now, in the first casc, where there is no such asymptote besides the first, there
would be a far differcnt result. In this case, it is evident that, if a sufficiently great velocity
can be given ta any mass, it would pass through any other mass without any perturbation
of its own parts, or of the parts of the other. For, the forces have no continuous time
in which to act & produce any finite sensible motion; since if this time is diminished
immensely (as it will be diminished, if the velocity is immensely incrcased), the effect of
the forces is also diminished immensely. We can illustrate the idea by the example of an
iron ball, which is required to pass across a plane, in which lie scattered in all ‘positions
a great number of magnetic masses possessed of considerable force. If the ba{l is not
projected with a certain very great velocity, even if its direction is such that it is not bound
to meet any of the masses, yet it will not go beyond those masses ; but its motion will be
checked by their attractions. But if the velocity is great enough, so that the actions of
the magnetic forces only last for a sufficiently short interval of time, then it will certainly
get through & beyond them without suffering any sensible loss of velocity.

367. Lastly, there is to be considered also this point ; if the velocity of the ball were
very small, the ball might casily be brought to rest, a slight motion due to an equal mutual
force or reaction being communicated to the magnets; but this latter being prevented
merely by the friction of the plane, the change in their positions would be very small.
Then if the impressed velocity were increased somewhat, the change in the positions of
the magnets would become greater, & still the ball might be brought to rest.  But if the
velocity was much greater, the ball may also pass near enough to some of the magnetic
masses ; & by the mutual action between it & the masses there will be communicated to
the masses a sufficiently great motion, to enable them to follow it as it goes on with its
velocity somewhat retarded ; they will be torn from the rest, which owing to the smaller
action corresponding to a greater d)i'st:mce, & the shortness of the time, remain approximately
motionless, & in nowise disturbed. If the velocity is still further increased, to the necessary
extent, it could become such that a mass, no matter how near it was to the path of the
ball, would communicate no velocity to it, nor acquire any from it.

368. Further, an cxample of this sort of thing can be seen in the case where a ball is
projected against an obstacle ; if the velocity is sufficiently great, it agitates the whole &
breaks it to pieces; & the effect produced is the greater, the greater the velocity, as is the
case for the walls of forts bombarded with cannon-balls. But when the vclocity reaches a
certain very great magnitude, unless the fabric of the obstacle is sufficiently solid or the
forces of cohesion sufficiently great, there will now be no greater effect, rather a less, a
hole only being made, equal to the size of the ball, Let us consider this; suppose an iron
ball is fired from a gun against a wooden door, & this daor is partly open, & it has the utmost
mability to swing on its hinges ; nevertheless, it will not be moved in the slightest. Merely
a hole, approximately equal to the size of the ball, will be made. Now this is far more easily
understood according to my Theory, than if we assume that there are perfectly solid parts
united & joined togcther by a continuous connection. Indeed, as in the case of the magnets
given above, the particles of the ball carry off with them particles of the wood, which they
have approached more closclﬁ than these particles have approached to the particles of
wood next to them; & the shortness of the time does not allow the forces, by which the
connection between the distances of the points of the wood is maintained, to give to thc
particles a sensible motion in the latter, which would dissolve the connection with others
next to them arising from the mutual force, or in the former, which would also communicate
a sufficiently sensible motion in the whole door. But if the velocity is still further increased
to a sufficient extent, not even the latter particles are torn away, & one mass will pass
through the other, without any scnsible change being made. Thus, without rcal
compenetration, we should have that apparent compenetration that we have in the case of
light, as it passes through a homogeneous space with a perfectly free rectilinear motion.
Perchance tﬁat is the reason why the Divinc Founder of Nature willed that so enormous a
velocity should be given to light ; how great this is we gather from the edlipses of Jupiter’s
satellites, & from the annual aberration of the fixed stars. From which Roemer & Bradley
worked out the fact that light took an cighth of an hour to pass over the distance from the Sun
to the Earth, or many thousands of miles in a single beat of the pulse.

369. In the same way, when the form of stalks remain intact in the ash with their
finest fibres, after that the oleose parts have all been driven off without any breaking down
of their structure, what happens can be quite easily understood. Here, a new force being
excited produces in a brief space of time a mighty velocity, which prevents all that other
effect arising from the mutual forces between the oily & the ashy parts; the oily particles
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cineres, oleaginosis particulis inter terreas cum hac apparenti compenetratione liberrime
avolantibus sine ullo immediato impactu, & incursu.

.370. Quod si ita res habet; liceret utique nobis per occlusas ingredi portas, & per
durissima transvolare murorum se-[169]-pta sine ullo obstaculo, & sine ulla vera compene-
tratione, nimirum satis magnam velocitatem nobis ipsis possemus imprimere, quod si
Natura nobis permisisset, & vclocitates corporum, quz habemus pre manibus, ac nostrorum
digitorum celeritates solerent esse satis magnz; apparentibus ejusmodi continuis
compenetrationibus assueti, nullam impenetrabilitatis haberemus ideam, quam mediocritati
nostrarum virium, & velocitatum, ac experimentis hujus generis a sinu materno, & prima
infantia usque adeo frequentibus, & perpetuo repetitis debemus omnem.

371. Ex impenctrabilitate oritur extensio. Ea sita est in eo, quod aliz partes sint
extra alias : id autem necessario haberi debet ; si plura puncta idem spatii punctum simul
occupare non possint. Et quidem si nihi] aliunde sciremus de distributione punctorum
materiz ; ex regulis probabilitatis constaret nobis, dispersa esse per spatium extensum
in longum, latum, & profundum, atque ita constarct, ut de eo dubitarc omnino non liccret,
adeoque haberemus extensionem in longum, latum, & profundum ex eadem etiam sola
Theoria deductam. Nam in quovis plano pro quavis recta linca infinita sunt curvarum
genera, qux eadem directione egresse e dato puncto extenduntur in longum, & latum
respectu ejusdem rectz, & pro quavis ex ejusmodi curvis infinitz sunt curva, quz cx illo

uncto cgressz habeant etiam tertiam dimensionem per distantiam ab ipso. 8uare sunt
infinities plures casus positionum cum tribus dimensionibus, quam cum duabus solis, vel
unica, & idcirco infinities major cst probabilitas pro uno ex iis, quam pro uno ex his, &
probabilitas absolute infinita omnem eximit dubitationem de casu inhnite improbabili,
utut absolute Possibili. Quin immo si res rite consideretur, & numeri casuum inter se
conferantur ; inveniemus, esse infinite improbabile, uspiam jacerc prorsus accurate in
directum plura, quam duo puncta, & accurate in eodem plano plura, quam tria.

372. Hzc quidem extensio non est mathematice, sed physice tantum continua: at
de przjudicio, ex quo ideam omnino continuz extensionis ab infantia nobis efformavimus,
satis dictum est in prima Parte a num. 158 ; ubi etiam vidimus, contra meam Theoriam
non posse afferri argumenta, quz contra Zenonistas olim sunt facta, & nunc contra
Leibnitianos militant, quibus probatur, extensum ab inextenso fieri non posse. Nam
illi inextensa contigua ponunt, ut mathematicum continuum efforment, quod fieri non
potest, cum inextensa contigua debeant compenctrari, dum ego inextensa admitto a se
invicem disjuncta. Nec vero illud vim ullam contra me habet, quod nonnulli adhibent,
dicentes, hujusmodi extensionem nullam esse, cum constet punctis penitus inexten-[ 170]-sis,
& vacuo spatio, quod est purum nihil. Constat per me non solis punctis, sed punctis
habentibus relationes distantiarum a se invicem: ez relationes in mea Theoria non
constituuntur a spatio vacuo intermedio, quod spatium nihil est actu cxistens, sed est
aliquid solum possibile a nobis indefinite conceptum, nimirum est possibilitas realium
modorum localium existendi cognita a nobis secludentibus mente omnem hiatum, uti
exposui, in prima Parte num. 142, & fusius in ea dissertatione De Spatio & Tempore,
quam hic acF calcem adjicio; constituuntur a realibus existendi modis, qui rcalem utique
relationem inducunt realiter, & non imaginarie tantum diversam in diversis distantiis.
Porro si quis dicat, puncta inextensa, & hosce existendi modos inextensos non posse con-
stituere extensum aliquid; reponam facile, non posse constituere extensum mathematice
continuum, sed posse extensum physice continuum, quale ego unicum admitto, &
positivis argumentis evinco, nullo argumento favente alteri mathematice continuo extenso,
?uod potius etiam independenter a meis argumentis difficultates habet quamplurimas.

d extensum, quod admitto, est ejusmodi, ut puncta materize alia sint extra alia, ac
distantias habeant aliquas inter se, nec omnia jaceant in eadem recta, nec in eodem plano
omnia, sint vero multa ita proxima, ut eorum intervalla omnem sensum cffugiant. Inco
sita est extensio, quam admitto, qua crit reale quidpiam, non imaginarium, & erit physice
continua.
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fly off between the earthy particles with this apparent compenetration, in the frecst manner,
without any immediate impulse or collision.

370. But if this were the case, we could walk through shut doors, or pass through the
hardest walled enclosures without any resistance, & without any real compenetration ;
that is to say, if we could impress upon ourselves a sufficiently great velocity. Now if
Nature allowed us this, & the velocities of bodies which are aroung us, & the speed of our
fingers were usually sufficiently great, we, being accustomed to such continuous apparent
compenetration, should have no idea of impenectrability. We owe the whole idea of
impenetrability to the mediocrity of our forces & velocities, & to experiences of this kind,
which have happened to us from the time we were born, during infancy & up till the present
time, frequently & continually repeated.

371. From impenetrability there arises extension. It is involved in the fact that
some parts are outside other parts; & this of necessity must be the case, if several points
cannot at the same time occupy the same point of space. Indeed, even if we knew nothing
from any other source about the distribution of the points of matter, it would be manifest
from the rules of probability that they were dispersed through a space extended in length,
breadth & depth ; & it would be so clear, that there could not be the slightest doubt about
it; & thus we should obtain extension in length, breadth & depth as a consequence of
my Theory alone. For, in any plane, for any straight line in it, there are an infinite number
of kinds of curves, which starting in the same direction from a given point extend in length
& breadth with respect to this same straight line; & for any one of these curves there are
an infinite number of curves that, starting from that point, have also a third dimension
through distance from the point. Hence, there are infinitely more cases of positions with
three dimensions than with two alone or only one ; & thus there is infinitely greater probability
in favour of onc of the former than for one of the latter ; & as the probaiility is absolutely
infinite, it remaves any doubt about a case which is infinitely improbable, though absolutely
possible. Indeed, if the matter is carefully considered, & the number of cases compared
with one another, we shall find that it is infinitely improbable that more than two points
wlill anywhere lie accurately in the same straight line, or more than three in the same
plane,

372. This extension is not mathematically, but only physically, continuous ; & on the
matter of the prejudgment, from which we have formed for ourselves the idea of absolutely
continuous extension from infancy, enough has been said in the First Part, starting with
Art. 158. There, too, we saw that there could not be brought forward against my Theory
the arguments which of old were brought against the followers of Zeno, & which now are
urged against the disciples of Leibniz, by which it is proved that extension cannot be
produced from non-extension. For these disputants assume that their non-extended points
are placed in contact with one another, so as to form a mathematical continuum ; & this
cannot happen, since things that are contiguous as well as non-extended must compenetrate ;
but I assume non-extended points that are separated from one another. Nor indeed have
the arguments, which some others use, any validity in opposition to my Theory ; when they
say that there is no such extension, since it is founded on non-extended points & empty
space, which is absolute nothing. According to my Theory, it is founded, not on points
simply, but on points having distance relations with one another; these relations, in my
Theory, are not founded upon an empty intermediate space; for this space has no actual
existence. It is only something that is possible, indefinitely imagined by us; that is to
say, it is the possibility of real local modes of existence, pictured by us after we have
mentally excluded every gap, as I explained in the First Part in Art. 142, & more fully
in the cﬂssertation on Space & Time, wiich I give at theend of. this work. The relations
are founded on rcal modes of existence; & these in every case yield a real relation which
is in reality, & not merely in supposition, different for different distances. Further, if
anyone should argue that these non-extended points, or non-extended modes of existence,
cannot constitute anything extended, the reply is easy. I say that they cannot constitute
a mathematically extended continuum, but they can a physically extended continuum.
The latter only I admit, & I prove its existence by positive arguments; none of these
arguments being favourable to the other continuum, namely one mathematically extended.
This latter, even apart from any arguments of mine, has very many difficulties. The
extension, which I admit, is of such a nature that it has some points of matter that lie outside
of others, & the points have some distance betwcen them, nor do they all lie on the same
straight line, nor all of them in the same plane ; but many of them arc so close to one another
that the intervals between them are quite beyond the scope of the senses. In that is involved
the extension which I admit; & it is something real, not imaginary, & it will be physically
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373. At erit fortasse, qui dicet, sublata extensione absolute mathematica tolli omnem
Geometriam. Respondeo, Geometriam non tolli, qua considerat relationes inter distantias,
& inter intervalla distantiis intcrcepta, quz mente concipimus, & per quam ex hypothesibus
quibusdam conclusiones cum iis connexas ex primis quibusdain principiis d}::ducimus.
Tollitur Geometria actu existens, quatenus nulla linea, nulla superficies mathematice
continua, nullum solidum mathematice continuum ego admitto inter ea, quz existunt;
an autem inter ea, quz possunt existere, habeantur, omnino ignoro. Sed aliquid ejusmodi
in communi etiam sententia accidit. Nulla existit revera in Natura recta linea, nullus
circulus, nulla ellipsis, nec in ejusmodi lineis accurate talibus fit motus ullus, cum omnium
Planetarum, & Terrz in communi sententia motus habeantur in curvis admodum compli-
catis, atque altissimis, &, ut est admodum probabile, transcendentibus. Nec vero in
magnis corporibus ullam habemus superficiem accurate planam, & continuam, aut sphericam,
aut cujusvis e curvis, quas Geometrz contemplantur, & plerique ex iis ipsis, qui solida
volunt elementa, simplices ejusmodi figuras ne in ipsis quidem elementis admittent.

374. Quamobrem Geometria tota imaginaria est, & idealis, sed propositiones hypo-
thetice, quz inde deducuntur, [171] sunt verz, & si existant conditiones ab illa assumptz,
existent utique & conditionata inde eruta, ac relationes inter distantias punctorum
imaginarias ope Geometriz ex certis conditionibus deduct®, semper erunt reales, & tales,
quales eas invenit Geometria, ubi illz ips® conditiones in realibus punctorum distantiis
existant. Ceterum ubi de realibus distantiis agitur, nec illud in sensu physico est verum,
ubi punctum interiacet aliis binis in eadem recta positis, a quibus =que distet, binas illas
distantias fore partes distantiz punctorum extremorum juxta ea quz diximus num. 67.
Physice distantia puncti primi a secundo constituitur per puncta ipsa, & binos reales ipsorum
existendi modos, ita & distantia secundi a tertio; quorum summa continet omnia tria
puncta cum tribus existendi modis, dum distantia primi a tertio constituitur per sola duo
puncta extrema, & duos ipsorum existendi modos, que ablato intermedio reali puncto
manet prorsus eadem. Illz duz sunt partes illius tertiz tantummodo in imaginario, &
geometrico statu, qui concipit indefinite omnes possibiles intermedios existendi modos
locales, & per eam cognitionem abstractam concipit continua intervalla, ac eorum partes
assignat, & ope ejusmodi conceptuum ratiocinationes instituit ab assumptis conditionibus
petitas, que, ubi demum ad aliquod reale deducunt, non nisi ad verum possint deducere,
sed quod verum sit tantummogo, si rite intelligantur termini, & explicentur. Sic quod
aliqua distantia duorum punctorum sit ®zqualis distantiz aliorum duorum, situm est in
ipsa natura illorum modorum, quibus existunt, non in eo, quod illi modi, qui eam individuam

Istantiam constituunt, transferri possint, ut congruant. Eodem pacto relatio duple,
vel triple distantiz habetur immediate in ipsa essentia, & natura illorum modorum. Vel
si potius velimus illam referre ad distantiam ®qualem; dici poterit, eam esse duplam
alterius, que talis sit, ut si alteri ex alterius punctis ponatur tertium novum ad zqualem
distantiam ex parte altera ; distantia nova hujus tertil a primo sit @qualis illi, quz duplz
nomen habet, & sic de reliquis, ubi ad realem statum transitur. Neque enim in statu
reali haberi potest usquam congruentia duarum magnitudinum in extensione, ut haberi
nec in tempore potest unquam; adeoque nec zqualitas per congruentiam’in statu reali
haberi potest, nec ratio dupla per partium wmqualitatem. Ubi decempeda transfertur
ex uno loco in alium, succedunt alii, atque alii punctorum extremorum existendi meodi,
qui relationes inducunt distantiarum ad sensum @qualium : ea qualitas a nobis supponitur
ex causis, nimirum ex mutuo nexu per vires mutuas, uti hora hodierna ope egregii horologii
comparatur cum hesterna, itidem zqualitate supposita ex causis, sed loco suo divelli, &
ex uno die in alterum hora eadem traduci nequaquam potest. Verum hzc omnia ad
Metaphysicam potius pertinent, & ea fusius cum omnibus [ 172] loci, ac temporis relationibus
persecutus sum in memoratis dissertationibus, quas hic 1n fine subjicio,

375. Ex extensione oritur figurabilitas, cum qua connectitur moles, & densitas
supposita massa. Quoniam puncta disperguntur per spatium extensum in longum, latum,
& profundum; spatium, per quod extenduntur, habet suos terminos, a quibus figura
pendet. Porro figuram determinatam ab ipsa natura, & existentem in re, possunt agnoscere
tantummodo in elementis ii, qui admittunt elementa ipsa solida, atque compacta, & continua,



A THEORY OF NATURAL PHILOSOPHY 275

373. But perhaps some one will say that, if absolutely continuous extcnsion is barred,
then the whole of Geometry is demolished. I reply, that Geometry is not demolished,
since it dcals with relations between distances, & between intervals intercepted in these
distances ; that these we mentally conceive, & by them we derive from certain hypotheses
conclusions connected with them, by means of certain fundamental principles. Geometry,
as actually existent, is demolished ; in so far as there is no line, no surface, & no solid that
is mathematically continuous, which I admit as being among things actually existing ;
whether they are to be numbered amongst things that might possibly exist, I do not know.
But something of the sort does take place, according to the usual idea of things. As a
matter of fact, there is in Nature no such thing as a straight line, or a circle, or an ellipse ;
nor is there motion in lines that are accurately such as these ; for in the opinion of everybody,
the motions of all the plancts & the Earth take place in curves that are very complicated,
having cquations of a very high degree, or, as is quitc possible, transcendent. Nor in large
bodies do we have any surfaces that are quite plane, & continuous, or spherical, or shaped
according to any of the curves which geometers investigate ; & very many of these men,
who accept solid elements, will not admit simple figures even in the very elements.

