
Classical and Quantum Gravity

PAPER • OPEN ACCESS

Gravity-Matter Feynman Rules for any Valence
To cite this article: David Prinz 2021 Class. Quantum Grav. 38 215003

 

View the article online for updates and enhancements.

You may also like
Scientific Session of the Division of
Physical Sciences of the Russian
Academy of Sciences, in commemoration
of Academician Vladimir Aleksandrovich
Kotel'nikov (22 February 2006)
Yurii V Gulyaev, Nataliya V Kotel'nikova,
Vladimir N Sachkov et al.

-

P N Lebedev Physical Institute RAS — 75
years (Joint session of the P N Lebedev
Physical Institute Research Council and
the Scientific session of the Physical
Sciences Division of the Russian Academy
of Sciences and the United Physical
Society of the Russian Federation, 6 April
2009)
Gennadii A Mesyats, Boris M Bolotovskii,
Yurii V Kopaev et al.

-

Prescription for finite oblique parameters S
and U in extensions of the SM with mWmZ
cos W
Francisco Albergaria and Luís Lavoura

-

This content was downloaded from IP address 99.121.112.97 on 23/12/2023 at 01:12

https://doi.org/10.1088/1361-6382/ac1cc9
/article/10.1070/PU2006v049n07ABEH006764
/article/10.1070/PU2006v049n07ABEH006764
/article/10.1070/PU2006v049n07ABEH006764
/article/10.1070/PU2006v049n07ABEH006764
/article/10.1070/PU2006v049n07ABEH006764
/article/10.3367/UFNe.0179.200911a.1145
/article/10.3367/UFNe.0179.200911a.1145
/article/10.3367/UFNe.0179.200911a.1145
/article/10.3367/UFNe.0179.200911a.1145
/article/10.3367/UFNe.0179.200911a.1145
/article/10.3367/UFNe.0179.200911a.1145
/article/10.3367/UFNe.0179.200911a.1145
/article/10.3367/UFNe.0179.200911a.1145
/article/10.1088/1361-6471/ac7a56
/article/10.1088/1361-6471/ac7a56
/article/10.1088/1361-6471/ac7a56
/article/10.1088/1361-6471/ac7a56
/article/10.1088/1361-6471/ac7a56
/article/10.1088/1361-6471/ac7a56
/article/10.1088/1361-6471/ac7a56
/article/10.1088/1361-6471/ac7a56
/article/10.1088/1361-6471/ac7a56


Classical and Quantum Gravity

Class. Quantum Grav. 38 (2021) 215003 (44pp) https://doi.org/10.1088/1361-6382/ac1cc9

Gravity-Matter Feynman Rules for any
Valence

David Prinz∗

Department of Mathematics and Department of Physics, Humboldt University of
Berlin, Max Planck Institute for Gravitational Physics (Albert Einstein Institute),
Potsdam-Golm, Germany

E-mail: prinz@math.hu-berlin.de, prinz@physik.hu-berlin.de and prinz@aei.mpg.de

Received 30 October 2020, revised 26 July 2021
Accepted for publication 11 August 2021
Published 18 October 2021

Abstract
This article derives and presents the Feynman rules for (effective) quantum gen-
eral relativity coupled to the standard model for any vertex valence and with
general gauge parameter ζ . The results are worked out for the metric decompo-
sition gμν = ημν + κhμν , a linearized de Donder gauge fixing and four dimen-
sions of spacetime. To this end, we calculate the Feynman rules for gravitons,
graviton-ghosts and for the couplings of gravitons to scalars, spinors, gauge
bosons and gauge ghosts.

Keywords: quantum gravity, quantum general relativity, standard model,
Feynman rules, perturbative quantization

1. Introduction

The attempt to perturbatively quantize general relativity (GR) is rather old: in fact, the approach
to define the graviton field hμν with gravitational coupling constant κ as the fluctuation around
a fixed background metric bμν , i.e.

hμν :=
1
κ

(
gμν − bμν

)
⇐⇒ gμν ≡ bμν + κhμν , (1)

—oftentimes, and in particular in this article, chosen as the Minkowski metric
bμν := ημν—goes back to Fierz, Pauli and Rosenfeld in the 1930s [1]. Then, Feynman
et al [2] and DeWitt [3–6] started to calculate the corresponding Feynman rules in the 1960s.
However, Boulware et al [7], ’t Hooft [8] and Veltman [9] discovered serious problems in the
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perturbative expansion due to the non-renormalizability of quantum general relativity (QGR)
in the 1970s. We refer to [1] for a historical treatment.

Despite its age, it is still very hard to find references properly deriving and displaying
Feynman rules for QGR, given via the Lagrange density

LQGR :=LGR + LGF + LGhost (2a)

with

LGR := − 1
2κ2

R dVg, (2b)

LGF := − 1
4κ2ζ

ημν D(1)
μ D(1)

ν dVη (2c)

and

LGhost := − 1
2ζ

ηρσCμ
(
∂ρ∂σCμ

)
dVη −

1
2
ηρσCμ

(
∂μ
(
Γν

ρσCν

)
− 2∂ρ

(
Γν

μσCν

))
dVη , (2d)

where R := gνσRμ
σμν is the Ricci scalar and D(1)

μ := ηρσΓρσμ is the linearized de Donder gauge
fixing functional. Additionally, C ∈ Γ (M,Π (TM)) and C ∈ Γ (M,Π (T∗M)) are the graviton-
ghost and graviton-antighost, respectively. Finally, dVg :=

√
−Det (g)dt ∧ dx ∧ dy ∧ dz and

dVη := dt ∧ dx ∧ dy ∧ dz are the Riemannian and Minkowskian volume forms, respectively.
We refer to section 2 and [10] for a detailed introduction. The existing literature known to the
author, [9, 11–18], limits the vertex Feynman rules to valence five, directly sets the de Donder
gauge fixing parameter to ζ := 1 and omits the ghost vertex Feynman rules completely. This
article aims to fix this gap in the literature by deriving the Feynman rules for gravitons, their
ghosts and for their interactions with matter from the standard model: the analysis is carried
out for the metric decomposition gμν = ημν + κhμν , arbitrary vertex valence, a linearized de
Donder gauge fixing with general gauge parameter ζ and in four dimensions of spacetime.
Moreover, the gravitational interactions with matter from the standard model are then classi-
fied into 10 different types and their vertex Feynman rules are also derived and presented for
any valence.

The results are theorem 4.10 stating the graviton vertex Feynman rules, theorem 4.12 stating
the corresponding graviton propagator Feynman rule, theorem 4.13 stating the graviton-ghost
vertex Feynman rules and theorem 4.14 stating the corresponding graviton-ghost propagator
Feynman rule. Additionally, the graviton-matter vertex Feynman rules are stated in theorem
4.16 on the level of 10 generic graviton-matter interactions, as classified by lemma 4.9. The
complete graviton-matter Feynman rules can then be obtained by adding the corresponding
matter contributions, as listed e.g. in [19]. Finally, we display the three- and four-valent graviton
and graviton-ghost vertex Feynman rules explicitly in example 4.15.

GR and quantum theory are both fundamental theories in modern physics. While some of
their predictions agree with outstanding precision with the corresponding experimental data,
there are still regimes where both theories break down conceptually. Notably, this is the case
with models of the big bang or in the inside of black holes. In these situations, both theo-
ries are needed simultaneously to capture the entire physical reality: GR is needed in order
to describe the huge masses and energies that are involved and quantum theory is needed in
order to describe the interactions of the respective particles in these very small spatial dimen-
sions. Unfortunately, a combined theory of quantum gravitation has not been found yet: while,
given the success of the standard model, a perturbative quantization seems to be the canoni-
cal choice, it comes with several problems, most notably its non-renormalizability. This fact

2



Class. Quantum Grav. 38 (2021) 215003 D Prinz

has lead to various, more radical approaches to quantum gravity, such as supergravity, string
theory or loop quantum gravity. While any of these theories fixes conceptual problems of the
perturbative approach, they create additional problems elsewhere due to further assumptions.
Therefore, in this article, we go back to the foundation of quantum GR via its (effective) per-
turbative approach using Feynman rules. Feynman rules are calculated from the Lagrangian by
extracting the potentials for all classically allowed interactions. Then, scattering amplitudes are
calculated by applying the fundamental principle of quantum theory, namely that the sum over
all unobserved intermediate states needs to be considered. This leads to the Feynman diagram
expansion, where each non-tree Feynman diagram corresponds to a Feynman integral over the
unobserved momenta of the virtual particles. We refer to [20–22] for a more detailed treatment
and to [23] for the corresponding treatment of supersymmetric theories.

This research is intended as the starting point for several related approaches to the per-
turbative renormalization of (effective) QGR: it is generally possible to render any Feynman
integral finite by applying an appropriate subtraction for each divergent (sub-)integral. This
treatment of (sub-)divergences has been studied extensively in the Hopf algebra approach of
Connes and Kreimer [24], which, in turn, allows the definition of renormalized Feynman rules
via an algebraic Birkhoff-decomposition [25]. Then, this reasoning was soon applied to gauge
theories [26], which lead to the identification of Ward–Takahashi and Slavnov–Taylor iden-
tities with Hopf ideals in the corresponding Connes–Kreimer renormalization Hopf algebra
[27–30]. Following this route, it was then suggested by Kreimer to apply this duality to GR
[31], which was motivated via a scalar toy model [32] and then studied in detail by the author
[10, 30]. In this approach, the non-renormalizability of GR manifests itself by the necessity
to introduce infinitely many counterterms. The aim is now to relate these counterterms by
generalized Slavnov–Taylor identities, which correspond to the diffeomorphism invariance of
the theory. A first step in this direction is the construction of tree-level cancellation identities,
which requires the longitudinal and transversal decomposition of the graviton propagator via
the general gauge parameter ζ as variable. This approach was supported by recent calculations
for the metric density decomposition of Goldberg and Capper et al ([33–36]) up to valence
six [37]. With the present work, we provide a foundation for a purely combinatorial argu-
ment, which will be valid for all vertex valences. This will be studied in future work via the
diffeomorphism-gauge BRST double complex [38] and the longitudinal and transversal struc-
ture of the gravitational Feynman rules [39]. Additionally, we remark that this reasoning is
implicit in the construction of Kreimer’s corolla polynomial [40–42]. This graph polynomial,
which is based on half-edges, relates the amplitudes of quantum Yang–Mills theories to the
amplitudes of scalar φ3

4-theory, by means of the parametric representation of Feynman integrals
[43]. More precisely, in this approach the cancellation identities are encoded into amplitudes
by means of Feynman graph cohomology [44]. In particular, this approach has been success-
fully generalized to spontaneously broken gauge theories and thus to the complete bosonic part
of the standard model [45]. The possibility to apply this construction also to (effective) QGR
will be checked in future work. Finally, we believe that the results of this article are also of
intellectual interest, as Feynman rules are an essential ingredient to perturbative quantum field
theories.

We remark the development of more concise formulations, aimed in particular for practical
calculations: there are the KLT relations [46–49], which relate on-shell gravitational ampli-
tudes with the amplitudes of the ‘double-copy’ of a gauge theory, and are applied e.g. in [50].
Furthermore, it is also possible to simplify the gravitational Feynman rules by a reformulation
with different (possibly auxiliary) fields [51, 52], even on a de Sitter background [53]. More-
over, we remark the use of computer algebra programs, such as ‘XACT’ [54] and ‘QGRAF’
[55]. For the projects mentioned in the previous paragraph, however, the original Feynman rules
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are needed to arbitrary vertex valence and with general gauge parameter ζ: this is because the
KLT relations are only valid on-shell and thus rely on Cutkosky’s theorem [56], cf [57, 58].
Also, we want to study the direct relationship between combinatorial Green’s functions and
their counterterms, which becomes more complicated in the aforementioned reformulations
with auxiliary fields. And finally, we are interested in a combinatorial proof that is valid to all
vertex valences and thus excludes the use of computer algebra programs.

2. Conventions and definitions

We start this article with our conventions, in particular the used sign choices. Additionally,
we recall important definitions for (effective) QGR and the standard model. This includes the
Lagrange densities with the metric decomposition, the de Donder gauge fixing and the cor-
responding ghosts. Furthermore, we provide a proper definition of the graviton field and in
particular of the background Minkowski spacetime. This is obtained with the rather restrictive
assumption of definition 2.7, which we call ‘simple spacetime’. This setup is motivated with
classical results from Ellis–Hawking in proposition 2.4 and Geroch in proposition 2.6 and
the boundedness assumption from assumption 2.12. Finally, we comment on the diffeomor-
phism invariance and display the action of the corresponding diffeomorphism BRST operators.
We refer to [10] for a more fundamental introduction to (effective) QGR coupled to quan-
tum electrodynamics. Additionally, we refer to [38] for a study of the diffeomorphism-gauge
BRST double complex, to [39] for a study of transversality with respect to infinitesimal dif-
feomorphisms and to [59] for a generalization of Wigner’s elementary particle classification
to linearized gravity.

Convention 2.1 (Sign choices). We use the sign-convention (−++), as classified by
[60], i.e.:

(a) Minkowski metric: ημν =

⎛⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠
μν

(b) Riemann tensor: Rρ
σμν = ∂μΓ

ρ
νσ − ∂νΓ

ρ
μσ + Γρ

μλΓ
λ
νσ − Γρ

νλΓ
λ
μσ

(c) Einstein field equations: Gμν = κTμν

Additionally we use the plus-signed Clifford relation, i.e. {γm, γn} = 2ηmnIdΣM, cf [10,
remark 2.15].

Definition 2.2 (Spacetime). Let (M, γ) be a Lorentzian manifold. We call (M, γ) a
spacetime, if it is smooth, connected, four-dimensional and time-orientable1.