374. Hence the whole of geometry is imaginary ; but the hypothetical propositions
that are deduced from it are true, if the conditions assumed by it exist, & also the conditional
things deduced from them, in every case ; & the relations between the imaginary distances
of points, derived by the help of geometry from certain conditions, will always bc real,
& such as they are found to be by geometry, when those conditions exist for real distances
of points. Besides, when we are dealing with real distances, it is not true in a physical
sense, when a point lies between two others in the same straight line, equally distant from
either, to say that the two distances arc parts of the distance between the two outside points,
according to what we have said in Art. 67. Physically speaking, the distance of the first
point from the second is fixed by the two points & their two rcal modes of existence, & so
also for the distance between the second & the third. The sum of these contains all three

oints & their three modes of existence; whilst the distance of the first from the third
15 fixed by the two end points only, together with their two modes of existence; & this
remains unaltered if the intermediate real point is taken away. The two distances are
parts of the third only in imagination, & in the geometrical condition, which in an indefinite
manner conceives all the possible intermediate local modes of existence; & from that
abstract conception forms a Picture of continuous intervals, & assigns parts to them ; then,
by the aid of such imagery institutes chains of reasoning founded on assumed conditions ;
& thesc, when at last they lead to something real, will only do so, if it is possible for them
to lead to something that is true, & somcthing that is only true if the terms are correctly
understood & explamned. Thus, the fact, that the distance between two points is equal
to the distance between two other points, rests upon the nature of their modes of existence,
& not upon the idea that the modes, which constitute the individual distances, can be
transferred, so as to agree with one another. In the same way, the idea of twice, or three
times a distance, is obtained directly from the essential nature of those modes of existence.
Or, if we prefer to refer it to the idea of equal distances, we can say that one distance is
twice anotier when it is such that, if beyond the sccond point of the latter we place a new
third point at a distance equal to that of the first point from the sccond, then the distance
of this new third point from the first point will be equal to that to which the name double
distance is given ; & so on for other multiples, when the matter is reduced to a consideration
of real state. For, in the real state. there never can be a congruence of two magnitudes
in extension, just as therc never can be such a congruence in time ; & thercfore there never
can be an equality depending on congruence in the real state, nor a double ratio through
equality of parts, When a length of ten feet is transferred from one place to another, there
fgllorw, one after the other, diffesent modes of existence of the end points; & these modes
introduce relations of practically equal distances. This equality is supposed by us to be
due to causes; for instance, to the mutual connection in consequence of mutual forces ;
just as an hour of to-day may be compared with one of yesterday by the help of an accu-
rate clock; but the same hour cannot be disjointed from its own position & transfesred
from one day to another in any way. But really, such matters have more to do with
Metaphysics ; & I have investigated them more fully, together with all the relations of
space & time, in the dissertations I have mentioned, which I add at the end of this work.

375. From extension arises the idea of ﬁfurability; with this is connected volume &,
when we have conceived the idea of mass, density. Since points are scattered through
extended space in length, breadth & depth, the space through which they are extended
has its boundaries ; & upon these boundaries depends shape. Further, it is in the elements
alone that a shape, determinate by its very nature, & existing of itself, can be acknowledged
by those who suppose the elements to be solid, compact & continuous; & by those who
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& qui ab incxtensis extensum continuum componi posse arbitrantur, ubi nimirum tota
illa materia superficie continua quadam terminetur. Ceterum in corporibus hisce, quz
nobis sub sensum cadunt, idea figurz, qux videtur maxime distincta, est admodum vaga,
& indefinita, quod quidem diligenter exposui agens superiore anno de figura Telluris in
dissertatione inserta postremo Bononiensium Actorum tomo, in qua continctur Synopsis
mei operis de Expeditione Litteraria per Pontificiam ditionem, ubi sic habeo ; Inprimis boc
;;p.rum nomen figure terrestris, quod certam quandam, ac determinatam significationem videtur
abere, habet illam quidem admodum incertam, & vagam. Superficies illa, que maria, ¢
lacus, &3 fluvios, ac montes, 85 campos, vallesque terminat, est illa quidem admodum, nobis
saltem, irregularis, & vero etiam instabilis : mutatur enim guovis utcungue minimo undarum,
€S glebarum motu, nec de bac Telluris figura agunt, qui in figuram Telluris inquirunt : aliam
ipsi substituunt, que regularis quodammodo sit, sit autem illi priori proxima, que nimirum
abrasis haberetur montibus, collibusque, vallibus vero oppletis. At hac iterum terrestris figure
notio vaga admodum est, & incerta. Uti enim f"}ﬁl’;.ta sunt curvarum regularium genera,
que per datum datorum punctorum numerum transire possing, ita infinita sunt genera curvarun
superficierum, que Tellurem ita ambire possint, atque concludere, ut vel ommes, vel datos
contingant in datis punctis montes, collesque, vel si per medios transire colles, ac montes debeat
superficies quadam ita, ut regularis sit, &5 tantundem materie concludat extra, quantum
vacui aeris infra sese concludat usque ad veram hanc nobis irregularem Telluris superficiem,
quam intuemur ; infinite itidem, & a se invicem diversz admodum superficies haberi possunt,
qua problemati satisfaciant, atque e ejusmodi etiam, ut nullam, qua sensu percipi possit,
pree se ferant gibbositatem, que ipsa vox non ita determinatam continet ideam,

376. Hze ego ibi de Telluris figura, quz omnino pertinent ad figuram corporis
cujuscunque in communi etiam sententia de continua extensione materiz : nam omnium
fere corporum superficies hic apud nos utique multo magis scabra sunt pro ratione suz
magnitudinis, quam Terra pro ratione magnitudinis suz, & vacuitates internas habent
quamplurimas. Ve-[173]-rum in mea Theoria res adhuc magis indefinita, & incerta est.
Nam infinitz sunt etiam superficies curvz continu, in quibus tamen omnia jacent puncta
massz cujusvis : quin immo infinitz numero curve sunt linex, quz per omnia ejusmodi
puncta transeant. Quamobrem mente tantummodo confingenda est quadam superficies,
quz omnia puncta includat, vel qua pauciora, & a rcliquorum coacervatione remotiora
excludat, quod zstimatione %uadam morali fiet, non accurata geometrica determinatione.
Ea superficies figuram exhibebit corporis ; atque hic jam, quz ad diversa figurarum genera
pertinent ; id omne mihi commune est cum communi Theoria de continua extensione
materiz.

377. A figura pendet moles, quz nihil est aliud, nisi totum spatium extensum in
longum, latum, & profundum externa superficie conclusum. Porro nisi concipiamus
superficiem illam, quam innui, quz figuram determinet; nulla certa habebitur molis
idea : quin immo si superficiem concipiamus tortuosam illam, in qua jaceant puncta omnia ;
jam moles triplici dimensione praedita erit nulla; si lineam curvam concipimus per omnia
transeuntem : ne¢ duarum dimensionum habebitur ulla moles. Sed in eo itidem incerta
®stimatione indiget sententia communis ob interstitia illa vacua, qua habentur in omnibus
corporibus, & scabritiem, juxta ea, quz diximus, de indeterminatione figurz. Hic autem
itidem concepta superficie extima terminante figuram ipsam, quz deinde de mole relata
ad superficiem tradi solent, mihi communia sunt cum aliis omnibus, ut illud : posse eandem
magnitudine molem terminari superficiebus admodum diversis, & forma, & magnitudine,
ac omnium minimam esse sphzrice figure superficiem respectu molis: in figuris autem
similibus molem esse in ratione triplicata laterum homologorum, & superficiem in
duplicata, ex quibus pendent phznomena sane multa, atque ea inprimis, quz pertinent
ad resistentiam tam ﬂl;idorum, quam solidorum.

378. Massa corporis est tota quantitas materiz pertinentis ad id corpus, quz quidem
mihi erit ipse numerus punctorum pertinentium ad illud corpus. At hic jam oritur
indeterminatio quadam, vel saltem summa difficultas detcrminandi massz ideam, nec id
tantum in mea, verum etiam in communi sententia, ob illud additum punctorum p{rtinmtim_n
ad illud corpus, quod heterogeneas substantias excludit. Ea de re sic ego quidem in Stayanis
Supplementis § 10 Lib. 1: Nam admodum difficsle est determinare, qua sint ille substan-
tiz beterogenez, que mon pertinent ad corporis comstitutionem. Si materiam spectemus ; ea
& mibi, & aliis plurimis homogenea est, & solis ejus diversis combinationibus diverse orinntur
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think that an extended continuum can be formed out of non-extended points, when indeed
the whole of the matter is bounded by a continuous surfacc. Besides, in those bodies that
fall within the scope of our senses, the idea of figure, which seems to be very distinct, is
however quite vague & indefinite ; & I pointed this out fairly carcfully, when dealing some
time ago with the figure of the Karth, in a dissertation inserted in the last volume of the
Acta Bononiensia ; this contains the synopsis of my work, Expeditio Litteraria per Pontificiam
ditionem, & there the followin word}; occur. Now, in the first place, this term, “ the figure
of the Earth,” which seems to have a certain definite € determinate meaning, is really very
vague &3 indefinite. The surface which bounds the seas, the lakes, the rivers, the mountains,
the plains &3 the valleys, is really something quite irregular, at least to us ; €9 morcover it is
also unstable ; for it changes with the slightest motion of the waves & the soil. But those who
investigate  the figure of the Earth,” do not deal with this figure of the Earth ; they substitute
for it another figure which, although to some extent regular, yet approximates closely to the
former true figure ; that is to say, it has the mountains € the bills levelled off, whilst the valleys
are filled up. Now once more the idea of this figure of the Earth is vague £ uncertain. For,
just as there are infinite classes of regular curves that can be made to pass through a given number
of given fo:'nt; s 10 also there are infinite classes of curved surfaces that can be made to go round
the Earth 83 circumscribe it in such a manner that they touch all the mountains €3 bills, or at
least certain given ones; or, if you like, some surface is bound to pass through the middle of the
bills & mountains in such a way that 1t cuts off as much matter outside itself, as it encloses
empty air-spaces within it £ our true surface of the Earth, to our eyes, so irregular,  Adlso,
there can be an infinite number of surfaces, &3 these too quite different fram one another, which
satisfy the problem ; € all of them, too, of such a kind that they have no manifest bumps, as
far as can be detected ; 8 this term even contains no true definiteness.

376. These are my words in that dissertation with regard to the figure of the Earth;
& they apply in general to the figure of any body also, if considered according to the usual
way with regard to the continual extension of matter. For, the surfaces of nearly all bodics
here around us are in every case much rougher in comparison with their size than is the
Earth in comparison with its magnitude ; & they have many internal empty spaces. But,
in my Theory, the matter is much more indeﬁ{lite & uncertain still. gor there are an
infinite number of continuous curved surfaces, in which nevertheless all the points of any
mass lie; nay, further, there are an infinite number of curved lines passing through all the
points. Therefore we can only mentally conceive a certain surface which shall include all
the points or exclude a few of them which are more remote by gathering the rest together ;
this can be done by akind of moral assessment, but not by an accurate geometrical construc-
tion. This surface gives the shape of the body; & with that idea, all that relates to the
different kinds of shapes of bodies is in agreement in my Theory with the usual theory of the
continual extension of matter.

377. Volume depends upon shape ; & volume is nothing else but the whole of the space,
extended in length, breadth & deptﬂ, which is included by the external surface. Further,
unless we picture that surface which I mentioned as determining the shape, there can be
no definite idea of volume. Nay indccd, if we think of the tortuous surface in which all
the points lie, we shall never have a volume possessed of a third dimension ; whilst if we think
of 2 curved line passing through all the points, no volume will be obtained that has even
two dimensions. But in that the usual idia is also wanting, as regards indefinite assessment,
owing to those empty interstices that are presentin all bodies, & the roughness, as we have
said, which arises from the indeterminateness of figure. Here again, if an outside surface is
conceived as bounding the figure, all those things that are usually cnunciated about volume
in relation to figure agree in my theory with those of all others; for instance, that the
same volume as regards magnitude can be bounded by surfaces that are quite different,
both in shape & size, & that the least surface of all having the samc volume is that of a
sphere. Also that, in similar figures, the volumes are in the triplicate ratio of homologous
sides, the surfaces in the duplicate ratio; & upon these depend a truly great number of
phenomena, & especially those which are connected with the resistance both of fluids &
of solids.

378. The mass of a body is the total quantitg: of matter pertaining to that body ; &
in my Theory this is precisely the same thing as the number of points that go to form the
body. Here now we have a certain indecfiniteness, or at least the greatest difficulty, in
forming a definite idea of mass ; & that, not only in my theory, but in the usual theory as
well, on account of the addition of the words (faint.r that go to form the body ; this excludes
heterogeneous substances. On this point indeed, I made the following remarks in the
Supplements to Stay’s Philosophy :—For it is very difficult to define what those heterogeneous
substances may be, if they do not pertain to the constitution of a body. If we consider matter,
it 15 tn my opinion, &3 1n that 0f very many others, homogeneous ; & the different species of
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corporum species. Quare ab ipsa materia non potest desumi discrimen illud inter substantias
pertinentes, ' non pertinentes. Si autem &3 diversam [174) illam combinationem spectemus,
corpora omnmia, que observamus, mixta sunt ex substantiis admodum dissimilibus, que tamen
omnes ad efus corporis constitutionem pertinent. 1d in anmimalium corporibus, in plantis, in
marmoribus plerisque, oculis etiam patet, in omnibus autem corporibus Chemia docet, que
mixtionem illam dissolvit.

Plures  substantizm 379- Ex alia parte tenuissima @therea materia, quae omnino est aliqua nostro aere varior,

non pertinentes 4 ad constitutionem masse nequaquam pertinere censetur, ut nec pro coy:oribu.r plerisque aer,

poris. qui meatibus internis interjacet. Sic aer inclusus spongie meatsbus, ad fpsius constitutionem
nequaquam censetur pertinere. Idem autem ad multorum corporum constitutionem pertinet :
saltem ad fixam naturam redactus, ut Halesius demonstravit, plures € animalis regni, &3
vegetabilis substantias magna sui parte constare aere fixitatem adepto. Rursus substantic
volatiles, aere ipso tenuiores multo, que in corporum dissolutione chemica in halitus, &5 fumos
abeunt, Y plures fortasse, quas nos nullo sensu percipimus, ad ipsa corpora pertinebant.

Nec exclodi omnta 380. Nec illud assumi potest, quidquid solidum, 8 fixum est, id tantummodo pertinere
?n“;ﬁl‘:"i“;:;?"éﬁ: ad corporis massam ; quis enim a cozfori: humani massa sanguinem omnem, &9 tot lymphas
trapslato  corpore gxcludat, a lignis resectis succos mondum concretos 7 Praterquam quod masse idea non ad
com ipsa transfer- ;50ida solum corpora pertinet, sed etiam ad fluida, in quibus ?;i} alia tenuiora aliorum densiorum
meatibus interracent. Nec wero dici potest, pertinere ad corporis constitutionem, quidquid
materi@ translato corpore, simul cum ipso transfertur ; nam aer, qui intra spongiam est, partim
mutatur in ea trandatione, is nimirum, qui orificio est propior, partim manet, qui mimirum

intimior, & qui aliquandiu manet, mutatur deinde.

Hinc. indistinctam 381. Hee, 8 alia mibi diligentius perpendenti, illud videtur demum, ideam masse non
esse & mass® ideam. . « e . .
Quid densitas & £95€ accurate determinatam, (3 distinctam, sed admodum vagam, arbitrariam, 3 confusam.
raritas ; otranque Eyi! massa materia omnis ad corporis constitutionem pertinens ; sed a crassa quadam, &
mgnhfc theoria drbitraria @stimatione pendebit illud, quod est pertinere ad ipsam ejus constitutionem. Hze
in quacunque ego ibi: tum ad molem transeo, de cujus indeterminatione jam hic superius egimus, ac
1atione. deinde ad densitatem, quz est relatio masse, ad molem, eo major, quo pari male est major
massa, vel quo pari massa est minor moles. Hinc mensura densitatis est massa divisa per
molem ; & quzcunque vulgo proferuntur de comparationibus inter massam, molem, &
densitatem, h®c omnia & mihi communia sunt. Massa est ut factum ex mole & densitate ;
moles ut massa divisa per densitatem. Raritas autem etiam mihi, ut & aliis, est densitatis
inversa, ut nimirum idPem sit dicere, corpus aliquod esse dccuglo minus densum alio aliquo
corpore, ac dicere, esse decuplo magis rarum. Verum quod ad densitatem & raritatem
pertinet, in eo ego quidem a communi sententia discrepo, uti exposui num. 89, quod [175]
ego nullum habeo limitem densitatis & raritatis, nec maximum, nec minimum ; dum illi
minimam debent aliquam raritatem agnoscere, & maximam densitatem possibilem, utut
finitam, qua illis idcirco per saltum quendam necessario abrumpitur ; licet nullam agnoscant
raritatem maximam, & minimam densitatem. Mihi enim materiz puncta possunt &
augere distantias a se invicem, & imminuere in quacunque ratione ; cum data linea quavis,
possit ex ipsis Euclideis elementis inveniri semper alia, quz ad ipsam habeat rationem
quancunque utcunque magnam, vel parvam ; adeoque potest, stante eadem massa, augeri
moles, & minui in quacunque ratione data; at illis potest quidem quavis massa divid: in
quenvis numerum particularum, quz dispersz per molem utcunque magnam augeant
raritatem, & minuant densitatem in immensum; sed ubi massa omnis ita ad contactus
immediatos devenit, ut nihil jam supersit vacul spatii; tum vero densitas est maxima, &
raritas minima omnium, qua haberi Ipossint, & tamen finita est, cum mensura Yrioris

habeatur, massa finita per finitam molem divisa, & mensura posterioris, divisa mole per
massam.

loertia massarum 382. Inertia corporum oritur ab inertia punctorum, & a viribus mutuis; nam illud
orta ex inertia : : : : . .
punctoram : ipsi demonstravimus num. z6o, si puncta quecunque vel quiescant, vel moveantur directionibus,

respondens conser. & ccleritatibus quibuscunque, sed singula ®quabili motu; centrum commune gravitas
pavitatis & jaear vel quiescere, vel moveri uniformiter in directum, ac vires mutuas quascunque inter eadem
masse mnitz i puncta nihil turbare statum centri communis gravitatis sive quiescendi, sive movendi

1pso. uniformiter in directum. Porro vis inertiz in eo ipso est sita: nam vis inertiz est
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bodies arise solely from different combinations of it. Hence it is impossible to take away from
matter the distinction between substances that pertain to a body €3 those that do not. "Again
if we consider the difference of combination, all bodies that come under our observation are mixtures
of substances that are perfectly unlike one anotber ; & yet all of them are necessary to the
constitution of the body. We have ocular evidence of this in the bodies of animals, in plants,
in mosi of the marbles ; moreover, in all bodies, chemistry teaches us how to separate that msxture.

379- In another respect, that very tenuous ethereal matter, which is something indeed
much less dense than our air, can in no sense be considered to be a constituent part of a body ;
nor indeed, in the case of most bodies can the air which is contained in its internal parts. Thus
the air that is included in the passages of a sponge can in no sense be considered as being necessary
to the constitution of the spomge.  But the same thing pertains to the constitution of many bodies ;
at least, when reduced 10 a fixed nature. For Hales bas proved that many substances of the
animal & vegetable kingdoms in a great part consist of air that bas attained fixity. Again,
volatile substances, more tenuous than air itself, which go off in vapours &5 fumes jrom bodies
chemically decomposed, & percbance many which are not perceived by any of our senses, all
pertained to these bodies.

380. Nor can it be assumed that only something solid & fixed can pertain to the mass of a
body. For who would exclude from the mass of the human body the whole of the blood, €S the
large number of watery fluids, or from chips of wood the juices that are not yet congealed ?
Especially as the idea of mass pertains not only to solids alone but also to fluids; €5 in these
same of the more tenuous parts lie in the interstices of the more dense. On the other band, it
cannot be said that any kind of matter, which when the body is moved is carried with it, pertains
of necessity to the constitution of the body.  For the air which is within a sponge is partly
moved by that translation, that is to say that part which is near an orifice ; whilst it partly
remains, that is o say that part which is more internal, €5 remains for some length of time,
&S then is moved.

381. Ajfter carefully considering these €3 other matiers, 1 have come to the conclusion
that the idea of mass is not strictly definite €3 distinct, but hat it is quite vague, arbitrary
& confused. Mass will be the whole of the matier pertaining to the comstitution of a body ;
but what part of it actually does pertain to its conststution, will depend upon a nom-scientific
& arbitrary assessment. These arc my words; & after that I pass on to volume, the
indefiniteness of which I have already dealt with above, & after that to density, which is
the relation of mass to volume; being so much the greater as in equal volume there is so
much the greater mass, or according as for equal mass there is so much the less volume.
Hence the measure of density is mass divided by volume ; & whatever is usually said about
comparisons between mass, volume & density, everything is in agreement with what I say.
Mass is, so to speak, the nproduct of volume & density ; & volume is mass divided by density.
Rarity, with me, as well as with others, is the inverse of density ; thus it is the same thing
to say that one body is ten times less dense than another body as to say that it is ten times
more rare.  But as regards the properties of rarity & density, here I indeed differ from the
usual opinion. For, as T showed in Art. 89, I have no limiting value for either density
or rarity, no maximum, no minimum; whereas others must admit a minimum rarity, or
a maximum density, as being possible; &, since this must be something finite, it must
of necessity involve a sudden break in continuity ; although they may not admit any maximum
rarity or minimum density. For with me the points of matter can both increase & diminish
their distances from one another in any ratio whatever ; since, given any line, it is possible,
by the clementary principles of Euclid, to find another in every case, which shall bear to
the given line any ratio however great or small. Thus, it is possible that, whilst the mass
remains the same, the volume should be increased or diminished in any ratio whatever.
But, in the case of other theories, it is indeed possible that a mass can be divided into any
number of particles, which when dispersed throughout a volume of any size however great
will increase the rarity or diminish the density to an indefinitely great extent; but when
the whole mass has been brought into a state of immediate contact of its particles in such
a manner that there no longer exist any empty spaces between these particles, then indeed
there is a maximum density or a minimum rarity obtainable, although this is finite ; for,
a measure of the first may be obtained by dividing a finite mass by a finite volume, or of
the second by dividing volume by mass.

382. The inertia of bodies arises from the inertia of their points & their mutual forces.
For, in Art. 260, it was proved that, if any points are either at rest, or moving in any
directions with any velocities, so long as each of the motions is uniform, then the centre
of gravity of the set will either be at rest or move uniformly in a straight line; & that,
whatever mutual forces there may be between the points, these will in no way affect the
state of the common centre of gravity, whetheritisat rest or whetherit is moving uniformly
in a straight line. Further the force of inertia is involved in this; for the force of inertia
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determinatio perseverandi in eodem statu quicscendi, vel movendi uniformiter in directum :
nisi externa vis cogat statum suum mutare : & cum ex mea Theoria demonstretur, eam
proprietatem debere habere centrum gravitatis massz cujuscunque compositz punctis
quotcunque, & utcunque dispositis ; patet, eam deduci pro corporibus omnibus : & hic
illud etiam intelligitur, cur concipiantur corpora tanquam collecta, & compenetrata in
ipso gravitatis centro.

383. Mobilitas recenseri solet inter generales corporum proprictates, quz quidem
sponte consequitur vel ex ipsa curva virium : cum enim 1psa cxprimat suarum ordinatarum
ope determinationes ad accessum, vel recessum, requirit necessario mobilitatem, sive
possibilitatem motuum, sine quibus accessus, & recessus ipsi haberi utique non possunt.
Aliqui & quiescibilitatem adscribunt corporibus : at ego quidem corporum quietem saltem
in Natura, uti constituta est, haberi non posse arbitror, uti exposui num. 86. Eam excludi
oportere censeo etiam infinitz improbabiﬁtatis argumento, quo sum usus in ca dissertatione
De Spatio, 89 Tempore, quam toties jam nominavi, & in Supplementis hic proferam § 1,
ubi [176] evinco, casum, quo punctum aliquod materiz occupet quovis momento temporis
punctum spatii, quod alio quopiam quocunque occuparit vel ipsum, vel aliud punctum
guodcunquc, esse infinities improbabilem, considerato nimirum numero punctorum materiz

nito, numero momentorum possibilium infinito ¢jus generis, cujus sunt infinita puncta
in una recta, qui numerus momentorum bis sumitur, semel cum consideratur puncti dati
materiz cujuscunque momentum quodyvis, & iterum cum consideratur momentum quodvis,
quo aliud quodpiam materiz punctum alicubi fuerit, ac iis collatis cum numero punctorum
spatii habentis extensionem in longum, latum, & profundum, qui idcirco debet esse infinitus
ordinis tertii respectu superiorum. Deinde ab omnium corporum motu circa centrum
commune gravitatis, vel quiescens, vel uniformiter progrediens in recta linea, quies actualis
itidem a Natura excluditur.

384. Verum ipsam quietem excludit alia mihi proprietas, quam omnibus itidem
materiz punctis, & omnium corporum centris gravitatis communem censeo, nimirum
continuitas motuum, de qua egi num. 883, & alibi. Quodvis materiz punctum seclusis
motibus liberis, qui oriuntur ai imperio liberorum spirituum, debet describere curvam
quandam lineam continuam, cujus determinatio reducitur ad hujusmodi problema generale :
Dato numero punctorum materiz, ac_pro singulis dato puncto loci, quod occupent dato
quopiam momento temporis, ac data directione, & velocitate motus imtxa]xs,_ 51 tum primo
projiciuntur, vel tangentialis, si jam ante fuerunt in motu, ac data lege virium expressa
per curvam aliquam continuam, cujusmodi est curva figure 1, quz meam hanc Theoriam
continct, invenire singulorum punctorum trajectorias, lineas nimirum, per quas ea moventur
singula. Id problema mechanicum quam sublime sit, quam omnem humanz mentis
cxcedat vim, ille satis intelliget, qui in Mecchanica versatus non nihil noverit, trium etiam
corporum motus, admodum simplici etiam vi preditorum, nondum ecsse generaliter definitos,
uti monui num. 204, & consideret immensum punctorum numerum, ac altissimam curve
virium tantis flexibus circa axem circumvolutz elevationem.

385. Sed licet ejusmodi problema vires omnes humanz mentis excedat; adhuc tamen
unusquisque Geometra videbit facile, problema csse prorsus determinatum, & curvas
ejusmodi fore omnes continuas sine ullo saltu, si in lege virium nullus sit saltus. Quin
immo & illud arbitror, in ejusmodi curvis nec ullas usquam cuspides occurrere ; nam nodos
nullos esse consequitur ex eo,quod nullum materiz punctum redeat ad idem punctum
spatii, in quo ipsum aliquando fuerit, adeoque nullus habeatur regressus, qui tamen ad
nodum cst necessarius. Hujusmodi curve necessarie essent omnes, & mens, [177] quz
tantum haberet vim, quanta requiritur ad cjusmodi problemata rite tranctanda, & intimius
perspiciendas solutiones (quz quidem mens posset etiam finita esse, si finitus sit punctorum
numerus, & per finitam expressionem sit data notio curva exprimentis legem virium) posset
ex arcu continuo descripto tempore etiam utcunque exiguo a punctis materiz omnibus
derivare ipsam virium legem, cum quidam finiti tantummodo positionum numeri finitos
determinare possint numeros punctorum curvz virium, & arcus continuus legem ipsam
continuam : & fortasse solz etiam positiones omnium punctorum cum dato arcu continuo
percurso ab unico etiam puncto motu continuo, exiguo etiam aliquo tempusculo ad rem
prestandam satis essent. Cognita autem lege virium & positione, ac velocitate, & directione
punctorum omnium dato tempore, possct cjusmodi mens previderc omnes futuros neces-
sarios motus, ac status, & omnia Naturz phznomena necessaria, ab iis utique pendentia,
atque przdicere : & ex unico arcu descripto a2 quovis puncto, tempore continuo utcunque
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consists in a propensity forstayingina state of rest or of maintaining a uniform state of motion
in a straight line, unless some external force compels a change of this state, Now, since by
my Theory it is proved that the centre of gravity of any mass, composed of any number of
points disposed in any manner whatever, is bound to have this property, it is clear that
the same property can be deduced for all bodies ; & by this it can also be understood why
bodies can be conceived to be collected & condensed at their centres of gravity.

383. Mobility is usually considered as one.of the general properties of bodies; &
indced it follows immediately from the curve of forces. For, since this curve, by means of
its ordinates, represents the propensity to approach or recede, it necessarily requires mobility,
or the possibility of motion, without which approach or recession can certainly not be
obtaincéj. Now there are some, who ascribe quiescibility to bodics; but 1 consider that
absolute rest, at any rate in Nature as it is at present constituted, is impossible, as I explained
in Art. 86. 1 think also that it must be excluded by the argument of infinite improbability,
which I used in the dissertation De Spatio, £ Tempore, which I have mentioned so many
times already, & which I quote in this work as Supplement, § 1; in it I prove that the
case in which any point of matter occupics at any instant of time a point of space, which
at any other instant whatever cither it or any other point whatever woufd occupy, is infinitely
improbable ; tlis, by considering the finite number of points of matter, & the infinite
number of instants of time possible, of that class for which there are an infinite number of
points in the same straight line ; this number of instants is considered twice, once when
any instant for any given point of matter is considered, & again when any instant is considered
in which any other point of matter was somewhere else; when these arc compared with
the number of points of a space which has extension in length, breadth & depth, the latter
must be infinite of the third order with respect to those mentioned above. Finally, by
the motion of all bodies about a common centre of gravity, whether this is at rcst or travelling
uniformly in a straight line, absolute rest is cxcluded from Nature.

384. In my opinion also, there is another property that excludes absolute rest, one
which I consider is common also to all points of matter & to the centres of gravity of all
bodies ; namely, continuity of motion, with which I dealt in Art, 88 & elsewhere. Any
point of matter, setting aside frce motions that arise from the action of arbitrary will,
must describe some continuous curved line, the determination of which can be reduced to
the following general problem. Given a number of points of matter, & given, for each of
them, the point of space that it occupies at any given instant of time ; also given the direction
& velocity of thc initial motion if they were projected, or the tangential velocity if they
are alrcady in motion; & given the law of forces expressed by some continuous curve,
such as that of Fig. 1, which contains this Theory of minc ; it is required to find the path
of each of the points, that is to say, the line along which each of them moves. How diffgzult
this mechanical problem may become, how it may surpass all powers of the human mind,
can be easily enough understood by anyone who is versed in Mechanics & is not quite unaware
that the motions of even three bodies only, & these possessed of a perfectly simple law of
force, have not yet been completely determined in general, & then will consider an immense
number of points, & the extremely high degree of a curve of forces twisting round the axis
with so many sinuosities.