Definition 2.3 (Asymptotically simple (and empty) spacetime). Let (M, γ) be an
oriented and causal spacetime. We call (M, γ) an asymptotically simple spacetime, if it admits
a conformal extension (M̃, γ̃) in the sense of Penrose [61–64]: that is, if there exists an
embedding ι : M ↪→ M̃ and a smooth function ς ∈ C∞(M̃), such that:

(a) M̃ is a manifold with interior ι (M) and boundary I , i.e. M̃ ∼= ι (M) � I

(b) ς
∣∣
ι(M)

> 0, ς
∣∣
I

≡ 0 and dς
∣∣
I


≡ 0; additionally ι∗γ ≡ ς2γ̃

(c) Each null geodesic of (M̃, γ̃) has two distinct endpoints on I

1 We fix the spacetime-dimension, as the gravitational Feynman rules depend directly on it.
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We call (M, γ) an asymptotically simple and empty spacetime, if additionally2:

(d)
(
Rμν

)
|ι−1(Õ) ≡ 0, where Õ ⊂ M̃ is an open neighborhood of I ⊂ M̃

Proposition 2.4. Let (M, γ) be an asymptotically simple and empty spacetime. Then (M, γ)
is globally hyperbolic and thus parallelizable.

Proof. The first part of the statement, i.e. that (M, γ) is globally hyperbolic, is a classical
result due to Ellis and Hawking [65, proposition 6.9.2]. We conclude the second part, i.e. that
(M, γ) is parallelizable, by noting that we have additionally assumed spacetimes to be four-
dimensional: thus, being globally hyperbolic, there is a well-defined three-dimensional space-
submanifold, which therefore is parallelizable as it is orientable by assumption. �

Corollary 2.5. Any asymptotically simple and empty spacetime (M, γ) is spin.

Proof. This follows immediately from proposition 2.4, as parallelizable manifolds are
trivially spin. �

Proposition 2.6. A spacetime (M, γ) is spin if and only if it is globally hyperbolic.
Equivalently, (M, γ) is spin if and only if it is parallelizable.

Proof. These are two classical results by Geroch [66, 67]. �

Definition 2.7 (Simple spacetime). Let (M, γ) be a spacetime. We call the triple
(M, γ, τ ) a simple spacetime, if M is diffeomorphic to the Minkowski spacetime M and
τ : M →M is a fixed such diffeomorphism (not necessarily an isometry), called trivializing
map. Furthermore, we use τ to push-foreward the metric γ to the Minkowski spacetime M via
g := τ∗γ ∈ Γ

(
M, Sym2T∗

M
)

to obtain an equivalence between the physical spacetime (M, γ)
and its background Minkowski spacetime (M, g).

Assumption 2.8. From now on, we assume spacetimes to be simple.

Remark 2.9. The rather restrictive setup of assumption 2.8 is motivated by propositions 2.4
and 2.6: it is physically reasonable to consider asymptotically simple and empty spacetimes, as
well as to demand a spin structure for fermionic particles. Thus, the spacetime (M, γ) has the
same asymptotic structure as the Minkowski spacetime (M, η) and is furthermore paralleliz-
able. This implies that it is diffeomorphic to the Minkowski spacetime of the same dimension,
modulo possible singularities. However, as we need the eigenvalues of the metric g to be
bounded by assumption 2.12 for the following constructions, we exclude singularities in our
setup. This assumption allows us to view particle fields, in particular the graviton field, as
sections over Minkowski spacetime Γ (M, E), where πE : E →M is a suitable vector bundle
for the particle fields under consideration, cf definition 2.13. In turn, this enables us to use
Wigner’s classification of elementary particles via irreducible representations of the Poincaré
group [68], which will be studied in [59]. Thus we can proceed as usual by constructing the
Fock space to describe the quantum states of our corresponding quantum field theory. Finally,
this setup provides a well-defined Fourier transformation for particle sections, cf definition
2.23.

2 This condition can be modified to allow electromagnetic radiation near I . We remark that asymptotically simple
and empty spacetimes are also called asymptotically flat.
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Definition 2.10 (Metric decomposition and graviton field). Let (M, γ, τ ) be a sim-
ple spacetime. Then we use the following metric decomposition on the background Minkowski
spacetime (M, η)

hμν :=
1
κ

(
gμν − ημν

)
⇐⇒ gμν ≡ ημν + κhμν , (3)

where κ :=
√
κ is the graviton coupling constant (with κ := 8πG the Einstein gravitational

constant). Thus, the graviton field hμν is given as a rescaled, symmetric (0, 2)-tensor field on
the background Minkowski spacetime, i.e. as the section κh ∈ Γ

(
M, Sym2T∗M

)
.

Remark 2.11. Given the situation of definition 2.10, the graviton field h depends directly
on the choice of the trivializing map τ . It can be shown, however, that this dependence can be
absorbed, if the theory is diffeomorphism-invariant [59]. Thus, this construction is in particular
well-defined for linearized general elativity.

Assumption 2.12. Given the metric decomposition from definition 2.10, we assume the
following boundedness condition for the gravitational constant κ and the graviton field hμν:

|κ| ‖h‖max := |κ| max
λ∈EW(h)

|λ| < 1, (4)

where EW (h) denotes the set of eigenvalues of h. This will be relevant for preceding assertions
to assure the convergence of series involving the graviton coupling constant κ and the graviton
field hμν .

Definition 2.13 (Correspondence to Minkowski spacetime). Let (M, γ, τ ) be a sim-
ple spacetime and πE : E → M a vector bundle for particle fields. Then we extend the vec-
tor bundle for particle fields via (τ ◦ πE) : E →M to a vector bundle over the background
Minkowski spacetime M.

Convention 2.14 (Lagrange density). We choose the following signs and prefactors
for the Lagrange density, which we consider as a functional for sections over the background
Minkowski spacetime M and where dVg :=

√
−Det (g)dt ∧ dx ∧ dy ∧ dz and dVη := dt ∧ dx ∧

dy ∧ dz denote the Riemannian and Minkowskian volume forms, respectively:

(a) Einstein–Hilbert Lagrange density:

LGR := − 1
2κ2

R dVg, (5)

with R := gνσRμ
σμν

(b) Gauge fixing Lagrange density:

LGF := − 1
4κ2ζ

ημν D(1)
μ D(1)

ν dVη , (6)

with D(1)
μ := ηρσΓρσμ ≡ κηρσ

(
∂ρhμσ − 1

2∂μhρσ

)
(c) Ghost Lagrange density:

LGhost := − 1
2ζ

ηρσCμ
(
∂ρ∂σCμ

)
dVη −

1
2
ηρσCμ

(
∂μ
(
Γν

ρσCν

)
− 2∂ρ

(
Γν

μσCν

))
dVη,

(7)

with C ∈ Γ (M,Π (TM)) and C ∈ Γ (M,Π (T∗
M))
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The Lagrange density of (effective) QGR is then the sum of the three, i.e.

LQGR :=LGR + LGF + LGhost

≡ − 1
2κ2

(√
−Det (g)R +

1
2ζ

ημν D(1)
μ D(1)

ν

)
dVη

− 1
2

(
1
ζ
ηρσC̄μ

(
∂ρ∂σCμ

)
+ ηρσC̄μ

(
∂μ
(
Γν

ρσCν

)
− 2∂ρ

(
Γν

μσCν

)))
dVη , (8)

cf [10, section 2.2]. We remark that the ghost Lagrange density is calculated via Fad-
deev–Popov’s method [69], cf [10, subsection 2.2.3], which can be embedded into the
more elaborate settings of BRST cohomology and BV formalism.

Remark 2.15. The reason for the sign choices from convention 2.14 are as follows: The
minus sign for the Einstein–Hilbert Lagrange density is due to the sign choice for the
Minkowski metric, cf convention 2.1. Then, the minus sign for the gauge fixing Lagrange
density is such that ζ = 1 corresponds to the de Donder gauge fixing. Finally, the sign for the
ghost Lagrange density is, as usual, an arbitrary choice, and is chosen such that all Lagrange
densities have the same sign.

Remark 2.16. Given the situation of assumption 2.8, the gravitational path integral then
corresponds to an integral over the space of symmetric (0, 2)-tensor fields over the background
Minkowski spacetimeM. As the construction of such integral measures over function spaces is
rather troublesome, we simply consider the h̄ � 0 limit, where the Feynman graph expansion
can be interpreted as a ‘perturbative definition’ of the path integral. We refer to [15] for a more
physical treatment.

Assumption 2.17. We assume from now on that diffeomorphisms are homotopic to the
identity, i.e. φ ∈ Diff0 (M).

Remark 2.18. Assumption 2.17 is motivated by the fact that diffeomorphisms homotopic
to the identity are generated via the flows of compactly supported vector fields, X ∈ Xc (M),
and differ from the identity only on compactly supported domains. Thus, diffeomorphisms
homotopic to the identity preserve the asymptotic structure of spacetimes. We remark that,
different from finite-dimensional Lie groups, the Lie exponential map

exp : Xc (M) → Diff0 (M) (9)

is no longer locally surjective, which leads to the notion of an evolution map

Evol : C∞ ([0, 1],Xc (M)) → C∞ ([0, 1], Diff0 (M)) (10)

that maps smooth curves in the Lie algebra to smooth curves in the corresponding Lie group.
We refer to [70] for further details.

Definition 2.19 (Transformation under (infinitesimal) diffeomorphisms). Given
the situation of definition 2.10 and assumption 2.17, we define the action of diffeomorphisms
φ ∈ Diff0 (M) on the graviton field via

(τ ◦ φ)∗ (κh) := (τ ◦ φ)∗g, (11)

such that the background Minkowski metric can be conveniently defined to be invariant, i.e.

(τ ◦ φ)∗η := 0, (12)

7
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and on the other particle fields s ∈ Γ (M, E) as usual, i.e. via

(τ ◦ φ)∗s. (13)

In particular, the action of infinitesimal diffeomorphisms is given via the Lie derivative with
respect the generating vector field X ∈ Xc (M), i.e.

δXhμν ≡
1
κ

(
∇(g)

μ Xν +∇(g)
ν Xμ

)
, (14)

δXημν ≡ 0 (15)

and

δXs ≡ £Xs, (16)

where ∇(g) denotes the covariant derivative with respect to the connection Γ induced via g on
M, i.e. via

Γμν
ρ :=

1
2

gρσ
(
∂μgσν + ∂νgμσ − ∂σgμν

)
. (17)

Remark 2.20. Using the setup from assumptions 2.8, 2.12 and 2.17 and definitions 2.10,
2.13 and 2.19, we can view linearized general relativity coupled to matter from the standard
model as a ‘generalized gauge theory’ on the background Minkowski spacetime: the ‘gauge
group’ is then given via the push-foreward of diffeomorphisms homotopic to the identity by
the trivializing map, i.e. G := τ∗Diff0 (M) ∼= Diff0 (M). Furthermore, their infinitesimal actions
are given via Lie derivatives with respect to compactly supported vector fields Xc (M). In
particular, the right setting to study the gauge theoretic properties of such a theory is given
via the Lie groupoid (G × B) ⇒ B over the background Minkowski spacetime-matter bundle
B :=M× E. Additionally, the action of infinitesimal diffeomorphisms is embedded into this
picture via the corresponding Lie algebroid ((Xc (M) × B) →B, [·, ·], ρ): more precisely, [·, ·]
is the Lie bracket on Xc (M) × B and ρ : (Xc (M) × B) → TB the anchor map. Then, as in
the case of ‘ordinary gauge theories’— that is gauge theories coming from a principle bun-
dle structure—the invariance of the theory under diffeomorphisms provides an obstacle for
the calculation of the propagator. We solve this issue by introducing a linearized de Donder
gauge fixing together with the corresponding ghost and antighost fields, C ∈ Γ (M,Π (TM))
and C ∈ Γ (M,Π (T∗

M)), respectively. This viewpoint will be elaborated in [59].

Lemma 2.21. Given the situation of definition 2.19, the diffeomorphism BRST operator
P ∈ X[1] (B), i.e. a vector field on the spacetime-matter bundle with ghost degree 1, can be
consistently defined as follows:

Phμν =
1
κ

(
∇(g)

μ Cν +∇(g)
ν Cμ

)
(18a)

PCσ = Cρ
(
∂ρCσ

)
(18b)

PCσ = Bσ (18c)

PBσ = 0 (18d)

Pημν = 0 (18e)

Ps = £Cs, (18f)

8
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where C ∈ Γ (M,Π (TM)) is the graviton-ghost, C ∈ Γ (M,Π (T∗M)) the graviton-antighost,
B ∈ Γ (M, T∗M) the Lautrup–Nakanishi auxiliary field and again s ∈ Γ (M, E) represents any
other particle field.

Proof. This follows directly from the transformation properties of definition 2.19, as BRST
operators are defined to induce infinitesimal transformations with respect to the corresponding
ghost field, together with the nilpotency condition, i.e. the two properties

Ps := δCs (19a)

and

P2 ≡ 0. (19b)

�
Remark 2.22. Contrary to Yang–Mills Lagrange densities, which are strictly invariant
under gauge transformations, the Einstein–Hilbert Lagrange density is not invariant under
general diffeomorphisms as it is a tensor density of weight 1. More precisely, the action of an
infinitesimal diffeomorphism adds a total derivative to the Einstein–Hilbert Lagrange density,
if the corresponding vector field is not Killing.

Definition 2.23 (Fourier transformation). Let (M, γ, τ ) be a simple spacetime with
background Minkowski spacetime (M, η). Using the correspondence from definition 2.13, we
define the Fourier transformation for particle fields, i.e. sections s ∈ Γ (M, E), as usual:

F : Γ (M, E) → Γ̂ (M, E) , s (xα) �→ ŝ (pα) :=
1

(2π)2

∫
M

s
(
yβ
)

e−iηβγyβ pγ dVη.

(20)

3. Expansion of the Lagrange density

Given the QGR Lagrange density

LQGR = − 1
2κ2

(√
−Det (g)R +

1
2ζ

ημν D(1)
μ D(1)

ν

)
dVη

− 1
2

(
1
ζ
ηρσC̄μ

(
∂ρ∂σCμ

)
+ ηρσC̄μ

(
∂μ
(
Γν

ρσCν

)
− 2∂ρ

(
Γν

μσCν

)))
dVη (21)

from convention 2.14. In order to calculate the corresponding Feynman rules, we decompose
LQGR with respect to its powers in the gravitational coupling constant κ and the ghost field C
as follows3

LQGR ≡
∞∑

m=0

1∑
n=0

Lm,n
QGR, (22)

where we have set Lm,n
QGR :=

(
LQGR

) ∣∣
O(κmCn)

. Given m ∈ N+, the restricted Lagrange densi-

ties Lm,0
QGR correspond to the potential terms for the interaction of (m + 2) gravitons and the

3 We omit the term L−1,0
QGR as it is given by a total derivative.
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restricted Lagrange densities Lm,1
QGR correspond to the potential terms for the interaction of m

gravitons with a graviton-ghost and graviton-antighost, while the terms m = 0 and n ∈ {0, 1}
provide the kinetic terms for the graviton and graviton-ghost, respectively. The situation for
the matter-model Lagrange densities from lemma 4.9 is then analogous4.

Lemma 3.1 (Inverse metric as Neumann series in the graviton field). Given the
metric decomposition from definition 2.10 and the boundedness condition from assumption
2.12, the inverse metric is given via the Neumann series

gμν =

∞∑
k=0

(−κ)k
(
hk
)μν

, (23)

where

hμν := ημρηνσhρσ, (24a)(
h0
)μν

:= ημν (24b)

and (
hk
)μν

:= hμ
κ1

hκ1
κ2
. . . hκk−1ν︸ ︷︷ ︸

k-times

, k ∈ N. (24c)

Proof. We calculate

gμνgνρ =
(
ημν + κhμν

)( ∞∑
k=0

(−κ)k
(
hk
)νρ)

= ημνη
νρ + ημν

( ∞∑
i=1

(−κ)i
(
hi
)νρ)

+ κhμν

⎛⎝ ∞∑
j=0

(−κ) j
(
h j
)νρ⎞⎠

= δρμ − κhμν

( ∞∑
i=0

(−κ)i
(
hi
)νρ)

+ κhμν

⎛⎝ ∞∑
j=0

(−κ) j
(
h j
)νρ⎞⎠

= δρμ, (25)

as requested. Finally, we remark that the Neumann series

gμν =
∞∑

k=0

(−κ)k
(
hk
)μν

(26)

converges precisely for

|κ| ‖h‖max := |κ| max
λ∈EW(h)

|λ| < 1, (27)

where EW (h) denotes the set of eigenvalues of h, as stated. �

4 The shift in m comes from the prefactor 1/κ2 in LQGR and is convenient, because then propagators are of order κ0

and three-valent vertices of order κ1, etc.

10
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Lemma 3.2 (Vielbein and inverse vielbein as series in the graviton field). Given
the metric decomposition from definition 2.10 and the boundedness condition from assumption
2.12, the vielbein and inverse vielbein are given via the series

em
μ =

∞∑
k=0

κ
k

( 1
2

k

)(
hk
)m

μ
, (28a)

with hm
μ := ηmνhμν , and

eμm =

∞∑
k=0

κ
k

(
− 1

2

k

)(
hk
)μ

m
, (28b)

with hμ
m := ημνδρmhνρ.

Proof. We recall the defining equations for vielbeins and inverse vielbeins,

gμν = ηmnem
μ en

ν (29)

and

ηmn = gμνeμmeνn , (30)

cf [10, definition 2.8]. Thus, we calculate

gμν = ηmnem
μ en

ν

= ηmn

( ∞∑
i=0

κ
i

( 1
2

i

)(
hi
)m

μ

)⎛⎝ ∞∑
j=0

κ
j

( 1
2

j

)(
h j
)n

ν

⎞⎠
=

∞∑
i=0

∞∑
j=0

κ
i+ j

( 1
2

i

)( 1
2

j

)(
hi+ j

)
μν

=
∞∑

k=0

κ
k

(
1
k

)(
hk
)
μν

= ημν + κhμν , (31)

where we have used Vandermonde’s identity, and

gμν = ηmneμmeνn

= ηmn

( ∞∑
i=0

κ
i

(
− 1

2

i

)(
hi
)μ

m

)⎛⎝ ∞∑
j=0

κ
j

(
− 1

2

j

)(
h j
)ν

n

⎞⎠
=

∞∑
i=0

∞∑
j=0

κ
i+ j

(
− 1

2

i

)(
− 1

2

j

)(
hi+ j

)μν
=

∞∑
k=0

κ
k

(
−1
k

)(
hk
)μν

11
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=

∞∑
k=0

(−κ)k
(
hk
)μν

= gμν , (32)

where we have again used Vandermonde’s identity, the identity
(−1

k

)
= (−1)k and lemma 3.1.

Finally, the series for the vielbein and inverse vielbein field converge precisely for

|κ| ‖h‖max := |κ| max
λ∈EW(h)

|λ| < 1, (33)

where EW (h) denotes the set of eigenvalues of h, as stated. �

Proposition 3.3 (Ricci scalar for the Levi-Civita connection, cf [10]). Using the
Levi-Civita connection, the Ricci scalar is given via partial derivatives of the metric and its
inverse as follows:

R = gμρgνσ
(
∂μ∂νgρσ − ∂μ∂ρgνσ

)
+ gμρgνσgκλ

((
∂μgκλ

)(
∂νgρσ −

1
4
∂ρgνσ

)
+
(
∂νgρκ

)(3
4
∂σgμλ −

1
2
∂μgσλ

)
−
(
∂μgρκ

)
(∂νgσλ)

)
. (34)

Furthermore, we also consider the decomposition

R ≡ gνσ
(
∂μΓ

μ
νσ − ∂νΓ

μ
μσ + Γμ

μκΓ
κ
νσ − Γμ

νκΓ
κ
μσ

)
=: R∂Γ + RΓ2 (35a)

with

R∂Γ := gνσ
(
∂μΓ

μ
νσ − ∂νΓ

μ
μσ

)
(35b)

and

RΓ2
:= gνσ

(
Γμ
μκΓ

κ
νσ − Γμ

νκΓ
κ
μσ

)
. (35c)

Then we obtain:

R∂Γ = gμρgνσ
(
∂μ∂νgρσ − ∂μ∂ρgνσ

)
+ gμρgνσgκλ

((
∂μgρκ

)(1
2
∂λgνσ − ∂νgλσ

)
+

1
2

(
∂νgμκ

) (
∂σgρλ

))
(36)

and

RΓ2
= gμρgνσgκλ

((
∂κgμρ

)(1
2
∂νgσλ −

1
4
∂λgνσ

)
−
(
∂νgμκ

)(1
2
∂ρgσλ −

1
4
∂σgρλ

))
. (37)

Proof. The claim is verified by the calculations

R = R∂Γ + RΓ2
(38)

12
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with

R∂Γ = gνσ
(
∂μΓ

μ
νσ − ∂νΓ

μ
μσ

)
=
(
∂μgμρ

)(
∂νgρσ −

1
2
∂ρgνσ

)
− 1

2
(∂νgμρ)

(
∂σgμρ

)
+ gμρ

(
∂μ∂νgρσ −

1
2
∂μ∂ρgνσ

)
− 1

2
gμρ
(
∂ν∂σgμρ

)
= gμρgνσ

(
∂μ∂νgρσ − ∂μ∂ρgνσ

)
+ gμρgνσgκλ

((
∂μgρκ

)(1
2
∂λgνσ − ∂νgλσ

)
+

1
2

(
∂νgμκ

) (
∂σgρλ

))
(39)

and

RΓ2
= gνσ

(
Γμ
μκΓ

κ
νσ − Γμ

νκΓ
κ
μσ

)
= gμρgνσgκλ

((
∂κgμρ

)(1
2
∂νgσλ −

1
4
∂λgνσ

)
−
(
∂νgμκ

)(1
2
∂ρgσλ −

1
4
∂σgρλ

))
, (40)

where we have used
(
∂ρgνσ

)
gμσ = −gνσ

(
∂ρgμσ

)
in equation (39) twice, which results from

0 = ∇(g)
ρ δνμ

= ∂ρδ
ν
μ + Γρσ

νδσμ − Γρμ
σδνσ

= ∂ρδ
ν
μ + Γρμ

ν − Γρμ
ν

= ∂ρδ
ν
μ

= ∂ρ
(
gμσgνσ

)
=
(
∂ρgμσ

)
gνσ + gμσ

(
∂ρgνσ

)
. (41)

�

Corollary 3.4. Given the situation of proposition 3.3, the grade-m part in the gravitational
coupling constant κ of the Ricci scalar R is given via

R∂Γ
∣∣∣
O(κ0)

= RΓ2
∣∣∣
O(κ0)

= RΓ2
∣∣∣
O(κ1)

= 0, (42a)

R∂Γ
∣∣∣
O(κ1)

= κημρηνσ
(
∂μ∂νhρσ − ∂μ∂ρhνσ

)
(42b)

and for m > 1

13
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R∂Γ
∣∣∣
O(κm)

= −(−κ)m
∑

i+ j=m−1

(
hi
)μρ(

h j
)νσ (

∂μ∂νhρσ − ∂μ∂ρhνσ

)
+ (−κ)m

∑
i+ j+k=m−2

(
hi
)μρ(

h j
)νσ(

hk
)κλ

×
((

∂μhρκ

)(1
2
∂λhνσ − ∂νhλσ

)
+

1
2

(
∂νhμκ

) (
∂σhρλ

))
(42c)

and

RΓ2
∣∣∣
O(κm)

= (−κ)m
∑

i+ j+k=m−2

(
hi
)μρ(

h j
)νσ(

hk
)κλ

×
((

∂κhμρ

)(1
2
∂νhσλ −

1
4
∂λhνσ

)
−
(
∂νhμκ

)(1
2
∂ρhσλ −

1
4
∂σhρλ

))
. (42d)

Proof. This follows directly from proposition 3.3 together with lemma 3.1. �

Proposition 3.5 (Metric expression for the de Donder gauge fixing). Given the
square of the de Donder gauge fixing,

D2 := gμνDμDν (43)

with Dμ := gρσΓρσμ, this can be rewritten as

D2 = gμρgνσgκλ

((
∂νgσμ

) (
∂κgλρ

)
−
(
∂νgσμ

) (
∂ρgκλ

)
+

1
4

(
∂μgνσ

) (
∂ρgκλ

))
. (44)

Furthermore, its quadratic part is given by

D2
(2) :=D2|O(κ2)

≡ ημν D(1)
μ D(1)

ν (45)

with D(1)
μ := ηρσΓρσμ, and can be rewritten as

D2
(2) = ημρηνσηκλ

((
∂νgσμ

) (
∂κgλρ

)
−
(
∂νgσμ

) (
∂ρgκλ

)
+

1
4

(
∂μgνσ

) (
∂ρgκλ

))
. (46)

Proof. The claim is verified by the calculation

D2 = gμνDμDν

=
1
4

gμρgνσgκλ
(
∂νgσμ + ∂σgμν − ∂μgνσ

) (
∂κgλρ + ∂λgρκ − ∂ρgκλ

)
=

1
4

gμρgνσgκλ
((
∂νgσμ

) (
∂κgλρ

)
+
(
∂νgσμ

) (
∂λgρκ

)
−
(
∂νgσμ

) (
∂ρgκλ

)
+
(
∂σgμν

) (
∂κgλρ

)
+
(
∂σgμν

) (
∂λgρκ

)
−
(
∂σgμν

) (
∂ρgκλ

)
−
(
∂μgνσ

) (
∂κgλρ

)
−
(
∂μgνσ

) (
∂λgρκ

)
+
(
∂μgνσ

) (
∂ρgκλ

))
14
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= gμρgνσgκλ

((
∂νgσμ

) (
∂κgλρ

)
−
(
∂νgσμ

) (
∂ρgκλ

)
+

1
4

(
∂μgνσ

) (
∂ρgκλ

))
, (47)

together with the obvious restriction to O
(
κ

2
)
. �

Corollary 3.6. Given the situation of proposition 3.5, the grade-m part in the gravitational
coupling constant κ of the square of the de Donder gauge fixing D2 is given for m < 2 via

D2|O(κm) = 0 (48a)

and for m > 1 via

D2|O(κm) = (−κ)m
∑

i+ j+k=m−2

(
hi
)μρ(

h j
)νσ(

hk
)κλ

×
((

∂νhσμ

) (
∂κhλρ

)
−
(
∂νhσμ

) (
∂ρhκλ

)
+

1
4

(
∂μhνσ

) (
∂ρhκλ

))
. (48b)

In particular, the quadratic term D2
(2) is given by

D2
(2) :=D2|O(κ2)

= κ
2ημρηνσηκλ

((
∂νhσμ

) (
∂κhλρ

)
−
(
∂νhσμ

) (
∂ρhκλ

)
+

1
4

(
∂μhνσ

) (
∂ρhκλ

))
.