385. Now, although a problem of such a kind surpasses all the powers of the human
intellect, yet any geometer can easily see thus far, that the problem is determinate, & that
such curves will all be continuous without any break in them, so long as there is no discon-
tinuity in the law of forces., Indeed, I think that, in such curves, there never occur
any cusps; for, it follows that there are no nodes, from the fact that no point of matter
returns to the same point of space that it occupied at any time; & thus therc is none of
that regression which is necessary for a node. the curves must be of this kind ; & a mind
which had the powers requisite to deal with such a problem in a proper manner & was
brilliant enough to perceive the solutions of it (% such a mind might even be finite, provided
the number of points were finite, & the notion of the curve representing the law of forces
were given by a finitc representation), such a mind, I say, could, from a continuous arc
described in an interval of time, no matter how small, by al( points of matter, derive the law
of forces itself ; for, any merely finite number of positions can determine a finite number
of points on the curve of forces, & a continuous arc the continuous law. Perhaps even
the positions of all the points, together with a given continudus arc traversed with continuous
motion by but a single one of them, & that too in an interval of time no matter how small,
would be sufficient to obtain a solution of the problem. Now, if the law of forces were
known, & the position, velocity & direction of alf the points at any given instant, it would
be possible for a mind of this type to foresee all the necessary subsequent motions & states,
& to predict all the phenomena that necessarily followed from them. It would be possible
from a single arc described by any point in an interval of continuous time, no matter how
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parvo, quem aliqua mens satis comprehenderet, eadem determinare posset reliquum omnem
ejusdem continux curva tractum utraque e parte in infinitum productum.

386. Nos eo aspirare non possumus, tum ob nostrz mentis imbecillatatem, tum quia
ignoramus numerum, & positionem, ac motum punctorum singulorum (nam nec motus
absolutos intuemur, sed respectivos tantummodo- respectu Telluris, vel ad summum
respectu systematis planetarii, vel systematis fixarum omnium) tum etiam, quia curvas
illas turbant liberi motus, quos producunt spirituales substantiz. Harmonia prastabilita
Leibnitianorum ejusmodi perturbationem tollit omnem, saltem respectu animz nostre,
cum omne immediatum commercium demat inter corpus, & animam ; & id, quod tantopere
improbatum est in Theoria Cartesiana, qua bruta redegerat ad automata, ad homines
etiam ipsos transfert, quorum motus a machina provenire omnes, & necessarios csse in ea
Theoria, facile constat : & quidem idcirco etiam mihi Theoria displicet plurimum, quam
preterea si admitterem, mﬁlam sane viderem, ne tenuissimam quidem rationem, qua
mihi suadere posset, preter animam meam, cujus idez per se, & sine ullo immediato nexu
cum corpore evolvantur, me habere aliquod corpus, quod motus ullos habeat, & multo
minus, ejusmodi motus csse conformes iis ideis, aut ullos alios esse homines, ullam naturam
corpoream extra me ; ad quz omnia, & multo adhuc pejora, mentem suis omnia momentis
librantem deducat omnino oportet ejusmodi sententia, quam promoveri passim, & vero
etiam recipi, ac usque adeo gliscere, quin & omnino tolerar, semper miratus sum.

387. Censeo igitur, & id intima vi, qua anima suarum [178] idcarum naturam, &
proprietates quasdam, atque originem novit, constare arbitror, motus liberos corporis ab
anima proventre : ac quemadmodum virium lex necessaria, in ipsa fortasse materiz natura
sita, ejusmodi est; ut juxta eam bina materiz puncta debeant ad se invicem accedere,
vel a se invicem recedere, determinata & quantitate motus, & directione per distantias ;
ita esse alias leges virium liberas animz, secundum quas debeant quzdam puncta materix
habentia ejusmodi dispositionem, qua ad vivum, & sanum corpus organicum requiritur,
ad ipsius animz nutum moveri; sed hujusmodi leges itidem censeo requirere illud, ut
nulli materiz puncto imprimatur motus aliquis, nisi alicui alteri imprimatur alius contrarius,
& ®=qualis, quod constat ex ipso nisu, quem semper exercemus in partes contrarias, juxta ea,
quz diximus num. 74 : ac itidem arbitror, & id ipsum diligenti observatione, & reflexione
facile colligitur, ejusmodi quoque motus imprimi non posse, nisi servata lege continuitatis
sine ullo saltu, quod si ab omnibus spiritibus observari debeat; discedent quidem veri
motus a curvis illis necessariis, & a libera voluntatis determinatione pendebunt curva
descriptz ; sed motuum continuitas’ nequaquam turbabitur,.

388. Porro inde constat, cur in motibus nullum wspiam deprehendamus saltum, cur
nullum materiz punctum ab uno loct puncto abeat ad aliud punctum loci sine transitu
per intermedia, cur nulla densitas mutetur per saltum, cur & motus reflexi, & refracti fiant
per curvaturam continuam, ac alia ejusmodi, quz huc pertinent. Verum simul patebit
& illud, in cujus gratiam hzc congessimus, nullam fore absolutam quietam, in qua nimirum
continuatus ille curve descriptz ductus abrumpatur ea continuitate lesa nihilo minus,
quam lederetur, si curva continua desineret alicubi in rectam.

389. Jam vero ad actionis, & reactionis zqualitatem gradu facto, eam abunde deduximus
a num. 265. pro binis quibusque corporibus ex actione, & reactione zqualibus in punctis
quibuscunque. Cum nimirum mutuz vires nihil turbent statum centri gravitatis com-
munis, & centra gravitatis binarum massarum debeant cum ipso communi centro jacere
in directum ad distantias hinc, & inde reciproce proportionales ipsis massis, ut ibidem
demonstravimus ; consequitur illud, motus quoscunque, quos ex mutua actione habebunt
binarum massarum centra gravitatis, debere fieri in lineis similibus, & proportionalibus
distantiz singularum ab ipso gravitatis centro communi, adeoque reciproce proportionalibus
ipsis massis; & quod inde consequitur, summam motuum computatorum secundum
crirectionem quancunque, quam ex mutuis actionibus acquiret altera massa, fore semper
®qualem summa motuum computatorum secundum oppositam, quam massa altera acquiret
simul, in quo ipso sita est actionis & reactionis qualitas, cx qua corporum [179] collisiones
deduximus in secunda parte, & ex qua multa phznomena pendent, in Astronomia inprimis.
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small, which was sufficient for a mind to grasp, to determine the whole of the remainder
of such a continuous curve, continued to infinity on either side.

386. We cannot aspire to this, not only because our human intellect is not equal to the
task, but also because we do not know the number, or the position & motion of each of these
points (for we do not observe absolute motions, but merely relative motions with respect
to the Earth, or at most those with respect to the planetary system or the system of all
the fixed stars) ; & there is yet another reason, namely that the free motions produced
by spiritual substances affect these curves. The “ pre-established harmony *’ of the followers
of Leibniz abrogates all such disturbing effect, at least as far as regards our will, since it does
not admit any direct intercourse between body & spirit. What was so strongly condemned
in the theory of Descartes, which reduced animals to automata, is transferred to men as well ;
& it is easily shown that all their motions arise from a mechanism, & that these are necessary
upon that theory. For this reason, indeed, I am very much against the Cartesian theory ;
for, besides other things, if I admitted its principles, I should not be able to see any real
reason, nay, not of the slightest kind, which would lead me to think that, in addition to
my mind, ideas about which arc evolved of itself & without any direct connection with
the body, I had a body that had motions ; much less, that these motions conformed to those
ideas, or that there were any other men, or any corporeal nature outside myself. Such a
philosophy must of necessity lead a mind that puts everything in the scales of its own
impulses to such absurdities, & still worse; & 1 have always been astonished that this

hilosophy has gained ground & has even becn accepted everywhere, & up to the present
Eas been growing ; I am amazed that it should have been tolerated at all.

387. I think, therefore, that the free motions of bodies arise from the mind ; & that
this is due to an inner forcc, by which the mind knows the nature, certain properties & the
origin of its ideas, I think can be easily cstablished. Just as we must have a law of forccs,
perhaps involved in the very nature of matter, of such a kind that according to it two points
of matter must approach towards, or recede from, one another with a motion determined
in magnitude & direction by the distance between the points; so there must be other
free laws for the mind, according to which any points that have that disposition which a
living & healthy body requires, must obey the command of the mind. But such laws, I
also think, require the con%ition that a motion cannot be impressed on any point of matter,
unless an equal & opposite motion is impressed on some other point of matter ; this follows
from the stress that we always exert in opposite directions, according to what has been
said in Art. 74. Lastly, I consider, & the fact can be derived by diligent observation &
reflection, that such motion can not be impressed, unless it follows a law of continuity
without any break ; & if this law is bound to be observed by all object-souls, the real motions
will truly depart from the necessary curves, & the curves actually described will depend
on a free determination of the will; but the continuity of the motions will not thereby
be affected.

388. Further, it is hence evident why we nowhere get any discontinuity in motions,
why no point of matter can ever pass from one position to another without passing through
all intermediate positions, why density can in no case be suddenly changecf why reflccted
& refracted motions come about through continuous curvature, & other things of the sort
relating to the matter in hand. But, in particular, there will at the same time be evident
the fact, which is the purpose of all we have just done, namely, that there is no such thing
as absolute rest; that is to say, such a thing as the sudden breaking off of the continuous
drawing of the curve described, the continuity being destroyed just as much as it
would be if a continuous curve finally became a straight line after reaching a certain

oint.

F 389. Passing on to the equality of action & reaction, we have already, in Art. 263,
fully proved its truth for any two bodies from the equality of the action & reaction between
any two points. For instance, since the mutual forces do not in any way affect the state of
the common centre of gravity, & the centres of gravity of two masscs must lie in a straight line
with the common centre of the two, at distances on each side of the latter that are inversely
proportional to the masses, as was also proved in the same article ; it must follow that any
motions, which owing to mutual action are possessed by the centres of gravity of the two
masses, must take place along lines that are similar & proportional to the distances of each
from the common centre of gravity, & thus inversely proportional to the masses. Also it
then follows that the sum of the motions, reckoned in any direction, acquired by either of
the masses on account of the mutual actions, must always be equal to the sum of tKe motions
in the dircctly opposite direction, acquired simultaneously by the other mass; & in this
is involved the equality of action & reaction; & from it we deduced the laws of the
collisions of bodics 1n the second part; & upon it depend many phenomena, especially in
Astronomy.
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390. Illud unum hic adnotandum censeo, per hanc ipsam legem comprobari plurimum
ipsas vires mutuas inter materiz particulas, & deveniri ad originem motuum plurimorum,
quz inde pendet; si nimirum particulz masse cujuslibet ingentem habcant motun
reciprocum hac, illac, & interea centrum commune gravitatis iisdem its motibus careat;
id sane indicio est, eos motus provenire ab internis viribus mutuis inter puncta cjusdem
masse. Id vero accidit inprimis in fermentationibus, quz habentur post quarundam
substantiarum permixtionem, quarum particulz non omnes simul jam in unam feruntur
plagam, jam in aliam, scd singillatim motibus diversissimis, & inter sc etiam contrariis,
quos idcirco motus omnes illarum centra gravitatis habere non possunt ; ii motus provenire
omnino decbent a mutuis viribus, & communc gravitatis centrum interea quiescet respectu
ejus vasis, in quo fermentatio sit, & Terr, respectu cujus quiescit vas.

391. Quod ad divisibilitatem pertinet, eam quidem in infinitum progredientem sine
ullo limite in spatio continuo illc solus non agnoscet, qui Geometriz etiam elementaris
vim non sentiat, a qua pro ejusmodi divisibilitate in inr?nitum tam multa, & simplicia, &
perspicua sane argumenta desumuntur. Ubi ad materiam sit transitus ; si, ubi de ¢a agitur,
que distinctas occupant loci partes, distincta ctiam sunt ; ab illa spatii continui divisibilitate
in infinitum, materiz quoque divisibilitas in infinitum consequitur evidentissime, &
utcunquc prima materie clementa atomos, sive Naturx vi insectilia censeant multi, ut
& Newtonus; adhuc tamen absolutam corum divisibilitatem agnoscunt passim illi ipsi,

392. Materi® clementa extensa per spatium divisibile, sed omnino simplicia, & carentia
partibus, admiscrunt nonnulli e Peripateticis, & est etiam nune, qui recentiorem Philoso-
phiam professus admittat; at eam sententiam non cx przjudicioc quodam, quanquam id
etiam est ingens, & commune, sed ex inductionis principio, & analogia impugnavi in prima
partc num. 83. Quamocbrem arbitror, si quid corporeum extensionem habeat per totum
quodpiam continuum spatium, id ipsum debere absolute habere partes, & esse divisibile
in infinitum =que, ac illud ipsum est spatium.

393. At in mea Theoria, in qua prima elementa materiz mihi sunt simplicia, ac inex-
tensa, nullam, eorum divisibilitatem haberi constat. Massz autem, quazcunque actu
existant, sunt mihi congeries punctorum ejusmodi numero finitz. Hinc cz congerics
dividi utique possunt in partes, sed non plures, quam sit ipse punctorum numerus massam
constituentium, cum nulla pars minus continere possit, quam unum ex iis punctis. Nec
Geometrica argumenta quidquain probant in mea Theo-[180]ria pro divisibilitate ultra
cum limitem ; posteaquam enim deventum fucrit ad intervalla minora, quam sit distantia
duorum punctorum, sectiones ulteriores secabunt intervalla ipsa vacua, non materiam,

394. Verum licet ego non habeam divisibilitatem in infinitum, habeo tamen componi-
bilitatem, ut appellare soleo, in infinitum. In quovis dato spatio habebitur quidem semper
certus quidam punctorum numerus, qui idcirco etiam finitus erit ; neque enim ego admitto
infinitum ullum in Natura, aut in extensione, ncque infinite parvum in se determinatum,
quod ego positiva demonstratione exclusi primum in mea Dissertatione de Natura & usu
tnfinitorum, & infinite parvorum ; tum & aliis in locis; quod tamen requireretur ad hoc,
ut intra finitum spatium contineretur punctorum numerus indefinitus : at longe aliter se
res habet; si consideremus, qui numerus punctorum in dato spatio possit existere : tum
enim nullus est numerus finitus ita magnus, ut alius adhuc finitus ipso” major haberi in eo
spatio non possit. Nam inter duo %uncta quzcunque potest in medio interseri aliud,
quod quidem neutrum continget; aliter enim ctiam ¢a duo se contingerent mutuo, &
non distarent, sed compenetrarentur. Potest autem cadem ratione inter hoc novum, &
priora illa interseri novum utrinque, & ita porro sine ullo limite : adeoque deveniri potest
ad numerum punctorum quovis determinato utcunque magno majorem in unica etiam
recta, & proinde multo magis in spatio extenso in longum, latum, & profundum. Hanc
cgo voco componibilitatem in infinitum. Numerus, qui in quavis data massa existit,
finitus est; sed dum cum Naturz Conditor determinare voluit, nullos habuit limites,

uos non potuerit pretergredi, nullum ultimum habente terminum serie illa possibilium
nitorum 1n infinitum crescentium.

395. Hzc componibilitas in infinitum zquivalet divisibilitati in ordine ad explicanda
Natur phznomcna. DPosita divisibilitate materiz in infinitum, solvitur facile illud
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390. | consider that in this connection it should be remarked that by mcans of this
law especially the existence of these mutual forces between particles of matter is established,
& that in it we attain to the source of most of the motions, which arises from it. For
instance, considering that the particles of a mass may have an immense reciprocal motion,
whilst the common centre of gravity is without any such motion, surely that is a token
that these motions come from mutual internal forces between the particles of the mass.
Now, this takes place, in particular, in fcrmentations, such as arc obtained after making
a mixture of certain substances ; here the particles of the substances are not all at the same
time moving first in one direction, then 1n another, but cach of them separately in the
most widely diverging directions, & even in opposite directions, to onc another. Hence,
as the centres of gravity cannot have all these motions, the motions must arise from mutual
forces; &, besides, the common centre of gravity is at rest with regard to the vessel in
which the fermentation takes place, & also with regard to the Earth, with respect to which
the vessel is at rest,

391. Now, as concerning divisibility, that this can be carried on indefinitely without
any limit in continuous space will bc denied only by one who does not feel the force of
the most elementary principles of geometry ; for, from it may be derived so many simple
& perfectly clear arguments in favour of such infinite divisibility. When we come to
consider matter, if in dealing with it, we take it that what occupies a distinct part of space
is itsell distinct, then, from the infinite divisibility of continuous space, the iniﬁlite
divisibility of matter also follows very clearly ; &, although there are many who think that
the primary elements of matter are atoms, that is to say, things that are incapable of further
division by any Natural force, as Newton also thought, yct even they must still in all cases
admit their agsolute divisibility.