(49)

Proof. This follows directly from proposition 3.5 together with lemma 3.1. �

Proposition 3.7 (Determinant of the metric as a series in the graviton field).
Given the metric decomposition from definition 2.10, the negative of the determinant of the
metric, −Det (g), is given via

−Det (g) = 1 + a + b + c + d (50)

with

a :=κ Tr (ηh)

≡ κημνhμν , (51a)

b :=κ
2

(
1
2

Tr (ηh)2 − 1
2

Tr
(
(ηh)2

))
≡ κ

2

(
1
2
ημνηρσ − 1

2
ημσηρν

)
hμνhρσ, (51b)
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c :=κ
3

(
1
6

(Tr (ηh))3 − 1
2

Tr (ηh) Tr
(
(ηh)2

)
+

1
3

Tr
(
(ηh)3

))
≡ κ

3

(
1
6
ημνηρσηλτ − 1

2
ημνηρτ ηλσ +

1
3
ημτηρνηλσ

)
hμνhρσhλτ (51c)

and

d :=κ
4

(
1

24
(Tr (ηh))4 − 1

4
(Tr (ηh))2 Tr

(
(ηh)2

)
+

1
3

Tr (ηh) Tr
(
(ηh)3

)
+

1
8

(
Tr
(
(ηh)2

))2 − 1
4

Tr
(
(ηh)4

))
≡ κ

4

(
1

24
ημνηρσηλτ ηϑϕ − 1

4
ημνηρσηλϕηϑτ +

1
3
ημνηρϕηλσηϑτ

+
1
8
ημσηρνηλϕηϑτ − 1

4
ημϕηρνηλσηϑτ

)
hμνhρσhλτhϑϕ. (51d)

Proof. Given a 4 × 4-matrix M ∈ MatC (4 × 4), from Newton’s identities we get the relation

Det (M) =
1
4!

Det

⎛⎜⎜⎝
Tr (M) 1 0 0

Tr
(
M2
)

Tr (M) 2 0
Tr
(
M3
)

Tr
(
M2
)

Tr (M) 3
Tr
(
M4
)

Tr
(
M3
)

Tr
(
M2
)

Tr (M)

⎞⎟⎟⎠
=

1
4!

(
Tr (M)4 − 6 Tr (M)2 Tr

(
M2
)
+ 8 Tr (M) Tr

(
M3
)

+ 3 Tr
(
M2
)2 − 6 Tr

(
M4
))

. (52)

Next, using the metric decomposition g = η + κh, we obtain5

−Det (g) = −Det (η + κh)

= −Det (η) Det
(
δ + κη−1h

)
= Det (δ + κηh) , (53)

where we have used Det (η) = −1 and η−1 = η. Setting M := δ + κηh, using the linearity and
cyclicity of the trace and the fact that Tr (δ) = 4, we get

Tr (δ + κηh) = 4 + κ Tr (ηh) (54)

Tr
(
(δ + κηh)2

)
= 4 + 2κ Tr (ηh) + κ

2 Tr
(
(ηh)2

)
(55)

Tr
(
(δ + κηh)3

)
= 4 + 3κ Tr (ηh) + 3κ2 Tr

(
(ηh)2

)
+ κ

3 Tr
(
(ηh)3

)
(56)

Tr
(
(δ + κηh)4

)
= 4 + 4κ Tr (ηh) + 6κ2 Tr

(
(ηh)2

)
+ 4κ3 Tr

(
(ηh)3

)
+ κ

4 Tr
(
(ηh)4

)
.

(57)

5 In accordance with index-notation, we set δ to be the unit matrix.
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Combining these results, we obtain

−Det (g) = 1 + κ Tr (ηh) + κ
2

(
1
2

Tr (ηh)2 − 1
2

Tr
(
(ηh)2

))
+ κ

3

(
1
6

Tr (ηh)3 − 1
2

Tr (ηh) Tr
(
(ηh)2

)
+

1
3

Tr
(
(ηh)3

))
+ κ

4

(
1

24
Tr (ηh)4 − 1

4
Tr (ηh)2 Tr

(
ηh2
)
+

1
3

Tr (ηh) Tr
(
(ηh)3

)
+

1
8

Tr
(
(ηh)2

)2 − 1
4

Tr
(
(ηh)4

))
, (58)

which, when restricting to the powers in the coupling constant, yields the claimed result. �

Corollary 3.8. Given the situation of proposition 3.7 and assume furthermore the bounded-
ness condition from assumption 2.12, the grade-m part in the gravitational coupling constant
κ of the square-root of the negative of the determinant of the metric, −Det (g), is given via

√
−Det (g)

∣∣∣∣∣
O(κm)

=
∑

i+ j+k+l=m
i� j�k�l�0

j−k∑
p=0

k−l∑
q=0

q∑
r=0

l∑
s=0

s∑
t=0

t∑
u=0

u∑
v=0

×
( 1

2

i

)(
i
j

)(
j
k

)(
k
l

)(
j − k

p

)(
k − l

q

)(q
r

)( l
s

)(s
t

)( t
u

)(u
v

)
× (−1)p+q−r+s−t+v2− j+l+r+s+2t−3u+v3−k+q−r+s−t+u

× a
i+ j+k+l−2p−2q−r−2s−t−u

b
p+q−r+s−t+2u−2v

c
r+t−u

d
v (59)

with

a :=κ Tr (ηh)

≡ κημνhμν , (60a)

b :=κ
2 Tr

(
(ηh)2

)
≡ κ

2ημσηρνhμνhρσ, (60b)

c :=κ
3 Tr

(
(ηh)3

)
≡ κ

3ημτηρνηλσhμνhρσhλτ (60c)and

d :=κ
4 Tr

(
(ηh)4

)
≡ κ

4ημϕηρνηλσηϑτhμνhρσhλτhϑϕ. (60d)

Proof. We use equation (50),

−Det (g) = 1 + a + b + c + d, (61)
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and plug it into the Taylor series of the square-root around x = 06,

√
x =

∞∑
i=0

( 1
2

i

)
(x − 1)i, (62)

to obtain

√
−Det (g) =

∞∑
i=0

( 1
2

i

)
(a + b + c + d)i. (63)

Applying the binomial theorem iteratively three times, we get

√
−Det (g) =

∞∑
i=0

( 1
2

i

)
(a + b + c + d)i

=

∞∑
i=0

i∑
j=0

( 1
2

i

)(
i
j

)
ai− j(b + c + d) j

=

∞∑
i=0

i∑
j=0

j∑
k=0

( 1
2

i

)(
i
j

)(
j
k

)
ai− jb j−k(c + d)k

=

∞∑
i=0

i∑
j=0

j∑
k=0

k∑
l=0

( 1
2

i

)(
i
j

)(
j
k

)(
k
l

)
ai− jb j−kck−ldl. (64)

Observe, that from equations (50) and (51) we have the relations

−Det (g)
∣∣∣
O(κ)

≡ a (65a)

−Det (g)
∣∣∣
O(κ2)

≡ b (65b)

−Det (g)
∣∣∣
O(κ3)

≡ c (65c)

and

−Det (g)
∣∣∣
O(κ4)

≡ d, (65d)

and thus the restriction to the grade-m part in the gravitational coupling constant κ is given via
the integer solutions to

m
!
= i − j + 2 j − 2k + 3k − 3l + 4l

= i + j + k + l
(66)

6 Here we need the assumption |κ| ‖h‖max:= |κ|maxλ∈EW(h) |λ| < 1, where EW (h) denotes the set of eigenvalues of
h, to assure convergence.
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with i � j � k � l, i.e.

√
−Det (g)

∣∣∣∣∣
O(κm)

=
∑

i+ j+k+l=m
i� j�k�l�0

( 1
2

i

)(
i
j

)(
j
k

)(
k
l

)
ai− jb j−kck−ldl. (67)

Finally, using Newton’s identities, i.e. the relations from equations (51) and (60),

a ≡ a, (68a)

b ≡ 1
2
a

2 − 1
2
b, (68b)

c ≡ 1
6
a

3 − 1
2
ab+

1
3
c (68c)

and

d ≡ 1
24

a4 − 1
4
a2b+

1
3
ac+

1
8
b2 − 1

4
d, (68d)

we obtain, using again the binomial theorem iteratively seven times,

ai− jb j−kck−ldl =

j−k∑
p=0

k−l∑
q=0

q∑
r=0

l∑
s=0

s∑
t=0

t∑
u=0

u∑
v=0

×
(

j − k
p

)(
k − l

q

)(q
r

)( l
s

)( s
t

)( t
u

)(u
v

)
× (−1)p+q−r+s−t+v2− j+l+r+s+2t−3u+v3−k+q−r+s−t+u

× ai+ j+k+l−2p−2q−r−2s−t−ubp+q−r+s−t+2u−2vcr+t−udv , (69)

and thus finally

√
−Det (g)

∣∣∣∣∣
O(κm)

=
∑

i+ j+k+l=m
i� j�k�l�0

j−k∑
p=0

k−l∑
q=0

q∑
r=0

l∑
s=0

s∑
t=0

t∑
u=0

u∑
v=0

×
( 1

2

i

)(
i
j

)(
j
k

)(
k
l

)(
j − k

p

)(
k − l

q

)(q
r

)( l
s

)(s
t

)( t
u

)(u
v

)
× (−1)p+q−r+s−t+v2− j+l+r+s+2t−3u+v3−k+q−r+s−t+u

× ai+ j+k+l−2p−2q−r−2s−t−ubp+q−r+s−t+2u−2vcr+t−udv , (70)

as claimed. �
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4. Feynman rules

Given the QGR Lagrange density

LQGR = − 1
2κ2

(√
−Det (g)R +

1
2ζ

ημν D(1)
μ D(1)

ν

)
dVη

− 1
2

(
1
ζ
ηρσC̄μ

(
∂ρ∂σCμ

)
+ ηρσC̄μ

(
∂μ
(
Γν

ρσCν

)
− 2∂ρ

(
Γν

μσCν

)))
dVη (71)

from convention 2.14 and the decomposition into its powers in the gravitational coupling
constant κ and the ghost field C

LQGR ≡
∞∑

m=0

1∑
n=0

Lm,n
QGR (72)

from the introduction of section 3. Then, we extend the Lagrange densities Lm,n
QGR for given

m ∈ N+, which were interpreted in the introduction of section 3 as potential terms for either
(m + 2) gravitons or m gravitons and a graviton-ghost and graviton-antighost, to either (m + 2)
distinguishable gravitons or m distinguishable gravitons and a graviton-ghost and graviton-
antighost via symmetrization, depending on n ∈ {0, 1}. This then reflects the bosonic character
of gravitons and allows the calculation of the corresponding Feynman rules as the remaining
matrix elements of these potential terms. We start by introducing the notation and then present
the Feynman rules.

Definition 4.1. We denote the graviton m-point vertex Feynman rule with ingoing momenta
{pσ1 , . . . , pσm} via G

μ1ν1 |...|μmνm
m

(
pσ1 , . . . , pσm

)
7. It is defined as follows:

Gμ1ν1|...|μmνm
m

(
pσ1 , . . . , pσm

)
:= i

(
m∏

i=1

δ̄

δ̄ĥμiνi

)
F
(
L(m−2),0

QGR

)
, (73)

where the prefactor i is a convention from the path integral, δ̄/δ̄ĥμiνi denotes the symmetrized
functional derivative with respect to the Fourier transformed graviton field ĥμiνi together with
the additional agreement (represented by the bar δ̄/δ̄·) that the possible preceding momentum
is also labelled by the particle number i, e.g.

δ̄

δ̄ĥμiνi

(
pκĥρσ

)
:=

1
2

pi
κ

(
δ̂μi
ρ δ̂

νi
σ + δ̂μi

σ δ̂
νi
ρ

)
, (74)

and L(m−2),0
QGR is the symmetrized extension of L(m−2),0

QGR to m distinguishable gravitons. Further-
more, we denote the graviton propagator Feynman rule with momentum pσ , gauge parameter
ζ and regulator for Landau singularities ε via Pμ1ν1|μ2ν2 (pσ; ζ; ε). It is defined as the inverse of
the matrix element for the graviton kinetic term8:

Pμ1ν1 |μ2ν2 (pσ; ζ; 0)Gμ2ν2|μ3ν3
2 (pσ; ζ) =

1
2

(
δ̂μ3
μ1
δ̂ν3
ν1
+ δ̂ν3

μ1
δ̂μ3
ν1

)
, (75)

7 The vertical bars in μ1ν1| . . . |μmνm are added solely for better readability.
8 We use momentum conservation to set pσ1 := pσ and pσ2 := −pσin the expression G

μ2ν2|μ3ν3
2

(
pσ1 , pσ2 ; ζ

)
.
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where each tuple μiν i is treated as one index, which excludes the a priori possible term
η̂μ1ν1 η̂

μ3ν3 on the right-hand side. Moreover, we denote the graviton-ghost m-point vertex

Feynman rule with ingoing momenta {pσ1 , . . . , pσm} via C
ρ1|ρ2‖μ3ν3 |...|μmνm
m

(
pσ1 , . . . , pσm

)
, where

particle 1 is the graviton-ghost, particle 2 is the graviton-antighost and the rest are gravitons.
It is defined as follows:

C
ρ1|ρ2‖μ3ν3 |...|μmνm
m

(
pσ1 , . . . , pσm

)
:= i

(
δ̄

δ̄Ĉρ1

δ̄

δ̄ Ĉρ2

m∏
i=3

δ̄

δ̄ĥμiνi

)
F
(
Lm,1

QGR

)
, (76)

where, additionally to the above mentioned setting, δ̄/δ̄Ĉρ1 and δ̄/δ̄ Ĉρ2 denotes the functional
derivative with respect to the Fourier transformed graviton-ghost field Ĉρ1 and Fourier trans-

formed graviton-antighost field Ĉρ2 , respectively, and Lm,1
QGR is the symmetrized extension of

Lm,1
QGR to m distinguishable gravitons. Additionally, we denote the graviton-ghost propagator

Feynman rule with momentum pσ and regulator for Landau singularities ε via pρ1|ρ2 (pσ; ε). It
is defined as the inverse of the matrix element for the graviton-ghost kinetic term9:

pρ1|ρ2 (pσ ; 0)Cρ2|ρ3
2 (pσ) = δ̂ρ3

ρ1
. (77)

Finally, we denote the graviton-matter m-point vertex Feynman rule of type k from lemma 4.9
with ingoing momenta {pσ1 , . . . , pσm} via km

κ...τ‖o...t|||μ1ν1|...|μmνm
m

(
pσ1 , . . . , pσm

)
, where we count

only graviton particles, as the matter-contributions are condensed into the tensors kT , whose
Feynman rule contributions can be found e.g. in [19]. They are defined as follows:

kM
κ...τ‖o...t|||μ1ν1 |...|μmνm
m

(
pσ1 , . . . , pσm

)
:= i

(
δ̄

δ̄kT̂κ...τ‖o...t

m∏
i=1

δ̄

δ̄ĥμiνi

)
F
(

kL̄
QGR-SM
m,0

)
, (78)

where we use again the above mentioned setting.