392. Some of the Peripatetics admitted elements of matter extended through divisible
space, but quite simple & without parts; & at the present day there is one professing a
more modern philosophy who admits such elements. This idea, in Art. 83 of the first
part of this work, I contradicted, not by the employment of any prejudgment, although
there certainly exists one that is very forcible & generally ac nowfedged, but by the
employment of the principle of induction & analogy. Hence, I think that, if anything
has corporeal extension throughout the whole of any continuous space, it must also absolutely
have parts & must be infinitely divisible, in exactly the same manner as the space is infinitely
divisible.

393. Now, in my Theory, in which the primary elements of matter are simple & non-
extended, it is easily seen that there can be no divisibility of the elements. Also masses,
in so far as they actually exist, are to me merely sets of such points finite in number.
Hence these sets of points can at any rate be divided into parts, but not into a greater number
of points than that given by the number of points constituting the mass, since no part can
contain less than one of these points. Nor do geometrical arguments prove anything,
as far as my Theory is concerneci in favour of divisibility beyond this limit; for, as soon
as we rcach intervals that are less than the distance between two points, further sections
will cut these empty intervals & not matter.

394. Now, although I do not hold with infinite divisibility, yet I do admit infinite
componibility, as it is usually called. In any given space we can always have a certain
num%er of points; & hence this number is finite. For, I do not admit anything infinite
in Nature, or in extension, or a self-determined infinitely small. Such a thing I excluded
by direct proof, for the first time in my dissertation De Natura, & usu infinitorum, & infinite
parvorum ; & later, in other writings ; this, however, is required, if an indefinite number
of points is to be included within a finite space. But the facts of the matter are quite
diﬂErent, if we consider how great a number of points can exist within a given space ; for,
then there is no finite number so great, but that a still greater finite number can be had
within the space. For, between any two points it is possible to insert another midway,
which will touch neither of the former; if this is not the case, then the two former points
must touch one another, & not be at a distance from one another, but compenetrated.
Further, in the same manner, between the new point & the first two points, we can insert
a new one on either side; & so on without any limit. Thus we could arrive at a number
of points greater than any given number, no matter how large, all of them even lying in
a single straight line ; much more then would this be the case in sgace extended in length,
breadth & depth. This I call infinite componibility. ‘The number of points present in
any given mass is finite ; but when the Creator of the Universe willed what that numbcr
was to be, he had no limits ; for the series of possible finites increasing indefinitely has no
last term.

395. This infinite componibility is equivalent to divisibility for the purpose of explaining
the phenomena of Nature, If we postulate infinite divisibility for matter, we have an casy
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problema : Datam massam utcunque parvam, sta distribuere per datum spatium wutcungue
magnum, ut in eo mullum sit spatiolum mafus dato guocungue utcungue parvo pemitus vacuum,
8 sine ulla ejus materie particula. Concipitur enim numerus, quo illud magnum spatium
datum continere possit hoc spatiolum exiguum, qui utique finitus est, & in se determinatus :
concipitur in totidem particulas divisa massula, & singula particulz destinantur singulis
spatiolis ; quz iterum dividi possunt, quantum libuerit, ut parietes spatioli sui convestiant,
qui utique ad unam ejus transversam sectionem habent finitam rationem, adeoque continua
sectione planis parallelis facta possunt ipsi parietes convestiri scgmentis suz particulze,
vel possunt ejus particulaz segmenta iterum per illud spatiolum utcunque dispergi. In
[181] mea Theoria substituitur hujusmodi aliud problema : Intra datum spatiolum collocare
enm punctorum numerum, qui deinde distribus possit per spatium utcunque magnum ita, ut
in €0 nullum sit spatiolum cubicum majus dato quocunque utcunque parvo penitus vacuum, &
quod in se non habeat numerum punctorum utcungue magnum,

396. Quod in ordine ad explicanda phznomena hoc secundum problema =quivaleat
illi pnmo, patet utique: nam solum deest convestitio parietum continua mathematice :
sed illi succedit continuatio physica, cum in singulis parietibus collocari possit ejus ope
quicunque numerus utcunque magnus, distantiis idcirco imminutis utcunque. Quod in
mea Theoria secundum illud problema solvi possit ope expositz componibilitatis in infinitum,
patet : quia ut inveniatur numerus, qui ponendus est in spatiolo dato, satis est, ut numerus
vicium, quo ingens spatium datum continet illud spatiolum posterius multuplicetur per
numerum punctorum, quem velimus collocari in hoc ipso quovis posteriore spatiolo post
dispersionem, & auctor §aturae potuit utique intra illud spatiolum primum hunc punctorum
numerum collocare.

397. Jam quod pertinet ad divisibilitatem immanem, quam nobis ostendunt Naturz
ph®nomena in coloratis quibusdam corporibus, immanem molem aqua inficientibus eodem
colore, in auro usque adeo ductili, in odoribus, & ante omnia in lumine, omnia mihi cum
aliis communia erunt; & quoniam nulla ex observationibus nobis potest ostendere divisi-
bilitatem absalute infinitam, sed ingentem tantummodo respectu divisionum, quibus
plerumque assuevimus ; res ex meo problemate ®que bene explicagitur per componibilitatem
ac in communi Theoria ex illo alio per divisibilitatem materiz in infinitum.

398, Prima materiz elementa volunt Plerunque immutabilia, & ejusmodi, ut atteri,
atque confringi omnino non possint, ne nimirum phznomenorum ord]o, & tota Nature
facies commutetur. At clementa mea sunt sane ejusmodi, ut nec immutari ipsa, nec
legem suam virjum, ac agendi modum in compositionibus commutare ullo modo possint ;
cum nimirum simplicia sint, indivisibilia, & inextensa. Ex iis autem juxta ea, que diximus
num. 239 ad distantias perquam exiguas collocatis in limitibus virlum admodum validis
oriri possunt prime particulz minus jam tenaces suz formz, quam simplicia elementa,
sed oE ingentem illam viciniam adhuc tenacissimz idcirco, quod alia particula quzvis
ejusdem ordinis in omnia simul ejus puncta fere qualiter agat, & vires mutuz majores
sint, quam sit discrimen virium, quibus diversa ejus puncta solicitantur ab illa particula.
Ex hisce primi ordinis particulis possunt constare particule ordinis secundi ; adhuc minus
tenaces, & ita porro; quo enim plures compositiones sunt, & majores distantiz, eo facilius
fieri potest, ut inzqualitas [182% virium, quz sola mutuam positionem turbat, incipiat
ess¢é major, quam sint vires mutuz, qua tendunt ad conservandam mutuam positionem,
& formam particularum ; & tunc jam alterationes, & transformationes habebuntur, quas
videmus in corporibus hisce nostris, & qua habentur etiam in pluribus particulis postremorum
ordinum, hzc ipsa nova corpora componentibus. Sed prima materixz clementa erunt
omnino immutabilia, & primorum etiam ordinum particulz formas suas contra externas
vires validissime tucbuntur,

399. Gravitas etiam inter generales proprictates a Newtonianis inprimis numeratur,
uibus assentior; dummodo ea reipsa non habeat rationem reciprocam duplicatam
gistantiarum extensam ad omnes distantias, sed tantum ad distantias ejusmodi, cujusmodi
sunt e®, quz interjacent inter distantiam nostrorum corporum a part¢ multo maxima
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solution of the following problem. Distribute a given mass, bowever small, within a given
space, however large, in such a manner that there shall be wo litile space in it greater than any
given one, no matier how small, that shall be quite empty, €3 without any particle of that matter.
For we assumc a certain number to represcnt the number of times the large given space
can contain the excecdingly small space, this number being in cvery case finite & self-
determined ; we assume the mass to be divided into the same number of particles, & one
of the particles to be placed in each of the small spaces. The former can again be divided,
as muci as is desired, so that the new parts of each particle cover the boundary walls of
the corresponding small space ; & these in every case bear a finite ratio to one transverse
section of it, so that, by making continuous sections with paralle]l plancs, these boundary
walls can be covered each with segments of the particle corresponding to it ; or the segments
of a particle can be scattered in any manner throughout the small space, repeating the
above process. In my Theory another problem is substituted, such as the following :—
Place within a given small space such a number of points, that these can then be distributed
throughout any space, however great, sn such a manner that there shall be no little cubical space
in it greater than any given one, however mall, that shall be quite empty, &5 which does not
contain in itself any number of points however great.

396. It is quite clear that, for the purpose of explaining the phenomena of Nature,
the second problem is equivalent to the first ; for, the only thing that is wanting in it is
2 continuous covering of the boundary walls, in a strictly mathematical sense ; & instead
of this we have a physical continuity, since in each of the walls there can be placed by means
of it any number of particles, however great, & therefore at distances from one another
which are indefinitely diminished. It is also clear that, in my Theory, the second problem
can be solved by the employment of the infinite componibility that T have explained ;
for, in order to find the number to be placed in a given small space, it is sufficient that the
number of times that the large given space contains the latter small space should be multiplied
by the number of points which we desire to be placed in this latter small space after
dispersion ; & certainly the Author of Nature was able to place this number of points within
that first small space.

397. Now, as regards the immense divisibility, which the phenomena of Nature present
to us in certain coloured bodies, when they stain an immense volume of water with the same
colour, in the extremely great ductility of gold, in odours, & more than all in light, everything
will be in agreement in my Theory with the theories of others. Moreover, since no
observations can show us any divisibility that is absolutely infinite, but only such as is
immenscly great when compared with such divisions as we are for the most part accustomed
to; it follows that the matter can be explained just as well from my problem by means
of componibility, as in the usual theory it can be from the other problem by the infinite
divisibility of matter.

398. The primary elements of matter are considered by most people to be immutable,
& of such a kind that it is quite impossible for them to be subject to attrition or fracture,
unless indeed the order of phenomena & the whole face of Nature were changed. Now,
my elements are really such that neither themselves, nor the law of forces can be changed ;
& the mode of action when they are grouped together cannot be changed in any way ; for
they are simple, indivisible & non-extended. From these, by what I have said in Art.
239, when collected together at very small distances apart, in sufficiently strong limit-points
on the curve of forces, there can be produced primary particles, less tenacious of form
than the simple elements, but yet, on account of the extreme closeness of its parts, very
tenacious in consequence of the fact that any other particle of the same order will act
simultaneously on all the points forming it with almost the same strength, & because the
mutual forces are greater than the difference between the forces with which the different
points forming it are affected by the other particle. From such particles of the first order
there can be formed particles of a second order, still less tenacious of form ; & so on. For
the greater the composition, & the larger the distances, the more readily can it come about
that the inequality of forces, which alone will disturb the mutual position, begins to be
greater than the mutual forces which endeavour to maintain that mutual position, i.e. the
form of the particles. Then indeed we shall have changes & transformations, such as we
see in these bodies of ours, & which are also obtained in most of the particles of the last
orders, which compose these new bodies. But the primary elements of matter will be
quite immutable, & particles of the first orders will presérve their forms in opposition to
even very strong forces from without.

399. Gravity also is counted as a general property, especially by followers of Newton ;
& 1 am of the same opinion, so long as it is not supposed to be in the inverse ratio of
the squares of the distances for all distances, but merell; for distances such as those that lie
between the distance of our bodies from the far greatest part of the mass of the Earth,
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massz terrestris, & distantias a Sole aphcliorum pertinentium ad cometas remotissimos,
& dummodo in hoc ipso tractu sequatur non accuratissime, sed, quam libuerit, proxime,
rationem ipsam reciprocam duplicatam, juxta ca, qux diximus num. 12I. é)jusmodi
autem gravitas exhibetur ab arcu illo postremo mez curva figurx 1, qui, si gravitas exten-
ditur cum eadem illa lege ad sensum, vel cum aliqua simili, in infinitum, ecrit asymptoticus.
Posset quidem, ut monui num. 119, concipi gravitas ettam accurate talis, quae extendatur
ad quascunque distantias cum eadem lege, & prxterca alia quadam vis exposita per aliam
curvam, in quam vim, & in gravitatem accurate reciprocam quadratis distantiz resolvatur
lex virium figure 1; quz quidem vis in illis distantiis, in quibus gravitas ‘sequitur quam
proxime ejusmodi legem, essct insensibilis ; in aliis autem distantiis plurimis ingens esset :
ac ubi figura 1 exhibet rcpulsiones, deberet esse vis hujus alterius concepte legis itidem
repulsiva tanto major, quam vis legis primitivee figur® 1, quanta esset gravitas ibi concepta,
quz nimirum ab illo additamento vis repulsiva elidi deberet. Sed hzc jam a nostro
concipiendi modo pendercnt, ac in ipsa mea lege primitiva, & rcali, gravitas utique est
generalis materize, ac legem sequitur rationis reciprocze duplicatz distantiarum, quanquam
non accurate, sed quamproxime, nec ad omnes extenditur distantias ; sed illas, quas exposui.

" 400. Ceterum gravitatem gencralem haberi in toto planetario systemate, ego
quidem arbitror omnino evinci iisdem argumentis ex Astronomia petitis, quibus utuntur
Newtoniani, quaz hic non repeto, cum ubi(iue prostent, & quz tum alibi ego quidem
congessi pluribus in locis, tum in Adnotationibus ad poema P. Noceti De Aurora Boreali.
Illud autem arbitror evidentissimum, illum accessum ad Solum cometarum, & planetarum
primariorum, ac secundariorum ad primarios, quem videmus in descensu a recta tangente
ad arcum curve, & multo magis alios motus a mutua gravitatc pendentes haberi omnino
[183] non posse per ullius fluidi pressionem ; nam ut alia pretermittam sane multa, id
fluidum, quod sola sua pressione tantum possit in ejusmodi globos, multo plus utique posset
occursu suo contra illorum tangentialem velocitatem, quz omnino deberet imminui per
ejusmodi resistentiam, cum ingenti perturbatione arearum, & totius Astronomiz Mechanica
perversione ; adeoque id fluidum vel resistentiam ingentem deberet parere planetz, aut
comctz progredicnti, vel ne pressione quidem ullum ipsi sensibilem 1mprimit motum.

401. Ejus autem prxzapuz leges sunt, ut dirccte respondecat masse, & reciproce
quadratis distantiarum a singulis punctis mass® ipsius, quod in mea Theoria est admodum
manifestum ita esse debere ; nam ubi ventum est ad arcum illum mez curva, qui gravitatem
refert, vires omnes jam sunt attractive, & eandem illam ad sensum sequuntur legem,

- adeoque aliz alias non elidunt contrariis directionibus, sed summa earum respondect ad
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sensum summa punctorumn; nisi quatenus ob inzqualem punctorum distantiam, &
positionem, ad habendam accurate ipsam summam, ubi moles sunt aliquanto majores,
opus crit illa reductione, qua Mechanici utuntur passim, & cujus ope inveniuntur leges,
secundum quas punctum in data distantia, & positione situm respectu massz habentis
datam figuram, ab ipsa attrahitur; ubi, quemadmodum indicavimus num. 347, globus
in globum ita gravitat, ut gravitaret, si totz corum massz essent compenetrat® in eorum
centris : at in aliis figuris longe aliz legcs obveniunt.

402. Verum hic illud maxime Theoriam commendat meam, qued num. 212 notandum
dixi, quod videamus tantam hanc conformitatem in vi gravitatis in omnibus massis ; licet
ezdem in ordine ad alia phznomena, quz a minoribus distantiis pendent, tantum discrimen
habeant, quantum habent diversa corpora in duritie, colore, sapore, odore, sono. Nam
diversa combinatio punctorum materiz inducit summas virium admodum diversas pro
iis distantiis, in quigus adhuc curva virium contorquetur circa axem; proinde exigua
mutatio distanti® vires attractivas mutat in repulsivas, ac vice versa summis differentias
substituit ; dum in distantiis illis, in quibus gravitas servat quamproxime leges, quas diximus,
curva ordinatas omnes ejusdem directionis habet, & vero etiam distantia parum mutata,-
fere easdem; quod necessario inducit tanta priorum casuum discrimina, & tantam in
hoc "postremo conformitatem.