Convention 4.2. We consider all momenta {pσ1 , . . . , pσm} incoming and we assume momen-
tum conservation on quadratic Feynman rules, i.e. set pσ1 := pσ and pσ2 := − pσ .

4.1. Preparations for gravitons and their ghosts

In this subsection we prepare all necessary objects for the graviton and graviton-ghost Feynman
rules.

Lemma 4.3. Introducing the notation

Tμ1ν1|...|μnνn
n :=

(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F (Tr ((ηh)n)) , (79)

we obtain

Tμ1ν1|...|μnνn
n =

1
2n

∑
μi↔νi

∑
s∈Sn

t
μs(1)νs(1)|...|μs(n)νs(n)
n (80a)

9 Again, we use momentum conservation to set pσ1 := pσ and pσ2 := −pσ in the expression C
μ2ν2 |μ3ν3
2

(
pσ1 , pσ2

)
.
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with

tμ1ν1 |...|μnνn
n = κ

n

(
δ̂ν1
νn+1

n∏
a=1

η̂μaνa+1

)
. (80b)

Furthermore, introducing the notation

H
μν|||μ1ν1|...|μnνn
n :=

(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F
(
(hn)μν

)
, (81)

we obtain

H
μν
0 = ημν (82a)

and for n > 0

H
μν|||μ1ν1|...|μnνn
n =

1
2n

∑
μi↔νi

∑
s∈Sn

h
μν|μs(1)νs(1)|...|μs(n)νs(n)
n (82b)

with

hμν|||μ1ν1|...|μnνn
n = κ

n

(
δ̂μμ0

δ̂ννn+1

n∏
a=0

η̂μaνa+1

)
. (82c)

Moreover, introducing the notation

(
H′

n

)μν|||μ1ν1 |...|μnνn

ρ

(
pσ1 , . . . , pσn

)
:=

(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F
(
∂ρ
(
(hn)μν

))
, (83)

we obtain (
H′

0

)μν
ρ

= 0 (84a)

and for n > 0 (
H′

n

)μν|||μ1ν1 |...|μnνn

ρ

(
pσ1 , . . . , pσn

)
=

1
2n

∑
μi↔νi

∑
s∈Sn

(
h′n
)μν|||μs(1)νs(1)|...|μs(n)νs(n)

ρ

(
pσs(1), . . . , pσs(n)

)
(84b)

with (
h′n
)μν|||μ1ν1|...|μnνn

ρ

(
pσ1 , . . . , pσn

)
= κ

n

(
n∑

m=1

pn
ρ

)(
δ̂μμ0

δ̂ννn+1

n∏
a=0

η̂μaνa+1

)
. (84c)

Proof. This follows from directly from the definition. �
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Corollary 4.4. Given the situation of lemma 4.3, we have(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F

⎛⎝gμν

∣∣∣∣∣
O(κn)

⎞⎠ = (−1)n
H

μν|||μ1ν1|...|μnνn
n , (85)

(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F

⎛⎝er
ρ

∣∣∣∣∣
O(κn)

⎞⎠ =

( 1
2

n

)
(Hn)r|||μ1ν1|...|μnνn

ρ , (86)

(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F

⎛⎝eρr

∣∣∣∣∣
O(κn)

⎞⎠ =

(
− 1

2

n

)
(Hn)ρ|||μ1ν1|...|μnνn

r , (87)

(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F

⎛⎝(∂σer
ρ

) ∣∣∣∣∣
O(κn)

⎞⎠ =

( 1
2

n

)
η̂μρδ̂

r
ν

(
H

′
n

)μν|||μ1ν1|...|μnνn

σ

(
pσ1 , . . . , pσn

)
(88)

and (
n∏

i=1

δ̄

δ̄ĥμiνi

)
F

⎛⎝(∂σeρr
) ∣∣∣∣∣

O(κn)

⎞⎠
=

(
− 1

2

n

)
δ̂ρμη̂νr

(
H′

n

)μν|||μ1ν1|...|μnνn

σ

(
pσ1 , . . . , pσn

)
. (89)

Proof. This follows directly from lemmata 3.1, 3.2 and 4.3. �

Lemma 4.5. Introducing the notation

Γμ1ν1
μνρ

(
pσ1
)

:=
δ̄

δ̄ĥμ1ν1

F
(
Γμνρ

)
(90)

with

Γμνρ := gρσΓμν
σ

≡ 1
2

(
∂μgνρ + ∂νgρμ − ∂ρgμν

) (91)

we obtain

Γμ1ν1
μνρ

(
pσ1
)
=

κ

4

(
p1
μ

(
δ̂μ1
ρ δ̂ν1

ν + δ̂μ1
ν δ̂ν1

ρ

)
+ p1

ν

(
δ̂μ1
μ δ̂ν1

ρ + δ̂μ1
ρ δ̂ν1

μ

)
− p1

ρ

(
δ̂μ1
μ δ̂ν1

ν + δ̂μ1
ν δ̂ν1

μ

))
.

(92)

Proof. This follows from directly from the expression

Γ̂μνρ =
κ

2

(
pμĥνρ + pν ĥρμ − pρĥμν

)
. (93)

�
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Lemma 4.6. Introducing the notation

Rμ1ν1 |...|μnνn
n

(
pσ1 , . . . , pσn

)
:=

(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F

(
R
∣∣∣
O(κn)

)
, (94)

we obtain

R0 = 0, (95a)

R
μ1ν1
1

(
pσ1
)
= −κ

(
pμ1

1 pν1
1 − p2

1η̂
μ1ν1
)

(95b)

and for n > 1

Rμ1ν1 |...|μnνn
n

(
pσ1 , . . . , pσn

)
=

1
2n

∑
μi↔νi

∑
s∈Sn

r
μs(1)νs(1)|...|μs(n)νs(n)
n

(
pσs(1), . . . , pσs(n)

)
(95c)

with

r
μ1ν1|...|μnνn
n

(
pσ1 , . . . , pσn

)
=
(
r
∂Γ
n

)μ1ν1 |...|μnνn (pσ1 , . . . , pσn
)

+
(
rΓ

2

n

)μ1ν1|...|μnνn (
pσ1 , . . . , pσn

)
, (95d)

(
r∂Γn

)μ1ν1|...|μnνn (pσ1 , . . . , pσn
)

= (−κ)n
∑

i+ j=n−1

(
δ̂ρνi+1

i∏
a=0

η̂μaνa+1

)(
δ̂νμi

i+ j∏
b=i

η̂μbνb+1

)

×
(

pn
μ0

pn
ν δ̂

μn
ρ − pn

μ0
pn
ρδ̂

μn
ν

)
− (−κ)n

∑
i+ j+k=n−2

(
δ̂ρνi+1

i∏
a=0

η̂μaνa+1

)(
δ̂νμi

δ̂σνi+ j+1

i+ j∏
b=i

η̂μbνb+1

)

×
(
δ̂κμi+ j

δ̂λνi+ j+k+1

i+ j+k∏
c=i+ j

η̂μcνc+1

)

×
((

pn−1
μ0

δ̂μn−1
ρ δ̂νn−1

κ

)(1
2

pn
λδ̂

μn
ν δ̂νn

σ − pn
ν δ̂

μn
λ δ̂νn

σ

)
+

1
2

(
pn−1
ν δ̂μn−1

μ0
δ̂νn−1
κ

)(
pn
σδ̂

μn
ρ δ̂νn

λ

))
(95e)
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and (
rΓ

2

n

)μ1ν1 |...|μnνn (
pσ1 , . . . , pσn

)
=

− (−κ)n
∑

i+ j+k=n−2

(
δ̂ρνi+1

i∏
a=0

η̂μaνa+1

)(
δ̂νμi

δ̂σνi+ j+1

i+ j∏
b=i

η̂μbνb+1

)

×
(
δ̂κμi+ j

δ̂λνi+ j+k+1

i+ j+k∏
c=i+ j

η̂μcνc+1

)

×
((

pn−1
κ δ̂μn−1

μ0
δ̂νn−1
ρ

)(1
2

pn
ν δ̂

μn
σ δ̂νn

λ − 1
4

pn
λδ̂

μn
ν δ̂νn

σ

)
−
(

pn−1
ν δ̂μn−1

μ0
δ̂νn−1
κ

)(1
2

pn
ρδ̂

μn
σ δ̂νn

λ − 1
4

pn
σδ̂

μn
ρ δ̂νn

λ

))
. (95f)

Proof. This follows directly from corollaries 3.4 and 4.4. Furthermore, we remark the
global minus sign due to the Fourier transform and the omission of Kronecker symbols, if
possible. �

Lemma 4.7. Introducing the notation

Dμ1ν1|...|μnνn
n

(
pσ1 , . . . , pσn

)
:=

(
n∏

i=1

δ̄

δ̄ĥμiνi

)
F
(
D2|O(κn)

)
, (96)

we obtain

D0 = 0, (97a)

D
μ1ν1
1

(
pσ1
)
= 0 (97b)

and for n > 1

Dμ1ν1|...|μnνn
n

(
pσ1 , . . . , pσn

)
=

1
2n

∑
μi↔νi

∑
s∈Sn

d
μs(1)νs(1)|...|μs(n)νs(n)
n

(
pσs(1), . . . , pσs(n)

)
(97c)

with

dμ1ν1|...|μnνn
n

(
pσ1 , . . . , pσn

)
= −(−κ)n

∑
i+ j+k=n−2

(
δ̂ρνi+1

i∏
a=0

η̂μaνa+1

)

×
(
δ̂νμi

δ̂σνi+ j+1

i+ j∏
b=i

η̂μbνb+1

)(
δ̂κμi+ j

δ̂λνi+ j+k+1

i+ j+k∏
c=i+ j

η̂μcνc+1

)
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×
((

pn−1
ν δ̂μn−1

σ δ̂νn−1
μ0

)(
pn
κδ̂

μn
λ δ̂νn

ρ

)
−
(

pn−1
ν δ̂μn−1

σ δ̂νn−1
μ0

)(
pn
ρδ̂

μn
κ δ̂νn

λ

)
+

1
4

(
pn−1
μ0

δ̂μn−1
ν δ̂νn−1

σ

)(
pn
ρδ̂

μn
κ δ̂νn

λ

))
. (97d)

In particular, the quadratic part is given by (using momentum conservation, i.e. setting pσ1 := pσ

and pσ2 := −pσ)

D
μ1ν1|μ2ν2
2 (pσ ,−pσ) = κ

2 (pμ1 pν1 η̂μ2ν2 + pμ2 pν2 η̂μ1ν1 )

− 1
2
κ

2 (pμ1 pμ2 η̂ν1ν2 + pμ1 pν2 η̂ν1μ2 + pν1 pμ2 η̂μ1ν2

+ pν1 pν2 η̂μ1μ2 ) − 1
2
κ

2
(

p2η̂μ1ν1 η̂μ2ν2
)
. (98)

Proof. This follows directly from corollaries 3.6 and 4.4. Furthermore, we remark the
global minus sign due to the Fourier transform and the omission of Kronecker symbols, if
possible. �

Lemma 4.8. Introducing the notation

Vμ1ν1|...|μnνn
n :=

(
n∏

i=1

δ

δĥμiνi

)
F

⎛⎝√−Det (g)

∣∣∣∣∣
O(κn)

⎞⎠ , (99)

we obtain

Vμ1ν1|...|μnνn
n =

1
2n

∑
μi↔νi

∑
s∈Sn

v
μs(1)νs(1)|...|μs(n)νs(n)
n (100a)

with

v
μ1ν1 |...|μnνn
n = κ

n
∑

i+ j+k+l=m
i� j�k�l�0

j−k∑
p=0

k−l∑
q=0

q∑
r=0

l∑
s=0

s∑
t=0

t∑
u=0

u∑
v=0

×
( 1

2

i

)(
i
j

)(
j
k

)(
k
l

)(
j − k

p

)(
k − l

q

)(q
r

)( l
s

)(s
t

)( t
u

)(u
v

)
× (−1)p+q−r+s−t+v2− j+l+r+s+2t−3u+v3−k+q−r+s−t+u

×
(

a∏
a=1

η̂μaνa

)(
a+b∏

b=a+1

η̂μbμb+b η̂νbνb+b

)

×
(

a+2b+c∏
c=a+2b+1

η̂μcνc+c η̂μc+cνc+2c η̂μc+2cνc

)

×
(

a+2b+3c+d∏
d=a+2b+3c+1

η̂μdνd+d η̂μd+dνd+2d η̂μd+2dνd+3d η̂μd+3dνd

)
(100b)
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and

a := i + j + k + l − 2p− 2q − r − 2s − t − u

b := p+ q − r + s − t + 2u − 2v

c := r + t − u

d := v.

(100c)

Proof. This follows directly from corollaries 3.8 and 4.4. �

4.2. Preparations for gravitons and matter

In this subsection we prepare all necessary objects for the graviton-matter Feynman rules. As
will be discussed in detail in the following three subsubsections, the gravitational interactions
with matter from the standard model can be classified into the following 10 Lagrange densities,
henceforth refered to as matter-model Lagrange densities of type k. We calculate only the grav-
itational interactions for the matter-model Lagrange densities and refer for the corresponding
matter contributions to [19] in order to keep this article at a reasonable length.