403. Distinctio gravitatis (Quz est ut massa, in quam tenditur, directe, & quadratum
distantiz reciproce) a pondere (quod est praxterz ut massa, que gravitat) est mihi eadem,
ac Newtonianis, & omnibus Mechanicis; & illa vim acceleratricem exhibet, hoc vim
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& the distances from the Sun of the aphelia of the most remote comets; & so long as in
this region it is not assumed to follow the law of the inverse squares exactly, but only very
approximately to any desired degree of closeness, as I said in Art. 121, Now gravity of
this kind is represented by the last arc of my curve in Fig. 1; & this, if gravity goes on
indefinitely according to this same or any similar law, will be an asymptotic branch, Indeed,
it may be, as I remarked in Art. 119, assumed that gravity is even accurately as the inverse
square, & that it extends to all distances according to the same law, but that in addition
there is some other force represented by another curve; then the law of forces of Fig. 1
is to be resolved into this force & into gravity reckoned as being exactly as the inverse square
of the distance. This force, then, at those distances, for which gravity follows very
approximately such a law, will be an insensible force ; but at most other distances it would
be very great. Where Fig. 1 gives repulsions, the force that is assumed to follow this other
law would also have to be repulsive, & greater than the force, given by the law of the primitive
curve of Fig. 3, by an amount equal to the supposed value of gravity at that place; & this
must be cancelled by the addition of this repulsive force. However, this would depend
upon our manner of assumption ; & in this my own primitive & actual law, I consider that
gravity is indeed universal & follows the Jaw of the inverse squares of the distances, although
not exactly, but very closely ; I consider that it does not extend to all distances, but only
to those I have set forth.

400, TFor the rest, that gravity exists universally throughout the whole planetary
system, I think is thoroughly demonstrated by those arguments derived from Astronomy
which are used by the disciples of Newton ; these I do not repeat here, since they are set
forth everywhere ; I too have discussed them in several places, besides including them in
Adnotationes ad poema P. Noceti De Aurera Boreali. But 1 consider that it is most evident
that the approacfx to the Sun of the comets & primary planets, & that of the secondaries
to the primaries, such as we see in the descent from the rectilinear tangent to the arc of
the curve, & to a far greater degree other motions depending on mutual gravitation
cannot possibly be due to fluid pressure. For, to omit other reasons truly numerous,
the fluid that can avail so much in its action on spheres of this kind merely by its pressure,
would certainly have a much greater effect upon their tangential velocities, by its opposi-
tion; these would in every case be bound to be diminished by such resistance, with a huge
perturbation of areas; & the perversion of the whole of astronomical mechanics, Thus
the fluid would either be bound to set up a huge resistance to-the progress of a planet or
a comet, or clse it does not even by its pressure impress any sensible motion upon it.

401. Now, the principal Jaws of gravitation are that it varies directly as the mass &
inversely as the square of the distances from each of the points of that mass; & in my
Theory it is quite clear that this must be the case. For, as soon as we reach the arc of
my curve that represents gravitation, all the forces arc attractive, & to all intents obey
the same law; & so some of them do not cancel others in opposite directions, but their
sum approximately corresponds to the number of points. Except in so far as, on account
of the inequality between the distances of the points, & their relative positions, there will
be need, in order to obtain the sum of the forces accurately when the vofumes are somewhat
large, to make use of the reduction usually employed by mechanicians; by the aid of which
are found the laws according to which a point situated at a given distance & in a given position
from a mass of given shape is attracted by that mass. Here, as I indicated in Art. 347,
one sphere gravitates towards another sphere in the manner that it would if the whole
of their masses were for each condensed at their respective centres ; whilst for other figures
we mect with altogether different laws.

402. But the greatest support for my Theory lics in a statement in Art. 212, which I
said ought to be noticed ; namely, in the fact that we see so much uniformity in all masses
with regard to the force of gravity ; in spite of the fact that these same masses, for the
purpose of other phenomena depending on the smaller distances apart, have differences
so great as those possessed by different bodies as regards hardness, colour, taste, smell &
sound. For, a different combination of the points of matter induces totally different sums
for those distances up to which the curve of forces still twists about the axis ; where a very
slight change in the distances changes attractive forces into repulsive, & substitutes, vice versa,
differences for sums. Whereas, at those distances for which gravity obeys the laws we
have stated very approximately, the curve has its ordinates all in the same direction &,
even if the distancc is slightly altered, practically unaltered in length. This of necessity
produces a huge difference in the former case, & a very great uniformity in the latter.

403. 'The distinction between gravitation (which is proportional to the mass on which
it acts, directly, & as the square of the distance, inversely) & weight (which is, in addition,
proportional to the mass causing the gravitation) is just the same in my Theory as in that

of Newton & all mechanicians. The former gives the accelerating force, the latter the motive
v
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motricem, cum illa determinet vim puncti gravitantis cujusvis, a qua pendet celeritas
massz ; [184] hoc summam vidum ad omnia ejusmodi puncta pertinentium. Pariter
communia mihi sunt, quacunque pertinet ad gravium motus a Galilxo, & Hugenio definitos,
nisi quod gravitatis resolutionem in descensu per plana inclinata, & in gravibus sustentatis
per bina obliqua plana, vel obliqua fila, reducam ad compositionem juxta num. 284, & 286,
& centrum oscillationis, una cum centro 2quilibrii, & vecte, & libra, & machinarum principiis
deducam e consideratione systematis trium massarum in se mutuo agentium, ac potissimum
a simplici theoremate ad id pertinente, quz fuse persecutus sum a num. 307. Communia
pariter mihi sunt, quazcunque habentur in czlesti Newtoniana Mechanica jam ubique
recepta de planetarum, & cometarum motibus, de perturbationibus motuum potissimum
Jovis, & Saturni in distantiis minoribus a se invicem, de aberrationibus Lunz, de maris
xstu, de figura Telluris, de prxcessione mquinoctiorum, & nutatione axis; quin immo
ad hzc postrema problemata rite solvenda, multo tutior, & expeditior mihi panditur via,
que me eo deducet post considerationem systematis massarum quatuor jacentium ctiam
non in eodem plano communi, & connexarum invicem per vires mutuas, uti ad centrum
oscillationis etiam in latus in eodem plano, & ad centrum percussionis in eadem recta tam
facile me deduxit consideratio systematis massarum trium,

404. Illud mihi praterca non est commune, quod pertinet ad immobilitatem stellarum
fixarum, quam contra generalem Newtoni gravitatem vulgo solent objicere, quz nimirum
debcant ca attractione mutua ad se invicem accedere, & in unicam demum coire massam.
Respondent alii, Mundum in infinitum protendi, & proinde quamvis fixam xque in omnes
partes trahi. Sed in actu existentibus infinitum absclutum, ego quidem censeo, haberi
omninc non posse. Recurrent alil ad immensam distantiam, quz non sinat motum in
fixis oriundum a vi gravitatis, ne post immanem quidem sazculorum seriem sensu percipi.
Iiin eo verum omnino affirmant ; si enim concipiamus fixas Soli nostro ®quales & similes,
vel saltem rationem luminum, quz emittunt, non multum discedere a ratione massarum ;
quoniam & vis ipsis massis proportionalis est, ac praterca tam vis, quam lumen decrescit
in ratione reciproca duplicata distantiarum; erit vis gravitatis nostri solaris systematis
in omnes stellas, ad vim gravitatis nostrz in Solem, que multis vicibus est minor, quam
vis gravitatis nostrorum gravium in Terram, ut est tota lux, quz provenit a fixis omnibus,
ad lucem, quz provenit a Sole, qua ratio est eadem, ac ratio noctis ad diem in genere lucis.
Quam exiguus motus inde conscgui possit eo tempore, cujus temporis ad nos devenire
potuit notitia, nemo non videt. Si fixe omnes ad ecandem etiam jaceant plagam, is motus
omnino habcri posset pro nullo.

405. Adhuc tamen, quoniam nostra vita, & memoria respectu immensi fortasse subse-
cuturi 2vi est itidem fere nihil; [185] si gravitas generalis in infinitum protendatur cum
cadem illa lege, & eodem asymptotico crure, utique non solum hoc systema nostrum solare,
sed universa corporea natura ita, paullatim utique, sed tamen perpetuo ab eo statu recederet,
in quo est condita, & universa ad interitum necessarid rueret, ac omnis materia deberet
demum in unicam informem massam conglobari, cum fixarum gravitas in se invicem, nullo
obliquo, & curvilineo motu elidatur. Id quidem haud ita se habere, demonstrari omnino
non potest; adhuc tamen Divinz Providentiz videtur melius consulere Theoria, que
ejus etiam ruinz universalis evitand® viam aperiat, ut aperit sanc mea. Fieri enim potest,
uti notavimus n. 170, ut postremus ille curvae mez arcus, qui exhibet gravitatem, posteaquam
recesserit ad distantias majores, quam sint cometarum omnium ad nostrum solare systema
pertinentium distantiz maxima a Sole, incipiat recedere plurimum ab hyperbola habente
ordinatas reciprocas quadratorum distantiz, ac iterum axem secct, & contorqueatur. Eo
pacto posset totum aggregatum fixarum cum Sole esse unica particula ordinis superioris
ad eas, quz hoc ipsum systema componunt, & pertinere ad systema adhuc in immensum
majus & fieri posset ut plurimi sint ejus generis ordines particularum ejusmodi etiam,
ut ejusdem ordinis particulze sint penitus a se invicem segrcgatz sine ullo possibili
commeatu ex una in aliam per asymptoticos arcus plures mez curve juxta ea, quz
exposui a num. 171.

406. Hoc pacto difficultas quz a necessario fixarum accessu repetebatur contra

Newtonianam Theoriam, in mea penitus evanescit ac simul a gravitate jam gradum fecimus
! ; : mulag jamg

ad cohxsioncin, quam ex generalibus materiz propretatibus posucram postremo loco.
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force; since the former gives the force of any gravitating point, upon which depends
the velocity of the mass, & the latter the sum of all the forces pertaining to all such points.
Similarly, the agreement is the samc in my Theory with regard to anything relating to
the motions of heavy bodies stated by Galileo & Huygens; exccpt that, in descent along
inclined plancs, or bodies supported by two inclined planes or incﬁ'ned strings, I substitute
for their resolution of gravity thc principle of composttion, as in Art. 284, 286; & I deduce
the centrc of oscillation, as well as the centre of equilibrium, the lever, the balance & the
principles of machines from a consideration of three masses acting mutually upon one another ;
& this more especially by means of a simple theorem dcpending on that consideration,
which I investigated fully in Art. 307. The agreement is just as close in my Theory with
regard to anything occurring in the celestial mechanics of Newton, now universally accepted,
with regard to the motions of planets & comets, particularly the perturbations of the motions
of Jupiter & Saturn when at less than thc avcrage distances from one another, the aberrations
of the Moon, thc flow of the tides, the figure of the Earth, the precession of the
equinoxes, & the nutation of the axis. Finally, for the correct solution of these latter
problems, 2 much safer & more expeditious path is opened to me, such as will lead me
to it after an invcstigation of the system of four masses, not even lying in the same commoen
plane, connccted together by mutual forces; just as the consideration of a system of three
masses led me with such ease to the centre of oscillation even to one side in the same
plane, & to the centre of percussion in the same straight line.

404. In addition to these, there is one thing in which I do not agree, namely, in that
which relates to the immobility of the fixed stars; it is usually objected to the universal
gravitation of Newton, that in accordance with it the fixed stars should by their mutual
attraction approach one another, & in time all cohere into one mass. Others reply to this,
that the universe is indefinitely cxtended, & therefore that any one fixed star is equally
drawn in all directions. But in things that actually exist, I consider that it is totally impossible
that there can be any absolute infinity. Others fall back on the immense distance, which
they say will not permit the motion arising in the fixed stars from the force of gravity to
be perceived by the senses, even after an immense number of ages. In this they assert
nothing but the truth; for if we consider the fixed stars equal & similar to our sun, or
at any rate the amounts of light that they emit, as not being far different from the ratio
of their masses; then since also the force is proportional to thc masses, & in addition both
force & light decrease in the inverse ratio of the squares of the distances, it must be that
the force of gravity of our solar system on all the stars is to the force of our gravity on the
Sun, which latter 1s many times less than the force of gravity of our heavy bodies on the
Earth, as the total light which comes from all the stars is to the light which comes from
the Sun; & this ratio is the same as the ratio of night to day in respect of light. How
slight is the motion that can arise from this in the time (the comparatively short time
available for observation) nobody can fail to see. Even if all the fixed stars were
situated in the same direction, the motion could be considered as absolutely nothing.

405. However, since our period of life & memory, in comparison with the immense
number of ages perchance to follow, is almost as nothing, if universal gravitation
extends indefinitely with the same law, & the same asymptotic branch, not only this solar
system of ours indeed, but the universe of corporeal nature, would, little by little in truth,
but still continuously, recede from the state in which it was established, & the universe
would necessarily fall to destruction ; all matter would in time be conglomerated into one
shapcless mass, since the gravity of the fixed stars on one another will not be cancelled by
any oblique or curvilinear motion. ‘That this is not the case cannot be absolutely proved ;
& yet a Theory which opens up a possible way to avoid this universal ruin, in the way that
my Theory does, would seem to be more in agreement with the idea of Divine Providence.
For it may be that, as I remarked in Art. 170, the last arc of my curve, which represents
gravity, after it has reached distances greater than the greatest distances from the Sun of
all the comets that belong to our solar system, will depart very considerably from the hyperbola
having its ordinates the reciprocals of the squares of the distances, & once more will cut
the axis & be twined about it. In this way, it may be that the whole aggregate of the
fixed stars, together with the Sun, is a single particle of an order higher than those of
which the system is composed ; & that it belongs to a system immensely greater still. 1t
may even be the case that there are very many such orders of particles, of such a kind that
particles of the same class are completely separated from one another without any
possible means of getting from one to the other, owing to several asymptotic arcs to my
curve, as [ explained in Art. 171.

406. In tEis way, the difficulty, which has been repeatedly brought against the Newtonian
theory on account of this necessary mutual approach of the fixed stars, disappears altogether
in my Theory. At the same time, we have now passed on from gravity to cohesion, which
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Cohazsionem explicuerunt aliqui per puram quietam ut Cartesiani alii per motus conspir-
antes, ut Joannes Bernoullius, ac Leibnitius, quam explicationem illustrarunt exemplo
illius veli aque, quod in fontibus quibusdam cernimus, quod velum sit tantummodo ex
conspirante motu guttularum tenuissimarum, & tamen si quis digito velit perrumpere, co
majorem resistentiam sentit, quo velocitas aque effluentis est major, ut idcirco multo
adhuc major conspirantis motus velocitas videatur nostrorum cohzsionem corforum
exhibere, quz non nisi immani vi confringimus, ac in partes dividimus. Utraque explicandi
ratio eodem redit, si quictis nomine intelligatur non utique absoluta quies, quz translata
Tellure a Cartesianis nequaquam admittebatur, sed respectiva: nam etiam conspirantes
motus nihil sunt aliud, nisi quies respectiva illarum partium, qua conspirant in motibus.

407. At neutra eam explicat, quam cohzsionem reipsa dicimus, sed cohsionis quendam
velut effectum. Ea, quz cohzrent, utique respective quiescunt, sive motus conspirantes
habent, & id quidem ipsum in hac mea Theoria accidit [186] itidem, in qua cum singula
punctaz materix suam pergant semper eandem continuam curvam describere, ea, quw
cohxrent inter se, toto eo tempore, quo cohzrent, arcus habent curvarum suarum inter
se proximos, & in arcubus ipsis conspirantes motus. Sed in iis, qua coharent, id ipsum,
quod motus ibi sint conspirantes, non ¢st sine causa pendente a mutuis eorum viribus, quz
causa impediat separationem alterius ab altero, ac in ca ipsa causa stat discrimen cohzren-
tium a contiguis. Si duo lapides in plano horizontali jaceant, utique habent motum
conspirantem, quem circa Solem habet Tellus ; sed si tertius lapis in alterutrum incurrit,
vel ego ipsum submoveo manu, statim sine ulla vi mutua, qua separationem impediat,
dividuntur, & motus desinit esse conspirans. Hanc ipsam quezrimus causam, dum in
cohzsionem inquirimus. Nec velocitas motus, & exemplum veli aquz rem conficit.
Motus conspirans duorum lapidum contiguorum cum tota Tcllure cst utique multo velocior,

uam motus particularum aquz proveniens a gravitate in illo velo, & tamen sine ullo,
3ifﬁcultate separantur. In aqua experimur difficultatem perrumpendi velum, quiz illa
motus conspirans non est communis etiam nobis & Telluri, ut est motus illorum lapidum ;
unde fit, ut vis, quam pro separatione applicamus singulis particulis, perquam exiguo
tempore possit agere, & ejus effectus citissime cesset, iis decidentibus, & supervenientibus
semper novis iarticuhs, uz cum tota sua ingenti respectiva velocitate incurrunt in digitum.
At in corporibus, in quibus partes cohzrentes cernimus, ex partes nullam habent veloci-
tatem respectivam respectu nostri, nec aliz succedunt aliis fugientibus. Quamobrem
longe aliter in iis se res habet, & oportet invenire causam longe aliam, prater ipsum solum
conspirantem motum, ut explicetur difficultas, quam experimur in 1iis separandis, & in
inducendo motu non conspirante.