Lemma 4.9. Consider (effective) QGR coupled to the standard model (QGR-SM). Then
the interaction Lagrange densities between gravitons and matter particles are of the following
10 types10:

1LQGR-SM := 1T dVg, (101)

2LQGR-SM :=
(
gμν

2Tμν

)
dVg, (102)

3LQGR-SM :=
(
gμνgρσ

3Tμνρσ

)
dVg, (103)

4LQGR-SM :=
(
gμνΓμν

τ
4Tτ

)
dVg, (104)

5LQGR-SM :=
(
gμνgρσΓμν

τ
5Tρστ

)
dVg, (105)

6LQGR-SM :=
(
gμνgρσΓμν

κΓρσ
λ

6Tκλ

)
dVg, (106)

7LQGR-SM :=
(
eo

07To

)
dVg, (107)

8LQGR-SM :=
(
eo

0eρr
8Toρr

)
dVg, (108)

9LQGR-SM :=
(
eo

0eρreσs
(
∂ρet

σ

)
9Torst

)
dVg, (109)

and

10LQGR-SM :=
(
eo

0eρreσset
τΓρσ

τ
10Torst

)
dVg. (110)

Proof. A direct computation shows that the scalar particles form the standard model are of
type 1 and 2. Furthermore, the spinor particles from the standard model are of type 7, 8, 9 and
10. Moreover, the bosonic gauge boson particles from the standard model are of type 3, 5 and
6 and additionally 1, 2 and 4 for spontaneous symmetry breaking. Finally, the gauge ghosts

10 We remark that the tensors kT are not related to Hilbert stress–energy tensors. More precisely, they are defined as
the graviton-free matter contributions of the corresponding Lagrange densitites.
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are of type 2 and 6 and additionally 1 for spontaneous symmetry breaking. This is discussed
in detail in the following four subsubsections. �

4.2.1. Gravitons and scalar particles. Scalar particles from the standard model are the Higgs
and Goldstone bosons11. In the following we describe the interaction of gravitons with a real
scalar field and with a vector of complex scalar fields, subjected to the action of a gauge group
G (which leads to spontaneous symmetry breaking). Geometrically they are described via
sections φ ∈ Γ (M,R) and Φ ∈ Γ

(
M,Ci

)
, respectively, where i = Dim Rep (ρ) is the dimen-

sion of the representation of the gauge group G on Ci, acting fiberwise via ρ : G × Ci → Ci.
Then, the corresponding Lagrange densities are given by

LGR-R-Scalar =

⎛⎝1
2

gμν
(
∂μφ
)

(∂νφ) +
∑
i∈Iφ

αi

i!
φi

⎞⎠ dVg (111)

and

LGR-Ci-Scalar =

⎛⎝gμν
(
∇G×ρC

i

μ Φ
)† (

∇G×ρC
i

ν Φ
)
+
∑
i∈IΦ

αi

i!

(
Φ†Φ

)i

⎞⎠ dVg, (112)

where Iφ and IΦ denote the interaction sets with particle mass −α2 and coupling constants αi

for i 
= 2, † denotes Hermitian conjugation and

∇G×ρC
i

μ := ∂μ + igAa
μba (113)

is the covariant derivative on the Ci-bundle, with connection form igA ∈
Γ
(
M, T∗

M⊗ End(Ci)
)
. The Higgs bundle from the standard model is of the form

equation (112) with further interactions coming from the gauge fixing of the corresponding
electroweak gauge bosons, cf subsubsection 4.2.3. These interactions correspond to type 1
and 2 from lemma 4.9. More precisely, we have

1T :=
∑
i∈Iφ

αi

i!
φi +

∑
i∈IΦ

αi

i!

(
Φ†Φ

)i
(114)

and

2Tμν :=
1
2

(
∂μφ
)

(∂νφ) +
(
∇G×ρC

i

μ Φ
)† (

∇G×ρC
i

ν Φ
)
. (115)

4.2.2. Gravitons and spinor particles. Spinor particles from the standard model are leptons
and quarks. In the following we describe the interaction of gravitons with spinor fields and
with a vector of spinor fields, subjected to the action of a gauge group G. Geometrically
they are described via sections ψ ∈ Γ (M,ΣM) and Ψ ∈ Γ

(
M,ΣM⊕ j

)
, respectively, where

j = DimRep (�) is the dimension of the representation of the gauge group G on ΣM⊕ j, acting
fiberwise via � : G × ΣM⊕ j →ΣM⊕ j. The corresponding dual spinor fields are defined via

ψ := eo
0(γoψ)† (116)

11 The gauge ghosts are discussed in subsubsection 4.2.4.
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and

Ψ := eo
0

(
γoΨ

)†
, (117)

where eo
0 is a vielbein with its curved index fixed to μ ≡ 0 and flat index o, i.e. a vielbein

contracted with the normalized timelike vector field e (dt), and γm andγm are the Dirac matrices
for the Minkowski background metric η on M and M⊕ j, respectively. Thus, dual spinor fields
depend on the metric via the vielbein eo

0 with fixed timelike curved index12. We remark that if
the spacetime (M, γ) is globally hyperbolic, it is possible to choose charts in which eo

0 ≡ δo
0,

as is done implicitly in e.g. [13, 16–18]. However it should be noted that in this setting the
theory is no longer invariant under general diffeomorphisms, but only under the subgroup of
diffeomorphisms preserving global hyperbolicity. As we do not want to restrict our analysis to
such charts and diffeomorphisms, we set

ψo := (γoψ)† (118)

for later use. Then, the corresponding Lagrange densities are given by

LGR-Spinor =
(
ψ
(
i∇/ ΣM − mψ

)
ψ
)

dVg (119)

and

LGR-Spinor j =
(
Ψ
(

i∇/ G×�ΣM⊕ j − mΨ

)
Ψ
)

dVg, (120)

where mΨ is a diagonal j × j-matrix with entries given via the corresponding spinor particle
masses, and with the Dirac operators given via

∇/ ΣM := eμmγm

(
∂μ +�μ

)
(121)

and

∇/ G×�ΣM⊕ j
:= eμmγm

(
∂μ +�μ

)
+ eμmγm

(
igAa

μba

)
, (122)

where �μ ∈ Γ (M, T∗M⊗ End (ΣM)) is the spin connection form and igA ∈
Γ
(
M, T∗M⊗ End

(
ΣM⊕ j

))
the corresponding gauge group connection form. These

interactions correspond to type 7, 8, 9 and 10 from lemma 4.9. More precisely, we have

7To := − mψψoψ −ΨmΨΨ, (123)

8Toρr :=ψoγr

(
∂ρψ

)
+Ψoγr

(
∂ρΨ

)
, (124)

9Torst := − i
4
ψo (γrσst)ψ − i

4
Ψo

(
γrσst

)
Ψ, (125)

with σst := i
2 [γs, γt] and σst := i

2 [γs,γ t], and

10Torst := − i
4
ψo (γrσst)ψ − i

4
Ψo

(
γrσst

)
Ψ

≡ 9Torst. (126)

12 We remark the placement of γo and γo in the following equations, as only the timelike Dirac matrices γ0 and γ0

are Hermitian, whereas the other Dirac matrices are antihermitian.
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We remark that the interaction of leptons and quarks with the Higgs and Goldstone bosons are
given by

LYukawa = −

⎛⎝ ∑
{φ,ψo,ψ}∈IY

α{φ,ψo,ψ}φψoψ

⎞⎠ dVg (127)

which represent the Yukawa interaction terms for the interaction set IY, with corresponding
coupling constants α{φ,ψo,ψ}. These interactions are of type 7 from lemma 4.9. More precisely,
we have

7To := −
∑

{φ,ψo,ψ}∈IY

α{φ,ψo,ψ}φψoψ. (128)

4.2.3. Gravitons and gauge bosons. Gauge bosons from the standard model are the photon,
the Z- and W±-bosons, and the gluons. In the following we describe the interaction of gravitons
with gauge bosons from a quantum Yang–Mills theory. We denote the Yang–Mills gauge group
by G and its Lie algebra by g. Geometrically, gauge bosons are described via connection forms
igA ∈ Γ (M, T∗M⊗ g) on the underlying principle bundle. More precisely, they are given as
the components with respect to a basis choice {ba} on g. Then, the corresponding Lagrange
densities are given by13

LGR-YM =

(
1

4g2
δabgμνgρσFa

μρF
b
νσ

)
dVg (129)

and the Lorenz gauge fixing by14

LGR-YM-GF =

(
1

2ξ
δabgμνgρσ

(
∇(g)

μ Aa
ν

) (
∇(g)

ρ Ab
σ

))
dVg. (130)

These interactions correspond to type 3, 5 and 6 from lemma 4.9. More precisely, we have15

3Tμνρσ :=
1

4g2
δabFa

μρF
b
νσ +

1
2ξ

δab

(
∂μAa

ν

) (
∂ρAb

σ

)
, (131)

5Tμντ := − 1
ξ
δab

(
∂μAa

ν

)
Ab
τ (132)

and

6Tκλ :=
1
2ξ

δabAa
κAb

λ. (133)

13 We emphasize the minus sign coming from the square of Fa
μν := ig

(
∂μAa

ν − ∂νAa
μ − g f abcAa

μAb
ν

)
in our conventions.

Furthermore, we remark that this obviously also includes abelian gauge theories, such as electrodynamics, by setting
g to be abelian, i.e. f abc ≡ 0.
14 It is convenient to use the covariant Lorenz gauge fixing gμν∇(g)

μ Aa
ν

!
= 0, as this choice avoids couplings from

graviton-ghosts to gauge ghosts [38].
15 We remark the minus sign due to the covariant derivative on forms and the additional factor of 2 due to the binomial
theorem in equation (132).
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We remark that the Lorenz gauge fixing Lagrange densities for the Z- and W±-bosons need
slight modifications due to the spontaneous symmetry breaking and are given by

LZ-Boson-GF =

(
1

2ξZ
gμνgρσ

(
∇(g)

μ Zν

) (
∇(g)

ρ Zσ

)
+ mZφZgμν

(
∇(g)

μ Zν

)
+

ξZ

2
m2

Zφ
2
Z

)
dVg (134)

and

LW-Boson-GF =

(
1
ξW

gμνgρσ
(
∇(g)

μ W−
ν

) (
∇(g)

ρ W+
σ

)
+ ξW m2

WφW−φW+

+ imWgμν
(
φW+

(
∇(g)

μ W−
ν

)
− φW−

(
∇(g)

μ W+
ν

)))
dVg, (135)

where ξs is the corresponding gauge fixing parameter and ms the corresponding mass for s ∈
{Z, W+, W−} and φZ, φW+ and φW− are the Goldstone bosons. These interactions additionally
require type 1, 2 and 4 from lemma 4.9. More precisely, we have

1T :=
ξZ

2
m2

Zφ
2
Z + ξWm2

WφW−φW+ , (136)

2Tμν := ξZmZφZ

(
∂μZν

)
+ iξW mW

(
φW+

(
∂μW−

ν

)
− φW−

(
∂μW+

ν

))
, (137)

3Tμνρσ :=
1

2ξZ

(
∂μZν

) (
∂ρZσ

)
+

1
ξW

(
∂μW−

ν

) (
∂ρW+

σ

)
(138)

and

4Tτ := (ξsms)φ
sA−s

τ . (139)

We refer to subsubsection 4.2.1 for further interactions between Z- and W±-bosons and Higgs
and Goldstone bosons coming from the covariant derivative on the Higgs bundle.

4.2.4. Gravitons and gauge ghosts. Gauge ghosts and gauge antighosts from the standard
model, accompanying their corresponding gauge bosons igA ∈ Γ (M, T∗

M⊗ g), are fermionic
g-valued scalar particles c ∈ Γ (M,Π (g)) and c ∈ Γ (M,Π (g∗)). Then, the corresponding
Lagrange density is given by

LGR-YM-Ghost =
(
gμνca

(
∇(g)

μ ∂νca
)
+ iggμν f a

bcca

(
∇(g)

μ Ab
νcc
))

dVg. (140)

These interactions correspond to type 2 and 4 from lemma 4.9. More precisely, we have16

2Tμν := ca

(
∂μ∂νca

)
+ ig f a

bcca

(
∂μAb

νcc
)

(141)

and

4Tτ := ca (∂τca) + ig f a
bccaAb

τcc. (142)

16 The ghost Lagrange densities are calculated with Faddeev–Popov’s method [69], cf [10, subsubsection 2.2.3]. We
mention that this construction can be embedded into a more general context, using BRST and anti-BRST operators
[71].
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We remark that the interaction of electroweak gauge ghosts with the Higgs and Goldstone
bosons are given by

LEW-Ghost =

⎛⎝ ∑
{s1,s2,s3}∈IEW-Ghost

(
ξs2 ms2

)
φs1cs2 cs3

⎞⎠ dVg, (143)

where ξsi is the corresponding gauge fixing parameter, msi the corresponding mass for si ∈
{A, Z, W+, W−, H} and IEW−Ghost is the corresponding interaction set. These interactions are
of type 1 from lemma 4.9. More precisely, we have

1T :=
∑

{s1,s2,s3}∈IEW-Ghost

(
ξs2ms2

)
φs1 cs2 cs3 . (144)

We comment that with our chosen covariant Lorenz gauge fixing in equation (130) there are
no interactions between graviton-ghosts and gauge ghosts present. This is due to the fact, that
the gauge-fixing Lagrange density is a tensor density of weight 1, cf [38].

4.3. Feynman rules for gravitons and their ghosts

Having done all preparations in subsection 4.1, we now list the corresponding Feynman rules
for gravitons and their ghosts.

Theorem 4.10. Given the metric decomposition gμν = ημν+κhμν and assume |κ|‖h‖max :=
|κ|maxλ∈EW(h) |λ| < 1, where EW (h) denotes the set of eigenvalues of h. Then the graviton
2-point vertex Feynman rule for (effective) QGR reads (where ζ denotes the gauge parameter
and we use momentum conservation on the quadratic term, i.e. set pσ1 := pσ and pσ2 := −pσ):

G
μ1ν1|μ2ν2
2 (pσ; ζ) =

i
4

(
1 − 1

ζ

)
(pμ1 pν1 η̂μ2ν2 + pμ2 pν2 η̂μ1ν1 )

− i
8

(
1 − 1

ζ

)
(pμ1 pμ2 η̂ν1ν2 + pμ1 pν2 η̂ν1μ2

+ pν1 pμ2 η̂μ1ν2 + pν1 pν2 η̂μ1μ2 )

− i
4

(
1 − 1

2ζ

)(
p2η̂μ1ν1 η̂μ2ν2

)
+

i
8

(
p2η̂μ1μ2 η̂ν1ν2 + p2η̂μ1ν2 η̂ν1μ2

)
. (145)

Furthermore, the graviton n-point vertex Feynman rules with n > 2 for (effective) QGR read
(where gn denotes the corresponding unsymmetrized Feynman rules and δm1 
=n is set to 0 if
m1 = n and to 1 else, eliminating contributions coming from total derivatives):

Gμ1ν1|...|μnνn
n

(
pσ1 , . . . , pσn

)
=

i
2n

∑
μi↔νi

∑
s∈Sn

g
μs(1)νs(1)|...|μs(n)νs(n)
n

(
pσs(1), . . . , pσs(n)

)
(146a)
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with

gμ1ν1 |...|μnνn
n

(
pσ1 , . . . , pσn

)
=

(−κ)n−2

2

∑
m1+m2=n

{
m1−1∑
i=0

(
δ̂μμ0

δ̂ρνi+1

i∏
a=0

η̂μaνa+1

)(
δ̂νμi

δ̂σνm1

m1−1∏
b=i

η̂μbνb+1

)

× δm1 
=n

[
pm1
μ pm1

ν δ̂
μm1
ρ δ̂

νm1
σ − pm1

μ pm1
ρ δ̂

μm1
ν δ̂

νm1
σ

]
−

∑
j+k+l=m1−2

(
δ̂μμ0

δ̂ρν j+1

j∏
a=0

η̂μaνa+ j

)⎛⎝δ̂νμ j
δ̂σν j+k+1

j+k∏
b= j

η̂μbνb+1

⎞⎠
×

⎛⎝δ̂κμ j+k
δ̂λνm1−1

m1−2∏
c= j+k

η̂μcνc+1

⎞⎠
×
(
δm1 
=n

[(
pn−1
μ δ̂μn−1

ρ δ̂νn−1
κ

)(1
2

pn
λδ̂

μn
ν δ̂νn

σ − pn
ν δ̂

μn
λ δ̂νn

σ

)
+

1
2

(
pn−1
ν δ̂μn−1

μ δ̂νn−1
κ

)(
pn
σδ̂

μn
ρ δ̂νn

λ

)]
+
(

pn−1
κ δ̂μn−1

μ δ̂νn−1
ρ

)(1
2

pn
ν δ̂

μn
σ δ̂νn

λ − 1
4

pn
λδ̂

μn
ν δ̂νn

σ

)

−
(

pn−1
ν δ̂μn−1

μ δ̂νn−1
κ

)(1
2

pn
ρδ̂

μn
σ δ̂νn

λ − 1
4

pn
σδ̂

μn
ρ δ̂νn

λ

)}

×

⎧⎪⎪⎨⎪⎪⎩
∑

i+ j+k+l=m2
i� j�k�l�0

j−k∑
p=0

k−l∑
q=0

q∑
r=0

l∑
s=0

s∑
t=0

t∑
u=0

u∑
v=0

×
( 1

2

i

)(
i
j

)(
j
k

)(
k
l

)(
j − k

p

)(
k − l

q

)(q
r

)( l
s

)( s
t

)( t
u

)(u
v

)
× (−1)p+q−r+s−t+v2− j+l+r+s+2t−3u+v3−k+q−r+s−t+u

×

⎛⎝ m1+a∏
a=m1+1

η̂μaνa

⎞⎠⎛⎝ m1+a+b∏
b=m1+a+1

η̂μbμb+b η̂νbνb+b

⎞⎠
×

⎛⎝ m1+a+2b+c∏
c=m1+a+2b+1

η̂μcνc+c η̂μc+cνc+2c η̂μc+2cνc

⎞⎠

×

⎛⎝ m1+a+2b+3c+d∏
d=m1+a+2b+3c+1

η̂μdνd+d η̂μd+dνd+2d η̂μd+2dνd+3d η̂μd+3dνd

⎞⎠
⎫⎪⎬⎪⎭ (146b)
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and

a := i + j + k + l − 2p− 2q − r − 2s − t − u

b := p+ q − r + s − t + 2u − 2v

c := r + t − u

d := v

. (146c)

Proof. This follows from the combination of lemmata 4.3 and 4.6–4.8, since we have

Gμ1ν1|...|μnνn
n

(
pσ1 , . . . , pσn

)
=

i
2n

∑
μi↔νi

∑
s∈Sn

g
μs(1)νs(1)|...|μs(n)νs(n)
n

(
pσs(1), . . . , pσs(n)

)
(147a)

with

gμ1ν1 |...|μnνn
n

(
pσ1 , . . . , pσn

)
= − 1

2κ2

n∑
m=1

(
Rμ1ν1|...|μmνm

m

(
pσ1 , . . . , pσm

m

)
×V

μn−mνn−m|...|μnνn
n−m

)
+ δn=2

1
2ζ

D
μ1ν1|μ2ν2
2

(
pσ1 , pσ2

)
, (147b)

where δn=2 is set to 1 for n = 2 and to 0 else, and modulo total derivatives which come from
the R∂Γ contributions of degree n. �

Remark 4.11. The one-valent Feynman rule actually reads

G
μ1ν1
1

(
pσ1
)
=

i
2κ

(
pμ1

1 pν1
1 − p2

1η̂
μ1ν1
)
. (148)

However this term comes from a total derivative in the Lagrange density and can thus be set to
zero. Equivalently, on the level of Feynman rules, it vanishes due to momentum conservation.

Theorem 4.12. Given the situation of theorem 4.10, the graviton propagator Feynman rule
for (effective) QGR reads:

Pμ1ν1 |μ2ν2 (pσ; ζ; ε) = − 2i
p2 + iε

[ (
η̂μ1μ2 η̂ν1ν2 + η̂μ1ν2 η̂ν1μ2 − η̂μ1ν1 η̂μ2ν2

)
−
(

1 − ζ

p2

)(
η̂μ1μ2 pν1 pν2 + η̂μ1ν2 pν1 pμ2

+ η̂ν1μ2 pμ1 pν2 + η̂ν1ν2 pμ1 pμ2

) ]
. (149)

Proof. To calculate the graviton propagator, we recall
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G
μ1ν1|μ2ν2
2 (pσ; ζ) =

i
4

(
1 − 1

ζ

)
(pμ1 pν1 η̂μ2ν2 + pμ2 pν2 η̂μ1ν1 )

− i
8

(
1 − 1

ζ

)
(pμ1 pμ2 η̂ν1ν2 + pμ1 pν2 η̂ν1μ2

+ pν1 pμ2 η̂μ1ν2 + pν1 pν2 η̂μ1μ2 )

− i
4

(
1 − 1

2ζ

)(
p2η̂μ1ν1 η̂μ2ν2

)
+

i
8

(
p2η̂μ1μ2 η̂ν1ν2 + p2η̂μ1ν2 η̂ν1μ2

)
(150)

from theorem 4.10 and then invert it to obtain the propagator, i.e. such that17

G
μ1ν1|μ2ν2
2 (pσ; ζ)Pμ2ν2|μ3ν3 (pσ ; ζ; 0) =

1
2

(
δ̂μ1
μ3
δ̂ν1
ν3
+ δ̂μ1

ν3
δ̂ν1
μ3

)
(151)

holds, and we obtain equation (149). �

Theorem 4.13. Given the situation of theorem 4.10, the graviton-ghost 2-point vertex
Feynman rule for (effective) QGR reads:

C
ρ1ρ2
2 (pσ) =

i
2ζ

p2η̂ρ1ρ2 . (152)

Furthermore, the graviton-ghost n-point vertex Feynman rules with n > 2 for (effective) QGR
read (where cn denotes the corresponding unsymmetrized Feynman rules):

Cρ1|ρ2‖μ3ν3 |...|μnνn
n

(
pσ1 , . . . , pσn

)
=

i
2n−2

∑
μi↔νi

∑
s∈Sn−2

s̃(i) := s(i−2)+2

c
ρ1|ρ2‖μ̃s(3)ν̃s(3)|...|μ̃s(n)ν̃s(n)
n

(
pσ1 , . . . , pσn

)
(153a)

with

cρ1|ρ2‖μ3ν3|...|μnνn
n

(
pσ1 , . . . , pσn

)
=

(−κ)n−2

4

{(
δ̂ρ1
μ3
δ̂μνn+1

n∏
a=3

η̂μaνa+1

)
η̂ρ2ν η̂ρσ

×
[

p(2)
ν

(
p(3)
ρ δ̂μ3

μ δ̂ν3
σ + p(3)

σ δ̂μ3
ρ δ̂ν3

μ − p(3)
μ δ̂μ3

ρ δ̂ν3
σ

)

− 2p(2)
ρ

(
p(3)
σ δ̂μ3

ν δ̂ν3
μ + p(3)

ν δ̂μ3
μ δ̂ν3

σ − p(3)
μ δ̂μ3

σ δ̂ν3
ν

)]}
, (153b)

17 Where we treat the tuples of indices μiν i as one index, i.e. exclude the a priori possible term η̂μ1ν1 η̂μ3ν3 on the
right-hand side.
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where particle 1 is the graviton-ghost, particle 2 is the graviton-antighost and the other
particles are gravitons.

Proof. The case n = 2 is immediate and the cases n > 2 follow directly from lemmata 4.3
and 4.5, since we have for n > 2

Cρ1|ρ2‖μ3ν3 |...|μnνn
n

(
pσ1 , . . . , pσn

)
=

i
2n−2

∑
μi↔νi

∑
s∈Sn−2

s̃(i) := s(i−2)+2

c
ρ1|ρ2‖μ̃s(3)ν̃s(3)|...|μ̃s(n)ν̃s(n)
n

(
pσ1 , . . . , pσn

)
(154)

with

cρ1|ρ2‖μ3ν3|...|μnνn
n

(
pσ1 , . . . , pσn

)
=

(−1)n

2
h
ρ1μ|||μ4ν4|...|μnνn
n−3 η̂ρ2ν η̂ρσ

×

⎡⎢⎣
⎛⎜⎝ n∑

k=1
k 
=2

pk
ν

⎞⎟⎠Γμ3ν3
ρσμ

(
pσ1
)
− 2

⎛⎜⎝ n∑
k=1
k 
=2

pk
ρ

⎞⎟⎠Γμ3ν3
νσμ

(
pσ1
)⎤⎥⎦ , (155)

and then used momentum conservation twice, i.e. the relation⎛⎜⎝ n∑
k=1
k 
=2

p(k)
τ

⎞⎟⎠ = −p(2)
τ . (156)

�

Theorem 4.14. Given the situation of theorem 4.10, the graviton-ghost propagator Feyn-
man rule for (effective) QGR reads:

pρ1|ρ2

(
p2; ε

)
= − 2iζ

p2 + iε
η̂ρ1ρ2 . (157)

Proof. To calculate the graviton propagator, we recall

C
ρ1|ρ2
2 (pσ) =

i
2ζ

p2η̂ρ1ρ2 (158)

from theorem 4.13 and then invert it to obtain the propagator, i.e. such that

C
ρ1|ρ2
2 (pσ) pρ2|ρ3

(
p2; 0

)
= δ̂ρ1

ρ3
(159)

holds, and we obtain equation (157). �
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Example 4.15. Given the situation of theorem 4.10, the three- and four-valent graviton
vertex Feynman rules read as follows18:

G
μ1ν1|μ2ν2 |μ3ν3
3

(
pσ1 , pσ2 , pσ3

)
=

i
8

∑
μi↔νi

∑
s∈S3

g
μs(1)νs(1)|μs(2)νs(2)|μs(3)νs(3)
3

(
pσs(1), pσs(2)

)
(160a)

with

g
μ1ν1 |μ2ν2|μ3ν3
3

(
pσ1 , pσ2

)
=

κ

4

{
1
2

pμ3
1 pν3

2 η̂μ1μ2 η̂ν1ν2 − pμ3
1 pμ1

2 η̂ν1μ2 η̂ν2ν3

+ (p1 · p2)

(
−1

2
η̂μ1ν1 η̂μ2μ3 η̂ν2ν3 + η̂μ1ν2 η̂μ2ν3 η̂μ3ν1

− 1
4
η̂μ1μ2 η̂ν1ν2 η̂μ3ν3 +

1
8
η̂μ1ν1 η̂μ2ν2 η̂μ3ν3

)}
(160b)

and

G
μ1ν1|...|μ4ν4
4

(
pσ1 , . . . , pσ4

)
=

i
16

∑
μi↔νi

∑
s∈S4

g
μs(1)νs(1)|...|μs(4)νs(4)
4

(
pσs(1), pσs(2)

)
(161a)

with

g
μ1ν1 |...|μ4ν4
4

(
pσ1 , pσ2

)
=

κ

4

{
− pμ3

1 pν3
2 η̂μ1μ2 η̂ν1μ4 η̂ν2ν4 + 2pμ3

1 pμ1
2 η̂ν1μ2 η̂ν2μ4 η̂ν3ν4

− 1
2

pμ3
1 pμ1

2 η̂ν1μ2 η̂ν2ν3 η̂μ4ν4 + pμ3
1 pν3

2 η̂μ1μ2 η̂ν1ν2 η̂μ4ν4

− 1
2

pμ3
1 pμ4

2 η̂μ1μ2 η̂ν1ν2 η̂ν3ν4 + pμ3
1 pμ4

2 η̂μ1μ2 η̂ν1ν3 η̂ν2ν4

− 1
2

pμ2
1 pμ3

2 η̂μ1ν1 η̂ν2μ4 η̂ν3ν4 +
1
4

pμ2
1 pμ1

2 η̂ν1ν2 η̂μ3μ4 η̂ν3ν4

+ (p1 · p2)

(
− 1

16
η̂μ1μ2 η̂ν1ν2 η̂μ3ν3 η̂μ4ν4 +

1
8
η̂μ1μ2 η̂ν1ν2 η̂μ3μ4 η̂ν3ν4

+
1
2
η̂μ1μ2 η̂ν1μ3 η̂ν2ν3 η̂μ4ν4 − η̂μ1μ2 η̂ν1μ3 η̂ν2μ4 η̂ν3ν4

+
1
2
η̂μ1μ3 η̂ν1ν3 η̂μ2μ4 η̂ν2ν4 − 1

2
η̂μ1μ3 η̂ν1μ4 η̂μ2ν3 η̂ν2ν4

18 We have used momentum conservation, i.e. performed a partial integration on the Lagrange density for general
relativity, to obtain a more compact form.
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− 1
4
η̂μ1ν1 η̂μ2μ3 η̂ν2ν3 η̂μ4ν4 +

1
2
η̂μ1ν1 η̂μ2μ3 η̂ν2μ4 η̂ν3ν4

+
1

32
η̂μ1ν1 η̂μ2ν2 η̂μ3ν3 η̂μ4ν4 − 1

8
η̂μ1ν1 η̂μ2ν2 η̂μ3μ4 η̂ν3ν4

)}
.