408. Sunt, qui adducant pressionem fluidi cujuspiam tenuissimi, uti pressio atmo-
sphzrz extracto aere ex hemispheriis etiam vacuis ipsorum separationem impedit vi
respondente ponderi ipsius atmosphzre, quz vis cum in vulgaribus cohasionibus, & vero
etiam in hemisphzriis bene ad se invicem adductis, sit multis vicibus major, quam pondus
atmospharz ipsius, quod se prodit in suspensione mercurii in barometris; aliud auxilio
advocant tenuius fluidum. At inprimis ejus fluidi hypothesis precaria est; deinde huc
illud redit, quod supra etiam monui, ubi de gravitatis causa cgimus, quod nimirum meo
quidem judicio exphcari nullo modo possit, cur illud fluidum, quod sola pressione tantum
potest, nihil omnino ad sensum possit incursu suo contra celerrimos planetarum, &
cometarum motus. Accedit etiam, quod distractio & compressio fibrarum, quz habetur
ante fractionem solidorum corporum, ubi franguntur appenso inferne, vel superne imposito
[187] pondere ingenti, non ita bene cum ea sententia conciliari posse videatur.

409. Newtonus adhibuit ad eam rem attractionem diversam ab attractione gravitatis,
quanquam is quidem videtur eam repeterc itidem a tenuissimo aliquo fluido comprimente ;
repetit certe sub finem Optice a spiritu quodam intimas corporum substantias penetrante,
cujus spiritus nominc quid intellexcrit, ego quidem nunquam satis assequi potui; cujus
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I had put in the last place amongst the general properties of matter. Some have explained
cohesion from the idea of absolute rest, for instance, the Cartesians; others, like Johann
Bernoulli, & Leibniz, by means of equal motions in the same direction. They illustrate
the explanation by means of the film of water, which we see in certain fountains; this
film is formed mercly from the cqual motions in the same direction of the tiniest little
drops, & yet, if anyone tries to break it with his finger, he feels a resistance that is the
greater, the greater the velocity of the cffluent water; so that from this illustration it
would seem that a far greater velocity of equal motion in the same direction would account for
the cohesion of the bodics around us, which we cannot fracture & divide up into parts
unless we use a huge force. Either of these methods of explaining the matter reduces to
the same thing, if by the term ‘rest * we understand not only absalute rest which, since
the Earth is in motion, has in no scnse been admitted by the Cartesians, but also relative
rest.  For, equal motions in the same direction are nothing clse but the relative rest of the
parts that have equal motions in the same direction.

407. Neither of thesc ideas explains that which we call cohesion in a real sense, but Dut these methods
only an effect of cohesion. Things which cohere are certainly relatively at restj or they epeh “aran, fhe
have equal motions in the same direction. ‘This is exactly what happens in my Theory also; causc of cohesion.
for, in it, since each point of matter always keeps on describing tEe same continuous curve
which is peculiar to itself, those points that cohcre to one another, during the whole of the
time in which they cohere, have tfxc arcs of their respective curves very near to one another,

& the motions in those arcs equal & in the same direction. But in points that cohere,
the fact that their motions are then equal & in the same direction is not without a cause ;
& this depends on their mutual forces, which prevent separation of one point from another ;
& in this cause is involved the difference between cohering & contiguous points. If two
stones lie in the same horizontal plane, they will in all cases have equal motions in the same
direction as the Earth has round the Sun ; butif a third stone strikes against cither of them, or
if I move this third stone up to the others with my hand, immediately, without any mutual
force preventing separation, the two are divided, & the equal motion in the same direction
comes to an end. is cause of cohesion is just what we want to find, when we seek to investi-
gate cohesion ; & velocity of motion, or the example of the film of water will not effect the
solution. The equal motions in thesame direction as the whole Earth, possessed by the two
contiguous stones, is certainly much greater than the motions of the particles of water
produced by gravity in thefilm ; & yet the two stones can be separated without any difficulty.
In the water we encounter a difficulty in breaking the film, becausc the equal motion in the
one direction is not common to us & the Earth,.as the motion of the stones is. Hence it
comcs about that the force, which we apply to separate the several particles, can only act for an
exccedingly small interval of time; & the cffect of this force ceases very quick{),r, as those
particles continually fall away & fresh ones come up ; & these strike the finger with the whole
of their relatively huge velocity. But,in bodics in which we perceive coherent parts, those
parts have no relative velocity with regard to ourselves, nor as one part flies off does
another take its placc. Thercfore the matter has to be explained in a totally different
manner ; & we must find a totally different cause to the idea of mere equality of motion in
the same direction, in order to solve the difficulty that is experience% in separating the
parts & inducing in them motions that are not equal & in the same direction.
408. There are some who bring forward the pressure of some fluid of very small density Explanation sought
. . m fluid pressure ;
as an explanation. lIust as the pressurc of the atmosphere, when the air has been abstracted wpy it is isapossible
from a pair of hollow hemispheres, prevents them from being separated with a force that this should be
corresponding to the weight of the atmosphere ; &, since this force 1n ordinary cohesions, ~
& indeed also in the casc of two hemispheres that fit one another very well, becomes many
times greater than the weight of the atmosphere, as shown in the suspension of mercur
in the barometer, they invoke the aid of another fluid of less density. But, first of a]f
the hypothesis of such a fluid is uncertain ; next, there here arises the same objection that
I remarked upon above, when discussing the cause of gravity. Namely, that, in my opinion
no manner of reason could be given as to why this fluid, which by its mere pressure could
produce so great an cffect, had as far as observation could discern absolutely no effect on
the swiftest motions of plancts & comets, owing to impact with them. Also there is this
Foint in addition, that the extension & compression of fibres, which takes place before
racture in solid bodies, when they are broken by hanging a weight beneath or by setting
a weight on top of them, does not seem to be in much conformity with this idea.
409, Newton derived an explanation of the matter from an attraction of a different The reason why it
kind to gravitation ; although heindeed scems to scek to obtain this attraction from some z:i impossible "t o
. . . .« . . mit the explana-
compressing fluid of very small density. In fact, he seeks to obtain it, at the end of his tion from attraction
Optics, from a * spirit > permeating the inmost substances of bodies ; but I never was able at very small dis.

to grasp clearly what he intended by the term ‘spirit ’; & even he confessed that the Newiea, Biven by
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quidem agendi modum & sibi incognitum esse profitetur. Is posuit cjusmodi attractionem
imminutis distantiis crescentem ita, ut in contactu sit admodum ingens, & ubi primigeniz
particul® sc in planis continuis, a2deoque in punctis numero infinitis contingant, sit infinities
major, quam ubi particule primigeniz particulas primigenias in certis punctis numero
finitis contingant, ac eo minor sit, quo pauciores contactus sunt respectu numeri particu-
larum primigeniarum, quibus constant particule majores, quz se contingunt, quorum
contactuum numerus cum o sit minor, quo altius ascenditur in ordine particularum a
minoribus particulis compositarum, donec deveniatur ad hzc nostra corpora; inde ipse
deducit, particulas ordinum altiorum minus itidem tenaces esse, & minime omnium hac
ipsa corpora, quz malleis, & cuncis dividimus. At mihi positiva argumenta sunt contra
vires attractivas crescentes in infinitum, ubi in infinitum decrescant distantiz, de quibus
mentionem feci num. 126; & ipsa mez Theoriz probatio evincit, in minimis distantiis
vires repulsivas esse, non attractivas, ac omnem immediatum contactum excludit: quam-
obrem alibi ego quidem cohwsionis rationem invenio, quam mea mihi Theoria sponte
propemodum subministrat.

410. Cohzsio mihi est igitur juxta num. 165 in iis virium limitibus, in quibus transitor
a vi repulsiva in minoribus distantiis, ad attractivam in majoribus; & hzc quidem est
cchasio inter duo puncta, qua fit, ut repulsio diminutionem distantie impediat, attractio
incrementum, & puncta ipsa distantiam, quam habent, tueantur. At pro punctis pluribus
colizzsio haberi potest, tum ubi singula binaria punctorum sunt inter se in distantiis f’imitum
cohzsionum, tum ubi vires opposite eliduntur, cujusmodi execmplum dedi num. 223.

411. Porro quod ad ejusmodi cohmsionem pertinet, multa ibi sunt notatu digna.
Inprimis ubi agitur de binis punctis, tot divers® haberi possunt distantiz cum coh=zsione,
quot exprimit numerus intersectionum curve virium cum axe unitate auctus, si forte sit
impar, ac divisus per duo. Nam primus quidem limes, in quo curva ab arcu asymptotico
illo primo, sive a repulsionibus impenetrabilitatem exhibentibus transit ad primum
attractivum arcum, est limes cohasionis, & deinde alterni intersectionum limites sunt non
cohmsionis, & coha-[188]sionis, juxta num. 179; unde fit, ut si intersectionum se conse-
quentium assumatur numerus par; dimidium sit limitum cohasionis. Hinc quoniam
in solutione problematis expositi num. 117 ostensum est, curvam simplicem illam meam
habere posse quemcunque demum intersectionum-numerum ; poterit utique etiam pro
duobus tantummodo punctis haberi quicunque numerus distantiarum differentium a se
invicem cum cohzsione. Poterunt autem cjusmodi cohzsiones ipse esse diversissimaz
a se invicem soliditatis, ac nexus, limitibus vel validissimis, vel languidissimis utcunque,
prout nimirum ibi curva secuerit axem fere ad perpendiculum, & longissime abierit, vel
potius ad illum inclinctur plurimum, & parum admodum discedat; nam in priore eorum
casuum vires repulsive imminutis, & attractiva auctis utcunque parum distantiis, ingentes
erunt; in posteriore plurimum immutatis, perquam exiguz. E’oterunt autem ctiam e
remotioribus limitibus aliqui esse multo languidiores, & alii multo validiores aliquibus e
propioribus ; ut idcirco cohasionis vis nihil omnino pendeat a densitate, sed cohzsio
possit in densioribus corporibus esse vel multo magis, vel multo minus valida, quam in
rarioribus, & id in ratione quacunque.

412, Quz de binis punctis sunt dicta, multo magis de massis continentibus plurima,
puncta, dicenda sunt. In iis numerus limitum est adhuc major in immensum, & discrimen
utique majus. Inventio omnium positionum pro dato punctorum numero, in quibus tota
massa haberet limitem quendam virium, esset problema molestum, & calculus ad id
solvendum necessarius in immensum excresceret, existente aliquo majorc punctorum
numero. Sed tamen data virium lege solvi utique posset. Satis esset assumere positiones
omnium punctorum respectu cujusdam puncti in quadam arbitraria recta ad arbitrium
collocati, & substitutis singulorum binariorum distantiis 2 se invicem in zquatione curva
prima pro abscissa, ac valoribus itidem assumptis pro viribus singulorum punctorum pro
ordinatis, eruere totidem zquationes, tum reducere vires singulas singulorum punctorum
ad tres datas directiones, & summam omnium eandem directionem habentium in
quovis puncto ponere = 0: orircutur ®quationes, quz paullatim eliminatis valoribus
incognitis assumptis, demum ad zquationes perducerent definientes punctorum distantias
necessarias ad mquilibrium, & respectivam quietem, quz altissimz essent, & plurimas
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mode of action was unknown to him. He supposed that there was such an attraction,
which, as the distances were diminished, increased in such a manner that at contact it
was exceedingly great ; & when the primary particles touched one another along continuous
planes, & thus in an infinite number of points, this attraction became infinitely greater
than when primary particles touched primary particles in a definite finite number of points ;
& the less the number of contacts compared with the number of primary particles lgarming
the larger particles which touch one another, the less the attraction becomes; & since
the sumber of these contacts becomes smaller the higher we go in the orders of particles
formed from smaller particles, he deduces from this that particles of higher orders are
also of less tenacity, & the least tenacious of all are those bodies that we can divide with
mallet & wedge. But in my opinion there are positive arguments against attractive forces
increasing indefinitely, when the distances decrease indefinitely, as I remarked in Art. 126;
the very demonstration of my Theory gives convincing proof that the forces at very small
distances are repulsive, not attractive, & ezcludes all immediate contact. So that I find
the cause of cohesion from other sources ;- & my Theory supplies me with this cause almost
spontancously.

410. Cohesion, then, in my opinion is, as I have said in Art. 165, to be ascribed to
the limit-points on the curve of forces, where there is a passage from a repulsive force at
a smaller distance to an attractive force at a greater distance; that is to say, this is the
cause of cohesion between two points, for here a repulsion prevents decrease, & attraction
increase, of distance; & so the points preserve the distance at which they are. Cohesion
for more than two points can be obtained, both when each of the pairs of points is at a
distance corresponding to a limit-point of cohesion, & also when the oppositc forces
cancel one another, an example of which I gave in Art. 223.

411. Further, with regard to such cohesion, there are many points that are worthy
of remark. First of all, in connection with two points, we can have as many different
distances corresponding with cohesion as is represented by the number of intersections
of the curve of forces with the axis (increased by one if perchance the number is odd) divided
by two. For the first limit-point, at which the curve passes from the first asymptotic arc,
i.c., from repulsions that represent impenetrability, to the first attractive arc, is 2 limit-
point of cohesion; & after that the points of intersection are alternately limit-points of
non-cohesion & cohesion, as was shown in Art. 179. Hence it comes about that, if the
number of intersections following one after the other are assumed to be even, half of them are
limit-points of cohesion. Hence, since, in the solution of the problem given in Art. 117,
it was shown that that simple curve of mine could have any number of intersections, it
will be possible for two points only to have any number of different distances from one
another that would correspond to limit-points of cohesion. Morcover these cohesions
could be of very different Einds, as regards solidity & connection, the limit-points being
cither very strong or very weak ; that is to say, according as the curve at these points was
nearly perpendicular to the axis & departed far from it, or on the other hand was much
inclinetlj to the perpendicular & only went away from the axis by a very small amount.
For, in the first case, the repulsive forces on diminishing the distances, or the attractive
forces on increasing the distances, ever so slightly, will be very great ; in the second
casc, even when the distances are altered a good deal, the forces are very slight. Again
also, it is possible that some of the more remote limit-points would be much weaker, &
others much stronger, than some of the nearer limit-points. Thus, with me, the force of
cohesion is altogether independent of density ; the strength of cohesion, in denser bodies,
can be either much greater or much less than that in less dense bodies, & the ratio can be
anything whatever.

412. What has been said concerning two points applies also & in a far greater degree
to masses made up of a large number of points. In masses, the number of limit-points
is immensely greater still, & the difference between them is greater in every case. The
finding of all the positions for a given number of points, at which the whole mass has a
limit-point of forces, would be a troublesome undertaiing ; & the calculation necessary for its
solution would increase immensely in proportion to the greater number of points taken.
However, it can certainly be solved, if the law of forcesis given. It would be sufficient to
assume the positions of all the points with respect to any one point in any arbitrary straight
line in any arbitrary way, & having substituted the distances for each pair from one another
for the abscissa in the equation of the primary curve, & taking the values of the forces for
each of the points as ordinates, to make out as many equations; then to resolve each of
the forces into three chosen directions, & to put the sum of all thosc in the same direction
for any point equal to zero. We shall thus obtain equations which, as the unknown assumed
values are one by one eliminated, will finally lead to equations determining the distances of
the points necessary for equilibrium, & relative rest; but these would be of very high
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haberent radices ; nam quationes, quo altiores sunt, eo plures radices habere possunt, ac
singulis radicibus singuli limites exhiberentur, vel singulz positiones cxhibentes vim nullam.
Inter ¢jusmodi positiones illze, in quibus repulsioni in minoribus distantiis habite, succe-
derent attractiones in majoribus, exhiberent limites cohzsionis, qui adhuc essent quam
plurimi, & inter se magis diversi, quam limites ad duo tantummodo pun-[189]cta pertin-
entes ; cum in compositione plurium semper utique crescat multitudo, & diversitas casuum.
Sed hzc innuisse sit satis.

413. Ubi confringitur massa aliqua, & dividitur in duas partcs, quz prius tenacissime
inter se cohzrebant, si iterum ille partes adducantur ad se 1nvicem; cohesio prior non
redit, utcunque apprimantur. Ejus rei ratio apud Newtonianos est, quod in illa divisione
non zque divellantur simul omnes particulz, ut textus remaneat idem, qui prius: sed
prominentibus jam multis, harum in restitutione contactus impediat, nc ad contactum
deveniant tam multe particulz, quam mult® prius se mutuo contingebant, & quam multis
opus esset ad hoc, ut cohzsio fieret iterum satis firma : at ubi satis levigate binz superficies
ad se invicem apprimantur, sentiri primo resistentiam ingentem dicunt, donec apprimuntur ;
sed ubi semel satis appresse sint, cohzrere multis vicibus majore vi, quam sit pondus aeris
comprimentis ; quia antequam deveniatur ad eos contactus, haberi debet repulsiva vis
ingens, quam in majoribus distantiis, sed adhuc exiguis, agnovit Newtonus ipse, cui cum
deinde succedat in minoribus vis attractiva, qu in contactu evadat maxima, & in Levigato
marmore satis multi contactus obtineantur simul ; idcirco deinde satis validam cohzsionem
consequt.

414. Quidquid ipsi de contactibus dicunt, id in mea Theoria dicitur zque de satis
validis cohasionis limitibus. In scabra superficie satis multz prominentes particule
progressz ultra limites, in quibus ante sibi cohzrebant, repulsionem habent cjusmodi,
?uae impediat accessum reliquarum ad limites illos ipsos, in quibus fuerant ante divulsionem.
nde fit, ut ibi nimis pauce simul reduci possint ad cohzsionem particulz, dum in
lzvigatis corporibus adducuntur simul satis multz. Ubi autem duo marmora, vel duo
quacunque satis solida corpora, bene complanata, & levigata sola appressione cohzserunt
invicem, illa quidem admodum facile divelluntur; si una superficies per alteram excurrat
motu ipsis superficicbus parallelo; licet motu ad ipsas superficies perpendiculari usque
adeo difficulter distrahi possint: quia particule eo motu parallclo delate, quz adhuc
sunt procul a marginibus partium congruentium, vires sentiunt hinc, & inde a particulis
lateralibus, a quibus fere =quidistant, fere zquales, adeoque sentitur resistentia earum
attractionum tantummodo, quas in se invicem exercent marginales particul®, dum augent
distantias limitum : nam mihi citra limitem quenvis cchasionis est repulsio, ultra vero
attractio; licet ipsi deinde adhuc ali® & attractiones, & repulsiones possint succedere.
Ubi autem ’perpendiculariter distrahuntur, debet omnium simul limitum resistentia
vinci.

415. Nec vero idem accidit, ubi marmora integra, & nunquam adhuc divisa, inter se
cohzrent ; tum enim fibre possunt esse multe, quarum particulz adhuc in minori-[190]bus
distantiis, & multo validioribus limitibus inter se cohzrcant, ad quos sensim devenerint
aliz post alias iis viribus, quibus marmor induruit, ad quos nunc iterum reduci nequeant
omnes simul, dum marmora apprimuntur, quz ulteriorum limitum minus adhuc validorum,
sed validorum satis repulsivas vires simul sentiunt, ob quas non possunt denticuli, qui
adhue supersunt perquam exigui post quamvis levigationem, in foveolas se immittere, &
ad ulteriores limites validiores devenire; przterquam quod attritione, & levigatione illa
plurimarum particularum ordinis proximi massis nobis sensibilibus inducitur discrimen
satis amplum inter massam solidam primigeniam, & binas massas complanatas, lzvigatasque
ad se invicem appressas.

416. Inde autem in mea Theoria satis commode explicatur & distractio, & compressio
fibrarum ante fractionem ; cum nimirum nihil apud me pendeat ab immediato contactu,
sed a limitibus, quorum distantia mutatur vi utcunque exigua ; sed si satis validi sint, ad
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degrec & would have very many roots. For, the higher the degree, the more the roots
given by the equations ; & for each of the roots there would be a corresponding limit-point,
or a position representing zero force. Amongst such positions, those, in which we have
repulsion at a less distance followed by attraction at a greater distance, would yield limit-points
of cohesion ; & these would be as great in number & as different from one another as were
the limit-points pertaining to two points only ; for in a composition of several things there
certainly 1s always an increasing multitude & diversity of cases. But let it suffice that I
have called attention to these matters.

413. When a mass is broken, & divided into two parts, which originally cohered most
tenaciously, if the parts are again brought into contact with one another, the previous
cohesion does not return, however much they are pressed together. The reason of this,
according to the followers of Newton, is that in the Eivision all the particles are not equally
torn apart simultancously, leaving the texture the same as beforc; but as many of them
now jut out beyond the rest, the contact between these in restitution prevents as many
particles coming into contact as there were touching one another originalr , which number
15 neccssary for the purpose of again establishing a sufficiently strong cohesion. But when
two surfaces that arc sufficiently well polished are brought closely together, theysay that at
first there is felt a resistance of very great amount, until they are pressed into contact ;
but when once the surfaces are pressed together sufficiently closely, they cohere with a
force that is many times greater than that due to the weight of the air pressing upon them.
The reason thefv give is that, before actual contact is reached, there must be obtained a
very great repulsive force, such as Newton himself recognized as existing at comparatively
large, but actually very small, distances; & after that, there followed an attractive force
at still smaller distances, which became exceedingly great when contact was rcached. Thus,
in polished marble, a sufficiently great number of contacts was obtained simultaneously ;
& in consequence a comparatively great cohesion was obtained.

414. All that the Newtonians say with regard to contacts applics in my Theory equally
well with regard to sufficiently strong limit-points of cohesion. In a rough surface, a
sufficient number of jutting particles, pushed out beyond the distances corresponding to
those of the limit-points, at which they previously cohered, give rise to a repulsion of such
sort as prevents the other particles from approaching to the distances of the limit-points,
at whicg they were before being torn apart. Thus it comes about that in this case too
few of the particles can be brought into a state of cohesion ; whilst in the case of polished
bodies we have a sufficient number of particles brought together simultaneously. Moreover,
when two pieces of marble, or any two bodies of comparatively great solidity, after being
well smoothed & polished, cohere when they are merely pressed together, they can be forced
apart perfectly easily. If, for instance, one surface traverses the other with a motion parallel
to the surfaces ; although they can with difficulty be torn apart with 2 motion perpendicular
to the surfaces. For, particles carried along by this parallel motion, such as are still far
from the marginal surfaces of the parts in contact, feeg the effects of forces on one side &
on the other, due to laterally situated particles from which they are nearly equidistant,
that are nearly equal to one another; & thus resistance is on{y experienced from the
attractions which the particles in the marginal surfaces exert upon one another, whilst
they increase the distances of the limit-points. The reason is that with me there is repulsion
on the near side of any limit-point of cohesion, & attraction on the far side; although
thereafter still other attractions & repulsions may follow. But when the bodies are
drawn apart perpendicularly, the resistance due to every limit-point must be overcome
simultaneously.

415. The same arguments do not apply to the case of whole picces of marble that
have not as yet been broken at any time, when they cohere. For, in that case, there may
be many filaments, the particles of which hitherto have been cohering at less distances &
in much stronger limit-points; these limit-points they would gradually reach one after
the other with the forces that have given the marble its hardness ; but they cannot be reduced
to them once more all at once, whilst the pieces of marble are being pressed together. At
the same time they feel the effect of the repulsive forces due to further limit-points still
less strong, but yet fairly powerful ; & on account of these, the little teeth which still are
left, though very small, after any polishing, cannot insert themselves into the little hollows,
& so rcach the strong limit-points beyond. Besides, by this attrition & polishing of the

reater number of the particles of an order next to such masses as are sensible to us there
1s induced a sufficiently wide distinction between a primitive solid mass & two masses that
have been smoothed & polished & then pressed together:

416. Hence also, in my Theory, we can give a fairly satisfactory explanation of the
distension & compression of fibres that precedes fracture ; for, with me, everything depends
not on immediate contact, but on the limit-points, the distance of which is changed by
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vincendam satis magno accessu omnem repulsionem, vel recessu attractionem, requiritur
satls magna vis : qua quidem repulsio, & attractio in aliis limitibus longe mihi alia est, tam
si vis ipsa consideretur quam si consideretur spatii, per quod ea agit, magnitudo, quz omnia
pendent a forma, & amplitudine arcuum, quibus hinc, & inde circa axem contorquetur
mea virium curva. Hinc in aliis corporibus ante fractionem compressiones, & distractiones
esse possunt longe majores, vel minores, & longe major, vel minor vis requiri potest ad
fractionem ipsam, qux vis, ubi distantiis immutatis, superaverit maximam arcus ulterioris
repulsivam vim in recessu, superatis multo magis reliquis omnibus posterioribus viribus
repulsivis ope celeritatis quoque jam acquisitz per ipsam vincentem vim, & per attractivas
intermixtas vires, qua ipsam juvant, defert particulas massam canstituentes ad 1llas distantias,
in quibus jam nulla vis habetur sensibilis, sed ad tenuissimum gravitatis arcum acceditur.

417. Hinc autem etiam illud in mca Theoria commodius accidit, quam in communi,
quod in mea statim apparet, cur pila quecunque utcunque solidi corporis post certa imposita
pondera confringatur, & confringatur ctiam solidus globus utrinque compressus; cum
multo magis appareat, quo pacto textus, & dispositio particularum necessaria ad summam
virium satis vaﬁdam mutari possit, nbi omnia puncta a se invicem distant in vacuo libero,
quam ubi continuz compactz partes se contingant, nec ulla mihi est possibilis solida pila,
guac Mundum totum, si vi gravitatis in certam plagam feratur totus, sustineat, ut in sententia

e fﬁcontimm extensionc materiz pila perfecte solida utcunque tenuis ad ecam rem abunde
sufficeret.

418. Hisce omnibus jam accurate expositis, communia mihi sunt ea omnia, qu
pertinent ad methodos explorandi per [191] experimenta diversam diversorum corporum
cohasionis vim, quod argumentum diligenter, ut solet, cxcoluit Musschenbroekius, &
comparandi resistentiam ad fractionem, ubi divisio fieri debeat divulsione perpendiculari
ad superficies divellendas, ut ubi trabi verticali ingens pondus appenditur inferne, cum
resistentia, qua habetur, ubi circa latus suum aliquod gyrare debeat superficies, que
divellitur, quod accidit, ubi extremz parti trabis horizontalis pondus appenditur; quam

erquisitionem a Galileo inchoatam, sed sine ulla consideratione flexionis & compressionis
Iﬁ’brarum, quz habetur in ima parte, alii plures cxcoluerunt post ipsum ; & in quibus omnibus
discrimina inveniuntur quamplurima. * Ilud unum hic addam: posse cohzsioncm
ingentem ac?uiri ab iis, qua per se nullum haberent, nova materia interposita, ut ubi
cineres, qui oleis actione ignis avolantibus inter se inertes remanserunt, olcis novis in massam
cohzrentem rediguntur iterum, ac in aliis ejusmodi casibus ; sed id jam pendet a discrimine
inter diversas particulas, & massas, ac pertinet ad soliditatem explicandam inprimis, non
generaliter ad cohmsionem, de quibus jam agam gradu facto a generalibus corporum
proprietatibus ad multiplicem varietatem Nature, & proprietates corporum particulares.

419. Et primo quidem se hic mihi offert ingens illud plurium generum discrimen,
quod haberi potest inter diversas punctorum congeries, qua constituunt diversa genera
particularum corpora constituentium. Primum discrimen, quod se objicit, repeti potest
ab ipso numero punctorum constituentium particulam, qui potest esse sub eadem etiam
mole admodum diversus. Deinde moles ipsa diversa itidem essc potest, ac diversa densitas,
ut nimirum duz particul® mec massam habeant, nec molem, ncc densitatem zqualem.
Deinde data ctiam & inassa, & mole, adeoque data densitatc media particule; potest
haberi ingens discrimen in ipsa figura, sive in superficie omnia includente puncta & eorum
sequente ductum. Possunt enim in una particula disponi puncta in spharam, in alia in
pyramidem, vel quadratum, vel triangulare prisma. Sumatur figura quacunque, & in
cam disponantur puncta utcunque : tot erunt 1bi distantiz, quot erunt punctorum binaria,
qui numerus utique finitus erit. Curva virtum potest habere limites cohwsionis quot-
cunque, & ubicunque. Fieri igitur potest, ut limites iis ipsis distantiis respondeant, &
tum eam ipsam formam habebit particula, & ejus form=z poterit esse admodum tenax.
Quin immo per unicam etiam distantiam cum repagulo infinit® resistentiz, orto a binis
asymptotis parallelis, & sibi proximis, cum area hinc attractiva, & inde repulsiva infinita,
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any force, however small this force may be. If these are sufficiently strong, then, to overcome
all repulsion by a sufficient great approach, or all attraction by a similar recession, there will
be required a force that is sufficiently great for the purpose. This repulsion & attraction,
with me, varies considerably for different limit-points, both when the force itself is considered,
& when the magnitude of the space through which it acts is taken into account; & all of
these things depend on the form & size of the arcs with which my curve of forces is twined
round the axis, first on onc side & then on the other. Hence, in different bodies, there may
occur, before fracture takes place, compressions & distensions that are far greater or far
less, & a force may be required for that fracture that is far greater or far less; & this force,
when the distances are changed, having overcome the maximum repulsive force of the
further arc as it recedes, would (all the rest of the repulsive {forces due to the first arcs
having been overcome all the more by the help of the velocity already acquired through
the overcoming force, assisted by theattractive forces that come in between) carry off the
particles formin% the mass to those distances, at which there is no sensible force, but the
arc of exceedingly small amplitude corresponding to gravity is reached.

17. Hence, more easily in my Theory than in the common theory, because in mine
it follows immediately, we have an explanation as to the reason why any pillar whatever,
made of a solid body, is broken when certain weights are imposed upon 1t ; & also why
a solid sphere is crushed when compressed on both sides. For, it is much clearer how the
texture & disposition of the particles, necessary to give such a comparatively great sum of
forces, can be changed, if all the points lie apart from one another in a frce vacuum,
than if we suppase continuous compact parts that touch one another ; nor can I imagine
as possible any solid pillar that wouﬁi sustain the whole Universe, if by the force of gravity
the whole of it were borne in a given direction ; & yet in the common idea of continuous
extension of matter a pillar that was perfectly solid, of no matter what thinness, would be
quite sufficient to do this.

418. These matters having now been accurately explained, I proceed in the ordinar
manner in all things that relate to methods of experimental investigation of the different
force of cohesion in different bodics, a mode of demonstration that Mussenbroeck assiduously
practised with his usual care; & methods of comparing the resistance to fracture in the
case when division must take place by a fracture perpendicular to the surfaces to be broken,
such as occur when a great weight is hung bencath a vertical beam, with the resistance
that is obtained in the case when the surface has to rotate about one of its sides, which is
torn off, as happens when a weight is hung at the end of a horizontal beam. This
investigation, first started by Galilco, but without considering bending or the compression
of the fibres that takes place on the under side of the beam, was carried on by several others
after him; & in all cases of these there are very great differences to be found. I will here
add but this one thing ; it is possible for a very great cohesion to be acquired by things,
which of themselves have no cohesion, by the interposition of fresh matter. For instance
in the case of ashes, which, after the oily constitucnts have been driven off by the action
of fire, remained inert of themselves ; ﬁut, as soon as fresh oily constituents have been
added, become once more a coherent mass ; & in other cases of like nature. But this really
depends on the distinction between different kinds of particles & masscs, & refers to the
explanation of solidity in particular, & not to cohesion in general. With such things I
will now deal, passing on from general properties of bodies to the multiplicity & variety
of Nature, & to particular properties of Eo ies.

419. The first thing that presents itself is the huge difference, of many kinds, which
there can be amongst different groups of points such as form the different kinds of particles
of which bodies are formed. The first difference that calls our attention can be derived
from the number of points that form the particle; this number can be quite different
within the same volume. Then the volume itsclf- may be different, as also may the
density ; 