(161b)

We remark that the three- and four-valent graviton vertex Feynman rules agree with the cited
literature modulo prefactors and minus signs. Additionally, given the situation of theorem 4.13,
the three- and four-valent graviton-ghost vertex Feynman rules read as follows:

C
ρ1|ρ2‖μ3ν3
3

(
pσ2 , pσ3

)
=

iκ
4

{
−pρ2

2

(
pμ3

3 η̂ρ1ν3 + pν3
3 η̂ρ1μ3 − pρ1

3 η̂μ3ν3
)

− pρ1
3

(
pμ3

2 η̂ρ2ν3 + pν3
2 η̂ρ2μ3

)
+ pρ2

3

(
pμ3

2 η̂ρ1ν3 + pν3
2 η̂ρ1μ3

)
+ (p2 · p3) (η̂ρ1μ3 η̂ρ2ν3 + η̂ρ1ν3 η̂ρ2μ3 )

}
(162)

and

C
ρ1|ρ2‖μ3ν3 |μ4ν4
4

(
pσ2 , pσ3 , pσ4

)
=

iκ2

8

{
pρ2

2

(
pν3

3 η̂ρ1μ4 η̂μ3ν4 + pμ3
3 η̂ρ1μ4 η̂ν3ν4 + pν3

3 η̂ρ1ν4 η̂μ3μ4

+ pμ3
3 η̂ρ1ν4 η̂ν3μ4 − pμ4

3 η̂ρ1ν4 η̂μ3ν3 − pν4
3 η̂ρ1μ4 η̂μ3ν3

)
+ pρ2

2

(
pν4

4 η̂ρ1μ3 η̂μ4ν3 + pμ4
4 η̂ρ1μ3 η̂ν4ν3 + pν4

4 η̂ρ1ν3 η̂μ4μ3

+ pμ4
4 η̂ρ1ν3 η̂ν4μ3 − pμ3

4 η̂ρ1ν3 η̂μ4ν4 − pν3
4 η̂ρ1μ3 η̂μ4ν4

)
− (p2 · p3) (η̂ρ1μ4 η̂ρ2μ3 η̂ν3ν4 + η̂ρ1μ4 η̂ρ2ν3 η̂μ3ν4

+ η̂ρ1ν4 η̂ρ2μ3 η̂ν3μ4 + η̂ρ1ν4 η̂ρ2ν3 η̂μ3μ4 )

− (p2 · p4) (η̂ρ1μ3 η̂ρ2μ4 η̂ν4ν3 + η̂ρ1μ3 η̂ρ2ν4 η̂μ4ν3

+ η̂ρ1ν3 η̂ρ2μ4 η̂ν4μ3 + η̂ρ1ν3 η̂ρ2ν4 η̂μ4μ3 )

− pμ3
2 pρ2

3 η̂ρ1μ4 η̂ν3ν4 − pν3
2 pρ2

3 η̂ρ1μ4 η̂μ3ν4 − pμ3
2 pρ2

3 η̂ρ1ν4 η̂ν3μ4

− pν3
2 pρ2

3 η̂ρ1ν4 η̂μ3μ4 + pμ3
2 pμ4

3 η̂ρ1ν4 η̂ρ2ν3 + pν3
2 pμ4

3 η̂ρ1ν4 η̂ρ2μ3

+ pμ3
2 pν4

3 η̂ρ1μ4 η̂ρ2ν3 + pν3
2 pν4

3 η̂ρ1μ4 η̂ρ2μ3 − pμ4
2 pρ2

4 η̂ρ1μ3 η̂ν3ν4

− pν3
2 pρ2

3 η̂ρ1μ4 η̂μ3ν4 − pμ3
2 pρ2

3 η̂ρ1ν4 η̂ν3μ4 − pν4
2 pρ2

4 η̂ρ1ν3 η̂μ3μ4

+ pμ4
2 pμ3

4 η̂ρ1ν3 η̂ρ2ν4 + pν4
2 pμ3

4 η̂ρ1ν3 η̂ρ2μ4 + pμ4
2 pν3

4 η̂ρ1μ3 η̂ρ2ν4

+ pν4
2 pν3

4 η̂ρ1μ3 η̂ρ2μ4} . (163)

4.4. Feynman rules for gravitons and matter

Having done all preparations in subsection 4.2, we now list the corresponding Feynman rules
for the interactions of gravitons with matter from the standard model. To this end we state the
Feynman rules for the interactions according to the classification of lemma 4.9 and refer for the
corresponding matter contributions to [19] in order to keep this article at a reasonable length.
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Theorem 4.16. Given the situation of theorem 4.10 and the matter-model Lagrange den-
sities from lemma 4.9, the graviton-matter n-point vertex Feynman rule for (effective) QGR
coupled to the matter-model Lagrange density of type k reads:

km
μ1ν1|...|μnνn
n

(
pσ1 , . . . , pσn

)
=

i
2n

∑
μi↔νi

∑
s∈Sn

km
μs(1)νs(1)|...|μs(n)νs(n)
n

(
pσs(1), . . . , pσs(n)

)
(164)

with

1m
μ1ν1|...|μnνn
n

(
1T̂
)
= 1T̂vμ1ν1|...|μnνn

n , (165)

2m
μ1ν1|...|μnνn
n

(
2T̂
)
= 2T̂μν

∑
m1+m2=n

(−1)m1h
μν|||μ1ν1 |...|μm1νm1
m1

× v
μm1+1νm1+1|...|μnνn
m2 , (166)

3m
μ1ν1|...|μnνn
n

(
3T̂
)
= 3T̂μνρσ

∑
m1+m2
+m3=n

(−1)m1+m2h
μν|||μ1ν1|...|μm1νm1
m1

× h
ρσ|||μm1+1νm1+1|...|μm1+m2

νm1+m2
m2

× v
μm1+m2+1νm1+m2+1|...|μnνn
m3 , (167)

4m
μ1ν1|...|μnνn
n

(
4T̂ ; pσ1

)
= 4T̂ρΓ

μ1ν1
μνσ

(
pσ1
) ∑

m1+m2
+m3=n−1

(−1)m1+m2

× h
μν|||μ2ν2|...|μm1+1νm1+1
m1

× h
ρσ|||μm1+2νm1+2|...|μm1+m2+1νm1+m2+1
m2

× v
μm1+m2+2νm1+m2+2|...|μnνn
m3 , (168)

5m
μ1ν1|...|μnνn
n

(
5T̂ ; pσ1

)
= 5T̂ρσκΓ

μ1ν1
μνλ

(
pσ1
) ∑

m1+m2+m3
+m4=n−1

(−1)m1+m2+m3

× h
μν|||μ2ν2|...|μm1+1νm1+1
m1

× h
ρσ|||μm1+2νm1+2|...|μm1+m2+1νm1+m2+1
m2

× h
κλ|||μm1+m2+2νm1+m2+2|...|μm1+m2+m3+1νm1+m2+m3+1
m3

× v
μm1+m2+m3+2νm1+m2+m3+2|...|μnνn
m4 , (169)
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6m
μ1ν1|...|μnνn
n

(
6T̂ ; pσ1 , pσ2

)
= 6T̂κιΓ

μ1ν1
μνλ

(
pσ1
)
Γμ2ν2
ρστ

(
pσ2
) ∑

m1+m2+m3
+m4+m5=n−2

× (−1)m1+m2+m3+m4h
μν|||μ3ν3|...|μm1+2νm1+2
m1

× h
ρσ|||μm1+m2+3νm1+m2+3|...|μm1+m2+2νm1+m2+2
m2

× h
κλ|||μm1+1νm1+1|...|μm1+m2

νm1+m2
m3

× h
ιτ |||μm1+1νm1+1|...|μm1+m2

νm1+m2
m4 v

μm+1νm+1 |...|μnνn
m5 , (170)

7m
μ1ν1|...|μnνn
n

(
7T̂
)
= 7T̂o

∑
m1+m2=n

( 1
2

m1

)
η̂0υh

υo|||μ1ν1 |...|μm1νm1
m1

× v
μm1+1νm1+1|...|μnνn
m2 , (171)

8m
μ1ν1|...|μnνn
n

(
8T̂
)
= 8T̂oρr

∑
m1+m2
+m3=n

( 1
2

m1

)(
− 1

2

m2

)
η̂0υh

υo|||μ1ν1 |...|μm1νm1
m1

× h
ρr|||μm1+1νm1+1|...|μm1+m2

νm1+m2
m2

× v
μm1+m2+1νm1+m2+1|...|μnνn
m3 , (172)

9m
μ1ν1|...|μnνn
n

(
9T̂ ; pσ1 , . . . , pσn

)
= 9T̂orst

∑
m1+m2+m3
+m4+m5=n

( 1
2

m1

)(
− 1

2

m2

)(
− 1

2

m3

)( 1
2

m4

)

× η̂0υh
υo|||μ1ν1|...|μm1νm1
m1

× h
ρr|||μm1+1νm1+1|...|μm1+m2

νm1+m2
m2

× h
σs|||μm1+m2+1νm1+m2+1|...|μm1+m2+m3

νm1+m2+m3
m3

× η̂στ
(
h
′
m4

)τ t|||μm1+m2+m3+1νm1+m2+m3+1|...|μm1+m2+m3+m4
νm1+m2+m3+m4

ρ

×
(

p
σm1+m2+m3+1

m1+m2+m3+1, . . . , p
σm1+m2+m3+m4
m1+m2+m3+m4

)
× v

μm1+m2+m3+m4+1νm1+m2+m3+m4+1|...|μnνn
m5 , (173)

and
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10m
μ1ν1|...|μnνn
n

(
10T̂ ; pσ1

)
= 10T̂orstΓ

μ1ν1
ρστ

(
pσ1
) ∑

m1+m2+m3
+m4+m5=n

( 1
2

m1

)(
− 1

2

m2

)(
− 1

2

m3

)

×
(
− 1

2

m4

)
η̂0υh

υo|||μ2ν2|...|μm1+1νm1+1
m1

× h
ρr|||μm1+2νm1+2|...|μm1+m2+1νm1+m2+1
m2

× h
σs|||μm1+m2+2νm1+m2+2|...|μm1+m2+m3

νm1+m2+m3
m3

× h
τ t|||μm1+m2+m3+2νm1+m2+m3+2|...|μm1+m2+m3+m4+1νm1+m2+m3+m4+1
m4

× v
μm1+m2+m3+m4+2νm1+m2+m3+m4+2|...|μnνn
m5 . (174)

Proof. This follows directly from corollary 4.4 with lemmata 4.5 and 4.8. �

5. Conclusion

We have derived and presented the Feynman rules for (effective) quantum general relativity and
the gravitational couplings to the standard model. The main results are theorem 4.10 stating
the graviton vertex Feynman rules, theorem 4.12 stating the corresponding graviton propaga-
tor, theorem 4.13 stating the graviton-ghost vertex Feynman rules and theorem 4.14 stating the
corresponding graviton-ghost propagator. Additionally, the graviton-matter vertex Feynman
rules are worked out in theorem 4.16 on the level of 10 generic matter-model Lagrange densi-
ties, as classified in lemma 4.9. The complete Feynman rules can then be obtained by adding
the corresponding matter contributions, as listed e.g. in [19]. Finally, we display the three- and
four-valent graviton and graviton-ghost Feynman rules explicitly in example 4.15. In future
work, we want to study the BRST double complex for (effective) quantum general relativ-
ity coupled to the standard model in [38] and the corresponding longitudinal and transversal
structure in [39]. Furthermore, we study the appropriate setup for a generalization of Wigner’s
elementary particle classification to linearized gravity in [59]. Moreover, we have studied the
renormalization properties of gauge theories and gravity from a Hopf algebraic perspective in
[10, 30]. The gravitational Ward identities will be checked in future work as well, with the
aim to construct the corresponding cancellation identities. This than leads to the possibility
of deriving the corresponding corolla polynomial [40–45], which would relate gravitational
amplitudes to the amplitudes of scalar φ3

4-theory.
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